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Abstract

The yield of a VLSI chip depends, among other factors, on the sensitivily of the chip to de-
fects occurring during the fabrication process. To predict this sensitivity, one usually needs
to compute the so-called critical area (A.) which reflects how many and how large the
defects must be in order to result in a circuil failure. The main computational problem in
yield estimation is to calculate A, efficiently for complicated, irreqular layouts. A novel ap-
proach is suggested for this problem that results in an algorithm that will solve it efficiently.
This paper provides an interactive accurate and fast method for the rapid evaluation of crit-
ical area as a design tool with good visual feedback to allow layout tmprovement for higher
yield. The algorithm is compared to other yield-prediction methods, which use either the
Monte-Carlo approach (VLASIC) or a deterministic approach (SCA), and is shown to be
faster. It also has the advantage that it can graphically show a detailed ‘defect sensitivity
map’ that can assist a chip designer in improving the yield of his/her layoul.

*A Preliminary version of this paper was presented in the 1993 IEEE Workshop on Defect and Fault
Tolerance in VLSI Systems, Venice, Italy.
"The work of the second co-author was supported in part by NSF under contract MIP-9305912.
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1 Introduction

Following [4], [8], [9] and [13], the yield of a chip, denoted by Y, is computed as Y =
[T/, Y; where Y; is the yield associated with the ith step of the manufacturing process. For
convenience, the subscript will be omitted and Y will be referred to as the yield of a single
processing step. Using the negative binomial distribution, the yield of a single processing
step is modeled as

(1)

where d denotes the average number of defects per unit of area, a the clustering parameter
and A. the critical area, defined by

dANT®
v = (1+2)

«

A, = /OOO A(r)D(r)dr 2)

A(r) is the area in which the center of a defect of radius r must fall in order to cause a
circuit failure. For a given circuit layout C' it is defined as

A('r)://(Ly)ecé(x,y,r)dxdy (3)

where

1 a defect of radius r at (z,y) causes a circuit failure
0 otherwise

0(z,y,r)= { (4)

D(r)is the density function of the defect size. Experimental data on defects in many wafers
lead to the following formula ([8], [9], [18]):

ert [rith 0 < r <
D(r) = o O=r= 5
(r) { crg_l/rp ro <1 <00 (%)

where p and ¢ are real numbers (typically p = 3,¢ ~ 1 [18]), and ¢ is given by ¢ =
(¢+ 1)(p—1)/(¢+p) 3]

The problem in yield estimation is to calculate A, for a complicated, irregular layout.
Existing yield-prediction algorithms are based on one of the following methods:

o Deterministic Approaches: Compute A(r) for several values of r by either the virtual
artwork method ([12],[13]), scan-line method ([15], [16]), shape-expansion ([5], [17]),
or heuristic analytical expressions ([2]). Equation (2) is then used to approximate A,
and equation (1) is used to predict the yield.

e Monte-Carlo Approach (e.g., [20], [21]): Draw a large number of defects, with their
radii distributed according to D(r), check for each defect if it causes a fault, then
divide the number of defects causing circuit failures by the total number of defects.

Algorithms based on the deterministic approach are usually faster, while the Monte-Carlo
approach yields more precise results but needs substantially more CPU time. Hence, neither
method is suitable as a precise interactive design tool. In this paper a new analytic approach
is suggested that leads to a faster algorithm for computing A.. Such an algorithm can be
used as the core of an interactive yield-prediction tool, that can help a VLSI designer
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to make yield-oriented decisions early in the design process, rather than the traditional
approach of completing the layout and leaving the yield issues to the fabrication phase.

The rest of the paper is organized as follows: Section 2 includes the suggested analytic
approach, Section 3 describes the algorithm and in Section 4 some numerical and graphic
results are presented.

2 Critical Area Analysis - A New Approach

2.1 Computing the Critical Area

In general, A(r) is an area measure, and hence can be expressed as an integral, for a given
cell C', as was shown in Equations (3) and (4) above.
Let us denote by u an ordered set of coordinates (z,y). Thus

A= /;Oo D(r) </u€o o(u, r)du) dr (6)

Note that u is a two-dimensional point; hence du is an infinitely small area unit. The two
integrations are independent, so their order can be changed, yielding

A= /uEC </T:OO o(u, T)D(T)dT) du (7)

Let us denote by S(u) the internal integral. In fact, S(u) is the defect-sensitivity at point
u, i.e., the probability of a circuit fault caused by a defect at point u, and is given by

S(u) = /TOO §(u, r)D(r)dr 8)

=0

We th btai
e en oblaln Ac _ / S(u)du (9)
ueC

Let us assume that 6(u,r) is monotonic in r; that is, if a defect of size r at point u results
in a circuit fault, then a defect of size 7' > r at the same point will also result in a circuit
fault. Further, let r.(u) denote the critical radius at point w, i.e., the minimal size of a
defect causing a circuit fault at point w.

re(w) = min{é(u,r) = 1}
This will simplify the formula for S(«) resulting in
S(u) = / D(r)dr (10)
r=rc(u)

By now the problem of calculating the critical area A, has been reduced to that of
calculating the critical radius at each point of the layout, since the integral in equation (10)
can be pre-calculated for several values of r.. In practice, if a simple formula like (5) is
used, then its integral can be represented in a closed form.

In order to be practical, let us consider the area of the layout as a set of grid points, each
of which may be either empty or belong to a shape in the layout. The grid resolution is
~, which has to be small enough to cover all significant shape variations. If our layout has
width W and height H, then there are W H/+v? points in it. The layout is described as a
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set of shapes L = { Py, Py, ..., P;} where the P’s are sets of points, and & is the number of
shapes in the layer under consideration. In what follows ‘points’ has the meaning of ‘grid
points’.

Based on the above analysis one can employ a naive algorithm for calculating r.(p), as
depicted in Figure 1. The problem with ALG1 is its high complexity. There are W H/~?
points, and for each point we need to scan all the other points (in the worst case, when there
are only 2 small polygons near the edge of the area). Hence, the complexity of running
ALG1 on the whole cell is O (WH/”/Q)Z. For example, if the layout is 100 X 100 and we
set 7 = 0.1y, then we need O(10'?) computation steps.

2.2 Computing r.(u) Efficiently - A Ring Theorem

Let us first discuss the ‘short-circuit’ type faults. We shall later show that the same ap-
proach holds for ‘open-circuit’ faults. In this context, r.(u) is the minimal radius of a circle
around u that intersects more than one shape. A defect with such a radius will cause a
short-circuit.

We denote by |u — u'| the distance between the points u and »’. (Although we use the
Euclidean distance in this paper, the theory holds for other measures as long as the triangle
inequality holds.) Also, we denote by r;(u) the distance from u to the ith nearest shape
of the layout; we will be interested in r1(u) and 73(u), the distances to the nearest and
second nearest metal polygons, respectively. From the above definitions the critical radius
at point u is the radius of the smallest circle around » that covers points from two (or
more) polygons, hence r.(u) = ra(u).

The corollary of the following theorem states that the critical radii of two points cannot
differ by more than the distance between these points.

Theorem 1 : Let u and u' be two points in a layout. Then
Vie{1,2}: |ri(u) — ri(u')] < Ju— 4|

In other words, the functions r(.), r2(.) are 'Lipschitz continuous’ with the Lipschitz con-
stant equal to 1 (See [11],[1] for definition and applications of Lipschitz continuity).

Corollary 1 : Any polygon that may affect r.(u) intersects either the ring
{o|ru)—|u—d]<|v—ul <r(u)+|u—u|}

or the ring
{o [ ra(w) = [u =] < o= ul < rau') + Ju =]}

The proofs of Theorem 1 and Corollary 1 can be found in the appendix. Note that the
same arguments that are used in the analysis of short-circuit type defects can also be used
for open-circuit type defects, by considering the borders of conducting shapes rather than
the shapes themselves, as shown in Figure 4 . This is achieved in the following way:

1. For each net N;, replace its polygon by several edges named N1go0i, V1000i415 - - -

2. To the resulting layout, apply procedure YMAP but look for “shorts” only between
nets whose index difference is smaller than 1000. (It is assumed arbitrarily that the
number of edges in a polygon is smaller than 1000).
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Figure 5 shows a layout example illustrating the above.

Using Theorem 1, one can devise a better algorithm for calculating r.(u), that makes
use of the previously calculated values ri(u') and ro(u'), where u’ is a neighbor of « on the
grid.

In ALG2, shown in Figure 2, we perform an exhaustive search for only one point. Then,
for all the other points we need only scan a ring whose radius cannot exceed the edge of
the cell, and whose width is 27. Hence, the worst case complexity of running ALG2 on
the whole cell is O (W/H/*/Q)l'5 which implies that, in the example above, ALG2 is 1000
times faster than ALG1. A more sophisticated analysis leads to an even better bound of
O (W H7;/~4®) where T; is the average critical radius of the layout. It is interesting to note
that the complexity is inversely proportional to the layout density; as the number of shapes
grows, 7. decreases, as does the complexity of ALG2.

Using equations (9) and (10) above, and the procedure ALG2 to calculate r.(z,y), the
sensitivity and critical area for an arbitrary cell can be approximated as depicted in Figure
3. In order to get a good approximation for A., one must choose a v such that (1) v is
small enough so that we will not miss any significant variation in the critical radius between
grid-points and, (2) the number of test-points, given by W H /2, is not too large in order
to keep the algorithm efficient in time and space.

The following theorem shows the linkage between v and the maximal error:

Theorem 2 : Denote by A. the critical area of the layout, and by Al the critical area
as computed by YMARP. Then, for a typical distribution of defect size, the relative error
satisfies

0.9431
<1 (11)

Tg

‘A’C — A
A

where T4 is the minimum ground rule distance for the layer under consideration.

For example, if r;, = 1.0um and 7 is selected to be 0.01pm, then the relative error is
bounded by 0.943%. In other words, the runtime needed to have the error bounded by ¢ is

it is implied by Equation 12 that the error, €, decreases as SL\/T where T is the runtime.

This implies that YM AP is a polynomial complexity approximation scheme.

3 Implementation and Results

YMAP was implemented in the C' programming language, and run on an RS/6000 IBM
workstation. It has been integrated into the IBMS design system [6]. Figure 6 shows
examples of metal polygons with the corresponding defect-sensitivity maps for short-circuit
faults.

3.1 Usage of the YMAP Algorithm

The values calculated by the algorithm can be used in two ways:

1. Yield-Meter: for a given layout cell L, compute the critical area, then use equation (1)
to evaluate the yield of the cell.
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2. Yield-Pointer: Draw a ‘topographic map’ of L, such that the intensity of color at point
u is proportional to S(u) as defined in equation (8) (See Figure 6).

If Y(L) is too small, one can use the sensitivity map to find how the yield can be improved.

3.2 Comparison With Other Yield Estimators

We compared the YMAP program to two yield simulators: VLASIC ([20], [21]) and SCA
([15], [16]). Simple layouts were considered for which analytic formulas of the critical area
could be derived. For each such layout, we ran YMAP, VLASIC and SCA for several time
limits, and then compared the results. The time limit was set by either the number of
defects (VLASIC), the step size of the defect radius (SCA), or the grid size (YMAP). The
results are normalized, i.e., we take one case as having unit critical area and then normalize
the other cases accordingly. This was done for two reasons. First, it is important for an
interactive yield simulator tool to be able to compare several layout configurations for their
predicted yield. Second, the three programs have quite different assumptions on units of
area, defect size etc., and this ‘numerical noise’ may be filtered out by normalization.

Test Case 1: Short-Circuit Faults in Two Parallel Lines
For the case of short-circuit faults between two parallel lines (see Figure 7) of width W

spacing S and height H, with defect distribution as in (5) (with p = 3 and ¢ = 1), it can
be shown (see the appendix) that the critical area is

(13)

AC:H(Q 1 W—|—S/2>

S W+S  R%,
where (2W + 5) and H are the horizontal and vertical dimensions of the cell, respectively,
and R4, is the maximum possible radius of a defect for the given layout. In Table 1 we
compare the convergence speed of the three algorithms, that is, how fast each algorithm
converges to the precise ratio of A.(pary)/A.(par,) where pary, pary are two cells with par-
allel lines but different S, W combinations. The advantage of using YMAP is demonstrated
in Figure 11, where the convergence rates of the programs are compared graphically.

Test Case 2: Short-Circuit Faults for Two Implementations of a NAND

In CMOS design it frequently happens that several topologies can be used for the same
circuit. Figure 8 shows two possibilities for the wiring of a NAND gate, together with
their corresponding defect-sensitivity maps. The first, nandl, is wired in a straight-forward
manner while in the second, nand?2, the yield has been taken into account and the spacing
between wires was increased as much as possible. This modification, which does not cost
any additional area, has reduced the critical area in the M1-layer by more than 31%.

The error in the ratio A.(nandl)/A.(nand2) is based on the value calculated by VLASIC
in a very long run (4 -107 random defects). See Table 1 and Figure 11 for the convergence

rates of YMAP, VLASIC and SCA.

Test Case 3: Short-Circuit Faults for Two Implementations of the WP-logic
Cell

Page 7



WP-logic is a large cell with 73 transistors and fairly complicated metal routing. Figures
9 and 10 depict two possible implementations of the wiring with the corresponding defect
sensitivity maps. In the original design (wpl), wires have been put on a predefined grid,
while in the second implementation (wp2) an effort has been made to achieve a better
spacing, which results in a 21% reduction in critical area of the M1-layer.

Here again, the error in the ratio A.(wpl)/A.(wp2) is based on the value calculated by
VLASIC in a very long run. The convergence rates are depicted in Table 1 and Figure 11.

4 Discussion

Based on the above presented examples it is clear that all three methods converge to similar
results, but YM AP performs better if the computation time must be limited since its error
decreases faster. Hence, YMAP is suitable to serve as an accurate interactive design tool.

It should be noted here that in general, (see for example, [7]) Monte-Carlo methods (like

VLASIC) have their error (i.e., the variance) decrease like \/l_ﬁ where N is the number of

samples, while the error in YMAP is only decreasing like =, where is the number of grid-
N

points. However, our bound on the error (see Equations (11) and (12)) is deterministic and
hence, guaranteed to be satisfied while in Monte-Carlo methods one may have significant
deviations in the first period of computation. These random deviations also explain the
non-monotonicity in VLASIC behavior in some of the above examples. On the other hand,
the SCA algorithm has quite a good error bound, but with no error-time tradeofl’ while
in YMAP one can achieve any level of accuracy at the cost of additional runtime. It also
turns out that if we calculate r. only for a subset of the grid-points, and interpolate for the
others, then the time complexity reduces sharply but the error increases only slightly. The
reason for this seems to be that the function r.(.) is Lipschitz continuous and hence can be
approximated by a relatively small number of samples.

Besides the computational complexity, we feel that YM AP suggests a different way of
thinking for a layout designer due to its good visual feedback.

Another point of interest is the generalization to three dimensional defects. For such
defects, the concept of critical area can be naturally extended to that of critical volume
(see [14]). Currently, our program implements the algorithm for planar, single layer defects.
However, it is straight-forward to generalize it to 3-D objects, by using an (z,y, z) lattice
rather than the planar one.

5 Conclusions

All three algorithms (VLASIC, SCA and YMAP) eventually reach the correct results. It
seems that the Monte-Carlo procedure used by VLASIC requires many more iterations for
the results to be precise. On the other hand, SCA and YMAP rapidly converge to their
final result (YMAP’s speed is somewhat better), and are deterministic, so a single run is
sufficient.

Probably, the VLASIC approach is more suitable for a whole chip analysis when a long,
batch type execution is acceptable. YMAP, on the other hand, can be more useful as a
part of a cell/macro CAD system, when a physical design engineer needs a fast and precise
yield prediction of his/her layout.
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If the chip is a memory unit built from a repeated basic block, then YMAP constitutes a
very efficient tool. Another advantage of YMAP is that it provides a deterministic bound
on its error, so the user has a better knowledge about the precision of the results.
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Appendix
Proof of Theorem 1

Assume that, as in Figure 12, p;(u) is the metal point nearest to u, and py(u’) is the
metal point nearest to u’. Clearly,

ri(u) = [u—pi(u)], mi(d) = [0 = pi(d)]
and
|u’ = pa(w)] > ri(u) (14)
otherwise p;(u) would become the nearest point to v. The layout space is Euclidean, hence
all points obey the triangle inequality. In particular,

ri(u) < |u' = pi(w)| — |u— | (15)
Multiplying inequality (15) by —1 and adding to inequality (14) one gets
ri(w) — ri(u') < |u — 4| (16)

In just the same way, by interchanging u and u’, one can get

ri(u') = ri(u) < |u— o (17)
and, all in all
|ra(w') = riu)| < fu— | (18)
All the above arguments apply to ry as well as for r1. Hence we also have
[ra(u') = ra(u)| < |u — | (19)
QED.

As explained before, the critical radius at point w is r.(u) = ro(w). It is implied by the
theorem that any point that may affect the critical radius of point « is in one of the rings

(ol ra(u) =] < Jo =l < ) + o
{v|rau) - |u - u’| < v —ul < rou)+ |u - u’|}

as sketched in Figure 13. Hence, Corollary 1 follows.
Another corollary of Theorem 1 is that r. has a bounded derivative:

Corollary 2 : Denote an arbitrary unit vector by p. Then

Proof: By definition

d .
d_pTc(u) N Alggo Ap

Using Theorem 1 we know that
Vu i |re(u) — re(u)| < u — |

By setting u’ equal to u + Ap we complete the proof. QED.

Page 11



Proof of Theorem 2

Using Theorem 1, one can see that the value of r.(u) as computed by YMAP in any
non-grid point u cannot exceed its value at the nearest grid-point u, by more than the
distance between them. The worst case is when r.(u) is the same for all four vertices of a
grid square, but takes a maximum in the center of the square. The average error for this
square is the volume of this square-based pyramid, divided by the area of its basis. Due to
corollary 2 the steepness of this pyramid is bounded by 45°. Hence, the worst-case relative
error in r.(u) within a grid-square is bounded by

re(ug) = re(u)

re(u)

Since the local defect sensitivity is defined by

Errr.(u)] =

S(u) = /T:OT “ D(r)dr

the absolute error in the calculated value 5’(u) is bounded from above by
re(u)+—=
S = s < [

re(u)

For practical considerations we can assume that the layout obeys the ground rules, hence
re(u) > 19, and then we obtain from equation (5) that

D(r) = erb™/rP

Denote [ D(r)dr by I(r). Then, in the region of interest

erb™!
I(r)y= —————
) (p—1)rr=t
The relative error, which is the ratio between the error and the precise value, is
§'(u) — §(u)
Er -
R
B I(r)—I(r+ 37%)
N 1(r)
0
= 1- w
1(r)
er?!
0
_ 1 (r=1)(r+575)7"
- cr?™!
(0]
(p—1)rr=t
r ot
"t
< (=1

3\/57'
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Substituting a typical value of p = 3, and using the fact that the critical radius of any
point cannot be smaller than half the minimal ground-rule, we get

0.943~
Tg

AL — A,
A

C

Err[Al] = ‘ < mﬁX{ETT [9'(u)]} < (20)

where 7, is the minimal distance between shapes at the layer under consideration. QED.
Critical Area for Two Parallel Lines

Consider the case of two parallel lines with width W, separation S and height H (see
Figure 7). It has been shown (e.g.,[4]) that the critical area for radius r is

0 if r<5/2
A(r)=4 H-(2r=58) if §/2<r<S+W (21)
H(QVV—I—S) if S‘|‘W<7’§Rmaa:

where (2W +.5), H are the horizontal and vertical dimensions of the cell, respectively. R,,qz
is the maximal possible radius of a defect for the given layout. The total critical area is

Rma.’r
A, = / Ac(r)er™3dr

/2
S+W Rmaz
= cH [/ (27‘_2 - S’I‘_S) dr + (2W + S)'I‘_Sdr]
5/2 S+W
s 2w-|—s 1 Rmaz
= cH (—Q*r_l + or7? + 2w+ s) (——*r_2
2 sy W45

where
c=(q+1)(p-1)/(¢+p)

For p = 3 and ¢ = 1 ¢ equals 1 and as a result

2 1 W—|—S/2>
A, =H. (=2 - _
(S W+5S R

max

(22)
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Function r .(u):real;
var 1: real; begin
r:=0;
repeat
ri=r4+7;
scan the points in the r-vicinity of u
until two points, uy,uy that belong to two different shapes are found;
re(w) := max{|u — uy|, |u — uz|}
end;

Figure 1: ALG1 — Naively computing r.(u).

Function r.(u):real;
var d: real;

begin
d:=|u—
repeat

scan the points in the two rings:
Rl{v | ri(v) —d < |v—u| <r(u)+ d}
R2:H{v | ro(w') —d < |v —u| < ra(w) + d}
until two points, uy,uy that belong to two different shapes
and are nearest to u are found;
ri(w) := min{|u — w1 |, |u — uz|};
ra(u) = max{lu — u|,|u — ua)};
re(u) == ra(u);
end;

Figure 2: ALG2 — Efficiently computing r.(u) using rq(u'), ro(u’).
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Procedure YMAP(L : layoul; €pqz,74 : real);

Input: * A layout L with width W and height H.
* €maz - A bound on the error in A..
* ry - The minimal ground rule for the layer under test.
Output: * The defect sensitivity S(z,y) for each grid-point (z,y) € L.
* A, = The critical area of L.

var Acy 7y, re real;
i, 7, m,n: integer;
begin
v :=1.061 - €pqz - 74; /™ this number results from Theorem 2 */
Ao =0, m:= [W/y]|, n:=[H/v]
fori:=1tom, j:=1tondo
Te = re(17,57);
S(1v,57) = J.Z,, D(t)dt;
A.i= Ao+ 725017, j7);  /* 7% is an area element for piecewise integration*/
end;

Figure 3: YMAP — Computing the defect-sensitivity S(-) and the critical area A..
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Figure 4: Transforming an open-circuit problem to an analogous short-circuit problem.

e

I =

YMAP for open-circuit type faults YMAP for short-circuit type faults
Resol ution = (99, 99) Resol ution = (99, 99)

Figure 5: Analysis of a cell for open-circuit fault sensitivity (left) and short-circuit fault
sensitivity (right).
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Figure 6: Examples of sensitivity maps produced by YMAP for various layout configura-
tions.
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Figure 7: Cell with two parallel lines.
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Figure 8: Two implementations of NAND with different wiring schemes and the corre-

sponding maps.
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Figure 9: The original WP-logic cell with its sensitivity map.
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Figure 10: The WP-logic with improved wiring cell with its sensitivity map.
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Program | Case \ CPU time (sec) | 05] 18] 37| 94| 16| 32| 64|
YMAP PAR 590 3.04| 154 | 054 | 0.19| 0.21] 0.03
NAND 9.82 | 5.77| 1.38| 1.33 | 1.33| 0.07 ] 0.00
wPp 13.24 | 6.79| 1.77 | 1.95| 1.83 | 0.03] 0.59
VLASIC | PAR 36.51 | 31.43 | 32.20 | 11.57 | 8.57 | 2.49 | 4.00
NAND 100.00 | 11.46 | 12.89 | 6.06 | 4.22 | 5.42 | 0.21
WP 52.89 1 33.93 | 1060 | 6.10 | 1.74| 5.89 | 1.45
SCA PAR 84.42 | 51.46 | 27.31 | 23.31 | 17.98 | 13.05 | 0.43
NAND 34.15 | 35.26 | 6.82 | 5.00| 5.25| 433 |0.14
wPp 48.53 | 47.76 | 45.82 | 36.36 | 26.14 | 9.98 | 0.03

Table 1: Comparing the average errors (in %) of YMAP, VLASIC and SCA for the three

test cases.
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Figure 12: A sketch of the situation in Theorem 1.
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{vir (W) = ju=u] <=Jv-ul <=r, () + Ju-u'] }

(v, (W) = ju=u] <= v=ul <=7, () + ju=uf }

Figure 13: Only two rings need to be searched for r.(u').
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