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Abstract This paperdevelopsa versionof Natural Logic — an inferencesystemthat works directly
on naturallanguagesyntacticrepresentationsyith no intermediatdranslationto logical formulae. Fol-

lowing work by Sanchez1991), we develop a small fragmentthat computessemanticorderrelations
betweenderivation treesin Cateyorial Grammar Unlike previous works, the proposedsystemhasthe

following new characteristics(i) It usesorderingsbetweenderivation treesas purely syntacticunits,

derivableby aformal calculus.(ii) Thesystemis extendedfor conjunctive phenomendike coordination
andrelative clauses.This allows a simple accountof non-monotonicexpressionghat are reducibleto

conjunctionsof monotonicones. (i) A preliminaryproof searchalgorithmbasedon a treegenerating
regularsystemis developedfor Sanchez'smallerfragmentof NaturalLogic.

1 Intr oduction

Model-theoretisemanticheoriesof naturallanguageassumehatmostlinguistic ex-
pressions- or even all of them— represenbbjectsin partially ordereddomainsso
thatmeaningof expression®f the samecateory are naturallycomparable Formal
semanticgreatsorderrelationsbetweerexpression®f comple catgoriesascompo-
sitionally derivedfrom ordersbetweerexpression®f simplercatejories,accordingo
the structuralrulesof a givengrammarandcertainsemantigropertiesof words. For
instancethedenotatiorof thenominalexpressiortall studenis semanticallysmaller
than” the denotationof the noun studentin every model. This simple ordering,to-
getherwith the”order reversing”meaningof the determinemo, is responsibldor the
factthatthenounphrasenotall studenis semantically'greaterthan”the nounphrase
no studenin every model. At thetop level, theseorderstatementsesultin asemantic
orderingof naturallanguagesentencesln anadequatesemanticheory this ordering
correspond#o anintuitivelyvalid entailmentelationbetweersentenced-or instance,
theaforementionedrderstatementgpgethemwith the otherelementsn thesentence,
areresponsibldor thevalid conclusionof the sentencdohnsawno tall studenfrom
the premiseJohnsawno student

Fruitful asthis view on inferencein naturallanguages, its formulation within
model-theoreticemanticss notimmediatelyhelpful for the designof computation-
ally significantinferencesystems. The projecton which this paperreportsaimsto
develop aninferencesystemfor naturallanguageusingbasicinsightson orderrela-
tionscomingdirectly from model-theoretisemanticshut usingonly proof-theoretical
symbolicmanipulatiorof naturallanguagesyntacticrepresentationwith no appealo
models. On the other hand, the direct relationshipsbetweenstructuresand mean-
ingsin model-theoretisemanticsllows usto dispensavith thetranslationof natural
languagesyntacticrepresentationsto a level of logical representationRather in-
ferencesare computeddirectly from semanticallyannotatedsyntacticderivationsof
expressions.

In SAncheZz1991), asimilarconceptiorof Natural Logicis usedo describecertain
semantigropertiesof naturallanguagesxpressions Sanchezproposes mechanism




thatdecoratesateyorial grammarproofsof naturallanguage=xpressionsisingsigns
thatindicatethe monotonicitypropertiesof theseexpressions- whetherthey are”or-
der preserving”or "order reversing”. Sanchezshows that this monotonicitymarking
canbe usedto accountor non-trivial inferencesn naturallanguage However, while
Sanchez’annotationof proof treesis rigorously defined,the derivation of the order
statementthatusethemis notfully formalized.A similarlimitation existsin morere-
centextensionsf SGnchez'work, asin Bernardi(1999. Therefore Sanchez'system
andits currentdecendentdonotfully deriveinferencedetweematurallanguagesen-
tencesThefirst stepwe takein this papeiis to useSancheztreatmenbf monotonicity
for definingorderstatementgaspurely syntacticrelationsbetweenderivationtreesin
catgyorialgrammayusingaformal calculuswe call theorder calculus As alogic this
“naturallogic” is differentthantraditionalconception®f logic asa closureof a setof
atomicformulasundercertainoperatorsHereeachformulais a pair of derivationtrees
in Categyorial Grammarmndthereforehewhole powerof CGis neededo describdor-
mulas.Anothernon-olviousquestioraboutSanchez'systenis whetherthistreatment
of monotonicitycanextendto cover inferencesvith nonrmonotonicexpressionsWe
shaw thatatleastfor a (large) subsebf non-monotonigtems,suchatreatments pos-
sibleusinganovel treatmenbf coodinationin naturallogic thatreliesonthesemantic
fact thatitemslike and andor aregreatestower bound/leastipperboundoperators
respectrely with respectio the orderrelationsin the catgoriesthey applyto. This
immediatelycapturesentailmentswith so called continuousnon-monotoniaexpres-
sions,which asprovenin Thijsse(1983 areequivalentto conjunctionsof monotonic
expressions.Anotherquestionaboutnaturallogic is whethervariantsof this system
are decidable.We proposea positive answerto this questionby developinga proof
searchalgorithmfor our formulationof Sanchez’system.Thealgorithmis basedna
simpleprocedurdor identifyingtreesgeneratedby regular systemg¢Brainerd(1969).

Section2 briefly discussegrevious works on inferencein naturallanguageand
their relationswith the presententerprise.Section3 developsa cateyorial inference
systenformalizingSanchezwork andextendsit to treatcoordination. Sectiord gives
asmalllexiconfor thesystenthatis usedfor illustratingits applicationfor someinfer-
enceswith naturallanguagesentencesSection5 developsthe proposedoreliminary
proof searchalgorithmand sketchedriefly its correctnesproof. A first versionof
aworking prototypefor computinginferencesn naturallogic hasbeenimplemented
usingBob Capentes TLG catayorial grammarparseyanda fuller implementatioris
currentlyunderdevelopment.

2 Previouswork

Purdy(199]) proposesa soundand completeinferencesystemthatis basedon op-
erationswith n-ary relations. The expressve power of this systemlies betweenthe
predicatecalculuswithoutidentity andthepredicatecalculuswith identity. Purdythen
shavs how sentence#n a simple fragmentof English can be easily translatednto
this formalism. It is not clearto us, however, to what extentthe structureof Purdy’s
fragmentresembleghe structureof English. Most notably the Englishnounphrase
is missingfrom this fragment. This is becausehe analysisof structuresof the form



Determiner- Noun- N-ary Predicaterequiresa representatioffor eachof the three
elementsn Purdy’s system.If the determineiis to combinewith the nounfirst, asin
mostEnglishgrammarsthenPurdyssystemwouldrequiretranslatiorprocedureshat
arenot simplerthanthoseneedednto the notationof the standardgredicatecalculus.
Consequentlyit is hardto seehow Purdy’s systemcandealwith commonphenomena
like NP coordinationin anelegantway.

McAllesterandGivan (1992 proposeaninferencesystemhatis soundandcom-
plete,andmorewer decidablein polynomialtime. The systemis basedon so-called
classexpressions- expressionghatdenotesets.A determinetike everycancombine
with two classexpressiondo form an atomicformula. Alternatively, a determiner
a classexpressionanda binary relationcanform togetheranotherclassexpression.
Theseoperationsarequite parallelto naturallanguagestructureandfurthermorethe
time compleity of the systemis ratherlow. However, the proposedogical systemis
pretty weak. For instance sincenegationoperatenly on atomicformulae,a deter
minerlike no canbehandledonly whenit appearsn subjectposition(e.g.no student
smiled but notin objectposition(e.g.Johnlikesnostuden}. In addition,theinference
rulesin thesystemarespecializedor deductionin the proposedragmentof predicate
calculus,andit seemdhardto extendthemfor richerconstructions.

We think that becauseof theselimitations of inferencesystemdor naturallan-
guage,t may be worthwhileto studysystemdike Sanchez’which arein bettercor
respondencé naturallanguagesyntax,andwhoseinferencerulesaremoredirectly
relatedto modeltheoreticsemantic®f naturallanguage Suchsystemanay be appli-
cablefor a larger variety of fragments. The price to be paid for the larger syntactic
flexibility is thatcompleteneseesultsseemharderto obtain. In the next sectionswve
introducea versionof naturallogic andstudyits possibleimplementations.

3 The Categorial InferenceSystem

In this sectionwe introducethe two calculi thatwill be usedto computeinferences
with (non-)monotonicexpressions. A cateyorial calculus,a variantof the simple
AB-calculus,is responsibldor assigningderivationtreesdecoratedvith monotonic-
ity markingto expressionf naturallanguage.An order calculusis responsibldor
deriving booleanorderstatement®n suchderivation trees. Especially this calculus
derives orderrelationsbetweensentencesyhich correspondo semanticentailment
relations?

We first definethe decoiated categories of the grammar Thesecateyoriesare
basedon a small setof primitive categoriesandits standardextensionto the setof
catgoriesin applicative catgorial grammay with the additionalfeaturethat deco-
ratedcategyoriescan have signsmarkingcertainsemantigropertielike monotonic,
restrictve, or conjunctive behaior of expressionghatderive them). A standardcor
respondencéetweendecoratectatgoriesand functional semantictypesis defined.
This is neededot only for the standardiefinition of a type-theoreticatemanticsbut
furthermorefor the specificatiorof which expressiongpossiblyof differentsyntactic

IHereandhenceforthwhenwe talk aboutentailmentrelations,we alsoconsidercasesvherethere
aretwo or morepremises.



catgyories)areof thesamesemantidypeandhenceshouldbecomparablén the order
calculus.The subsebf cateyoriesthatis of specialinterestin our inferencesystemis

the setof booleancategories thosecateoriesthat correspondo booleantypes. For

this subsetorderrelationsare easiesto define. We follow KeenarandFaltz (1989

andeliminatenon-booleartatgyoriesfrom thesetof decoratedateyories. Thedefini-
tionsbelow introducetypesandcategoriesin thesystem.Hereanhenceforthpy types
wereferto semantidypesandby categoriesto syntacticcareyories.

Definition 1 (types) Let T° be somefinite setof primitive typesthat includest (for
"truth value’). Thesetof typesis thesmallestsetT thatsatisfies:

1. T°CT,

2. If 7 € T ando € T thenalso(ro) € T.

Definition 2 (booleantypes) Let T C T° be somefinite setof primitive boolean
typess.t.t € TY. Thesetof booleantypess thesmallessetT;, C T thatsatisfies:

1. TY C Ty,

2. If 7 € T ando € Ty thenalso(ro) € Ty.

The setof (undecoratedyategoriesis standardlydefinedasin applicatve cate-
gorial grammar(in “result on left” style slashformat), with a mappingtype from
catgoriesto types.We assumehatthesetof primitive catgyoriesincludesatleasttwo
designatedateyories,s (for sentencesands (a category whoseusewill becomeclear
aswe goalong).

Definition 3 (categories) LetC AT beafinitesetof primitive categoriess.t.{s,5} C
CATY. Lettype® : CAT? — T bea typingfunctionfor this sets.t. type®(s) =
type’(s) = t. Thesetof categoriesis definedfogethemwith its typingfunctiontype
extendingtype®, asthesmallesisetCAT that satisfies:
1. CAT® C CAT. Forany A € CAT" : type’(A) = type(A).
2.If A € CAT and B € CAT thenA/B € CAT and A\B € CAT, and
type(A/B) = type(A\B) = (type(B) type(4)).

Definition 4 (booleancategories) ThesetC AT, of booleancateyoriesis definedby
{A € CAT : type(A) € T;} - thesetof catggorieswhosetypeis boolean.

We use annotationson elementsfrom the set of booleancategoriesto encode
threekindsof semantigropertiesmonotonicityrestrictivemodificationrandconjunc-
tion/disjurction. Theannotatiorusesa semantideaturef’ € {+, —, R,C, D} onthe
main (back)slasttonstructorof the cateyory, for denotingupward(+) monotonicity
downward(—) monotonicity Restrictie modification,Conjunctionand Disjunction,
respectiely.? Theannotation/” on a cateory A /"B thatis assignedo anexpression
o meanghat« is upward/devnwardmonotonerestrictive etc.

2In fact, thesepropertiesarenot mutually exclusive, nor do they completelyfollow from oneanother
For instance a restrictve modifier may or may not be upwardmonotone but a conjunctionis always
upwardmonotoneon both its aguments(seefact 1 belov). A more comprehensie treatmentwould
allow decoratinga catgyory by a setof semantideaturespr evena feature structure of suchfeatures.



Monotonicity A cateyory A/B or A\ B whereboth A and B are booleancan
be decoratedy a monotonicity+/— sign, for upward/devnwardmonotonicity For
instance assigningthe decorateccateory (s/* (s\np))/~n to the determinerevery
specifieshe (correct)assumptiorthat this determinelis downwardmonotoneon its
nominalagumentand, furthermore,that the noun phraseit generategof the lifted
catgyjorys/* (s\np)) is upwardmonotoneonits verbphraseagument.

RestrictiveModificatiornt A booleancategorythatcorrespondso atyperr canbe
restrictive in imposingan orderingbetweenan expressionit combineswith andthe
resultof the combination.For instance we saythatyestedayis a restrictve (adver
bial) modifier becausenyonewho ranyesterdaynecessarilyan. Likewise, tall is a
restrictve adjective becausaryonewho is atall studentfor instancejs by necessity
astudent.Theannotatiorfor restrictvenesss 'R’.

ConjunctioriDisjunction: A booleancateyory thatcorrespondso atyper(r7) is
in facta”coordinator”,whichcanbemarkedoy a C/D sign,for conjunction/disjinction.
Threedifferentkinds of conjunctionsare conjunctivecoordinations(e.g. walkedand
talked, relative clausege.g.a manwhowalked andintersectivemodification where
conjunctionis implicit (e.g.a bluecar is a car whidh is blue).

ThesetCAT, of decoatedcategoriescontainsthe booleancateories,possibly
markedfor monotonicity conjunction/dgjunction or restrictveness.

Definition 5 (decoratedcategories) The set of decoatedcategories is defined,to-
getherwith its typingfunctiontype? extendingtype, asthesmallesisetCAT, that
satisfies:
1. CAT, C CAT,. ForanyA € CAT;: type?(A) = type(A).
2.If A € CAT;andB € CAT; thenA/ffB € CAT; and AYB € CATy,
whee F isin theset{+, —, R,C, D, ¢} (¢ is the emptymarking)and the fol-
lowing conditionshold:
(@) type’(A/"B) = type?(A(B) = (type’(A) type’(B)),
(b) If F=" R’ thentype?(A) = type?(B),
(c) If F="C" or F=' D’ andtype?(B) = 7 thentype?(A) = (r7).

Notation: We useA/*B (or A\ B) asa patternmatchingary of the cateoriesA /FB
(or AXB), whereF € {4+, —, R,C, D, ¢}.

We definetwo notionsof equivalencebetweerndecoratectateyories. Equivalence
betweercatgoriesspecifiesvhenapairof derivationtreesof two cateyoriesis alegiti-
mateorderstatemenin the ordercalculus.Formal equivalencébetweertwo decorated
catgoriesmeanghatthey mayonly bedifferentin their semantideatures.Two dec-
oratedcateyoriesare semanticallyequivalentf their semantiaypeis the same.The
latter relationcontainsof coursethe formerrelation,andhenceallows moreexpress-
ible ordercalculi. We define:

Definition 6 (formally equivalentcategories) For any two decomlted cateyories
A, B € CAT? we saythat A is formallyequivalentto B, and denoteA =; B,
iff:

1. A andB areprimitiveand A = B or {A, B} = {s,s}, or

2. A= Al/*AQ, B = Bl/*BQ,Al =y Ay and By =f By, or




3. A= /41&&42, B = B1Y‘B2, Aq =f Aq and By =f Bs.

Definition 7 (semanticallyequivalentcategories) For anytwo decoatedcatejories
A, B € CAT? wesaythat A is semanticallyequivalento B, anddenoted =, B, iff

type’(A) = type’(B).

To give an example, it is standardo assignthe type e to the primitive category np
(for noun phrasesyndto give the type et to the primitive catgory n (for nouns).
Consequentlythe cateyoriesn ands\np (for transitve verbs)becomesemantically
equivalent.A grammaicanthusassigrthe category (n\n) /(s\np) to awordlike whq,
in its useasa subject-orientedelativizer (asin thenominalchild whowalks, encoding
the (correct)assumptiorthatthe semantic®f this constructionis conjunctve (e.g.
is achild whowalksiff z is achild andz walks).

We usea variantof the standardapplicative AB calculusover the decoratedate-
gories,whichis responsibldor derivationof syntacticanalysedor givenexpressions.
Theonly differencefrom the standardAB calculusis thatherethe algumentcateyory
Bin afunctorcategyory A/ B (or A\ B) maybedecoratedlifferentlythanthecateyory
B’ thatcombineswith thefunctor. Thereforewe requireformal equivalencebetween
B andB’, andnot simply identity.

Definition 8 (AB calculus) For any two decoated categories A/*B (or A\ B) and
B’ = B wehavethefollowing (bad)slasheliminationrules.

AFB B B' AYB

—  /E —— \E

A A

Notation: We usethe’|" signasa patternmatchingboth’/’ and’\’, in caseswhere
thedirectionof theslashis immaterial.In suchcaseghepatterns

AB B g B_ArB

7‘4 e an 7/4 |E
eachmatchbothof theabove eliminationrules.

The AB calculustogethewith alexiconconstitutea grammar, usedfor assigning
derivationtreesto naturallanguagexpressionsThedervationtreesarethesyntactic
objectsfor which the order calculusis definedbelon. The definition of the lexicon
andderivationtreesis straightforward.We addto ary lexicon theword w+ (the "top
word”) of catgyorys, whoseusewill becomeclearin thesequel.

Definition 9 (lexicon) A lexiconis a pair (3, cat), whee X is a finite setof wordss.t.
wr € X, andcat is a functionfromX U {w} to non-emptyfinite subsetof CAT,
s.t.cat(w+) = {s}.

Definition 10 (derivation tree) A labeledtreeT is a derivationtreefor a string o €
vt iff: (i) Thefrontier of T is labeledby the elementf o, (i) Everyleafz in T has
no brotherandlabel(mother(z)) € cat(label(z)), and(iii) Theinternalnodesin
T (thosenotin its frontier) form a prooftreein the AB calculus.

The main partof the systemis the order calculusdefinedbelow, whichis the en-
ginethatderivessemanticorderrelationsbetweerderivationtreesof naturallanguage



Premise Conclusion

conjunction | disjunction
z=zorz=y | ANz,y) <z|z<V(z,y)
z<zandz <y |z < Az,y)
z<zandy < z V(z,y) < z

Table1: conjunctionanddisjunctionrules

expressionsThe formulasmanipulatedy this calculusareorderstatementbetween
derivation treesof formally or semanticallyequivalentcateyories. Thus,the general
form of formulasin this calculusis:
ay < B, wWherea 4 andgp arederivationtreesof categjoriesA and B respec-
tively suchthatA =, B.
Notationalcorventions:'Ty > 17’ insteadof 'T7 < Ty'; "1y = 17’ insteadof "1 <
Ty, andT, < T}'. Notethatall thedecorateatatgyoriesin CAT, arebasednboolean
catgyoriesin CAT,. Therefore,t makessenseo compareary two derivationtrees
thathave semanticallyequivalentcateyoriesat their roots,asthe semanticdomainsof
all decoratedatgoriesareguaranteetb be ordered.

Having specifiedtheitem formsin the systemwe cannow move to the definition
of theinferencerulesin the ordercalculus.Inferenceruleswith no premisesareorder
axioms andthey imposeorder statementbetweennaturallanguagesxpressionsof
certainconstructionsOtherrulesderive orderstatementfrom givenorderstatements.
Two simplerulesin the system reflectingbasicpropertiesof the’ <’ relation(inde-
pendenbf derivationtreesthatit relates)are Refleivity and Transitivity. In addition,
therearerulesthattreatspecificstructuregeneratedby the AB calculus.We identify
threetypical structuresfunctionapplication modificationandcoordination.

Functionapplicationis generalapplicationof (back)slasteliminationruleswith
nofurtherrestrictions.In this casewe derive anorderingbetweenf(z) andg(y) using
two rules: (i) Monotonicity—wheref = ¢ is amonotonicfunctionandan orderingis
givenbetween: andy; and(ii) Functionreplacement wherean orderingis givenin
bothrelationbetween: andy (i.e. they aresemanticallyequivalent)andan ordering
is givenbetweenf andg (which do nothave to be monotonic).

Modificationholdsin the specialcaseof function applicationwherethe domain
andtherangeof f arethesame.A RestrictiveModificationaxiomderivesthenanor-
derbetween: andf(z). Coominationis asituationwherea”Curried” function /' is of
typer(77). Thatis, F' hastwo agumentf thesametypeastheresult. Coordination
rulesderive anorderbetweent'(z, y) andz usingordersbetween: andz and/orbe-
tweenz andy. Theserulesaresummarizedn tablel for conjunctionanddisjunction
andthey reflectthe fact that conjunction/digunction are greatestlower boundleast
upperboundoperatorswvith respecto the’ <’ relation. In the ordercalculusdefined
below, we sparethe definition of the disjunctionrules,becausef their obvious sym-
metry with the conjunctionrules. An additionalrule, combiningcoordinationand
functionapplication reflectsour assumptiorffollowing ParteeandRooth(1983))that
all coordinatorsn naturallanguageare pointwiseoperators. Thatis, if /7 is a poly-

morphiccoordinatorthen(F(W)((W)(W))(fw, g,,—g))(xq—) = Fcr(cra) (f(m),g(m))



Theorder calculusembodiegheseassumptionsvithin a grammaitinducedby the
directedAB calculus.We givetwo versionsof this calculus.Versionl of this calculus,
formalizing SGnchez’proposalusesformal equivalencebetweercategories. The sec-
ondversionusessemantiequivalencebetweercatgoriesandaddsconjunctionrules.

Definition 11 (order calculus1 (OC1)) In thefollowing deductiornrules,'=" stands
for ‘=’ (formal equivalencdetweercategories).

Reflexivity: - 2 — e Transitivity : 11 < 512 S% <Ts e
Monotonicity: ap < P VN
TagEB_ OB < YagB PB .
A > A

'<"and’>’ for '+’ and’—’ respectively

Function
unctio aA|*B S ﬁA/|*B/ YB S 5B’ 5B' S vB
Replacement .
aA|*B YB ﬁA’|*B’ 5B’
A = A
whereA = A', B=B'.
Restrictive 0
Modification: RMOD
aprs Pa < 5
— -
where A = A’

Definition 12 (order calculus2 (OC2)) Thesecondrersionoftheordercalculus,0C2,
usestherulesof theabovecalculusOC1,with ‘=" standingfor ‘=,’ (semantiequiv-
alencebetweercategories),andaddsthefollowing deductiorrules,

Conjunction:
0 o o’y < Br oy < ve
c2
o
(AlpFc C , Y aB)Cc  YC
—_— |E a'y < —_— E
A|B Bs < T A= AB 7 B
A A 1

whereT =ggorT = ¢

Pointwise Coordination:

PWC

2((A|B)|(A|B)|(A|B) PalB |2 Balp B
(AlB)I(A|B) YalB a)a)la
A|B e A|A A

A A

We defineprovabilityin theordercalculusC' astherelationthatexistsbetweerafinite
setP ={a; < ;11 € {1...n}} of premiseorderstatementsndary orderstatement
a < g derivedfrom P in C' usingapplicationof inferencerules.

8



Notethefollowing simplefactaboutthis system.

Factl (i) Anyconjunctivecategory (A|B)|°C' canbe replacedby (A[RB)[°C' with
no loss of geneality. (ii) Any conjunctivecateggory (A|B)[°C' can be replacedby
(AT B)[*C with nolossof geneality

In otherwords, this fact statesthatit is provablein the systemthat (i) ary conjunc-
tion combineswith its first algumentto yield a restrictve modifier andthat (ii) that
conjunctionis upwardmonotoneon bothits aguments.

To illustrate the useof the above rules,we give belov someexamplesfor order
statementbetweematurallanguage=xpressionshatcanbe obtainedby directappli-
cationof theserulesto treesderived by a simplelexicon for the AB calculuslike the
onedefinedin the next section.For simplicity of notationwe omit thederiationtrees
of the expressionandjustaddparenthesewherenecessary

o tall(student)< studen{restrictive adjective modification§

yesteday(ran) < ran (restrictve adwerbmodification)

e some(tallstudent)< some(studen{upwardmonotonicityof somé

every(studentx every(tall studentYdownwardmonotonicityof every)

e (everystudent)(an) < (everytall student)(an) (functionreplacement)

e studenwhoran < student

studentwhoran < ran (conjunctve behaior of relatives)
e everystudentand someteader ran = every studentran and someteader ran
(pointwisecoordination)

For proving the soundnessf this systemwe usea standardextensionof the AB
calculussuchthatary derivableexpressionis assignedbesidesa catgjory A, alsoa
lambdaterm ¢ of type type?(A). For lexical itemsthis termis stipulatedand for
comple itemsit is derived inductively usingthe Curry-Howvard isomorphism. The
modelsfor anorderstatement’; < 75, whereT; andT; aredervationtreesderiving
catgyories A, A, andtermsy, 1, respectiely, arethe standardnodelsfor Inten-
sionalLogic with therestrictionthat the denotationof a term assignedo ary lexical
item w of catgyory B hasin every modelthe semantigoropertiesdecoratingB. For
instancethe denotatiorof aword w of cateyory B, /* B shouldbe anupwardmono-
tonefunctionin every model. Theorderstatement’; < T, getsthevaluetrue/false
in amodel M accordingo whetherthe denotatiorin M of thetermq, assignedo T}
is orderedas“lessor equal’to thedenotatiorin M of thetermq), assignedo 7. This
semantioorderingis accordingto the naturalsemanticrelationC definedasfollows
for ary lambdatermsz, , 19 of thesamebooleantype r:

Primitive r: whether{¢1],, C [¢],, holdsis givenfor all possiblevaluesof .

T = (mi72): [¥1]ys C [¥2],, holdsiff for every X in M of typer; theordering
[1T3(X) C [92]5(X) holds.

Usingthesefairly standardhotions,it is easyto showv thattherulesin the two order

calculi definedabove aresound.Whetherthesecalculiarecomplete or extendableto

a completeproofsystemjs currentlyunknovn to us.

3Non-restrictve adjectiveslike fakedo notfollow this pattern(e.g.a fakediamondis notadiamond),
andwe assumehat this non-restrictrenessshouldbe reflectedin the category of the adjectve, sothat
themodificationrule doesnot applyto them.



4 The order calculusasan inferencesystemfor natural language

In this sectionwe briefly illustrate how the ordercalculusOC2 asdefinedabove can
be usedfor deriving inferencesn naturallanguage.To do thatwe have to addthree
ingredientdo thesystendescribedofar: apresentatiof naturallanguagesentences
asorderrelationsthatcanbe manipulatedy theordercalculus aconcretdexicon,and
lexical/extra-logicalorderrelations which arenotaccountedor by thecurrentversion
of the ordercalculus.We describethesethreepartsandthengive someexamplesfor
derivationsin theresultingsystem.

4.1 Assertionsasorderrelations

Thepremisesandthegoalin the systemassertion®f naturallanguagesentencesWe
regardsuchassertionsisorderstatementsf theform T < T, whereT is aderivation
treeof asentencandT is notationfor thefollowing specialderivationtree.

we
T= |

S
Thus, we treatassertionssa specialcaseof orderstatementshetweena derivation
treeof asentenceinda "top” elementhatcorrespondso thetruth valuetrue”. This
allows usto have a singleuniform item form in the system encodingboth assertions
of sentenceandorderrelationsbetweerary linguisticexpressionsThus,in alinguis-
tically motivatedsystenthatgetsinputsin theform of naturallanguagesentenceshe
assumptionandthegoalareof thefollowing form.

Assumptions/Goal T < a4, «asisaderivationtreederiving s.

4.2 Lexiconandadhocsyntacticrules

We usealexiconthatwill allow usto demonstratéhemainpropertieof thesystemn
treatingmonotonicandnon-monotoni@xpressionsThesetT? of primitive typeswe
useincludesthetypest (for truth values).e (for entities)andv (for naturalnumbers).
The booleanprimitive catgoriesin T) aret andv. The setof primitive categories
with their correspondingypes(assignedy the type® function)is:

sit st npe ni(et) numw
The cateyoriess ands arefor sentencesp is for nounphrasesn is for nounsand
num is for numeralsA lexicon usingthesecateyoriesis givenin table2.

In orderto give a propertreatmenbdf coordinationandof quantifiedNPsin object
position,the AB calculusitself is insufiicient. Insteadof usinga more sophisticated
coresyntacticcalculus we usead hocschemeshataddselementgo thelexicon given
in figure2. Theseschemesddmorecateyoriesto lexical itemsof two kinds:

1. Lexical itemsof cateyoriesthat containthe cateyory s\((s/np), of quantifiers
in subjectposition. The schemereplaceghis cateyory by the corresponding
categyory for quantifiersin objectposition: (s\np)X((s\np)/np). For instance:
we addto thedeterminereverythe cateory ((s\np)\" ((s\np)/np))/ n.

2. Coordinatorf categyory (s\s) /s arealsogivenacategory (A\A) /A, for each
catgyory A in the (finite!) cateyory closureby the AB calculusof cateyoriesin
thelexicon obtainedn stepl.
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Word(s) Catagory
every (s/*(s\np))/n
no (s/~(s\np))/n
some (s/T(s\np))/*n
atleast ((s/*(s\np))/*n)/~num
atmost ((s/~(s\np))/~n)/*num
exactly ((s/(s\np))/n)/num
two,three,four num
studentteacherperson n
boys,girls, people n
ran,walked,smiled,moved s\np
huggedkissedtouchedadmired | (s\np)/np
tall, short,young,old n/Rn
deliberatelyyesterday (s\np)§(s\np)
who (n\n:)/c(s\np)
and (s\s:)/cs

Table2: alexicon

every
| Qn
T < | (s/F(s\np))/7n .
S/+ (s\np) ﬁs\np
S /E

< ﬁs\np

Figurel: postulateon every

We do not give full formalizationsof theseschemesere,sincethey are usedonly
for ourwish to usea simplestversionof cateorial grammarso to concentrat®n the
problemsof computingorderstatements A more comprehense syntacticcalculus
(e.g.asin Carpentef1997) would eliminatetheseschemesltogether

4.3 Lexical/extra-logical order statements

We postulatethe following order statementdetweenderivation treesof simple ex-
pressiongfor simplicity, only the expressionsare given, without the corresponding
derivationtreesin thegrammar):

e exactly= atleastandat most

e two < three< four

e student< person teader < person boys< people girls < people

e ran < moved walked< moved

e hugged< toudched kissed< toudhed
Anotherad hocorderrelationis derived by the presencef the determinervery and
is givenin figure 1. This rule is usedto enrichthe systemwith moreorderrelations
derivedfrom naturallanguageassumptiongéin theform ‘everyxy’). A morecomplete
treatmenof quantifiersvould eliminatethisrule.
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4.4 Examples

Example 1 Sanchez199]) obseresthatin a premisesentencehe numberof up-
ward/davnwardmonotonicfunctionsthat take scopeover a given expressiondeter
mineswhethera replacementf this expressiorby a "bigger”/’smaller” expressioris

truth-preservingFor instanceconsiderthetwo soundinferenceselow.
0 every studenkissedevery teacher

every studenkissedevery tall teacher
every studenwho kissedevery tall teacheismiled

(2) every studentwho kissedevery teachesmiled
In inference(1), the objectnounphraseevery teader canbe replacedby every tall
teader, preservingthe truth of the premise. This is by virtue of the fact that the
derivationtreesfor the nominalsteader/tall teader, which areorderedaccordingto
the Modificationaxiom,areargumentsof everyin a positionthatis downwardmono-
tonic, andthe whole objectNP is in the scopeof the noun phraseevery studentin a
positionthatis upwardmonotonic.By contrastjn inference(2) the samenounphrase
appearsn adownwardmonotonicposition:the nominalstudentwhokissedeverytall
teader is afirst agumentof every, which is markedasdownwardmonotoneon this
agument.Consequently(2) shavs a reverseinferencerelationto (1): in (2) thesen-
tencewith the modifiednominalentailsthe sentencevith the non-modifiednominal,
andis notentailedby it. The oppositedirectionsfor theseinferencesrenotprovable
thanksto the soundnessef the system.

Let us seehow the above inferencesystemderives this fact. First, the system
derivesa ‘<’ orderrelation betweenthe two verb phrasekissedevery teater and
kissedevery tall teadher. This is formally describedn figure 2. In inference(1),
the verb phrasekissedevery (tall) teader is an argumentof the (lifted) nounphrase
every studenj whosecateory is markedwith ‘+’ on this agument. Therefore the
systemdirectly provesthe < orderingbetweenthe premise.S; and the conclusion
S, usingthe MON rule. OncesuchanorderstatementS; < S, is proven between
sentenceshefactthattheassertiorof S is givenin theform T < S allowsderiing
by Transitvity T < S,, whichis theassertionwe need.By contrasttheinferencein
(2) is derived becausehe cateyory of therelative whois markedby ‘C’, henceby fact
1it behaeslike acatggorymarkedoy ‘ +'. ThisderivesusingMON thestatemenivho
kissedeveryteader < whokissedeverytall teader. Further FunctionReplacement
derivesstudenwhokissedeveryteader < studentwhokissedeverytall teader. But
usingMON andthe ‘-’ signon the category of every we now derive every student
who kissedeveryteader > every studentwho kissedevery tall teader, andanother
FunctionReplacemenstepderivesa < orderstatemenbetweernhe premiseandthe
conclusionin (2).

Example2 Anotherpropertyof the systemis thatwhena given premiseis manip-

ulatedusingthe Monotonicity rule, differentargumentsof onefunction may require
substitution by otheramuments. This meansthat sometimesne applicationof the

Monotonicity rule may not be enoughto derive orderrelationseven at onesyntactic
level, andintermediatederivationtreesmayneedto be generatedh the proof process.
For instancegonsiderthe soundinferencesn (3).

12



0

RMOD

tall teacher teacher
/L | < |
n n n
n /1B "
MON
tall teacher
every v every teacher
(s \ np)¥ (s \ np)/np))/n~ n , 2| (s \ (s \ np)/np))/n n ;
E E
(s \ np)¥ ((s \np) /np) (s \ np)¥ (s \ np)/np)
FR
everytall teacher everyteacher

kissed v kissed v
| > |

(s\np)/np (s \ ) ((s \np)/np) = (s\np)/np (s \ ) ((s \np)/np)
s\np \F s\np

Figure2: kissedeveryteacher kissedevery tall teacher

noteacheran every teacheranyesterday
(3) notall teacheranyesterday everytall teacheran
Usingonly oneapplicationof theMonotonicityrule we cannotderive thesenferences,
andwe needto useintermediatesentencelke notall teacerran (or no teader ran
yesteday) andeveryteaderran (or everytall teaderranyesteday). Theconclusion
is thenprovenusingthe Transitvity rule.

Example 3 We canobsene the useof morethanone premiseandthe conjunctive

meaningof therelative by proving thefollowing inference.
every studensmiled no studenwho smiledwalked

(4) no studentwalked
Theproofis basedon the following steps.Firstwe obtainstudent< smiledusingthe
ad hocrule on simpleevery sentencesThenby Refleivity student< studentandby
conjunctionrule C2 we getstudent< studentwho smiled Downwardmonotonicity
of noandFunctionReplacemenderive the statemenno studentwhosmiledwalked<
no studentvalked

Example4 Oneof thesurprisingfeaturesof this systemis thatusingthemonotonic-
ity andconjunctiorruleswe canprove somenon-trivial inferencesvith non-monotonic
expressionsThijsse(1983 notesthatmary non-monotonexpressionsn naturallan-
guagecanbe expressedasconjunctionsof monotonicexpressions.For instance the
non-monotoni@xactlyis equialentto a conjunctionof the monotonicat leastandat

most Thisfact makest possibleto prove inferencedike thefollowing.
5) exactly four tall boyswalked at mostfour boyswalked

exactly four boyswalked

The proof startsby usingour lexical assumptiorexactly = at leastand at most Con-
secutve stepsof PointwiseCoordinationand FunctionReplacemenkeadto at least
andat mostfour tall boyswalked= at leastfour tall boyswalkedand at mostfour tall
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boyswalked By C1thederivationtreeof this sentencés smallerthanat leastfour tall
boyswalked which in turn, by upwardmonotonicityof at leastfour and RMOD, is
smallerthanat leastfour boyswalked TheconclusionT < at leastfour boyswalked
andthesecondpremisen (5) leadby C2to T < atleastfour boyswalkedandat most
four boyswalked which usingsomestepsof FR andPointwiseCoordinatiorleadto at
leastand at mostfour boyswalked which asbeforeis equalto the conclusionin (5).

5 Proof search algorithm

Thealgorithmwe introducebelow is a functionderive thatsearche$or a proofof an
orderstatementS, < S in the ordercalculusOC1 (definition 11), givena (possibly
empty)finite set A of orderstatemenpremises’; < 77, T; < T} etc. Thetrees
Ty, Ty, Ty, T} etc. areall derivationtreesin the AB calculususinga givenlexicon (not
necessariljthe onegivenin section4). This algorithmcan be immediatelyusedto
searchfor aproofof anassertionlT < S givenasetof premisest < 5y, T < 55 etc.,
wheres, Sy, S, etc. arederivationtreesof naturallanguagesentences.

We introducethe function derive in two steps. First, we simplify the problem
by assuminghat the order premisesn A canbe usedto replaceany subtreeof Sy
in orderto derive S. This meanswe ignore two aspectf the order claculus: the
generatiorof axiomaticorderstatementssingtheRestrictive Modificationaxion,and
thestructuralrestrictiongheMonotonicityandFunctionReplacementulesimposeon
the possibility to replaceonesubtreeby another Ignoringthesetwo aspectswhatwe
getis atreegeneratingegular systenasdefinedin Brainerd(1969. After definining
thistreegeneratingystemwe introducea versionof thealgorithmderive thatdecides
whetheran orderstatementS, < S is derive by the premisesn P andthe regular
system.A simplemodificationof this algorithmsolvesthe original problemof proof
searchin the ordercalculus.For spaceconsiderationsye defercorrectnesproofsto
thefull versionof this paper

Let usfirst definea tree geneating regular system which can be viewed as a
simplificationof theordercalculus.

Definition 13 (tr eegeneratingregular system) A treegeneratingegularsystemis a
pair (X, P), whee X is a finite alphabetand P is a finite set{(7;, 7)) : 1 < i < n}
s.t.for eachi: T; and 7 are binary treeslabelledwith symboldrom, andT; = T7.

Thissystems usedo transformalabelledtreeS, into alabelledtreeS by sequentially
replacingoccurrencesf T; by T;. Thisis formally definedin thenext two definitions.
In the notationbelow, whenT' is alabelledtreeover analphabet:, we uselabel (T')
to denotethe labelof 7’sroot,1(7") andr(7') to referto the (possiblyempty)left and
right subtreeof 7.

Definition 14 (derivation step) Let .S, and S betwo binary treeslabelledwith sym-
bolsfromY.. We saythat therelation S, R (read: S, derivesS in onestep)holds
in agrammar(X, P) iff oneof thefollowing holds:

1. <SQ,S> e P.
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2. (S0, 5) ¢ P, So # S, label(Sy) = label(S) andoneof thefollowing holds:

(@) 1(So) = 1(S) andr(So) = r(S).

(b) r(So) = r(S) and1(So) = 1(S)
Definition 15 (derivation sequence)LetSy, Sy, .. ., S, beasequencefbinarytrees
labelledwith symboldrom3:. We saythatthe sequencés a derivationsequencén a
grammar(X, P) iff oneofthefollowingholds:

1. m=0

2. m>0,5 = 5, andSy, ..., S, isaderivationsequence

Thealgorithmgivendescribedelon determinesvhethera labelledbinarytree S
is derive from Sy usingaregular system(3:, P). Thealgorithmusestwo additional
parametergalled A (for Assumptionsland Goals. The A parameteicontainsthe
indicesi of the pairs (T3, T}) thatare availablein the proof. The Goals parameter
keepstrack of all the pairsof treesthat appearedn recursve calls to the algorithm.
Thus,theinitial calliswith A = {1, ..., n} andGoals = (). Whenattempingo derive
S from S, we distinguishbetweertwo cases:

1. Inthederivationof S thatis beingsearchedor, thereis no full replacemenof a
treeusinganassumption7;, 7). In sucha casewe canfollow the definitionof
derivation sequenceandsearchfor proofsfrom 1(.Sy) to 1(.S) andfrom r(Sy)
to r(S), providedlabel (Sy) = label(S). Thisis doneusingafunctioncalled
subderive

2. Inthederivationof S thatis beingsearchedor, atreeis replaceccompletelyat
somepoint. If theleftmosttreewith this propertyis 7;, we have to subderiveT;
from Sy (sincethereis no full replacemenleft to 7;) andto derive S from 7.
In this casewe canobviously assumehattherewill benoreoccurringuseof the
sameassumptiorfor sucha completereplacementHence,in therecursve call
to derive, we omit ; from theindicesof availableassumptions.

In eachrecursve call to derive or subderive we addthe presenigoal (Sy, ) to the
setof goalsin the(oals parameteraprooffor which shouldnotbesearchedor. This
preventsrepetitionof attemptgo prove thesamegoal,which may causehealgorithm
notto terminate.

Thederive andsubderivefunctionsaredefinedbelow for aregularsystem(¥, P)
s.t.| P| = n andtwo binarytrees,S, andS, markedby signsfrom X.

derive(Sy, S, A, Goals) =
1. if (So, S) € Goals thenreturnfalse
2. Goals' + Goals U{(Sq,S)}
3. if subderive(Sy, S, Goals') thenreturntrue
4. for eachi € A:
if subderive(Sy,T;, Goals') andderive(1}, S, A\ {i}, Goals')
thenreturntrue
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5. returnfalse

subderive(Ry, R, Goals) =
1. if Ry = R thenreturntrue
2. if label(Ry) = label(R) andderive(l(Ry),(R),{1...n}, Goals) and
derive(r(Ro), r(R),{1...n}, Goals) thenreturntrue
3. returnfalse

We claimthatthefunctionderive(Sy, S, {1, ...,n}, 0) terminatedor all Sy, S and
regularsystemsndreturnstrue if andonlyif thereis aderivationsequencef S from
Sp in thesystem.

Theaborve algorithmis a decisionprocedurdor regularsystemsalternatve to the
proposain Brainerd(1969, whichis morecorvenientto our presenpurposeslt cap-
turesonly the useof orderpremisego replaceonesubtreedy another The algorithm
mimics the Transitwvity rule of calculusOC1, andit canbe further modifiedto yield
a proof searchalgorithmfor this calculus. The modificationsare neededonly in the
subderive function, sincethe replacementbf a whole tree usingan order statement
remainsunchangedlf R, and R aretwo labeledderivationtrees we candetermineaf
R is subderived from Ry by checkingthepossibiliiesfor changingderivationtreesin
theordercalculus:

1. If Ry is arestrictive modificationconstructionthenomissionof a modifier”en-
larges”it to R’ accordingto the RMOD axiom shouldallow to derive R from
R

2. If Ry is anotherfunction-agumentconstructionthe possibilitiesto subderive
R from R, dependntheotherpossiblgfunction-agumentrelationsaccording
to theFRandMON rules.

subderive(Ry, R, Goals) =
1. if Rg = R thenreturntrue

Bajra  Qa
2. if Ry :|T and derive(a,, R,{1...n}, Goals) thenreturntrue
Byta  Qa Bira
3. a. if Rp = b and R = b and derive(g, 5, {1...n},Goals)
and derive(a, o/, {1...n}, Goals) thenreturntrue
Boj*a  Qa Bij+a
b. if Ry = b and R = b and derive(g, 5/, {1...n}, Goals)
and derive(«, o/, {1...n}, Goals) thenreturntrue
Bol-a Bira
4, a. if Ryp = b and R = b and derive(3, §',{1...n}, Goals)
and derive(o/, o, {1...n}, Goals) thenreturntrue
Brpra  Qa Bh-a
b.if Ro= b and R = b and derive(3, 5, {1...n}, Goals)

and derive(o/, o, {1...n}, Goals) thenreturntrue
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ﬁb|*a Qg ﬁgﬂ*a O(;

5,if Rg= b andR= b and derive(s, ', {1...n}, Goals)
and derive(a,, o/, {1...n},Goals) and derive(a),, a,,{1...n}, Goals)
thenreturntrue

6. returnfalse

6 Conclusions

The designof a proof systemfor naturallanguages of coursea hugetask, mostof
whoselimits arepresenthystill unknovn. We believe thatin orderto explorethesdim-
its it is advisabldao attemptirectionsthatuseasmary insightsaspossiblefrom logic,
computerscienceandlinguistics. In this paperwe attemptedo showv thatan attempt
to usenaturallanguagesyntaxtogetherwith principlesfrom higherordermodelthe-
oretic semanticsnay be worthwhile. Much work is left to be doneon extendingthe
system exploring possiblecompleteneseesultsandimproving the proof searchalgo-
rithm, which is presentlyof (at least)exponentialcompleity. On the otherhand,the
semanti@andsyntactidlexibility of theproposesystemandits conceptuasimplicity,
suggesthatsuchanenterprisecouldbe highly rewarding.
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