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Lecture 3: Algorithmic Complexity  - Kolmogorov Complexity vs Random properties

Lecturer: Ran El-Yaniv 

Name: Eitan Yehoshua

Introduction:


We have previously defined the condition complexity of an object x given the object y as the minimal length of a binary program which by means of y computes x on a certain optimal machine. On the basis of this definition it was proposed to consider those elements of a given large finite population to be random whose complexity is maximal. Almost all elements of the population have a complexity, which is closed to the maximal value.

In this part it will been shown that the random elements as defined by Kolmogorov possess all conceivable statistical properties of randomness. They can equivalently be considered as the elements, which withstand a certain universal stochastically, test.

The second part will show different properties of randomness and how the Kolmogorov Complexity “supports” these properties.

This document contains the definitions, examples, Lemmas and Theorems needed for the class, based on the material in the book Chapters 2.3 2.4 2.6.  

Reminder:
I will here outline the main definitions and results needed from last week:
1. X is c-incompressible if  C(x) ≥ l(x) – c.

2. There are at least 
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 c-incompressible objects of length n.

3. The length-condition Kolmogorov Complexity of x is C(x|l(x)).

     There is a constant c such that for all x C(x|l(x)) ≤ C(x) + c.

1. Randomness Deficiency:

Definition 1.1 

The randomness deficiency of x relative to A is defined as δ(x|A) = l(d(A)) – C(x|A).

We can observe that δ is lower bounded by some c, which is independent of x.

Intuitively: randomness deficiency measures the amount of regularity of x in the set A.

If δ(x|A) is large, than this means that there is a description of x with the help of A that is considerably shorter than just giving x’s serial number in A.

Theorem 1.1

D({x : δ(x|A) ≥ k})   ≤    
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Proof:
There are less than  EQ 2 ^ k + 1 description of length at most k.

Notice the private case where A = {x : l(x) = n}. In that case δ(x|n) = n – C(x|n) + O(1). We might think of x as a random finite string iff δ(x|n) = O(1). It will later turn out that coincides with Martin-Lof’s notion of randomness.

2. Random Finite Sequences:


We can think of string x as being random if   “x is a typical outcome.” , which is another way of saying “x does not belong to any reasonable minority” . Or: “x belongs to all reasonable majorities”. That is the motivation of a random test , which in general tests  whether an object x belongs to a particular reasonable majority. Generally a test is given by a prescription that, for every level of significance ε tells us for what elements of S the hypothesis “x belongs to majority M is S” should be rejected, where ε = 1 – P(M).

Definition 2.1

Let P be a recursive probability distribution on sample space N. A total function δ : N ( N is a P-test if:

1. Δ is enumerable ( For all m, the set V = { (m,x) : δ(x) ≥ m) } is recursively enumerable).

2.∑ (P(x|l(X)) = n) : δ(x) ≥ m } ≤  
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, for all n.

An important property of P-test is the critical regions it describes. A critical region is a subset of  the sample domain. It is defined as: 
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, and could be seen that being so it holds the property that for all m 
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. If 
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, then the hypothesis “x belongs to majority M” , and therefor the stronger hypothesis “x is random” is rejected with significant level 
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Example 2.1 

A P-test  that rejects a string from being random if it has many initial zero’s .

Example 2.2 

A P-test that rejects a string from being random if  the relative frequency of 1’s differ too much from 0.5.

Example 2.3

A P-test that rejects a string from being random if many bits in odd position are 1’s under the uniform distribution.

Definition 2.2

A Universal  P-test is a test 
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 such that for each P-test δ there is a constant c such that for all x we have 
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(x|P) ≥ δ(x) – c.

Lema 2.1

We can effectively enumerate all P-test.

Theorem 2.2 

Let 
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 be an enumeration of the P-tests. Then 
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(x|P) = max{δy(x) – y: y≥ 1} is a Universal P-test.

Theorem 2.3 
The function 
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(x|L) = l(x) – C(x|l(x)) – 1 is a universal L-test with L the uniform distribution.

Definition 2.3

The universal L-test as was defined above will be used as the reference universal test with respect to the uniform distribution L. A string is called c-random, if 
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 (x|L) ≤ c.

Example 2.4

The number of 1’s ( notated #ones(x) ) in a random string of length n must satisfy |2*#ones(x) – n| = O(
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3. Statistical Properties of Finite Sequences

In this section we will go over some of the statistical properties of random sequences. 3 types of properties are considered:

1. Statistics of 0’s and 1’s, that is the relation between #ones(x) and #zeros(x).

2. Statistics of blocks, that is the frequency of a certain block (of size k) in the sequence.

3. Length of Runs: What would be the expectation for the longest run of 0’s (or 1’s) in a random sequence.

Definition 3.1

An infinite binary sequence is normal in the scale of two if for each k, the frequency of occurrences of each block y of length k in the initial segment of length n goes to limit 
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 as n grows unboundedly.

Notice: normality isn’t sufficient for randomness. For instance: Champernowne’s sequence: 12345678910111213… is normal in the scale of 10.

Notation 3.1

The quantity K(x|y) in this section satisfies C(x|y) ≤ K(x|y) ≤ C(x|y) + 2logC(x|y) + 1

We can think of it as roughly the length of a self-delimiting version of a program p of length l(p) = C(x|y). 

Definition 3.1

The class of deficiency functions is the set of functions δ: N ( N satisfying  

K(n,δ(n) | n – δ(n)) ≤ 
[image: image17.wmf]1

c

 for all n.

Hence, C(n, δ(n) | n - δ(n))  ≤  
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 for all n.

 Lemma 3.1 

There is a constant c such that for all deficiency functions for each n and x , a binary string with length n),  if C(x) ≥ n – δ(n) then:
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Lemma 3.2

There is a constant c such that for all n and all x with length n, if :
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          then        C(x) ≤ n – δ(n)


Lemma 3.3 

There is a constant c such that for all n and all binary sequence of length n, if :


[image: image21.wmf]2

)

(

#

n

x

ones

-

 = j then C(x|n)  ≤  n – 0.5 log n + K(j|n) + c

Statistics of Blocks:

Definition 3.2 

Let x be a binary string of length n, y a much smaller string of length l. Let p = 
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 and #y(x) be the number of (possibly overlapping) distinct occurrences of y in x.  For convenience, we will look at x as cyclic so that if an occurrence of y starts at the end of x and ends in the beginning of x it will be counted in #y(x).

Theorem 3.1 

Let l < log n. There is a constant c such that for all binary string of length n, if:
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    then 
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Theorem 3.2

Let x of length n satisfy 
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 then for sufficient large n, each block of length 


[image: image26.wmf])

1

(

)

log

)

(

log(

log

log

log

O

n

n

n

n

l

-

+

-

-

=

d


occurs at least once in x.

Corollary

If 
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 then each block of length logn – 2loglogn-O(1) accurse at least once in x.
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