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Abstract.  In this work we present a new approach to sampling
planar curves based on a local shape analysis. The method relies
on the intrinsic properties of the curve, and is simple, local and
intuitive. Our technique captures all the features of the given cu rve,
even the nest ones and allows to work with a very large data sets
since it does not require any global analysis of the object.

We show that a curve interpolating the chosen samples, tangent
directions and curvature values results in a good approximation of
the original curve.

Keywords: intrinsic geometry, curvature, shape recognition, car-
tography, interpolation, geometric modeling.

x1. Introduction

Curve shape analysis has numerous practical applications in various areas,
such as computer animation, scienti ¢ visualization, digital compression,
shape approximation, shape recognition, cartography and solid modeling.
Identi cation of the key features and their classi cation is crucial for the
mentioned above applications. Usually this requires manual assistance in
order to achieve naturally looking and accurate results. A major research
challenge is thus to develop techniques that minimize the user assistance.
In our work we deal with smooth planar parametric curves that are
often represented as NURBs (non-uniform rational B-spline, e.g. [4, 8]).
The problem of curve shape analysis has been studied in many di erent
contexts. One well known technique is to choose samples on the original
curve so that the distance between the given curve and the piecewise
linear curve passing through the selected samples is minimized. In [6]
the authors presented the commonly used \divide-and-conquer" algorithm
that approximates the given continuous curve up to some user de ned
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distance tolerance. The drawback of this approach is that it is greedy in
its nature and it can miss ne but important details of the curve.

In [11] the \most important” samples are chosen from the given large
set of the discrete data that originate from a smooth curve. The subset of
data points is selected in a such way that they are uniformly distributed
with respect to the value of integrated absolute curvature.

Another approach studies a given curve in a multiresolution context.
A multiresolution representation of the curve has many useful features
since it allows to separate di erent levels of details. Multiresolution de-
composition of B-spline curves is studied in [9], while in [13] authors in-
troduce orthogonal decomposition of non-uniform B-spline spaces using
wavelets [3,15]. In [10] the authors discuss geometric modeling with con-
straints using multiresolution representation. Multiresolution representa-
tion of the curve may be not intuitive in many cases. Furthermore, it
treats xy-coordinates separately which also leads to the dependency on
the choice of the coordinate system. This property was also mentioned
in [9] as \orientation of detail" problem.

In our algorithm we employ intrinsic geometric properties of the shape,
which in case of a planar curve are de ned by the curvature signature func-
tion. Such properties do not depend on the choice of a coordinate system
and the given parameterization of the curve. The curvature signature of
the curve fully de nes the curve shape and all important geometric fea-
tures are captured.

The rest of the paper is organized as follows. In Section 2 we present
the mathematical background on di erential geometry of planar curves.
In Section 3 we introduce an algorithm for the curve shape analysis. The
G? interpolation method for the curve reconstruction is described in Sec-
tion 4. In Section 5 the experimental results are provided. We conclude
in Section 6.

x2. Background on Di erential Geometry of Planar Curves

First we present some theoretical background that we rely on in this work.
In our method we employ theintrinsic geometric properties of the shape.
We study the geometric shape of the object that is invariant with respect
to the viewer or the system of coordinates that he has selected. The
representatives of such properties are curvature and torsion signatures for
curves, while in case of surfaces Gaussian and Mean curvatures satisfying
Gauss-Codazzi equations are used, see e.g. [2,16].

The curvature of a regular planar curve, C(r) = fx(r);y(r)g, of class
C? is de ned as

_ xX0yR0 xS0y,
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This equation becomes simpler when the curveC(s) = fx(s);y(s)g, is
parameterized by arc-length:

(s) = xAs)y™ts)  xAs)yXs); (2.2)

because x®(s) + y®(s) = 1. The absolute value of curvature is equal to

. . 1
= —; 2.3
j (9)] R (2.3)
where R(s) is the radius of curvature, i.e. the radius of the osculating
circle to the curve C(s), e.g. [2,16].
Let be the angle between the tangent vectorT (s) and the positive
semi-axisx,

S
(s)=tan ! yAs)
xY(s)
and consider 4s),
0 o) O 1 y%s) °
(s) = tan ! 10(3) = : 2 %9
y%s)
1+ S
_ x2(s)  xAs)yAs) xAs)y%As)  — xYs)y®Rs)  xRs)y%s)
X2 (s)+ y%2(s) X% (s) XOZ(S) + y(z(s)

xqs)yNqs)  xNs)y%s);

again since x®(s) + y®(s) = 1. Butthen (compare y\\;ith Equation (2.2)),

%s) = (s). Hence, assuming (0) = ' o, (S) = OS (s)ds+ ' ¢. The
assumption of (0) = ' ¢ simply states that the curve is oriented so that
its tangent's angle is' ¢ at s = 0, pinning down the degree of freedom of
the orientation of the rigid motion, e.g. [16,17].

The fundamental theorem of dierential geometry of curves [2, 16]
states that the curvature signature function, (s), of a planar curve, C(s),
parameterized by arc-length fully prescribes it up to a rigid motion trans-
formation.

Theorem 1. Fundamental theorem of planar curves Two unit-speed
planar curves which have the same curvature di er only by a Ectlidean
rigid motion.

x3. \Rolling the Ball"

The input of the problem is a smooth planar parametric curve, C(Ss).
We want to obtain a set of points on the given curve that captures the
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P1

Ps3

Fig. 1. 4 points, fpjgi, on the curve's osculating circle, with = >

most important geometric information as output. Thus, the main question
is how one can decide which points of the curve describe the shape of this
curve the best way.

As was already mentioned in Section 1, there are many di erent ways
to choose the points for curve approximation. In this work we propose to
bound the deviation of the tangent direction,T (s), of the curve, i.e. choose
the samplesf C(sx)gk on the curve, so that the following holds:

K (sk+1) (sk)k= and (3.1)
K (Sk+1) (s)k < for 8s 2 (sk; Sk+1): 3.2)

2 . . . . .
Let n = —. One can visualize this process as drawing points, f p;gi,

with ink on the curve's osculating circle and rolling it along the curve, so
that the ink-point, fp;g;, on the circle marks the curve when the tangent,
T (sk), has exactly the samedirection as the tangent of the circle atf pyx gk,
see Figure 1. This is also equivalent to selecting every poiniC(s), on the
curve that has tangent direction, T(s), of the form

T(s) = fcos(k);sin( x)g; where = +k: 3.3)

Since (s)= Ys), the magnitude of the integral of the curvature signature
between successive sample and sx.+1 is equal to

4

Sk+1

(s)ds =j (skw2)  (sk)j=: (3-4)

Sk

Figure 2 shows a curve,C(s), with the 44 samples chosen when the
curves tangent direction, T (s), changes by = =4. The regions with high
curvature receive more sample points and the strong curvature extremums
are located in the areas, where the samples have the highest density, see
Figure 2 (b).
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(a) (b)

Fig. 2. Black dots coincide with the 44 samples on the curve that are
selected by the method with = e Circles correspond to the curvature

extremums. The enlarged rectangular region shows that the method se-
lected more than one sample for each area with high curvature values even
with the relatively large value of

Fig. 3. The segment of the curve C(s) between the two points
C: and C, lies in the parallelogram Q = 2¢,p,c,p,, Where
\' T(s«);CiP1 =\ PoCy;T(sk) =

3.1. The Locus of the Curve Segment

In this section we show that the maximal distance between the curve
segmentCy(s) = fC(s) : s 2 (sk;Sk+1)g and its linear approximation
connecting the two end-points is bounded.

Lemma 1. Assume that the maximal angle deviation is such that:
2 (0; =
(0 )

and let C; = C(sk) and C, = C(sk+1) be the two points on the curve
C(s), such that for any § 2 (sk;sk+1 ) the condition of Equation (3.2) is
satis ed.

Then any point p = C(8), $ 2 (sk; Sk+1 ), lies inside the parallelogram
Q= 2¢,p,c,p, formed by the lines passing through the point€; and C,,
which form the angles equal to  with the tangent direction T(si) at Cq,
see Figure 3.
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Cs

Fig. 4. The maximal error value dg is equal to the length of the dashed
line that is the height of the isosceles triangle inscribed in the same circular
arc as the angle\ C;P;C; .

Proof: Suppose that the curve leaves the trianglel = 4 C;P;1C,, see the
dashed curve in Figure 3. Consider the tangent directionT at the point
p = C(8), where the curve intersectsT, see the dashed vector in Figure 3.
The T is directed outside of the triangle and thus the Equation (3.2) is
not satis ed, i.e. the angle (8) 62 (sk); (Sk+1) in contradiction to the
statement of the lemma. O

Theorem 2. Let C; = C(sk) and C, = C(sk+1) be the two consecutive
samples on the curveC(s) chosen by the presented algorithm.

Then the maximal distance, between the curve segmer@(s), s 2
(sk;sk+1) and its linear approximation C,C, does not exceed

der = %tan( )kC1 Czk:
Proof: The proof of the theorem is based on Lemma 1 implying that
the maximal distance from C;C, to the curve is bounded by the max-
imal distance from C;C, to the boundary of Q, i.e. by the distance
d= dist P;;C.C; .

Recall that according to the inscribed angle theoremthe angles in-
scribed in the same circular arc are always equal, see Figure 4. Therefore
d der; wheredg, is the length of height of the isosceles triangle inscribed
in the same circle as the triangle4 ¢, p,c,, see the dashed line in Figure 4:

Oer 1
—— =tan = 3 2 = tan
IkC1  Ck 7 2l ) )
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3.2. Implementation Details

The sample point set is specied by their tangent direction, see Equa-
tion (3.3). Suppose, we need identify all points,C(sk), on the curve that
have the tangent direction T(sx) = fdy;dyg. Note that for the arc-length
parameterized curve,C(s), the following must be satis ed:

CYs)= T(s)= fdy;dyg 0 x%s)dy yXs)dx =0: (3.5)

That means that the zero-set of the function xYs)d,  y%s)dy coincides
with the part of the resulting point set that corresponds to one of the n
tangent directions.

This algorithm chooses not only all points satisfying Equations (3.1)
and (3.2), but also points C(sk), C(sk+1) with identical tangents direc-
tions, k (Sk+1) (sk)k = 0, with jsc+1  skj > " > O that satisfy the
Equation (3.2).

We exploited the functionality of the IRIT [12] solid modeler to carry
out all the necessary symbolic computations while solving Equation (3.5),
see [7]. Another method of nding zeros of the NURB curve can be found
in [14]. Our implementation demonstrates the feasibility of the method,
which in general is applicable to any representation of a smooth planar
curve.

x4. Curvature Sensitive Curve Fitting

In this work we have presented the algorithm for the shape sensitive
selection of sample points on the smooth planar curve. We can reconstruct
the curve given the set of points,f P;g;, corresponding curvature values,
f igi, and tangent directions, fTig;, see [5]. This method, which can
be found in [5], produces the curve withC? continuity with respect to
arc-length, i.e. G?, and is 6-th order accurate.

We approach the task using cubic Bezier segments between each pair
of adjacent points which can be combined into single B-spline curve after-
wards.

Suppose we are given a pair of pointsP; and P;j.;, two tangent di-
rections, T; and T;+;, and two curvature values, ; and i+;. We want
to de ne a cubic Bezier curve, B(r), with control polygon fpo; p1; p2; P30,
such that pp = Pj, ps = Pj+1, and

p1 Po + Zodo = fag + zody; by + zodig
P = ps zdi=fay zdi; by zdig;

wheredy = Tj;d; = Ti+1 The curvature signature, (r), see Equation (2.1),
of the curve B (r) must satisfy the relations (0) = ; (1) = j+1. Let
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(a)

(b)
Fig. 5. The black dots coincide with the 23 sample points selected by our
algorithm (plus two end-points) with = 5 The gray line is an interpola-

tion curve, that was produced by the curvature sensitive interpolation [5]
in (a). Compare with the standard Hermite interpolation of the same
point set (b). The original curve is shown in black.

V= p3 Ppo,then we have

5 N o)
) 322kaok® (do Vv)+ zy(dy do)

5 N )
1 = di) + zo(d; do)

szkdie

This system of two quadratic equation is resolved as a quartic Ferrari
equation [1] for zp, while substitution of zy into the equation for (0)
gives us the value ofz;.

The scheme is not only goodasymptotically, but produces an accurate
approximation for the original curve even for a vary sparse input that
resulted from our sampling method.

Note that in our case the angle between the two successive tangent
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(@) (b)
Fig. 6. The black dots, see (a), coincide with the sample points selected by
our algorithm (plus two end-points) with = > while the circles resulted

from the \divide-and-conquer" method [6] with the same number of points,
see (b). Note that the interpolating curve through the points provided by
our algorithm (@) is indistinguishable from the original.

girections is either equal to > Or zero. Thus eitherR (s)ds = , or

(s)ds = 0. Therefore, a solution of the interpolation problem usually
exists for our application. We have tested the method [5] to reconstruct
various complex curves (some of them can be found in Section 5) having
B-spline representations of di erent degrees ranging from 3 to 7. The
interpolating curves existed for all data sets produced by our algorithm,
while the samples that resulted from \divide-and-conquer" method did
fail to satisfy the solvability conditions of [5] rather frequently. When
the exact solution does not exist in the form of the cubic interpolating
curve, see [5], one can solve the minimization problem approximating the
curvatures at the end-points.

x5. Examples and Experimental Results

As was mentioned in Section 3 our method produces samples with the
density proportional to the absolute value of the curvature signature func-
tion, see Figure 2.

Another point that we would like to emphasize is that when just a few
samples are chosen with a relatively large, the selected samples de ne the
shape of the curve quite accurately. In Figure 5 the 23 samples (plus two
end-points) were chosen with = =2. Applying the method for curve
reconstruction, specied in Section 4, we receive the result that is very
close to the original.

On Figures 6 and 7 we show the di erence between our shape approxi-
mation approach and the Hausdor distance minimization approach of [6].
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(a) (b)

Fig. 7. Compare the shape reproduced from the our point set (a), with the
shape received using \divide-and-conquer" method [6] (b). The original
curve is shown in black.

@) (b)

Fig. 8. Compare the shape reproduced by curvature sensitive interpola-
tion (a), with the linear approximation through the same points (b). The
original curve is shown in black.

Minimizing the distance between piecewise linear approximation and the
original geometry one must sacri ce ne details, see the small part of the
spiral in Figure 6 (b) or the curved region on the upper part of the curve in
Figure 7. The approximation of the curve in Figure 7 (a) gives much better
visualization of the curves shape than the approximation on in Figure 7
(b).

Figure 8 shows that even when the number of samples is relatively
small (21 samples plus two end-points) the combination of the methods
choosing the sample points and tting the curve through them results in
an adequate approximation and visualization of the shape of the curve,
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see (a). Compare the output curve (a) with the linear approximation (b).

x6. Discussion and Conclusions

In this work we presented a new method that produces an output point
set with a good distribution of the points according to the magnitude
of the curvature signature function. This e ect follows from the relation

(s) = Ys), which states that the velocity of the change of the tangent
direction, T(s), de nes the value of the curvature signature function, (s).
The selected sample points capture the shape of the given curve with all
important features, since the curvature de nes the shape of the curve up
to a rigid motion transformation.

The number of samples increases in inverse proportion to the magni-
tude of the . The number of resulting samples cannot be predetermined,
when the maximal angle deviation, , is selected independently of the
given curve. In order to estimate the size of the output, the integral value
of k (s)k = k (s)k can be evaluated.

Our algorithm allows a very e cient method for curve compression.
We can store the following information for each point:

? the fx;yg coordinates of the point C(sx) (two real numbers);

? index k of the tangent direction T (sx) (one integer);

? the value of the curvature signature (sg) (one real number).

With the aid of this information one can reconstruct the curve using cur-
vature sensitive tting method, described in Section 4, see Section 5 for
experimental results of such reconstruction.

The main problem of the technique is that it may produce bad approx-
imation in close to linear regions with the bounded tangent directions set
that does not coincide with T (si) for any k. Such regions are not di cult
to identify and should be represented by two end points, but in this case
a non local analysis is required.

When the approximation is required to be within some prede ned dis-
tance de; from the input, the value of should depend onds,. One can
start with some coarse initial value ( and reduces it until the the approx-
imating curve satis es the distance constraint or the number of samples
is greater than a prede ned maximal number. The main di culty of this
approach is that when the approximating curve is not piecewise linear, the
error estimation (for example, measuring the Hausdor distance between
the curves) can be time consuming.

Our method assumes that the input has no noise anall details repre-
sent some important information. If this is not the case, the data should
be smoothedbefore the algorithm applications until only important details
are present.

Although the selection of the initial tangent direction, T(sp), in uences
the locations of all samples, it can be xed according to some heuristic,
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allowing more exibility for the method. For example, we can nd the
strong extremums, fg; g;, of the curvature signature, (s) that have the
largest energy, § = ¥ k (s)kds and use them as the initial point set for
the algorithm. The angle deviation, j» can be chosen to be constant
on each interval between two adjacent extremums but be di erent on the
two successive intervals.

Finally, the extension of this work to three dimensional curves and free
form surfaces is a goal of high value and merit.
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