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57 ABSTRACT

Method for parallel approximation of distance maps on a
discrete representation of a manifold, the method comprising:
for at least one Euclidean grid applied on the discrete repre-
sentation of a manifold, iterating over rows of the Euclidean
grid in a first direction, and for each row currently visited
during the iterating in the first direction, calculating a distance
value for each single cell of the currently visited row in
parallel, wherein the calculating is carried out according to a
predefined approximation rule, using a distance value calcu-
lated for each one of respective cells of a row visited imme-
diately before the currently visited row, wherein the cells of
the row visited before the currently visited row are adjacent to
the single cell in the Euclidean grid.
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PARALLEL APPROXIMATION OF DISTANCE
MAPS

CROSS-REFERENCE TO RELATED
APPLICATIONS

[0001] This application is a National Stage of International
Application No. PCT/IL2008/000195, filed Feb. 14, 2008,
which claims the benefit of U.S. Provisional Patent Applica-
tion No. 60/889,832, filed Feb. 14, 2007, both of which are
incorporated by reference herein.

FIELD AND BACKGROUND OF THE
INVENTION

[0002] The present invention relates to computer graphics,
geometry processing, image processing, computer vision and
pattern recognition, and more particularly, but not exclu-
sively, to approximation of distance maps used in applica-
tions therein.

[0003] Distance maps are often used for approximation of
geodesic distances on manifolds, where manifold refers to an
n-dimensional space with given local metric properties.
Examples of manifold include images, curved surfaces,
three-dimensional volumes (say, in computer games, or for
collision detection, as known in the art), etc.

[0004] Approximation of geodesic distances on manifolds
is an important computational geometry problem, appearing
in many applications in the fields of computer graphics,
geometry processing, image processing, computer vision and
pattern recognition.

[0005] Examples include: Surface segmentation and edit-
ing methods which are based on cutting the surface along
geodesic paths, Parameterization and texture mapping, Col-
lision detection, Correspondence and matching, Shape clas-
sification, Mesh Deformation and Editing, Farthest point
sampling, Path planning and navigation.

[0006] As known in the art, the problem of distance map
approximation may be formulated as the viscosity solution of
the eikonal equation. Eikonal equation governs the behavior
of wavefront propagation from the source point through a
medium with given properties. The solution of the eikonal
equation demonstrates that the wavefront traverse the path
between two points, which takes the least time, which is
equivalent to choosing the shortest path available between the
two points.

[0007] A widely used method for approximation of dis-
tance is known as Fast Marching.

[0008] The main idea of the fast marching method is to
simulate a wave front advancing from a set of source points
positioned in a Euclidean grid applied on a discrete represen-
tation of a manifold.

[0009] The propagating front may be thought of as a “prai-
rie fire” evolution towards directions where the grid is not yet
“burnt out”. At time t=0, the fire starts at the source points, and
the Fast Marching method’s update scheme is used to com-
pute the time values t for each grid point the advancing “fire
front” reaches, as described in further detail hereinbelow.
[0010] For finding the shortest paths in a manifold, Fast
Marching maintains a set of fixed grid points, for which the
time of arrival is already known, and a priority queue of all
other grid points sorted by their times of wave front arrival.
[0011] Reference is now made to FIG. 1, which illustrates
an update step, according to prior art.
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[0012] The basic operation of the fast marching method is
the update step, using the Fast Marching update scheme. The
Fast Marching update scheme is used to calculate the time of
arrival of the wave front to a first grid point (x,) based on the
previously calculated times of arrival of the wave front to grid
points (x,, X,) immediately adjacent to the first grid points
(Xo), which comprises the distance value for the grid point
(Xo)-

[0013] As illustrated using FIG. 1, fast marching method’s
original update scheme is based on simulating a planar wave
front propagating inside the triangle. Distance values of two
supporting grid points (X,, X,) on the grid allow approxima-
tion of the front direction.

[0014] Currently, the fast marching method is also gener-
alized to arbitrary triangulated surfaces, unstructured meshes,
implicit unorganized surfaces, and parametric surfaces.

SUMMARY OF THE INVENTION

[0015] According to one aspect of the present invention
there is provided a method for parallel approximation of
distance maps on a discrete representation of a manifold.
[0016] The method comprises: for at least one Euclidean
grid applied on the discrete representation of a manifold,
iterating over rows of the FEuclidean grid in a first direction.
[0017] The method further comprises, for each row cur-
rently visited during the iterating in the first direction, calcu-
lating a distance value for each single cell of the currently
visited row in parallel, wherein the calculating is carried out
according to a predefined approximation rule, using a dis-
tance value calculated for each one of respective cells of a row
visited immediately before the currently visited row, wherein
the cells of the row visited before the currently visited row are
adjacent to the single cell in the Euclidean grid.

[0018] According to a second aspect of the present inven-
tion there is provided an Apparatus for parallel approximation
of distance maps on a discrete representation of a manifold,
the apparatus comprising: an iterator, configured for at least
one Euclidean grid applied on the discrete representation of a
manifold, to iterate over rows of the Fuclidean grid in a first
direction.

[0019] The apparatus further comprises a distance value
calculator, associated with the iterator, and configured for
each row currently visited during the iterating in the first
direction, to calculate a distance value for each single cell of
the currently visited row in parallel, wherein the calculating is
carried out according to a predefined approximation rule
using a distance value calculated for each one of respective
cells of a row visited immediately before the currently visited
row, wherein the cells of the row visited before the currently
visited row are adjacent to the single cell in the Euclidean
grid.

[0020] Unless otherwise defined, all technical and scien-
tific terms used herein have the same meaning as commonly
understood by one of ordinary skill in the art to which this
invention belongs. The materials, methods, and examples
provided herein are illustrative only and not intended to be
limiting.

[0021] Implementation of the method and system of the
present invention involves performing or completing certain
selected tasks or steps manually, automatically, or a combi-
nation thereof. Moreover, according to actual instrumentation
and equipment of preferred embodiments of the method and
system of the present invention, several selected steps could
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be implemented by hardware or by software on any operating
system of any firmware or a combination thereof.

[0022] For example, as hardware, selected steps of the
invention could be implemented as a chip or a circuit. As
software, selected steps of the invention could be imple-
mented as a plurality of software instructions being executed
by a computer using any suitable operating system. In any
case, selected steps of the method and system of the invention
could be described as being performed by a data processor,
such as a computing platform for executing a plurality of
instructions.

BRIEF DESCRIPTION OF THE DRAWINGS

[0023] The invention is herein described, by way of
example only, with reference to the accompanying drawings.
[0024] With specific reference now to the drawings in
detail, it is stressed that the particulars shown are by way of
example and for purposes of illustrative discussion of the
preferred embodiments of the present invention only, and are
presented in order to provide what is believed to be the most
useful and readily understood description of the principles
and conceptual aspects of the invention.

[0025] The description taken with the drawings making
apparent to those skilled in the art how the several forms of the
invention may be embodied in practice.

[0026] In the drawings:

[0027] FIG.1is asimplified diagram illustrating an update
step, according to prior art.

[0028] FIG. 2 is a simplified diagram illustrating a simpli-
fied exemplary updates of grid points, according to a pre-
ferred embodiment of the present invention.

[0029] FIG. 3a is a simplified diagram illustrating a first
traversal of grid points, according to a preferred embodiment
of the present invention.

[0030] FIG.3bis a simplified diagram illustrating a second
traversal of grid points, according to a preferred embodiment
of the present invention.

[0031] FIG. 4 is a block diagram illustrating a first appara-
tus for parallel approximation of distance maps on a discrete
representation of a manifold, according to a preferred
embodiment of the present invention.

[0032] FIG.5is ablock diagram illustrating a second appa-
ratus for parallel approximation of distance maps on a dis-
crete representation of a manifold, according to a preferred
embodiment of the present invention.

[0033] FIG. 6 is a flowchart illustrating a first method for
parallel approximation of distance maps on a discrete repre-
sentation of a manifold, according to a preferred embodiment
of the present invention.

[0034] FIG.7isaflowchartillustrating a second method for
parallel approximation of distance maps on a discrete repre-
sentation of a manifold, according to a preferred embodiment
of the present invention.

[0035] FIG. 8 is a simplified block diagram illustrating a
first exemplary implementation of a method on a GPU,
according to a preferred embodiment of the present invention.
[0036] FIG. 9 is a simplified block diagram illustrating a
second exemplary implementation of a method on a GPU,
according to a preferred embodiment of the present invention.
[0037] FIG. 10 is a simplified diagram illustrating coordi-
nates in the parameterization domain, according to a pre-
ferred embodiment of the present invention.
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[0038] FIG. 11 is a simplified diagram illustrating a first
exemplary update scheme, according to a preferred embodi-
ment of the present invention.

[0039] FIG. 12 is a simplified diagram illustrating a second
update scheme, according to a preferred embodiment of the
present invention.

[0040] FIG. 13 is a simplified chart illustrating an exem-
plary calculation of a distance map on a maze surface, accord-
ing to a preferred embodiment of the present invention.
[0041] FIG. 14 is a simplified chart illustrating exemplary
calculations of a distance maps on a human face manifold,
according to a preferred embodiment of the present invention.
[0042] FIG. 15 is a simplified chart illustrating an exem-
plary calculation of a distance map using four grids, accord-
ing to a preferred embodiment of the present invention.
[0043] FIG. 16 is a simplified chart illustrating stages of an
exemplary calculation of a distance map using four grids,
according to a preferred embodiment of the present invention.

DESCRIPTION OF THE PREFERRED
EMBODIMENTS

[0044] The present embodiments comprise a method and
apparatus for parallel approximation of distance maps on a
discrete representation of a manifold.

[0045] Approximation of geodesic distances on manifolds
is an important computational geometry problem, appearing
in many applications in the fields of computer graphics,
geometry processing, image processing, computer vision and
pattern recognition.

[0046] Traditional fast marching method is inherently
sequential, thus allowing no parallelization.

[0047] A computing device equipped with a set of parallel
computation units may be used to approximate distance maps
on a discrete representation of a manifold, using a Euclidean
grid applied on the manifold. However, using traditional fast
marching, the device fails to efficiently use the set of parallel
computation units.

[0048] With traditional fast marching, grid points are vis-
ited in an order, which depends on the shape of the propagat-
ing wave front. That is to say that the visiting order is data-
dependent. The data dependency of the visiting order results
in an irregular memory access that is unlikely to utilize cach-
ing capacities available on computers in an efficient manner.
[0049] Preferred embodiments of the present invention aim
at introducing parallelization into the fast marching method,
thereby providing a method and apparatus for parallel
approximation of distance maps on a discrete representation
of'a manifold, say utilizing a computing device equipped with
a set of parallel computation units, as described in further
detail hereinbelow.

[0050] The principles and operation of a method and an
apparatus according to the present invention may be better
understood with reference to the drawings and accompanying
description.

[0051] Reference is now made to FIG. 2, which is a simpli-
fied diagram illustrating a simplified exemplary updates of
grid points, according to a preferred embodiment of the
present invention.

[0052] According to a preferred embodiment of the present
invention, an Euclidean grid applied on a discrete represen-
tation of a manifold may be traversed using a raster-like scan
in a specific direction, say down (i.e. row by row, from top to
bottom) and to the left (through the points of each row).



US 2010/0119120 A1

[0053] A raster-like scan traversal has linear complexity in
the grid size, and is characterized by regular access to com-
puter memory, which increases the efficiency of caching on
the computer used for parallel approximation of distance
maps an manifold implemented on the computer.

[0054] Since the order of visiting of the grid points is inde-
pendent of the data and is known in advance, one can use the
pre-caching mechanism, supported in many modern proces-
sors. In addition the raster-like scan can be efficiently paral-
lelized as described in further detail hereinbelow.

[0055] The update of the grid points (i.e. the calculation of
the distance values for the grid points) is based on the update
scheme of the Fast Marching method, described in further
detail hereinbelow.

[0056] As known in the art, a directional raster-like scan,
based on the update scheme of the Fast Marching method, and
carried out over an Euclidean grid may cover up to 135° of
360° of the grid, i.e up to 75% of the grid. Typically, no more
than 90° of the 360° (i.e 25%) are unique. That is to say that
no more than 25% of'the grid points updated during a certain
directional raster-like scan do not overlap with any scan in
other directions.

[0057] Since each directed raster like scan covers only 90°
of 360° of the grid (i.e. 25%), the update of a point in each
directed raster-like scan on the grid is done only using the
triangles associated with the non-overlapping direction.
[0058] Forexample, if the eight-neighbor grid connectivity
is used, only two triangles formed by three neighbors are used
in the update, as illustrated in FIG. 2, in the first row. Conse-
quently, there arises the need to carry out the raster-like scan
in four directions.

[0059] Ina first direction, a raster-like scan is carried out in
a bottom-right direction (a). Each grid point’s distance value
is carried out using already visited adjacent grid points. The
already visited grid points are positioned upper or left to the
grid point of the distance value.

[0060] Similarly, a raster-like scan is carried out in a bot-
tom-left direction (b). Each grid point’s distance value is
carried out using already visited adjacent grid points posi-
tioned upper or right to the grid point of the distance value.
[0061] A third direction raster-like scan is carried out in an
up-right direction (c). Each grid point’s distance value is
carried out using adjacent grid points positioned down or left
to the grid point of the distance value.

[0062] A fourth raster-like scan (d) is also carried out in an
up-left direction. Each grid point’s distance value is carried
out using adjacent grid points positioned down or right to the
grid point of the distance value.

[0063] Itis further noted that the surfaces represented in the
discrete representation of a manifold may be curved (say a
mountain terrain). Consequently, points on the Euclidean grid
applied on the discrete representation of the manifold are not
necessarily connected by straight lines. That is to say that the
four raster-like scans may have to be repeated several times in
order to produce a consistent distance map.

[0064] Reference is now made FIG. 3a, which is a simpli-
fied diagram illustrating a first traversal of grid points, using
araster-like scan, according to a preferred embodiment of the
present invention.

[0065] The structure of the raster-like scans allows exploit-
ing data independence to compute distance values for some of
the points on the grid concurrently, say using a set of parallel
computation units.
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[0066] To demonstrate the parallelism, let us describe an
exemplary right-down raster scan, starting from the top left-
most grid point 1. After a distance value is calculated for grid
point 1, two points 2 adjacent to point 1 may be calculated in
parallel. Points 2 may be calculated in parallel, since the two
points 2 do not depend on each other. Similarly, points 3 may
be calculated in parallel, points 4 may be calculated in paral-
lel, etc.

[0067] One disadvantage of the parallelization illustrated
above using FIG. 3a is that points that may be used in parallel
(say points 5, or points 6) are not likely to be read into a
computer memory together. The points are not likely to be
read together, since the points (say points 5, or points 6) do not
belong to a same line of the grid. A computer’s memory
typically stores read data (i.e. the grid) in a line by line, as
known in the art.

[0068] Consequently, there results a lack of data coherence
in the memory, which may deteriorate performance on many
computer architectures, such as a Graphical Processing Unit
(GPU), as described in further detail hereinbelow.

[0069] Another disadvantage of the parallelization illus-
trated above using FIG. 3a is that the number of grid points,
which may be calculated (i.e have their distance value calcu-
lated) in each step (in parallel), varies. Actually, the benefit of
parallelism is significant only for sufficiently long diagonals
of the grid applied on the discrete representation of a mani-
fold.

[0070] For example, three points 3 may be calculated con-
currently in one step, whereas four points 4 may be calculated
concurrently in the following step, and five points 5 may
calculated concurrently after points’ 5 distance value are cal-
culated

[0071] Reference is now made back to FIG. 2.

[0072] According to a preferred embodiment of the present
invention, the traversal of the grid points may be rotated in
45°, as illustrated in FIG. 2 hereinabove, for each of the four
directions (e-h).

[0073] Using a conceptually 45° rotated-like raster scan,
illustrated in FIG. 2 hereinabove, all points of each single
rows or column of the grid may be updated concurrently,
since each point’s distance value is calculated using only
points which are positioned in a single row or a single column,
as described in further detail hereinbelow.

[0074] Reference is now made to FIG. 34, which is a sim-
plified diagram illustrating a second traversal of grid points,
using a raster-like scan, according to a preferred embodiment
of the present invention.

[0075] As described hereinabove, by conceptually 45°
rotating the scans, there is introduced enhanced parallelism.
[0076] The enhanced parallelism allows to iterate over
rows (or columns) of the Euclidean grid applied on the com-
puter implanted, and for each row (or column), to find a
distance value for all points of the row (or column) in parallel.
[0077] Consequently, there is provided coherent access to
memory and more efficient utilization of parallel processing
capacities on a computing device used to approximate the
distance map on the discrete representation of a manifold.
[0078] For example, all point 2's distance values are calcu-
lated in parallel (using known distance values pertaining to
adjacent points 1), then all point 3's distance values are cal-
culated in parallel, then all point 4's distance values are cal-
culated in parallel, etc.

[0079] Before explaining at least one embodiment of the
invention in detail, it is to be understood that the invention is
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not limited in its application to the details of construction and
the arrangement of the components set forth in the following
description or illustrated in the drawings.

[0080] The invention is capable of other embodiments or of
being practiced or carried out in various ways. Also, itis to be
understood that the phraseology and terminology employed
herein is for the purpose of description and should not be
regarded as limiting.

[0081] Reference is now made to FIG. 4, which is a block
diagram illustrating a first apparatus for parallel approxima-
tion of distance maps on a discrete representation of a mani-
fold, according to a preferred embodiment of the present
invention.

[0082] Apparatus 4000 for parallel approximation of dis-
tance maps on a discrete representation of a manifold 401.
The manifold 401 has one or more Euclidean grids applied on
the manifold.

[0083] The iterator 410 iterates over rows of each Euclid-
ean grid applied on the manifold 401 in a first direction.
[0084] Apparatus 4000 further includes a distance value
calculator 420, connected to the iterator 410.

[0085] For eachrow currently visited during the iterating in
the first direction, the distance value calculator 420 calculates
a distance value for each single cell of the currently visited
row in parallel.

[0086] The calculation of the distance value is carried out
according to a predefined approximation rule. The calculation
is carried out using a distance value calculated for each one of
cells of a single row visited immediately before the currently
visited row. The cells of the row visited immediately before
the currently visited row, are adjacent to the single cell in the
Euclidean grid.

[0087] Optionally, the iterator 410 further iterates over
rows of the Fuclidean grid in a second direction. The distance
value calculator 420 calculates, for each row currently visited
during the iterating in the second direction, a distance value
for each single cell of the currently visited row, in parallel.
That is to say that all cells of the currently visited row are
updated in parallel to each other.

[0088] The calculations are carried out according to the
predefined approximation rule, using a distance value calcu-
lated for each one of respective cells of a row visited imme-
diately before the currently visited row. The cells of the row
visited before the currently visited row, are adjacent to the
single cell in the Euclidean grid.

[0089] Optionally, the iterator 410 iterates in the second
direction in parallel to iterating in the first direction.

[0090] Optionally, the predefined approximation rule com-
prises a Fast Marching based update scheme, as described in
further detail hereinabove.

[0091] Optionally, the predefined approximation rule com-
prises a predefined geometric scheme, say a scheme based on
geometric parameters calculated in advance of the iterating,
as described in further detail hereinbelow.

[0092] Optionally, the distance value calculator 420 auto-
matically calculates geometrical parameters for the Euclid-
ean grid, and the predefined approximation rule involves the
automatically calculated geometrical parameters.

[0093] Optionally, the Fuclidean grid is a two (2D) dimen-
sional grid, as described in further detail hereinbelow.
[0094] Optionally, the Euclidean grid is a three dimen-
sional (3D) grid, as described in further detail hereinbelow.
[0095] Optionally, the distance value calculator 420 is
implemented on a Graphical Processing Unit (GPU). Appa-
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ratus 400 may also includes a portion assigner, connected to
the iterator 410, and configured to assign each of two or more
portions of the Euclidean grid to a respective kernel of the
Graphical Processing Unit (GPU), as described in further
detail hereinbelow.

[0096] Reference is now made to FIG. 5, which is a block
diagram illustrating a second apparatus for parallel approxi-
mation of distance maps on a discrete representation of a
manifold, according to a preferred embodiment of the present
invention.

[0097] Apparatus 5000 for parallel approximation of dis-
tance maps on a discrete representation of a manifold 501
includes a grid applier 500.

[0098] The grid applier 500 applies one or more Euclidean
grid(s) on the discrete representation of a manifold 501.
[0099] Optionally, the grid applier 500 applies two or more
different Euclidean grids on the discrete representation of a
manifold. The grid applier 500 applies each one of the differ-
ent grids on one portion of the discrete representation of a
manifold.

[0100] For example, the manifold such as a human face
may be represented in a computer. The grid applier 500 may
apply a first grid on the nose, a second and a different grid on
the eyes, etc., as described in further detail hereinbelow.
[0101] Apparatus 5000 further includes an iterator 510,
connected to the grid applier 500.

[0102] The iterator 510 iterates over rows of each Euclid-
ean grid applied on the manifold 501 in a first direction, as
described in further detail hereinabove.

[0103] Apparatus 5000 further includes a distance value
calculator 520, connected to the iterator 510.

[0104] For each row currently visited during the iterating in
the first direction, the distance value calculator 520 calculates
a distance value for each single cell of the currently visited
row in parallel, as described in further detail hereinabove.
[0105] The calculation of the distance value is carried out
according to a predefined approximation rule using a distance
value calculated for each one of cells of a single row visited
immediately before the currently visited row. The cells of the
row visited immediately before the currently visited row, are
adjacent to the single cell in the Euclidean grid.

[0106] Reference is now made to FIG. 6, which is a flow-
chart illustrating a first method for parallel approximation of
distance maps on a discrete representation of a manifold,
according to a preferred embodiment of the present invention.
[0107] Inamethod 6000 for parallel approximation of dis-
tance maps on a discrete representation of a manifold, accord-
ing to a preferred embodiment of the present invention, there
is carried out an iterating 610, say using the iterator 510, as
described in further detail hereinabove.

[0108] That is to say, for one or more Fuclidean grid
applied on the discrete representation of a manifold, there is
carried out iterating 610 over rows of the Euclidean grid in a
first direction.

[0109] For each row currently visited during the iterating
610 in the first direction, there is calculated 520 a distance
value for each single cell of the currently visited row in
parallel.

[0110] The calculating 620 is carried out according to a
predefined approximation rule, using a distance value calcu-
lated for each one of cells of a row visited immediately before
the currently visited row. The cells of the row visited imme-
diately before the currently visited row, are adjacent to the
single cell in the Euclidean grid.
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[0111] Optionally, prior to the iterating 610, there the
Euclidean grid(s) are applied on the discrete representation of
a manifold, say using a grid applier 500, as described in
further detail hereinabove.

[0112] Optionally, different Euclidean grids are applied on
the discrete representation of a manifold, and each grid is
applied on a respective portion of the discrete representation
of a manifold, as described in further detail hereinbelow.
[0113] Optionally, the predefined approximation rule com-
prises a Fast Marching based update scheme, as described in
further detail hereinabove.

[0114] Optionally, the predefined approximation rule com-
prises a predefined geometric scheme, say a scheme based on
geometric parameters calculated in advance of the iterating,
as described in further detail hereinbelow.

[0115] Optionally, geometrical parameters for the Euclid-
ean grid are automatically calculated, and the predefined
approximation rule involves the automatically calculated
geometrical parameters, as describe in further detail herein-
below.

[0116] Optionally, the Fuclidean grid is a two (2D) dimen-
sional grid.
[0117] Optionally, the Euclidean grid is a three dimen-

sional (3D) grid.

[0118] Optionally, the iterating and calculating are carried
out using a Graphical Processing Unit (GPU). There may also
be carried out assigning of each of two or more portions of the
grid to a respective kernel of the Graphical Processing Unit
(GPU), as described in further detail hereinbelow.

[0119] Optionally, there is further carried out iterating 630
in a second direction, over rows of the Euclidean grid.
[0120] For each row currently visited during the iterating
630 in the second direction, there is calculated 640 a distance
value for each single cell of the currently visited row, in
parallel.

[0121] The calculating is carried out according to the pre-
defined approximation rule, using a distance value calculated
for each one of respective cells of a row visited immediately
before the currently visited row.

[0122] The cells of the row visited before the currently
visited row, are adjacent to the single cell in the Euclidean
grid.

[0123] Another way to increase the parallelism is to com-

bine the iterating in two directions, that is to say, to iterate in
one direction parallel to iterating in a second direction.
[0124] Thus, optionally, the iterating in the second direc-
tion is carried out in parallel to the iterating in the first direc-
tion, say iterating over columns, from right to left in parallel
to iterating over the columns from left to right.

[0125] Optionally, in a third direction, there is carried out
iterating over columns of the Euclidean grid. For each column
currently visited during the iterating in the third direction,
there are calculated distance values, in parallel.

[0126] Each distance value is calculated for a single cell of
the currently visited column, according to the predefined
approximation rule, using a distance value calculated for each
one of cells of a column visited immediately before the cur-
rently visited column. The cells of the column visited before
the currently visited column, are adjacent to the single cell in
the Euclidean grid.

[0127] Optionally, there is carried out iterating in a fourth
direction, over columns of the Euclidean grid.

[0128] For each column currently visited during the iterat-
ing in the fourth direction, there is calculated a distance value
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for each single cell of the currently visited column in parallel,
wherein said calculating is carried out according to the pre-
defined approximation rule, as described in further detail
hereinabove.

[0129] The approximation rule involves a distance value
calculated for each one of respective cells of a column visited
immediately before the currently visited column. The cells of
the column visited before the currently visited column, are
adjacent to the single cell in the Euclidean grid.

[0130] Optionally, the fourth direction iterating is carried
out in parallel to the iterating in the third direction, as
described in further detail hereinbelow.

[0131] Reference is now made to FIG. 7, which is a flow-
chart illustrating a second method for parallel approximation
of distance maps on a discrete representation of a manifold,
according to a preferred embodiment of the present invention.
[0132] A preprocess step calculates all the geometry
parameters needed for distance calculation steps. Since the
parameters depend solely on geometry, the parameters are
calculate only once, and hold for all steps which follow
[0133] The next step 720 includes iterating over rows of the
Euclidean grid applied on the discrete representation of a
manifold, in a bottom-up direction and in an up-bottom direc-
tion, in parallel.

[0134] For all points on a row currently visited, in parallel,
there is carried calculation of a distance value, using a pre-
defined update rule, based on the update scheme of Fast
Marching, and the geometrical parameters calculated in the
preprocessing step 710.

[0135] That is to say that both the up iterating and down
iterating are carried out in parallel independently. In each
direction (up and down), grid points (i.e distance values for
each point) are calculated row by row. All points of a single
row are calculated in parallel. Each point is updated accord-
ing to three points from a previous row, as described in further
detail, hereinabove, using FIGS. 2 and 3.

[0136] When the parallel iterating in both up and down
direction ends, the distance map calculation transposes 725,
and a left and right iterating and distance value calculation
step 730 is performed column by column in a similar fashion.
[0137] Preferably, when the left and right iterating ends, the
distance map calculation direction transposes again 735, and
the up and down iterating 720 is repeated for a second time,
following by a second time running of the left and right
iterating 730.

[0138] The method keeps looping until the distance map
seems to converge 750, i.e. until the distance value for each
cell stabilizes throughout the four direction iterating.

Distance Map Computation on a Graphical Processing Unit
(GPU)

[0139] Modern GPUs are extremely powerful processors.
In this section we describe an efficient way to implement an
apparatus 4000, according to a preferred embodiment of the
present invention, on a GPU environment.

[0140] Optionally, there is used the NVIDIA™' Compute
United Device Architecture (CUDA) platform. The AMD™
platform may also be used.

[0141] The G8X series GPUs supporting CUDA have mul-
tiple independent processing units. When programmed using
CUDA, the GPU may be viewed as a processing unit capable
of executing thousands of threads in parallel.
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[0142] Both the CPU (hereinatfter referred to as host) and
the GPU (hereinafter referred to as device) maintain their own
memory.

[0143] Data may be transferred from one memory to
another over the PCI bus, as know in the art. However, the
bandwidth of PCI bus (typically 4 GB/sec) is significantly
smaller, compared to the bandwidth of internal buses on the
GPU (about 100 GB/sec for currently available NVIDIA
GPUs).

[0144] CUDA provide access to a device Direct Dynamic
Random Access Memory (DRAM) memory either through
global memory or texture memory, as known in the art. In
addition, CUDA features on-chip shared memory with
extremely fast general read/write access, used to share data
between threads.

[0145] Texture memory is aread-only memory with acache
optimized for 2D spatial locality. The global memory is a
read/write non-cached memory space.

[0146] Access to device memory is relatively slow com-
pared to the speed of arithmetic calculations, making GPUs
especially suitable for programs with high arithmetic inten-
sity (ratio between Arithmetic Logic Unit (ALU) and
memory access operations) and potentially inefficient for
those with a low one.

[0147] Forexample, the NVIDIA 88300GTX GPU cantheo-
retically perform 345 G floating points operations per second,
while having the memory bandwidth of only 86 GB/sec=22G
floats/sec (when latency is completely hidden).

[0148] Inorderto getbetter utilization of the computational
power of the GPU and avoid the memory bandwidth bottle-
neck, memory access to device memory is minimized. One
way of minimizing is by fetching a large portion of data from
the global memory into shared memory (access to shared
memory can be as fast as reading from a register, as known in
the art) followed by as many computations as possible, and
finally writing back the result to the global memory.

[0149] The shared memory in this case may be thought of as
user-managed cache. Preferably, access to global memory is
coherent, in a way that subsequent threads access subsequent
addresses in linear memory, so as to avoid slow memory
bandwidth.

[0150] Texture memory is more flexible in the sense that
coherence is two-dimensional. However, texture memory is a
read-only memory and there is no manual control over the
caching scheme.

[0151] Architecture of the computational units in the GPU
is single-program-multiple-data (SPMD), allowing to
execute the same function independently on different data.
[0152] Functions executed in this way are called kernels.
The execution of a kernel is organized as a grid of thread
blocks. A thread block is a batch of threads that may cooperate
together by efficiently sharing data through a fast shared
memory, and synchronizing their execution to coordinate
memory accesses.

[0153] The maximum number of threads in a single thread
block is limited. However, many thread blocks may be
batched together into a grid of blocks that may be processed
by the device in parallel.

[0154] Itis important to note that communication and syn-
chronization between threads of different thread blocks on the
same grid is impossible. The only way to impose a global
synchronization point on all threads is to divide the work into
separate kernel invocations.
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[0155] One limitation of the device memory is the memory
latency (400-600 cycles). Much of this latency can be hidden
by the GPU thread scheduler if there are sufficient indepen-
dent arithmetic instructions that can be issued while waiting
for memory accesses to completed.

[0156] That is to say that while some threads are stalled by
memory latency, others may progress with ALU computa-
tions. In order for the ALLU computations to procede, there are
needed enough threads waiting for execution, which implies
that a grid of thread blocks better contain as many as possible
threads.

[0157] Thus, according to a preferred embodiment, each
row or column of the Euclidean grid may be assigned to a
single kernel call. Each thread in each thread block calculates
the distance value at a single point according to the previous
distance at that point and three distances of the vertices at the
previous row/column, as described in further detail herein-
above.

[0158] Kernel invocations serve as global synchronization
point, so as to make sure that the next row/column is pro-
cessed only after the previous row/column is already calcu-
lated.

[0159] However, invoking a single kernel for each row/
column in the grid leads to too excessive kernel invocations.
A kernel invocation consumes a fixed overhead regardless of
how many computations are actually performed in the kernel.
[0160] One remedy is to use a kernel that processes a batch
of rows rather than a single row at a time. Each such batch is
composed of a strip of consecutive rows, such that the total
number of kernel invocations is reduced.

[0161] For each row in the strip, each thread fetches the
former distance at that point from the distance map into the
shared memory. The thread then calculates the distance value
and writes the result back to the distance map. All threads are
then synchronized. Once all the threads reach the synchroni-
zation point, each thread can start working on the next row in
the strip.

[0162] Besides having the advantage of reduced number of
kernel invocations, the above described access pattern also
leads to higher arithmetic intensity, since for a large enough
strip, a single fetch from the distance map per one point is
required (instead of four), since we can keep the computed
distances ofthe previous row in the shared memory and do not
need to read them again from global memory as we advance
to the next row.

[0163] On the other hand, while communication through
shared memory and synchronization between threads of the
same thread block is possible, there is no synchronization
mechanism between threads of different thread blocks. Since
the maximum number of threads in a thread block is limited
(512 on a current NVIDIA GPU), the access pattern is limited
to small grids only.

[0164] Further, modern GPUs have several independent
multiprocessors, working in parallel (16 on latest NVIDIA
GPU), and since each thread block may be processed by a
single multiprocessor only, the utilization of the hardware is
too low.

[0165] Reference is now made to FIG. 8, which is a simpli-
fied block diagram illustrating a first exemplary implementa-
tion of a method on a GPU, according to a preferred embodi-
ment of the present invention.

[0166] FIG. 8 shows a small portion of a distance map that
is handled by a single thread block, with 32 threads, and 8
rows. Thread 0 is likely to produce valid result only at row 0,
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since at any other row, the distance value calculations depend
on points which are located left to row 0.

[0167] Distance values that are based on points located left
to 0 belong to a different thread block, which may contain
errors. In general, only the central area 810 is independent of
other blocks.

[0168] Reference is now made to FIG. 9, which is a simpli-
fied block diagram illustrating a second exemplary imple-
mentation of a method on a GPU, according to a preferred
embodiment of the present invention.

[0169] According to a preferred embodiment, there is
allowed some partial overlap between subsequent thread
blocks, such that each thread block calculates distance values
only in the area not dependent on other blocks

[0170] Theblocks are allowed to overlap only in such a way
that each vertex of the grid belongs to at least one area inde-
pendent on other threads.

[0171] FIG. 9 shows a small portion of the distance map
covered by three overlapping blocks.

[0172] Note that some points belong to two areas. In order
to avoid write conflicts, it is agreed that only the block on the
right may write the distance value to the global memory.
Consequently, each point’s distance value is written only by
exactly one thread.

[0173] Many applications requires the computation of a
distances from all the points on the surface to all other points
on the surface. One way of dealing with such a heavy com-
putational task is to use the present methods independently
for each point on the surface.

[0174] At each step, a single point is considered as source
point and distances between the source point to all other
points on the surface are computed. Computing only half of
the pairwise distances is enough since the distance from a
point p1 to a point p2 is the same as the distance between p2
to pl.

[0175] In practice, there may be exploited the fact that the
geometry of the surface is the same for all the distance maps.
Careful observation of the above described GPU implemen-
tations shows that the implementations are bandwidth lim-
ited.

[0176] Consequently, the number of memory accesses per
grid point is high compared with the amount of computations
that are needed to be performed.

[0177] Preferably, each block may be assigned to handle a
group of distance maps rather than a single map. Geometric
parameters are loaded only once, and stored in the shared
memory (or in the texture cache).

[0178] This way, the amount of memory accesses is negli-
gible compared to the amount of arithmetic computations
made, and a future availability of much stronger computation
power in GPUs, may prove extremely useful.

[0179] According to preferred embodiments described
hereinabove, the Euclidean grid is two dimensional (2D).
With a 2D grid, the distance value calculated are shortest
distances where the path is constrained to be on the manifold.
[0180] According to a preferred embodiment of the present
invention, the Euclidean grid is a three dimensional (3D) grid.
[0181] The 3D grid is iterated in six planes, and the points
(i.e. distance values) in each plane are calculated in a parallel
way. Bach point’s distance value is calculated based on the
Fast Marching update scheme, using nine adjacent points that
belongs to the previous visited plane.
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[0182] Forexample, the distance of every point in the space
may help identify if another object is intersection with the
object in question or not, in a collision detection problem, as
known in the art.

Eikonal Equation on Geometry Images

[0183] Theproblem ofdistance map approximation may be
formulated as the viscosity solution of the eikonal equation,
as known in the art:

[Vil=1, «(s)=0, M

[0184] Forthelargest part of the discussion below we focus
our attention on parametric two-dimensional manifolds, i.e.
surfaces that can be represented by a single smooth map x.:

23 )
x:U— B , where Uc E-

[0185] The formula presented above is a parameterization
domain, as known in the art. The topology of U depends on
the topology of the surface. The derivatives are:

ox 2)

[0186] Reference is now made to FIG. 10, which a simpli-
fied diagram illustrating coordinates in the parameterization
domain, according to a preferred embodiment of the present
invention.

[0187] The derivatives with respect to the parametrization
coordinates constitute a local system of coordinates on the
surface.

[0188] In the left, there is presented the parameterization
coordinate system, and in the right, there are presented the
corresponding coordinates, positioned on the surface.
[0189] Distances on the surface are measured according to
the differential arclength element:

ds?=du’Gdu, 3)

where du=(du’, du®) and G is a 2x2 metric matrix, whose
elements are given by:

gij:%iT%j,

[0190] The local system of coordinates is orthogonal if and
only if G is diagonal (note that orthogonality of the coordinate
system in the parameterization domain does not imply
orthogonality of the coordinate system on the surface).
[0191] A distance map on the surface is computed by solv-
ing the eikonal equation, expressed on a discrete grid
obtained by sampling the parameterization domain U, as:

IV otlP=v, 7 1G )™V, 1=1 Q)

[0192] A special case, usually referred to as a geometry
image, is obtained by discretization of the parameterization
domain on a regular Cartesian grid with equal steps, which for
convenience are henceforth assumed to be 1 in each direction.
[0193] The origin of the term stems from the fact that the
surface may be represented as tree matrices holding the coor-
dinates of the sampled surface x(U).

[0194] In a geometry image, a grid point u, can be con-
nected to its neighbors u,+m according some grid connectiv-
ity. The simplest grid connectivity is based on four neighbors:

m=(x1,0)7, (0,=1)~.



US 2010/0119120 A1

Another possible grid connectivity is the eight-neighbor con-
nectivity, where:

m=(x1,0)%, (0,=1)7, (£1,£1)%.

[0195] The former two grid connectivity patterns create
four and eight triangles, respectively, supporting the grid
point U,

[0196] Letus examine a triangle created by x,=x(u,), x1=x
(ug+m, ), and X,=x(uy+m,). Without loss of generality, it is
assumed that x,=0. In local coordinates, is can be formulated:

x =Xt G 1 +m G, )]
or

X=TM, where X=(x,%,), T=(§,,5,), and M=(m,,m,)

The matrix E=EMTGM describes the geometry of the triangle.
Ife12>0 is positive, the angle formed between x1, x0 and x2
is acute.

Update Step

[0197] The fast marching method can be formulated for
parametric surfaces as shown in [Spira and Kimmel 2004].
All computations are performed on the grid in the parameter-
ization domain, though the distances are computed with
respect to the surface metric G.

[0198] In the numerical core of this method lies the update
step, which given a grid point u,, and the times of arrival of its
neighbors, computes the time of arrival t(u,). Since u, is
shared by several triangles (the exact number of triangles
depends on the grid connectivity), t(u,) is computed in each
triangle and the smallest value is selected to update the time of
arrival at u,, i.e. the distance value for u,,.

[0199] Letu, be updated from its two neighbors ul=u+ml
and u2=u0+m?2, whose times of arrival are t,=t(u,+m,) and
2=t(u,+m,). We denote xi=x(u,) and assume without loss of
generality that x,=0. Our goal is to compute t,=t(u,) based on
t,,t, and the geometry of the triangle x,X,X,. The update of x,,
obeys the following properties:

[0200] (1) Consistency: ty>max(t,, t,).
[0201] (2) Monotonicity: an increase oft; ort, increases t,,.
[0202] (3) Upwinding: the update has to be accepted only

from a triangle containing the characteristic direction (char-
acteristics of the eikonal equation coincide with minimum
geodesics on the surface).

[0203] (4) Numerical stability: a small perturbationint, or
t, results in a bounded perturbation in t,.

Plannar Wavefront Approximation

[0204] In the original fast marching method, a vertex (also
referred to hereinabove as a point) is updated by simulating a
planar wavefront propagating inside the triangle [Kimmel
and Sethian 1998]. The values of the two supporting vertices
allow to compute the front direction. The same update scheme
is used in [Spira and Kimmel 2004].

[0205] Reference is now made to FIG. 11, which is a sim-
plified diagram illustrating a first update scheme, according to
a preferred embodiment of the present invention.

[0206] According to a preferred embodiment, there is pre-
sented used an improved scheme. The improved scheme is
based on the traditional Fast Marching update scheme. How-
ever, the present improved is more compact, and avoids the
use of trigonometric functions. Consequently, the computa-
tion may be more efficient.
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[0207] In the present scheme, a wave front is modeled as a
planar wave propagating from a virtual planar source
described by the equation n’x+p=0, where n is the propaga-
tion direction.

[0208] By using supporting vertices (also referred to here-
inabove as points) X, X, of the triangle, which lie at distances
t, and t,, respectively, from the source, we obtain:

XTnap-1=t, (6)
where X is a matrix whose columns are x, and x,, 1=(1,1)%,
and t=(t,, t,)T.

[0209] The wave front time of arrival, to the updated vertex
X,, 18 given by its distance from the planar source:

to=nTxg+p=p. @]

[0210] Assuming that the mesh is non-degenerate, x1 and
x2 are linearly independent, and solving (6) for n, it is
obtained:

n=X(XTX)" (-p1). ®

[0211] Invoking a condition that ||jn||=1, yields:

1=n'n )
=-p-DTXTX) T XTx(XTX) = p- 1)
=(-p VXX t-p- 1)
=p>17g1-2p-1TQr+ 1 01,

where Q=(X"X)"'=E~'. Hence, t,, is the largest solution of the
quadratic equation:

121701215 1701427 Q1-1=0 (10)

[0212] The smallest solution corresponds to the opposite
propagation direction, where the wave front arrives to x0
before the wave front arrives to x1 and x2 and is therefore
discarded.

[0213] To speed the solution up, the terms 17Q1 and 17Q,
which depend on the grid geometry only, are pre-computed.
[0214] The consistency condition may be formulated as
p-1>X"n+p-1, or simply X“n<0, which is geometrically inter-
preted as a demand that the —n direction forms acute angles
with the triangle edges.

[0215] In order to have monotonicity:
Aty 1o\ (11
V.o :(5_11 6_12] > 0.
Differentiating (10) with respect to t, we obtain:
10-Vetg- 1701 =V,1-1TQr —19- Q1 + Q1 = 0, (12)
_ Qu-p-D (13)

Substituting (8), we can write:
Ot-p- D)=(X"X) " XTn=0Xn. (14)
[0216] The monotonicity condition (11) is satisfied when

either QX”n>0, or QX"n<0, that is to say that both coordi-
nates of QX”n have the same sign. However, since the con-
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sistency of the solution requires X”n to be negative, and Q is
positive semi-definite, QX”n cannot have both coordinates
positive. We therefore conclude that the solution satisfies
QX"n=Q(t—p-1)<0. This yields:

17Q(t-p-1)
0>Q(1-p1)=(X"X)"'Xn, (15)

where the inequality is interpreted coordinate-wise. Observe
that the rows of the matrix (XTX),XT are orthogonal to x,
X,, or in other words, are normal to the triangle edges.
[0217] This gives the following geometric interpretation of
the monotonicity condition: the direction -n comes from
within the triangle. Since the update direction also maintains
the consistency condition, any direction coming from within
the triangle also forms acute angles with the triangle edges.
Consequently, angle x1x0x2 is acute (or, equivalently, e, ,>0).
[0218] The consistency and monotonicity conditions mean
that the update (i.e the calculation of the distance values for
each point) is performed only using a triangle which contains
the characteristic direction, which makes the update scheme
upwind [Sethian and Vladimirsky 2000].

[0219] However, since n is only an approximation of the
characteristic direction, it may happen that the conditions are
not satisfied even if the point lies inside the triangle. For a
sufficiently small triangle, this may happen only if any of the
two inner products n’x,, n’x, is sufficiently close to zero.
This corresponds to the situation in which t, is updated from
asingle one of the triangle edges (one-dimensional simplices)
XX, XoX,. In this case, the simple Dijkstra-type update may
be performed:

tommin{zy+pxl|, &Hpol} (16)

In order to ensure that the update scheme is numerically
stable, we assume that t, is affected by a small error €. The
small error € influences the computed time of arrival t,. Using
first-order Taylor expansion, we have:

a1y
ar

Iy
or,

]_ an

. a1y
Iyxly+e — <Ip+&:
ar;

Under the monotonicity condition (11):

17Qu-p-1) _ (18)

forlg+el"Vig=tg+e —— "~ =py+&.
oxlp+e o =1p SITQ([—p-l) 0o+<

[0220] The error in t, is also bounded in the one-dimen-
sional Dijkstra-type update, which makes the update formula
stable.

[0221] Optionally, the planner wave front approximation
scheme described in this section includes the following set of
instructions:

1 Set t;"” < t,,

2 foreach triangle X = (x,%5)7 do

3 Solve the quadratic equation (10) for t;.

4 ifQ(t-ty- 1) >0 orty <max{t(x,),t(x,)} then compute t,
according to (16).

5 Setty™ < min{ty""to}.

6 end
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[0222] Note that the set of instructions is valid only for
acute triangulations. When some triangles have obtuse angles
(e,,<0), they have to be split by adding connections to addi-
tional neighboring grid points, as proposed by Spira and
Kimmel in [2004].

Spherical Wavefront Approximation

[0223] A different update scheme is proposed by Novotni
and Klein [Novotni and Klein 2002]. In Novotni and Klein’s
scheme, a vertex (grid point) is calculated with the point’s
Euclidean distance from a virtual point source, whose coor-
dinates are estimated from the times of arrival to the two
supporting vertices.

[0224] The Novotni and Klein scheme resembles the
Mitchel-Mount-Papadimitriou method [Mitchell et al. 1987;
Surazhsky et al. 2005], and may prove more accurate that the
planar wave front approximation described in further detail
hereinabove.

[0225] According to Novotni and Klein, the wave front is
modeled as a spherical (circular) wave propagating from a
virtual point source x (FIG. 11, right). Provided the support-
ing vertices X,, X, of the triangle lie at distances t; and t,,
respectively, from the source, we obtain for i=1, 2:

12=(x) L= x)=x, T~ 2x T T, (19)

[0226] The time of arrival of the wave front to the updated
vertex X, is given by the distance of the vertex x, from the
point source:

t2=(xo—%)  (xgx)=x . (20)
Denoting s,=t%,, and ¢g=(s1-x%,X,, s,—x",X,)”, we obtain
so1-2XTx=¢. (21)

Assuming the mesh to be non-degenerate,

S 1 22)
x= 5 XXX 50-1-9) = 5XQUs0-1-g).
Plugging the later result into (20), we have:
So = X x (23)

1 T
= Z(SO'l—q) Qlso-1-q)

1
= 70651701 = 250-170g + 4" Q).

Consequently, t, is given as the largest positive solution of the
following bi-quadratic equation:

101701212 (17Qq+2)+q70q-0. (24)

In order to enforce consistency:

s > 5 = (X — x)T(x; —X) (25)
= x‘Tx; - Zx‘Tx +x'x

= x‘T(x; —2X) + 59,
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Alternatively:
[0227]

x‘T(x - %x‘] >0 (26)
[0228] The geometric interpretation of the former condi-

tion is that the source point x lies at the positive sides of two
perpendicular bisectors to the edges x,x, and x,X,. To enforce
monotonicity, we differentiate (24) with respect to s=(sl,
s2)",

250'Vo$or 1701-2V 50 (170g+2)-25,-01+20q =0, 27)
from where:

- 28

V.5 Q(so 9) 28)

S0k 1-g-2

requiring:
V8070,

together with the consistency condition mentioned herein-
above, yields:

O(sp'1-9)>0, or
QX™x>0, (29)

which can be interpreted geometrically as a demand that x lies
inside the angle X, X,X,.

[0229] Reference is now made to FIG. 12, which is a sim-
plified diagram illustrating a second update scheme, accord-
ing to a preferred embodiment of the present invention.
[0230] FIG. 12 shows that some characteristic directions
lying inside the triangle violate consistency or monotonicity.
Therefore, the spherical wave front update scheme is likely to
introduce errors that propagate with the computed front.
[0231] Also note that unlike the planar counterpart, the
spherical wave front propagation model is not numerically
stable.

[0232] For example for any x:
[IVssol>1.
[0233] Further, for x lying on the edge x1x2, the gradient is

infinite, meaning that the roundoff errors may explode, thus
invalidating the numerical solution can potentially explode,
invalidating the numerical solution.

[0234] The disadvantages of the spherical wave front
scheme become less pronounced for:

>,

[0235] where | is the largest triangle edge length.
However, for large values of the arrival times, the spherical
and the planar models converge and produce nearly identical
solutions.

Raster Scan Method

[0236] One of the disadvantages of the fast marching
method is that it is inherently sequential, thus allowing no
parallelization. In addition, the visiting order of the grid
points depend on the shape of the propagating wave front, and
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is therefore data-dependent. This results in irregular memory
access that is unlikely to utilize the lcaching system effi-
ciently.

[0237] In his classical paper, Danielsson [1980] observed
that since the geodesics on the Euclidean plane are straight
lines, all possible characteristic directions of the eikonal
equation fall into one of the four quadrants ofa Cartesian grid,
and can be therefore covered by traversing the grid in four
directed raster scans.

[0238] Danielsson’s raster scan spirit is adopted in [Zhao
2004] for solving the eikonal equation on weighted Euclidean
domains, and in Bornemann and Rasch [Bornemann and
Rasch 2006]. Similar ideas date back to Dupuis and Oliensis’
studies on shape from shading [Dupuis and Oliensis 1994].

[0239] Raster scan traversal has linear complexity in the
size of the grid, and is characterized by regular access to
memory, which increases the efficiency of caching. Since the
order of visiting of the grid points is independent of the data
and is known in advance, one can use the pre-caching mecha-
nism, supported in many modern processors.

[0240] In addition, unlike a classical priority queue-based
counterpart, raster scan can be efficiently parallelized, as
described in further detail hereinbelow.

[0241] According to a preferred embodiment, a raster scan
order may be used to traverse the Cartesian grid in the surface
parameterization domain, as illustrated in the following set of
instructions:

Output: The distance map t: U —E*
Initialization
1 Pre-compute the update equation coefficients for each triangle.
2 foreach point u € U\S do t(u) <
Iteration
3 foriter = 1,2,... do
4 fori=1,2,..Mdo
Right-up scan
5 for j = 1,2,....N do Update (uy)
Right-down scan
6 for j= NN - 1,...,1 do Update (u;)
7 end
8 fori=MM-1,.,1do
Left-up scan
9 for j = 1,2,....N do Update (u;)
Left-down scan
10 for j= NN - 1,...,1 do Update (u;)

11 end
12 if 1t - t&=D)] = 0 then stop
13 end
[0242] As in the priority queue-based traversal order, all

computations are done in the parameterization domain, tak-
ing into account the metric on the surface. Since each directed
raster scan covers only +90 degrees of possible characteristic
directions, the update of a point on the grid can be done only
from the triangles containing that direction.

[0243] Forexample, if the eight-neighbor grid connectivity
is used, only two triangles formed by three neighbor grid
points are required in the update (i.e. for calculating the
distance value for a specific grid point, as illustrated in the
first row of FIG. 2, hereinabove).

[0244] Unlike the Euclidean case where the characteristics
are straight lines, on a general geometry image, the charac-
teristics in the parametrization domain are usually curved.
This implies that the four raster scans may cover only a part of
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a characteristic, and have to be repeated more times in order
to produce a consistent distance map, as described in further
detail hereinabove.

[0245] Consequently, the complexity of the raster method
for geometry images is 6 (N;,,,,-n), where n is the grid size, and
N,,., is the data-dependent number of iterations.

[0246] In what follows, there is presented a bound on the
maximum number of iterations required before the method
stops, (i.e. converges into a stable solution for all points on the
grid).

[0247] PROPOSITION 1. Algorithm 3 applied to a geom-
etry image x(U) will stop after at most

G
Nier = FDA#\/ (LY (2P 4 (U |41
T smin

iterations, where D is the surface diameter, &, 7 is the small-

est eigenvalue of the Hessian matrix H=V, x' of x’ with
respect to the parameterization coordinates u, and A, %/
A"~ is the condition of the metric G.

For proof, see Appendix A. When the surface is given as a
graph of a function z(x,y), the bound can be simplified as

2D (30
Niger < Anin | + 15
TS
where H=V2_.

[0248] The main significance ofthis bound is that the maxi-
mum number of iterations does not depend on the discretiza-
tion of U, and is a constant regardless of the grid size. Note,
however, that the bound depends both on the properties of the
surface expressed in terms of the metric G and the diameter D,
and those of the parameterization expressed in terms of the
Hessian H'.

[0249] This means that some parameterizations of the same
surface may be less favorable for the raster scan. For example,
in the parameterization x=(u' cos u%;u’* sinu?;0)” ofa flat disc,
the characteristics in the parameterization domain are curved
and require multiple iterations to be covered.

[0250] Note that the bound is a worst case bound. In prac-
tice, the number of iterations required for convergence may
be smaller. Adding another triangle to the grid update such
that every grid point is updated from four causal (in the raster
scan order) neighbors, rather than from three causal neigh-
bors as shown in FIG. 2, may reduce the number of iterations.
[0251] It is important to emphasize that in the worst case
N,,. remains unchanged.

[0252] The main disadvantage of the raster scan method is
the lack of flexibility in controlling the tradeoff between the
method complexity and accuracy, unlike some other distance
approximation methods, like the phase flow [Ying and
Cand’es 2006] and the approximate MMP method
[Surazhsky et al. 2005].

Parallelization

[0253] As illustrated using FIG. 3a hereinabove, the struc-
ture of the raster scan gives much opportunity for exploiting
data independence to compute some of the grid updates con-
currently on a set of parallel computation units.
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[0254] To demonstrate the parallelism, let us consider for
example the right-down raster scan, starting from the top
leftmost grid point 1.

[0255] After point 1 is updated (i.e after a distance value is
calculated for point 1), points 2 may be updated concurrently,
since their updates do not depend on each other. Next, the
points 3 are updated concurrently, and so on.

[0256] Assuming the number of available computation
units is PZmin (M, N), the right-down raster scan may be
performed in M+N-1 steps.

[0257] If the number of processors is smaller, every step is
serialized into (k+1)/P sub-steps. The other three directed
raster scans are parallelized in the same manner.

[0258] An obvious disadvantage of such a parallelization is
the lack of data coherence in the memory, which may dete-
riorate performance on many architectures, such as Graphical
Processing Units (GPUs).

[0259] Another disadvantage is the fact that the number of
operations in each step is not constant and the benefit from the
parallelization is obtained only on sufficiently long diagonals.
[0260] One way to overcome these two difficulties is to
rotate the direction of all raster scans by 45° (As illustrated in
FIG. 2’s second row, and explained in further detail herein-
above).

[0261] Using the rotated raster scans, rows or columns of
the grid can be updated concurrently, as illustrated in FIG. 35,
and explained in further detail hereinabove.

[0262] Consequently, there is allowed coherent access to
memory, and there is provided better parallelization with a
speedup factor of P.

[0263] Since the same calculations are performed to update
all the grid points, the 45° rotated scan method is suitable for
implementation on an SIMD processor, as described in fur-
ther detail hereinabove. We hereinafter refer to this parallel-
ized scheme as to parallel marching.

Extensions to Multi-Chart Geometry Images

[0264] In this section, we discuss a generalization of the
raster scan algorithm to multi-chart geometry images, i.e.
surfaces represented as an atlas of overlapping charts.
[0265] Formally, we are given a collection of K maps:

FUESR k1, K

where each U* is sampled on a regular Cartesian grid, usually,
with different sampling density, according to the detail level
of the underlying surface.

[0266] For simplicity, we assume that the charts overlap
only at the boundaries, i.e for two neighboring charts i and j:

X(UHNY () = x(0UY), ¥ (3UF).
We denote:

% an operator projecting the values of the distance

map t’, from 3U’ onto the shared portion of 31,

[0267] The charts are organized as an undirected adjacency
graph with K vertices, and edges (i; j) corresponding to each
pair of adjacent charts i and j. We denote by Ni the collection
of all the neighboring charts of the chart i. The problem of
distance computation on a multi-chart manifold can be
thought of as distance computation in such an adjacency
graph, in which each vertex (i.e. grid point) represents a chart
Consequently, the problem may be solved using Dijkstra
generalized:
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12

Input: K grids UL,...,U; projection operators #ir- sources with corresponding initial values

{(Sinitlatinitl)5"'5(SinitK>tinitK)} on one or more charts.
Output: The distance maps t* : U* — B* fork =1....K.
1 Initialize the priority queue to Q = 0.
2fork=1..,Kdo

3 if'S,,; < = O then set t,,,,, = min{t,,; (W) 1 u € S;,;}, and add (K, Simic>tiic’) to the queue.

4 end
5 while Q = 0 do

6 Set (Kot Sorto) = argmin{t,, : (KtumsSo.to) € Q}, and remove it from the queue.
7 Run the single-chart raster scan algorithm to compute the distance map t* on U* using to(S,) as the source.

8 foralli€ do
9 Setf,= st f,
10 forall u € 80/ N 8U* do
11 Set t'(u) = min{f,(u),t,(u)} for all u € 37, and
12 end
13 Set S,/ = {u €30/ N aU* : t;(u) - L,(w) > €}, and update t'(u) =L,(u) onu € S,,,,/.
14 if 8,/ # 0 then compute t,,,.* = min{t'(u) : u e 8,/ }:else set t,,,,,/ = co.
15 end

16 Find i = argmin{t,,,/:i € .-%}.

min

17 ift,, < then set 8y = S,,;/ U W, ty =1, .7(S,,, HUY(BU, and add (it

init

18 end

Sosto) to the queue.

[0268] Each chart is associated with a quadruplet (k; t, Sy,
ty), wherek=1, ..., Kisachart index, and tis ascalar distance
value, whose assignment is discussed in the sequel. t, denotes
a set of fixed values on S°EU¥, serve as boundary conditions.

[0269] Additionally, a distance map is maintained for each
chart:

Uk BT
[0270] The algorithm maintains a priority queue Q holding

as its entries the quadruplets (k; t, Sy, t,). Similarly to the
standard Dijkstra’s algorithm, the queue is sorted according
to t. Initially, the queue is filled with the source values given
as the input.

[0271] For example, when computing the distance map
from a single point ueU*, Q is set to {(k;0;u;0)} (note, how-
ever, that the source is not necessarily limited to a single
point, and the computing may span across multiple charts).
The algorithm proceeds by removing the quadruplet (k; t;S,;
t,) with the minimum t from the queue, and running the
single-chart raster scan algorithm on U¥, with S, and t,, (S,)
serving as the source.

[0272] This produces the distance map:
Ut R
[0273] Next, the values of t* on the chart boundary are

projected onto the neighbor charts U, ieN,, using the opera-
tor:
SR L

<

[0274] In order to guarantee monotonicity, the minimum
between the extrapolated value:
Gt

and the current value of t’ is used.

We denote by &’ the maximum difference between the previ-
ous and the new value of t’ on the shared portion of boundary:

Ele2
[0275] Anon-trivial &' implies that the distance map ti is not
up-to-date. In such a case, points on the boundary:

v,

where the distance map value has decreased are added to the
initial set of source points, and the chart is added to the
priority queue with the distance value t set to be the minimum
value of the updated points. The algorithm terminates when
the queue becomes empty, implying by construction that all
distance maps are up-to-date.

[0276] Unlike the standard Dijkstra’s algorithm, the
described procedure is no more a single-pass algorithm. In
fact, a geodesic can pass back and forth from one chart to
another, resulting in multiple updates of both. However, the
number of such repetitions is bounded under conditions simi-
lar to those stated in Proposition 1 hereinabove.

Distance Map Computation on a GPU

[0277] Modern GPUs are extremely powerful processors,
capable of performing near trillions of operations (teraflop)
per second. The reason for such high performance originates
from the computation-hungry computer graphics applica-
tions, such as rendering and texture mapping.

[0278] We use the Compute Unified Device Architecture
(CUDA) platform developed by NVIDIA. Similar results
may be obtained by using the AMD platform [CTM].

[0279] For the sake of completeness, we briefly overview
the most important features of CUDA. For a detailed imple-
mentation, CUDA’s programming guide [CUD] may be used,
as known in the art.

[0280] The G8X series GPUs, which supports CUDA have
multiple independent processing units. When programmed
using CUDA, the GPU is viewed as a processing unit capable
of executing thousands of threads in parallel.

[0281] Both the CPU (referred to as host) and the GPU
(referred to as device) maintain their own memory. Data can
be transferred from one memory to another over the PCle bus,
yet the bandwidth of this bus (4 GB/sec) is significantly
smaller compared to the bandwidth of internal buses on the
GPU (100 GB/sec for the latest NVIDIA GPUs).

[0282] CUDA provide access to device DRAM memory
either through global memory or texture memory. In addition,
CUDA features on-chip shared memory with extremely fast
general read/write access, used to share data between threads.
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[0283] Texture memory is aread-only memory with acache
optimized for 2D spatial locality. The global memory is a
read/write non-cached memory space. Access to device
memory is relatively slow compared to the speed of arith-
metic calculations, making GPUs especially suitable for pro-
grams with high arithmetic intensity (ratio between AL U and
memory access operations) and potentially inefficient for
those with a low one.

[0284] Forexample, the NVIDIA 8800GTX GPU cantheo-
retically perform 345 Giga floating points operations per
second, while having the memory bandwidth of only 86 Giga
Bytes per second=22 Giga floats per second (when latency is
completely hidden).

[0285] Inorderto getbetter utilization of the computational
power of the GPU, and avoid the memory bandwidth bottle-
neck, memory access to device memory is minimized.
[0286] One way of doing so is by fetching a large portion of
data from the global memory into shared memory (access to
shared memory can be as fast as reading from a register)
followed by as much as possible computations, and finally
writing back the result to the global memory. The shared
memory in this case can be thought of as user-managed cache.
[0287] Preferably, access to global memory is coherent, in
a way that subsequent threads should access subsequent
addresses in linear memory. There is no obligation to use such
an access pattern. However, incoherent accesses may lead to
extremely slow memory bandwidth.

[0288] Texture memory is more flexible in the sense that
coherence is two-dimensional. However, texture memory is a
read-only memory and there is no manual control over texture
memory’s caching scheme.

[0289] The architecture of the computational units in the
GPU is single-program-multiple-data (SPMD), allowing to
execute the same function independently on different data.
[0290]
[0291] The execution of a kernel is organized as a grid of
thread blocks. A thread block is a batch of threads that can
cooperate together by efficiently sharing data through fast
shared memory and synchronizing their execution to coordi-
nate memory accesses.

[0292] The maximum number of threads in a single thread
block is limited. However, many thread blocks may be
batched together into a grid of blocks that can be processed by
the device in parallel.

[0293] Itis important to note that communication and syn-
chronization between threads of different thread blocks on the
same grid is impossible. However, there may be imposed a
global synchronization point on all threads by splitting work
between separate kernel invocations.

[0294] A serious limitations of the device memory is the
memory latency (currently, 400-600 cycles). Much of this
latency may be hidden by the GPU thread scheduler if there
are sufficient independent arithmetic instructions that may be
issued while waiting for memory accesses to complete.
[0295] Thus, while some threads are stalled by memory
latency, others may progress with Arithmetic-Logic Unit
(ALU) calculations, provided there are enough threads wait-
ing for execution. That is to say that a grid of thread blocks
better contain as many as possible threads.

[0296] Although, CUDA is a significant step towards gen-
eral purpose computing on GPUs, mapping a sequential algo-
rithm from CPU to GPU is not trivial. Besides requiring a

Functions executed in this way are called kernels.
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parallel version of the algorithm, certain restrictions have to
be fulfilled fulfilled in order for the implementation to be
efficient.

[0297] As described in further detail hereinabove, the
update of an entire M on N grid is done in four subsequent
scans (up, down, left and right). Each scan is further serialized
into smaller parallel steps.

[0298] For example, the up scan is composed of M serial-
ized steps. In each step, N vertices in a row are updated in
parallel. The distance map is allocated in the global memory
space as a read/write linear array of 32-bit floating point
values.

[0299] The geometrical properties of the underling surface
are stored in the read-only texture memory space.

[0300] Preferably, the coefficients used by the update
scheme are calculated in a pre-processing stage and stored in
the texture memory instead of the actual location of the ver-
tices.

[0301] Optionally, each row or column of the grid is
mapped to a certain single kernel call. Each thread in each
thread block updates the distance at a single vertex according
to the previous distance at that vertex and three distances of
the vertices at the previous row/column, as described in fur-
ther detail and illustrated using FIG. 8 hereinabove).

[0302] Kernel invocations serve as global synchronization
point, such that the next row/column is processed only after
the previous row/column is fully updated.

[0303] The memory access for the up and down scans are
coherent, yet, the left/right scans use an incoherent memory
access pattern, since the addresses of elements in a single
column are far from each other in linear memory.

[0304] Inorderto overcome this limitation, the data may be
organized in the following way: We allocate two different
arrays to hold the distance maps. The first map is used solely
for the up and down scans, while the second map is used
solely for the left and right scans. The left/right map is stored
in a transposed manner so we access both up/down and left/
right distance maps on a row-by-row basis.

[0305] Since each scan depends on the result of the previ-
ous scan, we must copy the results obtained by the up and
down scans from the up/down map to the left/right map. The
task of copying the map in a transposed manner can be done
efficiently with a single kernel invocation and without violat-
ing the coherence, as described in further detail hereinabove.
[0306] First there is decomposed the grid into smaller
blocks that can fully reside in the shared memory. Then, each
block is transposed separately, and is written in a coherent
manner back to the global memory.

[0307] The proposed memory organization results in a bet-
ter performance, but suffers from a bottleneck. Invoking a
single kernel for each row/column in the grid leads to 2M+2N
kernel invocations. A kernel invocation consumes a fixed
overhead regardless of how many computations are done in
that kernel (up to 20 msec per kernel).

[0308] For example, consider a grid with 3000 rows and
3000 columns. The total time for the kernel invocations alone
is approximately (2x3000+2x3000)x20 microseconds=240
milliseconds. This time alone exceeds the total time of our
optimized kernel computation by nearly an order of magni-
tude

[0309] Preferably, there is used a kernel that processes a
batch of rows rather than a single row at a time. Each batch is
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composed of a strip of Q consecutive rows, such that the total
number of kernel invocations is reduced by a factor of L to
(CM+2N)/Q.

[0310] For each row in the strip, each thread fetches the
former distance at that vertex from the distance map into the
shared memory. The thread then calculates the updated dis-
tance at that vertex and writes the result back to the distance
map.

[0311] All threads are then synchronized. Once all the
threads reach the synchronization point, each thread may start
working on the calculation of the next row in the strip.
[0312] Besides having the advantage of reduced number of
kernel invocations, this access pattern also leads to higher
arithmetic intensity, since for a large enough Q, a single fetch
from the distance map per vertex is required (instead of four),
since we can keep the computed distances of the previous row
in the shared memory and do not need to read them again from
global memory as we advance to the next row.

[0313] However, while communication through shared
memory and synchronization between. threads of the same
thread block is possible, there is no synchronization mecha-
nism between threads of different thread blocks. Since the
maximum number of threads in a thread block is limited (512
on latest NVIDIA GPU), we are limited to small grids only.
[0314] Moreover, modern GPUs have several independent
multiprocessors, working in parallel (16 on current NVIDIA
GPU), and since each thread block can be processed by a
single multiprocessor, the utilization of the hardware may be
poor.

[0315] As illustrated using FIG. 8 hereinabove, a small
portion of the distance map that is handled by a single thread
block with 32 threads and W=8 rows.

[0316] Note that thread 0 is guaranteed to produce valid
result only at row 0 since at any other row, the update depends
on vertices which are located left to row 0. Values that come
from the left cannot be trusted since they belong to a different
thread block.

[0317] The potential errors on the first column may lead to
errors on the second column as well (rows 2 to 7). In general,
only the area shown in light gray in FIG. 8 may be considered
a safe zone, as far as value is concerned.

[0318] An important observation is that we can still main-
tain consistent updates if we allow some partial overlap
between subsequent thread blocks, such that each thread
block updates vertices only in the safe zone.

[0319] Preferably, the blocks overlap in a way which brings
each vertex of the grid to belong to at least one safe zone, as
described in further detail hereinabove, and illustrated using
FIG. 9.

[0320] FIG. 9 shows a small portion of the distance map
covered by three overlapping blocks.

[0321] Note that some vertices belong to two safe zones. In
order to avoid write conflicts, we demand that in such a case,
only the block on the right may write the updated distance to
the global memory. This write access pattern is illustrated in
FIG. 9, where each vertex is updated by exactly one thread,
which belongs one of the parallelograms.

[0322] The amount of redundancy that is introduced due to
repetitions depends on the ratio between the number of
threads in a single block and Q. In order to reduce the redun-
dancy, W is preferably small for a fixed block size.

[0323] On the other hand, a larger value of Q decreases the
number of kernel invocations and improves the arithmetic
intensity.
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[0324] Thus a correct balance between the block size and €2
is a key to achieving good hardware utilization.

[0325] Another way to reduce the number of kernel invo-
cations and increase the parallelism is to combine the four
grid scans into a single scan. Performing several scans in
parallel does not change the correctness of the algorithm
since in the worse case, four iterations are needed in order to
converge.

[0326] When a geodesic in the parameterization domain
changes its direction smoothly from a zone affected by the up
scan to a zone affected by the down scan, it must cross the left
or right zones first.

[0327] For non-smooth geodesics with abrupt angles at
some points, this holds, and additional iterations may be
needed. Since this case is rare, we can safely combine the up
and down scans into a single scan followed by another scan
combining the left and right scans.

Numerical Results

[0328] In order to demonstrate the efficiency of the pro-
posed algorithms, we consider its two particular implemen-
tations. In the one implementation, the PMM algorithm was
implemented in C on an Intel Pentium platform, with the
update step written in inline assembly and taking advantage
of'the SSE2 extensions (Intel SIMD architecture).

[0329] A second implementation was developed on an
NVIDIA 8800GTX GPU with 768 MB memory using the
CUDA environment. This GPU has 16 independent multipro-
cessors, each containing 8 processors. During fine-tuning of
our code, we ran it on variable grid sizes {(64 kx64 k): kel .
.. 47}. For each grid, we measured performance on several
block sizes and different values of W and recorded the con-
figurations which minimized the running time.

[0330] In most runs, W=16 produced the best results. For
relatively small grids (up to 768x768), a block size of 64
produced better results. The reason is that the use of large
blocks leads to a small number of active blocks at any given
time, hence, resulting in not all the GPU multiprocessors
being active.

[0331] Onlarge grids, a block size of 256 results in the best
performance, reducing the amount of wasted computations to
approximately 20%.

[0332] Note that even though the maximum block size is
512, configurations with too large blocks may lead to slower
performance due to internal synchronization between threads
in the same block or may even result in a non valid configu-
ration for the hardware due to elimination of all hardware
resources (registers, shared memory, etc.).

[0333] 32-bit (single precision) floating point representa-
tion was used in both implementations. Pre-computation of
geometry coefficients were excluded from time measure-
ments (pre-computation on the GPU took around 9 ms of
preprocessing time on the largest grid with 3008x3008 ver-
tices).

Convergence

[0334] Reference is now made to FIG. 13, which is a sim-
plified chart illustrating a first exemplary calculation of a
distance map on a maze surface, according to a preferred
embodiment of the present invention.

[0335] Ina first example, a distance map is calculated for a
maze surface with complicated spiral characteristics.
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[0336] Thedependence of the distance map accuracy on the
number of iterations N, is visualized in illustrated using
FIG. 13, which shows the distance map computed from a
single point source on the maze surface.

[0337] In the exemplary calculation, the calculation con-
verges in six iterations, achieving the mean absolute error of
0.0024 of the shape diameter, and the mean relative error of
0.0058.

[0338] While multiple iterations are required to compute a
converged distance map on the exemplary maze surface, a
much smaller number of iterations are needed, to obtain accu-
rate distance map on most manifolds.

Geodesic Paths, Offset Curves, and Voronoi Diagrams

[0339] Reference is now made to FIG. 14, which is a sim-
plified chart illustrating exemplary calculations of a distance
maps on a human face manifold, according to a preferred
embodiment of the present invention.

[0340] Exemplary calculations of distance maps on a
human face manifold, include, but are not limited to distance
maps calculated, for finding equi-distance contours 1410—
using marching triangles in a parameterization domain and
projection back onto the manifold, minimal geodesic paths
1420—Dby backtracking a curve from a starting point along
the gradient in the parameterization domain, geodesic veroni
diagrams 1430—using marching triangles, and offset curves
1440—say distance map calculation from two disconnected
curves and marching triangles.

[0341] Reference is now made to FIG. 15, which is a sim-
plified chart illustrating an exemplary multi-grid calculation
of a distance, according to a preferred embodiment of the
present invention.

[0342] In an exemplary calculation of a distance map on a
bumped torus 1500, there is applied a different grid on each of
four parts of the bumped torus 1500.

[0343] The boundaries between the parts are presented as
bold lines 1510. Each of the parts of the torus has a different
level of detail.

[0344] Reference is now made to FIG. 16, which is a sim-
plified chart illustrating progress of an exemplary multi-grid
calculation of a distance map, according to a preferred
embodiment of the present invention.

[0345] An exemplary multi-grid calculation of a distance
map on the bumped torus 1510 presented in FIG. 15, starts by
calculating a first distance map for the upper left part of the
torus 1610, using a first grid applied on the upper left part
1610.

[0346] Distance values on the boundaries of the first dis-
tance map are extrapolated onto the neighboring lower left
part 1620, in which a second distance map is calculated using
a second (and different) grid), in the order of the minimal
distance value on the boundary between the two parts 1610,
1620.

[0347] In a similar manner, the calculation progresses, by
extrapolation of boundary distance values, from the upper left
part 1610 to the upper right part 1630, and from the upper
right part 1630, to the lower right part 1640.

Proof of Proposition 1

[0348] Convergence of the calculation of the distance map
occurs after N iterations, if the distance map remains
unchanged between iteration N—1 and N. This, in turn, hap-
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pens when N-1 iterations are sufficient to cover any charac-
teristic in the parameterization domain, as known in the art.

[0349] The number of iterations may therefore be bounded
by the total variation of the tangential angle of a characteris-
tic. Our proof generalizes [Qian et al. 2006], where a similar
result was shown for the Euclidean case:

[0350] Let I'(s) be the characteristic curve with on the sur-
face, s its arclength, and y(s)=(u'(s);u(s))” its parametriza-
tion in U. Since I'(s)=x(y(s)), using the chain rule we obtain:

F=Ty

=Ty+7 (32)

where the Hessian matrices of xi with respect to the param-
eterization coordinates u are:

= THYTHY, YT HY) T and H=V,, 2%
Since I' is geodesic and I” is normal to the surface:
0=PA=Ty+Py; (33)

where P denotes the projection on the tangent space.

Hence:
[0351]
2 2 2 (34)
751 = 1Prril < 1Pl = \/ () + () + (EY 13,
where kmmHi is the smallest eigenvalue of the Hessian H'.
[0352] Since is a geodesic, |[F||~1
[0353] From (32) we have:
P T T =Y "Gy Z i P, (3%)
Hence:
W Z NP E 1 A
In a similar manner:
ITHP=y T Ty =y GY = ™I (36)

Combining the above results, yields a bound on the curvature
of'y:

T 37)
A I A% e e e
e SWSAT-\/ () + () + (45}

TV(¢):fkdssmaXK-fdssmaXK-D. 38
¥ r

which is the total variation the tangential angle ofy is bounded
by.

[0354] Thus, in the worst case, an iteration requires for
every /2 in TV (f) to consistently cover the characteristic v,
which completes the proof.
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invention, which are, for brevity, described in the context of'a
single embodiment, may also be provided separately or in any
suitable subcombination.

[0396] Although the invention has been described in con-
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ent to those skilled in the art. Accordingly, it is intended to
embrace all such alternatives, modifications and variations
that fall within the spirit and broad scope of the appended
claims.

[0397] All publications, patents and patent applications
mentioned in this specification are herein incorporated in
their entirety by reference into the specification, to the same
extent as if each individual publication, patent or patent appli-
cation was specifically and individually indicated to be incor-
porated herein by reference. In addition, citation or identifi-
cation of any reference in this application shall not be
construed as an admission that such reference is available as
prior art to the present invention.

1. Method for parallel approximation of distance maps on
a discrete representation of a manifold, the method compris-
ing:
for at least one Euclidean grid applied on the discrete
representation of a manifold, iterating over rows of said
Euclidean grid in a first direction; and

for each row currently visited during said iterating in said
first direction, calculating a distance value for each
single cell of said currently visited row in parallel,
wherein said calculating is carried out according to a
predefined approximation rule, using a distance value
calculated for each one of respective cells of a row
visited immediately before said currently visited row,
wherein said cells of said row visited before said cur-
rently visited row are adjacent to said single cell in said
Euclidean grid.

2. The Method of claim 1, further comprising a preliminary
step of applying said Euclidean grid on the discrete represen-
tation of a manifold.

3. The Method of claim 1, wherein said Euclidean grids
comprise a plurality of different Euclidean grids, and each
grid is applied on a respective portion of the discrete repre-
sentation of a manifold.

4. The Method of claim 1, further comprising:

in a second direction, iterating over rows of said Euclidean
grid; and

for each row currently visited during said iterating in said
second direction, calculating a distance value for each
single cell of said currently visited row in parallel,
wherein said calculating is carried out according to said
predefined approximation rule, using a distance value
calculated for each one of respective cells of a row
visited immediately before said currently visited row,
wherein said cells of said row visited before said cur-
rently visited row are adjacent to said single cell in said
Euclidean grid.
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5. The Method of claim 4, wherein said iterating in said
second direction is carried out in parallel to said iterating in
said first direction.

6. The Method of claim 1, further comprising:

in a third direction, iterating over columns of said Euclid-

ean grid; and

for each column currently visited during said iterating in

said third direction, calculating a distance value for each
single cell of said currently visited column in parallel,
wherein said calculating is carried out according to said
predefined approximation rule, using a distance value
calculated for each one of respective cells of a column
visited immediately before said currently visited col-
umn, wherein said cells of said column visited before
said currently visited column are adjacent to said single
cell in said Euclidean grid.

7. The Method of claim 6, further comprising:

in a fourth direction, iterating over columns of said Euclid-

ean grid;

for each column currently visited during said iterating in

said fourth direction, calculating a distance value for
each single cell of said currently visited column in par-
allel, wherein said calculating is carried out according to
said predefined approximation rule, using a distance
value calculated for each one of respective cells of a
column visited immediately before said currently vis-
ited column, wherein said cells of said column visited
before said currently visited column are adjacent to said
single cell in said Euclidean grid.

8. The Method of claim 7, wherein said iterating in said
fourth direction is carried out in parallel to said iterating in
said third direction.

9. The method of claim 1, wherein said predefined approxi-
mation rule comprises a Fast Marching based update scheme
or said predefined approximation rule comprises a predefined
geometric scheme or both.

10. (canceled)

11. The Method of claim 10, further comprising automati-
cally calculating geometrical parameters for said Euclidean
grid, wherein said predefined geometric scheme involves said
calculated geometrical parameters.

12. The method of claim 1, wherein said Fuclidean grid is
a two (2D) dimensional grid or said Euclidean grid is a three
dimensional (3D) grid.

13. (canceled)

14. The Method of claim 1, wherein said iterating and said
calculating are carried out using a Graphical Processing Unit
(GPU).

15. The Method of claim 14, further comprising assigning
each of at least two portions of said Euclidean grid to a
respective kernel of said Graphical Processing Unit (GPU).

16. Apparatus for parallel approximation of distance maps
on a discrete representation of a manifold, the apparatus
comprising:

an iterator, configured for at least one Euclidean grid

applied on the discrete representation of a manifold, to
iterate over rows of said Euclidean grid in a first direc-
tion; and

a distance value calculator, associated with said iterator,

and configured for each row currently visited during said
iterating in said first direction, to calculate a distance
value for each single cell of said currently visited row in
parallel, wherein said calculating is carried out accord-
ing to a predefined approximation rule using a distance
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value calculated for each one of respective cells of a row
visited immediately before said currently visited row,
wherein said cells of said row visited before said cur-
rently visited row are adjacent to said single cell in said
Euclidean grid.

17. The apparatus of claim 16, further comprising a grid
applier, associated with said iterator, and configured to apply
said Euclidean grid on the discrete representation of a mani-
fold.

18. The apparatus of claim 17, wherein said grid applier is
further configured to apply said Euclidean grids on the dis-
crete representation of a manifold, wherein said Euclidean
grids comprise a plurality of different Fuclidean grids, each
one of said Euclidean grids being applied on a respective
portion of the discrete representation of a manifold.

19. The apparatus of claim 17, wherein:

said iterator is further configured to iterate over rows of
said Euclidean grid in a second direction; and

said distance value calculator is further configured, for
each row currently visited during said iterating in said
second direction, to calculate a distance value for each
single cell of said currently visited row, in parallel,
wherein said calculating is carried out according to said
predefined approximation rule, using a distance value
calculated for each one of respective cells of a row
visited immediately before said currently visited row,
wherein said cells of said row visited before said cur-
rently visited row are adjacent to said single cell in said
Euclidean grid.
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20. The apparatus of claim 19, wherein said iterator is
further configured to iterate in said second direction in paral-
lel to iterating in said first direction.

21. The apparatus of claim 16, wherein said predefined
approximation rule comprises a Fast Marching based update
scheme.

22. The apparatus of claim 16, wherein said predefined
approximation rule comprises a predefined geometric
scheme.

23. The apparatus of claim 22, wherein said distance value
calculator is further configured to automatically calculate
geometrical parameters for said Euclidean grid, and said pre-
defined geometric scheme involves said calculated geometri-
cal parameters.

24. The apparatus of claim 16, wherein said Euclidean grid
is atwo (2D) dimensional grid or said Euclidean grid is a three
dimensional (3D) grid.

25. (canceled)

26. The apparatus of claim 16, wherein said distance value
calculator is implemented on a Graphical Processing Unit
(GPU).

27. The apparatus of claim 26, further comprising a portion
assigner, associated with said iterator, and configured to
assign each of at least two portions of said Euclidean grid to
a respective kernel of said Graphical Processing Unit (GPU).

28. The method of claim 1, wherein said manifold is an
image or a parametric surface or a three-dimensional volume.

29. (canceled)

30. (canceled)



