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Abstract
A cornerstone result in distributed computing is the impossibility of solving consensus
using only read and write operations in asynchronous systems where processes may fail. The
impossibility of solving consensus led to the study of sub-consensus coordination tasks, namely
tasks that are weaker than consensus.
Two archetypal sub-consensus tasks are k -set agreement and M -renaming. In k -set agreement, n processes must decide on at most k of their input values; while n-set agreement is
trivially solvable by each process deciding on its input, (n − 1)-set agreement is unsolvable.
In M -renaming, processes decide on distinct names in a range of size M . When M is only a
function of the total number of processes in the system, we call the task nonadaptive renaming,
while if M is also a function of the number p of participants in the execution, we refer to the
task as adaptive renaming. For any value of n, (2n − 1)-nonadaptive renaming is solvable, but
surprisingly, (2n − 2)-nonadaptive renaming is not solvable if n is a prime power and solvable
otherwise. For general values of n, the only previously known lower bound on the number of
names necessary for nonadaptive renaming is n + 1. For adaptive renaming, (2p − 1)-adaptive
renaming is known to be solvable, while (2p − dp/n−1e)-adaptive renaming is not solvable.
Most previous impossibility proofs for (n − 1)-set agreement, and all previous impossibility
proofs for (2n − 2)-nonadaptive renaming, use nontrivial topological tools and notions in an
innovative way. Nevertheless, the use of topological notions makes the interaction between the
impossibility proofs and the operational arguments harder to understand, and makes the proofs
less accessible to distributed computing researches.
We present simple proofs for the above mentioned impossibility results: n processes cannot
solve (n − 1)-set agreement, and cannot solve (2p − dp/n−1e)-adaptive renaming; if n is a
prime power, n processes cannot solve (2n − 2)-nonadaptive renaming. For general values
of n, we give a lower bound for nonadaptive renaming, which is proved using a reduction
between nonadaptive renaming for dierent numbers of processes, and using results about the
distribution of prime numbers.
Our proofs consider a restricted set of executions, and combine simple operational properties
of these executions with elementary counting arguments, to show the existence of an execution
violating the task's requirements. This makes the proofs easier to understand, verify, and
hopefully, extend.

1
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List of Symbols

n

: number of processes in the system

p

: number of processes in an execution

pi

: a process

P

: the set of all processes: {p0 , . . . , pn−1 }

P

: an arbitrary set of processes

P

: P\P

P − pi

: P \ {pi }

α, β

: an execution or a partial execution

pi

α ∼ α0
P

α∼

α0

: two executions indistinguishable to process pi
: two executions indistinguishable to every process pi ∈ P

dec(α, P ) : the set of outputs of processes in P that terminate in α
dec(α)

n
m

P
m

: the set of outputs of all processes that terminate in α

n
n!
: m!(n−m)!
;
m = 0 if m > n
: {P ⊆ P : |P | = m}

q

: a prime number

qe

: a positive power of a prime number (e > 0)

π

: a permutation

Bj

: blocka nonempty set of processes

Bjh

: a sequence of h instances of the block Bj

Bj∗
π(Bj )

: Bjh for some nonnegative h

:
pπ(i) p ∈B

'

: an equivalence relation dened on executions

[α]

: the equivalence class of execution α, by the relation '; formally {α0 | α ' α0 }

i

j

For an execution α induced by B1 · · · Bh :
π(α)
: the execution induced by π(B1 ) · · · π(Bh )
Qh
|Bi |+1
sign(α)
:
i=1 (−1)
For an algorithm A:
: {α | dec(α) = {v}}

CvA
XA

: {(α, pi ) | dec(α, {p0 , . . . , pi−1 }) = {1}; dec(α, {pi+1 , . . . , pn−1 }) = {0}}
P
P
n−1 ·
univalued signed count of A :
α∈C0A sign(α) + (−1)
α∈C1A sign(α)
P
i
signed count of A
:
(α,pi )∈X A (−1) sign(α)
2
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Chapter 1

Introduction
Distributed systems become more and more common in our world, from computer networks
through mobile phones to multicore processors. Such systems consist of computational processes
that communicate with each other; the means of communication, the relative notion of time,
and the possible failure patterns may dier between one system to the other, while the common
idea of communicating computational units remains the same.
One way to study the capabilities and limitations of a distributed system is to consider
simple coordination tasks. In a task, each process starts with an input value, communicates
with other processes, decides on a value and halts.
This thesis considers algorithms for a totaly asynchronous system, where n processes communicate using a shared memory, and any subset of them may crash. These algorithms are
called wait-free algorithms.
In the k -set agreement task [25], each process starts with an arbitrary input, and has to
decide on an input value of some process, such that at most k dierent values are decided; in
the special case where k = 1, 1-set agreements is the well-known consensus task [31]. These
tasks capture situations in which many processes have to converge to a small domain of values,
e.g., many inaccurate sensors that measure the same quantity, or several computers preforming
the same computation. As the value of k decreases, so is the amount of disagreement on the
output of the measurement or computation.
In the M -renaming tasks [6], each of n processes has to decide on a unique value in the
range {1, . . . , M }. We consider two variants of this task: in M -nonadaptive renaming, M is
only a function of n, the number of processes in the system; in M -adaptive renaming, M is
also a function of p, the number of participating processes in the specic execution. These
tasks capture situations in which processes have to allocate a limited amount of resources, such
as memory cells. The fewer memory cells needed, the more ecient the algorithm using the
allocated cells will be; thus, it is desirable to reduce M .
3
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A cornerstone results in the eld of distributed computing is the impossibility of consensus
[31]. Generalizing this result, (n − 1)-set agreement for n processes was proved impossible
using either topological tools [17,41,49], or using graph theoretic arguments [7]. (2p − dp/n−1e)adaptive renaming was previously proved unsolvable [17], by a reduction to another task, Strong
Symmetry Breaking (SSB), a reduction of SSB to (n − 1)-set agreement, which is not wait-free
solvable.
Set agreement and adaptive renaming are impossible, even if we allow processes to run
dierent algorithms; nonadaptive renaming, on the other hand, can be easily solved by letting
process pi decide on i. We are not interested in such trivial solutions, and they are ruled
out by considering algorithms in which processes may only compare their identiers, i.e., use
their relative ranks. These algorithms are sometimes called anonymous [11, 20, 34, 39, 41], or
rank symmetric [22]; we use the term symmetric algorithms [21]. An alternative motivation to
symmetry, given by Attiya et al. [6], is that the original names of the processes are taken from a
large, totally ordered domain, and a process does not know in advance what are the identiers
of the other processes.
The impossibility of solving (2n − 2)-nonadaptive renaming using symmetric algorithms
was claimed in several papers, by considering the equivalent Weak Symmetry Breaking (WSB)
task [11, 3941]. All these papers claim that no algorithm solves WSB for any number of processes, and they all use closely related topological lemmas. A few years ago, however, Castañeda
and Rajsbaum [20, 21] proved that these lemmas are incorrect, and gave a dierent proof for


n
the impossibility of WSB, which holds only if the binomial coecients n1 , . . . , n−1
are not
relatively prime. For all other values of n, Castañeda and Rajsbaum give a non-constructive
proof for the existence of a WSB algorithm, using a topological subdivision algorithm [20, 22].
Both upper and lower bound proofs use nontrivial topological tools on oriented manifolds ; the
lower bound result was later reproved using arguments from algebraic topology [19]. For values
of n where the binomial coecients are relatively prime, the only lower bound known on the
size of the new namespace is n + 1 names [6].

1.1

Our Contributions

We give new impossibility proofs for the tasks discussed above. Unlike many of the prior
impossibility proofs for these tasks, our proofs do not use any notions from topology, and they
employ only elementary tools.
We prove the impossibility of (n − 1)-set agreement using a simple counting argument.
The proof considers a subset of the possible executions of an alleged algorithm, counts illegal
executions in this set, and proves that such executions always exist.
For SSB, we prove directly it is unsolvable for any value of n. This is done by considering
a subset of the executions of an alleged algorithm, assigning a sign to each execution, and
4
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counting illegal executions by their signs. We prove that this count is nonzero, and conclude
that there exists an illegal execution of the algorithm.
Then, we dene a spectrum of tasks spanning from WSB to SSB, called r-intermediate
symmetry breaking (r-ISB), and prove impossibility results for these tasks as well, using tools
similar to those used for SSB. A special case of this result is that when n is a prime power,
WSB is unsolvable.


n
WSB was previously proved impossible for values of n where n1 , . . . , n−1
are not relatively prime; these values are precisely the prime powers (see Chapter 6), making both results
equivalent. However, this characterization indicates that the lower bound holds only for a small

fraction of the possible values of n: in the interval [1, N ] there are asymptotically Θ logNN
√

primes, and Θ
N log N powers of primes with exponent e ≥ 2 [36, pp. 27-28]. Hence, the


√ N , which tends to 0 as N goes to
fraction of prime powers in this interval is Θ log1N + log
N
innity.
For arbitrary values of n, we prove unconditionally the impossibility of (2n − 2n0.525 −
2)-nonadaptive renaming, and, assuming a conjecture from number theory, we show (2n −
ω(log2 n))-nonadaptive renaming is also unsolvable. These bounds are proved using a reduction
between instances of nonadaptive renaming for dierent numbers of processes, and using results
about the distribution of prime numbers.

1.2

Literature Survey

In 1985, Fischer, Lynch and Paterson published their seminal resultimpossibility of consensus
in a totaly asynchronous system where a single process may fail [31]. Since then, research has
tried to circumvent this impossibility result, e.g., using randomized algorithms [1, 13, 15] or
failure detectors [23]. The solvability of consensus with some synchrony was also studied [29],
and related tasks like approximate consensus were introduced [30].
Other works studied the solvability of tasks using reductions between dierent tasks and
synchronization primitives [35, 42, 50]. An important progress in this line of research was done
when Herlihy introduced the consensus hierarchy [38]: A primitive or a task is in level n of this
hierarchy if it can implement consensus for n processes, but not for n + 1 processes. Herlihy
showed that n-processes consensus is universal for level n, in the sense that it can be used to
implement any other n-processes task in this level of the hierarchy, and vice versa.
The consensus hierarchy gives a good mapping of primitives and tasks that can be used to
solve the consensus task with two processes or more. In 1987, Attiya et al. [5, 6] introduced
the renaming task, which is a nontrivial task that cannot be used to solve consensus even
among two processes. They showed that renaming can be solved in an asynchronous system,
5
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even when any number of processes may crash. Shortly after, Chaudhuri [24, 25] introduced
the k -set agreement task, which is also solvable in the same system. These articles opened a
whole eld of research, namely, the investigation of sub-consensus tasks. Sub-consensus tasks
are weaker than consensus for any number of processes, i.e., they cannot be used to implement
even 2-process consensus.
When introducing k -set agreement [25], Chaudhuri also proved that k -set agreement can be
solved in a system where at most f < k processes may crash. The corresponding lower bound,
namely, k -set agreement is not solvable if f ≥ k processes may fail, was prove independently in
three papers [17, 41, 49], all using Sperner's lemma or its variants. To subvert the impossibility
result, some variants of k -set agreement where introduced, e.g., set agreement with restricted
inputs [4, 47].
The original variant of renaming, dened by Attiya et al. [6], was nonadaptive renaming,
in which the size of the new namespace is a function of the number of processes in the system,
and not of the number of participating processes in a specic execution. Another variant is
adaptive renaming, where the size of the new namespace allowed in an execution may vary as a
function of the actual number of processes participating in the execution. The algorithm given
by Attiya et al. [6] solves (2p − 1)-adaptive renaming, though this is not stated explicitly in
the article. A third variant is order preserving renaming, also dened in the same article [6],
and later studied, i.e., by Biran et al. [16], Okun [48] and Denysyuk and Rodrigues [27]. This
thesis deals with the rst two variants, namely nonadaptive and adaptive renaming, and not
with order preserving renaming.
Many wait-free algorithms solving (2n − 1)-nonadaptive renaming or (2p − 1)-adaptive
renaming have been presented over the years. Attiya et al. gave an adaptive algorithm [6];
Borowsky and Gafni proposed a fast adaptive algorithm [18], which was later improved by
Gafni and Rajsbaum [33], who gave a new perspective on it as a recursive algorithm. Moir and
Anderson were the rst to give a long-lived, fast and adaptive algorithm [46], which was later
improved and simplied by Moir [45]. Later on, Afek and Merritt introduced a fast, adaptive
algorithm [3], and Attiya and Fouren gave a two adaptive polynomial algorithms, one which
is long-lived [8], and another, fast (6p − 1)-adaptive renaming algorithm [9]. Algorithms for
other variants of renaming where also suggested, like group renaming [2], and renaming under
eventually limited contention [43].
There have been several attempts to prove a lower bound for the namespace needed for
renaming. For adaptive renaming, a chain of reductions shows that if (2p−2)-adaptive renaming
is wait-free solvable then so is (n − 1)-set agreement [17,32], which is known to be unsolvable [7,
10, 17, 41, 49]. For nonadaptive renaming, all articles we are aware of prove the impossibility of
(2n − 2)-nonadaptive renaming using the equivalent weak symmetry breaking (WSB) task [34]
(see also Chapter 4). WSB was claimed to be unsolvable in a series of works, starting with
the pioneering work of Herlihy and Shavit [40, 41] through Herlihy and Rajsbaum [39] and to
6
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Attiya and Rajsbaum [11]. All these articles where based on closely related topological lemmas;
Castañeda and Rajsbaum [20] later showed that in some cases these lemmas are incorrect, and


n
proved that WSB with n processes is unsolvable if n1 , . . . , n−1
are not relatively prime, while
solvable in all other cases. By showing the above condition is equivalent to n being a prime
power, we conclude that for most values of n, (2n − 2)-nonadaptive renaming is solvable.
Most previous proofs for the impossibility of solving (n − 1)-set agreement, and all previous
proofs for the impossibility of solving (2n − 2)-nonadaptive renaming, use topological notions.
The only exception is the proof of Attiya and Castañeda [7], for the impossibility of solving
(n − 1)-set agreement, which uses graph theoretical arguments. Following their work, we
give several impossibility proofs, which do not use topological notions. Nevertheless, a reader
familiar with previous, topological proofs, can nd a comparison in Section 7.1.

7
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Chapter 2

Model of Computation
We use a standard model of an asynchronous shared-memory system [7, 12]. A system consists
of a set of n processes denoted P = {p0 , . . . , pn−1 }, each of which is a (possibly innite)
deterministic state machine. Each process has a set of possible local states, with two nonempty
subsets: initial states and nal states. Processes communicate with each other by applying
operations to shared registers. Each process pi has an unbounded single-writer multi-reader
register Ri , and two operations it can apply to the registerswrite to Ri , or read any of the
registers. A register starts with a default initial value, which is overwritten in the rst time a
process writes to it, and is never rewritten to the register.
Each state machine models a local algorithm for one process. A distributed algorithm is
a collection of local algorithms, one for each process. We consider only wait-free algorithms,
in which each process terminates in a nite number of its own operations, regardless of the
operations taken by other processes.
An execution of a ditributed algorithm is a nite sequence of read and write operations by
the processes. Each process pi starts the execution from an initial state, which may encode an
input value, performs a sequence of read and write operations, and then terminates in a nal
state, which encodes an output value. If a process pi terminates in an execution α in a nal
state that encodes an output value v , we say that pi decides on v in α.
Since we prove impossibility results, we may assume that each process proceeds in steps,
where in each step the process writes its complete state to its register, reads all the registers in
the system, namely preforms a scan, and then preforms a local computation. We also assume
that the algorithm is a full information algorithm, i.e., the state of a process encodes all the
information it read so far.
A block is a nonempty sets of processes; let B1 B2 · · · Bh be a nite sequence of blocks. A
block execution [11], or immediate atomic snapshot execution [17, 18], induced by B1 B2 · · · Bh
consists of all processes in B1 writing together and then reading together, then all processes
8
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Figure 2.1: Indistinguishable executions
Two block sequences inducing executions indistinguishable to p1 and p2
in B2 writing together and then reading together, and so on. To describe block executions
uniquely in the standard read/write model, we assume that for j = 1 to h, all processes in a
block Bj write in an increasing order of identiers and then each of them performs a scan in
the same order. A scan operation triggered by a process pi returns the process a view, a vector
which contains the current states of all memory registers.
pi
Two executions α and α0 are indistinguishable to a process pi , denoted α ∼ α0 , if the state
pi
P
of pi after both executions is identical. We write α ∼ α0 , if α ∼ α0 for every process pi ∈ P .
See Figure 2.1.
For a set of processes P , we say α is an execution by P if all processes in P take steps in α,
and only them; P is the participating set of α, and any process in P is a participating process.
Although any process may fail during the execution, we restrict our attention to executions in
which every participating process terminates without failing, i.e., it reaches a nal state at the
end of the execution. A prex of an execution is called a partial execution, and we dene a
partial execution by a set P of processes in a similar manner.
For an execution α and a set of processes P , dec(α, P ) denotes the set of all output values of
processes in P in the execution α, and dec(α) is the set of all outputs of processes participating
in α.
Let α be a partial execution induced by a sequence of blocks B1 · · · Bh , and let π : {0, . . . , n−

1} → {0, . . . , n − 1} be a permutation. For a block Bj , let π(Bj ) be the block pπ(i) p ∈B ,
i
j
and denote by π(α) the partial execution induced by π(B1 ) · · · π(Bh ).
A permutation π : {0, . . . , n − 1} → {0, . . . , n − 1} is
P , if for every pi , pj ∈ P , if i < j then π(i) < π(j).

order preserving on a set of processes

Denition 1. An algorithm A is symmetric if, for every partial execution α of A by a set
of processes P , and for every permutation π : {0, . . . , n − 1} → {0, . . . , n − 1} that is order
preserving on P , if a process pi decides in α, then pπ(i) decides in π(α), and on the same value.
For example, a solo execution of a process running a symmetric algorithm will always
terminate in the same number of steps, and with the same output value, regardless of the
identity of the process.
9
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Chapter 3

Set Agreement
The rst task we consider is a generalization of consensus, called k -set agreement [25], where
instead of deciding on a single input value, processes have to decide on up to k dierent input
values. In more detail, process pi has an input value (not necessarily binary), and it has to
produce an output value satisfying the following conditions:

k -agreement: At most k dierent values are decided.

Validity:

Every decided value is an input value of a participating process.

The n-set agreement task is trivially solved by letting each process decide on its own input.
We prove that (n − 1)-set agreement is not wait-free solvable; if k -set agreement is wait-free
solvable for some k ≤ n − 1, then so is (n − 1)-set agreement, so the impossibility of wait-free
(n − 1)-set agreement trivially implies the impossibility of wait-free k -set agreement for any
k ≤ n − 1.
A process pi is unseen in an execution α if it takes steps in α only after all other processes
terminate. In this case, α is induced by B1 · · · Bh {pi }{pi }∗ , where pi ∈
/ Bj , 1 ≤ j ≤ h, and
∗
{pi } stands for a nite, nonnegative number of blocks of the form {pi }.
A process pi is seen in a block Bj , 1 ≤ j ≤ h, in an execution induced by B1 · · · Bh , if
pi ∈ Bj and either pi is not the only process in Bj , or there is a later block, Bj 0 , j 0 > j , with a
process other than pi ; in this case we say pi is seen in the corresponding execution. It can be
easily veried that each participating process is seen or unseen in an execution, but not both.
The key property of block executions that we use is captured by the next lemma (this is
Lemma 3.4 in [11]).

Lemma 1. Let P be a set of processes, and let pi ∈ P . If pi is seen in an execution α by
P −pi
P , then there is a unique execution of the same algorithm, α0 6= α by P , such that α0 ∼ α.
Moreover, pi is seen in α0 .
10
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Sketch of proof. Let α be induced by B1 · · · Bh {pi }∗ , and let B` be the last block in which pi
is seen.

If B` = {pi }, dene the new execution α0 by merging B` with the successive block B`+1 .
That is, {pi }B`+1 is replaced with {pi } ∪ B`+1 (note that B`+1 does not include pi ), and all
other blocks remain the same.
If B` 6= {pi }, dene α0 by splitting pi before B` , with the opposite manipulation. That is,
B` is replaced with {pi } (B` \ {pi }), and all other blocks remain the same.
See also Figure 5.1 on page 18.



We extend this lemma as Lemma 5 in Chapter 5, where it is also proved. The main technical
diculty in the proof is the uniqueness claim, which is proved using case analysis.
Lemma 1 is used in the proof of the following lemma, which is the main lemma of the
current chapter. In this proof, we consider the set of all tuples of the form (α, pi ), where pi is
xed and α is an execution in which pi is seen, and use Lemma 1 to split it into pairs.
To prove (n − 1)-set agreement is not solvable, assume by way of contradiction that there is
a wait-free algorithm solving this task. Let Cm , 1 ≤ m ≤ n, be the set of all executions by the
rst m processes, p0 , . . . , pm−1 , where each process pi has an input value i, and all the values
0, . . . , m − 1 are decided. We prove that Cn 6= ∅, i.e., there is an execution by all processes in
which n dierent values are decided.
Since we consider only wait-free algorithms, in which each process terminates within a nite
number of steps, and there is only a single input vector, we have a nite number of possible
executions. Thus, for every m, 1 ≤ m ≤ n, the size of Cm is nite, and we now prove this size
is always odd.

Lemma 2. For every m, 1 ≤ m ≤ n, the size of Cm is odd.
Proof. The proof is by induction on m. For the base case, m = 1, C1 consists of solo executions

by p0 . Since the algorithm is wait-free, p0 decides in h steps, for some xed integer h. By the
validity property, p0 decides on 0, so there is a unique execution in C1 , induced by a sequence
of h blocks of the form {p0 }. Hence, |C1 | = 1.

Assume the lemma holds for some m, 1 ≤ m < n. Let Xm+1 be the set of all tuples of the
form (α, pi ), 0 ≤ i ≤ m, such that α is an execution by the processes p0 , . . . , pm , and all m
values 0, . . . , m − 1 are decided in α by processes other than pi ; pi decides on an arbitrary value.
We show that the sizes of Xm+1 and Cm+1 have the same parity, by dening an intermediate
set. See also Figure 3.1(a).
0
Let Xm+1
be the subset of Xm+1 containing all tuples (α, pi ) such that α is an execution in
0
Cm+1 , i.e., all values 0, . . . , m are decided in α; we show that the size of Xm+1
is equal to the

11
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0
(a) Xm+1 and its subset Xm+1
:
0
Xm+1 \ Xm+1 is even;
0
Xm+1 and |Cm+1 | are equal

(b) Xm+1 as a disjoint union of 3 sets:
pi seen in α; pi , i 6= m, unseen in α;
and pm unseen in α

Figure 3.1: Proof of Lemma 2estimating the size of Xm+1 in two ways
0
size of Cm+1 . Let (α, pi ) be a tuple in Xm+1
, so α is in Cm+1 ; since m + 1 values are decided by
m + 1 processes in α, pi is the unique process that decides m in α, so there is no other tuple
0
(α, pj ) in Xm+1
with the same execution α. For the other direction, if α is an execution in
Cm+1 , then m + 1 values are decided by m + 1 processes in α, and there is a unique process pi
0
which decides m in α. Hence, α appears in Xm+1
exactly once, in the tuple (α, pi ).
0
Next, we argue that there is an even number of tuples that are in Xm+1 but not in Xm+1
.
If (α, pi ) is such a tuple, then pi decides v 6= m in α. Since (α, pi ) ∈ Xm+1 , all values but m
are decided in α by processes other then pi , so there is a unique process pj 6= pi that decides
0
, and these are the only
v in α. Thus, (α, pi ) and (α, pj ) are both in Xm+1 but not in Xm+1
appearances of α in Xm+1 . Therefore, there is an even number of tuples that are in Xm+1 but
0
0
not in Xm+1
, implying that the sizes of Xm+1 and Xm+1
have the same parity.
0
0
The sizes of Cm+1 and Xm+1
are equal, the sizes of Xm+1
and Xm+1 have the same parity,
hence the sizes of Cm+1 and Xm+1 have the same parity.

We complete the proof by showing that the size of Xm+1 is odd. To do so, partition the
tuples (α, pi ) in Xm+1 into three disjoint subsets, depending on whether pi is seen in α or not
(See also Figure 3.1(b)):
1. pi is seen in α: α is an execution by p0 , . . . , pm in which pi is seen. By Lemma 1, there is a
pj
unique execution α0 6= α by p0 , . . . , pm , satisfying α0 ∼ α for every j 6= i, 0 ≤ j ≤ m, and
pi is seen in α0 . By the indistinguishability property, all processes other than pi decide
12

Technion - Computer Science Department - M.Sc. Thesis MSC-2013-11 - 2013

on the same values in α and in α0 , and (α0 , pi ) is also in Xm+1 . Hence, for any xed i, the
tuples in Xm+1 in which pi is seen in the execution can be partitioned into disjoint pairs
of the form {(α, pi ), (α0 , pi )}, which implies that there is an even number of such tuples.
2. i 6= m and pi is unseen in α: Since i ∈ {0 . . . , m − 1} and all values {0, . . . , m − 1} are
decided in α by processes other than pi , the value i is decided in α by some process pj ,
j 6= i. pi is unseen in α, so α is induced by a sequence of blocks B1 · · · Bh {pi }∗ , satisfying
pi ∈
/ B` for 1 ≤ ` ≤ h; let α̂ be the execution induced by B1 · · · Bh . All processes but
pi take the same steps in α and in α̂, so α and α̂ are indistinguishable by all processes
other than pi , which hence decide on the same values in both executions; specically, pj
decides on i in α̂, whereas pi does not take steps in it. Hence, pj decides in α̂ on a value
that was not an input value of any process in that execution, contradicting the validity
property of the algorithm. We conclude that there are no such tuples in Xm+1 .
3. i = m and pm is unseen in α: We show a bijection between this subset of Xm+1 and
Cm . Since pm is unseen in α, in the beginning of α all processes but pm take steps and
decide on all values 0, . . . , m − 1, and then pm takes steps alone. As before, consider
the execution α̂ induced by the same blocks, but excluding the steps of pm at the end,
and note that α̂ is in Cm . On the other hand, every execution α̂ in Cm can be uniquely
extended to an execution α by adding singleton steps of pm the its end, so that (α, pm )
is in Xm+1 and pm is unseen in α.
By the induction hypothesis, the size of Cm is odd, so the bijection implies that Xm+1
has an odd number of tuples (α, pm ) in which pm is unseen in α.
In summary, Xm+1 is the disjoint union of an even sized set, an empty set and an odd sized
set, thus the size of Xm+1 is odd. Since the sizes of Cm+1 and Xm+1 have the same parity, we
conclude that the size of Cm+1 is also odd, as claimed.
Taking m = n, we get that the size of Cn is odd, and hence, nonzero. Therefore, there is an
execution in which all n values are decided, which contradicts the (n − 1)-agreement property.
This implies the main result of this chapter:

Theorem 3. There is no wait-free algorithm solving the
asynchronous shared memory system with n processes.

(n − 1)-set

13
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agreement task in an

Chapter 4

Symmetry Breaking and Renaming
Consensus and set agreement are tasks in which processes have to converge on a small set of
values. We now turn to a dierent kind of tasks, in which the processes have to agree on a
dierent value for each of them. We consider some variants of this problem, starting with the
M -nonadaptive renaming task, in which each of the processes has to output a unique value
satisfying:

M -namespace: The output value is in {1, . . . , M }.
In nonadaptive renaming, the size of the new namespace is a function of the total number
of processes in the system, namely M = M (n). A related task is the M -adaptive renaming,
which is dened in a similar manner, but with the modication that the size of the namespace
allowed in an execution is also a function of the number p of processes that participate in the
execution, i.e. M = M (n, p).
In weak
satisfying:

symmetry breaking (WSB), n inputless processes should each output a single bit,

Symmetry breaking:

If all processes output, then not all of them output the same bit.

We prove the impossibility of (2n − 2)-nonadaptive renaming using a reduction to WSB.
Assume an algorithm REN solves (2n−2)-nonadaptive renaming, and dene a WSB algorithm
for a process pi :

• Simulate REN to get an output newN ame.
• If newN ame ≥ n, decide 0, otherwise, decide 1.
14
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Since the new names are distinct integers in {1, . . . , 2n − 2}, if all processes decide, at least
one of them decides on a new name smaller than n, and at least one of them decide on a new
name greater than or equal to n. An alternative reduction is taking the parity of the new
name, a reduction which is more common in the literature [34, 41]; here we prefer the former
reduction, as it will be useful for the following reduction as well.
Another binary task is strong symmetry
should each output a single bit, satisfying:

Symmetry breaking:
Output-one:

breaking (SSB), in which n inputless processes

If all processes output, then not all of them output the same value.

In every execution, at least one process outputs 1.

(2p − dp/n−1e)-adaptive renaming is a weaker version of (2p − 2)-adaptive renaming, in the sense
that any algorithm solving the later also solves the former, as (2p − 2) is never greater than
(2p − dp/n−1e). If (2p − dp/n−1e)-adaptive renaming is solvable then so is SSB, using the same
reduction as above: in an execution of the algorithm where at most p ≤ n − 1 processes output,
the new names are in {1, . . . , 2p − 1}. Since 2p − 1 ≤ (n − 1) + p − 1, at most p − 1 processes
decide on new names greater or equal to n, so at least one process decides on 1 in the reduction.
In an execution where all processes output, symmetry breaking is achieved and 1 is decided, as
argued for WSB.
Hence, to prove the impossibility of (2p − dp/n−1e)-adaptive renaming, we prove the impossibility of SSB.
We also dene a class of tasks in between WSB and SSB, which we call r-intermediate
symmetry breaking (r-ISB), in which n inputless processes should each output a single bit,
satisfying:

Symmetry breaking:

If all processes output, then not all of them output the same value.

r-output-one: If p ≥ r processes participate in an execution, at least one of them outputs 1.
In WSB, only if n processes participate one of them has to output 1, so WSB is the same as
n-ISB. In SSB, on the other hand, even if only 1 process participates it has to decide on 1,
hence, SSB is the same as 1-ISB.

15
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Chapter 5

Impossibility of Symmetry Breaking
and Renaming
In this chapter, we present the main results of the thesis: counting-based impossibility proofs
for the symmetry breaking tasks, which imply impossibility results for renaming. As in the
set agreement impossibility proof, we analyze the set of executions using counting arguments.
Assume, towards a contradiction, that there is an algorithm A solving the relevant taskSSB,
WSB, or r-ISB. We associate A with a univalued signed count, a quantity that counts the
executions of A in which all processes output the same value; clearly, if the univalued signed
count is nonzero, then there is an illegal execution of A. We prove that for SSB, the univalued
signed count is always nonzero, whereas for r-ISB, it is nonzero if there is a prime power q e ≥ r
that divides n. Since WSB and n-ISB are equivalent, it follows that if n is a prime power then
the univalued signed count of a WSB algorithm for n processes is nonzero.
To show that the univalued signed count of A is nonzero, we derive a trimmed version of A,
and prove that it has the same univalued signed count as A. While the univalued signed count
is the same in A and in its trimmed version, evaluating the univalued signed count is easier in
the trimmed version as it has more structured executions. For SSB, the univalued signed count
of the trimmed version is easily proved to be nonzero from the output-one property of the SSB
algorithm. For r-ISB, the symmetric nature of the algorithm implies that the same values are
output in dierent partial executions; this is used to show that the univalued signed count of
the trimmed algorithm is nonzero modulo q and hence nonzero, which completes the proof.
Section 5.1 denes the sign of an execution, which is then used to dene the univalued
signed count of an algorithm. Section 5.2 shows how to trim an algorithm, while preserving
the univalued signed count. These tools are used in Sections 5.3 and 5.4 to prove impossibility
results for SSB and symmetric r-ISB, respectively. At the end of Section 5.3 we deduce the
impossibility of (2p − dp/n−1e)-adaptive renaming from that of SSB; at the end of Section 5.4
16
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we show that solving WSB is impossible whenever n is a prime power, and then use this result
to deduce the impossibility of (2n − 2)-nonadaptive renaming when n is a prime power. In
Section 5.5, we use the impossibility of (2n − 2)-nonadaptive renaming to prove a weaker lower
bound for nonadaptive renaming, holding for any value of n.

5.1

Counting Executions by Signs

A main ingredient of the proofs presented in this chapter is a more involved counting of the
executions under consideration. To do this, we assign each execution with a sign, +1 or −1,
crafted so as to obtain Proposition 4 and Lemma 5 below.

Denition 2. Let α be anQexecution induced by a sequence of blocks B1 · · · Bh . The
is dened to be sign(α) = hi=1 (−1)|Bi |+1 .

sign of α

From this denition, it is easy to deduce

sign(α) =

(
+1 if α has an even number of even-sized blocks
−1 if α has an odd number of even-sized blocks.

Hence, odd-sized blocks do not aect the sign, and in particular, if two executions (possibly
of dierent algorithms) dier only in singleton steps of a process at their end, then their signs
are equal:

Proposition 4. If α is an execution induced by
B1 · · · Bh {pi }m , then sign(α) = sign(α̂).

B1 · · · Bh

and α̂ is an execution induced by

The following lemma extends Lemma 1 to argue about signs. Both Lemma 1 and the proof
of this lemma follow [11, Lemma 3.4].
The lemma is used in an analogous way to the parity argument in the proof of Lemma 2,
except that here, we sum the signs of executions in a set, instead of checking the parity of the
size of this set; as in Lemma 2, pairs of executions constructed by Lemma 5 cancel each other.

Lemma 5. Let P be a set of processes, and let pi ∈ P . If pi is seen in an execution α by
P −pi
P , then there is a unique execution of the same algorithm, α0 6= α by P , such that α0 ∼ α.
Moreover, pi is seen in α0 , and sign(α0 ) = − sign(α).
Proof. Let α be an execution induced by B1 · · · Bh {pi }∗ , Bh 6= {pi }, in which pi is seen. Denote

by B` be the last block in which pi is seen.

17
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Figure 5.1: Proof of Lemma 5creating a pair of indistinguishable executions
(singleton steps by pi at the ends of the executions do not appear in the gure)
If B` =
0
B1 , . . . , Bh0 0

{pi }, then since pi is seen in B` , we have that ` + 1 ≤ h. Dene the new blocks
by merging B` into its successive block:


if j < `

Bj
Bj0 = {pi } ∪ B`+1 if j = `


B
if j > `,
j+1

and letting h0 = h − 1.
If B` 6= {pi }, dene the new blocks B10 , . . . , Bh0 0 by splitting {pi } before B` :


Bj
if j < `




{p }
if j = `
i
Bj0 =

B` \ {pi } if j = ` + 1




B
if j > ` + 1,
j−1
and letting h0 = h + 1. This construction is depicted in Figure 5.1.
In both cases, we dene a new execution α0 as the execution induced by B10 · · · Bh0 0 {pi }∗ ,
where at the end of α0 , the process pi takes steps by itself until it terminates.
The blocks of α and α0 are the same until B` . After that, only pi can distinguish between
the executions, but the next time pi writes is after all other processes terminate, so they can
P −pi

not distinguish α from α0 , and α0 ∼ α.
The fact that pi is seen in α0 follows easily from the construction: in the rst case, B`0 =
0
{pi } ∪ B`+1 so pi is seen by the processes in B`+1 ; in the second case, B`0 = {pi } and B`+1
=
B` \ {pi } =
6 ∅, so pi is seen by the processes of B` \ {pi }.
As to the opposite signs, note that by Proposition 4, a change in the number of steps of
the form {pi } at the end of the execution does not aect the sign. All blocks but B` and B`+1
18
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remain unchanged, so their contribution to the sign persists. The only dierence between α
and α0 comes from merging {pi } into B`+1 , or splitting it from B` .
In the rst case, B`0 = {pi } ∪ B`+1 , so


0
(−1)|B` |+1 = − (−1)|{pi }|+1 · (−1)|B`+1 |+1 ,
and in the second case, the opposite transformation is preformed. Hence, in both cases,
sign(α) = − sign(α0 ), as claimed.
To prove the uniqueness, we use the next claim:

Claim 6. Let P be a set of processes, and let pi ∈ P . Let β and β 0 be two dierent executions by
P of the same algorithm, induced by the sequences of blocks B1 · · · Bh and B10 · · · Bh0 0 respectively.
P −p
Let Bt be the rst block which is not identical in the sequences, Bt 6= Bt0 . If β ∼ i β 0 then
Bt ∩ Bt0 = {pi }.
Proof of claim. First, we prove that both Bt and Bt0 exist, i.e., both executions do not terminate

before the t'th block. Assume for contradiction one of the executions terminates in less than t
blocks, and without loss of generality assume this execution is β , i.e., β is induced by B1 · · · Br ,
r < t. Both β and β 0 are executions of the same algorithm, and Bj = Bj0 for every j < t,
hence β 0 is terminates after B10 · · · Br0 as well; so the executions β and β 0 are identical, which is
a contradiction.
Since Bt and Bt0 are nonempty and dierent, there is a process pk ∈ Bt ∪ Bt0 , pk 6= pi .
Assume without loss of generality that pk ∈ Bt . pk takes a step in β in Bt , so it does not
terminate in the partial execution induced by the rst t − 1 blocks, which are identical in both
0
executions; hence, pk takes a step after Bt−1
in β 0 as well. In this step, pk takes a scan, and
gets a view containing the steps of processes of Bt0 ; if Bt ∩ Bt0 = ∅, these processes do not appear
in the view of pk in the scan taken in Bt , so pk distinguishes between the executions.
If Bt ∩ Bt0 6= {pi }, then there is a process pk ∈ Bt ∩ Bt0 , pk 6= pi . In the scan operations
corresponding to Bt and Bt0 in β and in β 0 respectively, pk has views containing the dierent
processes of Bt and Bt0 , hence pk distinguishes between the executions.

Assume for contradiction that there is an execution α00 of the same algorithm as α and α0 ,
P −pi

P −pi

induced by B100 · · · Bh0000 , and satisfying α00 6= α, α00 6= α0 , α00 ∼ α and α00 ∼ α0 . Let Bt be
the rst block satisfying Bt 6= Bt00 ; by Claim 6, Bt ∩ Bt00 = {pi }.
Since pi sees dierent processes in the views returned by the scan operations corresponding
to Bt and Bt00 , it is in dierent states after the partial executions induced by B1 · · · Bt and by
B100 · · · Bt00 . Specically, the state of pi after the partial executions induced by B1 · · · Bt is never
reached by pi in the execution α00 . For the case t < `, recall pi is seen in B` , i.e., there is a
process pk 6= pi that takes a step in α in a block Br , r ≥ ` > t. The view of pk returned by
19
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the scan operation corresponding to Br contains the state of pi after B1 · · · Bt , while no scan
operation of pk in α00 may contain this state of pi ; hence, pk distinguishes α from α00 , making
the case t < ` is impossible.
If t = ` and B`00 6= B`0 , i.e., Bj = Bj0 = Bj00 for every j < `, while B` , B`0 and B`00 are all
distinct, assume without loss of generality that B` = {pi } and B`0 = {pi } ∪ B`+1 (i.e., the rst
case of the construction holds). Since B` 6= B`00 , there is a process pk 6= pi , satisfying pk ∈ B`00 .
By Claim 6, B`0 ∩ B`00 = {pi }, hence pk ∈
/ B`0 ; since B`0 = {pi } ∪ B`+1 , we conclude pk ∈
/ B`+1
as well. pk does not terminate in the rst ` − 1 blocks, which are identical for all processes,
so it takes a scan in α after B`+1 and in α0 after B`0 . In these scan operation, pk has a view
containing the steps taken by all processes of B`+1 in B`+1 in α and in B`0 in α0 ; these processes
do not take a step in B`00 , so pk has a dierent view in its rst scan operation after B`−1 , and
so it distinguishes α00 from α and from α0 .
If t = ` and B`00 = B`0 , denote Br0 the rst block satisfying Br00 6= Br0 ; as Bj00 = Bj0 for
every j ≤ `, we conclude ` < r. Recall that B`0 is the last block in which pi is seen in α0 ;
applying Claim 6 to α0 and α00 implies pi ∈ Br0 , so all processes but pi terminate in α0 in the
0
0
00 , so all
partial execution induced by B10 · · · Br−1
. But B10 · · · Br−1
is identical to B100 · · · Br−1
00
processes but pi terminate in the partial execution induced by B100 · · · Br−1
as well. Therefore,
00
0
Br = {pi } = Br , which is a contradiction to the choice of r.
If t > `, we deduce B`00 = B` , and apply analogous arguments. By Claim 6, pi ∈ Bt ; by the
choice of ` as the last block in which pi is seen and the assumption t > `, all processes but pi
terminate in α in the partial execution induced by B1 · · · Bt−1 . Since B1 · · · Bt−1 is identical to
00 , all processes but p terminate in α00 in the partial execution induced by B 00 · · · B 00
B100 · · · Bt−1
i
1
t−1
as well, so Bt00 = {pi } = Bt , contradicting the choice of Bt . Therefore, Bj = Bj00 for every j ,
α = α00 , and the uniqueness of α0 follows.
The last lemma was also used in Chapter 3, where it was applied to executions by dierent
sets of processes. For the proofs in this chapter, however, we only argue about executions by
all processes, hence from now on we consider only such executions.
For an algorithm A and for v ∈ {0, 1}, the set of executions of A in which only v is decided is
= {α is an execution of A by all processes | dec(α) = {v}}. These sets are dened for any
algorithm, but for algorithms solving symmetry breaking tasks both sets should be empty, since
executions in which all processes decide on the same value are prohibited. For the impossibility
proof, we use the next denition.

CvA

Denition 3. Let

A be an algorithm. The univalued signed count of A
P
n−1 ·
sign(α)
+
(−1)
α∈C A
α∈C A sign(α).

is dened to be

P

0

1

Note that if the univalued signed count is nonzero, then at least one of C0A and C1A is
nonempty, hence A has an execution with a single output value. The converse is not necessarily
true, but this does not matter for the impossibility result.
20
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Figure 5.2: Trimming an algorithmexecutions of A and T(A)
5.2

A Trimmed Algorithm

Let A be a wait-free algorithm that produces binary outputs. As explained in Chapter 2,
we assume that process pi alternates between a write operation, a scan operation and a local
computation, as follows:
Write(initialStatei ) to Ri
while true do
~r ← Scan (R0 , . . . , Rn−1 )
LocalA (~r): [ computation on ~r
if cond(~r) then return v(~r)
Write(~r) to Ri

]

We derive from A a trimmed algorithm, T(A). T(A) does not claim to solve any specic
task; it is dened such that A and T(A) have the same univalued signed count, and estimating
it for T(A) is easier. In T(A), each process conducts a simulation of A as long as it does
not see all other processes; if the simulation terminates, T(A) terminates and produces the
same output value. Otherwise, T(A) halts when all processes arrive, and outputs 1 if it took
simulation steps, or 0 otherwise (see Figure 5.2). The pseudocode of T(A) for a process pi is:

simulated ← 0
Write(initialStatei ) to Ri
while true do
~r ← Scan (R0 , . . . , Rn−1 )
if ~r contains all processes then return simulated
simulated ← 1
Simulate LocalA (~r)
if A returns v then return the same value v
Write(~r) to Ri
21
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Since we assume each process writes all its history to the register, and then reads its own
register, we can assume LocalA does not depend on the state of the process. Hence, we simulate
the steps of a process without explicitly tracking its current state.
Every execution of A with an unseen process pi is also an execution of T(A), up to the
number of singleton steps of pi at the end of the execution, and every process but pi has the
same output in both cases. By Proposition 4, changing the number of singleton steps does
not aect the sign, so counting executions with an unseen process by sign is the same for both
algorithms. This is used in the proof of the next lemma:

Lemma 7.

A

and T(A) have the same univalued signed count.

Proof. For each of the algorithms, we dene an intermediate set of tuples in a way similar to the

one used in the proof of the (n − 1)-set agreement impossibility result (Lemma 2). These tuples
contain executions spanning from the executions where only 0 is decided to the executions
where only 1 is decided: consider tuples of the form (α, pi ) such that in α, all processes with
identier smaller than i output 1, and all processes with identier greater than i output 0. As
in the proof of Lemma 2, the output of pi does not matter. Formally, for an algorithm A, let:

X A = {(α, pi ) | dec(α, {p0 , . . . , pi−1 }) = {1};

dec(α, {pi+1 , . . . , pn−1 }) = {0} } .

Note that every univalued execution appears in X A once: if α is a 0-univalued execution, it
appears only in a tuple (α, p0 ); if α is a 1-univalued execution, it appears only in (α, pn−1 ). Any
other execution that appears in X A appears twice, in tuples with processes that have consecutive
identiers: if α is an execution where dec(α, {p0 , . . . , pi }) = {1} and dec(α, {pi+1 , . . . , pn−1 }) =
{0} for some i, then it appears in exactly two tuples, (α, pi ) and (α, pi+1 ).
P
Denition 4. Let A be an algorithm. The signed count of A is (α,pi )∈X A (−1)i sign(α).
The (−1)i coecient in the signed count of A is used to cancel out pairs of tuples consisting
of the same execution and processes with consecutive identiers (see the proof of Claim 8
below), while the sign ensures that what is left is equal to the univalued signed count, as stated
in the following claim:

Claim 8. For any algorithm A, the signed count is equal to the univalued signed count.
Proof of claim. Consider two types of tuples (α, pi ) ∈ X A , according to the output values
decided in α:

1. If α ∈ C0A then it appears in X A once, as (α, p0 ). Hence, it is counted in the signed count
and in the univalued signed count as sign(α).
Similarly, if α ∈ C1A then it appears in X A once, as (α, pn−1 ), and counted in the signed
count and in the univalued signed count as (−1)n−1 sign(α).
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Figure 5.3: Part of the proof of Lemma 7A and T(A) have the same signed count
Tuples with pi unseen are the same in X A and in X T(A) ;
tuples with pi seen cancel out in pairs by Lemma 5.
2. If α ∈
/ C0A ∪ C1A , then for some i, 0 ≤ i < n − 1,

dec(α, {p0 , . . . , pi }) = {1}; dec(α, {pi+1 , . . . , pn−1 }) = {0}.
Hence α appears exactly twice in the signed count of A, for (α, pi ) and for (α, pi+1 ), and
the corresponding summands cancel each other, since (−1)i sign(α) = −(−1)i+1 sign(α).
Therefore, every tuple in X A implies either a summand that appears in the signed count
and in the univalued signed count with the same coecient, or two summands that appear in
the signed count with opposite coecients, and hence cancel each other. On the other hand,
every execution α ∈ C0A appears in X A in a tuple (α, p0 ), and every α ∈ C1A appears in X A in
a tuple (α, pn−1 ), as discussed in the rst case. Hence, the sums are equal.

It remains to show that A and T(A) have the same signed count. The proof of this claim
is illustrated in Figure 5.3.
For a tuple (α, pi ) ∈ X A such that pi is unseen in α, consider the execution ᾱ of T(A) with
the same sequence of blocks, possibly omitting singleton steps at the end; by Proposition 4,
both executions have the same sign. Moreover, all processes but pi complete the simulation of
A and output the same values as in α. Hence, (ᾱ, pi ) ∈ X T(A) and the contribution of (α, pi )
to the signed count of A equals the contribution of (ᾱ, pi ) to the signed count of T(A).
The sum over tuples (α, pi ) ∈ X A in which pi is seen in α is 0: x a process pi and consider
all the tuples (α, pi ) ∈ X A in which pi is seen in α. By Lemma 5, for each α there is a unique
P−pi

execution α0 6= α of A such that α ∼ α0 , hence every process other than pi decides the same
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in α and in α0 , and (α0 , pi ) ∈ X A . Moreover, pi is also seen in α0 , and sign(α) = − sign(α0 ).
Hence, we can divide all these tuples into pairs, (α, pi ) and (α0 , pi ) with sign(α) = − sign(α0 ),
each of which cancels out in the signed count of A. Since Lemma 5 applies to T(A) as well,
the same argument shows that the sum over the tuples (α, pi ) ∈ X T(A) in which pi is seen in α
is 0 as well.
For an execution α of T(A), denote by SIMα the set of processes that assign simulated = 1
in α, namely processes that take simulation steps of A. If SIMα = ∅ then α is the unique
execution in which all processes take a step together in the rst block, hence they all see each
other and output 0 without taking further steps; this execution is denoted αall .
For every other execution α 6= αall of T(A), it holds that 1 ≤ |SIMα | ≤ n − 1: the rst
process to take a rst scan operation sets simulated = 1, while the last process to take a rst
scan operation has all other processes in its view after its rst scan operation, so it outputs 0
T(A)
and never sets simulated = 1. Hence, C1
= ∅.
We conclude the following:

Proposition 9. Let T(A) be a trimmed algorithm. Then (i) αall ∈ C0T(A) and (ii) C1T(A) = ∅.
5.3

Impossibility of SSB and Adaptive Renaming

To prove the impossibility of SSB, consider an SSB algorithm S , and its trimmed version, T(S).

Lemma 10. If S has the output-one property, then the univalued signed count of T(S) is
nonzero.
Proof. Consider an execution α 6= αall of T(S): we show that α ∈/ C0T(S) . If any of the processes

of SIMα has all other processes in its view while simulating S , it decides on the value of its
simulated variable, namely, 1. Otherwise, all processes of SIMα decide within the simulation
of S ; this is a simulation of a legal execution of S by SIMα , so by the output-one property of
T(S)
S , at least one of these processes outputs 1, and α ∈
/ C0 .
T(S)

Together with Proposition 9(i), this implies that C0
= {αall }; by Proposition 9(ii),
T(S)
C1
= ∅, so the univalued signed count of T(S) is sign(αall ) = (−1)n+1 6= 0.
By Lemma 7, the univalued signed count of S equals to the univalued signed count of T(S),
so it is also nonzero. Hence, there is an execution of S where all processes output the same
value, so the algorithm does not satisfy the symmetry breaking property.

Theorem 11. There is no wait-free algorithm solving SSB in an asynchronous shared memory
system with any number of processes.
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If (2p − dp/n−1e)-adaptive renaming is solvable, then so is SSB (see Chapter 4). This implies
the next theorem.

Theorem 12. There is no wait-free algorithm solving (2p − dp/n−1e)-adaptive renaming in an
asynchronous shared memory system with any number of processes.
5.4

Impossibility of

r-ISB,

WSB and Renaming

Let A be a symmetric n-processes r-ISB algorithm for some r, 1 ≤ r ≤ n, and consider its
trimmed version, T(A). If r > 1, an argument similar to the one used in the proof of Lemma 10
does not apply, as A does not satisfy the output-one property of an SSB algorithm. Moreover,
Lemma 10 is not restricted to symmetric algorithms, whereas, at least for r = n, this restriction
is crucial for the impossibility proof: the n-ISB task is solvable by non-symmetric algorithms,
e.g., by letting the process pn−1 decide on 1 and letting any other process decide on 0.
In order to compute the univalued signed count of T(A), we use the fact that A is symmetric:
we show that every execution α of T(A) where some processes take simulation steps has a class
of executions with the same outputs as in α; this is formalized by dening an equivalence
relation on the executions of T(A) and considering the equivalence classes it induces. These
equivalence classes have predetermined sizes, which depend on n, the number of processes; this
allows us to estimate the univalued signed count of T(A). For some values of n and r, we show
that the univalued signed count of T(A) cannot be zero; using Lemma 7, we conclude that the
univalued signed count of A is also nonzero, which completes the proof.
Dene a relation ' on the executions of T(A): α ' α0 if there is a permutation π :
{0, . . . , n − 1} → {0, . . . , n − 1} that is order preserving on SIMα and on SIMα , such that
α0 = π(α). Note that ' is an equivalence relation: the identity permutation is order preserving
on any set, so ' is reexive; if π is order preserving on a set P then π −1 is order preserving on
π(P ), so ' is symmetric; and if π1 is order preserving on a set P and π2 is order preserving on
π1 (P ), then π2 ◦ π1 is order preserving on P , making ' transitive. The equivalence class of an
execution α is [α] = {α0 | α ' α0 }.
Let α and α0 be two executions of T(A) satisfying α ' α0 , and let π be the permutation
dening the equivalence. By the denition of ', α and α0 have the same block structure, and
hence the same sign. Since A is symmetric, if a process pi sets simulated = 1 in α then pπ(i)
sets simulated = 1 in α0 . If a process pi outputs a value in α before seeing all other processes,
then pπ(i) outputs the same value in α0 , and in the same number of steps; if pi sees all other
processes, pπ(i) also sees all other processes and, again, pi and pπ(i) output the same value in the
same number of steps. Thus, the equivalence relation ' have the following useful properties:

Proposition 13. If α ' α0 are two executions of
|SIMα |, and dec(α) = dec(α0 ).

T(A),

then sign(α) = sign(α0 ), |SIMα0 | =
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Therefore, we can denote the sign common to all the executions in [α] by sign([α]).
For two sets of equal sizes, P and P 0 , note that there is a unique permutation π : {0, . . . , n−
1} → {0, . . . , n − 1} that maps P to P 0 and P to P 0 and is order preserving on P and on P .
This is due to the fact that all identiers are distinct and hence, there is a single way to map
P to P 0 in an order-preserving manner, and a single way to map P to P 0 in such manner. This
implies that π is unique, which is used in the proof of the next lemma:

Lemma 14. If α is an execution of T(A) satisfying |SIMα | = m, then the size of [α] is mn .

Proof.
Let α be an execution and m an integer as in the statement of the lemma. Denote by



P
n
the set of all subsets of P of size m; since |P| = n, we have m
= m
.

P
By Proposition 13, if α0 ∈ [α] then SIMα0 ∈ m
, so we can dene a function f : [α] →
by f (α0 ) = SIMα0 . Next, we prove that f is a bijection.
P
m

P
m



Let α0 , α00 ∈ [α] satisfying f (α0 ) = f (α00 ), and assume α0 = π(α) and α00 = ϕ(α), for two
permutations π, ϕ that are order preserving on SIMα and on SIMα . Since f (α0 ) = f (α00 ), we
have that SIMα0 = SIMα00 , and hence, SIMα0 = SIMα00 . Since there is a unique permutation
that maps SIMα to SIMα0 and SIMα to SIMα0 and is order preserving on SIMα and on
SIMα , it follows that π = ϕ, thus α0 = α00 .

P
, and denote by π the unique permutation that maps SIMα to P and SIMα to
Let P ∈ m
P and is order preserving on both sets. Let α0 = π(α), so |SIMα0 | = m and f (α0 ) = SIMα0 =
P.
We can now prove our key lemma.

Lemma 15. Let qe be a prime power dividing n, and let r ≤ qe . If A is an n-processes
symmetric algorithm satisfying the r-output-one property, then the univalued signed count of
T(A) is nonzero.
Proof. By Proposition 9(ii), C1T(A) = ∅, implying that the univalued signed count of T(A) is

equal to

P

T(A)

α∈C0

sign(α). By Proposition 13, if α ' α0 then dec(α) = dec(α0 ), so for every
T(A)

equivalence class, either [α] ⊆ C0
T(A)
[α] ⊆ C0
, implying
X

T(A)

α∈C0

T(A)

or [α] ∩ C0

X

sign(α) =

T(A)

[α]⊆C0

T(A)

= ∅. Hence, C0
X

is the disjoint union of

sign(α0 ).

α0 ∈[α]

Recall that all executions in an equivalence class [α] have the same sign, denoted sign([α]).

n
By Lemma 14, the size of an equivalence class [α] is |SIM
. Hence,
α|
X
X  n 
sign(α) =
sign([α]).
|SIM
|
α
T(A)
T(A)
α∈C0

[α]⊆C0
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We now show that only executions α with |SIMα | < r contribute to the sum. Consider
an execution α of T(A) satisfying |SIMα | ≥ r. If any of the processes of SIMα sees all other
processes while simulating A, it decides on the value of its simulated variable, namely, 1.
Otherwise, all processes of SIMα decide within the simulation of A; this is a simulation of
a legal execution of A by SIMα , so by the r-output-one property of A, at least one of these
T(A)
processes decides on 1, and α ∈
/ C0
. Therefore, the above sum contains only equivalence
classes [α] of executions with 0 ≤ |SIMα | ≤ r − 1:

X

sign(α) =

T(A)
α∈C0

r−1
X

X

m=0 [α]⊆C T(A)
0
|SIMα |=m

 
n
sign([α]).
m

We calculate the size of every such equivalence class [α] modulo q , using the next result
from number theory, which is proved in Chapter 6.

Claim 16. If a prime power qe divides n, then mn ≡ 0 (mod q) for every integer m satisfying
1 ≤ m < qe.
By Proposition 9, αall is the unique execution satisfying |SIMαall | = 0. Therefore, all
summands except for the one associated with αall satisfy 1 ≤ m < r ≤ q e , so their contribution
to the overall sum is 0 mod q . Since sign(αall ) = (−1)n+1 , we get
X
sign(α) ≡ (−1)n+1 6≡ 0 (mod q),
T(A)

α∈C0

so

P

T(A)

α∈C0

sign(α) 6= 0 and the univalued signed count of T(A) is nonzero.

Theorem 17. Let n be an integer and let qe be the largest prime power dividing n. If r ≤ qe ,
then there is no symmetric wait-free algorithm solving r-ISB in an asynchronous shared memory
system consists of n processes.
Proof. Let A be a symmetric algorithm for n processes which satises the r-output-one prop-

erty. By Lemma 15, the univalued signed count of T(A) is nonzero, and by Lemma 7, the same
holds for A. This implies that there is an execution of A in which only 0 or only 1 is decided,
so A cannot solve r-ISB.
As n-ISB is the same as WSB, applying this theorem to a prime power n immediately yields
the impossibility of WSB with n processes:

Theorem 18. There is no symmetric wait-free algorithm solving WSB in an asynchronous
shared memory system if the number of processes is a prime power.
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If (2n − 2)-nonadaptive renaming is solvable then so is WSB (see Chapter 4). This implies
the next theorem.

Theorem 19. There is no symmetric wait-free algorithm solving n-processes (2n−2)-nonadaptive
renaming in an asynchronous shared memory system if n is a prime power.
For SSB, Theorem 17 implies the unsolvability of SSB in a similar manner, as 1-ISB is
SSB. Nevertheless, Theorem 17 holds only for symmetric algorithms, hence, Theorem 11 gives
a stronger impossibility result for SSB.

5.5

Renaming Lower Bound for Arbitrary Values of

n

In the previous section, we proved that when n is a prime power, (2n−2)-nonadaptive renaming
is unsolvable. For other values of n, the only known lower bound on the size of the namespace
is n + 1 names [6]. This section proves a larger lower bound that holds for all values of n.
Let n, M be arbitrary positive integers, and assume that there is an algorithm A solving
M -nonadaptive renaming with n processes. Since we consider only wait-free algorithms, if
n0 < n processes run the algorithm A, they will also solve nonadaptive renaming with range
of size M in a wait-free manner, so A is also an n0 processes M -renaming algorithm. If n0 is a
prime power and M ≤ 2n0 − 2, this is impossible by Theorem 19.
On the other hand, Baker et al. [14] show that for a large enough n, there is always a prime
number in the interval [n − n0.525 , n]. This yields the next lower bound for any value of n:

Proposition 20. For large enough n, there is no symmetric wait-free algorithm solving (2n −
2n0.525 − 2)-nonadaptive renaming in an asynchronous shared memory system.
Cramér [26] conjectured that there is always a primes in a much smaller gap, namely
[n − O(log2 n), n]. If the conjecture is true, the same argument implies:

Proposition 21. There is no symmetric wait-free algorithm solving (2n−ω(log2 n))-nonadaptive
renaming in an asynchronous shared memory system.
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Chapter 6

Divisibility of Binomial Coecients
Castañeda and Rajsbaum characterize the values of n for which (2n − 2)-nonadaptive renaming


n
is unsolvable by the property that n1 , . . . , n−1
are not relatively prime [20]. In this chapter
we explain this characterization is equivalent to n being a prime power.
Ps
j
For an integer n and a prime q , let n =
j=0 nj q be the base q expansion of n, and
Ps
similarly denote m = j=0 mj q j . Note that s can be arbitrary large, so we use the same value
of s for all the base q expansions in this chapter. Lucas' Theorem [44] gives an easy way to
calculate binomial coecients modulo q :

Lucas' Theorem

  Y

s 
n
nj
≡
m
mj

(mod q)

j=0

This simple theorem is used to prove the following claims.

Claim 16 If a prime power qe divides n, then
1 ≤ m < qe.

n
m



≡ 0 (mod q)

for every integer m satisfying

Proof. Assume qe divides n, for q, e as in the statement of the claim, and x some m, 1 ≤ m <

q e . By the choice of m, q e divides n but not m, so q divides

n
divides m
, as claimed.

n
m;

since

n
m

=

n n−1
m m−1

, q also

The characterization given by Castañeda and Rajsbaum [20] is equivalent to ours, as stated
in the next theorem:


n
Theorem 22. n1 , . . . , n−1
are not relatively prime if and only if n is a prime power.
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The "if" part of this theorem follows easily from the last claim, while the "only if" part was
previously noted by Ram (see [28, p. 274]). For the sake of completeness, we give a full proof
of this theorem.

Proof. Let n be a power of a prime q, n = qe . By
Claim 16,


n
n
1 ≤ m ≤ n − 1, so q divides all the coecient
prime.

1

,...,

n−1

n
m

≡ 0 (mod q) for every
, hence they are not relatively



n
.
,
.
.
.
,
1
 n−1
n
Assume for contradiction g > 1, and let q be a prime dividing g . Since g divides 1 = n, q
also divides n, and let e be the maximal integer such that q e divides n. So n = q e t, for some
t > 1 that q does not divide.

We show q does not divide qne .
For the opposite direction, assume n is not a prime power, and let g = gcd

 
n

Since q does not divide t, t can be written as t = qt0 + r for some 0 < r < q . So
n = q e t = q e+1 t0 + q e r, hence in n's base q expansion, ne = r 6≡ 0 (mod q). On the other
hand, on the base q expansion of q e , there is a single nonzero coecient, 1, on the e'th place.

 Q
By Luacs' theorem, qne ≡ sj=0 (qnej) (mod q), where (q e )j is the j 'th coecient in q e 's base
j

q expansion. By the facts that there is a single nonzero coecient in q e 's expansion and that



ne = r, it follows that qne ≡ n1e = r 6≡ 0 (mod q); hence q does not divide qne .
On the other hand, n is not a prime power, so 1 ≤ q e ≤n − 1, and q does
not divide



n
n
n
= 1, and the
q e , contradicting the fact that q divides g . Hence, g = gcd
1 , . . . , n−1
coecients are relatively prime.
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Chapter 7

Conclusions and Open Questions
This thesis presents new proofs of the impossibility of solving distributed decision tasks, using
elementary mathematical tools. The rst task we consider is (n − 1)-set agreement, which we
prove impossible using only an operational lemma and simple parity arguments. Later, we use
the SSB task to prove (2p − dp/n−1e)-adaptive renaming is not solvable. We dene a spectrum
of symmetry breaking tasks, spanning from SSB to WSB, and prove these tasks cannot be
solved using symmetric algorithms; we then show the impossibility of WSB when n is a prime
power, from which we deduce that (2n − 2)-nonadaptive renaming is not wait-free solvable
using symmetric algorithms whenever n is a prime power. We conclude by using this result
and results about the distribution of prime numbers to give a new lower bound for renaming
using symmetric algorithms, which holds for any value of n.
This thesis considers only wait-free algorithms, which should be correct even if any number
of processes may crash. Nevertheless, it is worth mentioning algorithms for other failure patterns: an algorithm is called t-resilient if it produces a correct output if at most t processes fail
during its execution. It is known that n-processes t-set agreement is solvable using t-resilient
algorithms [17], where n > t; it is also known that if n-processes (n − 1)-set agreement is not
wait-free solvable then (t − 1)-set agreement is not solvable using t-resilient algorithms [17].
Therefore, from the impossibility of n-processes (n − 1)-set agreement, impossibility of nprocesses (t − 1)-set agreement with t-resilient algorithms can also be derived.

7.1

Relation to Previous Proofs and Techniques

The impossibility of (n − 1)-set agreement was previously proved using topological arguments [17, 41, 49], or graph theoretic arguments [7]. Impossibility of (2n − 2)-nonadaptive
renaming for some values of n was proved only using topological tools [19, 21]. The only lower
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bound for nonadaptive renaming when n is not a prime power, namely n + 1 names are necessary, was proved using operational arguments in the article dening the nonadaptive renaming
task [6].
Like prior approaches [7, 11, 20, 41], our proof considers a restricted subset of executions in
which all processes output, and in addition, some parts of our proofs are analogous to pervious
topological proofs [21, 41].
In these proofs, a simplicial complex representing all the possible block executions and
processes' views is created. The maximal simplexes of the complex represent executions, and
every possible state of each process is represented by a node. The output of a process in a nal
state is represented by a mapping from this complex to the complex of possible outputs.
Variants of Lemma 1 are used in previous papers to prove that the simplicial complex
representing block executions forms a manifold. A face of a simplex representing an execution
α without the node representing pi is treated here as the pair (α, pi ). Indeed, Lemma 2
is analogous to Sperner's Lemma, and its proof is analogous to a simple proof of Sperner's
Lemma [37]. Attiya and Casteñeda [7] gave a dierent proof for the impossibility of (n − 1)-set
agreement, using graph theoretical arguments. Their proof is analogous to another proof of
Sperner's Lemma, which uses the dual graph of a simplicial complex.
The sign of an execution is used here instead of the topological technique of dening an
orientation on a manifold and comparing it to the orientation of each simplex; the univalued
signed count is the counterpart of the topological notion of content. The trimmed algorithm
T(W ) is an operational interpretation of the cone construction [21], with slight modications.
Lemma 7 is achieved in the topological proofs by dening a new coloring of the complex as
the local sum of the process identier and the output bit, and then applying the Index Lemma
twice. A topological analog of Proposition 13 is proved in a relatively complicated manner,
using i-corners or ip operations and paths in a subdivided simplex.
Our proofs for the impossibility of (n − 1)-set agreement and of adaptive and nonadaptive renaming were inspired by the topological proofs. Nevertheless, they are self contained,
much simpler, and more accessible to a reader unfamiliar with topology. Moreover, they give
operational counterparts for the topological notions, which we hope will facilitate further investigation of these tasks.
The lower bound for nonadaptive renaming for general values of n is a new contribution of
this thesis; it is achieved by a reduction, and using results about the distribution of primes.
The characterization as prime powers is also proved using number theory arguments, namely
Lucas' Theorem about the divisibility of binomial coecients.
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7.2

Future Research

In this thesis we have reproved the impossibility of (2n − 2)-nonadaptive renaming when n is
a prime power. This bound is tight, as (2n − 1)-nonadaptive renaming is wait-free solvable [6].
For other values of n, we show the impossibility of (2n − n0.525 − 2)-nonadaptive renaming,
while Castñeda and Rajsbaum [22] proved (2n − 2)-nonadaptive renaming is solvable, leaving
a large gap between upper and lower bound on the required namespace.
The lower bound for renaming for general values of n is proved based on gaps between prime
numbers, ignoring prime powers with exponent greater than 1. Since prime powers with such
exponents are much more sparse than prime numbers (see, e.g., [36]), we believe that including
them in the analysis will not yield better bounds, though we were not able to rule out this
possibility completely.
We consider a standard model of computation: shared memory, wait-free algorithms, and
only block executions. Applying similar techniques to other communication primitives, other
failure patterns, or dierent kinds of executions can be an interesting continuation to this work,
and might lead to additional results, or to simpler proofs of known results.
Taking a broader perspective, k -set agreement is a canonical example of a colorless task,
as processes might adopt each other's input and output values without violating the task's
specication. (2p − dp/n−1e)-adaptive renaming and SSB are not colorless tasks in the strict
sense, but they are known to be equivalent to (n − 1)-set agreement. (2n − 2)-nonadaptive
renaming, on the other hand, is an example of a colored task, as the uniqueness of the outputs
prevent processes from adopting each other's output values. This raises the question of the
relation between colored and colorless tasks. While adaptive and nonadaptive renaming seem
similar, one is equivalent to a colorless task, while the other is not known to be equivalent to
such task; a similar observation holds for SSB and WSB, and this is what motivated the r-ISB
family of tasks.
We hope this thesis will lead to a better understanding of the tasks under consideration.
Specically, nonadaptive renaming have eluded researchers for more then two decades, and
we hope the new techniques and lower bounds will help in future investigation of this task.
Additionally, the relation between adaptive and nonadaptive renaming is not fully understood,
and so is the relation between WSB and SSB. We hope the r-ISB tasks will help to shed a new
light on the relation between these tasks.
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בהמשך ,אנו מגדירים קשת של משימות ביניים עם פרמטר ,החל בשבירת סימטריה חלשה וכלה
בשבירת סימטריה חזקה .עבור משימות אלו אנו מוכיחים תוצאות אי־אפשרות באמצעים דומים
לאלו ששימשו להוכחת האי־אפשרות לשבירת סימטריה חזקה :מניחים בשלילה כי קיים אלגוריתם
לביצוע המשימה ,מונים ריצות לא חוקיות של אלגוריתם זה לפי סימניהן ,מוכיחים כי מניה זו
אינה מסתכמת לאפס ומסיקים כי קיימת ריצה לא חוקית של האלגוריתם .הפעם ,מניית הריצות
בסימניהן מסובכת יותר – אנחנו משתמשים בעובדה שהאלגוריתם סימטרי כדי להראות שאם
מונים את הריצות בסימניהן מודולו מספר ראשוני שמחלק את  ,nמניה מודולרית זו אינה שווה
לאפס ,ומכך אנו מסיקים שגם מניה לא מודולרית אינה מסתכמת לאפס .מקרה מיוחד של תוצאה
זו מתקבל כאשר  nהוא חזקה של מספר ראשוני :עבור ערך  nכזה ,אין אפשרות לבצע שבירת
סימטריה חלשה.
כפי שצויין לעיל ,הּוכח בעבר כי שבירת סימטריה חלשה אינה אפשרית כאשר המקדמים הבינומיים


n
 n1 , . . . , n−1אינם זרים זה לזה .ערכי  nאלו הם בדיוק ערכי  nשהינם חזקה של מספר ראשוני,
כך ששתי התוצאות הללו שקולות זו לזו .עם זאת ,האפיון של ערכי  nעבורם שבירת סימטריה
חלשה אינה אפשרית כחזקות של ראשוניים מעיד על כך שתוצאת האי־אפשרות תקפה רק לחלק
קטן מערכי  nהאפשריים :חלקן של חזקות הראשוניים בקטע ]  [1, Nשואף ל־ 0כאשר  Nשואף
לאינסוף.
עבור ערכי  nכלליים )כלומר כאלו שאינם בהכרח חזקה של מספר ראשוני( ,ניתן להסיק כי משימת
)(2n − 2n0.525 − 2־החלפת השמות הלא־אדפטיבית אינה בת־ביצוע .תחת הנחה של השערה
מתורת המספרים ,גם משימת ))(2n − ω(log2 n־החלפת השמות הלא־אדפטיבית אינה בת־ביצוע.
חסמים אלו מוכחים באמצעות רדוקציות בין מופעים של משימת החלפת השמות הלא־אדפטיבית
עם ערכי  nשונים ,ובאמצעות תוצאות מתורת המספרים הנוגעות לפיזור המספרים הראשוניים.
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לביצוע בקלות אם התהליך  piמחליט על הערך  .iאיננו מעוניינים בפתרונות טריויאליים מעין
זה ,והם נמנעים על־ידי כך שאנו דנים מראש רק באלגוריתמים בהם לתהליכים מותר רק להשוות
את המזהים שלהם ,כלומר להשתמש בערכם היחסי ,אך לא בערכם המדוייק .אלגוריתמים כאלו
נקראים אלגוריתמים סימטריים ] .[7מניע נוסף לשימוש באלגוריתמים סימטריים ,כפי שנוסח במאמר
שהגדיר מלכתחילה את משימת החלפת השמות ] ,[1הוא שמזהי התהליכים לקוחים מתחום גדול,
סדור היטב ,ותהליך ספציפי אינו יודע מבעוד מועד מהם המזהים של שאר התהליכים.
בעבר נטען בכמה מאמרים כי אין אפשרות לבצע את משימת )(2n − 2־החלפת השמות הלא־
אדפטיבית באמצעות אלגוריתמים סימטריים ,וזאת ללא תלות במספר התהליכים הקיימים במערכת.
כל המאמרים הללו בחנו משימה שקולה ,שבירת סימטריה חלשה ) (Weak Symmetry Breaking
] ,[3, 11, 12וטענו כי זו אינה בת־ביצוע עם כל מספר של תהליכים ,תוך הסתמכות על למות
טופולוגיות דומות .עם זאת ,לפני מספר שנים הוכיחו קסטניידה ורייסבאום ] [6, 7כי הלמות
הטופולוגיות הללו אינן נכונות ,וסיפקו הוכחה חדשה לאי־אפשרות לבצע שבירת סימטריה חלשה,


n
 n1 , . . . , n−1אינם זרים זה לזה .עבור ערכי n
אשר תקפה רק כאשר המקדמים הבינומיים
האחרים קסטניידה ורייסבאום סיפקו הוכחה שאינה בנה לקיום אלגוריתם לשבירת סימטריה
חלשה ,וזאת באמצעות אלגוריתם טופולוגי לתת־חלוקות של סימפלקס ] .[6, 8הן הוכחת האי־
אפשרות והן ההוכחה לקיום אלגוריתם משתמשות בכלים טופולוגיים לא־טריויאליים על יריעות
מכוונות )  .(Oriented Manifoldsהוכחת האי־אפשרות שוחזרה מאוחר יותר גם באמצעות טיעונים
מתחום הטופולוגיה האלגברית ] .[5עבור ערכי  nשהמקדמים הבינומיים המתאימים להם זרים
זה לזה ,החסם התחתון היחיד על גודל תחום השמות במשימת M־החלפת השמות הוא n + 1
שמות ].[1

התרומות של תזה זו
תזה זו מציגה הוכחות אי־אפשרות חדשות למשימות שנידונו לעיל .שלא כמו רבות מהוכחות
האי־אפשרות הקודמות שניתנו למשימות אלו ,ההוכחות שלנו אינן משתמשות במונחים מתחום
הטופולוגיה ,אלא רק בטיעוני מניה פשוטים.
כדי להוכיח אי־אפשרות לביצוע משימת ה־)(n − 1־הסכמה על קבוצות ,אנו מניחים בשלילה קיום
אלגוריתם המבצע את המשימה ,בוחנים תת־קבוצה מסויימת של ריצותיו ,מונים ריצות שאינן
חוקיות בתת־קבוצה זו ,ומוכיחים שריצה לא חוקית קיימת תמיד.
עבור שבירת סימטריה חזקה ,אנחנו מוכיחים באופן ישיר כי משימה זו אינה בת־ביצוע ,וזאת לכל
ערך של  .nשוב ,אנו מניחים בשלילה כי קיים אלגוריתם לביצוע המשימה ומתבוננים בתת־קבוצה
של ריצותיו .לכל ריצה כזו אנו מקצים סימן ,מונים ריצות לא חוקיות של האלגוריתם לפי סימניהן,
מוכיחים כי מספר זה אינו אפס ,ומכך מסיקים כי קיימת ריצה של האלגוריתם שאינה מבצעת את
המשימה.
ii
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תקציר
תפוצתן של מערכות מבוזרות הולכת וגדלה בימינו ,החל ברשתות מחשבים ,דרך טלפונים סלולריים
וכלה במעבדים מרובי ליבות .מערכות אלו מורכבות מיחידות חישוביות שמתקשרות זו עם זו.
אמצעי התקשורת ,מושג הזמן היחסי של היחידות והכשלים שהן עלולות לחוות משתנים ממערכת
למערכת ,ואולם המבנה הבסיסי של יחידות חישוב המתקשרות ביניהן נשאר זהה.
נהוג לבחון את היכולות והמגבלות של מערכות כאלו על־ידי בחינת יכולתן לבצע משימות החלטה
פשוטות )להלן ,משימות( .במשימה ,כל תהליך מתחיל את ריצתו עם ערך קלט ,מתקשר עם
התהליכים האחרים ,ולבסוף מחליט על ערך פלט ועוצר.
בתזה זו אנו בוחנים את האפשרות לתכנן אלגוריתמים לביצוע משימות החלטה מסויימות במערכות
אסינכרוניות לחלוטין ,המורכבות מ־ nתהליכים המתקשרים ביניהם באמצעות זיכרון משותף ,כאשר
כל תהליך עשוי לעצור באמצע ביצוע האלגוריתם.
במשימת k־הסכמה על קבוצות ] ,[9כל תהליך מתחיל עם ערך קלט ,ועליו להחליט על ערך שהיווה
קלט של תהליך כלשהו ,כך שכל התהליכים יחד מחליטים על לכל היותר  kערכים שונים .במקרה
הפרטי 1 ,k = 1־הסכמה על קבוצות היא משימת ההסכמה המפורסמת ] .[10משימות אלו מתארות
מצבים בהם תהליכים רבים צריכים להסכים על ערכים בתחום קטן ,לדוגמה ,חיישנים לא מדוייקים
שמודדים את אותה הכמות ,או כמה מחשבים המבצעים את אותו החישוב .ככל שערך  kגדל ,כן
גדלה האי־ודאות לגבי הכמות הנמדדת או לגבי תוצאת החישוב.
במשימת M־החלפת השמות )  ,[1] (Renamingעל כל אחד מ־ nתהליכים לבחור ערך ייחודי
בקבוצה }  .{1, . . . , Mאנו בוחנים שתי וריאציות של משימה זו :במשימת M־החלפת השמות
הלא־אדפטיבית ,ערכו של  Mתלוי רק רק ב־ ,nבעוד שבמשימת M־החלפת השמות האדפטיבית,
ערכו של  Mתלוי גם במספר התהליכים  pהמשתתפים בביצוע המסויים של האלגוריתם .משימות
אלו מתארות מצבים בהם על התהליכים לשתף ביניהם משאבים מוגבלים ,כמו תאי־זכרון .ככל
שנדרשים פחות תאי־זכרון ,כך האלגוריתם שמשתמש בזכרון המוקצה יהיה יעיל יותר ,ולכן ,רצוי
להקטין את ערכו של .M
התוצאה לפיה אי־אפשר לבצע את משימת ההסכמה ] [10מהווה אבן דרך בתחום החישוב המבוזר.
הכללה של תוצאה זו ,האי־אפשרות לבצע )(n − 1־הסכמה על קבוצות במערכת בת  nתהליכים,
הּוכחה הן באמצעות שיטות טופולוגיות ] [4, 12, 13והן באמצעות טיעונים מתורת הגרפים ] .[2כמו
כן ,הוכח שאי־אפשר לבצע את משימת )(2p − dp/n−1e־החלפת השמות האדפטיבית ] ,[4על־ידי
רדוקציה למשימה אחרת ,שבירת סימטריה חזקה )  ,(Strong Symmetry Breakingואחריה רדוקציה
משבירת סימטריה חזקה למשימת ה־)(n − 1־הסכמה על קבוצות ,שידוע שאינה בת־ביצוע.
הסכמה על קבוצות ומשימת החלפת השמות האדפטיבית אינן בנות ביצוע ,אפילו אם תהליכים
שונים עשויים להפעיל אלגוריתמים שונים .מאידך ,משימת החלפת השמות הלא־אדפטיבית ניתנת
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המחקר נעשה בהנחייתה של פרופסור חגית עטיה
בפקולטה למדעי־המחשב.

אני מודה לקרן הישראלית למדע )מענק מספר (1227/10
על התמיכה הכספית הנדיבה בהשתלמותי.
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הוכחות אי־אפשרות מבוססות מניה
למשימות החלטה מבוזרות

חיבור על מחקר

לשם מילוי חלקי של הדרישות לקבלת התואר
מגיסטר למדעים במדעי־המחשב

עמי פז

הוגש לסנט הטכניון – מכון טכנולוגי לישראל
סיוון ה'תשע"ג

חיפה
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