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ABSTRACT

Segmentationin volumetric imagesdealswith separating
‘objects’ from their ‘background’in a given3D data.Usu-
ally, onestartswith ‘edgedetectors’that give binary clues
on the locationsof the objectsboundaries.Classicaledge
detectorsthatcanbeadoptedfrom2D aretheMarr–Hildreth,
andHaralick or Canny edgedetectors.Next, usually one
integratesthesecluesinto meaningfulcontoursor surfaces
thatindicatetheboundariesof theobjects.

We useour recentvariationalexplanationfor theMarr–
Hildreth andtheHaralick–Canny like edgedetectorsto ex-
tendtheseclassicaloperators.We combinetheseoperators
with a minimal deviation measurethat canbe tunedto the
problemat hand. Finally, an improved ‘geometricactive
surfacemodel’ is defined.

1. INTR ODUCTION

Variational interpretationsof the Marr–Hildreth and the
Haralick–Canny like edgedetectors,recentlypresentedin
[14], allow us to betterunderstandand even improve the
processof edgedetectionandintegration.There,it waspro-
posedto usethe geodesicactive surfacemodel[4] mainly
for regularization,andthe minimal variancecriterion sug-
gestedby Chanand Vese[5] for segmentationin caseof
noisy data. Moreover, it was observed that using align-
mentof thesurfacenormalwith thevolumetricimagegra-
dient, which is the measureminimized in most advanced
edgedetectors,is very usefulin casesof significantinten-
sity changesnearboundaries.This approachallows us to
usevariationalmodelsto addresstheproblemof thin struc-
turesegmentation.

It wasrecentlyshown that the minimal variancefunc-
tional is relatedto segmentationby a thresholdandto the
Max–Lloyd vectorquantizationprocedure[13]. Histogram
basedVQ (VectorQuantization)operationsareusedtoday
ascommonpracticein advancedmedicalanalysisworksta-
tions. Adding the geodesicregularizationand alignment
for betteraccuracy improvestheoverall quality of theseg-
mentation,andspecificallyhelpusaccuratelysegmentfine
structureswith sub-voxel accuracy.

Recentproceduresthatdealwith thin structuresinclude
variationalmethods[15, 10, 21] introducevariouscombi-

nationsof geometricmeasuresandcorrespondinglevel sets
minimizationtechniques.Herewe extendour resultsfrom
[13, 14] to higherdimensionsenhancedby our new under-
standingof theedgedetectionandVQ procedures.

Themostsimpleedgedetectorstry to locatepointsde-
fined by local maximaof the image gradientmagnitude.
The Marr andHildreth edgesarea bit moresophisticated,
andweredefinedasthe zerocrossingsurfacesof a Lapla-
cian of Gaussian(LoG) applied to the image [18]. The
Marr–Hildrethedgedetectionprocesscanbethoughtof asa
way to locatesurfacesin theimagespacethatpassthrough
pointswherethegradientmagnitudeis highandwhosenor-
mal directionalignswith thelocaledgedirectionestimated
by theimagegradient,see[14].

Section2 introducessomemathematicalnotations.Sec-
tion 3, formulatesthe ideaof geometricsurfaceevolution
for segmentation,and reviews varioustypesof variational
measures(geometricfunctionals). Thesefunctionalsde-
scribean integral quantitydefinedby thesurface.Our goal
would be to searchfor a surfacethatminimizestheseinte-
gralmeasures.Next, we computethefirst variationof these
functionalsin Section4, andcommenton how to useit in a
dynamicgradientdescentsurfaceevolutionprocess.

2. MATHEMA TICAL NOTATIONS

Define a 3D gray level image as where
is the imagedomain. The imagegradientvec-

tor field is given by , were
we usedsubscriptsto denotethe partial derivativesin this
case,e.g., . We searchfor a sur-
face, , given in a parametricform

, whosenormalis de-
fined by . This surfaceinteractswith
the given 3D image,for example,a surfacewhosenormal
alignswith the gradientvector field, wherethe alignment
of the two vectorscanbe measuredby their inner product
that we denoteby . We alsousesubscriptsto de-
notefull derivatives,suchthatonesurfacetangentis given
by .

Define, to be the meancurvatureof the surface ,
andthecurvaturevector . We alsodefine to be the
domaininsidethesurface .
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Here,we alsodefine to beanarea
element,and theregion insidethesurface .

3. GEOMETRIC INTEGRAL MEASURES FOR
ACTIVE SURFACES

The evolution of dynamicedgeintegration processesand
active contoursstartedwith the classicalsnakes[12], fol-
lowedby non-variationalactive contours[17, 2], andmore
recentgeodesicactive contours[3]. Here,we restrictour
discussionto geometricfunctionals,thatdependon geome-
try andthepropertiesof theimage.Fromthesefunctionals
weextractthefirst variation,anduseit asagradientdescent
process,thatwe referto asgeometricactivesurface.
Alignment Term: Considerthegeometricfunctional

or in its ‘robust’ form

wherethe absolutevalueof the inner productbetweenthe
imagegradientandthesurfacenormalis ouralignmentmea-
sure.Themotivationis thefact thatin many cases,thegra-
dientdirectionis a goodestimatorfor theorientationof the
edgesurface.Theinnerproductgetshigh valuesif thesur-
facenormalalignswith the imagegradientdirection. This
measurealsousesthegradientmagnitudeasan edgeindi-
cator. Therefore,our goal would be to find surfacesthat
maximizethisgeometricfunctional.
Weighted Region: In somecaseswe have a quantitywe
would like to maximizeby integrationinsidetheregion ,
definedby the surface . In its mostgeneralsetting,this
weightedvolumemeasureis

where is any scalarfunction. A simpleexample
is , for which the functional measures
the volumeinsidethesurface , that is, thevolumeof the
region .
Minimal Variance: In [5], ChanandVeseproposeda min-
imal variancecriterion,givenby

In the optimal case,the two constants, and , get the
meanintensitiesin theinterior(inside)andtheexterior (out-
side)thesurface , respectively. Theoptimalsurfacewould

bestseparatethe interior andexterior with respectto their
relativeaveragevalues.In theoptimizationprocesswelook
for the bestseparatingsurface,as well as for the optimal
expectedvalues and . Suchoptimizationproblemsare
often encounteredin color quantizationand classification
problems.

In orderto control the smoothnessof their active con-
tour, ChanandVesealsoincludedthe area asa reg-
ularizationterm. Herewe proposeto usethemoregeneral
weightedarea, , alsoknown asthegeodesic
active surfacefunctional[3], asa datasensitive regulariza-
tion term. It canbe shown to yield betterresultsin most
casesandsimplifiesto theregularizationusedby Chanand
Vesefor theselectionof .

Onecouldconsiderotherregionbasedmeasureslike the
robustmeasure

GeodesicActive Surface: Thegeodesicactive surface[4]
modelis definedby thefunctional

It is anintegrationof aninverseedgeindicatorfunction,like
, alongthesurface.Thesearch,

in this case,wouldbefor a surfacealongwhich theinverse
edgeindicatorgetsthesmallestpossiblevalues.Thatis, we
would like to find the surface that minimizesthis func-
tional. The geodesicactive contourwasshown in [14] to
serve asagoodregularizationfor otherdominanttermslike
theminimalvariancein noisyimages,or thealignmentterm
in caseswehave goodorientationestimationof theedge.A
well studiedexampleis , for which thefunc-
tional measuresthetotalareaof thesurface.

4. CALCULUS OF VARIATIONS FOR
GEOMETRIC MEASURES

Givena surfaceintegral of thegeneralform,

we computethefirst variation . Theextremalsof the
functional can be identified by the Euler–Lagrange
equation . A dynamicprocessknown as
gradientdescent,that takesan arbitrary surfacetowardsa
maximumof , is givenby thesurfaceevolution equa-
tion wherewe addeda virtual ‘time’ param-
eter to our surfaceto allow its evolution into a family of



surfaces . Our hopeis that this evolution process
would takeanalmostarbitraryinitial surfaceinto a desired
configuration,which gives a significantextremum of our
functional.Here,we restrictourselvesto closedsurfaces.

Lemma 1 Given the vector field , we havethe
alignmentmeasure, , for which the

first variation is givenby

An importantexampleis , for which we have
asfirst variation where

is the imageLaplacian. The Euler–Lagrangeequation
givesa variationalexplanationfor a general-

izationof the2D Marr–Hildrethedgedetectorthatis defined
by thezerocrossingsof theLaplacian,asreportedin [14].

Lemma 2 Therobustalignmenttermgivenby
yieldsthefirst variation

An importantexampleis , for which we have

Lemma 3 Theweightedregion functional

yieldsthefirst variation

In 2D, this termis sometimescalledthe weightedarea
[23] term,andfor constant,its resultingvariationisknown
as the ‘balloon’ [8] force. If we set , the gradient
descentsurfaceevolution processis the constantflow. It
generatesoffset surfacesvia , and its efficient im-
plementationis closelyrelatedto Euclideandistancemaps
[9, 6] andfastmarchingmethods[20].

Lemma 4 Thegeodesicactivesurfacemodelis

for which thefirst variation is givenby

Wewill usethistermmainlyfor regularization.If weset
, the gradientdescentsurfaceevolution resultgiven

by is thewell known curvatureflow,
.

Lemma 5 TheChan–Veseminimal variancecriterion [5]
is givenby

for which thefirst variation is

Onecouldrecognizethevariationalinterpretationof seg-
mentationby thethreshold givenby theEuler–
Lagrangeequation .

Finally, we treatthe robustminimal deviation measure
.

Lemma 6 Therobust minimal total deviation criterion is
givenby

for which thefirst variation is

Thecomputationof and canbe efficiently imple-
mentedvia the intensity histogramsin the interior or the
exterior of thesurface.Oneapproximationis themedianof
thepixelsinsideor outsidethecontour.

The robustminimal deviation termshouldbe preferred
whenthe penaltyfor isolatedpixels with wrong affiliation
is insignificant. The minimal variancemeasurepenalizes
large deviations in a quadraticfashionand would tend to
over-segmentsucheventsor requirelargeregularizationthat
couldover-smooththedesiredboundaries.

We embeda closedsurfacein a higher dimensional
function,which implicitly representsthe surface

asa zeroset,i.e., . This
way, the well known Osher–Sethian[19] level-setmethod
canbe employedto implementthe surfacepropagationto-
wardits optimal location.Efficient solutionsfor theresult-
ing evolutionequationscanuseeitherAOS[16, 22] or ADI
methods,coupledwith a narrow bandapproach[7, 1], as
first introducedin [11] for thegeodesicactive contour.

Thefollowing tablesummarizesthefunctionals,there-
sulting first variationfor eachfunctional,andthe level set
formulationsfor theseterms.

5. CONCLUSIONS

We presenteda variationalgeometricframework for volu-
metric imageanalysis. It is basedon variationalexplana-
tions of basicedgedetectionand thresholdoperatorsthat



Measure level setform

Weighted
Area
Minimal
Variance

GAS

Alignment

allow usto combinethesemeasuresinto aglobalgeometric
functionalfrom which we canderive anefficient andaccu-
ratesegmentationtool. At the conferencewe will present
several examplesanda medicalimageanalysissystemfor
3D volumetricimagingbasedon theabove derivations.
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