














Figure 4.10: Riemann map of a polygon to a disk computed using Hilbert coordinates.
(bottom row) polygon with image texture and a checker board texture. (3’d row) mapping to

disk. (top two rows) zoom in.
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5 Conclusions and Discussion

In this work we suggested several approaches for addressing the challenging task of detail
preserving shape deformation. We first tackle the problem of deforming and animating a
discrete surface represented as a triangle mesh. The deformation process is guided by a set of
example shapes and is controlled by an intuitive skeletal structure. We were able to synthesis
realistic deformations which preserve fine geometrical details of the shape as well as conform

to the characteristic of the shape even under extreme deformations.

We continued our research by taking a somewhat different approach based on space
deformation. Allowing barycentric coordinates to be complex-valued functions, we created
the new concept of complex barycentric coordinates. We derive several specific recipes for
such coordinates based on the Cauchy transform. The most fundamental one is the Cauchy
coordinates which was shown to be equivalent to the Green coordinates. Such coordinates has

the potential to produce detail preserving planar space deformations.

We further showed how to generate pure conformal maps that conforms to exact prescription
of the angular change along the boundary of the domain. Generalizing the previously derived
Cauchy coordinates to have quadratic precision as well as to accommodate singularities, we
were able to derive new type of complex coordinates which we name the Hilbert coordinates.
Using this type of coordinates leads to an efficient and accurate way for creating foldovers-
free shape preserving planar mappings. Our framework also has a remarkable inherent ability
to interpolate and animate shapes in a shape preserving way such that each in-between shape

is guaranteed to be conformal as well.

While we hope that we were able to push the state-of-the-art a little further toward better
shape deformation algorithms, there are still unresolved issues and open questions to answer.
Complex barycentric coordinates has many appealing properties and were shown to be
extremely useful for creating planar deformations. Since real-valued barycentric coordinates
has been applied to a diverse range of applications in geometric processing and data
interpolation, it is then interesting to investigate the use of complex coordinates for other uses
beside deformation. In particular, it will be interesting to find the connection to surface
parameterization algorithms. Another future research direction is the generalization to 3D.

Complex numbers has several extensions to higher dimensions however, conformal maps
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rarely exist in 3D which hints that straight forward generalization to 3D does not exists. The
work of [BCWG09a; BCWGO09b] provides some insights however, even if we relax the
conformality requirements, it is not clear whether it is possible to generate shape preserving

injective maps which conforms to specific boundary condition.
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Appendix A

Various Proofs for Cauchy-Green Coordinates

Complex barycentric coordinates — similarity reproduction

Theorem 1: Complex barycentric coordinates kj(z) reproduce similarity transformations, i.e:
ij(Z)T(Zj) = T(z)
j=1

where 7 is a 2D similarity transformation.
Proof:

Similarity transformations can be represented using a linear polynomial over the complex
plane in the following way. If the similarity transformation 7 consists of rotation by positive
angle 0, uniform scale s and a translation ¢ = ¢, + it,, then according to the rules of complex

numbers:
T(x+iy)=T(2)=s€z+t =0z +p

Where a and  are complex numbers. Since complex barycentric coordinates reproduce linear

and constant functions by definition, we have:

ikj(z)T(zj)z ikj(z)(azj +B) = aikj(z)zj +BZn:kj(Z) =az+B=T(z2)

Complex barycentric coordinates — affine reproduction

Theorem 2: Complex barycentric coordinates kj(z) reproduce affine transformations of z;
which contain non-uniform scale if and only if the complex conjugates of the coordinates

ki(z) also have linear precision, meaning:

&9



;’5(% =z 1)

Proof:

Let T be a 2D transformation which scales the x and y axes non-uniformly: 7 - (2(;‘ ZOBJ , 0 # B,
apf e R

When applied to complex numbers, 7 can be described as:
T(z)=T(x+iy)=20x+i2By=a(z+2)+P(z—72)
To show that the transform reproduces affine transformations we need to show:
]Z’:;kj(z)(T(zj)) =7(z2)
/an:kj(z)(oc(zj +2,)+PB(z,-Z))=T(2)
(a+B)ik/(z)z_/ +(a—5)2k,(z)z/ =a(z+2)+B(z—2)
= =

(a+B)z+(a—B);§kf(z)Ej —(0+P)z+(a-P)F
Since o#p we have:
Z";kj (2)7,=%
=
and conjugating both sides gives:
gk_j(z)z =z

Hence, complex barycentric coordinates reproduce non-uniform scale if and only if (1) holds.

Any complex barycentric coordinates reproduce similarity transformations by Theorem 1.
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Those two facts together imply that complex barycentric coordinates reproduce affine

transformations if and only if (1) is satisfied.

Complex three point coordinates

Theorem 5: Any set of complex functions k(z) which satisfy
Zn:k‘f (z2)(z;,—2)=0
=

can be represented in the form:

;(m (2) Bf/;‘ @_ m,\(2) Bf/;@ ] (z,-2)=0

41 J

where mj(z) are arbitrary complex functions over Q.

Proof:

Let m; be an arbitrary complex function: m;: Q = C, and define m; , j = 2..n, recursively:

_ A Ak (2)+m; B, ()4,

m, (2)=
Bj+l (Z)Aj
Define:
N B. B.
k/ (2)= m, (2) :;jl:Z) -m;_ (2) J;;fZ)

We claim that £ (z)=#,(z). This holds by construction for j = 2..n. Let us show that it also

holds forj =1.

From Theorem 4 (in chapter 3) we have:
>k (2)(z,-2)=0
j=1

hence:
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w(z)(z,—2) = z w;(2)(z,—2)= z wi(z)(z; —2) =w(2)(z, - 2)
j=2 Jj=2
Since z; — z # 0, we have that w,(z) =w,(z), which concludes the proof.

Limits of discrete Cauchy transform on the boundary

Theorem Al: The limits of the discrete Cauchy transform Cj(w) have constant and linear

precision, meaning: for all w € §, the following holds:

(a) icj(w) =1

(b) _Z”:cj(w)zj =w

Proof:

(a) By definition we have:

PHATE Z( lim €, (w"))

w" —>w

Using the rules of limits, we get:

Z( lim C. (w”’))— lim Zc (W") = lim 1=1

=1 w" 5w w" 5w w" —w

which concludes the proof of (a).

(b) Again, by definition:

ZC(w) 2 (‘th(w’”))

Jj=

Using the rules of limits, we get:

Z( lim C. (w’”))z = lim Zc W)z, = lim w" = w

\1/' 4)14 W *)\4
j=1
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which concludes the proof of (b).

Constant and linear precision of discrete Szego coordinates

Theorem A2: The discrete Szegd coordinates Gj(w) have constant and linear precision,

meaning: for all w € Q the following holds:

(a) Zn:Gj(w):l

(b) 3G (w)z, =w

Proof:

Using the definition of the Szegd coordinates:

n

26,00 =2 C.o0M,, =ick<w>[ZMk,_,)=ick<w>(M1m ) @)

=1 k=1 » =

where [ is a column vector of ones.

Since H is a sampling matrix over the polygon, each of its rows contains ¢ and 1-¢ for some ¢.

Hence, the rows of H sum to unity, and we have:
Hy 0 =1 (3)

Since Cj, have constant precision according to Theorem Al:
CI

nx1 = [/ocl

Multiplying by the pseudo-inverse on both sides:
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1,,=(cc) cu, @)

Plugging in the expression for M, and (3) and (4):
M[nxl = (C*C)il C*Hlnxl = (C*C)il C*[/ocl = Inxl

And back to (2):
6,00 =3 (M) = 36,00 =1

This completes the proof of (a).

Moving to (b), we have:

iGj(w)zj =iick(W)Mk’ij =iCk(w)iMk,jzj =2Ck(w)(Mz)k (5)

Jj=1 k=1

where z is the complex vector z = (zy, 2o, ... , Zy).

Since C is reproducing according to Theorem Al, i.e.:
Zn:Cj W)z, =w
J=1

for w € S, we have that:

Cz=Hz
Multiplying both sides by the pseudo-inverse of C we get:
z=(c’c) C'Hz
Plugging in the definition of M we have: z=M:. Note that this means that z is an eigenvector

of M.
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Plugging this back into (5) gives:
>G,(wz;=).C(w)(Mz), =D C,(w)z, =w
j=1 k=1 k=1

which completes the proof of (b).

Second derivatives of the Cauchy transform on the boundary

The second derivatives of the discrete Cauchy transform are:

¢ =YW, (),

w.(2) —L ! - !
" 2mi B (9)B,(2) B,(2)B,(2)

Since the logarithm function has been eliminated, the derivatives are no longer multi-valued,
and except at the vertices, the second derivative is well-defined, hence, for all z € S, z # {z|,

z2, ... ,Zn}, the following holds:

w,(2) = lim w, (") = w,(2)

Theorem A3: The second derivatives of the Cauchy transform satisfy: for all z € §, such that

m & {zi, 22, ... ,Zn}, the following holds:
(a) Zn: w;(2)=0

=
(b) Zn: wi(z)z; =0

J=1

Proof:

(a) From the definition of w; we have:

e )

2mi 55\ B, (2)B,(2) ) B;(2)B;,,(2)
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Splitting into two sums, and changing the summation index gives:

1 1 1
ZW()‘_(; B, (2)B,(2) ;B@)B,ﬂ(z)] %(;B,_xzw,(z)_,-ZIB,_xz)B,(z)J‘

(b) Again, from the definition of w;:

1 1 13 z, oz
Zw(z) 2 IZ{ ‘,_l<z>B,,.(z>_B,<z)3,+l(z)}"‘%;[B,_mzw,(z) B,_I(Z)B,-(Z)]

By definition: B; = z; — z, hence:
Z, -z, =zj—z—(zj_1—z)=B.—B.

J Jj=1

Plugging this back in the previous expression:

_L(B@-B.@) 1f 1 1) 1
ZW(Z)Z _Z{ j-l(zwj(z)} Zni.le(Bj-l(z) B,-(Z)] 2ni [Z @ 25 (Z)]

j=1 /1/1 J=1

which completes the proof.

Constant and linear precision of Point-2-Point Cauchy coordinates

Theorem A4: The point-to-point Cauchy coordinates, with positional constraints f{wyx) = fi

have constant and linear precision. Meaning: for all m € Q the following holds:

(a) Zp: D, (m)=1

(®)S D, (myw, =m

Proof:

Going back to the definition of the point-to-point Cauchy coordinates:

ZD (m) = ZZC(m)N,” ZC(m)ZNkJ ZC(m)(NIpxl)

Jj=1 k=1
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> D, (myw, = Z(ZC <m>N/c,fjwf =D CMDN, w, = Y Cm) (Nw),

j=1 k=1

As was the case for the Szegd coordinates, to prove constant and linear precision, it is enough

to show that:

NI =1

pxl nxl

Nw=z

Let C be the matrix, whose j-th column is Ci(wy), where wi,wy, ... ,w, € Q are the point
constraints, and let ¥ be the matrix whose j-th column is Wj(m), where m=Hz are the samples

of the polygon. Since the discrete Cauchy coordinates are constant reproducing, we have:
ClLy =1,

In addition, as we showed in Theorem A3:

=0,

Where 0y, is a column vector of k zeroes, where k is the number of samples on the boundary.

Hence, we have:

C 1,
Alnxl = Inxl = g
) oy,

Multiplying both sides by the pseudo-inverse of 4, we have:

1
Inxl = A+ [ pXIJ
Olorl

Since N is defined to be the first p columns of 4", we get: 7, = NI, as required.

In a similar fashion, since C is linear reproducing, combined with Theorem A3, we have:
Az = ¢ z= W
AW 0,
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Again, multiplying both sides by the pseudo-inverse of A4, and using the definition of N we
get:

e LW”“j — Nw
kal
which concludes the proof.

The MLS complex barycentric coordinates

When inspecting the MLS expression for the "as-similar-as-possible" deformation, it is

relatively straight-forward to see that all the expressions can be replaced by their complex

representations. Let p; € Q be the positions of the constrained points, and g; € C their target

position. Let the following expressions be defined as in the MLS [SMWO06] paper:

i f)i(z) =pD; —p*(Z)

W@ = W@ =TGP O

P~

> C}I.(Z) =q; —q*(Z)

. 1
s q (Z) - W*(Z)
In addition, let:
W)=Y w(D)p(p(2) . A)=w(2)p(z-p ()

where Z is the conjugate of z.

The MLS deformation is defined as:
1 VRN *
ms(z): Ai(z)[ Ai(Z)j_l_ (Z)
fon@) = 2,03 53 1

Plugging in our expressions:

1 — 1
Jous(2) = Z[q, N )Z ,,(Z)q,j(ﬁA;(Z)}rw*—(z)ZW,-(Z)%

Rearranging, to obtain the coefficients of ¢;:
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fon(2) = Z@———El(mjﬂ? } PRCTE

< 40 40, 1 o
290 ZL”)Z (”jm> PRERA
_ A(z) w(z) 1 A2
-2 Lw)w@J»w@;%@%me

Changing the summation indices, and rearranging again:

4, (z)

myﬁquV)W@JW(gj(mz

HGE) W)
-5 Vﬂ)w@ ””ZA@J

uz) W@ W@ T e

Finally:
f;11[y (2)= ZM,' (Z)qi

MO A ) 4@
@ w@( 200 ) e
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Appendix B

Limits of the discrete Cauchy-Green coordinates

Notations:

------

€ =(Zj—1’zj)’ €jn =(Zj’Zj+1)

dy=z-z;,, Ap=z,-2
B (z)=z,-z

B,.\(2) [BN)J B,.(2) [ B,(2) J
J log J _ log J
A B,(z) A. B, (2)

J+1 J

C/@)=o

2T

\A,

j+1‘

4]

A'+1 A
—| 1+—= |log| 1+—Z
4, A

log +ikz, 2.z,
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z¢ {ejaej+1}

zee, =

z=z, ,(I-0)+z;
t€(0,1)

zee,,
z=z,(1-1)+z
te(0,1)

=
t

J+l

Z:Zj+1



Appendix C

First Derivative of Cauchy-Green Coordinates and

its limits

Notations:

¢ :(ZJ—I’Z/‘)’ €jn :(Zj’zj+l)

A=z,-z,,

B (z)=z,-z

(o)=L
. A.
dz 2mi Al (logL—nij—Ailog(l+tA’ J
j )

J+ 1-1

undefined

undefined

undefined
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Z¢& {ejﬂejﬂ}

zee, =
z=z, ,(1-0)+zt
te(0,1)

zee, =

Jj+l
z=z,(1-1)+z

t€(0,1)

t

j+l



Appendix D
Second Derivative of Cauchy-Green Coordinates

and its limits

Notations:

¢ :(ZJ—I’Z/‘)’ €jn :(Zj’zj+l)

Ai=z-20, Au=z,-7
B (z)=z,-z
1 1
— z¢le,e;,}
Bj—l(Z)Bj(Z) Bj(Z)Bj+1(Z)
Y zee, =
4+ A,
(rz—t)Azz(l—;;A +4,,) F= 20+
/ s t€(0,1)
d’C, 1 zee, =
- (2)=2—1 A +A4, ™
dz 2mi " z=z,(1-t)+z,t
(1) 4, (14, +4))
' te(0,1)
undefined z=z,,
undefined z=z,
undefined z=z,,
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Appendix E
Third Derivative of Cauchy-Green Coordinates and

its limits

Notations:

e,=(z,..2,), e.=(z.2..1)

A=z -z _, A

J J Jj-1 J+l

B (z)=z,-z

1 1 1 1
2 + 2 2 2 zg{e/,e/”}
B, (2)'B,(z) B,_(2)B,(z)) B,(2)B..(2)' B,(2)'B,,(2)
5,6 2 4 5 2 5 z& e] =
A+ (A4 =244, )0+ (647 +6AA, + A4 )1 +(—6A A, — 44 244 )0 +( 4+ 447, +2414,,)1 -
z=1z,; —t)+zt
(34 434,4,,)0 +(242, —64, 4, — 442 )1+ £ + 42, +24,4,, (0,711) !
te(0,
d’c 1 zee,, =
J - 4 3 4 2 j+1
= (z)—zm_ A+ (24,40 =24, 000 +(A7 4,0~ 44,4, 4 AL+ (<2474, 0 4 24,4,0) 0 + 404,00 L Z’ Atz
,+|
(3A]A]+1+3Aﬁ, ) +(-24,,7 4247 )1- A2 - 4,4, L)
undefined z=z,,
undefined z=z;
undefined z=z,,
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Appendix F
Limits of the generalized Cauchy coordinates

Notations:

e =(z02). en=(z2,)

A=z,-z,,

B (z)=z,-z

Discontinuous quadratic Cauchy coordinates:

B, (2) B.(2)
J-1 J
———— | |B,(2)+ B, (2))]log| ——— |—24, z¢le, e,
Aj2 (( J( ) J‘l( )) g(le(Z) J { J25J 1}
zZEee; =
_t[(1—2t)(log(%j+m']—2] z=z, (I-0)+z1
te(0,1)
V(@) =5
27i zee,, =
4, 214, tA.,
—+1 —+1 |log s +2 z=z (1-t)+z, t
4, 4, 4, + 4, ! !
t€(0,1]
0 z=2z,,
undefined z=z,
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B, (2) B,.(z)
J B.. (2)+B.(2))log| == |-24. ¢le.e.
A/2'+1 E( 'IH(Z) j(Z)) : B, (z) m : {e‘] eﬁ]}
1-1)4 2(1-1)A4 A €47
—)A, —)A, .
QH QH log| ——+1(-2 z=z, (1-0)+zt
A A4, (1-1)4,
‘ te[0,1)
CV;(Z)=L.
27i zee, =
(l—t)((l—2t)(log(lt;t]+7zij—2] z=z,(1-1)+z,,t
te(0,1)
undefined z=z,
0 z=z,,
1 B,(2)
——| 4,,,(B,,,(2)+B,(z))-2B,,,(z)B,(z)log| ——— z¢e,,
Afﬂ( J 1( J+1 J ) J+1 J Bj(Z) J+1
zee, =
120426 (1-1) tog| 22 )+ 7i _—
CEj(Z)Z—_ —2t+ l( —t) og T + 7l Z—Zj( _t)+zj+1t
7 1(0,1)
1 z=z,
-1 z=12,,

Continuous quadratic Cauchy coordinates at a vertex:

- + 1 A'+ .
CV(z)=CV (z)+CV, (zj)_—£10g[“1; i J+z<):szZjZJ+IJ
J

27
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Appendix G
First Derivative of generalized Cauchy coordinates

Notations:

e =(z02). en=(z2,)

Ay=z-z;,, A=

B (z)=z,-z

Discontinuous quadratic Cauchy coordinate derivative:

B, A. B (z
B @ 5y (48, )+ 4, )log| 21 zefe, e}
4, B,(2) B, \(2)
zZe ej =
3+(1—4t)(10g(%j—7zi}—% z=z, (-2t
te(0,1)
DV} (2)=———
2rid, zee,, =
A 414, A
44+—L—|3+—L= |log| —+1 z=z,(1-t)+z t
t4,,, 4, ;. ! !
te(0,1]
undefined z=z,,
undefined z=z,

106



1
DV (z)=
;@) 27id,,,
2
DE (z) = >

j+1

A, B,(2)

Jj+1

1 [ Bj+1 (Z)Aj+1

A

3+(4t—3)(log(1—;t]+7ziJ—l%

undefined

undefined

(B,.1(2)+ B,(2))log (L(Z)] o4,

B,(z)
(1 — 2t)(log (%j + m'j -2
undefined
undefined

, 4(1-1)4, A,
+ j+1 _ 3+ ( ) J log J+1 +
(1-1)4, A, (1-1)4,

+ 3Aj+1 - (4Bj+1 (Z) - Aj+1 )log{

1]

B (z
L()B z¢l{e,e.,}
B,2)

zee, =

z=z, (I-0)+zt
t€[0,1)

zee;,
z=z,(1-t)+z
te(0,1)

=
t

Jj+l

z¢ e_j+1

zee, K —

Jj+l
z=z,(1-t)+z,,t

te(0,1)

Continuous quadratic Cauchy coordinates derivative at a

vertex:

DV (z;,)=DV, (z,)+DV;(z,) = undefined
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