
EUROGRAPHICS 2013 / I. Navazo, P. Poulin
(Guest Editors)

Volume 32 (2013), Number 2

Coupled quasi-harmonic bases

A. Kovnatsky1, M. M. Bronstein1, A. M. Bronstein2, K. Glashoff1,3 and R. Kimmel4

1Institute of Computational Science, Faculty of Informatics, University of Lugano, Switzerland
2School of Engineering, Tel Aviv University, Israel

3Department of Mathematics, University of Hamburg, Germany
4Department of Computer Science, Technion, Israel

Abstract
The use of Laplacian eigenbases has been shown to be fruitful in many computer graphics applications. Today,
state-of-the-art approaches to shape analysis, synthesis, and correspondence rely on these natural harmonic bases
that allow using classical tools from harmonic analysis on manifolds. However, many applications involving mul-
tiple shapes are obstacled by the fact that Laplacian eigenbases computed independently on different shapes are
often incompatible with each other. In this paper, we propose the construction of common approximate eigenbases
for multiple shapes using approximate joint diagonalization algorithms, taking as input a set of corresponding
functions (e.g. indicator functions of stable regions) on the two shapes. We illustrate the benefits of the proposed
approach on tasks from shape editing, pose transfer, correspondence, and similarity.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry
and Object Modeling—Curve, surface, solid, and object representations

1. Introduction

It is well-established that the eigenfunctions of the Laplace-
Beltrami operator (manifold harmonics) of a 3D shape
modeled as a 2-manifold play the role of the Fourier ba-
sis in the Euclidean space [Tau95, Lév06]. Methods based
on the Laplace-Beltrami operator have been used in a
wide range of applications, including remeshing [Kob97,
NISA06], parametrization [FH05], compression [KG00],
recognition [RWP05, Rus07], and clustering. Many meth-
ods in computer graphics and geometry processing draw in-
spiration from the world of physics, finding analogies be-
tween physical processes such as heat diffusion [CL06] or
wave propagation [ASC11] and the geometric properties
of the shape [SOG09, BK10]. Several papers have studied
consistent discretizations of the Laplace-Beltrami operator
[PP93, MDSB03, WMKG08].

Taubin [Tau95] drew the analogy between the classical
signal processing theory and manifold harmonics, show-
ing that standard tools in signal processing such as anal-
ysis and synthesis of signals can be carried out on man-
ifolds. This idea was extended in [KR05] and later in
[Lév06, VL08, LZ09], who showed a practical framework
for shape filtering and editing using the manifold harmon-

ics transform. In [OBCS∗12], the authors proposed a novel
representation of correspondences between shapes as linear
maps between functional spaces on manifolds. In this rep-
resentation, the Laplace-Beltrami eigenbases of the shapes
play a crucial role, as they allow to parametrize the linear
map as a matrix mapping the Fourier coefficients from one
shape to another.

Applications involving multiple shapes rely on the fact
that the harmonic bases computed on each shape indepen-
dently are compatible with each other. However, this as-
sumption is often unrealistic. First, eigenfunctions are only
defined up to sign flips for shapes having simple spectra
(i.e., multiplicity of eigenvalues equal to one). In the more
general case, the eigenfunctions corresponding to an eigen-
value with non-trivial multiplicity span an eigen-subspace in
which one can select an arbitrary orthonormal basis. Second,
due to numerical instabilities, the ordering of the eigenfunc-
tions, especially those representing higher frequencies, is not
repeatable across shapes. Finally, harmonic bases computed
independently on different shapes can be expected to be rea-
sonably compatible only when the shapes are approximately
isometric, since isometries preserve the eigenfunctions of
the Laplace-Beltrami operator. When this assumption is vi-
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olated, it is generally impossible to expect that the n-th har-
monic of one shape will correspond to the n-th harmonic of
another shape. These drawbacks limit the use of harmonic
bases in simultaneous shape analysis and processing to ap-
proximately isometric shapes, they do not allow to use high
frequencies, and usually require some intervention to order
the eigenfunctions or solve sign ambiguities.

Contributions. In this paper, we propose a general frame-
work allowing to extend the notion of harmonic bases by
finding a common (approximate) eigenbasis of multiple
Laplacians. Numerically, this problem is posed as approx-
imate joint diagonalization. Such methods have received
limited attention in the numerical mathematics community
[BGBM93] and have been employed mostly in blind source
separation applications [CS96, Yer02]. Most recently, Ey-
nard et al. [EGBB12] introduced these approaches to ma-
chine learning, however, to the best of our knowledge, this is
the first time they are applied to problems in shape analysis.
The coupling between the joint approximate eigenbases re-
lies on a given set of corresponding functions on two shapes,
which in particular settings can be rough sparse point cor-
respondences or stable regions established using standard
methods [BBK06, LBB11]. We show a few examples of
applications of such coupled quasi-harmonic bases in Sec-
tion 5. Additional examples are shown in the preliminary
version of this paper [KBB∗12].

2. Background

Let us be given a compact two-dimensional manifold X .
Given a smooth scalar field f on X , the negative divergence
of the gradient of a scalar field, ∆ f = −div∇ f , is called
the Laplace-Beltrami operator of f and can be considered a
generalization of the standard notion of the Laplace operator
to manifolds [Tau95, LZ09]. The Laplace-Beltrami operator
admits an eigendecomposition with non-negative eigenval-
ues λ and corresponding orthonormal eigenfunctions φ,

∆φ = λφ (1)

where orthonormality is understood in the sense of the in-
ner product 〈 f ,g〉 =

∫
X f gda on the space F(X ,R) of real

functions on X , where da is the area element induced by the
Riemannian metric on the manifold.

Furthermore, due to the assumption that our manifold
is compact, the spectrum is discrete, 0 = λ1 ≤ λ2 ≤ ·· ·
[BGM71]. In physics, (1) is known as the Helmholtz equa-
tion representing the spatial component of the wave equa-
tion. Thinking of our shape as of a vibrating membrane,
the eigenfunctions φi can be interpreted as natural vibration
modes of the membrane, while the λi’s assume the mean-
ing of the corresponding vibration frequencies [TS90]. The
eigenbasis of the Laplace-Beltrami operator is frequently re-
ferred to as the harmonic basis of the manifold, and the func-
tions φi as manifold harmonics [VL08].

There exist numerous ways of approximating the Laplace-
Beltrami operator and its eigenfunctions on different discrete
representations of manifolds [VL08]. In computer graphics,
the manifold X is typically represented as a triangular mesh
built upon the vertex set {xxx1, . . . ,xxxn}, and a function f ∈
F(X ,R) is represented by the vector fff = ( f (xxx1), . . . , f (xxxn))

T

of its samples. A common approach to discretizing mani-
fold harmonics is by first constructing a discrete Laplace-
Beltrami operator on the mesh, represented as an n× n
matrix LLL, followed by its eigendecomposition, LLLΦΦΦ = ΦΦΦΛΛΛ,
where ΦΦΦ = (φφφ1, . . . ,φφφn) is the matrix of eigenvectors ar-
ranged as columns, discretizing the eigenfunctions of the
Laplace-Beltrami operator at the sampled points, and ΛΛΛ =
diag(λ1, . . . ,λn). A popular discretization is the cotangent
scheme [PP93, MDSB03] where LLL =DDD−1WWW,

DDD = diag(s1, . . . ,sn)/3, (2)

wi j =

{
(cot(αi j)+ cot(βi j))/2 i 6= j;
−∑k 6=i wik i = j, (3)

si > 0 denotes the sum of the areas of all triangles sharing
the vertex i, and αi j,βi j are the two angles opposite to the
edge between vertices i and j in the two triangles sharing the
edge [WBH∗07,RWP06]. The eigendecomposition of such a
Laplacian is often more conveniently written as the the gen-
eralized eigenvalue problem WWWΦΦΦ =DDDΦΦΦΛΛΛ. Numerically, this
problem can be posed as the minimization

min
ΦΦΦ

off(ΦΦΦTWWWΦΦΦ) s.t. ΦΦΦ
TDDDΦΦΦ = III, (4)

of the sum of squared off-diagonal elements, off(AAA) =

∑i 6= j a2
i j [CS96]. Several classical algorithms for finding

eigenvectors such as the Jacobi method in fact try to reduce
the off-diagonal values in an iterative way.

Laplace-Beltrami eigenbases are equivalent to Fourier
bases on Euclidean domains, and allow to represent square-
integrable functions on the manifold as linear combina-
tions of eigenfunctions, akin to Fourier analysis. In partic-
ular, solutions of linear PDEs on non-Euclidean domains
can be expressed in the Laplacian eigenbasis, giving rise
to numerous efficient methods for computing e.g. local de-
scriptors based on fundamental solutions of heat and wave
equations [SOG09,ASC11], isometric embeddings of shapes
[BN03, Rus07], diffusion metrics [CL06], shape correspon-
dence and similarity [RWP05, BBK∗10, OMMG10, DK10]

Importantly, manifold harmonics depend on the domain
on which they are defined. Many applications working with
several shapes (such as shape matching or pose transfer) rely
on the fact that harmonic bases defined on two or more dif-
ferent shapes are consistent and behave in a similar way
[Lév06]. While experimentally it is known that often low-
frequency harmonics have similar behavior (finding protru-
sions in shapes, a fact often employed for shape segmen-
tation [Reu10]), there is no theoretical guarantee whatso-
ever of such behavior. Theoretically, consistent behavior of
eigenfunctions can be guaranteed only in the case of isomet-
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Laplacian eigenbases, T (φi) = ∑ j>0 ci jψi

Coupled bases, T (φ̂i) = ∑ j>0 ci jψ̂i

Figure 1: Matrix CCC of coefficients expressing a given corre-
spondence between two poses of an elephant (left) and ele-
phant and horse (right) in the Laplacian eigenbases (second
row) and coupled bases (third row). First row: correspon-
dence between shapes shown with similar colors.

ric (or more generally conformal) shapes with simple spec-
trum [OBCS∗12], which in practice may be too restrictive.
As an illustration, we give here two examples of applica-
tions in which the assumption of consistent behavior of basis
functions is especially crucial. Additional applications are
discussed in Section 5.

Functional correspondence. Ovsjanikov et
al. [OBCS∗12] proposed an elegant way to avoid di-
rect representation of correspondences as maps between
shapes using a functional representation. The authors noted
that when two shapes X and Y are related by a bijective
correspondence t : X → Y , then for any real function
f : X → R, one can construct a corresponding function
g : Y →R as g = f ◦t−1. In other words, the correspondence
t uniquely defines a mapping between two function spaces
T : F(X ,R) → F(Y,R). Furthermore, such a mapping is
linear.

Equipping X and Y with harmonic bases, {φi}i≥1 and
{ψ j} j≥1, respectively, one can represent a function f : X →
R using the set of (generalized) Fourier coefficients {ai}i≥1
as f = ∑i≥1 aiφi. Then, translating the representation into
the other harmonic basis, one obtains a simple representa-
tion of the correspondence between the shapes

T ( f ) = ∑
i, j≥1

aici jψ j, (5)

XXX = ∑i≥1〈XXX,φi〉φi YYY = ∑i≥1〈YYY,ψi〉ψi

ZZZ = ∑
6
i=1〈XXX,φi〉ψi

+∑i>6〈YYY,ψi〉ψi

ZZZ = ∑
6
i=1〈XXX, φ̂i〉ψ̂i

+∑i>6〈YYY, ψ̂i〉ψ̂i

Figure 2: Pose transfer from horse (top left) to camel shape
(top right) by substituting the first 6 Fourier coefficients in
the decomposition of extrinsic coordinates of the shape in
the Laplacian eigenbasis as done in [Lév06] (bottom left)
and coupled basis (bottom right).

where ci j are Fourier coefficients of the basis functions of X
expressed in the basis of Y , defined as T (φi) = ∑ j≥1 ci jψ j.
In the discrete setting, taking the first k basis elements, this
relation can be expressed as bbbT = aaaTCCC, where aaa,bbb are k-
dimensional vectors of Fourier coefficients of discretized
functions fff,ggg, respectively, and CCC is a k× k correspondence
matrix [OBCS∗12]. In this representation, the computation
of the shape correspondence t : X → Y is translated into a
simpler task of finding CCC from a set of correspondence con-
straints. This matrix has a diagonal structure if the harmonic
bases are compatible, an assumption crucial for the efficient
computation of the correspondence. However, the authors re-
port that in practice the elements of CCC spread off the diagonal
with the increase of the frequency due to the lack of perfect
compatibility of the harmonic bases.

Pose transfer. Lévy [Lév06] proposed a pose transfer ap-
proach based on the Fourier decomposition of the manifold
embedding coordinates. Given two shapes X and Y embed-
ded in R3 with the corresponding harmonic bases {φi}i≥1
and {ψi}i≥1, respectively, one first obtains the Fourier de-
compositions of the embeddings

XXX = ∑
i≥1

aaaiφi, YYY = ∑
i≥1

bbbiψi (6)

(we denote by XXX and YYY the Euclidean embeddings of man-
ifolds X and Y , and by aaai,bbbi the three-dimensional vectors
of the Fourier coefficients corresponding to each embedding
coordinate). Next, a new shape Z is composed according to

ZZZ =
n

∑
j=1

aaaiψi + ∑
i>n

bbbiψi, (7)
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φ2 φ3 φ4 φ5 φ6

ψ2 ψ3 ψ4 ψ5 ψ6

Laplacian eigenbases

φ̂2 φ̂3 φ̂4 φ̂5 φ̂6

ψ̂2 ψ̂3 ψ̂4 ψ̂5 ψ̂6

Coupled quasi-harmonic bases

Figure 3: Top: Laplace-Beltrami eigenfunctions {φi} and
{ψi} of elephant and horse shapes. Bottom: coupled basis
function {φ̂i},{ψ̂i}. Hot and cold colors represent positive
and negative values, respectively.

with the first n low frequency coefficients taken from X , and
higher frequencies taken from Y . This transfers the “layout”
(pose) of the shape X to the shape Y while preserving the
geometric details of Y . This method works when the aaai’s and
the bbbi’s are expressed in the same “language”, i.e., when the
Laplacian eigenfunctions behave consistently in X and Y .

3. Coupled quasi-harmonic bases

Let us be given two shapes X ,Y with the corresponding
Laplacians ∆X ,∆Y . † If X and Y are related by an isometry
t : X→Y and have simple Laplacian spectrum (no eigenval-
ues with multiplicity greater than 1), the eigenfunctions are
defined up to a sign flip, ψi =±φi ◦ t−1. If some eigenvalue
λi = . . . = λi+p has multiplicity p+1, the individual eigen-
vectors are not defined, but rather the subspaces they span:
span{ψi, . . . ,ψi+p} = span{φi, . . . ,φi+p} ◦ t−1. More gen-
erally, if the shapes are not isometric, the behavior of their
eigenfunctions can differ dramatically (Figure 3, top).

This poses severe limitations on applications we men-
tioned in the previous section. Figure 1 (middle) shows
the coefficient matrix CCC defined in (5), representing the
functional correspondence between two shapes. For near-
isometric shapes (two deformations of an elephant, Fig-
ure 1, middle left), since ψi ≈ ±φi ◦ t−1, the coefficients

† We consider the case of a pair of shapes for the mere sake of sim-
plicity. Extension to a collection of more shapes is straightforward.

ci j ≈ ±δi j, and thus the matrix CCC is nearly diagonal. How-
ever, when trying to express correspondence between non-
isometric shapes (elephant and horse, Figure 1, middle
right), the Laplacian eigenfunctions manifest a very differ-
ent behavior breaking this diagonality.

The same problem is observed when we try to use the
technique of Lévy [Lév06] for pose transfer by express-
ing the embedding coordinates of the shape in the respec-
tive Laplacian eigenbasis and substituting the low-frequency
coefficients from another shape. Lévy disclaims that his
method works “provided that the eigenfunctions that corre-
spond to the lower frequencies match” [Lév06]. However,
such a consistent behavior is not guaranteed at all; Figure 2
(bottom right) shows how the pose transfer breaks when the
eigenfunction are inconsistent.

Main idea. We try to find bases φ̂i, ψ̂i that approxi-
mately diagonalize the respective Laplacians (∆X φ̂ ≈ λX φ̂,
∆Y ψ̂ ≈ λY ψ̂) and are coupled (ψ̂i ≈ φ̂i ◦ t−1). Such new
coupled bases, while being nearly harmonic, make the ba-
sis functions consistent across shapes and cure the prob-
lems we outlined above (Figure 3, bottom). Figure 1 (bot-
tom) shows the functional correspondence represented in the
coupled bases {φ̂i}i≥1,{ψ̂i}i≥1. Due to the coupling, the
basis functions behave consistently resulting in almost per-
fectly diagonal matrices CCC even when the shapes are highly
non-isometric (bottom right). Likewise, Figure 2 (rightmost)
shows that pose transfer using Fourier coefficients in the
coupled bases works correctly for shapes with inconsistent
Laplacian eigenfunctions.

Approximate joint diagonalization. We assume that
the shapes are sampled at nX ,nY points, and their Lapla-
cians are discretized as matrices WWWX ,WWWY and DDDX ,DDDY of size
nX ×nX and nY ×nY respectively, as defined in (3). We fur-
ther assume to be given a set of p corresponding functions
gi ≈ fi ◦ t−1, represented in the discrete setting by matri-
ces FFF = (fff1, . . . ,fffp) and GGG = (ggg1, . . . ,gggp) of size nX × p and
nY × p, respectively.‡ The bases behave consistently if the
respective Fourier coefficients of the functions f1, . . . , fp and
g1, . . . ,gp are approximately equal 〈 fi, φ̂ j〉 ≈ 〈gi, ψ̂ j〉, or in
other words, FFFT

Φ̂ΦΦ≈GGGT
Ψ̂ΨΨ (Fourier coupling).

The problem of joint approximate diagonalization (JAD)
can be formulated as the coupling of two problems (4),

min
Φ̂ΦΦ,Ψ̂ΨΨ

off(Φ̂ΦΦ
T
WWWXΦ̂ΦΦ)+off(Ψ̂ΨΨ

T
WWWYΨ̂ΨΨ)+µ‖FFFT

Φ̂ΦΦ−GGGT
Ψ̂ΨΨ‖2

F

s.t. Φ̂ΦΦ
T
DDDXΦ̂ΦΦ = III, Ψ̂ΨΨ

T
DDDY Ψ̂̂Ψ̂Ψ = III (8)

where off denotes some off-diagonality penalty, e.g., the sum
of the squared off-diagonal elements as defined in Section 2.
The simplest choice of FFF and GGG is having columns containing

‡ We assume that FFF and GGG are correctly normalized by the local
area elements DDDX ,DDDY .

c© 2013 The Author(s)
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a single one at points corresponding in the two shapes; in this
case, the coupling term forces the basis functions to be ap-
proximately equal at the corresponding points. We call this
case point-wise coupling. Another possible choice is setting
FFF and GGG as the indicator functions of corresponding stable
regions e.g. detected using shape MSER [LBB11].

The parameter µ determines the coupling strength. For
µ = 0, the problem becomes uncoupled and boils down to in-
dividual diagonalization (4) of the two Laplacians. The joint
eigenvectors in this setting coincide with the eigenvectors of
the Laplacians: Φ̂ΦΦ =ΦΦΦ and Ψ̂ΨΨ =ΨΨΨ.

Subspace parametrization. We can parametrize the
joint basis functions as linear combinations of the Laplacian
eigenvectors, Φ̂ΦΦ =ΦΦΦAAA and Ψ̂ΨΨ =ΨΨΨBBB, where AAA and BBB are ma-
trices of combination coefficients of size nX × nX and nY ×
nY , respectively. Noticing that Φ̂ΦΦ

T
WWWXΦ̂ΦΦ = AAAT

ΦΦΦ
TWWWXΦΦΦAAA =

AAAT
ΛΛΛXAAA, and similarly, Ψ̂ΨΨ

T
WWWYΨ̂ΨΨ = BBBT

ΛΛΛYBBB, we transform
problem (8) into

min
AAA,BBB

off(AAAT
ΛΛΛXAAA)+off(BBBT

ΛΛΛYBBB)+µ‖FFFT
ΦΦΦAAA−GGGT

ΨΨΨBBB‖2
F

s.t. AAATAAA = III, BBBTBBB = III (9)

Since AAA and BBB are orthonormal, they act as isometries in
the respective eigenspaces of the Laplacians of X and Y . We
can thus think geometrically of problem (9) as an attempt
to rotate and reflect the eigenbases ΦΦΦ and ΨΨΨ such that they
align in the best way (in the least squares sense), while still
approximately diagonalizing the Laplacians. Note that the
Laplacians do not appear explicitly in problem (9) but rather
their discretized eigenfunctions and eigenvalues; for this rea-
son, we can employ any method for Laplacian discretization.

Since in many applications we are not interested in the en-
tire eigenbasis but in the first k eigenvectors, this formulation
is especially convenient, as it allows us to express the first k
joint eigenvectors as a linear combination of k′ eigenvectors
(we provide a justification of this assumption in Appendix
A), thus having the matrices AAA and BBB of size k′× k:

min
AAA,BBB

off(AAAT
Λ̄ΛΛXAAA)+off(BBBT

Λ̄ΛΛYBBB)+µ‖FFFT
Φ̄ΦΦAAA−GGGT

Ψ̄ΨΨBBB‖2
F

s.t. AAATAAA = III, BBBTBBB = III, (10)

where Φ̄ΦΦ = (φφφ1, . . . ,φφφk′) and Λ̄ΛΛX = diag(λX
k , . . . ,λ

X
k′); matri-

ces Ψ̄ΨΨ,Λ̄ΛΛY are defined accordingly. Typically, k,k′� nX ,nY ,
and thus the problem is much smaller than the full joint di-
agonalization (8). Note that the coupling term provides pk
constraints, so in order not to over-determine the problem,
we should have 2k′ > p. Typical values used in our experi-
ments were k = k′ ∼ 20 and p∼ 20.

It is important to note that in problem (10) the use of the
sum of squared off-diagonal elements as the off-penalty does
not produce an ordered set of approximate joint eigenvec-
tors. This issue can be solved by using an alternative penalty,

‖Φ̂ΦΦT
LLLXΦ̂ΦΦ−Λ̄ΛΛX‖2

F = ‖AAAT
Λ̄ΛΛXAAA−Λ̄ΛΛX‖2

F, (11)

which is similar to the sum of squared off-diagonal ele-
ments but also includes the difference of the diagonal ele-
ments [Yer02]. The penalty for the shape Y is defined in the
same way.

Procrustes problem. In the limit case µ→∞ we can
ignore the off-diagonal penalties and problem (10) becomes

min
AAA,BBB
‖FFFT

Φ̄ΦΦAAA−GGGT
Ψ̄ΨΨBBB‖2

F s.t. AAATAAA = III, BBBTBBB = III, (12)

Using the invariance of the Frobenius norm under orthog-
onal transformation, we can rewrite problem (12) as an or-
thogonal Procrustes problem

min
ΩΩΩ

‖FFFT
Φ̄ΦΦ−GGGT

Ψ̄ΨΨΩΩΩ‖2
F s.t. ΩΩΩ

T
ΩΩΩ = III, (13)

where ΩΩΩ =BBBAAAT. The problem has an analytic solution ΩΩΩ =

SSSRRRT, where Φ̄ΦΦ
TFFFGGGT

Ψ̄ΨΨ = SSSΣΣΣRRRT is the singular value decom-
position of the matrix Φ̄ΦΦ

TFFFGGGT
Ψ̄ΨΨ with left- and right singular

vectors SSS,RRR [Sch66]. Then, AAA =RRR and BBB = SSS.

4. Numerical computation

Problem (10) is a non-linear optimization with orthogonality
constraints. In our experiments, we used the first-order con-
strained minimization algorithm implemented in MATLAB
Optimization Toolbox. We provide below the gradients of
our cost function.

Gradient of the off-diagonality penalty is given by

∇AAA ∑
i
(AAAT

Λ̄ΛΛXAAA)2
ii = 4(Λ̄ΛΛXAAAAAAT

Λ̄ΛΛXAAA−OOO◦AAAΛ̄ΛΛX ), (14)

where OOO is a matrix of equal columns ooo = diag(AAAT
Λ̄ΛΛXAAA) and

◦ denotes element-wise product of matrices (see derivation
in Appendix B). Gradient of the alternative penalty (11) is
derived similarly as

∇AAA‖AAAT
Λ̄ΛΛXAAA−Λ̄ΛΛX‖2

F = 4(Λ̄ΛΛXAAAAAAT
Λ̄ΛΛXAAA−Λ̄ΛΛXAAAΛ̄ΛΛX ). (15)

Gradient of the coupling term w.r.t. to AAA is given by

∇AAA‖FFFT
Φ̄ΦΦAAA−GGGT

Ψ̄ΨΨBBB‖2
F = 2Φ̄ΦΦ

TFFF(FFFT
Φ̄ΦΦAAA−GGGT

Ψ̄ΨΨBBB); (16)

the gradient w.r.t. BBB is obtained in the same way.

Initialization. Assuming the Laplacians are nearly jointly
diagonalizable and have simple spectrum, their joint eigen-
vectors will be equal to the harmonic basis functions up to
sign flips. Thus, in this case AAA and BBB are diagonal matrices
of ±1. This was found to be a reasonable initialization to
the joint diagonalization procedure. We set AAA = III, and then
solve sign flip by setting the elements of BBB to

bi j =


+1 i = j, ‖FFFT

φφφi−GGGT
ψψψi‖ ≤ ‖FFFT

φφφi +GGGT
ψψψi‖;

−1 i = j, ‖FFFT
φφφi−GGGT

ψψψi‖> ‖FFFT
φφφi +GGGT

ψψψi‖;
0 else.

(17)

Initialized this way, the problem starts with decoupled but
diagonalizing bases, and the optimization tries to improve
the coupling.

c© 2013 The Author(s)
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0.02 0.018 0.44 0.37

Figure 4: Examples of joint diagonalization of Laplacians
of near-isometric shapes (two poses of an elephant, left) and
non-isometric shapes (elephant and horse, right). Point-wise
coupling was done using 40 points. Numbers show the ratio
of the norm of the off-diagonal and diagonal values.

3% error 15% error

Figure 5: Sensitivity of joint diagonalization to errors in cor-
respondence (in % of geodesic diameter of the shape) used in
the coupling term. Shapes are shown with similar colors rep-
resenting corresponding points. Correspondences between
10 points used for coupling are shown with lines.

5. Results and Applications

In this section, we show several examples of coupled
bases construction, as well as some potential applications
of the proposed approach (for additional examples, see
[KBB∗12]). We used shapes from publicly available datasets
[BBK08, SP04, SMKF04]. Mesh sizes varied widely be-
tween 600 - 25K vertices. Discretization of the Laplace-
Beltrami operator was done using the cotangent formula
[MDSB03]. In all our examples, we constructed coupled
bases solving the JAD problem (10) with off-diagonality
penalty (11), as described in Section 4; the value of µ =
0.132 was used in all experiments. Optimization was per-
formed using MATLAB fmincon with default settings.
Typical time to compute 15 joint eigenvectors was about 1
minute.

Isometric vs non-isometric. Figure 4 (top) shows ex-
amples of joint diagonalization of Laplacians of different
shapes: near isometric (two poses of an elephant) and non-

isometric (elephant and horse). We computed the first k = 20
joint approximate eigenvectors. The Laplacians are almost
perfectly diagonalized by the obtained coupled bases in the
case of near-isometric shapes; for non-isometric shapes, off-
diagonal elements are more prominent. Nevertheless, a clear
diagonally-dominant structure is present.

Sensitivity to correspondence error. In this experiment,
we computed the coupled bases for two near-isometric hu-
man shapes using point-wise coupling at p = 10 points with
noisy correspondence that deviated from groundtruth corre-
spondence by up to 15% of the geodesic diameter of the
shape. Table 1 shows the obtained diagonalization quality
(measured as the ratio of the norm of the off-diagonal and di-
agonal values averaged on two shapes), and Figure 5 depicts
the approximately diagonalized Laplacians. This experiment
illustrates that very few roughly corresponding points are re-
quired for the coupling term in our problem, and that the
proposed procedure is robust to correspondence noise.

Sensitivity to representation and sampling. Taking the
shapes from the previous experiment, we downsampled and
re-meshed one of them from 8.5K vertices to 850 vertices.
In addition, we removed the triangulation and computed a
Laplacian on the point cloud, using 6 nearest neighbors and
Gaussian weight wi j = e−‖xxxi−xxx j‖2/2×10−4

. Table 2 shows
the quality of the joint diagonalization of the Laplacians on
the original mesh and subsampled mesh (first row) and the
point cloud (second row). Figures 6-7 show the obtained
coupled bases.

exact 3% 6% 15%
0.0417 0.0534 0.0892 0.1439

Table 1: Sensitivity of JAD quality ‖off‖/‖diag‖ to corre-
spondence error (measured as % of geodesic diameter).

full 90% 75% 50% 10%
mesh-mesh 0.0417 0.0414 0.0384 0.0429 0.0625
mesh-cloud 0.0934 0.1399 0.1265 0.1303 0.1424

Table 2: Sensitivity of JAD quality ‖off‖/‖diag‖ to sam-
pling density for two meshes and mesh/point cloud.

Shape correspondence. Ovsjanikov et al. [OBCS∗12]
computed correspondence between near-isometric shapes
from a set of constraints on the k× k matrix CCC (encoding
the correspondence represented using the first k harmonic
functions as described in Section 2). Given a set of p corre-
sponding functions on X and Y represented using the matri-
ces FFF and GGG as defined in Section 4, CCC is recovered from a
system of pk equations with k2 variables,

FFFT
ΦΦΦ =GGGT

ΨΨΨCCC. (18)

Additional constrains stemming from the properties of the
matrix CCC are also added [OBCS∗12].

The use of our coupled bases in place of standard Laplace-
Beltrami eigenbases allows to exploit the sparse struc-
ture of CCC, which is mentioned by Ovsjanikov et al., but
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Figure 6: Coupled bases computed on a full (top) and 10-
times subsampled (bottom) mesh.

Figure 7: Coupled bases computed on a full mesh (top) and
10-times subsampled point cloud (bottom).

Figure 8: Coupled bases elements of the human and gorilla
shapes obtained with Fourier coupling using 25 MSER re-
gions from Figure 9.

never used explicitly in their paper. Approximating CCC ≈
diag(c11, . . . ,ckk), we can rewrite (18) as a system of pk
equations with only k variables corresponding to the diag-
onal of CCC, diag(gggT

1Ψ̂ΨΨ)
...

diag(gggT
pΨ̂ΨΨ)


 c11

...
ckk

=


Φ̂ΦΦ

T
fff1

...

Φ̂ΦΦ
T
fffp

 . (19)

Equation (19) allows to use significantly less data to fully
determine the correspondence, and is also more computa-
tionally efficient.

Figure 10 shows an example of finding functional cor-
respondence between non-isometric shapes of human and
gorilla. As columns of FFF and GGG we used binary indicator
functions of p = 25 regions detected using the MSER algo-
rithm [LBB11]. The ordering of the regions was assumed
to be given (corresponding regions are denoted by simi-
lar color in Figure 9). We compared the method described
in [OBCS∗12] for computing CCC by solving the system (18)
in the standard Laplace-Beltrami eigenbases (Figure 10, left)
and the diagonal-only approximation (19) in the coupled
bases, computed using the same data (FFF, GGG) for the coupling
term (see Figure 8). In both cases, we used k = 20 first basis
vectors. Then, the ICP-like refinement approach [OBCS∗12]
was applied to CCC to obtain point-wise correspondence.

Simultaneous mesh editing. Rong et al. [RCG08] pro-
posed an approach for mesh editing based on elastic energy
minimization. Given a shape with embedding coordinates XXX,
the method attempts to find a deformation field ddd producing
a new shape XXX′ = XXX+ddd, providing a set of user-defined n′

anchor points for which the displacement is known (w.l.o.g.
assuming to be the first n′ points, dddi = ddd′i for i = 1, . . . ,n′),
as a solution of the system of equations[

kbLLL2
X − kcLLLX MMM
MMMT 000

][
ddd
γγγ

]
=

[
000
ddd′

]
, (20)

where MMM = (III, 000)T is an n × n′ identity matrix, γγγ are
unknown Lagrange multipliers corresponding to the con-
straints on anchor points, and kb,kc are parameters trading
off between resistance to bending and stretching, respec-
tively [RCG08] . The system of equations can be expressed
in the frequency domain using k � n first harmonic basis
functions,[

Φ̄ΦΦ
T
(kbLLL2

X − kcLLLX )Φ̄ΦΦ Φ̄ΦΦ
TMMM

MMMT
Φ̄ΦΦ 000

][
ααα

γγγ

]
=

[
000
ddd′

]
(21)

where ααα = Φ̄ΦΦ
Tddd are the k Fourier coefficients. The desired

deformation field is obtained by solving the system of equa-
tions for ααα and transforming it to the spatial domain ddd = Φ̄ΦΦααα

(for details, the reader is referred to [RCG08]).

Using coupled bases, it is possible to easily extend this
approach to simultaneous editing of multiple shapes, solving
the system (21) with the coupled basis Φ̂ΦΦ in place of Φ̄ΦΦ, and
applying the deformation to the second mesh using ddd = Ψ̂ΨΨααα.
Figure 12 exemplifies this idea, showing how a deformation
of the cat shape is automatically transferred to the lion shape,
which accurately and naturally repeats the cat pose.

Shape similarity. The diagonalization quality of the
Laplacians can be used as a criterion for shape similarity,
with isometric shapes having ideal diagonalization. With this
approach, it is possible to compare two shapes from a small
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Figure 9: Some of the MSER regions detected in the human
and gorilla shapes.

Eigenbases, full matrix Coupled bases, diagonal only

Figure 10: Functional correspondence matrix CCC computed
according to (18) using Laplace-Beltrami eigenbases (left)
and diagonal-only approach (19) in coupled bases (right).
Note that correspondences and matrices CCC are shown after
ICP-like refinement, altering the diagonal-only structure.

number of inaccurate correspondences provided for cou-
pling in the joint diagonalization problem. Figure 11 shows
the similarity matrix between 25 shapes belonging to 8 dif-
ferent classes. Each shape is present with 3-4 near-isometric
deformation. We used 25 point correspondences for point-
wise coupling; dissimilarity of a pair of shapes was com-
puted by jointly diagonalizing the respective Laplacians and
then computing the average ratio of the norms of the diago-
nal and off-diagonal elements of both matrices.

6. Conclusions

We showed several formulations of numerically efficient
joint approximate diagonalization algorithms for the con-
struction of coupled bases of the Laplacians of multiple
shapes. Such quasi-harmonic bases allow to extend many
shape analysis and synthesis tasks to cases where the stan-
dard harmonic bases computed on each shape separately
cease being compatible. The proposed construction can be
used as an alternative to the standard harmonic bases. One
straightforward generalization of our method is to get rid
of the need to know the correspondence between the set of

functions f1, . . . , fp and g1, . . . ,gp by introducing a permu-
tation into the coupling term as done in [PBB∗12].

A particularly promising direction is non-rigid shape
matching in the functional correspondence representation.
The sparse structure of the matrix CCC has not been yet taken
advantage of for the computation of correspondence in a
proper way, and naturally calls for sparse modeling meth-
ods successfully used in signal processing. However, the cor-
rectness of this model largely depends on the basis in which
CCC is represented, and standard Laplace-Beltrami eigenbasis
performs quite poorly when one deviates from the isometry
assumptions. In follow-up studies, we intend to explore the
relation between sparse models and joint approximate diag-
onalization in shape correspondence problems. Finally, we
note that the idea of joint diagonalization extends beyond
Laplacians and is applicable to other differential operators
such as those proposed in [HSvTP12].
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Appendix A - Perturbation analysis of JAD

We analyze here the solution of the basic problem (8). For
simplicity, we assume that nX = nY = l, the points are or-
dered, and µ→∞, in which case a single basis (Φ̂ΦΦ = Ψ̂ΨΨ)
is searched (this setting of the JAD problem has been con-
sidered in [BGBM93, CS96]). We further assume that LLLX =
ΦΦΦΛΛΛΦΦΦ

T has a simple τ-separated spectrum (i.e., |λi− λ j| ≥
τ). If Y is a near-isometric deformation of X , its Lapla-
cian can be described as a perturbation LLLY = ΦΦΦΛΛΛΦΦΦ

T + εRRR
of LLLX . Ignoring permutation of eigenfunctions and sign
flips, the joint approximate eigenbasis can be written as
the first-order perturbation [Car95] φ̂φφi ≈ φφφi + ε∑ j 6=i αi jφφφ j,
where αi j = φφφ

T
i RRRφφφ j/2(λ j − λi). We can bound these coef-

ficients by the spectral norm |αi j| ≤ ‖RRR‖2/2τ = αmax. We
can conclude that the first k joint approximate eigenvectors
φ̂φφ1, . . . ,φ̂φφk can be well represented as linear combinations of
φφφ1, . . . ,φφφk′ , with square error bounded by ε∑ j>k′ |αi j|2 ≤
ε(nX−k′−1)α2

max. This result also justifies the use of band-
wise computation discussed in Section 4.

To relate this bound to the geometry of the shape, let
us assume that X and Y have the same connectivity and
that the angles β, β̄ of triangles in the two meshes satisfy
θ0 ≤ β, β̄≤ π−θ0 (all triangles are at least θ0 fat), the area
elements are at least s, s̄≥ s0, and each vertex is connected to
at most ν vertices. We assume that the mesh Y is obtained as
a deformation of mesh Y changing the angles by |β̄−β| ≤∆θ

and the area elements by 1− δ ≤ s̄/s ≤ 1+ δ. We are inter-
ested in a bound on the spectral norm ‖LLLX −LLLY ‖2 = ε‖RRR‖2
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Figure 11: Shape similarity using joint diagonalization.
Darker colors represent more similar shapes. One can
clearly distinguish blocks of isometric shapes. Also, two
classes of two- and four-legged shapes (marked with green
and blue) are visible. Small figures show representative
shapes from each class.

expressed in terms of parameters ∆θ,δ (strength of non-
isometric deformation) and constants θ0,s0. Using trigono-
metric identities in (3), we have for i 6= j

|w̄i j−wi j| ≤
∣∣∣∣ sin(β̄−β)

sinβsin β̄

∣∣∣∣≤ sin∆θ

sin2
θ0
≤ ∆θ

sin2
θ0

, (22)

and |w̄ii − wii| ≤ ν∆θ

sin2 θ0
Applying the triangle inequality,

for i 6= j we get |l̄i j − li j| = 3|w̄i j s̄
−1
i −wi js

−1
i | ≤ 3|w̄i j −

wi j|s−1
i + 3|w̄i j||s̄−1

i − s−1
i |. Plugging in the bounds on

|w̄i j−wi j| and s̄i, we get

|l̄i j− li j| ≤
3
s0

(
∆θ

sin2
θ0

+ cot(θ0)δ

)
≤ 3

s0

(
∆θ

sin2
θ0

+
δ

θ0

)
≤ 3(∆θ+δ)

s0 sin2
θ0

,

from which it follows by norm inequality

‖LLLX −LLLY ‖2 ≤ n1/2
X ‖LLLX −LLLY ‖1 ≤

6νn3/2
x

s0 sin2
θ0

(∆θ+δ),

where ε = ∆θ+ δ is the degree of shape deformation (“lack
of isometry”).

Appendix B - Off-diagonality penalty gradient

Let us rewrite the penalty as off(AAA) = ‖AAAT
Λ̄ΛΛXAAA‖2

F −
∑i(AAA

T
Λ̄ΛΛXAAA)2

ii. The first term is bi-quadratic and its gradi-
ent derivation is trivial, so here we derive the gradient of the

second term only. We have ∑i(AAA
T
Λ̄ΛΛXAAA)2

ii = ∑i

(
∑k a2

kiλk

)2
;

differentiating in a coordinate-wise manner,

∂

∂apq
∑

i

(
∑
k

a2
kiλk

)2

= 2∑
i

(
∑
k

a2
kiλk

)
2apqλpδiq

= 4∑
k

a2
kqλkapqλp. (23)

Observing that AAAΛΛΛ = (apqλp) and denoting by opq =
(∑k a2

kqλk) the elements of the equal-columns matrix OOO, we
get the expression 4OOO◦AAAΛΛΛ.
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