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Abstract This paperdevelopsa versionof NaturalLogic – an inferencesystemthat works directly
on naturallanguagesyntacticrepresentations,with no intermediatetranslationto logical formulae.Fol-
lowing work by Sánchez(1991), we develop a small fragmentthat computessemanticorderrelations
betweenderivation treesin Categorial Grammar. Unlike previous works, the proposedsystemhasthe
following new characteristics:(i) It usesorderingsbetweenderivation treesas purely syntacticunits,
derivableby a formalcalculus.(ii) Thesystemis extendedfor conjunctivephenomenalike coordination
andrelative clauses.This allows a simpleaccountof non-monotonicexpressionsthat arereducibleto
conjunctionsof monotonicones. (iii) A preliminaryproof searchalgorithmbasedon a treegenerating
regularsystemis developedfor Sánchez’smallerfragmentof NaturalLogic.

1 Intr oduction

Model-theoreticsemantictheoriesof naturallanguageassumethatmostlinguisticex-
pressions– or even all of them – representobjectsin partially ordereddomainsso
thatmeaningsof expressionsof thesamecategory arenaturallycomparable.Formal
semanticstreatsorderrelationsbetweenexpressionsof complex categoriesascompo-
sitionallyderivedfrom ordersbetweenexpressionsof simplercategories,accordingto
thestructuralrulesof a givengrammarandcertainsemanticpropertiesof words.For
instance,thedenotationof thenominalexpressiontall studentis semantically”smaller
than” the denotationof the nounstudentin every model. This simpleordering,to-
getherwith the”order reversing”meaningof thedeterminerno, is responsiblefor the
fact thatthenounphrasenotall studentis semantically”greaterthan” thenounphrase
nostudentin everymodel.At thetop level, theseorderstatementsresultin asemantic
orderingof naturallanguagesentences.In anadequatesemantictheory, this ordering
correspondsto anintuitivelyvalidentailmentrelationbetweensentences.For instance,
theaforementionedorderstatements,togetherwith theotherelementsin thesentence,
areresponsiblefor thevalid conclusionof thesentenceJohnsawno tall studentfrom
thepremiseJohnsawnostudent.

Fruitful as this view on inferencein natural languageis, its formulationwithin
model-theoreticsemanticsis not immediatelyhelpful for the designof computation-
ally significantinferencesystems.The projecton which this paperreportsaims to
develop an inferencesystemfor naturallanguageusingbasicinsightson orderrela-
tionscomingdirectlyfrom model-theoreticsemantics,but usingonly proof-theoretical
symbolicmanipulationof naturallanguagesyntacticrepresentationswith noappealto
models. On the other hand, the direct relationshipsbetweenstructuresand mean-
ingsin model-theoreticsemanticsallowsusto dispensewith thetranslationof natural
languagesyntacticrepresentationsinto a level of logical representation.Rather, in-
ferencesarecomputeddirectly from semanticallyannotatedsyntacticderivationsof
expressions.

In Sánchez(1991), asimilarconceptionof Natural Logicisusedtodescribecertain
semanticpropertiesof naturallanguageexpressions.Sánchezproposesa mechanism
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thatdecoratescategorial grammarproofsof naturallanguageexpressionsusingsigns
that indicatethemonotonicitypropertiesof theseexpressions– whetherthey are”or-
derpreserving”or ”order reversing”. Sánchezshows that this monotonicitymarking
canbeusedto accountfor non-trivial inferencesin naturallanguage.However, while
Sánchez’annotationof proof treesis rigorouslydefined,the derivation of the order
statementsthatusethemis not fully formalized.A similar limitation existsin morere-
centextensionsof Sánchez’work, asin Bernardi(1999). Therefore,Sánchez’system
andits currentdecendentsdonotfully deriveinferencesbetweennaturallanguagesen-
tences.Thefirst stepwetakein thispaperis to useSánchez’treatmentof monotonicity
for definingorderstatementsaspurelysyntacticrelationsbetweenderivationtreesin
categorialgrammar, usinga formal calculuswecall theordercalculus. As a logic this
“naturallogic” is differentthantraditionalconceptionsof logic asa closureof asetof
atomicformulasundercertainoperators.Hereeachformulaisapairof derivationtrees
in CategorialGrammarandthereforethewholepowerof CGis neededto describefor-
mulas.Anothernon-obviousquestionaboutSánchez’systemis whetherthistreatment
of monotonicitycanextendto cover inferenceswith non-monotonicexpressions.We
show thatat leastfor a (large)subsetof non-monotonicitems,sucha treatmentis pos-
sibleusinganovel treatmentof coordinationin naturallogic thatreliesonthesemantic
fact that itemslike and andor aregreatestlower bound/leastupperboundoperators
respectively with respectto the order relationsin the categoriesthey apply to. This
immediatelycapturesentailmentswith so calledcontinuousnon-monotonicexpres-
sions,which asproven in Thijsse(1983) areequivalentto conjunctionsof monotonic
expressions.Anotherquestionaboutnaturallogic is whethervariantsof this system
aredecidable.We proposea positive answerto this questionby developinga proof
searchalgorithmfor our formulationof Sánchez’system.Thealgorithmis basedona
simpleprocedurefor identifyingtreesgeneratedby regular systems(Brainerd(1969)).

Section2 briefly discussesprevious works on inferencein naturallanguageand
their relationswith the presententerprise.Section3 developsa categorial inference
systemformalizingSánchez’work andextendsit to treatcoordination.Section4 gives
asmalllexiconfor thesystemthatis usedfor illustratingits applicationfor someinfer-
enceswith naturallanguagesentences.Section5 developstheproposedpreliminary
proof searchalgorithmandsketchesbriefly its correctnessproof. A first versionof
a working prototypefor computinginferencesin naturallogic hasbeenimplemented
usingBob Capenter’s TLG categorial grammarparser, anda fuller implementationis
currentlyunderdevelopment.

2 Previous work

Purdy(1991) proposesa soundandcompleteinferencesystemthat is basedon op-
erationswith - -ary relations. The expressive power of this systemlies betweenthe
predicatecalculuswithout identityandthepredicatecalculuswith identity. Purdythen
shows how sentencesin a simple fragmentof English can be easily translatedinto
this formalism. It is not clearto us,however, to whatextent the structureof Purdy’s
fragmentresemblesthe structureof English. Most notably, the Englishnounphrase
is missingfrom this fragment.This is becausethe analysisof structuresof the form
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Determiner- Noun- N-ary Predicaterequiresa representationfor eachof the three
elementsin Purdy’ssystem.If thedetermineris to combinewith thenounfirst, asin
mostEnglishgrammars,thenPurdy’ssystemwouldrequiretranslationproceduresthat
arenot simplerthanthoseneededinto thenotationof thestandardpredicatecalculus.
Consequently, it is hardto seehow Purdy’ssystemcandealwith commonphenomena
like NP coordinationin anelegantway.

McAllesterandGivan(1992) proposeaninferencesystemthatis soundandcom-
plete,andmoreover decidablein polynomialtime. Thesystemis basedon so-called
classexpressions– expressionsthatdenotesets.A determinerlike everycancombine
with two classexpressionsto form an atomic formula. Alternatively, a determiner,
a classexpressionanda binary relationcanform togetheranotherclassexpression.
Theseoperationsarequiteparallelto naturallanguagestructuresandfurthermore,the
time complexity of thesystemis ratherlow. However, theproposedlogical systemis
prettyweak. For instance,sincenegationoperatesonly on atomicformulae,a deter-
minerlike nocanbehandledonly whenit appearsin subjectposition(e.g.no student
smiled) but notin objectposition(e.g.Johnlikesnostudent). In addition,theinference
rulesin thesystemarespecializedfor deductionin theproposedfragmentof predicate
calculus,andit seemshardto extendthemfor richerconstructions.

We think that becauseof theselimitations of inferencesystemsfor naturallan-
guage,it maybeworthwhileto studysystemslike Sanchez’,which arein bettercor-
respondenceto naturallanguagesyntax,andwhoseinferencerulesaremoredirectly
relatedto modeltheoreticsemanticsof naturallanguage.Suchsystemsmaybeappli-
cablefor a larger variety of fragments.The price to be paid for the larger syntactic
flexibility is thatcompletenessresultsseemharderto obtain. In thenext sectionswe
introducea versionof naturallogic andstudyits possibleimplementations.

3 The Categorial InferenceSystem

In this sectionwe introducethe two calculi that will be usedto computeinferences
with (non-)monotonicexpressions. A categorial calculus,a variant of the simple
AB-calculus,is responsiblefor assigningderivationtreesdecoratedwith monotonic-
ity markingto expressionsof naturallanguage.An order calculusis responsiblefor
deriving booleanorderstatementson suchderivation trees. Especially, this calculus
derivesorderrelationsbetweensentences,which correspondto semanticentailment
relations.1

We first definethe decorated categories of the grammar. Thesecategoriesare
basedon a small setof primitive categoriesandits standardextensionto the setof
categoriesin applicative categorial grammar, with the additionalfeaturethat deco-
ratedcategoriescanhave signsmarkingcertainsemanticproperties(like monotonic,
restrictive,or conjunctive behavior of expressionsthatderive them). A standardcor-
respondencebetweendecoratedcategoriesandfunctionalsemantictypesis defined.
This is needednot only for thestandarddefinitionof a type-theoreticalsemantics,but
furthermorefor thespecificationof which expressions(possiblyof differentsyntactic

1Hereandhenceforth,whenwe talk aboutentailmentrelations,we alsoconsidercaseswherethere
aretwo or morepremises.
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categories)areof thesamesemantictypeandhenceshouldbecomparablein theorder
calculus.Thesubsetof categoriesthatis of specialinterestin our inferencesystemis
thesetof booleancategories, thosecategoriesthatcorrespondto booleantypes. For
this subsetorderrelationsareeasiestto define. We follow KeenanandFaltz (1985)
andeliminatenon-booleancategoriesfrom thesetof decoratedcategories.Thedefini-
tionsbelow introducetypesandcategoriesin thesystem.Hereanhenceforth,by types
wereferto semantictypesandby categoriesto syntacticcaregories.

Definition 1 (types) Let .�/ be somefinite setof primitive typesthat includes0 (for
’truth value’). Thesetof typesis thesmallestsetT thatsatisfies:

1. . /21 . ,
2. If 3546. and 7846. thenalso 9:3�7<;=46. .

Definition 2 (booleantypes) Let . / > 1 . / be somefinite set of primitiveboolean
typess.t. 0=46. /> . Thesetof booleantypesis thesmallestset . > 1 . thatsatisfies:

1. . / > 1 . > ,
2. If 3546. and 7846. > thenalso 9?3�7@;=46. > .
The setof (undecorated)categoriesis standardlydefinedas in applicative cate-

gorial grammar(in “result on left” style slashformat), with a mapping A�BDCFE from
categoriesto types.Weassumethatthesetof primitivecategoriesincludesat leasttwo
designatedcategories,G (for sentences)and G (a categorywhoseusewill becomeclear
aswe goalong).

Definition 3 (categories) Let H#I2. / bea finitesetofprimitivecategoriess.t. J
GLK G�M 1H#IN.O/ . Let A�BFCFE /QP H#I2.O/SR . be a typingfunctionfor this sets.t. A�BDCFE / 9�G�;UTA�BDCFE / 9 GV;WTX0 . Thesetof categoriesis defined,togetherwith its typingfunction A�BDCFE
extendingA�BFCFE / , asthesmallestsetCAT that satisfies:

1. HUI2. / 1 HUI2. . For any YZ4[H#I2. / P A�BDCFE / 9?YO;\T]A�BDCFE^9:Y_; .
2. If Y`4aH#I2. and bc4dH#I2. then YOe�bc4dH#IN. and Y_f"bc4dH#I2. , andA�BDCFE<9?YOe�b2;WT]A�BFCFE^9?YOf�bN;\Tg9�A�BDCFE^9:b2;@A�BDCFE<9?YO;�; .

Definition 4 (booleancategories) Theset H#IN. > of booleancategoriesis definedbyJ&Yh4[H#I2. P A�BDCFEi9?YO;j45. > M - thesetof categorieswhosetypeis boolean.

We use annotationson elementsfrom the set of booleancategories to encode
threekindsof semanticproperties:monotonicity, restrictivemodificationandconjunc-
tion/disjunction. Theannotationusesa semanticfeaturekl4mJ�nUK
o�K�pUK�q#K�rsM on the
main(back)slashconstructorof thecategory, for denotingupward( n ) monotonicity,
downward( o ) monotonicity, Restrictive modification,ConjunctionandDisjunction,
respectively.2 Theannotationk on a category Y_e F b thatis assignedto anexpressiont meansthat t is upward/downwardmonotone,restrictiveetc.

2In fact, thesepropertiesarenotmutuallyexclusive,nordothey completelyfollow from oneanother.
For instance,a restrictive modifier may or may not be upwardmonotone,but a conjunctionis always
upwardmonotoneon both its arguments(seefact 1 below). A morecomprehensive treatmentwould
allow decoratingacategoryby asetof semanticfeatures,or evena featurestructureof suchfeatures.
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Monotonicity: A category Y_e�b or Y_f�b whereboth Y and b are booleancan
be decoratedby a monotonicity n / o sign, for upward/downwardmonotonicity. For
instance,assigningthe decoratedcategory 9�G�e�uj9�G�f�v"w&;�;�eyxDv to the determinerevery
specifiesthe (correct)assumptionthat this determineris downwardmonotoneon its
nominalargumentand, furthermore,that the noun phraseit generates(of the lifted
category G�e u 9�G�f�v"w&; ) is upwardmonotoneon its verbphraseargument.

RestrictiveModification: A booleancategory thatcorrespondsto a type 3�3 canbe
restrictive in imposingan orderingbetweenan expressionit combineswith andthe
resultof thecombination.For instance,we saythatyesterday is a restrictive (adver-
bial) modifier becauseanyonewho ranyesterdaynecessarilyran. Likewise, tall is a
restrictiveadjectivebecauseanyonewho is a tall student,for instance,is by necessity
a student.Theannotationfor restrictivenessis ’R’.

Conjunction/Disjunction: A booleancategory thatcorrespondsto a type 3<9:3�3�; is
in facta”coordinator”,whichcanbemarkedbyaC/Dsign,for conjunction/disjunction.
Threedifferentkindsof conjunctionsareconjunctivecoordinations(e.g. walkedand
talked), relative clauses(e.g.a manwhowalked) andintersectivemodification, where
conjunctionis implicit (e.g.a bluecar is a car which is blue).

Theset H#I2.�z of decoratedcategoriescontainsthebooleancategories,possibly
markedfor monotonicity, conjunction/disjunctionor restrictiveness.

Definition 5 (decoratedcategories)The set of decoratedcategories is defined,to-
getherwith its typingfunction A�BDCFE z extendingA�BDCFE , asthesmallestset H#IN. z that
satisfies:

1. HUI2. > 1 H#IN. z . For any YZ4[H#IN. > : A�BDCFE z 9?YO;\T]A�BFCFE^9?YO; .
2. If Y{4|H#IN.�z and b}4aH#I2.�z then YOe F b}4aH#I2.�z and YOf F b~4aH#I2.�z ,

where k is in theset J&nUK$o�K�pUK�q#K�r�K���M ( � is theemptymarking)and the fol-
lowingconditionshold:

(a) A�BDCFE z 9?Y_e F b2;WT]A�BDCFE z 9:Y_f F b2;�Td9�A�BFCFE z 9?YO;@A�BDCFE z 9?bN;�; ,
(b) If k =’ p ’ then A�BDCFE z 9?YO;\T]A�BDCFE z 9?b2; ,
(c) If k =’ q ’ or k =’ r ’ and A�BDCFE z 9?bN;\TX3 then A�BDCFE z 9?YO;\Tg9?3�3�; .

Notation: We use YOe��Lb (or YOf,��b ) asa patternmatchingany of thecategories YOe F b
(or Y_f F b ), where k|4[J&nUK$o�K�pUK�q#K�r�K���M .

We definetwo notionsof equivalencebetweendecoratedcategories.Equivalence
betweencategoriesspecifieswhenapairof derivationtreesof twocategoriesisalegiti-
mateorderstatementin theordercalculus.Formalequivalencebetweentwodecorated
categoriesmeansthat they mayonly bedifferentin their semanticfeatures.Two dec-
oratedcategoriesaresemanticallyequivalentif their semantictype is the same.The
latterrelationcontainsof coursethe formerrelation,andhenceallows moreexpress-
ible ordercalculi. We define:

Definition 6 (formally equivalentcategories)For any two decorated categoriesYNK�b 4�H#IN. z we say that Y is formallyequivalentto b , and denote Y����Xb ,
iff:

1. Y and b are primitiveand Y]T]b or J&Y2K�bUM�TXJ$G�K G�M , or
2. Y]TXY���e���YO� , bZTXb���e��LbO� , Y���� � Y_� and b���� � bO� , or
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3. Y]TXY � f � Y � , b|Thb � f � b � , Y � ���NY � and b � ����b � .
Definition 7 (semanticallyequivalentcategories)For anytwodecoratedcategoriesYNK�bd4[H#I2. z wesaythat Y is semanticallyequivalentto b , anddenoteY]����b , iffA�BDCFE z 9:Y_;\T]A�BDCFE z 9?b2; .
To give an example,it is standardto assignthe type � to the primitive category np
(for noun phrases)and to give the type �y0 to the primitive category n (for nouns).
Consequently, the categoriesn and G�f�v�w (for transitive verbs)becomesemantically
equivalent.A grammarcanthusassignthecategory 9�v&f�v�;�e C 9�G�f�v�w�; to awordlike who,
in its useasasubject-orientedrelativizer(asin thenominalchild whowalks), encoding
the(correct)assumptionthat thesemanticsof this constructionis conjunctive (e.g. �
is achild whowalksif f � is a child and � walks).

We usea variantof thestandardapplicative AB calculusover thedecoratedcate-
gories,which is responsiblefor derivationof syntacticanalysesfor givenexpressions.
Theonly differencefrom thestandardAB calculusis thatheretheargumentcategoryb in a functorcategory Y_e"b (or YOf�b ) maybedecorateddifferentlythanthecategoryb�� thatcombineswith thefunctor. Thereforewe requireformal equivalencebetweenb and b � , andnot simply identity.

Definition 8 (AB calculus) For any two decoratedcategories Y_e � b (or YOf � b ) andb � � � b wehavethefollowing(back)slasheliminationrules.

YOe���b b �Y ���
b � YOf,��b

Y ���
Notation: We usethe ’ � ’ signasa patternmatchingboth ’ e ’ and’ f ’, in caseswhere
thedirectionof theslashis immaterial.In suchcasesthepatterns
YU� � b b �Y � � and

b � YU� � bY � �
eachmatchbothof theabove eliminationrules.

TheAB calculustogetherwith a lexiconconstitutea grammar, usedfor assigning
derivationtreesto naturallanguageexpressions.Thederivationtreesarethesyntactic
objectsfor which the ordercalculusis definedbelow. The definition of the lexicon
andderivationtreesis straightforward.We addto any lexicon theword ��� (the”top
word”) of category G , whoseusewill becomeclearin thesequel.

Definition 9 (lexicon) A lexiconis a pair ����K�����AL� , where � is a finitesetof wordss.t.� �8�4�� , and ����A is a functionfrom �m 8J&� � M to non-emptyfinite subsetsof H#IN.2z
s.t. ����A¡9:����;�TZJ G�M .
Definition 10 (derivation tree) A labeledtreeT is a derivationtreefor a string 7¢4� u iff: (i) Thefrontier of T is labeledby theelementsof 7 , (ii) Everyleaf � in T has
nobrotherand £¤��¥FE�£�9�¦[§�A�¨)E�©�9?�ª;�;j4[����A¡9:£¤��¥FE�£�9?�ª;�; , and(iii) Theinternal nodesin
T (thosenot in its frontier) forma proof treein theABcalculus.

Themainpartof thesystemis theorder calculusdefinedbelow, which is theen-
ginethatderivessemanticorderrelationsbetweenderivationtreesof naturallanguage
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Premise Conclusion
conjunction disjunction« TX� or « TX¬ ­j9?�@K�¬�;=® « « ®°¯j9:�<K�¬�;« ®°� and « ®°¬ « ®°­j9?�<K�¬�;�5® « and ¬±® « ¯j9?�@K�¬�;�® «

Table1: conjunctionanddisjunctionrules

expressions.The formulasmanipulatedby this calculusareorderstatementsbetween
derivation treesof formally or semanticallyequivalentcategories. Thus,the general
form of formulasin thiscalculusis:t@² ®¢³�´ , wheret@² and ³�´ arederivationtreesof categoriesY and b respec-

tively suchthat Y°� ��µ � b .
Notationalconventions:’ ¶<�N·]¶F� ’ insteadof ’ ¶F��®]¶^� ’; ’ ¶<��TZ¶F� ’ insteadof ’ ¶F�2®¶<� and¶<�O®¢¶F� ’. Notethatall thedecoratedcategoriesin H#I2.�z arebasedonboolean
categoriesin H#IN. > . Therefore,it makessenseto compareany two derivationtrees
thathave semanticallyequivalentcategoriesat their roots,asthesemanticdomainsof
all decoratedcategoriesareguaranteedto beordered.

Having specifiedtheitem formsin thesystem,we cannow move to thedefinition
of theinferencerulesin theordercalculus.Inferenceruleswith nopremisesareorder
axioms, and they imposeorderstatementsbetweennaturallanguageexpressionsof
certainconstructions.Otherrulesderiveorderstatementsfrom givenorderstatements.
Two simplerulesin the system,reflectingbasicpropertiesof the ’ ® ’ relation(inde-
pendentof derivationtreesthat it relates)areReflexivity andTransitivity. In addition,
therearerulesthat treatspecificstructuresgeneratedby theAB calculus.We identify
threetypicalstructures:functionapplication,modificationandcoordination.

Functionapplication is generalapplicationof (back)slasheliminationruleswith
nofurtherrestrictions.In thiscasewederiveanorderingbetweeņ¹9:��; and º@9?¬�; using
two rules:(i) Monotonicity– wherȩ6T»º is a monotonicfunctionandanorderingis
givenbetween� and ¬ ; and(ii) Functionreplacement– whereanorderingis givenin
bothrelationbetween� and ¬ (i.e. they aresemanticallyequivalent)andanordering
is givenbetweeņ and º (whichdonothave to bemonotonic).

Modificationholds in the specialcaseof function applicationwherethe domain
andtherangeof ¸ arethesame.A RestrictiveModificationaxiomderivesthenanor-
derbetween� and ¸\9?�ª; . Coordinationis asituationwherea”Curried” function k isof
type 3<9?3�3�; . Thatis, k hastwo argumentsof thesametypeastheresult.Coordination
rulesderive anorderbetweenk¼9?�@K�¬�; and « usingordersbetween« and � and/orbe-
tween« and ¬ . Theserulesaresummarizedin table1 for conjunctionanddisjunction
and they reflect the fact that conjunction/disjunction aregreatestlower bound/least
upperboundoperatorswith respectto the ’ ® ’ relation. In theordercalculusdefined
below, we sparethedefinitionof thedisjunctionrules,becauseof their obvioussym-
metry with the conjunctionrules. An additionalrule, combiningcoordinationand
functionapplication,reflectsourassumption(following ParteeandRooth(1983))that
all coordinatorsin naturallanguagearepointwiseoperators. That is, if k is a poly-
morphiccoordinatorthen 9?k¾½�¿LÀ&Á:½Â½�¿LÀ&Á:½*¿LÀ�ÁÂÁÃ9?¸ ¿LÀ KVº ¿LÀ ;�;
9?� ¿ ;\TXk@À�½�À
À�ÁL9?¸\9?��;LKVº@9:��;�; .
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Theordercalculusembodiestheseassumptionswithin a grammarinducedby the
directedAB calculus.Wegivetwo versionsof thiscalculus.Version1 of thiscalculus,
formalizingSánchez’proposal,usesformalequivalencebetweencategories.Thesec-
ondversionusessemanticequivalencebetweencategoriesandaddsconjunctionrules.

Definition 11 (order calculus1 (OC1)) In thefollowing deductionrules,‘ � ’ stands
for ‘ � � ’ (formalequivalencebetweencategories).

Reflexivity: Ä¶Å®Æ¶ REFL Transitivity : ¶D�j®¢¶<� ¶<�O®¢¶)Ç¶D�j®¢¶)Ç TRANS

Monotonicity :
t ´ ®¢³ ´È ²DÉ Ê ´ t ´

Y � � ®·
È ²DÉ Ê ´ ³ ´

Y � �
MON

’ Ë ’ and’ Ì ’ for ’ Í ’ and’ Î ’ respectively.

Function
Replacement:

t ²DÉ Ï ´ ®¢³ ²iÐ�É Ï ´ Ð È ´ ®°Ñ ´ Ð Ñ ´ Ð ® È ´
t ²FÉ Ï ´ È ´

Y � � ® ³ ² Ð É Ï ´ Ð Ñ ´ Ð
Y � � �

FR

where Ò6ÓSÒ Ð , Ô[Ó5Ô Ð .
Restrictive
Modification :

Ät ²)Ð�É
R
² ³ ²
Y � � � ® ³ ²

RMOD

where Ò6ÓSÒ Ð .
Definition 12 (order calculus2 (OC2)) Thesecondversionof theordercalculus,OC2,
usestherulesof theabovecalculusOC1,with ‘ � ’ standingfor ‘ ��� ’ (semanticequiv-
alencebetweencategories),andaddsthefollowing deductionrules,

Conjunction: Õ
Ö)×,Ø � Ù�Ú?�C ÛÝÜ ÛÒ�Þ Ô � �~ß ÙÒ � �

Ëáà
C1

Ö ÐØ�â Ë ß Ù Ö ÐØ�â Ë Ü Û
Ö ÐØ�â Ë Ö)×,Ø � Ù�Ú?�C ÛÝÜ ÛÒ=Þ Ô � �~ß ÙÒ � �

C2

where àsã ß Ù or àSã Ü Û
PointwiseCoordination: ä
å$æ,æ�ç�è é�ê¤è æ�ç�è é"ê,ê¤è æ�ç�è é�ê�ëÃç�è é×,Ø � Ù�Ú?� ×ìØ � Ù"Ú � �]í ç�è éØ � Ù � �Xî éØ � �

=
å â æ ç�è ç�ê¤è ç ëÃç�è é î éØ � �Ø � Ø � � í ç�è é î éØ � �Ø � �

PWC

Wedefineprovability in theordercalculusq astherelationthatexistsbetweenafinite
set ïÅTaJ t@ð ®°³ ð P�ñ 48J�ò�ó+ó¤ó,-@M�M of premiseorderstatementsandany orderstatementt ®¢³ derivedfrom ï in q usingapplicationof inferencerules.
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Notethefollowing simplefactaboutthissystem.
Fact 1 (i) Any conjunctivecategory 9?YU��b2;$�C q can be replacedby 9?YU�R b2;
�C q with
no loss of generality. (ii ) Any conjunctivecategory 9?YU��b2;
�C q can be replacedby9?YU� u b2;$� u q with no lossof generality
In otherwords,this fact statesthat it is provablein the systemthat (i) any conjunc-
tion combineswith its first argumentto yield a restrictive modifier andthat (ii) that
conjunctionis upwardmonotoneonbothits arguments.

To illustrate the useof the above rules,we give below someexamplesfor order
statementsbetweennaturallanguageexpressionsthatcanbeobtainedby directappli-
cationof theserulesto treesderivedby a simplelexicon for theAB calculuslike the
onedefinedin thenext section.For simplicity of notationweomit thederivationtrees
of theexpressionsandjustaddparentheseswherenecessary.ô tall(student)® student(restrictiveadjectivemodification)3

yesterday(ran) ® ran (restrictiveadverbmodification)ô some(tallstudent)® some(student)(upwardmonotonicityof some)
every(student)® every(tall student)(downwardmonotonicityof every)ô (everystudent)(ran) ® (everytall student)(ran) (functionreplacement)ô studentwhoran ® student,
studentwhoran ® ran (conjunctivebehavior of relatives)ô everystudentandsometeacher ran = everystudentran andsometeacher ran
(pointwisecoordination)

For proving thesoundnessof this systemwe usea standardextensionof the AB
calculussuchthatany derivableexpressionis assigned,besidesa category Y , alsoa
lambdaterm õ of type A�BDCFE z 9:Y_; . For lexical items this term is stipulatedand for
complex items it is derived inductively usingthe Curry-Howard isomorphism.The
modelsfor anorderstatement¶ � ®ö¶ � , where¶ � and ¶ � arederivationtreesderiving
categories Y��
K�YO� and terms õW�LK�õ\� respectively, are the standardmodelsfor Inten-
sionalLogic with therestrictionthat thedenotationof a termassignedto any lexical
item � of category b hasin every modelthe semanticpropertiesdecoratingb . For
instance,thedenotationof aword � of category b���e�uFb_� shouldbeanupwardmono-
tonefunctionin every model.Theorderstatement¶ � ®¢¶ � getsthevalue A
©"÷iE / ø���£�ùLE
in amodel ú accordingto whetherthedenotationin ú of theterm õW� assignedto ¶D�
is orderedas“lessor equal”to thedenotationin ú of theterm õ\� assignedto ¶<� . This
semanticorderingis accordingto the naturalsemanticrelation û definedasfollows
for any lambdatermsõW�
K�õ\� of thesamebooleantype 3 :
Primitive 3 : whetherü ü,õ ��ý ýÂþ ûXü ü,õ �Vý ýÂþ holdsis givenfor all possiblevaluesof 3 .
3¼Tg9?3$��3L�L; : ü ü,õW� ý ý þ ûhü ü,õ\� ý ý þ holdsif f for every ÿ in ú of type 3$� theorderingü ü,õ ��ý ý þ 9�ÿ ;=ûXü ü'õ �Ãý ý þ 9�ÿ ; holds.
Using thesefairly standardnotions,it is easyto show that therulesin the two order
calculi definedabove aresound.Whetherthesecalculi arecomplete,or extendableto
a completeproofsystem,is currentlyunknown to us.

3Non-restrictive adjectiveslike fakedo not follow thispattern(e.g.a fakediamondis notadiamond),
andwe assumethat this non-restrictivenessshouldbe reflectedin thecategory of theadjective, so that
themodificationrule doesnot applyto them.
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4 The order calculusasan inferencesystemfor natural language

In this sectionwe briefly illustratehow theordercalculusOC2asdefinedabove can
beusedfor deriving inferencesin naturallanguage.To do thatwe have to addthree
ingredientsto thesystemdescribedsofar: apresentationof naturallanguagesentences
asorderrelationsthatcanbemanipulatedby theordercalculus,aconcretelexicon,and
lexical/extra-logicalorderrelations,whicharenotaccountedfor by thecurrentversion
of theordercalculus.We describethesethreepartsandthengive someexamplesfor
derivationsin theresultingsystem.

4.1 Assertionsasorderrelations

Thepremisesandthegoalin thesystemassertionsof naturallanguagesentences.We
regardsuchassertionsasorderstatementsof theform

� ®¢¶ , where¶ is a derivation
treeof asentenceand

�
is notationfor thefollowing specialderivationtree.

� T � �
�

Thus,we treatassertionsasa specialcaseof orderstatements,betweena derivation
treeof a sentenceanda ”top” elementthatcorrespondsto thetruthvalue”true”. This
allows usto have a singleuniform item form in thesystem,encodingbothassertions
of sentencesandorderrelationsbetweenany linguisticexpressions.Thus,in alinguis-
tically motivatedsystemthatgetsinputsin theform of naturallanguagesentences,the
assumptionsandthegoalareof thefollowing form.

Assumptions/Goal:
� ® t�� , t�� is aderivationtreederiving G .

4.2 Lexiconandadhocsyntacticrules

Weusealexicon thatwill allow usto demonstratethemainpropertiesof thesystemin
treatingmonotonicandnon-monotonicexpressions.Theset . / of primitivetypeswe
useincludesthetypes0 (for truth values),� (for entities)and � (for naturalnumbers).
The booleanprimitive categoriesin . / > are 0 and � . The setof primitive categories
with their correspondingtypes(assignedby the A�BFCFE / function)is:

s: 0 G : 0 np: � v : 9?�y0 ; num: �
The categoriess and G arefor sentences,np is for nounphrases,v is for nounsand
num is for numerals.A lexiconusingthesecategoriesis givenin table2.

In orderto givea propertreatmentof coordinationandof quantifiedNPsin object
position,the AB calculusitself is insufficient. Insteadof usinga moresophisticated
coresyntacticcalculus,weuseadhocschemesthataddselementsto thelexicongiven
in figure2. Theseschemesaddmorecategoriesto lexical itemsof two kinds:

1. Lexical itemsof categoriesthat containthe category GVf F 9�G�e�v�w&; , of quantifiers
in subjectposition. The schemereplacesthis category by the corresponding
category for quantifiersin objectposition: 9�G�f�v�w&;�f F 9�9�G�f�v�w�;�e�v�w&; . For instance:
we addto thedeterminerevery thecategory 9�9�GVf¡v�w&;�f u 9�9�GVf¡v�w&;�e�v"w&;�;�e x v .

2. Coordinatorsof category 9�G�f�G�;�e F G arealsogivena category 9���f	��;�e F � , for each
category Y in the(finite!) category closureby theAB calculusof categoriesin
thelexicon obtainedin step1.
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Word(s) Category
every 
���
���
�������������
����
no 
���
���
�������������
����
some 
���
���
�������������
����
at least 
�
���
 � 
�������������
 � ����
 � �����
atmost 
�
���
 � 
�������������
 � ����
 � �����
exactly 
�
���
�
�������������
�����
������
two,three,four �����
student,teacher, person �
boys,girls, people �
ran,walked,smiled,moved �������
hugged,kissed,touched,admired 
�����������
����
tall, short,young,old ��
 R �
deliberately, yesterday 
������������R 
����������
who 
���������
 C 
����������
and 
���������
 C �

Table2: a lexicon

� ®
 �!" $#&%

' �)(&* ' �)+-,$.�/�/�(�01, t12
G�e u 9�G�f�v�w&; ��� ³ ��34245G ���
t 2 ® ³ ��34245

6

Figure1: postulateonevery

We do not give full formalizationsof theseschemeshere,sincethey areusedonly
for our wish to usea simplestversionof categorial grammarso to concentrateon the
problemsof computingorderstatements.A morecomprehensive syntacticcalculus
(e.g.asin Carpenter(1997)) wouldeliminatetheseschemesaltogether.

4.3 Lexical/extra-logicalorderstatements

We postulatethe following orderstatementsbetweenderivation treesof simpleex-
pressions(for simplicity, only the expressionsaregiven, without the corresponding
derivationtreesin thegrammar):ô exactly= at leastandat mostô two ® three ® fourô student® person, teacher ® person, boys ® people, girls ® peopleô ran ® moved, walked ® movedô hugged® touched, kissed® touched
Anotherad hocorderrelationis derivedby thepresenceof thedeterminereveryand
is given in figure1. This rule is usedto enrichthe systemwith moreorderrelations
derivedfrom naturallanguageassumptions(in theform ‘everyx y’). A morecomplete
treatmentof quantifierswouldeliminatethis rule.
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4.4 Examples

Example 1 Sánchez(1991) observesthat in a premisesentencethe numberof up-
ward/downwardmonotonicfunctionsthat takescopeover a given expressiondeter-
mineswhethera replacementof this expressionby a ”bigger”/”smaller” expressionis
truth-preserving.For instance,considerthetwo soundinferencesbelow.

(1)
everystudentkissedevery teacher

every studentkissedevery tall teacher

(2)
every studentwhokissedevery tall teachersmiled

everystudentwhokissedevery teachersmiled
In inference(1), the objectnounphraseevery teacher canbe replacedby every tall
teacher, preservingthe truth of the premise. This is by virtue of the fact that the
derivationtreesfor thenominalsteacher/tall teacher, which areorderedaccordingto
theModificationaxiom,areargumentsof every in a positionthatis downwardmono-
tonic, andthe whole objectNP is in thescopeof the nounphraseevery studentin a
positionthatis upwardmonotonic.By contrast,in inference(2) thesamenounphrase
appearsin a downwardmonotonicposition:thenominalstudentwhokissedeverytall
teacher is a first argumentof every, which is markedasdownwardmonotoneon this
argument.Consequently, (2) showsa reverseinferencerelationto (1): in (2) thesen-
tencewith themodifiednominalentailsthesentencewith thenon-modifiednominal,
andis not entailedby it. Theoppositedirectionsfor theseinferencesarenot provable
thanksto thesoundnessof thesystem.

Let us seehow the above inferencesystemderives this fact. First, the system
derivesa ‘ ® ’ order relationbetweenthe two verb phraseskissedevery teacher and
kissedevery tall teacher. This is formally describedin figure 2. In inference(1),
the verbphrasekissedevery (tall) teacher is anargumentof the (lifted) nounphrase
every student, whosecategory is markedwith ‘ n ’ on this argument. Therefore,the
systemdirectly proves the ® orderingbetweenthe premise 7¹� and the conclusion
7<� usingthe MON rule. Oncesuchanorderstatement7F�5®87@� is proven between
sentences,thefactthattheassertionof 7F� is givenin theform

� ®97F� allowsderiving
by Transitivity

� ®:7<� , which is theassertionwe need.By contrast,theinferencein
(2) is derivedbecausethecategoryof therelativewho is markedby ‘C’, henceby fact
1 it behaveslike acategorymarkedby ‘ n ’. ThisderivesusingMON thestatementwho
kissedeveryteacher ® whokissedeverytall teacher. Further, FunctionReplacement
derivesstudentwhokissedeveryteacher ® studentwhokissedeverytall teacher. But
usingMON andthe ‘ o ’ sign on the category of every we now derive every student
whokissedevery teacher · every studentwhokissedevery tall teacher, andanother
FunctionReplacementstepderivesa ® orderstatementbetweenthepremiseandthe
conclusionin (2).

Example 2 Anotherpropertyof thesystemis thatwhena givenpremiseis manip-
ulatedusingthe Monotonicity rule, differentargumentsof onefunctionmayrequire
substitution by otherarguments.This meansthat sometimesoneapplicationof the
Monotonicity rule maynot be enoughto derive orderrelationsevenat onesyntactic
level, andintermediatederivationtreesmayneedto begeneratedin theproofprocess.
For instance,considerthesoundinferencesin (3).
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Figure2: kissedevery teacher® kissedevery tall teacher

(3) no teacherran
no tall teacherranyesterday

every teacherranyesterday
every tall teacherran

Usingonlyoneapplicationof theMonotonicityrulewecannotderivetheseinferences,
andwe needto useintermediatesentenceslike no tall teacher ran (or no teacher ran
yesterday) andeveryteacher ran (or everytall teacher ranyesterday). Theconclusion
is thenprovenusingtheTransitivity rule.

Example 3 We canobserve the useof morethanonepremiseandthe conjunctive
meaningof therelativeby proving thefollowing inference.

(4)
every studentsmiled nostudentwhosmiledwalked

nostudentwalked
Theproof is basedon thefollowing steps.Firstwe obtainstudent® smiledusingthe
ad hocrule on simpleeverysentences.Thenby Reflexivity student® studentandby
conjunctionrule C2 we get student® studentwhosmiled. Downwardmonotonicity
of noandFunctionReplacementderivethestatementnostudentwhosmiledwalked ®
nostudentwalked.

Example4 Oneof thesurprisingfeaturesof thissystemis thatusingthemonotonic-
ity andconjunctionruleswecanprovesomenon-trivial inferenceswith non-monotonic
expressions.Thijsse(1983) notesthatmany non-monotoneexpressionsin naturallan-
guagecanbeexpressedasconjunctionsof monotonicexpressions.For instance,the
non-monotonicexactly is equivalentto a conjunctionof themonotonicat leastandat
most. This fact makesit possibleto prove inferenceslike thefollowing.

(5)
exactly four tall boyswalked at mostfour boyswalked

exactly four boyswalked
Theproof startsby usingour lexical assumptionexactly= at leastandat most. Con-
secutive stepsof PointwiseCoordinationandFunctionReplacementleadto at least
andat mostfour tall boyswalked= at leastfour tall boyswalkedandat mostfour tall
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boyswalked. By C1thederivationtreeof thissentenceis smallerthanat leastfour tall
boyswalked, which in turn, by upwardmonotonicityof at leastfour andRMOD, is
smallerthanat leastfour boyswalked. Theconclusion

� ® at leastfour boyswalked
andthesecondpremisein (5) leadby C2to

� ® at leastfour boyswalkedandat most
four boyswalked, whichusingsomestepsof FRandPointwiseCoordinationleadto at
leastandat mostfour boyswalked, whichasbeforeis equalto theconclusionin (5).

5 Proof search algorithm

Thealgorithmwe introducebelow is a functionderive thatsearchesfor a proofof an
orderstatement7 / ®S7 in the ordercalculusOC1(definition11), givena (possibly
empty)finite set Y of orderstatementpremises¶ � ® ¶ �� , ¶ � ® ¶ �� etc. The trees¶F��K�¶F��K�¶^�yK�¶ �� etc.areall derivationtreesin theAB calculususingagivenlexicon(not
necessarilythe onegiven in section4). This algorithmcanbe immediatelyusedto
searchfor aproofof anassertion

� ®97 givenasetof premises
� ®97 � , � ®97 � etc.,

where7\K�7¹��KB7<� etc.arederivationtreesof naturallanguagesentences.
We introducethe function derive in two steps. First, we simplify the problem

by assumingthat the orderpremisesin Y canbe usedto replaceany subtreeof 7 /
in order to derive 7 . This meanswe ignore two aspectsof the order claculus: the
generationof axiomaticorderstatementsusingtheRestrictiveModificationaxion,and
thestructuralrestrictionstheMonotonicityandFunctionReplacementrulesimposeon
thepossibilityto replaceonesubtreeby another. Ignoringthesetwo aspects,whatwe
get is a treegeneratingregular systemasdefinedin Brainerd(1969). After definining
this treegeneratingsystemweintroduceaversionof thealgorithmderive thatdecides
whetheran orderstatement7 / ®T7 is derive by the premisesin ï andthe regular
system.A simplemodificationof this algorithmsolvestheoriginal problemof proof
searchin theordercalculus.For spaceconsiderations,we defercorrectnessproofsto
thefull versionof thispaper.

Let us first definea treegenerating regular system, which can be viewed as a
simplificationof theordercalculus.

Definition 13 (treegeneratingregular system) A treegeneratingregularsystemis a
pair ����K�ï�� , where � is a finite alphabetand ï is a finite set J��:¶ ð K�¶ �ð � P ò¼® ñ ®Å-@M
s.t.for each ñ : ¶ ð and ¶ �ð arebinary treeslabelledwith symbolsfrom � , and ¶ ð �T]¶ �ð .
Thissystemisusedto transformalabelledtree 7 / into alabelledtree 7 bysequentially
replacingoccurrencesof ¶ ð by ¶j�ð . This is formally definedin thenext two definitions.
In thenotationbelow, when ¶ is a labelledtreeover analphabet� , we use £+��¥FE¡£�9�¶_;
to denotethelabelof ¶ ’s root, £ 9�¶O; and ©�9�¶_; to referto the(possiblyempty)left and
right subtreesof ¶ .

Definition 14 (derivation step) Let 7 / and 7 betwo binary treeslabelledwith sym-

bolsfrom � . We saythat therelation 7 / �U 7 (read: 7 / derives7 in onestep)holds
in a grammar ����K�ï�� iff oneof thefollowingholds:

1. ��7 / K�7��W46ï .
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2. ��7 / K�7�� �46ï , 7 / �TV7 , £¤��¥FE�£�9M7 / ;\TX£+��¥FE¡£�9�7�; andoneof thefollowingholds:

(a) £ 9�7 / ;WTX£ 9M7�; and ©�9�7 / ; �U ©�9�7W; .
(b) ©¡9M7 / ;�Th©¡9M7�; and £ 9M7 / ; �U £Ã9�7�;

Definition 15 (derivation sequence)Let 7 / K�7F��K
ó
ó$ó�K�7XW beasequenceofbinarytrees
labelledwith symbolsfrom � . We saythat thesequenceis a derivationsequencein a
grammar ����K�ï�� iff oneof thefollowingholds:

1. Y TVZ
2. Y\[]Z , 7 / �U 7F� , and 7F�LK
ó$ó
ó�KB7^W is a derivationsequence.

Thealgorithmgivendescribedbelow determineswhethera labelledbinarytree 7
is derive from 7 / usinga regular system ����K�ï�� . Thealgorithmusestwo additional
parameterscalled Y (for Assumptions)and _a`	bdc�e . The Y parametercontainsthe
indices ñ of the pairs �:¶ ð K�¶ �ð � that areavailable in the proof. The _a`	bfc�e parameter
keepstrackof all the pairsof treesthat appearedin recursive calls to the algorithm.
Thus,theinitial call is with Y]TZJ�ò�K$ó¤ó¤ó¤K�-@M and _g`Dbfc�ejT Ä . Whenattempingto derive
7 from 7 / wedistinguishbetweentwo cases:

1. In thederivationof 7 thatis beingsearchedfor, thereis no full replacementof a
treeusinganassumption�?¶ ð K�¶ �ð � . In sucha casewecanfollow thedefinitionof
derivationsequencesandsearchfor proofsfrom £Ã9�7 / ; to £ 9�7W; andfrom ©�9�7 / ;
to ©�9�7�; , provided £+��¥FE�£�9�7 / ;=T|£+��¥FE¡£�9�7�; . This is doneusinga functioncalled
subderive.

2. In thederivationof 7 thatis beingsearchedfor, a treeis replacedcompletelyat
somepoint. If theleftmosttreewith thispropertyis ¶ ð , wehave to subderive ¶ ð
from 7 / (sincethereis no full replacementleft to ¶ ð ) andto derive 7 from ¶ �ð .
In thiscasewecanobviouslyassumethattherewill benoreoccurringuseof the
sameassumptionfor sucha completereplacement.Hence,in therecursive call
to derive, we omit ñ from theindicesof availableassumptions.

In eachrecursive call to derive or subderive, we addthepresentgoal ��7 / KB7�� to the
setof goalsin the _a`	bfc�e parameter, aproof for whichshouldnotbesearchedfor. This
preventsrepetitionof attemptsto prove thesamegoal,whichmaycausethealgorithm
not to terminate.

Thederiveandsubderivefunctionsaredefinedbelow for a regularsystem����K�ï��
s.t. ��ï¼��TX- andtwo binarytrees,7 / and 7 , markedby signsfrom � .

h E¡©	ikjiE)9�7 / K�7\K�Y2K�_a`	bdc�e$;<T
1. if ��7 / KB7��W4l_a`	bfc�e thenreturnfalse
2. _g`	bdc�e ��m _g`	bdc�eW �J���7 / K�7W��M
3. if ù�÷<¥ h E¡©	ikjiE<9�7 / K�7¾K4_a`	bfc�e � ; thenreturntrue
4. for eachñ 46Y :

if ù�÷<¥ h E¡©	ikjiE<9�7 / K�¶ ð K�_a`	bfc�e � ; and
h E�©Dikj)E^9�¶ �ð KB7\K�Y[fOJ ñ M�K4_g`	bdc�e � ;

thenreturntrue
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5. returnfalse

ù�÷<¥ h E¡©	ikjiE)9?p / K�pUK4_g`Dbfc�e
;@T
1. if p / TXp thenreturntrue
2. if £+��¥FE¡£�9?p / ;WTX£+��¥FE¡£�9?p�; and

h E�©	i�j)Ei9:£ 9?p / ;LK�£ 9?p�;yKLJ�òWóLó
ó?-@M�K4_g`Dbfc�e
; andh E�©Dikj)E^9:©¡9:p / ;LK�©�9?p�;yK�J�ò\ó
óLó?-@M�K4_g`	bdc�e$; thenreturntrue
3. returnfalse

Weclaimthatthefunction
h E�©	i�j)Ei9�7 / KB7\KLJ�ò"K
ó¤ó�ó¤K�-@M�K Ä ; terminatesfor all 7 / K�7 and

regularsystemsandreturnsA
©"÷iE if andonly if thereis aderivationsequenceof 7 from
7 / in thesystem.

Theabove algorithmis adecisionprocedurefor regularsystems,alternativeto the
proposalin Brainerd(1969), whichis moreconvenientto ourpresentpurposes.It cap-
turesonly theuseof orderpremisesto replaceonesubtreeby another. Thealgorithm
mimics the Transitivity rule of calculusOC1,andit canbe furthermodifiedto yield
a proof searchalgorithmfor this calculus. The modificationsareneededonly in the
subderive function, sincethe replacementof a whole treeusingan orderstatement
remainsunchanged.If p / and p aretwo labeledderivationtrees,wecandetermineifp is subderived from p / by checkingthepossibilitiesfor changingderivationtreesin
theordercalculus:

1. If p / is a restrictivemodificationconstruction,thenomissionof a modifier”en-
larges” it to p � accordingto theRMOD axiomshouldallow to derive p fromp � .

2. If p / is anotherfunction-argumentconstruction,thepossibilitiesto subderivep from p / dependon theotherpossiblefunction-argumentrelations,according
to theFRandMON rules.

ù�÷<¥ h E¡©	ikjiE)9?p / K�pUK4_g`Dbfc�e
;@T
1. if p / TXp thenreturntrue

2. if p / T
³on É p n t n

b q"rfs h E�©	i�j)Ei9 t n K�pUKLJ�òWóLó
ó?-@M�K4_g`	bdc�e$; thenreturntrue

3. a. if p / T
³ > É � n t nt q"rfs�p T

³ �> É Ï n t � nt q"rfs h E�©	i�j)Ei9�³�K�³ � KLJ�òWó
ó$ó�-@M�K�_a`	bfc�e
;
q"rfs h E�©	i�j)Ei9 t K t � KLJ�òWó
ó
ó?-@M�K�_a`	bdc�e$; thenreturntrue

b. if p / T
³ > É Ï n t nt q"rfs�p]T

³ �> É � n t � nt q"rfs h E�©	i�j)Ei9�³�K�³ � KLJ�òWó
ó$ó�-@M�K�_a`	bfc�e
;
q"rfs h E�©	i�j)Ei9 t K t � KLJ�òWó
ó
ó?-@M�K�_a`	bdc�e$; thenreturntrue

4. a. if p / T
³ > É � n t nt q"rfs�p]T

³ �> É Ï n t � nt qurfs h E¡©	ikj)Ei9�³�K�³ � KyJ�ò�ó$óLó�-@M�K4_g`Dbfc�e
;
q"rfs h E�©	i�j)Ei9 t � K t KLJ�ò�ó
óLó?-@M�K�_a`	bdc�e$; thenreturntrue

b. if p / T
³ > É Ï n t nt q"rfs�p]T

³ �> É � n t � nt qurfs h E¡©	ikj)Ei9�³�K�³ � KyJ�ò�ó$óLó�-@M�K4_g`Dbfc�e
;
q"rfs h E�©	i�j)Ei9 t � K t KLJ�ò�ó
óLó?-@M�K�_a`	bdc�e$; thenreturntrue
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5. if p / T
³ > É Ï n t nt q"rfs#pXT

³ �> É Ï n t � nt q"rfs h E�©	i�j)Ei9�³�K�³ � KLJ�òWó
ó$ó�-@M�K�_a`	bfc�e
;
qurfs h E�©Dikj)Ei9 t n K t � n�KyJ�ò�ó$óLó�-@M�K4_g`Dbfc�e
;^q"rfs h E¡©	ikj)Ei9 t � n�K t n KLJ�ò�ó
óLó�-<M�K4_a`	bfc�e
;
thenreturntrue

6. returnfalse

6 Conclusions

The designof a proof systemfor naturallanguageis of coursea hugetask,mostof
whoselimits arepresentlystill unknown. Webelievethatin orderto exploretheselim-
its it is advisableto attemptdirectionsthatuseasmany insightsaspossiblefrom logic,
computerscienceandlinguistics. In this paperwe attemptedto show thatanattempt
to usenaturallanguagesyntaxtogetherwith principlesfrom higherordermodelthe-
oreticsemanticsmaybeworthwhile. Much work is left to bedoneon extendingthe
system,exploringpossiblecompletenessresultsandimproving theproof searchalgo-
rithm, which is presentlyof (at least)exponentialcomplexity. On theotherhand,the
semanticandsyntacticflexibility of theproposedsystem,andits conceptualsimplicity,
suggestthatsuchanenterprisecouldbehighly rewarding.
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