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Complex barycentric coordinates — similarity reproduction
Theorem 1: Complex barycentric coordinates k(z) reproduce similarity transformations, i.e:

ij(z)T(zj) = T(z)

where 7 is a 2D similarity transformation.
Proof:
Similarity transformations can be represented using a linear polynomial over the complex plane in the following
way. If the similarity transformation 7 consists of rotation by positive angle 6, uniform scale s and a translation
t = t, + it,, then according to the rules of complex numbers:

T(x+iy)=T(z)=se’z+t =0z +p
Where o and B are complex numbers. Since complex barycentric coordinates reproduce linear and constant
functions by definition, we have:

ik}.(z)T(zj) = ikj(z)(otzj +B) = qik‘f(z)zj +Bikj(z) =az+B=T(z2)

Complex barycentric coordinates — affine reproduction
Theorem 2: Complex barycentric coordinates k(z) reproduce affine transformations of z; which contain non-
uniform scale if and only if the complex conjugates of the coordinates k;(z) also have linear precision, meaning:

PNACORE ®

Proof:

Let T be a 2D transformation which scales the x and y axes non-uniformly: T = (20‘ 0 j, a#p,apeR
0 28
When applied to complex numbers, 7 can be described as:
T(z)=T(x+iy)=20x+i2By=a(z+2)+P(z—2)

To show that the transform reproduces affine transformations we need to show:

ikl(z)(T(z/.)):T(z)
ikj(z)(o,(zj +2)+PB(z,-%))=T(2)
(OLJrﬁ)ik‘/(z)zj +(a—B)zn:k/(z)Z/ =a(z+2)+P(z-2)

(a+B)z+(a=B) Y k,(2)Z, =(a+B)z+(a—P)Z
Jj=1
Since o#p we have:
Dk()z,=2
Jj=1
and conjugating both sides gives:
PIFEDEE
J=1

Hence, complex barycentric coordinates reproduce non-uniform scale if and only if (1) holds. Any complex
barycentric coordinates reproduce similarity transformations by Theorem 1. Those two facts together imply that
complex barycentric coordinates reproduce affine transformations if and only if (1) is satisfied.



Complex three point coordinates
Theorem 5: Any set of complex functions k;(z) which satisfy

Zn:ki(z)(z/. -z)=0

can be represented in the form:

Z[m() B.(2) () B, (z )](z,_z)=o

Jj=1 j+l /

where m(z) are arbitrary complex functions over Q.

Proof:
Let m, be an arbitrary complex function: m;: Q = C, and define m; , j = 2..n, recursively:

m.(z)= A Ak, (@) +m, B, (2)4;,
' B/+I(Z)Aj

Define:
/H( 2 m (22 ,1(2)

./'+l /

We claim that /€j_ (z2)= kj (z) - This holds by construction for j = 2..n. Let us show that it also holds forj = 1.

ky(2) = m, () ==

From Theorem 4 (in the paper) we have:
>k (2)z,-2)=0
Jj=1

hence:

W@ —2)= 3 2z, ~2) = w2z, - ) = w2z —2)

Since z; —z # 0, we have that Wl @)=w(2), which concludes the proof.

Limits of discrete Cauchy transform on the boundary
Theorem A1l: The limits of the discrete Cauchy transform Cy(w) have constant and linear precision, meaning: for
all w € §, the following holds:

@ 3¢ =1

® 3¢ 0z, =w

Proof:
(a) By definition we have:

w" —w

iC_,(w) Z( lim C. (w’"))

Using the rules of limits, we get:

> (lim €,w")) = tim ZC (w") = lim 1=1

w" —>w W w" —>w
Jj=1

which concludes the proof of (a).

(b) Again, by definition:

n

ZC (w)z, 2 ( lim C, (w’"))
Jj=
Using the rules of limits, we get:

2( lim C, (w’")) = lim Zc (W")z, = lim

in WZEN W s
= ->w

1 woow
which concludes the proof of (b).

Constant and linear precision of discrete Szego coordinates
Theorem A2: The discrete Szego coordinates G,(w) have constant and linear precision, meaning: for all w € Q the
following holds:

@ 3G (=1
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Proof:
Using the definition of the Szego coordinates:

iquiiqum=iqw{ﬁMJ=iQWWka @

Jj=1 k=1
where / is a column vector of ones.

Since H is a sampling matrix over the polygon, each of its rows contains ¢ and 1- for some ¢. Hence, the rows of H
sum to unity, and we have:

Hyd oy = Ly Q)
Since C, have constant precision according to Theorem Al:
Cl =1y
Multiplying by the pseudo-inverse on both sides:
1,,=(c’c)'c, )
Plugging in the expression for M, and (3) and (4):
Ml = (C*CY1 C*Hlnxl = (C*C)JC*]/M =1,

And back to (2):
DG (w=D.C(w)(MI,,)=D C(w)=1
j=1 k=1 k=1

This completes the proof of (a).

Moving to (b), we have:

3G,z =3 S CM, 2, =3 CONYM, 2, =3 C(w)(Me), )

J=1 k=1
where z is the complex vector z = (zy, zy, ... , Z,)-
Since C is reproducing according to Theorem Al, i.e.:

Z]Cj(w)zj =w
=

for w € S, we have that:
Cz=Hz
Multiplying both sides by the pseudo-inverse of C we get:

z=(c'c) ' C'H:
Plugging in the definition of M we have: z = Mz . Note that this means that z is an eigenvector of M.
Plugging this back into (5) gives:
DG, (wz; =Y C,(w)(Mz), =D Ci(w)z, =w
Jj=1 k=1 k=1

which completes the proof of (b).

Second derivatives of the Cauchy transform on the boundary
The second derivatives of the discrete Cauchy transform are:

()= w2z,

W (2) = ! S—
7 2mi\ B L(2)B(2) By(2)B,.(2)

Since the logarithm function has been eliminated, the derivatives are no longer multi-valued, and except at the
vertices, the second derivative is well-defined, hence, for all z € S, z # {z, 25, ... ,z,}, the following holds:

w,(2) = };Tzw/(zi”) =w,(2)

Theorem A3: The second derivatives of the Cauchy transform satisfy: for all z € S, such that m ¢ {z, z,, ... ,z,},
the following holds:

@ 3 (2)=0

(b) i w;(2)z;=0

Proof:



(a) From the definition of w; we have:

1 1
zw() Zmz[ _,.(z)B,.(z)_B,.(z)B,-“(z)j

Splitting into two sums, and changing the summation index gives:

1 2 1
ZW( 2= (Z ZB (z)h(z)]

2ni\ 7= B, (2)B,(z) ‘=

1 n
Zm[; B (2)B(2) 5B, (2B, (z)]

(b) Again, from the definition of w;:
1
ZW @z 12( B, ()B,(:) B, (Z)B,H(Z)}

_ 15 Zj
Zﬁiz[ B, (2)B, () B, I(Z)B @)
By definition: B; = z; — z, hence:

z,-z,,=2z, —z—(ZH —z) = Bj —B..

J
Plugging this back in the previous expression:

ZW(Z)Z =— (Bf(z)_B-“(Z)J:li( 11 ]:

B, (2)B,(2) 2mi 55\ Byu(2)  By(2)

1
2751[/21: B, (2) ,Z;B(Z)J

which completes the proof.

Constant and linear precision of Point-2-Point Cauchy coordinates
Theorem A4: The point-to-point Cauchy coordinates, with positional constraints f{w;) = f; have constant and
linear precision. Meaning: for all m € Q the following holds:

@ D (my=1

O b -

Proof:
Going back to the definition of the point to-point Cauchy coordinates:

ZD(m) ZZC(m)Nk, ZC(m)ZNM ZC(m)(NIW)

j=1 k=1

iDj(m)wj = Z(ch(m)ijwj = ZCk(m)ZNA W= ZCk(m)(Nw)k

j=1 \ k=1
As was the case for the Szego coordinates, to prove constant and linear precision, it is enough to show that:
NI prl = -
Nw=z
Let C be the matrix, whose j-th column is Ci(wy), where w;,w,, ... ,w, € Q are the point constraints, and let /¥ be
the matrix whose j-th column is W,(m), where m=Hz are the samples of the polygon. Since the discrete Cauchy
coordinates are constant reproducing, we have:

Ccl =1

nxl pxl
In addition, as we showed in Theorem A3:

wi

=0
nxl1 kx1
Where 0, is a column vector of k zeroes, where £ is the number of samples on the boundary.

Hence, we have:
C I
AL, = I.= -
< ) o,

Multiplying both sides by the pseudo-inverse of 4, we have:

1
Okt]

Since N is defined to be the first p columns of 4°, we get: 1, =NI, -3 required.

In a similar fashion, since C is linear reproducing, combined with Theorem A3, we have:



C w, x1
Az= z=| ”
w)” o,

Again, multiplying both sides by the pseudo-inverse of 4, and using the definition of N we get:
+f Won
z=A"| " |=Nw
Olacl

The MLS complex barycentric coordinates
When inspecting the MLS expression for the "as-similar-as-possible” deformation, it is relatively straight-forward
to see that all the expressions can be replaced by their complex representations. Let p; € € be the positions of the
constrained points, and g; € C their target position. Let the following expressions be defined as in the MLS
[SMWO06] paper:

WO WE=EE) . PO s T @R AA=np )

|p,.—z|

which concludes the proof.

W(2)g; éi(z) =dq; _q*(z)

. 1
b Z = *
q (2) @
In addition, let:

W)=Y w(@pDh(=) . AR =w(2)p(-p ()

where Z is the conjugate of z.
The MLS deformation is defined as:

N 1 —— .
zZ)= (2)| —A.(z z
S (2) ZQ,( )(M(z) ( )jﬂl( )

Plugging in our expressions:

Frue(2) = Z(q, * w;(2)q, ][ ]+

Rearranging, to obtain the coefficients of q,

fm,x(z)=z(q,- - w,(2)q, j"}
_ A,(z)_ 1 e m
2900 Z[W @%" (Z)qf] W)
_ A(z) w,(2) 1 A(z)
-2 (u(z) w(z)j PR DYy

Changing the summation indices, and rearranging again:

A(Z) w,(2)
fmls( ) z [ (Z) w (Z)] W( )Z ( ) Z

5, [A(z) w(2) w(z)zA(z)]

7@ W@ wE@TF e

A4,(2) (2
uz)

Finally:
S (2) = Z M, (2)q;
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