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Abstract A pair (T ,C) of a tree T and a coloring C is called a colored tree. Given a
colored tree (T ,C) any coloring C′ of T is called a recoloring of T . Given a weight
function on the vertices of the tree the recoloring distance of a recoloring is the total
weight of recolored vertices. A coloring of a tree is convex if for any two vertices u

and v that are colored by the same color c, every vertex on the path from u to v is
also colored by c. In the minimum convex recoloring problem we are given a colored
tree and a weight function and our goal is to find a convex recoloring of minimum
recoloring distance.

The minimum convex recoloring problem naturally arises in the context of phylo-
genetic trees. Given a set of related species the goal of phylogenetic reconstruction is
to construct a tree that would best describe the evolution of this set of species. In this
context a convex coloring corresponds to perfect phylogeny. Since perfect phylogeny
is not always possible the next best thing is to find a tree which is as close to convex
as possible, or, in other words, a tree with minimum recoloring distance.

We present a (2 + ε)-approximation algorithm for the minimum convex recol-
oring problem, whose running time is O(n2 + n(1/ε)241/ε). This result improves
the previously known 3-approximation algorithm for this NP-hard problem. We also
present an algorithm for computing an optimal convex recoloring whose running time
is O(n2 + n · n∗ · �n∗+1), where n∗ is the number of colors that violate convexity in
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the input tree, and � is the maximum degree of vertices in the tree. The parameterized
complexity of this algorithm is O(n2 + n · k · 2k).

Keywords Approximation algorithms · Convex recoloring · Local ratio ·
Phylogenetic trees

1 Introduction

1.1 Problem Statement and Motivation

Given a tree T = (V ,E) with n vertices, a coloring of the tree is a function C :
V → C, where C is a set of colors. We define m

�= |C|. A pair (T ,C) of a tree and
a coloring is called a colored tree. A coloring C of a tree is convex if for every two
vertices u and v such that C(u) = C(v) = c the color of every vertex on the path
from u to v is also c. That is, a coloring is convex if the set of vertices colored by c

induces a (possibly empty) subtree for every color c ∈ C. Examples of a non-convex
coloring and a convex coloring are given in Fig. 1. Given a colored tree (T ,C) any
coloring C′ of T is called a recoloring of T . A vertex u is recolored if C(v) �= C′(v).
Given a non-negative weight function w on the vertices of T the recoloring distance
of C′ is the total weight of recolored vertices. For example, given the coloring in
Fig. 1a and assuming unit weights, the recoloring cost of the coloring in Fig. 1b is
2. In the minimum convex recoloring problem we are given a colored tree (T ,C) and
a non-negative weight function w and our goal is to find a convex recoloring C′ of
minimum recoloring distance.

The minimum convex recoloring problem was first introduced by Moran and
Snir [12], who showed that this problem arises in the context of phylogenetic trees.
Given a set of related species the goal of phylogenetic reconstruction is to construct
a tree that would best describe the evolution of this set of species. In such a phylo-
genetic tree the leaves represent the species, while internal vertices represent extinct
species. A character is an attribute shared by the entire set of species represented
by the tree. Such a character has different states, and each species is associated with
one of these states. For example, the character may be as simple as the existence of
wings, and the states are wings, and no wings. It is not hard to see that the states of

Fig. 1 Transforming a non
convex coloring into a convex
coloring
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a given character correspond to a set of colors, and that the states associated with the
species correspond to a coloring of the tree. A natural biological constraint is that the
tree does not contain reverse or convergent transitions with respect to every character.
A reverse transition occurs when some species has a common character state with an
old ancestor while its direct ancestor is associated with a different character state. In
a convergent transition two species share a character state which is different from the
character state of their least common ancestor. The absence of reverse and convergent
transitions implies that the path in the tree connecting two species with some charac-
ter state must contain only species with an identical character state. In other words,
a character with respect to which there are no convergent and reverse transitions is a
convex coloring of the tree. Hence, our goal is to construct a tree in which every char-
acter is a convex coloring. This problem is known as the perfect phylogeny problem
(see, e.g., [6, 9–11]).

Since perfect phylogeny is not always possible the next best thing is to find a tree
which is as close to convex as possible with respect to each character. However, the
meaning of close to convex must be defined first. One possible measure of closeness
is the parsimony score which is the number of mutated edges (i.e., edges whose end-
points have different states) summed over all characters [14, 15]. Another measure is
the phylogenetic number [8] which is defined as the maximum number of connected
components induced by a single state. In [12] Moran and Snir defined a natural dis-
tance from a phylogenetic tree to a convex one—the recoloring distance. We note
that the parsimony score and the phylogenetic number do not specify a distance to
an actual convex coloring of the given tree. Moreover, there are trees with large phy-
logenetic numbers and parsimony scores that can be made convex only by changing
the color of one vertex, while other trees with small phylogenetic numbers that can
become convex only by changing the color of a large number of vertices.

For more details about phylogenetic trees and other applications of the minimum
convex recoloring problem we refer the reader to [12, 13].

1.2 Previous Results

The minimum convex recoloring problem was first defined by Moran and Snir [12].
They showed that the problem is NP-Hard even on strings (trees with two leaves) with
unit weights. In addition, they presented a dynamic programming based algorithm for
computing an optimal convex recoloring of trees. The running time of this algorithm
is O(n · n∗ · �n∗+2), where n∗ is the number of colors that violate convexity in the
input tree, and � is the maximum degree of vertices in the tree. Moran and Snir also
show that a modification of their algorithm has a running time of O(n4 ·n∗ ·Bell(n∗)),
where Bell(m) is the number of unordered partitions of m elements to any number of
non empty subsets. Bell(m) is asymptotically smaller than ( m

logm
)m.

In a followup paper [13] Moran and Snir presented a 3-approximation algorithm
based on the local ratio technique [1–5] whose running time is O(ncn

2), where nc is
the number of colors, and an O(ncn) time 2-approximation algorithm for strings.

1.3 Our Results

We obtain a polynomial time (2 + ε)-approximation algorithm for the minimum con-
vex recoloring problem. Our algorithm depends on an accuracy parameter k ≥ 2,
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where k = 	 2
ε

 + 1, and consists of two phases. The first phase is a local ratio al-

gorithm that manipulates the weights such that the original weighted colored tree is
transformed into a partially colored tree with a special structure we call k-simple.
The running time of this phase is O(n2). We show that this transformation has the
property that any (2 + 2

k−1 )-approximation constructed by the second phase for the

k-simple tree is also a (2 + 2
k−1 )-approximation for the original instance. The second

phase is a dynamic programming algorithm that computes an optimal solution for the
k-simple tree. The running time of this phase is O(n2 +nk22k). It follows that the ap-
proximation ratio of our algorithm is 2 + 2

k−1 and its running time is O(n2 + nk22k).
For example, if we set k = logn/2 + 1 we get a (2 + 4/ logn)-approximation algo-
rithm whose time complexity is O(n2).

Our dynamic programming algorithm for computing an optimal convex recolor-
ing (for general colored trees) is faster than the best previously known algorithm
presented in [12], since the running time of our algorithm (in terms of n∗ and �)
is O(n2 + n · n∗ · �n∗+1). We also show that the parameterized complexity of this
algorithm is O(n2 + n · k · 2k).

1.4 Overview

The remainder of the paper is organized as follows. Section 2 contains most of our
definitions and notation. Our dynamic programming algorithm is given in Sect. 3, and
in Sect. 4 we study its parameterized complexity. In Sect. 5 we define k-simple trees
and analyze the dynamic programming algorithm for the special case of k-simple
trees. Finally, in Sect. 6 we present our (2 + 2

k−1 )-approximation algorithm.

2 Preliminaries

In this section we focus on two main issues. First, we define the notion of partial
colorings, and show that, given a weighted colored tree, it is sufficient to look for
a convex partial recoloring instead of a convex recoloring. Next, we examine the
structure of an optimal convex partial recoloring.

2.1 Partial Colorings

A partial coloring of a tree T is function C : V → C ∪ {∅}, where ∅ stands for no
color. That is, if C(v) = ∅ then v is assumed to be uncolored. A pair (T ,C) of a tree
and a partial coloring is called a partially colored tree. A partial coloring C is called
convex if it can be extended to a (total) convex coloring.

Observation 1 A convex partial coloring can be completed in O(n2) time.

Proof Let (T ,C) be a partially colored tree, where C is convex. We show how to
compute a total convex coloring C′ for T , where C′(u) = C(u) if C(u) �= ∅. Let
u be a vertex such that C(u) = ∅. Observe that if there are two vertices v1 and v2
such that u is on the path between v1 and v2 and C(v1) = C(v2) = c �= ∅, then the
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color of u in any convex completion of C must be c. Hence, in such a case we assign
C′(u) = c. Next, we color the remaining uncolored vertices. Let u be an uncolored
vertex and let Vu ⊆ V be the set of colored vertices v such that the path from u to
v is uncolored, and let C′(u) = min≺{C(v) : v ∈ Vu}, where ≺ is some (arbitrary)
complete order on the colors.

Since C′(u) can be obtained using BFS, for any uncolored vertex u, C can be
completed in O(n2) time. �

We consider an extended version of the minimum convex recoloring problem in
which both the input and output colorings may be partial. That is, we are given a
tree T = (V ,E), and a partial coloring C of the tree and our goal is to compute a
convex partial recoloring C′. We say that a recoloring C′ of C discolors a vertex
u if C(u) �= ∅ and C′(u) �= C(u). That is, C′ discolors u if it changes or removes
its original color. Given a non-negative weight function w on the vertices of T the
recoloring distance of C′ is the total weight of discolored vertices. (Informally, this
means that we pay for removing a color, but not for applying a color.) Hence, we may
assume without loss of generality that if w(u) = 0 then C(u) = ∅, and vice versa.
Observe that since coloring uncolored vertices costs nothing, turning a convex partial
coloring into a convex coloring incurs no cost.

Observation 2 The weight of an optimal convex partial recoloring is equal to the
weight of an optimal convex recoloring.

Given a partially colored tree (T ,C), a vertex set X ⊆ V is called a cover if there
is a convex partial recoloring C′ such that X is the set of vertices that are discolored
by C′. For a set of vertices U ⊆ V and a weight function w we define w(U) =∑

u∈U w(u). Hence, the cost of a cover X is defined as w(X), and the recoloring
distance of a corresponding convex partial coloring C′ is w(C′) = w(X).

2.2 Form of an Optimal Solution

Given a subset of vertices U ⊆ V we denote the set of colors that are used to color
U by C(U), i.e., C(U) = {c ∈ C : C(u) = c and u ∈ U}. Notice that C(U) does not
include ∅. Given a subtree T ′ of T we denote the set of colors used in T ′ by C(T ′),
i.e., C(T ′) = C(V (T ′)).

Observation 3 Let (T ,C,w) be a weighted colored tree. Then there exists an optimal
convex (partial) recoloring C′ such that C′(T ) ⊆ C(T ).

Proof Let C′ be an optimal convex recoloring that uses a minimal number of col-
ors not from C(T ). We show that C′ must satisfy C′(T ) ⊆ C(T ). Assume that there
exists c ∈ C′(T ) \ C(T ). We show how to transform C′ into an optimal convex re-
coloring C′′ that uses the colors in C′(T ) \ {c} in contradiction to the minimality of
C′. Let d be a color such that d ∈ C′(T ) \ {c} and there is an edge (v,u) such that
C′(v) = d and C′(u) = c. In this case we define C′′(u) = d for every u such that
C′(u) = c. C′′ is clearly convex. Also, observe that if C′(v) = c, then the recoloring
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Fig. 2 S(v) = {1,2,3}, σv = 3,
and πv = SEPv(1)·SEPv(2)·SEPv(3) =
2 · 2 · 3 = 12

cost of v is counted in w(C′). Hence, w(C′′) ≤ w(C′). If such a color d does not
exist, then we simply define C′′(u) = d ′ for every u, where d ′ ∈ C(T ). �

Next, we show that there exists an optimal partial recoloring in which each vertex
has a limited choice of colors, and a vertex colored by ∅ is not located on the path
between two vertices that are colored by the same color.

Given a tree T we denote by T \ v the set of subtrees obtained when v is removed
from T . Given a colored tree (T ,C), we say that v separates c (with respect to C) if
there are at least two subtrees in T \ v that contain a vertex u such that C(u) = c. The
separation number SEPv(c) of a vertex v with respect to a color c �= ∅ is defined as
the number of subtrees in T \ v that contain a vertex u such that C(u) = c. Let S(v)

be the set of colors that are separated by v, i.e., let S(v) be the set of colors for which
the separation number is greater than 1. That is, S(v) = {c : SEPv(c) > 1}. We define
σv = |S(v)| and πv = ∏

c∈S(v) SEPv(c). (If σv = 0 then πv = 1.) An example is given
in Fig. 2.

Definition 1 Given a colored tree (T ,C) we define the color set of v by G(v)
�=

S(v) ∪ {C(v),∅}. (Recall that C(v) may be ∅.) A partial recoloring C′ is called
good if (1) C′(v) ∈ G(v) for every v ∈ V , and (2) if C′(v) = ∅, then v does not
separate any color c with respect to C′.

We would like to emphasize that SEPv(c) and the related definitions depend on a
specific coloring of the given tree. Specifically, the coloring involved is almost always
the original coloring of the tree. Hence, for reasons of simplicity, this coloring does
not appear in the notation. In cases where the coloring involved D is not the original
coloring of the tree, we use the term with respect to D.

In the next lemma we show that there exists a good optimal convex partial recolor-
ing. Hence, we can concentrate on finding good partial recolorings, and, in particular,
it is enough to design an algorithm that computes an optimal good partial recoloring
in order to solve the problem.

Lemma 1 Let (T ,C,w) be a weighted colored tree. Then there exists a good optimal
convex partial recoloring C′.

Proof Let C′ be an optimal convex recoloring, and let X be the corresponding cover.
We construct a good optimal partial recoloring C′′ that corresponds to the same
cover X. First, we set C′′(v) = C(v) for every v �∈ X. Next, we discolor the vertices in
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Fig. 3 Example of a good convex partial recoloring

X. Observe that, with respect to C′, every v ∈ X separates at most 1 color (since X is a
cover). Hence, for every v ∈ X that separates a color c, we define C′′(v) = C′(v) = c,
and otherwise, we define C′′(v) = ∅. (See Fig. 3 for an illustration). Clearly, C′′ is
good. Moreover, since we only changed vertices in X, we get that w(C′′) = w(C′).
Also, C′′ is convex, since it can be extended to C′. �

Lemma 2 Let v ∈ V be a vertex and T ′ ∈ T \ v be a subtree of the weighted colored
tree (T ,C,w). If C′ is a good partial recoloring, then C′(T ′) ⊆ C(T ′) ∪ {∅}.

Proof Consider a vertex u in the subtree T ′. If C′(u) = C(u) or C′(u) = ∅, then we
are done. Otherwise, it follows that C′(u) ∈ S(u) by Definition 1. Hence, u separates
C′(u), which means that C′(u) ∈ C(T ′). �

3 Dynamic Programming Algorithm

In this section we describe a dynamic programming algorithm for computing an op-
timal convex partial recoloring whose running time is O(n2 + ∑

v∈V σv · (deg(v) +
πv)), where deg(v) is the degree of the vertex v. This expression becomes polyno-
mial in n and exponential in k for the special case of k-simple trees (defined in the
next section).

Throughout this section we treat the input tree T as a rooted tree. This is done by
choosing an arbitrary root s. We denote the ith child of v by vi , and the parent of v

by v0. Observe that v has deg(v) − 1 children, if v �= s, and that the root s has deg(s)

children. As before the set of subtrees obtained by the removal of V is denoted by
T \ v. We denote the subtree of the ith child by Ti(v), and by T (v) the tree rooted
at v. We also denote by T0(v) the subtree obtained by removing T (v) from T . See
Fig. 4.

Let C′ be a convex good partial recoloring of T , and consider a vertex v such that
C′(v) = c. If c �= ∅ then C′ induces a partition of C \ {c}. A color d �= c that is used
in Ti(v) cannot be used in Tj (v) where i �= j . If c = ∅ then C′ induces a partition
on C. In both cases, v partitions the color set C \ {c} into deg(v) mutually disjoint
color sets. (Recall that ∅ �∈ C.) If c �= ∅ then c may be used to color vertices in more
than one subtree from T \ v. Obviously, the use of this color is possible only if the
vertices colored by it form a subtree.
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Fig. 4 T0(v) is marked by the
dashed line, T1(v) is marked by
the thick dotted line, and T (v) is
marked by the thin dotted line

Definition 2 Let (T ,C) be a colored tree, let c ∈ C ∪ {∅}, and let v ∈ V be a ver-
tex with r children. We say that (D0, . . . ,Dr) is a good partition with respect to v

and c if Di ⊆ C(Ti(v)) \ {c} for i ∈ {0, . . . , r}, and (D0, . . . ,Dr) is a partition of⋃r
i=0 C(Ti(v)) \ {c}.
Let GOOD(v, c) denote the set of all good partitions with respect to v and c.

Observation 4 Let v be a vertex, and let c be a color. Then, |GOOD(v, c)| ≤ πv .

Proof Consider a color d �= c. Clearly, d can be assigned to Di only if d ∈ C(Ti(v)).
Hence, d can be assigned to exactly SEPv(d) subtrees in T \ v. Hence, the number of
possible combinations is

∏
d �=c SEPv(d) ≤ πv . �

Let v be a vertex, and let c be a color. Also, let C′ be a convex partial recoloring
that is consistent with some good partition (D0, . . . ,Dr) with respect to v and c.
Then, if v is colored by c, the colors in D0 cannot be used in T (v). We refer to these
colors as forbidden with respect to v.

Definition 3 Let (T ,C) be a colored tree, and let v ∈ V be a vertex with r children.
Define,

FORB(v) = {D : ∃c ∈ G(v) ∃(D1, . . . ,Dr), (D,D1, . . . ,Dr) ∈ GOOD(v, c)}.
Thus, D ∈ FORB(v) if there is a good partition, where the color set D may be used

only in T0(v).

Lemma 3 |FORB(v)| ≤ 2σv+1 for every v ∈ V .

Proof Let v be a vertex with r children. Observe that if d ∈ C(Ti(v)) ∩ C(Tj (v)),
where 0 ≤ i < j ≤ r , then v separates d . Thus, if v does not separate d and d �= C(v),
then for any color c �= d either d ∈ D0 for every (D0, . . . ,Dr) ∈ GOOD(v, c), or
d /∈ D0 for every (D0, . . . ,Dr) ∈ GOOD(v, c). If follows that if D,D′ ∈ FORB(v)

and d ∈ D\D′, then either d ∈ S(v) or d = C(v). Therefore, |FORB(v)| ≤ 2|S(v)|+1 =
2σv+1. �

We now turn to design a dynamic programming algorithm for computing an opti-
mal good convex partial recoloring of a given colored tree. We construct an optimal
solution bottom-up, by storing intermediate values on the vertices of the tree.
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Fig. 5 Combining a recoloring
of T1(v) with a recoloring of v.
Let c be a possible color of v,
and let D be the set of forbidden
colors for T (v). The colors c

and d correspond to the triangle
and the circle, respectively

Definition 4 Let v be a vertex in T , let c ∈ C ∪ {∅}, and let D ∈ FORB(v).

• A good convex recoloring C′ of T (v) is a (v,D)-coloring if it is a recoloring in
which the colors in D are not used to color T (v), i.e., it is a recoloring of T (v)

such that C′(T (v)) ∩ D = ∅. OPT(v,D) denotes the weight of an optimal (v,D)-
coloring.

• A good convex recoloring C′ of T (v) is a (v, c,D)-coloring if it is a recoloring in
which the colors in D are not used to color T (v) and v is colored by c, i.e., it is a
(v,D)-coloring of T (v) such that C′(v) = c. OPT(v, c,D) denotes the weight of
an optimal (v, c,D)-coloring.

Observe that, for a tree T with root s, the weight of an optimal recoloring of the
whole tree is OPT(s,∅).

We compute OPT recursively using the following rules:

1. R(v,D) = minc∈G(v)\D R(v, c,D).
2. If C(v) = c then

R(v, c,D) = min
(D,D1,...,Dr )∈GOOD(v,c)

{
r∑

i=1

R′(vi, c,C \ Di)

}

otherwise

R(v, c,D) = w(v) + min
(D,D1,...,Dr )∈GOOD(v,c)

{
r∑

i=1

R′(vi, c,C \ Di)

}

,

where R′(v, c,D)
�= min{R(v,D ∪ {c}),R(v, c,D)}.

where v is a vertex with r children, D ∈ FORB(v), and c ∈ G(v) \ D. (Recall that vi

is the ith child of v for every i ∈ {1, . . . , r}.)
In Rule 1 we go through all (v, c,D)-colorings and find the best one that colors

the subtree T (v). In Rule 2 we try to glue colorings of the subtrees T1(v), . . . , Tr (v)

to a coloring of v. Notice that, for every i ∈ {1, . . . , r}, if v is colored by c then either
c is not used in Ti(v), or it is used to color vi and maybe some other vertices in Ti(v).
(See Fig. 5.)

Theorem 1 Let v be a vertex with r children, let D ∈ FORB(v) be a set of colors,
and let c ∈ G(v) \ D. Then, R(v, c,D) = OPT(v, c,D), and R(v,D) = OPT(v,D).
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Proof We prove the theorem by induction on the tree. In the induction base v is a
leaf, and in this case

R(v, c,D) =
{

w(v) C(v) �= c,

0 otherwise,

and

R(v,D) =
{

w(v) C(v) ∈ D

0 otherwise,

as required.
Next, for the inductive step we assume that R(vi,D) = OPT(vi,D) and

R(vi, c,D) = OPT(vi, c,D) for every i ∈ {1, . . . , r}.
We first prove that R(v, c,D) ≤ OPT(v, c,D). Let C′ be an optimal (v, c,D)-

coloring. That is, C′ is a good convex recoloring of T (v) in which the colors in
D are not used to color T (v) and v is colored by c. For every i ∈ {0, . . . , r},
let D′

i be the set of colors that are used by C′ to color Ti(v). That is, D′
i =

C′(Ti(v)) \ {c} for every i ∈ {0, . . . , r}. Since C′ is convex and C′(v) = c, we
must have that for i �= j , D′

i ∩ D′
j = ∅. By Lemma 2, it follows that D′

i ⊆
C(Ti(v)) \ {c} for every i. Thus,

⋃r
i=0 D′

i ⊆ ⋃r
i=0 C(Ti(v)) \ {c}. If there exists a

color d such that d �∈ ⋃r
i=0 D′

i and d ∈ ⋃r
i=0 C(Ti(v)) \ {c} we add it to an arbi-

trary set D′
i satisfying d ∈ C(Ti(v)). It follows that (D,D′

1, . . . ,D
′
r ) ∈ GOOD(v, c).

This means that the good partition (D,D′
1, . . . ,D

′
r ) is considered by Rule 2. Since

OPT(vi,C
′(vi),D

′
i ) = R(vi,C

′(vi),D
′
i ) by the inductive hypothesis, it follows that

R(v, c,D) ≤ OPT(v, c,D).
Next we show that OPT(v, c,D) ≤ R(v, c,D). Let (D,D1, . . . ,Dr) be a good par-

tition which minimizes the right hand side of Rule 2. Let C′
i be the recoloring of Ti(v)

whose weight is R′(vi, c,C \Di) for i ∈ {1, . . . , r}. We obtain a recoloring of T (v) as
follows: C′(v) = c and C′(u) = C′

i (u) for every u ∈ Ti(v) and every i ∈ {1, . . . , r}.
By its construction C′ is a good convex recoloring of T (v) that does not use colors
from D and such that C′(v) = c. Hence, there exists a good convex recoloring C′ of
T (v) whose weight is R(v, c,D). Therefore, OPT(v, c,D) ≤ R(v, c,D).

It remains to show that R(v,D) = OPT(v,D). This follows from

OPT(v,D) = min
c∈G(v)\D OPT(v, c,D) = min

c∈G(v)\D R(v, c,D) = R(v,D)

and we are done. �

The number of entries computed by the dynamic programming algorithm is:
O(

∑
v∈V |G(v)| · |FORB(v)|). An additional O(nm) space is needed for storing

G(v) for every vertex v. Hence, the space complexity of the algorithm is O(nm +∑
v∈V σv · 2σv ).
The running time that is required to compute an entry of the form R(v,D) is

O(|G(v)|). For each entry of the form R(v, c,D) we need to go through all pos-
sibilities of good partitions of the form (D,D1, . . . ,Dr), and for each such good
partition we perform O(deg(v)) operations. Observe that for every v and c we ac-
tually go through every good partition in GOOD(v, c) for computing the values of
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R(v, c,D) for all D ∈ FORB(v). Since every good partition is visited exactly once,
we invest O(|GOOD(v, c)| · deg(v)) operations on every pair of vertex v and color c.
Hence, by Observation 4, this brings us to O(

∑
v∈V σv · πv · deg(v)). An additional

O(n2) is needed to compute G(v) for every v. Hence, the total running time is
O(n2 + ∑

v∈V σv · πv · deg(v)).
Note that the computation of R(v, c,D) can be modified also to output a corre-

sponding solution. This can be done by keeping track of which option was taken
in both rules. Afterwards we can reconstruct the optimal recoloring in a top down
manner.

Next, we explain how to improve the running time of the algorithm. Let v be a
vertex with r children, and let c ∈ G(v) be a color. Also, let D = (D0, . . . ,Dr),D′ =
(D′

0, . . . ,D
′
r ) ∈ GOOD(v, c). We define �(D,D′) �= {i : Di �= D′

i} and R′(v, c,D)
�=∑r

i=1 R′(vi, c,C \ Di). Observe that

R′(v, c,D′) − R′(v, c,D) =
∑

i∈�(D,D′)
R′(vi, c,C \ D′

i ) − R′(vi, c,C \ Di).

Hence, if �(D,D′) = {i, j} and we know the value of R′(v, c,D), then we can com-
pute R′(v, c,D′) by using the equation

R′(v, c,D′) = R′(v, c,D) + [R′(vi, c,C \ D′
i ) − R′(vi, c,C \ Di)]

+ [R′(vj , c,C \ D′
j ) − R′(vj , c,C \ Dj)]

in O(1) time. If �(D,D′) = {0, j} then we can compute R(v, c,D′) by using the
equation

R′(v, c,D′) = R′(v, c,D) + [R′(vj , c,C \ D′
j ) − R′(vj , c,C \ Dj)]

also in O(1) time.
For a vertex v ∈ V and a color c ∈ G(v) we say that an ordering D1, . . . ,

D|GOOD(v,c)| of the set GOOD(v, c) is a close order if �(Di ,Di+1) = 2 for every
i. We now describe how to construct a close order of GOOD(v, c) for any v ∈ V

with r children and a color c. Let C = {c1, . . . , cm}. A good partition (D0, . . . ,Dr) ∈
GOOD(v, c) can be described by a word σ1 · · ·σm such that σi = j if ci ∈ Dj . (Notice
that σi = j is possible only if ci ∈ C(Tj (v)).) An order of this set of words in which
the hamming distance between every two consecutive words is 1 defines a close or-
der on GOOD(v, c). Such a close order can be obtained using a generalization of Gray
code for non-binary alphabets (see, e.g., in [7]).

We examine the time complexity for computing the value of R(v, c,D) for every
vertex v, D ∈ FORB(v), and c ∈ G(v) \ D using Rule 2. Computing the value corre-
sponding to the first member in the close order of GOOD(v, c) takes O(deg(v)) time.
For any other member the computation takes O(1). (Notice that the identification of
D can also be done in O(1).) Therefore, the total time complexity for computing all
entries of the form R(v, c,D) for a vertex v is

O

( ∑

c∈G(v)

(deg(v) + |GOOD(v, c)|)
)

= O

( ∑

c∈G(v)

(deg(v) + πv)

)

.
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It follows that the total running time is:

O

(

n2 +
∑

v∈V

σv · (deg(v) + πv)

)

.

Let n∗ be the number of colors that violate convexity in the input tree. There are
σv colors that are separated by a vertex v. At least σv − 1 of them must be colors that
violate convexity in the input tree. Hence, σv − 1 ≤ n∗ for every v. It follows that the
running time of the algorithm can be bounded by O(n2 + n · n∗ · �n∗+1), where � is
the maximum degree of vertices in the tree.

4 Fixed Parameter Tractability

As in [12] we consider the parameterized complexity of the unweighted convex re-
coloring problem. Given a colored tree (T ,C) we denote by k the recoloring dis-
tance of an optimal convex recoloring. A fixed-parameter algorithm for the convex
recoloring problem is an algorithm that computes an optimal convex recoloring and
whose running time is nO(1) · f (k), where f is a function that depends on k (and not
on n). In this section we show that our dynamic programming algorithm is in fact an
O(n2 + n · k · 2k) time fixed parameter algorithm.

As we have seen, the total running time of the dynamic programming algorithm
is O(n2 + ∑

v∈V σv · (deg(v) + πv)). In the sequel we show that σv ≤ k + 1 and
πv ≤ deg(v) · 2k for every vertex v. Hence, the running time is bounded by

O

(

n2 +
∑

v∈V

(k + 1) · (deg(v) + deg(v) · 2k)

)

= O(n2 + n · k · 2k).

Consider a colored tree (T ,C). We show that σv ≤ k +1 for every vertex v. Recall
that S(v) contains the σv colors that are separated by v. That is, S(v) contains the
colors that appear in more than one subtree in T \ v. Let C′ be a convex recoloring
such that C′(v) = c0. In this case, C′ must recolor at least one vertex colored by c in
at least one subtree of T \ v, for every c ∈ S(v) \ {c0}. Hence, σv − 1 ≤ k.

Next, we show that πv ≤ deg(v) · 2k for every vertex v. Using the notation of
the previous paragraph, C′ must recolor the vertices colored by c in every subtree of
T \v, but maybe one. Hence, c causes at least SEPv(c)−1 recolorings. This argument
holds for every color c ∈ S(v) \ {c0}. Therefore,

∑

c∈S(v)\{c0}
(SEPv(c) − 1) ≤ k.

By the following observation we get that
∏

c∈S(v)\{c0} SEPv(c) ≤ 2k .

Observation 5 Let α1, . . . , αm ∈ N and
∑

i αi ≤ k. Then,
∏

i (αi + 1) ≤ 2k .
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It follows that

πv =
∏

c∈S(v)

SEPv(c) ≤ SEPv(c0) ·
∏

c∈S(v)\{c0}
SEPv(c) ≤ deg(v) · 2k

as required.

5 Simple Trees

In this section we define the notion of a k-simple tree. Then, we show that the running
time of the dynamic programming algorithm from Sect. 3 amounts to O(n2 +n ·k22k)

in the special case of k-simple trees.
Let (T ,C) be a colored tree and u ∈ V be a vertex. We say that u is a

(t, d)-separator if there are t different colors c1, . . . , ct such that for 1 ≤ i ≤ t ,
SEPu(ci) ≥ d . Observe that in this case πv ≥ dt . Also, notice that if v is a (t, d)-
separator with at least d neighbors, then for every ci ∈ {c1, . . . , ct } there are d vertices
ui

1, . . . , u
i
d on d different components of T \ v such that C(ui

j ) = ci and w(ui
j ) > 0

for every 1 ≤ j ≤ d . We refer to such set of t ·d vertices as a (t, d)-separating witness
of v.

Definition 5 Let (T ,C) be a colored tree, and define SEP
�= {(2, k), (3,4), (4,3),

(k,2)}, where k ≥ 2. We say that the colored tree is k-simple if v is not a (t, d)-
separator for every v ∈ V and (t, d) ∈ SEP.

Observation 6 Let (T ,C) be k-simple for k ≥ 2. Then, σv < k for every v ∈ V .

Consider a vertex v in a k-simple tree. Since σv < k, v separates at most k − 1
colors, and therefore |G(v)| ≤ k + 1.

Lemma 4 Let (T ,C) be k-simple for k ≥ 2. Then, πv = O(deg(v) · k · 2k) for every
v ∈ V .

Proof Let C = {c1, . . . , cm}, and consider a vertex v ∈ V . Without loss of gener-
ality we assume that SEPv(ci) ≥ SEPv(ci+1) for every i. We show that the follow-
ing conditions hold: (1) SEPv(c1) ≤ deg(v), (2) SEPv(c2) ≤ k − 1, (3) SEPv(c3) ≤ 3,
(4) SEPv(c4) ≤ 2, and (5) SEPv(ci) ≤ 1 for every i ≥ k. Hence, πv ≤ deg(v) · (k − 1) ·
3 · 2σv−3 = O(deg(v) · k · 2k).

First, SEPv(c1) ≤ |T \ v| = deg(v). Also, if SEPv(c2) ≥ k then v is a (2, k)-
separator; if SEPv(c3) ≥ 4 then v is a (3,4)-separator; if SEPv(c4) ≥ 3 then v is a
(4,3)-separator; and if SEPv(ck) ≥ 2 then v is a (k,2)-separator. All in contradiction
to the fact that (T ,C) is k-simple. �

Now we analyze the running time of the dynamic programming algorithm for the
special case of k-simple trees. Since σv < k and πv = O(deg(v) · k2k) for every v,
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the total running time is

O

(

n2 +
∑

v∈V

k · deg(v) · k2k

)

= O(n2 + n · k22k).

The number of triplets of the form (v, c,D) computed by the dynamic programming
algorithm is O(nm + ∑

v∈V k · 2k) = O(nm + n · k2k).

6 (2 + ε)-approximation Algorithm

In this section we develop an algorithm that given a colored tree and an accuracy pa-
rameter k, computes a (2 + 2

k−1 )-approximate convex partial recoloring. The running

time of the algorithm is O(n2 + n · k2 · 2k).
The algorithm consists of two phases. In the first phase we use the local ratio

technique. We manipulate the weights such that the original weighted colored tree is
transformed into a k-simple tree. We show that this transformation has the property
that any (2 + 2

k−1 )-approximation constructed by the second phase for the k-simple

tree is also a (2 + 2
k−1 )-approximation for the original instance. The running time

of this phase is O(n2). In the second phase of the algorithm we use our dynamic
programming algorithm to compute an optimal convex partial recoloring for the k-
simple tree. The running time of this phase is O(n2 + nk22k). It follows that the
approximation ratio of the our algorithm is 2 + 2

k−1 and its running time is O(n2 +
nk22k). We note that if we set k = logn

2 +1 the approximation guarantee is (2+ 4
logn

)

and the time complexity is O(n2).
The local ratio technique [1–4] is based on the Local Ratio Theorem, which ap-

plies to optimization problems of the following type. The input is a non-negative
weight vector w ∈ R

n and a set of feasibility constraints F . The problem is to find a
solution vector x ∈ R

n that minimizes (or maximizes) the inner product w · x subject
to the constraints F .

Theorem 2 (Local Ratio [3]) Let F be a set of constraints and let w,w1, and w2 be
weight vectors such that w = w1 + w2. Then, if x is r-approximate for both (F ,w1)

and (F ,w2), for some r , then x is also r-approximate for (F ,w).

Algorithm CR-LR is our local ratio approximation algorithm. It uses our dynamic
programming algorithm which is referred to as Algorithm CR-DP. We assume that
Algorithm CR-DP returns a cover. Apart from a weighted colored tree, the input
to our algorithm includes an accuracy parameter k. As we shall see this algorithm
computes (2 + 2

k−1 )-approximate solutions, and its running time is polynomial in n

and exponential in k.
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Algorithm 1: CR-LR(T ,C,w,k)

if (T ,C) is k-simple then
Return CR-DP(T ,w)

else
Find v ∈ V and (t, d) ∈ SEP such that v is a (t, d)-separator
Find a (t, d)-separating witness U of v

Let ε = minu∈U w(u)

Define w1(u) =
{

ε u ∈ U,

0 otherwise
X ← CR-LR(T ,C,w − w1, k)

Z ← {u : (w − w1)(u) = 0}
Return X ∪ Z

end if

We first analyze the time complexity of the algorithm. Observe that given a ver-
tex v, checking whether v is a (t, d)-separator, where (t, d) ∈ SEP, can be done in
linear time. Also, observe that if a vertex v is not a (t, d)-separator at some itera-
tion of the algorithm, then v cannot be a (t, d)-separator at any subsequent iteration.
Since in each weight subtraction the weight of at least one vertex becomes zero, af-
ter no more than n subtractions there are no (t, d)-separators left in the given tree.
Hence, the local ratio phase of the algorithm can be implemented to run in O(n2)

time. Moreover, since the input to the dynamic programming algorithm is a k-simple
tree, the total running time is O(n2 + n · k2 · 2k).

It remains to show that the solution returned is (2 + 2
k−1 )-approximate. We prove

this by induction on the recursion. Our proof replies on the fact that a zero-weight
vertex can be treated as an uncolored vertex. (Recall that C(v) = ∅ is equivalent to
w(v) = 0.) At the recursive base the solution returned is optimal, since it is com-
puted by the dynamic programming algorithm. For the inductive step, consider the
set X ∪ Z. By the inductive hypothesis it follows that X is (2 + 2

k−1 )-approximate
with respect to (T ,C,w − w1). Hence, this is also true for X ∪ Z, since adding zero-
weight vertices is for free. Moreover, by adding Z to X we ensure that X ∪ Z is also
feasible with respect to (T ,C,w). This is because every vertex u that is uncolored
with respect to w − w1 and is colored with respect to w belongs to Z. X ∪ Z is also
feasible with respect to (T ,C,w1) since w1 ≤ w. Next, we show that every solution
is (2+ 2

k−1 )-approximate with respect to w1. In follows, by the Local Ratio Theorem,

that the computed cover is (2 + 2
k−1 )-approximate with respect to (T ,C,w) as well.

Lemma 5 Every convex partial recoloring is (2 + 2
k−1 )-approximate with respect

to w1.

Proof Obviously, there are four possible types of w1 that correspond to the four
members of SEP. Let v be a (t, d)-separator, where (t, d) ∈ SEP, and let U be the
(t, d)-separating witness. Consider a cover Y that corresponds to a partial convex
recoloring C′. It is not hard to see that w1(Y ) ≤ ε · td .



18 Theory Comput Syst (2008) 43: 3–18

On the other hand, in a convex partial recoloring, for every v ∈ V there is at most
one color c ∈ C such that v separates c. Therefore, at least (t −1)(d −1) vertices in U

must be recolored. Thus, w(Y) ≥ ε · (t −1)(d −1). It follows that the weight of every
cover Y is within a factor of td

(t−1)(d−1)
from the optimum with respect to w1. The

lemma follows, since for (t, d) = (2, k) and for (t, d) = (k,2) we get td
(t−1)(d−1)

=
2k

k−1 = 2 + 2
k−1 and for (t, d) = (3,4) and for (t, d) = (4,3) we get td

(t−1)(d−1)
= 2. �
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