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Abstract

In this paper we consider the problem of constructing a small arithmetic circuit for
a polynomial for which we have oracle access. Our focus is on n-variate polynomials,
over a finite field F, that have depth-3 arithmetic circuits (with an addition gate at
the top) with two multiplication gates of degree at most d. We obtain the following
results:

1. Multilinear case: When the circuit is multilinear (multiplication gates compute
multilinear polynomials) we give an algorithm that outputs, with probability
1 —0(1), all the depth-3 circuits with two multiplication gates computing the
polynomial. The running time of the algorithm is poly(n, |F|).

2. General case: When the circuit is not multilinear we give a quasi-polynomial
(in n,d,|F|) time algorithm that outputs, with probability 1 — o(1), a succinct
representation of the polynomial. In particular, if the depth-3 circuit for the
polynomial is not of small depth-3 rank (namely, after removing the g.c.d. of the
two multiplication gates, the remaining linear functions span a not too small linear
space) then we output the depth-3 circuit itself. In case that the rank is small we
output a depth-3 circuit with a quasi-polynomial number of multiplication gates.

Prior to our work there have been several interpolation algorithms for restricted
models. However, all the techniques used there completely fail when dealing with
depth-3 circuits with even just two multiplication gates. Our proof technique is new and
relies on the factorization algorithm for multivariate black-box polynomials, on lower
bounds on the length of linear locally decodable codes with 2 queries, and on a theorem
regarding the structure of identically zero depth-3 circuits with four multiplication
gates.

*Preliminary version appeared in [Shp07].
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1 Introduction

In this work we consider the problem of constructing a small arithmetic circuit for a poly-
nomial, for which we have oracle access. That is, there is a black box holding a polynomial
f and we would like to find a small arithmetic circuit that computes f. We are allowed to
pick inputs (adaptively) and query the black box for the value of f on those inputs. The
focus of this work is on n-variate polynomials that have small depth-3 arithmetic circuitsﬂ
over some finite field F. We consider the simplest such circuits, those with only two multi-
plication gates (also known as XI1¥(2) circuits). We obtain the following results. Let f be
a polynomial, for which we have oracle access, that is computed by a XI1%(2) circuit. When
f is computed by a multilinear X113(2) circuit we give a polynomial time algorithm that
outputs, with high probability, all the multilinear ¥II¥(2) circuits that compute f. When
f does not have a multilinear ¥II1¥(2) circuit, we output in quasi-polynomial time, w.h.p.,
a short description for f (depending on a technical condition we either output a XII3(2)
circuit for it, or a depth-3 circuit of quasi-polynomial size).

The problem of reconstructing a small arithmetic circuit for a polynomial using queries
is a basic problem in algebraic complexity and is closely related to problems in learning
theory. We now give some background that explains why studying depth-3 circuits is the
next natural step given our current state of knowledge.

1.1 Computational learning theory

This paper considers the task of exact learning of algebraic functions. The analogous problem
for Boolean functions is well-studied and we first summarize the state of knowledge there.
The question of whether we can compute a small description for a boolean function, for which
we have oracle access, is a fundamental problem in learning theory. The problem, also known
as the exact learning problem using membership queries, attracted a lot of research and both
positive and negative results were proved. On the negative side it was shown that if a class
of boolean circuits C contains trapdoor functions or pseudo-random functions then there are
no efficient learning algorithms for it [OGMS86l [KV94l, [Kha95]. In particular, there are no
efficient interpolation algorithms for the class TCY (the class of depth 4 threshold circuits),
under a widely believed cryptographic assumption [KLOI, NR04]. Moreover, in [RR97] it was
proved that if we consider a class of circuits C that can compute pseudo-random functions
efficiently then it is hard to determine, in exponential time, whether a function given by
its truth table can be computed efficiently by a circuit from C. In other words, even if
the algorithm is given the whole truth table as input, it cannot determine whether f has a
polynomial size circuit in C or not, in exponential time (i.e., in time polynomial in the size
of the truth table).

'In this work whenever we say depth-3 circuit we mean a circuit with an addition gate at the top. The
reason being that by factoring the circuit and then applying known interpolation algorithms for depth-2
circuits it is easy to reconstruct depth-3 circuits that have a multiplication gate at the top.



On the positive side, there are many works showing that in some restricted models of
computation, e.g. when f has a small circuit from a restricted class of circuits, exact learning
from membership queries is possible (e.g. [SS96, BBV96, BBTVI7, BBBT00]). However,
no exact learning algorithms are known for the class of bounded depth boolean circuits.
Moreover, even if we allow the algorithm to run in exponential time and have access to the
truth table of the function then it is still not known how to compute a small bounded depth
circuit for it.

To conclude, exact learning is known only for very restricted classes of circuits, and
we cannot hope to learn the class of depth-4 threshold circuits if certain cryptographic
assumptions hold.

1.2 Interpolation of arithmetic circuits

As mentioned above we consider the algebraic analog of the exact learning problem. Let A
be a class of arithmetic circuits over a field F. We are given oracle access to a polynomial
f(z1,...,2,) € Flxy,...,z,] that can be computed by an arithmetic circuit from A. We
are allowed to ask for the value of the polynomial at points of our choiceE] and we would
like to output a succinct representation for it. Ideally we would like to output an arithmetic
circuit from A that computes the polynomial. This problem is also known as the polynomial
interpolation problem.

Unlike the exact learning scenario, there are almost no results that show the impossibility
of interpolating arithmetic circuits. To the best of our knowledge, the only hardness result
is by [FK06] that proved that polynomial time interpolation of arithmetic circuits implies a
lower bound for the class ZPEXPRP. A probable explanation for lack of stronger hardness
results is that no reasonable notion of pseudo-random polynomials is known in the algebraic
domain. However, it is widely believed that analogously to the exact learning case, it is
impossible to efficiently interpolate arithmetic circuits of a certain constant depth. The
reason for this belief is that depth-3 arithmetic circuits can compute the arithmetic analog
of threshold functions (see e.g. [SWOI]), and as efficient exact learning of T'CY is believed
to be impossible, we also expect efficient interpolation of bounded depth arithmetic circuits
to be impossible. It is natural to ask then, what is the maximal depth for which efficient
interpolation is possible.

Similarly to the exact learning version, a lot of effort was invested in trying to interpolate
restricted classes of arithmetic circuits. In particular, the class of depth-2 arithmetic circuitsﬂ
received a great deal of attention and several interpolation algorithms were devised for it
[BOTSS, [GKS94,, [KS96, Man95, [SS96, [KSO1]. Many works also focused on circuits that can
be represented by small multiplicity automata [BBVI6, BBTVIT7, BBBT00, [KS06] and on the
class of read-once arithmetic formulae [HH91, BHH95, BC98, BBIS8, [SV0§]. One unifying

2In the case of finite fields we may ask for the value over an algebraic extension field of F.
3Polynomials computed by small depth-2 circuits are also known as sparse polynomials, i.e. polynomials
with a small number of monomials.



feature of all these classes is that they all compute polynomials whose partial derivatives
span a low dimensional space (see e.g. [KS06] were depth-3 circuits of a very special form
are discussed). In contrary, it is easy to give an example of a multilinear X11¥(2) circuit
that computes a polynomial whose partial derivatives span a high dimensional space. Thus,
known techniques cannot give efficient algorithms for interpolating polynomials computed
by multilinear X.II¥(2) circuits. This highlights the gap in our understanding of depth-2
circuits and depth-3 circuits (even those with only two multiplication gates).

Thus, current techniques are incapable of interpolating depth-3 circuits, even those with
two multiplication gates, and it is believed that above some constant depth efficient inter-
polation is impossible.

In this work we introduce new techniques that enable us to give interpolation algorithms
to the class of depth-3 circuits with two multiplication gates. Before presenting our results
we need to give several definitions.

1.3 Some definitions and statement of our results

Let f be a polynomial computed by a XI1¥(2) circuit. Then f has the following form:
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where the Lz(j )_s are linear functions in the variables 7 = (x1,...,2,), over the field F:

LEJ) (f) = Z Oéi,j,kxk -+ Oéi,j,O
k=1

for o jr € F. Let M; and M, be the multiplication gates of the circuit. That is,
dl d2
My =[] L) and M, =] LP (7).
i=1 i=1

For a XII¥(2) circuit C' we denote with deg(C') the maximal degree of its multiplication
gates. For example, if C' is given by equation (1) then deg(C') = max(d;, dy). Our first result
deals with the case of multilinear ¥.IT13(2) circuits. A multilinear circuit is a circuit in which
every multiplication gate computes a multilinear polynomial. In particular the degree of a
multilinear circuit is bounded by n.

Theorem 1. Let f be a multilinear polynomial in n variables that is computed by a degree
d multilinear X11X(2) circuit, over a field F. Then there is a randomized interpolation
algorithm that given black boz access to f and the parameters d and n runs in poly(n, [F|)-
time and with probability 1—o(1) outputs all the X113(2) circuits computing f. When |F| < n®
the algorithm is allowed to make queries to f from a polynomaial size algebraic extension field
of F.



Notice that we output all the multilinear XII3(2) circuits computing f. While this was
not our purpose when first studying the problem it is a nice consequence of our techniques
(and in particular implies that there are only polynomially many such circuits).

In order to state our main theorem we need some more definitions. Let C be as in
Equation [1] Define

ged(CO) 2 g.c.d.(My, M)

as the greatest common divisor of the multiplication gates. It is clear that we can write
ged(C) =[], Li(%), for some set of linear functions. Following the notations of [DS06] we
define the simplification of C, sim(C'), to be the circuit

sim(C) 2 ¢/ ged(C).

From the definition of sim(C) it is clear that there exists a subset] I; C [di] and a subset
.[2 g [dg], such that |Il| = d1 — l{i, |]2’ = d2 — k and

sim(C) = [[ 2 @) + [[ LZ (@). (2)

€l i€lg

We shall also need the notions of the rank of a ¥II3(2) circuit, which we denote with rank(C),
and of depth-3 rank of f, which we denote with rank(f). Given a XII3(2) arithmetic circuit
C, let sim(C), I; and I, be as in equation (2). We define

rank(C') 2 dim (Span{LZ(-l),Lﬁ-z) i€l je ]2}> :

In other words, the rank of C' is defined to be the dimension of the space spanned by the
linear functions in sim(C'). Let rank,(f) be the minimum, over all XII¥(2) circuits C' of
degree < d that compute f, of rank(C). The motivation for the definition will become
clearer in the analysis of our algorithm. When the degree d is clear from the context then
we drop the subscript d and simply write rank(f) instead of rank,(f).

We can now state our second result that deals with general XII3(2) circuits.
Theorem 2. Let f be an n-variate polynomial computed by a XIIX(2) circuit of degree
d, over a field F. Then there is a randomized interpolation algorithm that given black box
access to f and the parameters d and n runs in quasi-polynomial time (in n,d, |F|) and has
the following properties:

o If rank(f) = Q (logQ(d)), then with probability 1 — o(1) the algorithm outputs the
(unique) X113(2) circuit for f.

o Ifrank(f) = O (log*(d)), then the algorithm outputs, with probability 1 — o(1), a poly-
nomial Lin(f), a polynomial Q(y1,-..,yx) and k linear functions Ly,..., Ly, where
k < rank(f), such that Lin(f) is a the product of all the linear factors of f and

Lin(f) - Q(Ly,....Ly) = f.

4As usual, [k] stands for the set {1,...,k}.




When |F| < max(d®,n°) the algorithm is allowed to make queries to f from a polynomial
size extension field of FF.

We note that in the case that rank(f) = O (log*(d)) the polynomial Q(L, ..., L) can
be easily represented as a XIIY circuit with quasi-polynomially many multiplication gates
(as @ has at most a quasi-polynomial number of monomials).

1.4 Our techniques

Our algorithms are based on the following scheme. We first restrict the inputs to the unknown
polynomial to a low dimensional random subspace of F" (although in the multilinear case
the subspace is not completely random, the intuition is the same). We then interpolate the
polynomial on this subspace. The next step is to lift the representation that we found to the
whole space. While this is the general scheme it has different realizations in the multilinear
case and the general case, and even within each case we have to deal differently with the
case of high rank and the case of low rank. However, similar problems lie in the core of
the different cases. The following questions give a good intuition to the difficulties that the
algorithm has to overcome.

1. Let Vi,..., Vi be subspaces of co-dimension 1 inside a linear space V. Given circuits
(1, ..., Cy such that C; computes f|y, (the restriction of f to V;) how can we construct
from them a single circuit C for f|,?

2. Given linear spaces V C U such that V' is of co-dimension 1 in U, and a circuit C'
computing f|y, how many circuits C” are there that compute f|y and whose restriction
C'|y is equal to C7

The first question arises in the case of general XII¥(2) circuits of high rank when we
interpolate the restriction of f to a random subspace V. Our algorithm first interpolates
the restrictions of one of the multiplication gates to co-dimensional 1 subspaces of V' and
then combines the different results to get a representation of that gate over V' (then using
the factoring algorithms of [Kal85l [KT90), [Kal95] we are able to interpolate fly/).

To deal with the problem we consider linear functions in the different Cj-s that look
similar to each other and try to glue them together to get a new function. This process
may fail if for any linear function in, say, C; there are many other linear functions in C
that are at Hamming distance 1 from it. In such a situation it is hard for us to tell what
is the “true” image of that linear function in the other C;-s. On the other hand, if this is
indeed the case then the linear functions in C generate a locally decodable code and using
the results of [GKST06, [DS06] on the length of such codes, we can prove that such anomaly
cannot happen. Therefore we can always find a linear function to learn, until eventually we
find the whole multiplication gate.

The motivation for the second question is that when we lift the representation that we
found over V to U there may be many different circuits that are possible lifts, and we



somehow have to pick the right one to continue the lifting process with. To deal with this
problem we note that if a polynomial has two different lifts then the difference of the lifts is
the zero polynomial. By a result of [DS06] regarding the structure of identically zero depth-3
circuits, we get that the different lifts must be of small rank. This enables us to solve the
problem for the high rank case (as in this case the lift is unique). The low rank case is indeed
more problematic and this is why we need to output a circuit with quasi-polynomially many
multiplication gates when f has low rank (although in the multilinear case we manage to
overcome this difficulty by proving that the total number of possible lifts is polynomial).

1.5 Recent progress

In a recent joint work with Z. Karnin [KS08] we managed to extend this result to the case
of XII3(k) circuits. Moreover, we managed to get a deterministic reconstruction algorithm
(the algorithms in this paper are all randomized). The ideas in the current paper serve as
a basic building block to the ideas of [KS08], however some new ideas were required for the
more general case.

1.6 Organization

The paper is organized as follows. In Section [2| we give some definitions and describe the
results of [DS06] regarding identically zero depth-3 circuits. The algorithm and proof for the
multilinear case is given in Section 3] In Section [4 we give the algorithm (and proof) for the
general case.

2 Preliminaries

For a natural number n we denote [n] = {1,...,n}. For a set S C [n] we denote with S the
complement of S.

Let F be a field. We denote with F" the n-dimensional vector space over F. We shall use
the notation z = (x1, ..., x,) to denote the vector of n indeterminates. For v € F™ we denote
with wt(v) the weight of v, i.e. the number of non zero coordinates in v. For two non-zero
linear functions L1, Ly we will write L; ~ Lo whenever L; and L are linearly dependent. Let
V =Vy+v9 C F” be an affine subspace, where vy € F” and Vy C F”" is a linear subspace. Let
L(Z) be a linear function. We denote with Ly the restriction of L to V. We say that a set
of linear functions {Ly, ..., Ly} is linearly independent over V' if the only linear combination
of the L;-s whose restriction to V' is identically zero is the all zero combination. We now
introduce coordinates to the space V. Let vy,...,vs be a basis of V. Let L(Z) be a linear
function. We consider the restriction of L to V' with respect to the basis {v;}. Then L|y can
we written as a function in s variables. In particular if v = aqv; + ... + azvs + vg then we
define L|y(aq,...,a5) = L(v) = L(ayv1 + ... + asvs) + L(v).

7



For a polynomial f we denote with Lin(f) the product of all the linear factors of f (with
the appropriate multiplicities). We also define sim(f) = f/Lin(f) to be the simplification of
f. Clearly sim(f) does not have any linear factors.

2.1 Identically zero depth-3 circuits

In this section we state some results of [DS06] regarding identically zero depth-3 circuits.
We start by giving some necessary definitions. A XII3(k) circuit (that is, a depth-3 circuit
with & multiplication gates) is identically zero if it computes the zero polynomial. Notice
that this is a syntactic definition, we are thinking of the circuit as computing a polynomial
and not a function over the fieldf| Let C' = M + ...+ M, be an identically zero SIIS(k)
circuit, where the M;-s are the multiplication gates. We say that C' is minimal if there is no
0 # 1 C [k] such that )., M; = 0. C is simple if the g.c.d. of its multiplication gates is 1.
The following theorem gives a bound on the degree of multilinear X113 (k) circuits that are
identically zero.

Theorem 3 (Corollary 6.9 of [DS06]). There exists an integer function D(k) = 2°%*) such
that every simple, minimal, identically zero multilinear 11X (k) circuit is of degree d < D(k).

In other words, if C' is an identically zero YII¥ (k) multilinear circuit that is simple and
minimal, then the degree of C'is bounded by a constant depending on k. We will need to use
the result only for ¥II¥(4) circuits. We state this as a corollary, and introduce the constant
D, that will play a part in our interpolation algorithms.

Corollary 4. There exists a constant Dy, such that every identically zero multilinear Y11 (4)
circuit that is simple and minimal is of degree < Dy.

The next theorem deals with general XII¥ (k) circuit.
Theorem 5 (Lemma 5.2 of [DS06]). Let k > 3, d > 2 be integers and C = 0 be a simple
and minimal SIS (k) circuit. Then rank(C) < 200°) logh=2(d).

As before we shall need the following corollary and the constant R,.
Corollary 6. There exists a constant R4, such that every identically zero X113(4) circuit,
of degree d, that is simple and minimal is of rank at most Ry - logQ(d).

The following corollary shows how to use Corollaries [4 and [6] to guarantee uniqueness of
a YXI13(2) circuit.
Corollary 7. Let d be some integer and Dy, Ry as in Corollaries [4), [0, respectively. If
a polynomial f has a degree d (multilinear) YT1IX(2) circuit and rank(f) > Ry - log*(d)
(deg(f) > Dy) then f has a unique (multilinear) Y113(2) circuit of degree d.

Proof. We prove the claim only for general XII3(2) circuits. The proof for the multilin-
ear case is identical. Let C} = A; + Ay be a XII3(2) circuit for f, where A;, Ay are its

5In our case the field size is much larger than the degree of the polynomial and so the syntactic definition
and the semantic one are the same. However, we mention this distinction as it is sometime a cause of
confusion.



multiplication gates. By our assumption on rank(f) we know that
rank (Cy/g.c.d.(A;, Ay)) > Ry -log?(d).

Assume that Cy = B+ By is another X113(2) circuit for f, where By, Bs are its multiplication
gates. Consider the circuit C' = A; + Ay — By — Bs, then C is a 3113(4) circuit, and C = 0.
By the assumption on rank(C;) we get that rank(C) > R, - log?(d). By Corollary @ (for the
case of multilinear circuits we use Corollary 4)) this implies that C' is either not simple or
not minimal. Note, that by the assumption on rank (C;/g.c.d.(A;, Ay)) we get that even if
we remove the g.c.d. of C' the remaining circuit still has rank > Ry - log(d). From this we
conclude that C' is not minimal. As Cy # 0 we get that Ay — By =0 or A; — By = 0. O

3 Multilinear circuits

In this section we prove Theorem [I] To ease the reading we repeat it here.

Theorem [1| Let f be a multilinear polynomial in n variables that is computed by a degree
d multilinear XII3(2) circuit, over a field F. Then there is a randomized interpolation algo-
rithm that given black box access to f and the parameters d and n runs in poly(n, |F|)-time
and with probability 1 — o(1) outputs all the XII3(2) circuits computing f. When |F| < n®
the algorithm is allowed to make queries to f from a polynomial size algebraic extension

field of F.

Before sketching the proof we repeat some of the notations that we will use. We shall
have the following representation of f in mind: f = M; + My where M; and M, are the
multiplication gates of a multilinear XII¥(2) circuit for f that are given by the equations

d d’
My =[] Li(S) and M,=]]L(S)), (3)
i=1 j=1

where the L;-s (L}-s) are linear functions and the sets {S;}icg) ({57 }je[a)) form a partition of
the set of variables (recall that M; and M, compute multilinear polynomials). In particular

d

,
£(@) = [T LS + [T 2(55). (@)

=1

To prove the theorem we will give an algorithm for reconstructing all the XII13(2) circuits
for f and prove its correctness. The algorithm basically follows the scheme that was described
in Section [1.4f We have two cases, the low rank case and the high rank case (in fact we look
at low degree and high degree, but for multilinear circuits this corresponds to low rank and
high rank). More precisely, in the multilinear setting low rank means constant rank (where



the constant depends on D, as defined in Corollary . This makes life easier compared
to the general case that we will study in Section [4| in which low rank can be as large as
O(log*(d)). We now give a slightly more detailed sketch of the proof.

e Preprocessing: The first step in the proof is a preprocessing step in which we find all
the linear factors of f. We then show that in the multilinear case each linear factor
of f is also a linear factor of both multiplication gates in every XII¥(2) circuit for f.
This enables us to reduce the problem of finding all the circuits for f to finding the
circuits for sim(f). After this step the algorithm treats separately low degree circuits
and high degree circuits.

e Low degree circuits: The idea is to consider all the restrictions of sim(f) to small
subsets of the variables. Namely, for a set S the restriction of sim(f) to S is done by
setting the variables not in S to zero. We denote the restriction of sim(f) to S with
sim(f)(S). We will only consider sets S of small size and so we can find (in a brute
force manner) all the simple multilinear XI1%(2) circuits for sim(f)(S). Then we will
prove that for every multilinear ¥II3(2) circuit C' for sim(f) there exists a set S and
a simple multilinear circuit A on the variables in S such that A is the restriction of C'
to S (which is defined in a similar manner to sim(f)(S5)) and that there is a relatively
easy way of reconstructing C' from A by “revealing” each variable separately.

e High degree circuits: The algorithm for the high degree case is similar in spirit to the
low degree case with a few exceptions. The first difference is that we will not restrict
the variables not in S to zero but rather substitute random values from F to each of
them. The second difference is that in the low degree case the degree of the circuit A
(that was described in the previous item) is the same as the degree of C', whereas in
the high degree case after restricting the circuit to a small set the degree must drop
(it can be at most |S| as the circuit is multilinear).

3.1 Preprocessing step

Before describing the algorithms for the low rank and high rank cases we have a preprocessing
step in which we find all the linear factors of f. We will show that in the case of multilinear
YII3(2) circuits we actually get that the linear factors of f are also linear factors of each
multiplication gate separately. This allows us to reduce the case of reconstructing multilinear
YIIX(2) circuits to the problem on interpolating multilinear 1I3(2) circuits that do not
have linear factors. We start by showing that we can find the linear factors efficiently. The
following theorem is an immediate corollary of the results of [Kal85 [KT90, [Kal95]. The
theorem requires that the field that we are working with is not too small so from now on we
shall assume that |F| > n° (we can make this assumption as we are allowed to query f on
inputs from an extension field).

Theorem 8. Let d,n be integers. Let F be a finite field. Then there is a randomized
algorithm A that gets as input a black box access to f and the parameters n and d, and
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outputs, in poly(n,d,log|F|) time, with probability 1 — exp(—n), all the linear factors, with
their multiplicities, of f.

Let Lin(f) be the product of all the linear factors of f. The following lemma shows that

if f is not a product of linear functions then every linear function in its factorization also
divides the multiplication gates M; and M, (note that this is not the case for non multilinear
SII%(2) circuitdl) .
Lemma 9. Let f be a polynomial that is computable by a multilinear X11%(2) circuit (as in
Equation ) Assume that f cannot be represented as a product of linear functions. Then
if a linear function L divides f then L must also divide both multiplication gates, in any
multilinear X113(2) circuit for f.

Proof. Consider a multilinear XI13(2) circuit for f. Assume w.l.o.g. that it is given by
Equation . As we assume that f cannot be represented as a product of linear functions
we can also assume w.l.o.g. that g.c.d.(M;, M) = 1. Assume for a contradiction that L does
not divide M; (and therefore does not divide M,). Consider the (affine) subspace on which
L = 0. We must have that f|,—o = 0. This implies that M;|,—g = —Ms|p—o. As M; and M,
are both products of linear functions we get that they share the same linear factors modulo
L. In particular we can assume w.l.o.g. thatﬂ d =dand L;|p—¢ ~ L}|—o. By examination
we get that the support of L (that is the set of non zero coordinates of L) is contained in
the union of the supports of L; and L, for every 1 < i < d (recall that we assume that
g.c.d.(My, Ms) = 1). If d > 2 then this is not possible as the circuit for f is multilinear and
the S;-s are disjoint (and so are the Si-s). Thus we get that d = 2 (recall that we assumed
that we removed the g.c.d.). However, if d =2 and L divides f then there is another linear
function L' such that f = L - L’ in contradiction to the assumption that f is not a product
of linear functions. m

Thus, in contrary to the general case (i.e. non-multilinear circuits), every linear factor of
f is also a linear factor of both multiplication gates in every multilinear XII3(2) circuit for f
(unless f itself is a product of linear functions). Recall that sim(f) = f/Lin(f). Thus, if we
have Lin(f) at hand then it is easy to simulate oracle access to sim(f) by making queries to
f E| Moreover, as we assume that we are given the degree d of a multilinear XI1¥(2) circuit

for f then it is easy to compute D 24— deg(Lin(f)). Hence, in the rest of the section we

will reconstruct all the simple multilinear X113 (2) circuits for sim(f) of degree D, and from
them we will immediately get all the multilinear ¥I1%(2) circuits for f.

6E.g. consider the circuit (x +w)(x + y)(x + z) — wyz. It is not hard to see that it is divisible by z, but
cannot be represented as a product of linear functions.

"We can also have d = d’ £ 1 but the analysis remains the same.

8Given Lin(f) and oracle access to f and a point a € F™ we would like to output sim(f) = f(a)/Lin(f)(c).
There may be a problem when Lin(f)(a) = 0 however this can be easily taken care of by passing a line
through « that contains enough (e.g. more than d) points on which Lin(f) does not vanish. This is a routine
procedure and so we omit its details here.
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As described in the sketch we have two cases. The case thatﬂ D < Dy (low degree case)
and the case that D > D, (high degree case). We begin with the low degree case.

3.2 Multilinear circuits: Low degree case

In this section we give an algorithm that finds all the multilinear XII3(2) circuits of degree
D < Dy that compute sim(f). We assume w.l.o.g. that the number of variables in sim(f) is
more than 10D, as otherwise we can find all the circuits for sim(f) by a brute force search
(this assumption is used in Lemma [11)).

We start with a sketch of the algorithm. We first compute the sum-product representation
of f. Note that as the degree of sim(f) is at most D, then we can interpolate sim(f) in
polynomial time. This will be helpful in future steps where we have to verify that a given
circuit computes a certain restriction of sim(f). In the next step, for each subset S of the
variables of size |S| = 10D,, we consider the restriction of sim(f) in which every variable
not in S is set to zero. We denote this polynomial with sim(f)(S). We then find, in a brute
force manner, all the degree < D multilinear ¥II3(2) circuits that compute sim(f)(.S). We
now wish to construct all the circuits computing sim(f) from the circuits for the different
sim(f)(S)-s. To do so, we consider for every such set S all the sets of the form S U {i} for
i ¢ S. For each such new set we again compute all the circuits for sim(f)(S U {i}). Now
we try to combine circuits for sim(f)(S U {1}),...,sim(f)(S U {n}) to a single circuit for
sim(f). At first sight it may not be clear how to do this combination, however we prove that
for every circuit for sim(f) there is a set .S for which such a combination will be easy to find.
We now give a more formal description of the algorithm (Algorithm [I]).

Algorithm [I{ shows how to find all the multilinear ¥II3(2) circuits that compute sim(f),
when its degree D is at most Dy. As we are looking for multilinear circuits and we have
Lin(f) we shall only consider variables that do not belong to Lin(f). In order not to add
further notations we shall assume that the variables appearing in sim(f) are {z1,...,x,}.

Before giving the analysis of the algorithm we explain in what way does it follow the
scheme described in Section [I.4] Recall that according to the sketch in we first have to
restrict sim(f) to a random subspace of the inputs. As restriction to a subspace does not
preserve multilinearity (imagine the polynomial zy restricted to the subspace x = y) we only
consider subspaces in which some of the variables are restricted to zero. Clearly a restriction
to such a subspace preserves multilinearity. Indeed, in Step [2] we basically interpolate all
the restrictions of sim(f) to subspaces of this form that have a low dimension. The lifting is
preformed in Step

The following theorem summarizes the required properties of Algorithm
Theorem 10. Let f be a multilinear polynomial that can be computed by a multilinear
SIY(2) circuit. Assume that deg(sim(f)) > 3. Then algorithm[1], when given oracle access
to sim(f), outputs all the multilinear 3113(2) circuits of degree D computing sim(f). The

9Recall that D, is defined in Corollary
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Algorithm 1 Multilinear circuits of low degree

1. Interpolate the polynomial sim(f) to get an explicit representation of it as a sum of
monomials.

2. VS C [n] of size |S| = 10D, find all the degree D simple multilinear circuits in the
variables of S that compute sim(f)(.S) (recall that sim(f)(.S) is the polynomial obtained
after setting the variables not in S to zero).

3. For each such set S and circuit A computing sim(f)(S) do the following: for i & S set
S; = S U{i}. Repeat the previous steps and find all the multilinear XI1%(2) circuits
A; that compute sim(f)(S;) and such that A;|,,—o = A (i.e. after substituting x; = 0
the circuits are identical). If for some i there is no such circuit then move to the next

circuit A for sim(f)(.5).

4. For each S and A for which we found {A;};cg combine, if possible, the different circuits
into one multilinear XI1¥(2) circuit: for every linear function L € A let L; € A; be
such that L;|,,—o = L. Denote L; = L + «; - z;. Replace L with L = L + Zigzs o - T

5. For each circuit found in the previous step verify that it computes sim(f).

running time of the algorithm is polynomial in n and |F|.

Note that the theorem only discusses polynomials f such that sim(f) has degree larger
than 3. This is because when the degree of sim(f) is too small then there may be more
possible circuits computing it. We deal with this case in Section [3.2.1]

Proof. Before proving the correctness of the algorithm we first analyze its running time.
The first step in the algorithm is a simple interpolation of a multilinear polynomial of degree
D in (at most) n variables. This step runs in time polynomial in n” (we simply query
the polynomial on all inputs in {0,1}" of weight at most D, and solve a system of linear
equations to find the coefficients, remembering to look only at coefficients of monomials of
degree at most D). Hence we can assume that we have an explicit representation of sim(f)
as sum of monomials. It is clear that in the second step we get a polynomial number of
circuits. Indeed there are at most n'°P?* many sets S, and for each set S there are at most
|F|2P-(10Da+1) myltilinear SIIY(2) circuits in the variables of S (we just count the number
of sets of at most 2D linear functions, in 10D, variables). In the same way we see that
computing the different A;-s also requires polynomial time. As we have a description of
sim(f) at our disposal it is easy to verify whether a given circuit computes sim(f)(.S). Thus,
Steps can be computed in polynomial time (in |F| and n). It is also clear that Step
requires a polynomial time, as the number of circuits that we computed in the previous steps
is also polynomial. The last step (verification step) also requires a polynomial running time
hence the total running time is polynomial in n and |F|.
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The correctness of the algorithm follows from the next tow lemmas. The first lemma
(Lemma [11]) shows that there exists a set S such that sim(f)(S) does not have linear factors,
and hence Step [2| can be implemented for sim(f). The second lemma (Lemma shows
that if S satisfies a certain property and A computes sim(f)(S) then for every i € S there
is a unique circuit A; that computes sim(f)(S U{i}) and that equals A after setting z; = 0.

Lemma 11. Let g(x1, ..., x,) be a polynomial onn > 2d+1 variables (recall our assumption
at the beginning of Section , that has no linear factors and that can be computed by a
YIIX(2) circuit of degree d. Then there exists a variable xy, such that gl,,—o has no linear
factors.

Proof. Let C' = H?;l L; —|—H?il L be some XII3(2) circuit computing g, for some dy, ds < d.
It is clear that dim(span({1,Ls,...,La,,L},...,Ly})) < 2d + 1. In particular there is
1 < i < n such that x; is not spanned by the linear functions in the circuit (and the
constant function). Assume w.l.o.g that i = n. It is now clear that if we set z,, to zero then
the resulting circuit C” will be “isomorphic” to C in the following sense: there exists an
invertible linear transformation ¢ : F" — F™ such that for every (aq,...,a,) € F"* we have
that C(ay,...,a,) = C'(P(ay,...,a,)) (we think of C" as a circuit in n variables although z,,
does not appear in it). In particular if C’ has a linear factor then so does C' (as C' is equal
to the composition of C” with a linear transformation). As C' has no linear factors (by our
assumption on g) we get that C’ = C/|,, —o has no linear factors as well. O

Note that the lemma works for any X.I1%(2) circuit and not just multilinear circuits. We
also note that it is not difficult to change the proof of the lemma to hold also for the case
that n = 2d 4+ 1 (we just need to consider the homogeneous part of each L; and L} and not
consider the constant function 1). In addition, it is also easy to see that we cannot have
n = 2d because of the following example f(z1,...,Toq) = H?Zl T + H?idﬂ x;. The next
lemma shows that if D > 3 then for every S; and circuit A that was computed in Step
there is at most one multilinear XII3(2) circuit A; with A; = sim(f)(5;) and A;|,,—0 = A.
The proof is by a simple manipulation of polynomials. Note that this implies that if there
exists a circuit C' for f such that A is its restriction to the variables S (that is, A is the
resulting circuit after setting all the variables not in S to zero), then Step [4| will return the
circuit C' (because of the uniqueness we are assured that we combine the linear functions in
the different A;-s in the only possible way).

Lemma 12. Let g(z1,...,x;) be a polynomial of degree D > 3 that does not have any linear
factors. Assume that we have a multilinear X113(2) circuit computing g|z,—o. In other words

we have
D D’
g(xlv s 7It>|$t:0 - H Ll + H L;
i—1 j=1
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Then there is at most one multilinear circuit of the form

D D’
H(L" + ) + H(L; + ajjxy)
i=1 =1

that computes g (note that such a circuit may not exist).

Proof. Assume for a contradiction that there are two different multilinear circuits of that
form that compute g. Assume w.l.o.g. that the first circuit is

D D’
g=C1= (L1 +ax) - HLi + (L] + a'zy) - HL;
i=2 =2

There are three canonical options for the second circuit

D D’

Cy= Ly (Lo+ ) [[Li+ Ly - (Lh+ Bx) - [ [ L (5)
i=3 =3
D D’

Cy = (La+ Bae) - Lo~ [ [ L+ Ly - (L + Ba) - [ [ L5 (6)
i=3 j=3
D D’

Cy = (L1 + Ba) - Lo~ [ [ Li+ (L) + Ba) - Ly - [ [ L (7)
i=3 =3

We shall only analyze the first case (given in Equation ([5))) as it is the more interesting
one. The analysis of the other cases is similar (and somewhat simpler).

So let us assume that C5 is given by Equation (5). As C; = Cy we get, by exchanging
sides, that

D D’
- (aLly — BLy) - [[ Li = 2 - (B'L) = L) - T] L,
i=3 j=3

Since D > 3 there is 3 <1 < D such that L; f(G'L] —d'L}) and so there must be 3 < j < D
such that L; ~ L. This implies that L; divides g. However we assumed that g does not
have linear factors, so we have a contradiction. O

The proof of Theorem now follows easily. Indeed, by Lemma we know that for
every circuit C' for sim(f) there exists a set S of size |S| = 10D, and a simple multilinear
circuit A that compute sim(f)(S). Lemma (12| and the discussion proceeding it show that C'
will be one of the circuit computed in Step [l It is clear that the last step will only keep the
correct circuits. [

We now handle the cases of D = 3 and D = 2 (note that Lemma [12| says nothing for
such D’s and indeed the claim is not true in this case).
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3.2.1 Case D <3

Algorithm 1| in its current form cannot compute all the circuits of degree < 3 for sim(f).
However, the required change is minor and so we describe it here and do not repeat the
algorithm itself. We also give a sketch of a proof as the proof itself contains easy manip-
ulations similar in spirit to those that were already performed for the case D > 3. The
basic difference is in Steps [3| and [} Instead of computing a circuit A; for sim(f)(S U {i})
we need to compute a circuit A;; for sim(f)(S U {i,7}). Another change is that it may be
the case that for some 7 the circuit A; is not the unique lift (in contrast to what Lemma
guarantees for higher degrees). However, in such a case we prove that A, ; is unique for every
Jj & SU{i}. The rest of the proof should now be clear (given that we prove the above claim
regarding A, ;). In fact, this discussion is only true for D = 3 and for D = 2 yet another
slight modification is required but it is similar in spirit and so we omit it.

We first analyze the case D = 3. The only possible difference from the case D > 3 is
when there is some index ¢ such that there are two (or more) different ways of extending
the circuit A to a circuit A;. From the proof of Lemma [12| we get that w.l.o.g. A has the
following form

A=1Ly-Ly-Ly+ L} - L} - L,

and the two different lifts ard™]

and
Ay =Ly~ (Ly — anwy) - Ly + Ly - (Ly + i) - L,
for constant aq,ag, ; and ;. In particular we must have that Ly = ¢ - (61L] + ¢ - SoL})
and Li = c¢- (an Ly + agls), for some ¢ # 0. Using the same reasoning as in the proof of
Lemma (12 it is easy to show that for any variable j & S U {i} there is at most one circuit
A, ;(SU{i,j}) satisfying
Ay =9(SU{i,j})

and

A@j ;=0 = Az

In other words, for the case D = 3 we have to perform Steps [3 and [4 of Algorithm [I] for the
circuit A;(S U {i}) and its possible lifts A; ;(S U {i,j}).

To conclude, if we have an index ¢ with two different lifts A; and A} (as described above)
then, as in the case of D > 3, we get that there are at most two circuits A and A’ that for
every j & S U {i} satisfy R

0There are two more cases to consider (corresponding to Equations @ and ) but the analysis follows
from similar arguments.
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and )

A(SU{i,j}) = A
Therefore we get, again, that at most polynomially many circuits are found by the algorithm,
that those polynomials are computed in polynomial time, and that they contain all the pos-
sible representations for sim(f) (we can find those circuit by repeating Step {4] of Algorithm
for each of the A;-s and the corresponding set {A; ;}). Hence we can find in polynomial time
all the different multilinear 3II¥(2) circuits for f.

The case D = 2 follows by a similar case analysis. We omit the proof as this case (as
well as the case D = 3) is not very interesting and the proofs are simple and resemble the
proofs seen so far.

3.3 Multilinear circuits: High degree case

We now turn to the high degree case. As described above, the algorithm for this case is similar
to Algorithm [If with the exception that we do not substitute zeroes to the variables outside
S and that “gluing” the different circuits for sim(f)(S U {i}) is slightly more complicated.
Algorithm [2 shows how to interpolate the circuit in case that deg(sim(f)) > Dy.

Algorithm 2 Multilinear circuits of high degree
V.S C [n] such that |S| = 2D, do the following.

1. Vi ¢ S pick a random assignment to x; from F. Denote the final assignment with p.
Let sim(f)|, be the polynomial sim(f) after substituting the partial assignment p.

2. For every simple multilinear XII3(2) circuit in the variables {x;};cg, over F, of degree
greater than Dy (and at most 2D, of course), check whether the circuit computes
sim(f)|,. If no such circuit computing sim(f)|, is found then move to the next S.

3. For every i # j, such that 7,5 ¢ S set S;; = SU{i,j}. Find a simple multilinear
YIIX(2) circuit A; ; that computes sim(f)|,, ;, where p; ; is the assignment that equals
p on all the coordinates outside S;; (namely, we “forget” the assignments to z; and
l’j).

4. Glue the different circuits for the S; j-s to a single multilinear ¥II3(2) circuit. That is,
find the unique circuit C' whose restriction to p; ; equals A;; (the exact way of gluing
will be explained in the analysis of the algorithm).

If no circuit is found then output “fail”.

The basic intuition behind the algorithm is the following. As we will see in Lemma
there is a unique circuit for sim(f) of degree greater than Dy (given that one exists). More-
over, we will see that w.h.p. even when we substitute random field elements to most of
the variables, there is still a unique circuit for the restricted polynomial. Thus, in order
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to find the circuit for sim(f) we first find the circuit for the restricted polynomial sim(f)|,
(Steps (1| and [2) and then find the unique way of recovering the other variables. The main
difference from the low degree case is that by exposing the other variables new linear func-
tions may appear (as the degree of the restricted polynomial is at most |S|) and in order
to find the partition of the other variables to the new linear functions we have to consider
pairs of variables (i.e. find the circuit for sim(f)(S U {i,7}) instead of just finding a circuit
for sim(f)(S U {i})). This is done in Steps [3| and The following theorem shows that
Algorithm [2] is indeed correct and analyze its running time .
Theorem 13. Let f be a multilinear polynomial such that sim(f) can be computed by a
multilinear 3113(2) circuit of degree D > D,. Then algorz'thm@ when given oracle access to
sim(f), outputs with probability > 1 — (n+ 1)?/|F|, the unique multilinear S113(2) circuits
of degree D computing sim(f). The running time of the algorithm is polynomial in n and
Note that in particular the theorem implies that there is a unique degree D XII¥(2)
circuit for sim(f). This is however a simple fact given Corollary [7] (and in Lemma [L5] we
prove a slightly more general version of this fact).

Proof. The idea of the proof is the following. We first show (Lemma that for every set
S, w.h.p. over the choice of p, there is no linear factor dividing sim(f)|, (i.e. no new linear
factor was introduced). We then show (Lemma that this implies that there is a unique
YIIX(2) circuit for sim(f)|, of degree larger than Dy, if such a circuit exists. Combining the
two lemmas we see that there is a set S and an assignment p for which there is a unique
YIIX(2) circuit of degree larger than D, for sim(f)|, (the set S is picked so that the degree
of the circuit for sim(f), is larger than D, w.h.p. over the choice of p). At this point we
will have at hand the unique circuit for sim(f)|, and we would like to add to it the variables
not in S to get the circuit for sim(f). To do so we find (again the unique) XII3(2) circuit
for sim(f)[,, ;. From that circuit we can immediately find whether x; and z; belong to the
same linear function (for each of the multiplication gates), and what is the ratio between
their coefficients. Given this information for all pairs of variables it is easy to construct the
two multiplication gates. We now give the formal proof.

Let S C [n] be a set of size 2D, and C' = M; + M, be a multilinear XII3(2) circuit for
sim(f) of degree higher than D,. We say that the assignment p is good for C' if no new linear
factors were introduced (note that the degree of sim(f)|, may be smaller though). In other
words, p is good if Lin(sim(f)|,) = 1.

Lemma 14. Let S C [n] be a set of size 2Dy and C = M, + My be a multilinear X113(2)
circuit for sim(f) of degree D > Dy. The probability that an assignment p, to the variables
not in S, is not good for C' is smaller than (n + 1)%/|F|.

The proof of the lemma is a simple union bound over the event that two linearly inde-
pendent linear functions in the circuit for sim(f) become linearly dependent non constant
linear functions after substituting p.
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Proof. We first bound the probability that M; or M, were set to zero. This may only happen
if a linear function from any of them was set to zero and this happens with probability 1/|F|.
As there are 2D linear functions we get an upper bound on the probability of 2D/|F| (recall
that we only work with the variables that do not belong to Lin(f)). To get a bound on
the probability that a new linear factor was introduced, we note that this is possible only
if there is a linear function L; dividing M; and a linear function L, dividing M, such that
Ly|, ~ Ls|,, and they were not set to constants. As there is only one possible coefficient ¢
for which L,|, = ¢- Ly, (i.e. ¢ only depends on S, L; and L, and not on p), we see that
the probability that this happened is equal to the probability that the part in L; — cLy that
depends on the variables outside S was set to zero. As before this happens with probability
1/|F|. As there are at most D? such pairs we get an upper bound of D?/|F| on the probability.
Thus, the overall probability is bounded by (D?+2D)/|F| < (D+1)?/|F| < (n+1)?/|F|. O

The next lemma shows that if there is a multilinear XII1%(2) circuit C' = M; + Ms, of
degree D > Dy, for sim(f) then it is unique and that if S and p are such that p is good
for C' then there is a unique multilinear XII3(2) circuit for sim(f)|, (and that circuit is
M|, + M,|,). This lemma generalizes Corollary (7| (by taking S = [n] and p to be the
“empty” substitution we get the claim regarding the uniqueness of the circuit for sim(f)).

Lemma 15. Let sim(f) be computed by a multilinear X11%(2) circuit C = My+Ms. For a set
S and a good assignment p, if deg(sim(f)|,) > D4 then there is a unique simple multilinear
YIIX(2) circuit that computes sim(f)|,. Moreover, this circuit is M|, + Ms|,.

Proof. By our assumption we have that deg(sim(f)|,) > Ds. Assume for a contradiction
that there is a multilinear XII¥(2) circuit ¢" = A; + Ay such that ¢’ = sim(f)|, and
C" # M|, + M,|,. Therefore the circuit C = M|, + Ms|, — Ay — A is identically zero, of
degree > D,. Notice that as p is a good assignment we have that C is simple. By Corollary
we are assured that it is not minimal and so we must have that A; = M|, or A; = M|,
which is a contradiction. O

Given the two lemmas it is easy to explain Steps [1] and [2] of the algorithm. Let C be
the unique multilinear XI1¥(2) circuit for sim(f) of degree higher than D4. Let S be a set
of size 2Dy such that the degree of C' in the variables of S is larger than D, (think of the
other variables as constants and view C' as a circuit over the variables in S and compute
its degree). By Lemma [14] we get that with probability > 1 — (n + 1)?/|F| the substitution
p is such that C|, is the unique circuit for sim(f)|,. Thus, for this set S we get that with
probability > 1 — (n + 1)?/|F| Steps |l| and [2| find the unique circuit C|, (and this circuit
is of degree greater than D4). We now continue and show that if such S and good p were
found then Steps [3] and [d] return the circuit C.

As p is good for C' it immediately follows that p; ; is good for C' (and S U {i,5}). Thus
the circuits found in Step [3{are the unique circuits computing the different f|,, -s (i.e. those
circuits are identical to the C|,, ;-s). We now explain how Step (4| is performed. Consider
a linear function L that belongs to M;. There are two possibilities. Either L|, is constant
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or not. If L|, is not constant then for every variable z; we will find its coefficient in L by
considering the circuit, say, C|,, , (assuming that i # 1, otherwise consider the circuit C|,, ,).
If L was restricted to a constant, then denote L = >""" | a; - 2;. Notice that in C|,,  there
will be a linear function of the form ¢ - (o; - z; + «; - x;), for some non-zero field element c.
In particular, if for some chosen z; that appears in L, we chose to normalize its coefficient
to always be 1 then we can find in this manner all the coefficient of the other variables
appearing with it in L, and so reconstruct (a non-zero multiple of) L. In this way we can
find all the linear functions appearing in M; and M,. Note that we found all the linear
factors up to some non-zero multiple so it only remains to find a constant that will give the
correct normalization of each M;. This can be easily done by querying sim(f) on two points,
one on which M; vanishes and not M, and viceversa. We note that we do not have to verify
that we found the correct circuit for sim(f) as by Lemma [15 and Step [2| we are guaranteed
that we have the correct circuit for sim(f)|, (assuming that p is good) and it is clear that
starting from this circuit we find the unique circuit C' for sim(f). Thus, with probability at
least 1 — (n + 1)?/|F| the algorithm finds the unique multilinear circuit for sim(f).

It only remain to analyze the running time of the algorithm. Given a set S and an
assignment p we check whether sim(f)|, has new linear factors by applying Theorem ,
which requires polynomial time and succeeds w.h.p. In Step [2| we have to go over all possible
simple multilinear XI1¥(2) circuits for sim(f)|, of degree greater than D, (and at most 2Dy).
Note that as there are only |F|*P+T! linear functions in the variables {z;};cs then there are
polynomially many such circuits (|F[2P+(2P++1) is an obvious upper bound). Among all those
circuits we shall find, by going over all 0,1 assignments to {z;}ics, a circuit that computes
sim(f)|,. As the size of S is constant this only costs a constant factor in the running time.
Verifying that the a circuit is simple is pretty obvious and requires time polynomial in the
degree of the circuit and linear in n. Next, for each pair (i,j) the complexity of Step
is similar to the complexity of Step [2l Finally, the procedure described above for “gluing”
the different C|,, -s require polynomial time (in n). Hence, the over all running time is
polynomial in n and |F| and with probability > 1 — (n + 1)?/|F| the algorithm outputs the
unique multilinear XII¥(2) circuit for sim(f). Note that failure can happen only if we failed
to find a good p. This completes the proof of Theorem [I3] m

We now combine the preprocessing step and Theorems [10| and (13| to get Theorem |1| (the
argument is straight forward).

3.4 Proof of Theorem [

The proof of the Theorem is easy given the two algorithms. First we find Lin(f) and compute
D = d — deg(Lin(f)). If D < D, then we run the low degree algorithm. If D > D, then
we run the high degree algorithm. We are assured that if we get an answer then it is going
to be correct. The probability of failure, in both algorithms is polynomially small in n (and
can be easily decreased, e.g. by repeating the algorithm) and so the theorem follows.
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4 General Circuits

In this section we prove Theorem [2l For convenience we repeat it here.

Theorem [2| Let f be an n-variate polynomial computed by a XII3(2) circuit of degree d,
over a field F. Then there is a randomized interpolation algorithm that given black box
access to f and the parameters d and n runs in quasi-polynomial time (in n,d, |F|) and has
the following properties:

o If rank(f) = Q (log ) then with probability 1 — o(1) the algorithm outputs the
(unlque) [13(2) circuit for f.

o If rank(f) = O (log®(d)), then the algorithm outputs, with probability 1 — o(1), a
polynomial Lin(f), a polynomial Q(y, ..., yx) and k linear functions Ly, ..., Ly, where
k < rank(f), such that Lin(f) is a the product of all the linear factors of f and

Lin(f) - Q(Lu,...,Ly) = f.

When |F| < max(d®,n°) the algorithm is allowed to make queries to f from a polynomial
size extension field of F.

From now on we shall assume, w.l.o.g., that the underlying field [F is of size greater than
max(d®,n”). We shall have the following representation of f in mind:

|
=~

L) + [ 17 @), ®)

=1

Note that in order to ease the notations we assume that the degrees of both multiplication
gates are equal. As described in Section there are two conceptual steps in the proof.
First we restrict the inputs to come from a random subspace V of dimension O(log?(d)),
where d = deg(f). We then learn the restriction of f to V' which we denote with f|,. The
second step is to learn the restriction of f to larger subspaces and then glue the different
representations together. While this is the general picture there is a difference in the way
that we handle functions with high rank and functions with low rank. We start by describing
the algorithm for the low rank case

4.1 Interpolation for the low rank case

In this section we give an interpolation algorithm for polynomials computed by XI1¥(2)
circuits of degree d, that have rank at most 10R; - log®(d) (recall the definition of R, from
Corollary @ Let f be such a polynomial. Algorithm [3|is an interpolation algorithm for f.
Before giving the algorithm we describe each of its steps.
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Let C' be any XII¥(2) circuit computing f, e.g. the one given by Equation . We
start by computing Lin(f). This can be easily done using Theorem . After this step
we can assume, as before, that we get oracle access toE sim(f) = f/Lin(f). Note, that
as sim(f) = f/Lin(f) divides sim(C) and rank(f) < 10R, - log*(d), we get that sim(f)
can be represented as a polynomial in < 10R, - log?(d) linear functions. Namely, there
exists a polynomial P(yy,...,y;) and linearly independent linear functions {L;};cp such
that sim(f) = P(L1,...,L;) (we will always think of k& as the minimal possible integer
allowing such a representation). The goal of Algorithm [3|is to find such a representation for
sim(f). There are two main steps for doing that. First we pick a random subspace V' of
dimension O(R, -log?(d)) and look for a polynomial @ and linear functions ¢, ..., ¢; such
that sim(f)|y = Q(¢1,...,¢) (we do not necessarily find the polynomial P and restricted
linear functions {L;|y} given above, however the two different representations are closely
related as shown in Lemma [23)). In the second step we “lift” the ¢;-s and find ¢;-s such
that for every 4, (f|y = ¢; and sim(f) = Q(¢7,...,¢;). This may seem as a big leap from
the outcome of the first step, however we manage to do so by exposing one variable at a
time (in a similar way to Step 4| of Algorithm . The important ingredients of this “lifting”
procedure are Lemmas and that basically show that if V"’ is a subspace containing
V then there exist unique linear functions (that can be easily found) {¢;}*_,, over V', that
satisfy span({L;|v/}) = span({¢;}), li|lv = ¢; and Q(¢}, ..., () = sim(f)]y». We now give the
formal description of the algorithm.

The next theorem shows the correctness of Algorithm [3| and analyzes its running time.
Theorem 16. Let f be a polynomial that can be computed by a XII13(2) circuit of rank
< 10R, - log®(d). Then with probability > 1 — |F|’Q(log2(")) Algorithm @ when given oracle
access to f, computes Lin(f), a natural number k < 10R,-log®(d), a polynomial Q(y, ..., yx)
and k linear functions {€}}i—1_ such that Q(€5, ..., 0;) = sim(f). The running time of the
algorithm is quasi-polynomial in n,d and |F| (i.e. it is exp(poly(log|F|,logn,logd))).

The proof of correctness of the algorithm is composed of three parts. First we study
properties of polynomials that can be written as functions of exactly k linear functions. In
particular we show that this property is preserved (w.h.p.) when we restrict the polynomial
to a random subspace of sufficient dimension (Corollary 22). Then we consider sim(f) and
a random subspace V' of dimension 10R, - log®(d) and show how to find the relevant linear
functions for it. This will complete the analysis of Step 2] After that we prove a lemma
mentioned above (Lemmas that shows how we can “lift” the linear functions found in the
previous step to functions over F”. This will complete the analysis of Step [3] The analysis
of the running time will be quite simple. For sake of modularity we discuss properties of
polynomials that depend on k linear functions in the next subsection and then proceed with
the proof.

"Unlike the multilinear case it may be the case that sim(C'") does not compute sim(f).
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Algorithm 3 - General XII3(2) circuits of low rank

1. Computing Lin(f): Find the linear factors of f using the factoring algorithm of
Theorem [

2. Interpolating on a low dimensional random subspace: Pick a random subspace
V of dimension s = 20R,-log?(d)+log?(n). Find k' < 10R4-log?(d) linearly independent
linear functions {/;};cj, such that sim(f)|y = Q(¢1,...,lw), for some polynomial @
of degree deg(()) < d, and such that no such representation is possible for any k" < £’
In other words do the following: For k' = 1...10R, - log*(d) consider all sets of &’
linearly independent linear functions over V. For every such set {/;};cjx find, using
brute force interpolation, a polynomial Q(y,...,yr) of degree at most d, such that
Q... b)) = sim(f)|y, if such a polynomial exists. Finally output the first set
{¢; }icp) for which such a polynomial @ was found.

3. Lifting from V to F": Find linear functions {f;},cp), over F", such that
Q... 0) = sim(f) using the following procedure (a more detailed explanation
will be given when analyzing the algorithm):

(a) Let {v;}icin) be a basis to F”, such that {v;}7_, is a basis to V. For every i € [n—s]
let V; = span(V U {vsy;}). For each V; find a representation for sim(f)|y, of the
form sim(f)|y, = Q(fg’), e ,£§j)), where for each ¢ and j we have that €§’)|V =/;.

(b) Find the unique linear functions {; }ic(x) that satisfy £}y, = Eg-i), for each 7 and 7,
in an analogous way to Step [4] of Algorithm [1}

If no such representation is found then output “fail”.

4.1.1 Polynomials depending on £ linear functions

In this subsection we study the notion of a polynomial that depends on exactly k linear
functions. We first define this property in a formal manner.

Definition 17. Let h(xy, ..., x,) be a polynomial. We say that h is a polynomial in exactly
k linear functions if there is a polynomial P(y1,...,yx) and k linear functions Lq,..., Ly
such that h = P(Ly,...,Ly), and there is no such representation for h with less than k
linear functions. We say that h is a polynomial in k linear functions if there exists a k' < k
such that h is a polynomial in exactly k' linear functions.

The following lemma gives a sufficient and necessary condition for being a function of k
linear functions.
Lemma 18. Let h(zy,...,x,) be a polynomial over F. Then h can be written as a polynomial
in k linear functions if and only if there is a subspace V* CF" of dimension n — k such that
for every u € F™* and v € V* we have that h(u) = h(v + u).
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Note that the lemma does not speak about h being a function of exactly k linear functions.
However, it is clear that if there is a subspace V* of dimension n—k that satisfies the condition
in the lemma, and there is no subspace U* of dimension > n — k that satisfies the condition
of the lemma, then h is a function of exactly k linear functions.

Proof. Assume w.l.o.g. that h is a polynomial in exactly k linear functions. Denote h =
P(Ly,...,Lg), where the L;-s are homogeneous linear functions. Let V* = {z € F"
Vi L;i(z) = 0}. Clearly dim(V*) =n — k. Let u € F” and v € V* be two vectors. We have
that h(v +u) = P(Li(u+v), ..., Ly(v +u)) = P(Li(u), ..., Li(u)) = h(u).

For the other direction, given such V* let Lq,..., Ly be k linearly independent linear
functions such that for every v € V* and i € [k] we have that L;(v) = 0. Let V C F" be a k-
dimensional subspace such that VN V* = {0}. Clearly F" = V @& V*. It is also clear that the
linear functions {L;|y } are linearly independent. As dim(V') = k it follows that there is some
polynomial Q(y1, . .., yx) such that for every v € V' it holds that h(v) = Q(L1(v),. .., Lg(v)).
Now, given u € F" write u = v +v* for v € V and v* € V*. We now have that h(u) = h(u —
v*) = h(v) = Q(L1(v),...,Lg(v)) = Q(L1(v + v*),..., Ly(v+v*)) = Q(L1(u), ..., Ly(u)).
Hence, h = Q(Ly, ..., Lg). O

We now give some easy corollaries of this lemma.

Corollary 19. Let h(z) = P(Ly, ..., Ly) be a polynomial in ezxactly k linear functions. Let
V' be a subspace of F™. Then h|y is a polynomial in exactly k linear functions if and only if
the restrictions Li|y, ..., Ly|v are linearly independent.

Corollary 20. Let h be a polynomial in exactly k linear functions. Let V. C F" be an
s-dimensional subspace such that hly is a polynomial in k' < k linear functions. Let
V1. .., Un—s be vectors such that span(V U {v;}icpn—s) = F". Denote V; = span(V U {v;}).
Then for some i € [n— s] we have that hly, is a polynomial in more than k' linear functions.

In the analysis of Algorithm |3| we will be interested in restrictions to random subspaces.
The following lemmas show that if h is a polynomial in exactly k linear functions and V'
is a subspace of sufficiently high dimension chosen at random then w.h.p. hly is also a
polynomial in exactly k linear functions.

Lemma 21. Let {{;}icy be a set of linearly independent linear functions over F". Let
V C F" be a random s-dimensional subspace. Then the probability that the set {{;|y }icy 45
linearly dependent is at most |F|*=%.

Proof. Clearly, ¢1,...,¢; are linearly dependent on V' if and only if there is a nonzero linear
combination a1y +. ..+l that vanishes on V. Given V let us define £* = {{(z1,...,x,) :
l|y = 0}. Note that as V' is random then so is £L*. Namely, £* is a random n — s-dimensional
subspace of linear functions. Thus, /1, ..., /; are linearly dependent on V' if and only if there
is a nonzero function in the span of the /;-s that belongs to £*. In other words, we have
to bound the probability that a random subspace of dimension n — s (i.e. £*) intersects a
given subspace of dimension < ¢ (i.e. span({y,...,¢;)). As the probability that a random
nonzero vector belongs to a given ¢ dimensional subspace is (|F|* — 1)/(|F|™ — 1) we get
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by the union bound that the probability of a non trivial intersection is upper bounded by
(IF[™== = 1) - (|F[" = 1) /(|F"| — 1) < [F|""". O

From Corollary 19 and Lemma [21| we get the following corollary.
Corollary 22. Let h be a function of exactly k linear formd™. Let V be a random subspace
of dimension > k + log*(n). Then the probability that h|y is not a function of exactly k
linear forms is at most |F) 108" ().

The next lemma shows that if a polynomial in k linear functions, h, has two different

representations as a polynomial in exactly £ linear functions then these representations are
closely related.
Lemma 23. Let h(z) be a polynomial in exactly k linear functions. Let P(¢y,... 0}) =h =
Q(ly, ..., L) be two different representations for h. Then span({l;}ici) = span({¢; }icp)-
In particular this implies that there is an invertible linear transformation T : F* — F* such
that Q(y1, - .-, yx) = (PoT)(y1,- -, Yk)-

Proof. Assume for a contradiction that, w.l.o.g., ¢{, ¢, ..., are linearly independent. Let
W be the co-dimension 1 subspace on which ¢ vanishes. It is clear that ¢|w, ..., l|w
are linearly independent, whereas )|y, ..., ¢ |w are linearly dependent (as ¢}|y = 0). In

particular by Corollary [19] we get that h|y is a function of at most k — 1 linear functions
(when considering the representation according to the ¢|y-s), and a function of exactly k
linear functions (when considering the representation according to the ¢;|y-s), which is a
contradiction. Now, let T': F — F™ be an invertible linear transformation taking (¢;); to
(¢;);. Namely, T'(¢1(v), ..., lg(v)) = (1 (v),..., 0 (v)) for every v € F™. We get that for every
v € F" it holds that

PoT(6i(v), ... lx(v) = P(,(v),....04()) = h(v) = Q1 (v), . .., (:(v)).

As the ¢;-s are linearly independent it follows that we must have PoT = @) (as otherwise we
will have two low degree polynomials representing the same function over a large field). [

4.1.2 Proof of Theorem [16]
We are now ready to give the proof of Theorem [16]

Proof of Theorem[16. By our assumption that rank(f) < 10R; - log®(d) we get that sim(f)
can be written as a polynomial in at most 10R, - log®(d) linear functions. For simplicity we
shall assume that it is a polynomial of exactly k = rank(f) linear functions. Let

sim(f) = P(Ly, ..., Ly) (9)

where P(yy,...,yx) is a polynomial and {L;}%_, are linear forms. We shall later use this
representation. We now analyze separately each step of the algorithm. Step[I]is an immediate
application of Theorem [§] and does not require special analysis.

12A linear form is a homogeneous linear function.
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Step [2: Interpolating on a low dimensional random subspace

Recall that in this step we pick a random subspace V' C F" of dimension s = 20R, -
log?(d)+log*(n), and interpolate sim(f) over it. By Corollarywe get that with probability
> 1 — |F|~1°¢"(™ the polynomial sim(f)|y is a polynomial in exactly k linear functions. We
now find a representation of the form sim(f)|y = Q(¢1, ..., ).

The idea is pretty simple. We go over all possible values for &k (recall that we do not know
k in advance). For each k' < 10R,-log?(d) +log®(n) we go over all possible sets of &’ linearly
independent linear functions over V', and for each set {/;}icj try to represent sim(f)[y as
a polynomial Q({1,...,¢y). Note that given {/;};cjp) we can find such a polynomial @ (if
such @ exists) by a simple brute-force interpolation. As this is routine we skip it here (for
completeness we give a description of this process in Appendix [A)).

Using the approach above we may get many different representations for sim(f)|y.
Among all those representations we pick one with the smallest possible £’. As mentioned
above, by Corollary [22| we get that w.h.p. k&' = k. Moreover, Corollary [20 gives a way for
verifying that indeed &’ = k. So, to conclude, after the first step of the algorithm we can be
sure tha™”| k' = k and that we have a representation of the form sim(f)v = Q(f,. .., ().

The running time of this step is dominated by the number of different subsets of
at most 10R, - log®(d) linearly independent linear functions over V. Clearly there
are at most |F \10R4'1°g2(d)+1°g2(”) linear functions over V' and so we go over at most
| F| (10R4log? (d)+log? (n))-(10R4-log*(d)) guch subsets. The brute force interpolation algorithm (as
described in Appendix is slightly faster and so the total running time of this step is
[IF|OUee™(@-QoeX (D Hoe"m) — exp(log [F| - log?(d) - (log*(d) + log*(n))).

We now move to the next step in which we show how to lift the representation of sim(f)|y
to F™.

Step Lifting from V to F”
Recall that in this step we look for linear functions {¢;};cp such that ¢;|y = ¢; and

sim(f) = Q(¢3,...,¢;). The existence of such functions will follow from the next lemma.

Lemma 24. Let {L;};cp be the linear functions in Equation (@) and {€;}ic be the lin-
ear functions found in Step @ of Algorithm @ Assume that {€}}icp satisfy |y = 4; and
span ({03 }ew) = span ({L;}jep)- Then Q0 ... ;) = sim(f).

Proof. We shall use the same notations as in Equation @D By the assumption that
span ({éj}je[k}) = span ({Lj}je[k]) we see that there is a polynomial Q' (v, ..., yx), of degree
deg(Q') = deg(P), such that Q'(¢5,...,¢;) = P(L1,...,L;) = sim(f). By considering the
restriction to V' we get

Q(ﬁl, c. 7€k) = Slm(f)’\/ = P(Ll, Ce 7Lk)|V = Ql(gi, ce ,£Z)|V

13Tn the algorithm we do not check whether &’ = k (by going one dimension up, using Corollary [20)) but
we can just as well add such a check without much change to the running time. For the sake of simplicity
we did not add this step to the algorithm.
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=Q'(Glv,....0Glv)=Q (br,... . l).
As the functions {/;};cx are linearly independent, and the degrees of @) and @’ are smaller
than the size of the field, we get that Q = @’. In other words, Q(y1, ..., yx) and Q' (y1,- .., yx)
are the same polynomial. In particular Q(¢5,...,05) = Q'((3, ..., ¢;) = sim(f), which is what
we wanted to prove. O

With the help of the lemma we now explain why Step |3|indeed finds the required represen-
tation for sim(f). In that step we first construct n — s linear spaces {V;}icjn—s of dimension
s + 1, such that N;V; = V and span(U;V;) = F". For each such subspace we look for linear
functions {ﬁ;i)}je[k] such that ﬁgi)h/ = (;, for every j € [k], and Q(Egi), . ,ES)) = sim(f)|v;.
The reason that such E;i)—s exist follows from Lemmas and . Indeed, Lemma im-
plies that span({L;|v }icp) = span({{;}icr). Hence, if we consider the k x n matrix A,
whose rows correspond to the Ls-s and columns correspond to the basis vectors {v; }icn), in
which the (¢, j)-th position equals L;(v;), then there exists an invertible linear transformation
T : F* — F* such that for 1 < j <k, the (¢, j)-th entry in T - A is equal to £;(v;). It follows
that if we consider the linear functions £\ defined by Egi)(vj) =(T-A),, for j € [k]U{i},
then this gives the required &Ei)—s. In particular such €§i)—s exist and we can find them by
a simple interpolation. Therefore we are guaranteed that Step [3a] succeeds. Moreover, this
argument also shows the uniqueness of the Ey)—s (this follows from the fact that T is invert-
ible). Hence, by the explanation above it is clear that we can easily construct the matrix
T - A by simply letting (7 - A); = Eﬁj)(vj) for k < j, and (T - A),; = li(v;) for j < k. If
we now pick £ to be the linear function defined by ¢} (v;) = (T - A),;, for j € [n], then by
Lemma 24) we are guaranteed that Q(¢7,...,¢;) = sim(f). This shows the correctness of
Step [3b| (and the algorithmic way for constructing the £f-s). An interesting thing to notice
is that we have no knowledge of the linear functions {L;} nor of the linear transformation T,
yet we are able to construct the matrix 7" - A using the (simple) conclusions of Lemmas

and 241
The running time of Step [3| is at most a polynomial factor times the running time of
Step 2] The main factor is repeating Step [2] for each V;. Then, finding the ¢;-s is quite

simple and can be done in time polynomial in n, as described above. This completes the
proof of Theorem [16] O

We note that as & = O(log®(d)) and deg(Q) < d then Q(¢%, ..., %) can be represented
as a depth-3 circuit with quasi-polynomially many multiplication gates.

4.2 Interpolation for the high rank case

In this section we deal with the case that f has a circuit of rank higher than 10R, - log®(d).
We shall use the notation f = M; + M,, where M; and M, are the two multiplication
gates in the XII¥(2) circuit for f. We note that from Corollary [7| and the assumption that
rank(f) > 10R, - log?(d) we get that f has a unique ZII3(2) circuit of degree d.
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Before giving the algorithm itself we first describe its main steps. The algorithm follows
the sketch of Section [1.4 We first restrict the circuit to a low dimensional space V' (where
low means poly(logd)). Then we reconstruct f|y, which is the main technical difficulty of
the algorithm. Finally we lift the circuit for f|y to a circuit for f. This step is done in a
similar manner to the lifting process of Algorithm [2| (Steps (3| and |4 there), and is based on
the uniqueness of the circuit for f. We now say a few more words on the way to find a circuit
for f|y. The idea is to find a large set (of size O(log?(d))) of linearly independent linear
functions {¢;} that all divide, say, M;/ged(C'). Such a set exists because of the assumption
on the rank of f. Then we consider each of those linear functions and define the subspace
Vi = V]s,=0 (i-e. the subspace of V' on which ¢; Vanishe@. Note that for every 7 it holds
that M|y, = 0 and so by querying f on V; we get oracle access to Ms|y,. Thus, by simple
factoring we get all the circuits Ms|y;. The challenge now is to combine all of them to get the
circuit Ms|y. We later discuss this step in more detail. We now give the formal algorithm
(Algorithm [4)).

For convenience we divide the analysis of the three steps of the algorithm to three different
subsections. We begin with the analysis of Step [T}

4.2.1 Step [1} Interpolating on a low dimensional subspace I

Lemma 25. With probability > 1 — |F|’Q(10g2 ). over the choice of V, Step of Algom'thm
when given oracle access to f, ﬁndﬂ a set of t = 100logd linearly independent linear
functions {€;}iery such that [[._, 4| M; for some j € {1,2}, but no ¢; divides Ms_; (the other
multiplication gate). The running time of Step |1 is exp(poly(log n,logd, log |F|)).

Proof. In the heart of the proof of the lemma is the fact that w.h.p., over the choice of
V, we have that rank(f)|y > 10R, - log®(d). We prove this fact in Lemma . It will be
easy to show that when rank(f|y) is high then the required set {¢;} exists. Recall that
ged(C) = g.c.d.(My, M), and that

sim(C) = C'/ ged(C) = M, + M, (10)

is a XII%(2) circuit. From Corollary m and the assumption that rank(f) > 10R, - log*(d)
we get that sim(C') is the unique XII3(2) circuit for f/ged(C). Let V' C F"™ be a random
subspace of dimension s = 20R; - log?(d) + log?(n). The following lemma shows that w.h.p.
rank(f|y) is high (the intuition is the same as in Corollary 22)).

Lemma 26. Prlrank(f|y) < 10Ry - log(d)] < |F| %o’ n)
Proof of Lemma[26] To prove the claim we show that w.h.p. the rank of the circuit M|y +

M,y is not too small, and then, by Corollary , we get that this is actually the unique
representation of f|y as a XII3(2) circuit. The lemma will follow from this fact.

14This is actually an affine subspace, but for simplicity we assume that it is a linear space.
150f course many other sets are found but only those sets interest us.
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Algorithm 4 General circuits of high rank

1. Interpolating on a low dimensional subspace I: Pick a random subspace V' C F"
of dimension s 2 20R, - log®(d) + log?(n). Consider the restriction f|y. For every set
of ¢ = 100log(d) linearly independent linear functions {/;};cy over V', check whether
for every i € [t] the restriction of f to the (affine) subspace V; 2vn {z:0;(x) =0} is
equal to a product of linear functions (by factoring).

2. Interpolating on a low dimensional subspace II: For each choice of {/;},cy, for
which factoring was possible, merge (again, only if possible) the different factors into
one multiplication gate (using Algorithm . For each multiplication gate found, M,
check whether f|,, — M is a product of linear functions (using the factoring algorithm
from Theorem [§). If this is the case then output the representation found for f|y. If
no such representation is found then output “fail”.

3. Lifting from V to F": Lift the representation found over V' to a representation over
F" (using the same method as in Steps [3] and [] of Algorithm [2). Namely, if {v;}ic()
is a basis for V' and {v;},cp is a basis for " that extends the basis of V', then let
W; = span(V U v;), for s < i < n. Repeat Steps [1] and [2| for each W; to get the
corresponding circuit C;. If none of the steps failed for any of the IW;-s then combine
the different Cj-s to get C'. Combining the circuits is done as follows. Let {zi}ie[n]
be the dual basis to {v;}icjn), i-e. 2i(v;) = d;;. Each linear function in C' U {C;}7,
can be written as a linear combination of the z;-s and the constant function. Given
a linear function ¢ in C, find the unique ¢; in C; such that ¢;|,,—o = ¢ (possibly after
multiplying ¢; by a constant from F). If no such ¢; exists or if it is not unique (i.e.
there is €} o4 ¢; with £}],,—o = £) then output “fail”. Otherwise, if £ = ¢; + ;- z; then let
=0+ ;- z. Now, replace each linear function £ in C' with the corresponding
¢. Denote the resulting circuit with C’. Output C".

Lemma 27.

M|y + M,y ) 2 } —Q(log?
Pr [rank < 10R4log%(n)| < |F|~?0eg”(n)
|: (g.C.d.(M1|V,M2|V) - 1 g ( ) - | |

Proof of Lemma |27 In order to show that the rank of M|y + Ms|y does not decrease by
much, we first show that w.h.p. g.c.d.(M;|v, Ma|y) = g.c.d(M;y, Ms)|y, and then using
Lemma 21| we complete the proof.

Lemma 28. Pr[g.c.d.(M|y, Ms|y) # g.c.d(My, My)|v] < d2(|F| + 1)/|F|* = |F]~20os* ()
Proof of Lemma[28. Tt is not hard to see that g.c.d.(M|y, Msly) is larger than

g.c.d(M, My)|y only if there are two linearly independent linear functions Ly, Ly, such that
L;|M;, and such that Li|y ~ Ls|y. The probability, over the choice of V', that this will
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happen is at most (|F| + 1)/|F|*. As there are at most d* such pairs of linear function, the
overall probability that the degree of the g.c.d. increases is at most d?(|F| + 1)/|F|*. O

We continue with the proof of Lemma 27 We know that w.h.p. g.c.d.(Ml|v, Msly) =
g.c.d.(My, Ms)|y. Therefore, w.h.p.,

(Mi|v + Msly)/g.c.d.(Mi|y, My|y) = Mily + M|y

(as defined in Equation[L0)). By the assumption on rank(f), we get that the rank of the linear
functions in M| + M} is at least 10R, - log®(d). The result now follows by using Lemma
with the parameter s = 20R,-log*(d) +1log?*(n) and t = 10R,-log?(d). The lemma implies
that

Pr [rank (M]]y + Mj|y) < 10R, - log?(d)] < |F|~18" (™).

This completes the proof of lemma [27] n

We now continue with the proof of Lemma [26| Notice that whenever rank(M;|y +
M,|y) > 10R, - log®(d) we get by Corollar that M|y + Ms|y is the unique
YII¥(2) circuit for f|y of degree < d. In this case we of course get that rank(f) >
10Ry - log®(d). As Pr [rank (M] |V+M’\V) < 10R, -log*(d)] < |F|7'8°™ we get that
Pr [rank (f) < 10R, - log*(d)] < [F|~ log®(n)  This completes the proof of Lemma O

Now that we established that (w.h.p.) rank(f|y) is high we continue with the proof of
Lemma . Assuming that rank(f|y) > 10R, - log®(d) we get that, w.l.o.g., there are at
least 5R, - log*(d) linearly independent linear functions dividing M|y and not Msly. In
particular there exist t = 100logd linearly independent linear functions {&}ie[t] such that
H§=1 ¢; divides M; but no ¢; divides M.

We bound the running time in the obvious manner. During the step, we simply have to
run over all sets of t = 100 log d linear functions and for each such set {¢;} check whether the
functions are linearly independent and whether the restriction of f to V; = Vn{z : £;(z) = 0}
completely factorizes to a product of linear functions. Clearly the running time is equal (up
to a polynomial factor in n,|F|) to the number of such sets. As the dimension of V is
s = 20R4log®(d) +1og?(n), the number of sets that we have to consider is |F|'°°18(®-s which
is quasi-polynomial in n,d and |F|. This completes the proof of Lemma . O

4.2.2 Step [2} Interpolating on a low dimensional subspace II

As we showed in Lemma [25, we can assume that one of the sets of linearly independent
linear functions {¢;},c(y found in Step |I| satisfy that w.l.o.g., [[;_, ¢; divides M|y but no ¢;
divides Ms|y. When studying Step [2f we will focus on this set to show that one of the output
circuits is indeed C|y .

16 Although the rank is at least 10R,-log®(d) we only consider a subset of the linear functions of dimension
exactly 10Ry - log?(d).
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Before giving the analysis of Step [2[ we first explain how to computes Ms|y from the
different Ms|y,-s (given that the ¢;-s satisfy the property above). The idea behind the re-
construction algorithm is the following. We have to reconstruct the set of linear functions
appearing in Ms|y. Since a linear function can divide M, several times we can speak about
the multiset of linear functions dividing Ms|y, which we denote with £ . As we have oracle
access to each V;, using the factoring algorithm of Theorem [8, we can assume that we have
as input the ¢ multisets {£;}!_;, where £; is the multiset composed of the linear functions
dividing Ms|y,. What the algorithm actually does is to merge the different £;-s to get £. To
simplify notations we shall make several assumptions on V' and {/;};cy that will be w.l.o.g.
and will ease the reading of the algorithmm. First we assume that

V =A{(a,...,as0,...,0) : Via; € F}.

Hence, every linear function defined on V' is of the form
L(v) = Z a;a; + o,
i=1

for the vector v = (ay,...,as,0,...,0). We shall also assume that
gl(?]) = gl ((0,1, PN ,as,O, ceey 0)) = aj;.

In other words we assume that ¢; is a projection on the i-th coordinate. Notice that as we
can apply linear transformations to F”, this can be assumed without loss of generalityﬁ.
Thus, by our assumption we get that V; = {(a1,...,a;-1,0,0;41,...,as,...,0) : Vja; € F}.
Thus, the multiset £; is the multiset obtained after deleting the i-th variable from all the
linear functions in the multiset £. Hence, from our assumptions (that can be made w.l.o.g.)
we see that our goal is to reconstruct a multiset of linear functions £, from its ¢ different
projections {L£y}icp on s —1 > ¢ — 1 variables. Algorithm [5| solves exactly this task. In fact
the algorithm assumes that we have only ¢ variables (and not s) and is still able to solve the
problem. Hence, using Algorithm [5| we area able to reconstruct the set £ and from it get
M2|V-

To explain how Algorithm [5| works we shall use the following terminology. We say that a
linear function 7" has multiplicity k in a multiset 7 if there are exactly k linear functions in
7 that are linearly dependent on T (that is, that are equal to some multiple of 7). The idea
behind the algorithm is the following. First it finds a linear function L € L£; that has the
following property: Assume that L appears k times in £;. Then there exists i € {2,...,t}
such that L|,,— also has multiplicity & in £4],,—¢. In other words, L has the property that
there is no other linear function L' € £ such that L and L’ span together z;. Note that it is
not clear why such a linear function L should exist, however using known lower bounds on

I7Tf we were to describe the most general case then we had to use the dual basis as in Step
18 Actually, ¢; can be an affine function and so should be of the form a; + v, for some constant v;. However,
this will not change the algorithm and will only add unnecessary complications to the presentation.
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Locally Decodable codes (see Appendix' we can prove its existence. Now, given such L, we
note that by considering L£; there are exactly k linear functions {L;}¥_; that, after erasing
their first coordinate, are equal to (a constant multiple of) L|,,—o. Thus, we are assured that
there are exactly k linear function {¢;}*_, in £, such that 4;|,,—o = L and {;|,—o = L;. In
particular, to get ¢; we simply add the first coordinate of L; to L, for each i € [k]| (after
making the appropriate normalization). Now, we can remove the k projections of {£;}F_,
from the different £;-s and repeat the algorithm until no linear function is left. From this
description it is clear that the main technical point is proving that such a linear function
L € L, exists. We now give the formal description of Algorithm [5[ and then we analyze it.
After that it will be clear how to analyze Step [2|

Algorithm 5 Gluing the different Mj|y,-s together
Input: Multisets of linear functions £; = £
1)/60 — 1) linear functions each.

OutpNutz a multiset L.
Set £ «— (.

2,=0, for i = 1...t, containing m < exp((t —

1. Find a linear function L € £; and an index 1 < ¢ < t such that the following holds:
denote with & the multiplicity of L in £;. Then the number of L' € L; such that
L'|z =0 ~ L|z,—0 is exactly k (and in particular, L|,,—o is not a constant).

2. Denote with {L;}5_; C £; those k linear functions. Let {¢;}¥_, be such that L|,,—o

¢j - Ljlz,=0. Let aj; be the coefficient of z; in the linear functlon c; - L. Let {;
L+(lj71'l‘1, fOI‘j: 1...k.

1> ||

3. Set £« LU {l;}em

4. For each [ € [t], set L; — L;\ {{}|z,—0}}—, (more accurately, remove from £; k linear
functions £}, ..., £} such that {} = {;|,,—0).

5. If the £;-s are empty then return £, otherwise go to Step .

The following theorem proves correctness and gives the analysis of Algorithm [5]
Theorem 29. Let L = {L;}™, be a multiset of linear functions in t > 60logm + 61

variables. 1I.e., a linear function may appear more than once in L. Denote with L; 2 L|z,—0
the multiset r’esultmg from L after removing the i-th variable from all the linear functions
in it. Then, given the multisets {L;}ict, Algorithm @ reconstructs a multiset £ such that
[Licil=c-Tlpep ', for some non-zero constant c, in time polynomial in m.

Proof. First we show that if a linear function L was found in Step [T} and its multiplicity in
Ly is k, then there are exactly k linear functions {/; }iew in £ that satisfy Cilay—0 ~ L, for
each j € [k]. Moreover, these linear functions are equal, up to a multlphcatlve factor, to the
linear functions {¢; }je[k] that were found in Step [2| of the algorithm. Namely, possibly after
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reordering it holds that Zj ~ {;, for j € [k]. Indeed, let L and ¢ be the linear function and
index that were found in Step [1| (of Algorithm . Denote with k£ the multiplicity of L in £,
and let {¢;};cu C £, be such that £j|,,—o ~ L. From the definition of i these are exactly
the functions in £ that satisfy that Ej|x1:0,xi:0 ~ L|z,—0. We therefore have the following.
Let a; be such that a; - ;],,—o = L. Let ¢; and L; (for j € [k]) be as in Step . It must
be the case that (possible after reordering) a; - £;]s,—0 = ¢; - L;. In particular if we define
lj = ajy1 -z + L, where ; is the coefficient of xy in ¢; - L; then it must be the case that
¢; ~ {; as required (note that a different way of defining ¢; is by letting ¢; = ¢; - L; + o - @5,
where q; is the coefficient of z; in L). In particular this shows that Step [3{ adds to £ linear
functions that are equal to the gj—s up to a constant factor and Step 4| removes the “images”
of those functions from the different £;-s. Thus, if we can always find such L and i then
we are guaranteed that the output will be a set L for which there is a 1-1 correspondence
between the linear functions in £ and those in £ that matches functions that are equal up
to a (non-zero) constant factor. This completes the first part of our proof.

We now prove that if m < exp((t — 1)/60 — 1) then such L and i exist. Assume for a
contradiction that no such L and ¢ exist. Then it must be the case that for every L € L
and 7 there is L' € £ such that z; € span(L, L). In other words, if we consider the mapping
E : F=1 — F™ that maps (z,...,2¢) to {L(xa,...,2¢)}rer,, then we have that for every
Jj € {2,...,t} there are, say, at least m/3 disjoint pairs of linear functions L, L' € £; such
that x; € span(L,L’). In other words, we can reconstruct z; by looking at one of m/3
disjoint pairs of indices in the mapping E. A mapping that satisfies this property is called a
2-query locally decodable codes and it is known (Theorem that in such a code it must be
the case that m > exp((t — 1)/60 — 1). However, we assumed that m < exp((t —1)/60 — 1)
and so we reached a contradiction. Hence a linear function L and an index ¢ can be found.
For completeness we discuss locally decodable codes in Appendix [B]

The claim regarding the running time of Algorithm [5]is clear. This completes the proof
of Theorem 29 O

To conclude, from Theorem [29 and the discussion at the beginning of Section [4.2.2] we
see that in Step [2| of Algorithm , for one of the sets {/;};c;y we manage to reconstruct the
multiplication gate Ms|y. To be more accurate, note that for the multiset L computed in
Algorithm [5| we may have that [[,.s¢ = c-[[,. ¢ for some non-zero constant c. However,
c can be easily found by comparing [ [,z €|z;—0 to Ma|,,—o. Therefor, we can multiply some
¢ € L by cto get that [T,z = [Tpep V' = Malv.

Now, given M|y we can use the oracle to f to factor f|y — Ms|y and get Mi|y. In
particular we compute the circuit C|y = M|y + Ma|y in Step 2} We now notice that if V
is such that rank(f|y) > Rylog?®(d) (which happens w.h.p. according to Lemma then
by Corollary @ this is the only possible representation for f|y (as a XII3(2) circuit) and so
the circuit computed at the end of this step is indeed M|y + Ms|y. The running time of
Step [2] is equal to the number of different sets {/; };cg considered times the running times of
Algorithm [5] and the factoring algorithm of Theorem [§] Thus, we just proved the following
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theorem.

Theorem 30. Step [4 of Algorithm [{] runs in time exp(poly(logn,logd,log |F|)) and if V
is such that rank(f|y) > Rylog®(d) then the circuit computed at the end of the step is
Cly = Mily + Maly.

4.2.3 Step [3} Lifting

We first give the intuition behind the way that the algorithm combines the different circuits
for flw,. For convenience let us assume w.l.o.g., again, that

V={v=(a,...,as0,...,0) | Via; € F}.
Also assume w.l.o.g. that for 1 <i <n — s we have that
Wl':{w:(al,...,aS,O,...,O,asH,O,...,O) |VJ Q5 GF}

Note that as we are working with the v;-s and their dual basis {z;} then we can make this
assumption. Let us assume that rank(f|y) > Ry - log?(d). Theorem (30 . now guarantees that

the algorithm computes correctly the circuits C; = M|w, + Ma|w,, for s < ¢ < n. Assume
that our original XII¥(2) for f has the following form
d d
f@ =11 @+ ] @),
i=1 i=1

where M, =[], Lgl)(f) and M, =[], Ll@)(f). Denote

E a xj—i—ozlo,

for k = 1,2. If rank(f|y) > Ry -log®(d) then by Theorem [30| we get that

d d
flw, = [T 2 @lw, + T L2 @)lw,
k=1 k=1
d s
H (Z ak]x] + oz,(f inSH + a ) + H (Z ock]xj + oz,(f inSH + oz/,(C %) .
_ _ k=1 \j=1

Therefore all that we have to do is to find all the linear functions of the form > 7, a,%}xj +

oz,(glk)g Hxsﬂ + O‘k()p for i € [n — s|, and glue them together to get all the linear functions

{25 ozk,ijj}k (similarly with 75, a,(fj)»xj +a,(§2+ixs+i +oz,(jg and {d_7_, oz,(j]).xj}k). To do so

we must be sure that there are no two linearly independent linear functions in f that their
restrictions to V' are linearly dependent. Note that if such a pair exists, e.g. if £|y ~ |y,
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where ¢ and /' are linearly independent, then for some W; and constants «, o/, @’ such that
o # o, the circuit C; will contain two different functions { = ¢+« -z; and 0 = 0/ + o/ - 2; ~
(4" - x; and we will not know which of them to attach to ¢ and which to ¢/ when combining
appropriate linear functions from the different Cj-s.

Now, if no such pair exists then it is very easy to combine the different circuits Cj
into one circuit C” for f: for every linear function ¢ in C, that does not divide both
its multiplication gates, there is a unique linear function ¢; in C; such that their restric-
tions to x; = 0 are linearly dependent (note that by Lemma we can assume that
g.c.d.(My|v, Msly) = g.c.d.(My, Ms)|y. Hence, if ¢ divides both multiplication gates in
C then there is a unique ¢; that divides both multiplication gates in C;, and the continuation
is the same for this case as well). Therefore there is only one way of generating a linear
function L such that ¢'|yy ~ ¢ and ¢'|,,—0 ~ ¢;, for every i. This explanation shows that
in Step |3| we combine the different circuits in the only possible way. Moreover it is clear
that combining the Cj-s to a single circuit can be dome efficiently. It only remains to justify
the assumption that there are no two linearly independent linear functions in f that their
restrictions to V' are linearly dependent.

To see that we notice that as we picked V' to be a random subspace of dimension
Q(log?(d)) then Lemma [21] assures us that with probability greater than 1 — exp(— log?(n))
no two linearly independent linear functions from C' become linearly dependent when re-
stricted to V. Thus, w.h.p. we can complete this step. Notice that by the above explanation
it is also very easy to verify that indeed no two linearly independent linear functions from
the circuit for f became dependent on V. The following theorem summarizes what we have
shown in this section.

Theorem 31. Step @ of Algorithm |4 runs in time poly(n,d,log|F|)) and w.h.p. over the
choice of V' outputs the unique XI1X(2) circuit for f.

Thus, Algorithm |4 outputs with high probability over the choice of V' the unique X113(2)
for f. We now show how to combine Algorithms [3] and [4] to get Theorem [2]

4.3 Completing the proof of Theorem

We note that if we know rank(f) then the algorithms described in Sections and |4.2| give
the required result. As we don’t know what the rank is we run the high rank algorithm
for every rank between 10Ry - log®(d) and d. Once the algorithm output a XII3(2) circuit
we verify that its rank is indeed larger than 10R, - log*(d). If this is the case then we stop
and output that circuit. Theorem guarantees that w.h.p. we have found the unique
YII%(2) circuit C” that computes f. If none of the executions of the high rank algorithm
resulted in a XT1Y(2) circuit then we run the low rank algorithm for each rank between 1
and 10R, - log*(d).

To analyze the error probability of the algorithm we note that the possible errors are in
the choice of V' and in the factoring algorithm. Indeed, when we are at the “correct” rank
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and V is such that the rank of f|y is the same as rank(f) and no two linearly independent
linear functions from C become linearly dependent when restricted to V' then we are assured
that we compute a correct representation for f. Recall that V' is “bad” for us with proba-
bility 1/p(n,d) where p is some quasi-polynomial function of n and d. In addition we can
repeat the factoring algorithm of Theorem [§ polynomially many times to reduce the error
probability. Thus the over all error is quasi-polynomially small (and can be further reduced
to be exponentially small by repeating the algorithm several times). This completes the
proof of the theorem.
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A Brute force interpolation

In this section we show how to interpolate a polynomial that can be written as a polynomial
in a few linear functions. In fact we need to consider a slightly more complicated scenario
as described in the following lemma.
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Lemma 32. Lef] h(z1,...,25) = Lin(h) - Q({1,...,¢) be a polynomial, where Q is a
polynomial and {L;}icpy are linear functions. Let d = deg(h) < |F|. Then, there is a
deterministic algorithm that given oracle access to h and Lin(h), d and the set of linear
functions {€;}ic, finds Q. The running time of the algorithm is poly(|F|*, d*).

Proof. Consider a generic degree d polynomial Q' in the £;-s. Such a polynomial has < (d+1)*
monomials of the form Hle ¢;°", such that Zle e; < d. Thus we have a number of unknown
coefficients which we can find by a simple interpolation procedure that we now describe:
Let lxy1,...,¢s be linear functions such that[f_gl (1, ..., L form a basis to the space of linear
functions over F®. Let

Q' (Y1, yk) = Z cé-Hyiei. (11)

{e=(e1,...,er):> e;<d}

Next we represent Lin(h) as a polynomial in the ¢;-s. Let Prin(y1,--.,ys) be a polynomial
satisfying
Lin(h) = Pun(C1, ..., 0) =Y an - M(ly, ..., L), (12)
M

where the sum is over all monomials M of degree at most d. Note that as we have oracle
access to Lin(h), it is easy to find the ay-s (by the usual interpolation process). We get
that h can be written as

h=Pin(lr,. . ) Q' (Cr,. . 6) = - M(ly, ... L), (13)
M

where each coefficient v, is a linear function in the cz-s. By querying h on all the points in
[ and using the standard interpolation method we can easily find all the coefficients ~,,,
and from them we can get the coefficients cz-s by solving a system of linear equations. We
note that once we know the yys-s there is a unique solution to the cz-s (in case that such a
solution exists). The reason is that if two different solutions exist then they give rise to two
polynomials P, - @1 and P, - @2, that are equal over F®. However, the degree of each of
the polynomials is at most d, which is smaller than the size of the field that we are working
with, and so the two polynomials must be the same. In particular we have that Q' = Q. [

B Locally decodable codes

In this section we define the notion of locally decodable codes and state the result that we
need. The reader interested in a more complete background is referred to [KT00, (GKSTO06].
We start with the definition of locally decodable codes. We fix in advance some of the

19Tn Section we needed to interpolate sim(f)|y for an s-dimensional space V', so we assume that h is
a polynomial in s variables.
20We assume w.l.o.g. that ¢1,...,¢; are linearly independent.
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parameters to constants in order to simplify the definition. Let E : F! — F" be a linear
map. We say that F is a 2-query locally decodeable code if there exists a probabilistic oracle
machine A such that:

e A makes at most 2 queries (non-adaptively) to the oracle.

e For every x € F, for every y € F" with A(y, E(x)) < n/10, and for every i € [t], we
have Pr[AY(i) = x;] > 2/3, where the probability is taken over the internal coin tosses
of A, and A(-,-) is the Hamming distance function.

The following theorem of [DS06] gives a lower bound on the length of such locally decod-
able codes over arbitrary fields.
Theorem 33 (Theorem 1.2 of [DS06]). Let F be a field, and let E : F* — F™ be a linear
2-query locally decodable code, as in the definition above, then n > 201,

We note that Goldreich et al [GKST06] were the first to prove a lower bound for linear
locally decodable codes with 2 queries, however for large fields their result is not optimal.
In particular, [GKST06] proved a lower bound of the form n > 2%t ~1¢lFl o the length of
such codes over [F, which deteriorates with the field size.
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