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Abstract

A number of agents can arrange themselves equidistantly in a row via a sequence of ad-
justments, based on a simple “local” interaction. The convergence of the configuration to the
desired one is exponentially fast. A similarity is shown between this phenomenon and the dy-
namics of pulse propagation along a distributed RC line, and a conjecture is made concerning
the evolution of a similar system with a probabilistic rule of behavior.
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1 Introduction

In this paper we investigate the behavior of a polygonal line whose ends are fixed while the rest of
the vertices move according to a local averaging rule.

Evolution of free polygons according to a simple averaging rule was first discussed in a beautiful
paper by Darboux[1], and later, in various contexts in [2], [3] [4], [5] and [6], The behavior of
a free polygon with all the vertices evolving according to the same linear averaging rule can be
represented by multiplying the (complex) vector of locations of the vertices by a circulant matrix.
Then the algebraic properties of such matrices show that the polygon eventually converges to a
point generically via an elliptic shape transient. Here we also use a simple linear averaging rule
for the moving vertices and show that, under such a rule, a polygonal line with fixed endpoints
converges to a straight line via sinusoidal transients.

We show that this problem is similar to the discrete case of the pulse-delay problem in a
distributed RC line, and that a variation of the problem can be used to explain the sinusoidal
shape of animal herd-fronts. We conclude by a discussion and a conjecture about the evolution of
a similar system with a probabilistic rule of behavior.

2 Model and Analysis

Assume that N 4+ 2 people must be equidistantly ordered on a straight line. One way to achieve
this goal is by assigning each of them an index from the set {0,1,2,..., N, N + 1}, and applying
iteratively “local” adjustments of the following type: every time unit, each person moves to an
average of his location and the locations of his two index-set neighbors, given by

Pi(t+1) = SPo(t) + (1= a)P{0) + S P (1) (1)

where 1 < ¢ < N, and a € (0,1].

The first and last persons, denoted Py and Py 41 assume the role of “anchors” of the arrangement
and will stay firm in their original locations.

We prove that such a process always converges to a stationary state having the persons located
at equal distances along the straight line between Py and Py 41, and this happens exponentially fast.
We also discuss the evolution of the polygonal line Fy, Py,..., PN+1 , and show that its transient
evolves in a sinusoidal form.

The iteration of the above process is linear and hence can be considered as multiplying the
location vector P (a complex vector displaying the (z,y) coordinates of each person) by a matrix
A:

P(t+ 1) = AP(1).

the ”interaction” matrix being

1 0 0
3 l-a 5 0
0 5 l—a 3 0
ANy2x(Nt2) =
$ 1-a 3
0 0 1



To analyze the dynamics of the moving agents, we consider the spectral structure of A:
A = RAL.

Since A is asymmetric, L # R'. R’s columns are r; - the right eigenvectors of A, L’s rows are 1; -
the left eigenvectors of A, and A = diag(Aog, A1,. .., Any1) is a diagonal matrix with A’s eigenvalues
in the main diagonal.

In the appendix we show that the eigenvalues of A are:

Ai = 1—a(l—cosif) 02]\77:—1 1<i<N
AO - AN+1 =1
and a corresponding set of right and left eigenvectors is:
<0 2 4 9N  2(N+1) )T
rp = e
0 "N(N+1)N(N+1) " NN+1) NN +1)
2
r, = 4/ il (0,sin ¢0,sin 276, . . .,sin N b, O)T
< 2N+1) 2N 4 2 )T
r =
N+ NN+1)NN+1) " "N(N+1) NN +1)
N
lp = <0707 > 75)
2 1 0 1 : 0
I, = . (—— cot i—,sin 6,sin 246, ..., sin N0, =(—1)" cot i—)
N+1 2 2 2 2
N
1N+1 - <5,0,...,0,0).

The above set of eigenvectors is bi-orthogonal since for all ¢, 5:
g o—g.=d L=y
Li-r; =6;; =6 —{ 0 ifi]
2.1 Evolution of the Poly-line for Several Initial Configurations

Using the spectral decomposition of A we can find both the stationary state and the transient of
the iterative process of adjustments, via

N+1
P(1) = RA'L-P(0) = > Ay (ls, P(0)). (2)
k=0

In the limit, all eigenvalues smaller than 1 vanish and the row is straightening, as is easily seen
from:

P(xc) = lim RA'L-P(0) = ro(lo, P(0)) + rnsa(lv1, P(0)) =

= (ryo), MO+ Dn@ W DBO 20O o),




The transient behavior is governed by the smaller eigenvalues via

N
Po(t) = P(1) — P(oe) = 3 Aridle, P(0)). 3)
k=1

Intuitively, this is a combination of sinusoidal waves, and the rate of decay for each frequency
depends on the initial condition and is faster for higher frequencies. In the sequel, several types of
evolutions will be discussed.

1. Weighted Sinusoidal Initial Configuration: Consider an initial configuration of the
form: P(0) = Zf;l a;r;, that is: frequency ¢ has amplitude a;. Then, using the fact that

N NAL =
. Cii< N : o L roN
if 1<4,j<N then kZ::l sin(¢k0) sin(jk6) 0 it

we get

N N
P.(t) = Z /\fﬂrkﬂk,Zairﬁ =
k=1 =1

N N N
Z AL Z a;ri (L, r;) = Z Magry,
k=1 =1 k=1

Since |A1] > |Ag] > ... > |An| this may be interpreted as a “low-pass filter”: the higher the
k., the faster the decay.

2. Random Jumps and Animal Herd-Fronts: Let us now investigate the response of our
iteration system to a varying random stimulus. More specifically, assume that

P(t+1) = AP(1) + R(?) (4)

where R(t) is a random vector with all entries 0’s except one which may be either 1 or —1.
(Some of the time R(?) might be all zeros). This entry is randomly chosen from {1...N}.
The contribution of such a jump of the 2’th object after ¢ units of time is:

N+1
Fi(t) = £ > A} sin(ikf)ry. (5)
k=0

From Equation (5) one can draw the conclusion that over the long term, the dominant com-
ponent in the sum corresponds to & = 1 and the animals in the center have a bigger effect
on the wavefront since sin ¢4 is maximal at 7 = [(N 4 1)/2]. See Figures 5 and 6 for an
illustration of this point.

The motivation for considering this type of stimulus is a model for the wavy herd-fronts
during animal migration. The front of a migrating herd, where each animal tries to align
itself with his neighbors, however every now and then moves in an individualistic way, could
be modeled by Equation 4. It has been observed in aerial photographs that such herds tend
to have wavy fronts. In [7], a model has been presented and analyzed for the dynamics of
this self-organizing pattern formation. Our analysis thus suggests an alternative model and
another way to analyze this phenomenon.



3. Distributed RC Line: A practical model for on-chip wiring in VLSI components is that of
distributed RC line. A distributed RC line with constrained voltages at the endpoints can
be approximated by a lumped RC network as depicted in Figure 1. See [8],[9],[10] for several
methods of RC line delay approximations.

It is known that the current through a capacitor is related to the voltage across its plates
like I = C% ~ CMAMQ, where A is a small time interval such that A < %. For the
resistors, the relation is: I = %. Hence, with discretized time, one gets:

a4 1) = (1= 5 ) 500+ s (5a(0) + i3 (1) (6)

Using the previous analysis and the similarity between Equations (6) and (1) it is implied
that if one unit of voltage is applied to both vy and vy 41 at time ¢ = 0, then in the limit all
node voltages will be equal to 1, and there will be a transient decay

2 s t
t f— _ j—
Al = [1 70 (1 COSN—I—l)] .

Note that for all 1 <7 < N + 1, it holds that |A\;] < 1 since 2A/RC < 1. If we relax this
constraint and take a too large A, the modulus of some eigenvalues may exceed unity and the
system will not converge. Its physical explanation is that the above discretization holds only
if the time unit A is small enough with respect to RC', the basic time constant of the circuit.

3 Continuous Analogies
Our basic rule of motion, namely

P(l+1) = %Pi_l(t) +(1-a)P(l) + %Pi+1(t) 1<i<N a€(0,1] (7)
can be taken to the continuous limit at two levels: continuous time and continuous index-location.

3.1 Continuous Time, Discrete Location

Assume that time increases in infinitesimally small steps of size 7, and « is scaled by 7:

aT aT

Pi(t+71) = 7Pi_1(t) + (1 —ar)P(t)+ ?Pi-l—l (1) (8)
then in the limit
Cpy =t BUATI =B
dit 7—0 T
o

S [Pioa () = 2Pi(1) + Piga (1]

with boundary condition:
Py(t) = P, Pyyi(t) = Pyya-
From classical theory of systems of ordinary differential equations we get the solutions:

ik

N+1

N
Pi(t) = % > Cre~ (H2eos w57 )t gy
k=1



where (', are determined from the initial conditions:

ik

N+1

N
P;(0) = % > Cpsin
k=1

This sort of motion arises in relation with Rayleigh’s finite-dimensional approximation to a vibrating
string ([15]).

3.2 Discrete Time, Continuous Location

Assuming that the location, s, increases in infinitesimally small steps of size §, and « is scaled by

1.
52"

P(s,t+1) = Q%P(s — 6,0+ (1 - %)P(s,t) + Q%P(s +6,1) (9)

then in the limit

AP(s,t) = P(s,t+1)-P(s,1) =

_ e P(s—6,t) —2P(s,t)+ P(s+6,1)
2 6—0 62
a 0?P(s,t)
2 0s?

with boundary conditions:
P(0,¢) = Py, P(1,t) = Py.

The general solution to this difference - differential equation is obtained as follows. Define the
operator Q as Q) - f = %%f Now

P(s,1) = P(s,0)+QP(s,0) = (14 Q)P(s,0)
P(s,2) = (1+Q)P(s,1) = (1+Q)*P(s,0)

In the special case where P(s,0) = sinws we have

—Oébdz

@ sinws = sin ws

hence
aw? !
P(s,t) = (1 - T) sinws.

This function converges, diverges or oscillates depending on the values of @ and w. Note that if the

initial frequency w is larger than % then the curve will diverge.



3.3 Continuous Time and Location

Denote the discrete time by ¢ = m7 and the discrete curve parameter as s = né, where both m and
n are positive integers. Also, let us denote the location of a point with parameter n at time m by
P(s,t). Assuming that the function of discrete variables m and n can be extended to a function of
the above defined continuous variables s and ¢, and « is scaled by 5, our discrete rule of motion
(Equation 7) is translated into:

P(s,t+7) = P(né, (m+1)7)

ar ar
= WP((" —1)8,m7)+ (1- 6—2)P(n6, mr) + WP((TL + 1)8, mT)

P(né,(m+ 1)7) — P(né, mr)

T

P((n—1)8, mr) — 2P(né, m7) + P((n+ 1)é,m7)
52

«
2
and in the limit, as 7,6 — 0 one gets:

OP(s,t I*P(s,t
el _ 2Pl (10)
ot 2 0s?
This is a classical diffusion equation (e.g. see [14]). Note that in the steady state of Equation 10
BP(s,t) -0 ) BP(s,t)

(i.e. when == 5
plane as s traverses its range.

is constant, hence P(s,t) describes a straight line in the complex

4 Simulation Examples

Figures 2 and 3 show the transient behavior with periodic and random initial locations, respectively.
Figure 4 demonstrates the case when the two anchors coincide.

Figures 5 and 6 show that a jump in the center of the row has a stronger effect than such a
jump near the edge, as can be seen from Equation 5.

Figures 7, 8 are two examples showing the wavy effect of random jumps on the shape of the

polygon.

5 Discussion

The problem of linear evolution with fixed endpoints can be further interpreted in many ways,
among them as describing the evolution of probabilities in a random walk with absorbing states at
0 and N 4+ 1 (“Gambler’s ruin”), which represents a certain type of discrete Brownian motion. For
analysis of the case with reflecting barriers, see [11]. For numerical solution of ruin probabilities in
the more general class of “skip-free” Markov chains, see [12].

A related problem of interest is the distribution of probabilities where the evolution follows a
probabilistic rule like:

P(t+1)=(1-a)P(t)+aP, 1€r{0,1,2,...,N +1}

That is: for each time ¢ and point P; an index r is selected at random, and then P; moves to an
average of them. Our intuition is that if there are k fixed points, (like the two anchors we had in
the row-straightening case) then the region of positive probability will eventually converge to the
convex hull of those points.



A Appendix: Spectral Structure of Agents’ Evolution

The evolution is described by
P(t+1)= AP(1)

where P(t) = (P, Pi(t), P2(t),..., PN(1), Pny4+1) and

1 0 0
5 1-a 5 0
0 5 l-a 3 0
ANy2)x(Nt2) =
3 1-a g
0 0 1

A.1 Finding the Eigenvalues

To find the eigenvalues of A we must solve the characteristic equation:

1—A 0 0
5 l-a-) § ) 0
pa(A) = A=Al = : : —
57 l—a-2A 5
0 0 1-A
N
= =27 (%) 18 (1)
where
c—¢€ 1 0
1 c—¢€ 1 0
0 1 c—e 1 0
B= (12)
1 c—e¢ 1
0 1 c—¢€
with 11 9
c= Mlza) 23
«
A well-known result (e.g. [15] ex. 15, pp. 166) is that
N LT
|B|:g[e— (C—I_QCOSN—}—l)] (13)



Substituting (11) and (12) into (13) we get

pa(A) = (1= X)? (%)Nﬁ [/\— (1—a—|—acos Niilr—l)] (14)

A.2 Finding the Eigenvectors

To find the right eigenvectors of A we should solve the equation Ar = Ar which translates into the
system

ATO = To
« !
Ary = 570 +(1-—a)r + 572
Arg = %Ti—l +(1—a)r + %7‘241
« !
AN = N1 +(1-a)ry+ TN+
A’I’N+1 = TN_|_1 (15)

Using the fact (see [16]) that the Chebyshev polynomials of the second order, namely

sin 26
i(z) = — 1
Si(2) = = (16)
solve the reccurence equation
2¢05;(z) = Si—1(z) + Sip1(x) (17)
where § = cos™!(z), we can substitute z = cosf = /\_;J and get
A—14+a sin 76
T = I = . 1
! 5 ( «a ) sin 6 (18)

We must distinguish between two cases:

e A =1: in this case § = 0, and using L’Hospital’s rule, r; = ¢ and the vector is linear. This
justifies the two linearly independent eigenvectors rg,ry41.

e A # 1: from Equation (15) it is implied that in this case ro = ry41 = 0. From this boundary
condition we find that

Ap—1
(N+1)0=(N+ D)2 1H Y k=12, N
«
hence -
Ar=1—a(l—coskd) 0= 1<i¢<N
N +1
which justifies the N linearly independent eigenvectors rq,...,ry.

10



To find the left eigenvectors ly, ..., 1y4+1 we have to solve 1A = Al which translates into the system
«
Aly = o+ 511
Ay = (1-a)l + gz;,

(87 (87
Alg = 511 + (1 — Oé)lg + 513

’ o (8%
Al = 5%‘-1 +(1—-a); + 51i+1

' « «
AMn_y = EZN—Q +(1—-a)ly_1+ EZN
Q
Ay = glN_l—I—(l—a)lN
a
Alyyr = 51N +ins (19)

This system differs from Equation (15) only in the boundaries. Note that if A = 1 then it is implied
from Equation (19) that [y =l = ... = Iy = 0, and lp,In4+1 can be chosen such that the vectors
lo, Iy41 will be linearly independent.

The resulting system of eigenvectors is the following (with additional constants to guarantee
the biorthogonallity):

rp = O,

2 4 IN  2(N + 1))
N(N +1)NN+1) NN +1) NN +1)

(0,sin ¢0,sin 276, .. .,sin N6,0)

5
(
ﬁ

- < 2(N +1) 2N 4 2 0)
N T ANN+ 1NN+ NN L) NV + 1)
b = ((’v )

1 : 6
——cotz— sin ¢, sin 26, . sinNiH,i(—l)Z coti—)

) ;

&~
[l
w| j

Iy =

11
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Figure 1: An RC Network with contrained voltages at the endpoints
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Figure 2: Row Straightening: periodic initial shape
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O iterations 12 iterations 25 iterations
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Row of 30 People from (0.00,0.50) to (1.00,0.50)
Num of iterations = 100
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Figure 3: Initial random configuration
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Figure 4: Random initial shape and Py = Pny1
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Num of iterations = 30

Al pha = 0. 960000

Figure 5: Row with a jump at time 1 at a point near the edge
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O iterations 1 iterations 2 iterations
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5 iterations 10 iterations 15 iterations

20 iterations 25 iterations 30 iterations

Row of 20 animals from (0.00,0.50) to (1.00,0.50)
Num of iterations = 30

Al pha = 0. 960000

Figure 6: Row with a jump at time 1 at a point near the center
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Figure 7: Row with random jumps - example 1
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Figure 8: Row with random jumps - example 2
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