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ABSTRACT

Sgmentationin volumetric imagesdealswith separating
‘objects’ from their ‘background’in a given 3D data. Usu-

ally, onestartswith ‘edge detectors'that give binary clues

on the locationsof the objectsboundaries.Classicaledge
detectorghatcanbeadoptedrom 2D aretheMarr—Hildreth,
and Haralick or Canry edgedetectors. Next, usually one

integratesthesecluesinto meaningfulcontoursor surfaces
thatindicatethe boundarie®f the objects.

We useour recentvariationalexplanationfor the Marr—
Hildreth andthe Haralick—Canw like edgedetectorgo ex-
tendtheseclassicaloperators We combinetheseoperators
with a minimal deviation measurghat canbe tunedto the
problemat hand. Finally, an improved ‘geometric active
surfacemodel’is defined.

1. INTRODUCTION

Variational interpretationsof the Marr—Hildreth and the
Haralick—Cang like edgedetectorsrecentlypresentedn
[14], allow us to betterunderstancand even improve the
proces®f edgedetectiorandintegration. There,it waspro-
posedto usethe geodesicactive surfacemodel[4] mainly
for regularization,and the minimal variancecriterion sug-
gestedby Chanand Vese[5] for segmentationin caseof
noisy data. Moreover, it was obsened that using align-
mentof the surfacenormalwith the volumetricimagegra-
dient, which is the measureminimized in mostadwanced
edgedetectorsjs very usefulin casesf significantinten-
sity changesearboundaries. This approachallows usto
usevariationalmodelsto addresghe problemof thin struc-
ture sggmentation.

It wasrecentlyshowvn that the minimal variancefunc-
tional is relatedto segmentationby a thresholdandto the
Max—Lloyd vectorquantizatiorprocedurg13]. Histogram
basedvQ (Vector Quantization)operationsare usedtoday
ascommonpracticein advancedmedicalanalysisworksta-
tions. Adding the geodesicregularizationand alignment
for betteraccurag improvesthe overall quality of the seg-
mentation andspecificallyhelp us accuratelysggmentfine
structureswith sub-voxel accurag.

Recentprocedureshatdealwith thin structuresnclude
variationalmethods[15, 10, 21] introducevariouscombi-
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nationsof geometrioneasuregsindcorrespondindevel sets
minimizationtechniques Herewe extend our resultsfrom
[13, 14] to higherdimensionenhancedy our newv under
standingof the edgedetectionandVQ procedures.

The mostsimple edgedetectorgry to locatepointsde-
fined by local maxima of the image gradientmagnitude.
The Marr andHildreth edgesare a bit more sophisticated,
andwere definedasthe zerocrossingsurfacef a Lapla-
cian of Gaussian(LoG) appliedto the image[18]. The
Marr—Hildrethedgedetectiorprocessanbethoughtof asa
way to locatesurfacesn theimagespacehatpassthrough
pointswherethegradientmagnitudds high andwhosenor-
mal directionalignswith thelocal edgedirectionestimated
by theimagegradientsee[14].

Section2 introducessomemathematicahotations.Sec-
tion 3, formulatesthe idea of geometricsurfaceevolution
for sggmentation,and reviews varioustypesof variational
measureggeometricfunctionals). Thesefunctionalsde-
scribeanintegral quantitydefinedby the surface.Our goal
would be to searchfor a surfacethatminimizestheseinte-
gralmeasuresNext, we computethefirst variationof these
functionalsin Section4, andcommenton how to useit in a
dynamicgradientdescensurfaceevolution process.

2. MATHEMATICAL NOTATIONS

Define a 3D gray level imageas 7 : @ — IRT where
Q e IR’ is theimagedomain. The imagegradientvec-
tor field is given by VI(z,y,2) = {l., 1,1}, were
we usedsubscriptgo denotethe partial derivativesin this
case,e.g., I, = JI(»,y,z)/0x. We searchfor a sur
face,S : [0,1] x [0,1] — IR?, givenin a parametridorm
S(u,v) = {x(u,v), y(u,v), z(u, v)}, whosenormalis de-
fined by 7i(u, v) = 3255 This surfaceinteractswith
the given 3D image,for example,a surfacewhosenormal
alignswith the gradientvectorfield, wherethe alignment
of the two vectorscanbe measuredy their inner product
that we denoteby (77, VI). We alsousesubscriptso de-
notefull derivatives,suchthatonesurfacetangentis given
by S, = {@v, yu, 20 }-
Define, H to be the meancurvatureof the surfaces,

andthe curvaturevector 7. We alsodefine2s to bethe
domaininsidethesurfaces.
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Here,we alsodefineda = S, x S,dudv to beanarea
elementand(2s theregioninsidethesurfacegs = S.

3. GEOMETRIC INTEGRAL MEASURES FOR
ACTIVE SURFACES

The evolution of dynamicedgeintegration processesnd
active contoursstartedwith the classicalsnakeq12], fol-
lowed by non-variationalactive contours[17, 2], andmore
recentgeodesicactive contours[3]. Here, we restrictour
discussionio geometridunctionals thatdependn geome-
try andthe propertieof theimage. Fromthesefunctionals
we extractthefirst variation,anduseit asa gradientdescent
processthatwe referto asgeometricactivesurface
Alignment Term: Considetthe geometridunctional

E4(S) = //(Vf(x(u, v), y(u, v), z(u, v)), i(u, v))da,

orin its ‘robust’ form

Ear(S) = //|<Vf(x(u,v),y(u,v),z(u,v)),ﬁ(u,v)>|da,

wherethe absolutevalue of the inner productbetweerthe
imagegradientandthesurfacenormalis ouralignmentmea-
sure.Themotivationis thefactthatin mary casesthegra-
dientdirectionis a goodestimatorfor the orientationof the
edgesurface.Theinner productgetshigh valuesif the sur
facenormalalignswith the imagegradientdirection. This
measureaalsousesthe gradientmagnitudeasan edgeindi-
cator Therefore,our goal would be to find surfacesthat
maximizethis geometricfunctional.

Weighted Region: In somecaseswe have a quantity we
wouldlike to maximizeby integrationinsidetheregion Q2 5,
definedby the surfaceS. In its mostgeneralsetting,this
weightedvolumemeasures

Ew(s) = [f Sy,

where f(z,y, =) is ary scalarfunction. A simpleexample
is f(x,y,2z) = 1, for which the functional £(S) measures
the volumeinsidethe surfaces, thatis, the volume of the
region (2.

Minimal Variance: In [5], ChanandVeseproposed min-
imal variancecriterion, givenby

%///QS(I(aj,y,z) — ¢1)’dedydz
+%///Q\QS(I(x,y,z) — &) dedyds.

In the optimal case,the two constantsg; andc,, getthe
meanintensitiesn theinterior (inside)andthe exterior (out-
side)thesurfaces, respectiely. Theoptimalsurfacewvould

E‘]\Jv(S7 01702) =

bestseparatehe interior and exterior with respecto their

relative averagevalues.In theoptimizationprocessve look

for the bestseparatingsurface,aswell as for the optimal

expectedvaluesc; ande,. Suchoptimizationproblemsare
often encounteredn color quantizationand classification
problems.

In orderto control the smoothnessf their active con-
tour, Chanand Vesealsoincludedthe area ([ da asa reg-
ularizationterm. Herewe proposeto usethe moregeneral
weightedarea, [[ ¢(.5(u, v))da, alsoknown asthe geodesic
active surfacefunctional[3], asa datasensitve regulariza-
tion term. It canbe shown to yield betterresultsin most
casesandsimplifiesto the regularizationusedby Chanand
Vesefor theselectionof ¢ = 1.

Onecouldconsidewotherregion basedneasuretike the
robustmeasure

Ermuv(S) = /// |I(xz,y,z) — c1|dedydz
Qs

—1—/// |1(z,y,z) — ca|dedydz.
Q\Qs

GeodesicActive Surface: The geodesiactive surface[4]
modelis definedby the functional

Ecas(S) = //aﬂsg(S(u, v))da.

It is anintegrationof aninverseedgeindicatorfunction,like

g(z,y,2) = 1/(1 4+ |VI]*), alongthe surface.The search,
in this casewould be for a surfacealongwhich theinverse
edgeindicatorgetsthe smallestpossiblevalues.Thatis, we

would like to find the surfacesS that minimizesthis func-

tional. The geodesicactive contourwas shavn in [14] to

sene asagoodregularizationfor otherdominanttermslike

theminimal variancen noisyimagespr thealignmenterm

in caseave have goodorientationestimationof theedge.A

well studiedexampleis g(x,y, z) = 1, for which thefunc-

tional measureghetotal areaof the surface.

4. CALCULUS OF VARIATIONS FOR
GEOMETRIC MEASURES

Givena surfacantegral of thegeneraform,
E(S) = // L(Su, Sy, S)dudwv,
S

we computethefirst variation %ﬁl The extremalsof the
functional £(S) can be identified by the EulerLagrange
equationd £(S)/8S = 0. A dynamicprocessknown as
gradientdescentthat takesan arbitrary surfacetowardsa
maximumof E(S), is givenby the surfaceevolution equa-
tion % = 6E5(SS), wherewe addeda virtual ‘time’ param-
etert to our surfaceto allow its evolution into a family of




surfacesS(u, v, t). Our hopeis thatthis evolution process
would takeanalmostarbitraryinitial surfaceinto a desired
configuration,which gives a significantextremum of our
functional. Here,we restrictourselesto closedsurfaces.

Lemmal Giventhe vectorfield V(m, y, z), we havethe
alignmentmeasue, 4 (S) = §(V, 7i)da, for which the
first variationis glvenbyﬂil div(V).

An importantexampleis V = V1, for which we have
asﬂrstvanatlonMﬁl Alfi, whereAl = I, + Iy, +
1., s the|mageLapIaC|an The EulerLagrangesquation
dE4/4S = 0 givesavariationalexplanationfor a general-
izationof the2D Marr—Hildrethedgedetectotthatis defined
by the zerocrossing®f the Laplacianasreportedn [14].

Lemma2 Therobustalignmenttermgivenby
Ear(S) = §4 (V,)|da, yieldsthefirst variation
sign((V, 7i(s)))div (V).

An importantexampleis V = VI, for which we have
3BarS) — ion((V1,7i(s))) AT
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Lemma3 Theweightedegion functional

fffﬂ (z,y,z)dxdydz,

yleldstheflrstvarlatlon %ﬂ =—flz,y, 2)7.

In 2D, this termis sometimesalledthe weightedarea
[23] term,andfor f constantits resultingvariationis known
asthe ‘balloon’ [8] force. If we setf = 1, the gradient
descentsurfaceevolution processis the constantflow. It
generate®ffsetsurfacesvia S; = 7, andits efficient im-
plementations closelyrelatedto Euclideandistancemaps
[9, 6] andfastmarchingmethodd20].

Lemma4 Thegeodesi@activesurfacemodelis
Egas(S) = §g 9(S(s))da

for which thefirst variation is givenby
B = —(Hg — (Vg, ).

Wewill usethistermmainlyfor regularization.If we set
g = 1, the gradientdescentsurfaceevolution resultgiven
by S: = —dEcas(S)/dS isthewell known curvatureflow,
St == Hﬁ

Lemma5 The Chan-\éseminimal variancecriterion [5]

is givenby
l/// (I — 1) dadydz
2 o
+l/// (I — o) dudydz,
2 Q\Qs

for which thefirst variationis

S B cr+e2\
55 T (02_01)(1_ = 2)"

EMv(S,Cl,CQ) =

By /// Idzdydz —cl/// drdydz
dey Qg Qs

oF
MY /// Idzdydz —02/// drdydz.
dca Q\Qs Q\Qs

Onecouldrecognizehevariationalinterpretatiorof seg-
mentationby thethreshold(c; + ¢2)/2 givenby the Euler
Lagrangeequation Eyry /6.5 = 0.

Finally, we treatthe robust minimal deviation measure
Erpv.

Lemma6 Therobust minimal total deviation criterion is

givenby
/// |I — ci|dzdydz
Qg
—1—/// |I — c2|dzdydz,
Q\Qs

for which thefirst variationis

Erymv (S, c1,c2)

dERrnv

i (11— el = |1 = ealy st
dERrnv

/// 51gn —c1 dxdydz

501

dErary /// sign(! — ¢z )dedydz
502 Q\Qs

The computationof ¢; ande, canbe efficiently imple-
mentedvia the intensity histogramsin the interior or the
exterior of the surface Oneapproximatioris the medianof
thepixelsinsideor outsidethe contour

The robustminimal deviation term shouldbe preferred
whenthe penaltyfor isolatedpixels with wrong affiliation
is insignificant. The minimal variancemeasurepenalizes
large deviations in a quadraticfashionand would tend to
oversggmentsucheventsor requirelargeregularizationthat
couldover-smooththe desiredboundaries.

We embeda closedsurfacein a higher dimensional
é(x,y, z) function, which implicitly representshe surface
S asazeroset,i.e., S = {{z,y,2} : ¢(x,y,z) = 0}. This
way, the well known OsherSethian[19] level-setmethod
canbe employedto implementthe surfacepropagatiorto-
wardits optimallocation. Efficient solutionsfor theresult-
ing evolution equationcanuseeitherAOS[16, 22] or ADI
methods,coupledwith a narrov bandapproacHh?7, 1], as
firstintroducedn [11] for the geodesiactive contour

The following tablesummarizeshe functionals there-
sulting first variationfor eachfunctional,andthe level set
formulationsfor theseterms.

5. CONCLUSIONS

We presenteda variationalgeometricframevork for volu-
metricimageanalysis. It is basedon variationalexplana-
tions of basic edgedetectionand thresholdoperatorsthat



| Measure | E(S | E/6S | level setform |
Weighted fffﬂ (z,y, z)dxdydz —flz,y, o) —flz,y,2)|Vé|
Area
Minimal fffﬂ —c1)?dzedydz+ | (c2 —c1)x (ca — c1)X
Variance fffﬂ\ﬂ —¢o)?dadydz | (I — (c1+¢2)/2)7 | (I — (c1+¢2)/2)|[Ve]
GAS [s9(8 (Vg @) — Ho)i | —div (97%%) V9
Alignment ff|<VI,ﬁ>|da sign((VI,7))AIfi | sign((VI,V¢))AIIV¢]

allow usto combinethesemeasureto a globalgeometric
functionalfrom which we canderive anefficient andaccu-
rate sgmentationtool. At the conferencewve will present
several examplesand a medicalimageanalysissystemfor
3D volumetricimagingbasedon theabove derivations.
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