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Given a set of data we want to choose the best hypothesis to explain it. Useful criteria to determine which one is the best is to check which one compresses the data the most. This method is incomputable one, as we’ve seen in previous lecture, but it has inspired another method : MDL. MDL is relatively new paradigm proposed by J.J.Rissanen and C.S.Wallace.





Minimum Description Length (MDL) principle. Given a sample of data and an effective enumeration of the appropriate theories to explain the data, the best theory is the one that minimizes the sum of 


the length, in bits, of the description of the theory;


the length, in bits, of the data when encoded with the help of the theory.





With a more complex description of the hypothesis H, it may fit the data better and therefore decrease the misclassified data. if H describes all the data then it does not allow measuring errors. From the other hand the better fit hypothesis to the sample data the less its ability for generalization. The simpler the hypothesis the more measuring errors allowed. The rational of the method is that a balance between extremes seems to be required.





In the following MDL principle will be justified via Bayesian reasoning using universal probability m(). 





It also can be shown that maximally compressed descriptions given good results on data samples that are random with respect to probabilistic hypothesis. These data samples form the overwhelming majority and occur with probability going to one when the length of the data samples grows unboundedly. That is, both for hypothesis identification and prediction, data compression is provably optimal, but for a subset of (hypothesis, data sample) pairs of vanishing probability.





Derivation of MDL from Bayes’s Rule





Bayes’s rule : 


�EMBED Equation.3���


H - hypothesis


P – prior probability of the hypothesis


D – sample data set





We’re concerned in finding a hypothesis which maximizes Pr(H|D) or minimizing –log Pr(H|D) over H.





�EMBED Equation.3���





Since Pr(D) is constant under varying H, this means we want to minimize :


�EMBED Equation.3���





To obtain the ideal MDL principle we replace the probabilities by m(). The analyses of conditions under which this substitution is justified will be addressed soon. Using





�EMBED Equation.3���


�EMBED Equation.3���





we have





�EMBED Equation.3���


where K() is a prefix complexity. Therefore by substitution, we’re looking for H that minimizes 


�EMBED Equation.3���


which is the code-independent, recursively invariant, absolute form of the MDL principle.





Using symmetry of information : 


�EMBED Equation.3���


and by substituting it we get �EMBED Equation.3���


The term K(D) is fixed and doesn’t change for different H’s. We want to find H that minimizes left-hand term. This is :





Alternative formulation MDL principle. Given a hypothesis space H, we want to select the hypothesis H such that the length of the shortest encoding of D together with hypothesis H is minimal.





There is a danger of triviality, but as we will see the conditions for replacing probabilities by m() will eliminate it.





To satisfy the substitution of probability by m() we will make the new assumption : prior probability P() in Bayes’s rule is fixed as m(). This assumption holds since  we would want the chosen hypothesis to be P-random for the prior distribution P used. One choice to guarantee this is to choose : 


�EMBED Equation.3���


This is a valid choice even though m() is not recursive, since the latter requirement arose from the requirement that m()/P() be enumerable. Which is the case in this choice, of course. Moreover randomness test (�EMBED Equation.3���) holds for each hypothesis H, this means that all hypotheses are random with respect to distribution m().





Now we check the conditions under which –logP(D|H) and K(D|H) are close. The first condition is that Pr( | ) be a recursive function.


Then by 


�EMBED Equation.3��� (lecture about Algorithmic Probability) we have 


�EMBED Equation.3���


Therefore


�EMBED Equation.3���


Since from H we can compute Pr( |H).


Secondly, if the data is random with respect to the recursive distribution Pr( |H) we have


�EMBED Equation.3���


Now we can conclude : 


�EMBED Equation.3���


Similarly we get 


�EMBED Equation.3���





Now from the last two equations we find, so called Fundamental Inequality (FI):


�EMBED Equation.3���


it describes the fundamental relation between Bayes’s Rule and MDL in mathematical terms.





Lets interpret it. First of all, FI  holds only when H is P-random and D is Pr( |H)-random together. It means that the true hypothesis must be “typical” for the prior distribution P, in the mean that it must belong to all effective majorities (if the prior is set to be a universal distribution then it is “automatically” archived). We also require the data sample to be random with respect to Pr( |H) induced by H. It means that D should be “typical” in this distribution.


If FI holds then we call the chosen H admissible.


If  �EMBED Equation.3��� is small enough and both Bayes’s Rule and MDL choose admissible hypothesis then both criteria are (almost) optimized by both selected hypothesis. 


Which means that it is only in terms of O(1) that the MDL and Bayesian techniques are equivalent. 





Unfortunately, the function K() of the hypothesis H is not computable. For practical applications one must settle for easily computably approximations. One way to do this is as follows: first encode H and D|H by a number in N. Then consider a self-delimiting description of x. This makes �EMBED Equation.3��� which is a simple upper approximation of K(x).





There are a few examples on applying MDL principal, but for them you will have to come to the lecture. (

















