Pseudorandom generators for CCy|p| and the Fourier spectrum of
low-degree polynomials over finite fields

Shachar Lovett * Partha Mukhopadhyay Amir Shpilka*

March 7, 2010

Abstract

In this paper we give the first construction of a pseudorandom generator, with seed length
O(logn), for CCy[p], the class of constant-depth circuits with unbounded fan-in MOD,, gates,
for some prime p. More accurately, the seed length of our generator is O(logn) for any con-
stant error € > 0. In fact, we obtain our generator by fooling distributions generated by low
degree polynomials, over IF,,, when evaluated on the Boolean cube. This result significantly ex-
tends previous constructions that either required a long seed [LVW93] or that could only fool
the distribution generated by linear functions over F,, when evaluated on the Boolean cube
[LRTV09, MZ09].

Enroute of constructing our PRG, we prove two structural results for low degree polynomials
over finite fields that can be of independent interest.

1. Let f be an n-variate degree d polynomial over F,. Then, for every € > 0 there exists a
subset S C [n], whose size depends only on d and ¢, such that Zaeﬂ?g:a;éo,aszo If(a)* <e.
Namely, there is a constant size subset S such that the total weight of the nonzero Fourier
coefficients that do not involve any variable from S is small.

2. Let f be an n-variate degree d polynomial over IF,,. If the distribution of f when applied
to uniform zero-one bits is e-far (in statistical distance) from its distribution when applied
to biased bits, then for every d > 0, f can be approximated, up to error §, by a function
of a small number (depending only on €, and d) of lower degree polynomials.
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1 Introduction

A pseudorandom generator (PRG for short), over a domain DE] for a family of tests 7 is an explicit
function G : D™ — D" such that no test T' € 7 can distinguish a random output of G from truly
uniform input elements in D™. Namely,

max | Pr [T(G(z)) =0] - Pr [I(z) =0]| <e.
Ideally, one would like to have the seed r as short as possible and the error € to be as small as
possible. A pseudorandom generator is considered efficient if the seed length is O(logn) (as in this
case, for some applications, one can enumerate over all seeds to find a ‘good’ one). Pseudorandom
generators have been a major object of study in theoretical computer science for several decades,
and have found applications in the area of computational complexity, cryptography, algorithms
design and more (see [Gol08, [AB09)]).

A family of tests that was widely considered in the literature is low degree polynomials over
finite fields. Before stating the formal definition of a PRG for low degree polynomials we fix some
notation: let f be a function, and D a distribution over the inputs of f. We denote by f(D) the
output distribution of f given inputs sampled according to D. For a set S we denote by f(S) the
output distribution given that the inputs are uniformly sampled in S (for example, f({0,1}") is
the distribution of f over uniform input bits).

Definition 1 (Pseudorandom distributions for degree d polynomials). A distribution D
taking values in F)) is pseudorandom for degree d polynomials over IF}, with error e if, for any degree
d polynomial f(x1,...,2,) over Fp, the distributions f(D) and f(F}) are e-close in statistical
distance. A function G : {0,1}" — F}} is a pseudorandom generator for degree d polynomials over
[Fp, if the output distribution of G, given uniformly sampled seeds, is a pseudorandom distribution
for degree d polynomials.

PRGs for linear polynomials over Fy were first constructed in [NN93] who gave PRGs with
O(logn) seed length. The distributions constructed in [NN93| are also known as e-biased distri-
butions. Alon et al. extended this construction to work over arbitrary finite fields [AGHP92]. In
[LVW93] a pseudorandom generator for the class of bounded degree polynomials over finite fields
was givenE] The seed length of [LVW93] was not optimal and was later improved in a sequence
of works [BV07, [Lov08|, Vio09]. Note that all these generators take as input vectors from [, and
output vectors in Fy. In [LRTV09, MZ09] a different kind of PRGs for linear polynomials were
obtained. Both works constructed a PRG G : {0,1}" — {0,1}" that fools distributions generated
by linear polynomials over F,, when evaluated on {0,1}". Namely, if f = """ | oyz; is a linear
polynomial over I, then the two distributions f(G({0,1}")) and f({0,1}") are close to each other.
Thus, although f is a polynomial over I, they restrict their attention to the behavior of f on
Boolean inputs. We call such a generator a bit-pseudorandom generator. We shall later give a more
formal definition of bit-PRGs.

Another family of tests that received a lot of attention is bounded depth circuits (i.e. ACy cir-
cuits). This is the class of constant-depth circuits with unbounded fan-in AND, OR and NOT

'One should think of D as either the Boolean cube {0,1}" or as Fj.
2This is not explicitly stated in [ILVW93], but it follows from their result for depth 2 circuits with a symmetric
function at the top.



gates. ACy is probably the most intensively studied amongst classes of small-depth circuits.
Hastad [Has86] showed that the PARITY function cannot be approximated by any polynomial size
ACy circuit. Le., that no polynomial size ACq circuit agrees with parity on more than %—i— exp(—n)
fraction of inputs. In other words, the correlation of PARITY with ACy is exponentially small. This
result was later used by Nisan [Nis91] for constructing efficient pseudorandom generators for ACy
(these pseudorandom generators use r = polylog(n) bits). Recently, following a breakthrough by
Bazzi [Baz(7], Braverman [Bra09] showed that any polylog-wise independent distribution is pseu-
dorandom for ACy circuits, thus settling a conjecture of Linial and Nisan [LN90]. ACy[p] is another
well studied class of circuits, consisting of all constant-depth circuits with unbounded fan-in AND,
OR, NOT and MOD,, gates (a MOD,, gate outputs 1 if the sum of its inputs is divisible by p, and
0 otherwise). In contrast to the impressive success in constructing pseudorandom generators for
ACyp, no PRGs are known for ACy[p]. One reason is that no strong correlation lower bounds are
known for this class. Razborov and Smolensky [Raz87, [Smo87] proved exponential lower bounds
for ACyl[p] circuits and their results also imply correlation lower bounds, albeit those are much
weaker than the ones known for ACy. Namely, [Raz87, [Smo87| showed that the MOD, function
has polynomially small correlation with ACy[p] when ¢ and ¢ are co-prime. The class of ACy[m]
where m is not a prime power is only very weakly understood; in particular, currently we cannot
separate it from NP!

1.1 Our results

Motivated by the problem of constructing pseudorandom generators for ACq|[p|, we study a natural
subclass - CCy|p] circuits. The class CCylp] is the class of constant depth circuits using only MOD,,
gates. While exponential lower bounds for this class follow from the work of Smolensky [Smo87],
no pseudorandom generator better than the one constructed in [LVW93] (whose seed length is
r = exp(v/Iogn)) is known for it. Our main result is an explicit pseudorandom generator fooling
any CCy[p] circuit while using only r = O(logn) random bits, for any fixed error ¢ > 0. Actually,
our construction gives pseudorandom generators for low-degree polynomials over finite fields, from
which the result for CCy[p] follows: Let F, be a prime finite field. The MOD,, function can be
computed by a degree p — 1 polynomial over I,

MOD,(z1,..., %) = (21 + ... +2,)P""  (mod p) .

Hence, any depth k circuit in CCy[p] can be computed by a polynomial over F, of degree d =
(p — 1)k. Thus, in order to fool CCy[p] we have to fool the distribution induced by low degree
polynomials over IF,,, when evaluated on inputs from the Boolean cube. In other words, we have to
generalize the aforementioned results of [LRTV09, MZ09|] from linear polynomials to any constant
degree polynomials. This motivates the following definition of bit-pseudorandom generators for
polynomials.

Definition 2 (Bit-pseudorandom distributions for degree d polynomials). A distribution
D taking values in {0,1}" is bit-pseudorandom for degree d polynomials over IF,, with error e if, for
any degree d polynomial f(z1,...,xz,) over F,, the distributions f(D) and f({0,1}") are e-close
in statistical distance. A function G : {0,1}" — {0, 1}" is a bit-pseudorandom generator for degree
d polynomials over IF,, if the output distribution of G over a uniform seed is a bit-pseudorandom
distribution for degree d polynomials.



Notice the difference between this definition and Definition [I] where one has to fool the dis-
tribution of the polynomial when evaluated over the entire space and not just over the Boolean
cube. As mentioned above, PRGs for polynomials over small finite fields were studied in several
works [LYW93, BV07, Lov08, [Vio09]. The best result to date is by Viola.

Theorem 3 (Theorem 1 in [Vio09]). There exists an explicit and efficient function G : {0,1}" —
F for r = O(d-log(pn)+2%-log(1/€)) such that G({0,1}") is pseudorandom for degree d polynomials
over IF,, with error e.

The problem of construction bit-pseudorandom generators for linear polynomials (i.e. the case
of d = 1) was first studied by [LRTV09, [MZ09] in the context of small-space computations. Before
describing their generator we need a few notations. For a = (ai,...,a,) € F) define aP~t =
(a’l’fl, ...,a%1) € {0,1}" to be the p — 1 power of a. Similarly for a distribution D C [y, define
DP~L C {0,1}" by raising each element of D to the p — 1 power. [LRTV09, MZ09] discovered
the following construction for a bit-pseudorandom generator for linear polynomials over F,: the
bitwise-XOR of the p — 1 power of a pseudorandom distribution for degree (p — 1) polynomial over
Fp, and a k-wise independent distribution.

Theorem 4 (Bit-pseudorandom distribution for linear polynomials [LRTV09, MZ09]).
Let ¥y, be a prime finite field and € > 0 be an error parameter. Let D C F} be a pseudorandom
distribution for degree p—1 polynomials over F), with error e. Let K C {0,1}" be a k-wise indepen-
dent distribution for k = O(p®log1/€). Then DP~' @ K is bit-pseudorandom distribution for linear
polynomials over F), with error O(e).

Our main result extends Theorem {4| to any constant degree polynomial. We prove that the
following is a bit-pseudorandom distribution for degree d polynomials over F,: the bitwise-XOR of
the p — 1 power of a pseudorandom distribution for degree ((p — 1)d) polynomials over F,, and a
k-wise independent distribution.

Theorem 5 (Main Theorem: Bit-pseudorandom distribution). Let F), be an odd prime
finite field, d > 1 an integer and € > 0 an error parameter. Then there exist 6 = §(p,d,€) and
k = k(p,d,€) such that the following holds. Let D C Fy, be a pseudorandom distribution for degree
((p — 1)d) polynomials with error 6. Let K C {0,1}" be a k-wise independent distribution. Then,
the bitwise-XOR of the two distributions DP~' @ K is a bit-pseudorandom distribution for degree d
polynomials over F), with error e. The parameters k,d satisfy

k(p7 d7 6)7 6(1)7 da 6)_1 S exp(2d+1) (e_cpﬁd)

where exp® is the t-times iterated exponential function, and c,q > 0 is some constant which
depends on p and d.

An immediate corollary is that there exists an efficient and explicit pseudorandom generator
G :{0,1}" — {0,1}" fooling any depth-k circuit in CCq[p] with error €, where r = ¢, 1 . - logn.

Corollary 6 (Pseudorandom generators for CCqy[p]). Let p be an odd prime number and € > 0
an error parameter. For any k > 0 there exists an explicit pseudorandom generator G : {0,1}" —
{0,1}", where r = ¢p 1 -logn, such that for any depth k circuit C' € CCyl[p|, the statistical distance
between the two distributions C'({0,1}") and C(G({0,1}")) is at most €.



Our proof of Theorem [f] is based on two new structural results for low degree polynomials,
over finite fields, which may be of independent interest:

The first result is on the Fourier spectrum of such polynomials. Let f : F) — Fj be a function.
The a-Fourier coefficient of f, for a € ), is defined as

Fla) = Byemy [wf @20,

where w = €2™/P is a primitive p-root of unity, and (z,a) = Yo, iy is the inner product of
and «. The structural result we prove is that the Fourier coefficients of any low-degree polynomial
cannot be spread over many disjoint sets. In other words, we show that one can always find a small
set S C [n] such that almost all Fourier coefficients intersect S (that is, have some nonzero entry
inside S). We note that while Theorem |5| is interesting only for odd pE| this structural result is
non-trivial also for polynomials over Fs.

Theorem 7 (The Fourier spectrum of low-degree polynomials over finite fields). For
every prime finite field Fp,, degree d > 1 and error € > 0 there exists a constant C(d,€) < (1/6)0(4d)
such that the following holds. Let f(x1,...,x,) be a degree d polynomial over F,,. Then there exists
a subset S C [n] of size at most |S| < C(d,€) such that

S P <e,

a€Fz:a#0,a5=0

where aig is the restriction of a to coordinates in S. In words, almost all nonzero Fourier coefficients
of f intersect S.

Our second structural result concerns the structure of polynomials with the following property.
Denote with U, the distribution over {0,1}" where each bit is chosen independently to be 0 with
probability 1/p and 1 with probability 1 —1/p. We call U), the p-biased distribution. We show that
if the distributions f(U,) and f({0,1}") are e-far, then f can be approximated, over {0,1}", by a
function of a small number of lower degree polynomials. To formally state our theorem we need
some definitions.

Definition 8 (Bit-Rank). Let g : {0,1}" — F, be a function. The d-bit-rank of g, denoted
bit-rankg(g), is the minimal number of degree d polynomials over I, required to compute g over
{0,1}". That is, rankg(g) = k where k is the minimal number such that there exist k degree d
polynomials fi,..., fx : Fj — Fp and a function T": F’; — [F, such that for all z € {0,1}"

Example. Consider the function g(x) = Z#j x;xj over Fy for p > 2. We have that the 1-bit-rank
of g is 1, as for all z € {0,1}"

glr)=(r1+ ... +x)? — (@i 4+ i) =1+ ) — (v . ).
Thus, for z € {0,1}", g(x) is determined by the linear function {(x) = x1+ ...+ x,. Notice that as
a quadratic polynomial over Fy,, the rank of g (i.e. the minimal number of linear functions required
to compute g on inputs from Fg} is either n — 1 or n, depending on p.

3For p = 2 it reduces to the case of pseudorandom distributions.



Our second structural result is the following.

Theorem 9 (Structure of bit-biased polynomials). Let f(x1,...,x,) be a degree d polynomial
over F), such that the statistical distance between the distributions f(U,) and f({0,1}") is at least €.
Then, for every § > 0, there exists a function g : {0,1}" — T}, such that Prycgo1yn[9(z) # f(z)] <90
and bit-ranky(g) < p©© wher c=C((p—1)(d+1),0¢%/p%).

In fact, for our proof we require such a polynomial g that approximates f with respect to (an
affine shift of) U,, but we find this statement more appealing.

1.2 Proof overview

Pseudorandom generators that fool low degree polynomials over )} were obtained in [BVO7, Lov08,
Vio09]. In our case we only consider the distribution of the polynomial over {0,1}" (and not over
[ as the aforementioned results), which creates new obstacles, and requires a different approach.

We sketch below the proof of Theorem Our proof is carried by induction on the degree
d, and uses Theorem [7| and (a variant of) Theorem |§| as important technical ingredients. Let
f(z) = f(z1,...,zpn) be a polynomial of degree d over F,,. The base case of d = 1 was established
in [LRTV09, IMZ09], hence we assume from now on d > 2.

Regular polynomials Consider the p-biased distribution ). This distribution can be simulated
by low-degree polynomials over Fy: let z € F; be chosen uniformly at random; then, Pl =
(x} _1, e, Th _1) is distributed according to U,. Furthermore, it is easy to construct a pseudorandom
distribution fooling f(U,) as follows. Let f(z) = f(xP~1). Then fis a polynomial of degree (p—1)d,
and the distributions f(Fg) and f(U,) are identical. In particular, any distribution fooling degree
(p — 1)d polynomials over I, (such as those guaranteed by Theorem [3)) also fools f(U,).

Thus, if the polynomial f is regular in the sense that it cannot distinguish between the uniform
distribution over {0, 1}" and the p-biased distribution U, then one can simply use a pseudorandom
generator for fto get a pseudorandom generator for f. Hence, it is not hard to deduce the following
lemma.

Lemma (Lemma [11}, informal statement). Let f(x) be a degree d polynomial over F), such that
the distributions f(Up) and f({0,1}") are e-close. Let D C ¥} be a pseudorandom distribution for
degree ((p — 1)d) polynomials over F,, with error €. Then f(DP~) and f({0,1}") are O(¢)-close.

Non-regular polynomials We now have to deal with non-regular polynomials, i.e polynomials
that distinguish between uniform bits and the p-biased distribution. This is the main challenge we
tackle in the paper. In fact, we will show that this property is so strong that bit-pseudorandom
generators for degree d — 1 polynomials with small enough error suffice to fool any such degree d
polynomial. The proof consists of two steps. First we prove Theorem (which is close in spirit
to Theorem E[) that shows that f can be well-approximated, with respect to (an affine shift of) U,
by a few polynomials of degree d — 1. We then prove that any distribution that fools degree d — 1
polynomials (over {0,1}") also fools f (Lemma [L4]).

We now explain the idea behind the proof of Theorem Bogdanov and Viola proved that
if f(z) is a degree d polynomial over F;, such that f(F}) is far from the uniform distribution over

“The function C(-,) is defined in the statement of Theorem

7



[F,, then f can be well-approximated by a function of a few polynomials of lower degree [BV0T7].
Following this motivating example, we would like to prove that if f(U,) is far from uniform (a
similar property can be easily obtained from the fact that f is not regular, see Claim then f
can be well-approximated over U, by lower degree polynomials. However, the case of f (IFZ) being
far from uniform is easy to handle via directional derivatives, as the input space is invariant under
shifts (i.e. the mapping = — = + a for a € [, maps the uniform distribution over F) to itself). In
our case, the input distribution ¢4, is not invariant under shifts, which creates a major obstacle for
using existing techniques.

To overcome this obstacle we first ‘complete’ f to a polynomial over Fj that carries similar
properties: Define f®¢ = f(2P~! @ a), for some a € {0,1}". Then f®% is a polynomial of degree
d' = (p — 1)d and the distributions f®*(Fp) and f(U, ® a) are identical. We show that as f is
non-regular, there exists a € {0,1}" such that f® is biased (Corollary [23). Similarly to [BV07]
we get that f®% can be approximated by a few of its directional derivatives, where the directional
derivative of f®¢ in direction y € F}; is defined as f7*(x) = f¥(z 4+ y) — f®*(2). However, in our
case we need a stronger property to hold. Define the support of y to be the set of nonzero entries
in y, Supp(y) = {i € [n] : y; # 0}. We would like to show that f®* can be approximated by a few
directional derivatives having small supports. To obtain this we need Theorem [7] that shows that
most of the Fourier weight of f®¢ is supported on coefficients that intersect a relatively small set
S. Using this theorem we get

Claim (Claim informal statement). Let f be a polynomial over F), of degree d'. For every
§ > 0 there exist a small number of directions y1,...,yx € Fy such that [Supp(y1) U. ..U Supp(ys)|

1s small, and such that f can be well-approximated by some function I' of J?yp ceey ﬁk Namely,

Pr [f(x) # T(fy (2), -, fy(@))] < 6.

zeFy

This is still not enough as the derivatives of %% have degree (p —1)d — 1. However, we further
show that sparse directional derivatives of f®% can be calculated by directional derivatives of f and
a few variables.

Claim (Claim informal statement). Any directional derivative f7*(x) can be computed by
some function of fy(x) and {z; : i € Supp(y)}.

We prove this claim by showing that any derivatives of f©%, with respect to a direction supported
on S, satisfies (f®%),(z) = fu (2P~ ®a) for some w that depends only on y and a, and is supported
on S. Combining Claims 25| and [27] yields the required approximation of f.

To complete the picture we shortly remark on the proof of Theorem[7] The proof is by induction
on the degree using Fourier analysis. The basic idea is that for every linear subspace A C F} we
have that

> f@P<Eea| Y fl@)P] + Eaea [ITa0)P]

a€F?:a#0,a5=0 a€F:a#0,a5=0

Using this useful inequality we break the analysis to two cases depending on whether f has a high
Fourier coefficient or not. If all of f’s Fourier coefficients are small, then we construct S in the
following way: we pick a constant dimensional subspace A at random. For each derivative f,, where



a € A, we find a set S, as guaranteed by the induction hypothesis (for some ¢ depending on € and
d). Finally, we set S to be the union of all the S,-s. When f has a high Fourier coefficient, we
approximate f using a small number of lower degree polynomials and set S to be the union of their
corresponding sets.

1.3 Paper organization

In Section [2| we fix some notations. We prove our main theorem, Theorem [5 in Section [3| The
proof is based on Theorem [13] whose proof is given in Section [5, where we also prove Theorem [9]
The proof of Theorem [13] relies on Theorem [7] that we prove in Section [6, We conclude and give
some open problems in Section For completeness, we sketch the proof for the linear case of

Theorem [5| (i.e. d =1) in Appendix

2 Preliminaries

We will be working over a fixed prime finite field F,. Let f(z) = f(x1,...,2,) be a degree d
polynomial over F,,. Let D be a distribution. The support of D is the set of elements which have
positive probability under D. If the support of D is contained in a set S, we denote this by D C S.
For a distribution D C F), we denote by f(D) the output distribution of f given inputs samples
according to D. For a subset S C ), we denote by f(S) the distribution of f over inputs chosen
uniformly from S. In particular, f(IF;) denotes the distribution of f over uniform field elements,
and f({0,1}") denotes the distribution of f over uniform bits.

The statistical distance between two distributions D/, D" is given by sd(D’, D”) = 1 3| Pr[D’ =
x] — Pr[D” = z]|. If the statistical distance is at most €, the distributions are said to be e-close. If
the statistical distance is at least €, the distributions are said to be e-far. It is easy to verify that
statistical distance satisfies the triangle inequality.

Denote [n] = {1,2,...,n}. A distribution K C {0,1}" is said to be k-wise independent if for
any k distinct indices i1, ..., 4 € [n], the distribution K restricted to these indices is uniform over
{0,1}*. R

For a function f : F; — [, we denote by f : F) — C its Fourier transform, defined as
]?(04) = Egerp [wf @)= where w = €*™/P and (z,a) = 3.1, a;x; is the inner product of x and

a. The Fourier representation of f(x) is given by f(z) = > cpn Fla)w'™®  Parseval’s identity
p
gives that Y cpn [f(a)? = 1.
P

3 Bit pseudorandom generator for low degree polynomials

In this section we prove Theorem [5] As sketched in Section [I.2] we first prove the theorem for the
(easy) case of regular polynomials (a notion that we shall soon define) and then for non-regular
polynomials.

3.1 Regular polynomials

Definition 10. The p-biased distribution U, C {0,1}" is the distribution in which we choose each
bit independently to be 0 with probability % and to be 1 with probability 1 — %.



We call a polynomial f : F}) — [}, e-regular if sd(f(U,), f({0,1}")) < e. The following lemma
shows that if f is a regular polynomial then it is fooled by the p — 1 power of a pseudorandom
distribution for degree (p — 1)d polynomials.

Lemma 11. Let f(z1,...,2,) be an e-reqular polynomial of degree d over F,. Let D C Fy
be a pseudorandom distribution for degree (p — 1)d polynomials over F, with error e. Then

sd(f(DP71), f({0,1}7)) < 2e.

Proof. Let f : ) — ), be defined as flz1, ... xn) = f( p=1 ,xﬁ_l). As f is a degree d polyno-
mial, f is a polynomial of degree~(p —1)d. Since D is pseudorandom against polynomials of degree
(p—1)d, we have that f(D) and f(F}!) are e-close. By the definition of f it follows that f(DP~') and

f(Up) are e-close. Hence, sd(f({0,1}"), F(DP~1)) < sd(f({0,1}"), f(Up)) + sd(f(Up), f(DP~1)) é
2e.

3.2 Non-regular polynomials

We now turn to study non regular polynomials. Namely, polynomials that can distinguish between
the uniform distribution over {0,1}" and the p-biased distribution. The main tool in the proof is
(a variant of) Theorem |§| that shows that non regular polynomials possess a very special structure.
Namely, that a non-regular polynomial can be well approximated by a function of a small number
of lower degree polynomials.

We will start by proving that non-regular polynomials admit a non-uniform distribution when
applied to inputs sampled from some shift of a p-biased distribution. For a distribution D C {0,1}"
and an element a € {0,1}" denote by D @ a the distribution generated by bitwise-XORing the
element a to all elements of D.

Claim 12. Let f(x1,...,2,) be a degree d polynomial over F), such that the distributions f(U,) and
f({0,1}") are e-far. Then there exists a € {0,1}" such that the distribution f(U, © a) is €/2-far
from the uniform distribution over IF,,.

Proof. If f(Uy,) and f({0,1}") are e-far, at least one of them is e/2-far from the uniform distribution
over Fp,. If it is f(U,), then we are done with a = 0. Otherwise assume that f({0,1}") is €/2-far
from the uniform distribution over F,. We can generate the uniform distribution over {0,1}" by
first choosing a € {0,1}" uniformly at random, and then bitwise-XORing it to the distribution U,,.
In other words, the uniform distribution over {0,1}" is a convex combination of the distributions
{Up®a :a e {0,1}"}. Thus, the distribution f({0,1}") is a convex combination of the distributions
{fUp®a) :a € {0,1}"}. In particular, there must exist some a € {0, 1}" such that the distribution
f(U, ® a) is €/2-far from uniform. O

We recall the definition of bit-rank given in Subsection [1.1

Definition (Bit-Rank). Let g : {0,1}" — F, be a function. The d-bit-rank of g, denoted
bit-rankg(g), is the minimal number of degree d polynomials over I, required to compute g over
{0,1}". That is, rankg(g) = k where k is the minimal number such that there exist k degree d
polynomials fi,..., f : Fj — F, and a function I": F’; — [F, such that for all z € {0,1}"

g9(x) =T(fi(z),..., fr(@)).

10



The following theorem, shows that non-regular polynomials have a low bit-rank. We shall later
deduce Theorem 9] from it. We defer the proof of the theorem to Section

Theorem 13. Let f : F) — Fy be a polynomial of degree d + 1 for some d > 1. Assume that, for
some a € {0,1}", the distribution of f(U, ® a) is e-far from uniform. Then for every § > 0 there
exists a function g : {0,1}" — F), such that Prycy,aa[g(x) # f(x)] < 6 and bit-rankg(g) < ¢+ p°
whemﬂ c=C((p—1)(d+1),0e%/p%).

The next lemma shows that if a degree d + 1 polynomial f(x) can be approximated, under
some shift of the p-biased distribution, by a function with a low d-bit-rank, then bit-pseudorandom
distributions for degree d polynomials also fool f.

Lemma 14. Let f : Fj — F) be a degree d + 1 polynomial. Assume that there is a function
g :{0,1}" — F, such that bit-ranky(g) = k and for some a € {0,1}" it holds that

P @) = g@)] =18

Let D C {0,1}" be a bit-pseudorandom distribution for degree d polynomials with error €. Then
f(D) and f({0,1}") are (cke + c20)-close, for c; = P27 and ey = 4p - 20D+

To ease the reading we first show how to obtain Theorem [5| using Theorem [13| and Lemma
The proof of Lemma [I4] is given in Section [f] and the proof of Theorem [I13]is given in Section

3.3 Proof of Theorem [Gl

For convenience we repeat the statement of the theorem.

Theorem. Let I, be an odd prime finite field, d > 1 be a degree and € > 0 be an error parameter.
Then there exist § = §(p,d,€) and k = k(p,d,€) such that the following holds. Let D C T} be
a pseudorandom distribution for degree ((p — 1)d) polynomials with error §. Let K C {0,1}™ be
a k-wise independent distribution. Then the bitwise-XOR of the two distributions DP~' @ K is
bit-pseudorandom for degree d polynomials over I, with error e. The parameters k,d satisfy

k(p’ d, 6)7 5(]7, d, 6)71 < 6Xp<2d+1) (67010,(1)

where exp® is the t-times iterated exponential function, and cpd > 0 is some constant which
depends on F), and d.

Proof. The proof is by induction on the degree d. The case d = 1 was established in [LRTVQ9,
MZ09] (Theorem . We restate their result here. For completeness we give a sketch of the proof
in Appendix [A]

Theorem (Bit-pseudorandom distribution for linear polynomials). Let F), be a prime
finite field and € > 0 be an error parameter. Let D C ¥} be a pseudorandom distribution for degree
p — 1 polynomials over F), with error e. Let K C {0,1}" be a k-wise independent distribution for
k= O(p®log1/e). Then DP~1 @ K is bit-pseudorandom distribution against linear polynomials over
[, with error O(e).

®The function C(-,-) is defined in the statement of Theorem
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We now proceed with the induction. Let d > 1, and let f(z) be a polynomial of degree d + 1.
We divide the analysis into two cases. Assume first that f(U4,) is €/2-close to f({0,1}"). Lemmal/[11]
implies that if Dy C F} is a pseudorandom distribution for degree (p —1)(d + 1) polynomials, with
error €/2, then f(DIffl) and f({0,1}") are e-close.

We now handle the case that f(Up) is €/2-far from f({0,1}"). By Claim [12] there exists some
a € {0,1}" such that f(U, ® a) is (e¢/4)-far from uniform. Let § > 0 be determined later. Applying
Theorem [L3| there exists a function g : {0,1}" — F, such that Pryey,aalf(z) # g(x)] < 6 and
bit-rankg(g) < p¢ + ¢ for ¢ = C((p — 1)(d + 1), 8(¢/4)2/p?) = O(pd—Le 1)U ) Temma
implies that if D' C {0,1}" is a bit-pseudorandom distribution for degree d polynomials with error
¢ (that will be determined soon) then f(D’) and f({0,1}") are T-close for

T = C€c+cf + 02(5

where ¢; = pﬂpil)(dﬂ) and ¢y = 4p - 20-DEHD  In order to get 7 < € we set § = €/2co and
€ = €/2¢” 7. Substituting the parameters yields the bound

]./g < eXp(exp((1/6)0(4(P—1)(d+1))) '

We now put things together. Let Dy C ) to be a pseudorandom distribution for degree (p — 1)d
polynomials with error 6 = d(p,d, ). Let K C {0,1}" be a k-wise independent distribution for
k = k(p,d,€). By the induction hypothesis, D' = Dg_l @ K is a bit-pseudorandom distribution
for degree d polynomials with error £&. Thus, if f is not €/2-regular then D’ fools f with error e.
To combine the two case in our analysis we note that if D C [} is a pseudorandom distribution
against degree (p — 1)(d + 1) polynomials with error £ then D satisfies the requirements of both
D; and Dy (recall that ¢ < €). Hence DP~! @ K is a bit-pseudorandom distribution against any
polynomial of degree d + 1 with error €. To conclude the proof we note that as

5p.d+1,6) = 6 (p. .1/ explexp((1/) 20 “))

and
k(p,d+1,¢) =k (p, d, 1/eXp(exp((1/6)0(4@71)(”1)))))

then there is a constants ¢, 4 > 0 such that
k(p’ d’ 6)7 (5(}?, d’ 6)_1 < eXp(2d+1) (e_cpyd)

as claimed.

4 Approximately low bit-rank polynomials

In this section we give the proof of Lemma We first give an overview of the proof.
Step 1. The first step in the proof is showing that if f is a degree d + 1 polynomial which can

be approximated by a function g of low d-bit-rank, then there is a distribution on functions G,
such that every function in the support of G has a low d-bit-rank and such that for every z € Fy

12



it holds that Pryeq[f(z) = h(z)] > 1 — ¢ (Lemma [18). That is, we move from one function that
compute f on most of the space to a distribution that is ‘good’ for every point z. The main idea
behind the proof of this step is to use the self-correction properties of low degree polynomials
(Claim . This step is the main technical part of the proof

Step 2. In the second step we show that if a function has a low d-bit-rank then any bit-
pseudorandom distribution for degree d polynomials fools it. The argument here is quite
straightforward (Claim [19)).

Step 3. Finally, we show that if a function can be computed using a distribution on functions
that have low d-bit-rank (as we achieved in Step 1 above) then it is fooled by bit-pseudorandom
distributions for degree d polynomials (Claim .

4.1 Step 1: from average case to worst case approximation

As in the overview above we start by showing that there exists a distribution on low d-bit-rank
functions that correctly computes f everywhere (w.h.p.). To construct such a distribution we shall
refer to the self correction properties of polynomials over F,,. Using these properties we will show
that we can construct G by (roughly) considering many shifts of g (the polynomial that computes
fonal-—4§ fraction of ). We start with the following well known fact.

Claim 15. Let f : F) — Fj be a degree d + 1 polynomial. For every z,yi,...,Yar2 € F) the
following holds
fy= > ()@Y ).
IC[d+2],[1]>1 icl

Proof. Taking d+ 2 partial derivatives of f(x), in directionsﬂ Y, - - -, Yd+2, iteratively, we obtain the
constant zero function. That is f,, .. y,.,(z) = 0. The claim follows as, by definition, fy, . ,..(%) =

(=14t Zlg[d+2}(_1)|1‘f(x+Zz’elyl)- o

The following is an easy corollary.

Corollary 16. Let f : F)) — F;, be a degree d+ 1 polynomial. Lett = (p—1)(d+1)+1. For every
Y1,y €EFp and a € {0,1}™ the following holds

fa oo = Y DI (@)Y u) T @)

ICl =1 il

Proof. Define ¢®%(z) = f(zP~! @ a). Note that ¢g®* is a polynomial of degree (p — 1)(d + 1) since

g% (z1,... 1) = f(ozlxllofl + 61, .., anzP 4+ 3)
where «;, 3; are defined as follows. If a; = 0 then a; = 1,8; = 0 and if a; = 1 then o; = —1, 3; = 1.
The claim is proved by applying Claim |15 to the polynomial g®2. O

SRecall that the derivative of f in direction y is defined as f,(z) = f(z + ) — f(z). It is easy to verify that if f
has degree d + 1 then f, has degree at most d.

13



We now show that a shift of a low bit-rank polynomial also has low bit-rank.

Claim 17. Let g : {0,1}" — F,, be a function. Fora,c € {0,1}",b € F} define g®= 0% : {0,1}" —
F, by g®*+9¢(2) = g(((z @ ¢) + b)P~L @ a). Then bit-ranky(g®>+®¢) < bit-ranky(g).

Proof. Assume bit-rank,(g) = k. Consequently, there are k degree d polynomials fi,..., fr and a
mapping I' : F¥ — F, such that g(z) = [(fi(z),..., fr(z)). Thus

g (a) = g(w @) + D B a) = T(A((r © ) + D @), (@ @) + P @a))

We will conclude the proof by showing that each f;(((z & c) +b)P~! @ a) is a polynomial of degree
at most d (in x). Define fj’-(xl, oo xn) = filoaxy + Bu, ..., anxy + By) where oy, B; are defined
such that a;x; + 5; = ((331 D CZ') + bi)p—l @ a; for x; € {0, 1} (that is, G; = (Ci + bi)p—l @ a; and
a; = =B+ (1 ®¢) +b;)P" ! ®a;)). As we applied an affine linear transformation to the inputs
T1,..., 7y, we have deg(f}) < deg(f;) < d. We conclude that for any x € {0,1}"

gPeE(a) = T(fi(2), .., ful@)),
hence bit-ranky(g®®+>®¢) < k. O

Let G be a distribution over functions g : {0,1}" — F,. The d-bit-rank of G is defined to
be the maximal d-bit-rank of a function in the support of G. The following lemma concludes the
idea sketched above and shows that if f is close to a function with a low bit-rank then there is a
distribution on low bit-rank functions that pointwise computes f.

Lemma 18. Let f : F) — Fy be a degree d + 1 polynomial. Assume that there is a function
g :{0,1}" — F, such that bit-ranky(g) = k and such that for some a € {0,1}" it holds that

Pr @) =g@) =10

Then, there is a distribution G on functions such that bit-ranks(G) < (2(p—1)(d+1)+1 — Dk and
Pricq|f(z) = h(z)] > 1 — (2~ DD+ _1)5,

Proof. We start by noting that the distribution U, @ a is equivalent to the distribution of zP~! @ a
for uniform z € F;. By our assumption we have that

mggg[f(xp*l ®a) # 9@ @a)] <0

Applying Corollary{l6 to f, which is a degree d 4+ 1 polynomial, we obtain

fa g = Y D@+ Yy ) (1)

IC[t],[11>1 icl

fort = (p—1)(d+1)+1and any y1,...,y: € Fy. Fixsome z € {0,1}". Let y1,...,y € F) be chosen
uniformly at random, and note that for any non-empty I C [t], the distribution of z + . _; y; is
uniform over Fy. Therefore, for every I # () it holds that

Pr |f((x+> v @a)#gllz+ ) y) ' @a)| <6.

o yr €FR
Yio Ut &S icl iel
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As 2P71 = g for 2 € {0,1}" we have that for such z-s f(2P~! @ a) = f(x ® a). Therefore, by
Equation and the union bound we get

Pr|faeaz S DM@+ Y g @a)| < (20— 1)

oyt €F1 :
Yot =Te ISRV i€l

Hence, for every = € {0,1}" we have

Pr @2 Y () g(@ea)+ Y P ea)| < (20— 1)5.

ot €F :
Yro Yt &Ep IC[H],11>1 icl

For any setting of y1,...,y: € ), define

h(y1,...,yt)(x) _ Z (_1)|I\+lg(((x @ a) + Zyi)pfl @a) .

ICl =1 icl

Let G denote the distribution over the functions h¥1-¥) obtained by sampling yi, ...,y € Fy
uniformly at random. We conclude that for every = € {0,1}" it holds that

p =h(z)] >1- (2" -1)§.

Prlfl@)=h@)]=21-( )
To complete the proof we bound the d-bit-rank of G. Each function h € G is a linear com-
bination of g(((z @© a) + Y  ¥i)P ™' @ a) = g+ Lier¥4(z), and by Claim [17 we know that
bit-rankg(g®®+ Zier ¥92) < bit-rankg(g) = k. Therefore, bit-rankg(h) < (2! — 1)k. Consequently,
bit-rank,(G) < (2 — 1)k. O

4.2 Steps 2 and 3: fooling approximately low bit-rank polynomials

We start by arguing that bit-pseudorandom distributions for degree d polynomials also fool func-
tions with low d-bit-rank.

Claim 19. Let g : {0,1}" — F,, be a function with bit-ranks(g) = k. Let D C {0,1}" be a bit-
pseudorandom distribution for degree d polynomials with error €. Then g(D) and g({0,1}") are
(pF/2€)-close.

Proof. Let g =T'(fi(x),..., fx(x)) be a representation of ¢ as a function of k polynomials of degree
< d. Denote with D; C FF the joint distribution of (fi(z),..., fi(z)) when z € {0,1}" is chosen
uniformly at random. Similarly, denote with Dy C Flg the joint distribution of (fi(x),..., fx(z))
when z € D. We will prove that D; and Dy are (p*/2¢)-close and hence g(D) and g({0,1}") are
(p*/%€)-close.

For o € F¥ define (Dj, a) C F,, to be the distribution of the inner product (y,a) where y € Fk
is sampled according to D;. In other words, for a = (aq,...,qx) € IF’; we have that (D1, ) is the
distribution of fu(x) = > «a; fi(x) over uniform x € {0,1}", and that (Da, ) is the distribution of
falz) for x € D. Since D is a bit-pseudorandom distribution for degree d polynomials with error
e and as each f, is a degree d polynomial (it is a linear combination of polynomials of degree d),
we get that the distributions (D;,a) and (Ds, «) are e-close. The following well-known fact shows
that two distributions with similar Fourier coefficients must be close. For completeness we give the
proof in Appendix
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Fact 20. Let D1,Dy C F]; be two distributions. Assume that for every a € IF]; the distributions
(D1,0) and (Do, ) are e-close. Then Dy and Dy are (pF/?€)-close.

It follows that D; and D, are (pk/ 2¢)-close which concludes the proof. ]

We next prove that if a degree (d + 1) polynomial f can be pointwise approximated by a
distribution with a low d-bit-rank, then f is in fact fooled by bit-pseudorandom distributions for
degree d polynomials.

Claim 21. Let f : F)y — Fp be a degree d + 1 polynomial. Let G be a distribution over functions
h:{0,1}" — F), such that bit-ranks(G) = k, and such that for every z € {0,1}"

Pr[f(@) = h@)] 2 16

Let D C {0,1}"™ be a bit-pseudorandom distribution for degree d polynomials with error €. Then
f(D) and f({0,1}") are (p*/%e + pd)-close.

Proof. We need to bound

SA(F(D), F({0, 1) = § Y0 I Pr[f@) =)= Pr [f(z) =1]].

(e, z€{0,1}"
Let E C {0,1}" be some distribution. We now prove that for every ¢ € I, it holds that

| Prlf@) =t~ _Pr_[he) =t <6

First, note that

Prlf) == Pr [f@) =t A f@)=h@]+ Pr [/ =t A [z) £ h)
= IGE}rLGG[h(m) =t A f(z)=h(z)]+ zegﬁeG[f(ag) =t N f(x)# h(z)]
and
et @) =tl=_Pr_[h(z)=t A fl@)=h(z)]+ Pr [hz)=t A fz)#h)].

Therefore, we get that

| Prif(e) =t - Pr_ [h(z)=1]] =

zel z€E heG
|mg%4ﬂm:tAJ@»#hmn—mg&gmm:tAf@»#M@Hg

/(@) # h(z)) = Brep Pr[f(x) # h(x)] <8

xEE hEG
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The claim now follows as

2-5d(f(D), f{0,1}") = D> | Pr[f(x) =t] = Pr [f(z)=1]|

=t z€D z€{0,1}"
< Pr [h(z)=1t]— P h(z) =t
Z |:1:€D IrzeG x ] :EE{O,l}I;,hEG[ (m) ”
+ Z ’xED t] B xeDIfgeG[h@) - t”
teF,
P =t| — P h(z) =t
+ Y . {oﬂ}n[f("”) = oh e G =1
ter,
< Bncaly_ | Prlb(e) =t = Pr [h(x) =] + 200

teF,

< Epec(2-sd(h(D), h({0,1}"))] + 2pd
< 2pk/26 + 2pé.

The proof of Lemma [14] now follows easily.

Proof of Lemma|[Ij By Lemma there is a distribution G on functions such that bit-ranky(G) <
(=D _ 1)k and Pryeg(f(z) = h(z)] > 1 — (2~DE+D+1 _1)5. Applying Claim We get
that the distance between f(D) and f({0,1}") is bounded by

SA(F(D). F({0.1)7)) < 2" ke 4 polp VD425

5 The structure of non-regular polynomials

In this section prove of Theorem To ease the reading we repeat it here.

Theorem (Theorem . Let f : ¥ — Fp be a polynomial of degree d + 1 for some d > 1.
Assume that, for some a € {0,1}", the distribution of f(U, ® a) is e-far from uniform. Then for
every § > 0 there exists a function g : {0,1}" — F,, such that Preey,ealg(z) # f(z)] < § and

bit-ranky(g) < ¢+ p° wher c=C((p—1)(d+1),8¢?/p) = (p3/562)0(4<p71)<d+1)).

Before giving the actual proof we first give an overview of the main steps.

Step 1: We start by showing that if f is non-regular then it must have a somewhat large ‘Fourier
coefficient’” with respect to a shifted p-biased distribution (Corollary .

Step 2: Defining f®%(z) = f(2P~! @ a) it follows that f®? is a degree (p — 1)(d + 1) polynomial
that has a (relatively) high bias. In addition, Theorem [7|implies that there is a relatively small set

"The function C(-,-) is defined in the statement of Theorem
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of variables S such that the weight of the Fourier mass of f®¢, that is supported on S, is small.

Step 3: Next we show that if a polynomial has the two properties found in Step 2 then it can be
well approximated by (a function of) a small number of its derivatives and the variables in S. This
is the main technical part of the proof (Claim [25 ﬂ and Corollary . Intuitively, the idea is the
following: Note that when f( ) # 0 we have that w=/(®) = f( )~IE G]anfy(z) In our case we show
that we can actually get w/(*) ~ f(()) 1Ey€Fgwfy(x) for most x’s, where Fg is the set of n-tuples
in IF, that are supported on S. The reason being that wf takes discrete values that are ‘far’ from
each other and the average contribution of the derivatives in directions that are not supported
on S is small (this follows, after some manipulations, from the structure guaranteed by Theorem [7)).

Step 4: Using the fact that f®(z) = f(zP~! @ a) we show that each derivative of f® is ac-
tually a function of a small number of the partial derivatives of f and the variables in S (Claim [27)).

Step 5: From the above steps we get that f(zP~! @ a) can be well approximated by the variables
in S and a small number of derivatives f,(zP~! @ a). In the last step of the proof we show that
we can actually replace the variables in {x; : i € S} with {a? “'@a:ie S} From this we shall
conclude that f can be well approximated, with respect to the shifted p-biased distribution, by (a
function of) a small number of its derivatives and the variables in S.

We now go to the formal proof according to the steps sketched above.

5.1 Steps 1 and 2: finding structure in the Fourier spectrum

We start with an easy claim regarding Fourier coefficients of distributions. Abusing notations,
given a distribution D C F,, we identify it with the function D : F, — [0, 1] in the following way
D(y) = Pryeplz = y]. Notice that under this definition D(0) = 1/p and in general D(t) =
Ecer, [D(x) - w™ %] = %Exep[w_t'x].
Claim 22. Let D C F, be a distribution which is e-far from uniform. Then there exists some
t € Fp\ 0 such that

p-D(t) = Eeeplw™*] > e-p~ /7

Proof. Let U denote the uniform distribution on IF,. We have

4 < 4-sd(D,U? = | Y |Pr[D Prd = t]|
teF,

< p*Eyer, [|Pr[D = t] — Pr[U =p* > _[D(t) - U(1)
teFy

where the last equality follows from the Parseval identity. As U(t) = 0 for t # 0, and D(0) =
U0) =1/p we get

Y D@ = 46/,

teF,\0

8When speaking of distributions we do not consider the function w” as we do with polynomials.
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hence there is some ¢ € F,, \ 0 such that [D(t)| > /p%le/p >e-p 32, O

We obtain the following corollary.

Corollary 23. If the distribution f(U, @ a) is e-far from uniform then there is some 0 # t € F,,
such that
Exeup@a[wt‘f(x)] >e-pl/2.

Note that we can assume w.l.o.g that ¢ = 1. Indeed, let f' =t - f(x). We shall prove that there
is a function ¢’ : {0,1}" — F,, such that Prycy,@aqlg'(z) # f'(2)] < ¢ and bit-rank,(g") < ¢+ p°.
Setting g(z) =t~! - ¢/(z) we get the required polynomial for f. Thus from now on we assume that
t =1, i.e. that

Exeup@a[wf(z)] > € pil/Z .

Let f9* : F} — F, be defined as f@(z) = f(zP~1 @ a). Since the distribution of zP~! @ a for
uniform z € F)) is exactly U, ® a we get

Epery /™' @] > €. p1/2.

Let v = d¢2/p?, for some § > 0. As f®%(z) is a polynomial of degree at most (p — 1)(d + 1),
Theorem [7] implies that there exists a subset S C [n] of size [S| < C((p — 1)(d + 1), ~) such that

ST IfFa) <. (2)

aG]F§\O

5.2 Step 3: approximating f%* by a few derivatives

Next, we show that the function f%(x) can be well approximated by a small set of its derivatives.
We start with some definitions and a simple yet useful equality. For a subset S C [n] let Fg denote
the set of vectors v € IF) which are supported on .5, that is,

={velF,:v,=0Vig¢gS}.

Similarly let Fpg denote the set of vectors supported on S = [n]\ S. For x € F} let x5 € ]Fg denote
the part of 2 which is supported on S, and xg the part of 2 supported on [n] \ S.

Claim 24. For any function h: F), — F, and S C [n] we have

ExEIF" yEIE‘S whv E |h

aGFS

Proof. Using the Fourier decomposition w®) = $° - ﬁ(a)w<“’x> we get
p

EerFg,ye]Fg [Why(m)] = ExeF",yeFS [Wh(x+y)_h($)]
— man’yeFS Z h wlorty)—(B8,z)
7/8€Fn
= Z h(a)h(B) (ErEFgw<a_B’r>) (Eyngw<a,y)>
a,ﬁEFg
= Y @)=Y (@)l
acFp:as=0 ae]}rg
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O]

We next show that a function h that has a high bias and that satisfy that ) €F5\0 |h()]? is
p

small can be well approximated by its derivatives in directions from }Fg . The proof is based on the
idea described in Step 3 above.

Claim 25. Let h : F; — Fp be a function such that |Egepp (WMD) > €. Let § > 0 be an error
parameter, and assume there is a subset S C [n]| such that Za€F§\O ()2 < 7 for v = 6€2/p?.
P

Then h can be approximated, on a 1 -4 fraction of Fyy, by a function of its derivatives in directions

supported on S. That is, there exists a function I : Fgls‘ — F), such that
r [h(x) # T({hy(z) 1y € Fy})] < 6.

E]F

Proof. Let h(0) = Ezerpw M@)] By the assumption in the claim, |2(0)] > e. Define ¢(z) =
iL(O)_lEyerw v(#) We will show that ¢(z) can be used to compute h(z) on most of F5. Define

Ax) = |w_h(°””) — ¢(z)|. Note that the minimal distance between different p-th roots of unity, i.e.
distinct elements in {w' : t € F,}, is given by |1 — w| = 2sin(7) > 2/p. We will show that for most

r € F}; we have A(z) < 1/p, and hence we can deduce w™ (’”) uniquely (and therefore h(x)) given
¢(x). To achieve this we shall bound E;epp [A(x)?] and then use Markov’s inequality.

Eeern [A(2)?] = Epern (0™ — ¢(2)) (w0 — ¢(x))] =
By epy yserg (070 — R(0) T @) (0 _ (o)L @)] =
—h(z)+h(z) _ ﬁ(o)—lwhy(m)—l-h(m) o B(O)_lw—hz(m)—h(z) + ’ﬁ(o)‘—Qwhy(:r)—hz(x)] _

ExGIFg,y,ZE]Fg [w
Eqem yoers[1 — h(0) 1w @) — 1(0)~Lw ™M) 4 [f(0)|Zuh(eH)~hlata) =
E,cry yers 11— 1+ |h(0)|2whEtv)-h@)] =
Eerp yers [-1+ [1(0)[ 72 3 |i(a)[’]
aclFy
where the last equality hollows from Claim We thus have

Every[A@)’] = [(O) 7 Y Ih(a)P < 5.

€

a€FS\0
By Markov’s inequality we obtain that
Erern[A(z)?]  p2y
Pr [A(x) > 1/p] = Pr [A(z)? > 1/p?] < — 2 " <L =4
PrA@) 2 sl = Pr(AE? = 1t < ST <
We now define I : ng‘ — T, as the value of h(x) for which |¢(z) —w™"*)| is minimized (breaking

ties arbitrarily). Since ¢(z) depends only on {hy(z) : y € F5} so does I' and, by the argument
above, as long as A(xz) < 1/p we know that I'(x) = h(z). Slnce Pr[A(z) > 1/p] < 4, we conclude
that

v [h(z) # T({hy(2) :y € Fp})] <6

xEF"
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From Equation and Claim [25( we obtain the following corollary.

Corollary 26. Let f,a,e be as in the statement of Theorem[13. Then, for every 6 > 0 there is a
S
function T'y : Fﬁl ' F, and a set S C [n], of size |S| < C((p —1)(d + 1), 0¢?/p?), such that

Pr [f%(x) # T1({f"(x) sy € F})] < 6.

z€F}

5.3 Step 4: ‘fixing’ the derivatives

We now show that we can replace the derivatives of f®%(x) in Corollary by derivatives of f
itself.

Claim 27. For any fized y € F5 we have that (f*),(z) = f®*(z +y) — f®%(x) is determined by
the variables {x; : i € S} and the derivatives of f supported on S when evaluated on zP~' @ a.

. wlSl+p!S!
. I

Namely, for every y € ]Fg there is a function ¥ — Fp such that for every x € Fy

(f¥)y(2) = ¥V ({w; i € S} {f.(a" " ®a) 2 € F}Y) .

Proof. Fix x € FJl. Let w € F} be defined by the equation w = ((z + y)** @ a) — («?' & a)
(interpreted as a pointwise equality). Note that as y € IFE we also have that w € IE‘E ,i.e. w; =0 for
all i ¢ S. Moreover, note that we can compute wg (hence also w) as a fixed function (depending
on y,a) of {x; : i € S}. Hence we get

(f2)y(@) = f(@+y)P  @a) = f@" @ a) = f((a" ' @a) +w) — fa ' @ a) = ful@  Da).

Consequently, (f¥*),(z) is a function of {z; : i € S} and {f.(zP ' ®a): z € FH}. O
Combining Corollary [26] and Claim [27] we obtain the following corollary.

Corollary 28. Let f,a,e be as in the statement of Theorem[13. Then, for every 6 > 0 there is a

set S C [n], of size |S| < C((p—1)(d+1),6€¢%/p?), and a function Ty : F£\SI+|5| — [F, such that

Pr [f(z" ' @a) #To({zi i € SH{f:(aP ' ®a): 2 €F})] <6

z€lFp

5.4 Step 5: putting it all together

We now prove Theorem Given Corollary 28 we basically have to complete Step 5 in order to
conclude the proof. That is, we have to show that f can be well approximated by a function of a
small number of its derivatives and the variables in S.

IS
Proof of Theorem[13. By Corollary 28| there is a function I’y : F} TS Fp such that

Pr [f(z" ' @a) #To({z; i€ S} {f-(a? ' @a): 2 € Fg})} <9J.

z€FR

Thus, we have a function approximating f on Boolean inputs (under the distribution 2P~ @ a)
which depends on {z; : i € S}. We will next show how these variables can be replaced by variables
of the form a? @, forie S Letu e (F, \ 0)™ be chosen uniformly at random. Observe
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that the joint distribution of (#~!,z) over uniform z € F is identical to the joint distribution of
(xP~1, 2P~1 . 4), where the product zP~! - u is taken element-wise. It follows that

erFg,uEIEIFP\o)n [f(ifp_l ®a) # Fz({(lti)p_l cu; i €S} {fz(xp_l @a):z€ ]Fg})] <4.

By averaging, there exist a value u* € (I, \ 0)" such that

Pr [f(a? ' @a) £ To({(z)P ' uf ri€ SH{fo(a? " @a): 2 € IF‘;})] <6.

z€Fy

. . —1 . —1
Notice that given a,u* we can compute 2! - uf as a function of 2!~ @ a;. Hence, we can define

. IS]
a function I : F} s, [F, such that

F({(xi)p_l @a;:i €S}, {fz(acp_1 Pa):z¢€ Fz‘f}) =
To({(z)P™' - uf i€ S} {fo(aP ' @a): 2z € ]Fg}) .

Therefore,

Pr[fa" @a) #T({a} " @i € S}{f(a" @ a) s 2 €F}] <0

As the distribution of 2P~! @ a, for uniform z € [y, is the same as U, & a, we conclude that

Pr [f(z) #T({wi:i€ S} {f:(x): 2 €FI}] <.
r€UpDa
Set g(x) =T({x; : 1 € S}H{f.(x): z € Fg}) Clearly, bit-rankg(g) < |S| 4 plSl. This completes the
proof of the theorem. O

We now give the proof of Theorem [9]

Proof of Theorem[9 Combining Claim Theorem [13] and Lemma [18 we get that there is a
distribution G on functions such that for ¢ = C((p—1)(d+1), 6¢?/4p?) it holds that bit-ranky(G) <
O(2P=Dd+)p) and Pryeg[f(x) = h(z)] > 1 — (2P~ DE+D+L _1)5 A simple averaging argument
implies that there is some h € G such that Prycgg 1y [f(z) = h(z)] > 1 — (2e-D+D+ _1)5. O

6 The Fourier spectrum of low degree polynomials

In this section we give the proof of Theorem [7] We start by defining the notion of an S-correlated
distribution over F}, for a subset S C [n]. We recall that for x € F; we denote by rs € Iﬁ‘g the
restriction of x to coordinates in S, and we denote the complement of S by S = [n]\ S.

Definition 29. Let S C [n]. The S-correlated distribution is a joint distribution over pairs (X,Y) €

[, x I defined as follows. Choose Xg = Yg uniformly in Fg , and choose independently and

uniformly Xg,Ys € IFS . We denote the S-correlated distribution (X,Y) by Dg. For f,g:F) — F,
and S C [n], we define the S-correlation of f and g to be

As(f.9)= Y. Ffla)gle).

a€Fp:as=0,a#0
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Note that an equivalent definition of Dg is to first sample X € F) uniformly, then to set Y = X
and finally to resample Yg. We now restate Theorem [7|in terms of Ag.

Theorem 30 (Theorem restated). Let f : F — F;, be a degree d polynomial. For every
€ > 0 there exists S C [n], of size |S| < C(d,€) = O(1/€)°U") | such that Ag(f, f) < e.

Before giving the formal proof we explain the idea behind it. We will prove the theorem by
induction on the degree. The case of linear polynomials will be easy to handle by a direct calculation.
For a general degree d we will use the following useful claims.

Claim 31. Let A be any linear subspace of Fy. For every f : ¥ — Fp and S C [n] it holds that
AS’(fy f)2 < EaeA[AS(fay fa)] + EaeAHfa(O)P]'

Claim 32. Let f : Fy — Fp. Let A be a random linear subspace of ¥y of dimension r (i.e. A is
picked at random amongst all r-dimensional subspaces of ¥ ). Then

-~

Ea [Bacallfa(0)F)] < +max|F(a)f

where B4 means that we are averaging over a random choice of A.

These claims indicate that we have to consider two cases.

Case 1. All the Fourier coefficients of f are small: In this case, the claims above imply that if we set
r to a large enough value and pick a random r-dimensional subspace A then setting S be the union of
the corresponding sets for f,, for a € A, we get the required result (using the induction hypothesis).

Case 2. Some Fourier coefficient of f is large: In this case we first approximate f by a function of
a small number of (linear shifts of) its partial derivatives. A simple calculation then gives that for
some k,6* and o we have

k
As(f ) < 5z D2 1A, )] + 20
=1

where {ﬁ;}le is a set of (shifted) derivatives used to approximate f. Observing that for any g
and S C S’ it holds that

[Asi(f,9)] < (As(f, ) (As(g.9)2

we complete the proof for this case as well by picking S’ to be the union of the corresponding sets
for the polynomials h,,.

6.1 Proofs of two useful claims

Following the proof outline above we start by proving Claims (31| and As a first step we prove
the following lemma.
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Lemma 33. Let f,g:F) — F,. Then for any S C [n] it holds that

As(f,9) = E(zy)eps w! (@) —slw)] — Excryp [wf(x)]Eyng [w9®)]
and for every S’ O S it holds that
As(£,9)] < (As(f, F)V*(As(g.9)"* .
Proof. Recall that f(0) = E[w/®)] and similarly for g. Calculating we get,

Z f(a)§ a) = Z (Exwf(l")w—(w,@)(Eyw—g(y)w@,a))

a:ag=0 a:ag=0

_ %Zwﬂm)fg(y) S el

a:ag=0

_ %prw ~9(v)

T3=Ys

- FE [wf @) =9

~

(z,y)eDs W

~

Hence, As(f,9) = Eq y)eps [w!@=9W)] — £(0)g(0). To show the second claim we apply the Cauchy-
Schwarz inequality,

1/2 1/2
As(fol=| Y. fl@ila)| < ( f(a)z) ( > ﬁ(a)Q)
= a#0,a5=0

a;éO,aS/ =0

1/2 1/2
> A(Oé)z) ( > §(a)2) = (As(f. ) (As(g.9)' 2 .
= a#0,a5=0

INA
Q
%
S
Q
9}
L

We now give the proofs of Claims [31| and
Proof of Claim |31 By Lemma [33] we have

As(f, f) = Eyens [/ @ O] — | F0)? < Egpyyepsw! @ W] .

For any fixed a € A, the distribution {(z 4+ a,y + a) : (z,y) € Dg} is identical to Dg. So we can
express Ag(f, f) as follows,

AS(f? f) < EGEAE(I,y)GDS [wf(era)*f(era)] )
Applying the Cauchy-Schwarz inequality (and using the fact that A is a linear subspace) we get

(f f) < E (z,y)€Ds [’EGEA[ f(:):+a)ff(y+a)”2

[wf FFa)=fly+a)]))( ku—f@+ﬂ0+f@+aﬁb]

= E(z,y)EDS [(EaeA Euyeca

= Ea,a’eAE(a:,y)eDS |:wf(x+a)_f(l’+a')wf(y+a’)—f(y+a):|

= Ea a’eA]E(x/ y)EDg |:wf(wl+a7a/)7f(xl)wf(yl)*f(yl+(l*a/)i|

= EaGAE(x,y)GDS [wfa (@)= fe (y)]

= EaeA[AS(faa fa) =+ ’.E(O)‘Q] .
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Proof of Claim[33 We begin by showing an identity on E,e A[]fa(O)\Q] for any subspace A.
Claim 34. For any function f : F; — F, and any subspace A C Fy

EcallhOP= 3 1FOPIFG -+
BEF;},’yeAi
where AL is the dual space of A.

Proof. Using the Fourier decomposition formula, the R.H.S of the above expression is

Z (Eq,0rcry [wf(w)—f(r’)w<57w’—r>])(Ey’y,em [wf =1 W) B+ =y
BEIF;,'YEAJ-

which is equivalent to

Z Eo,of gy € wf @ =@+ W) =) vy —v) Z W{Ba =ty —y)
yeAL BEFR

Considering the inner sum over 3, the above expression can be simplified as
p‘}’" Z Wl @=F@)+FW)—f) Z WY =Y
ol —y 1
o=y —y yEA

Now the inner sum over + is nonzero only when 3’ —y € A. Denote a =y —y € A. Recalling that
we sum over x — 2’ =y’ —y = a, we can further simplify the above expression as

’Al’ (@'+a)—f(@)+f(y)—fy+a) _ 7(0)?
Z Z = Eacal[fa(0)[7] .

a€A z' yeFy

We now have that

Eacall P = > FOPFG+0P =Y [FOPI(@)xar(a—5),

BEFR, yeAL BEFy acky

where y 4. is the characteristic function of AL, Let A be a random subspace of dimension 7. The
probability for o # 3 that (o — 8) € At is 1/p". Since Y, |f(«)|?> = 1 by Parseval’s identity, we
obtain that

Ea [Bacal o] = Y IFOPIF@)PEalxasta - 9]+ 3 [F(a

B#aEFy achy

pl+ 3 |fla |4<*+ma><|f( )2

aely
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6.2 Concluding the proof

We now have all the required ingredients to prove Theorem |30]

Proof of Theorem[30 The proof is by induction on d. The base case is d = 1. Let f(z) = >_1" | a;z;
be any linear polynomial. Consider S = {i} such that a; # 0. Then for any o € F) such that
as = 0 we get f(a) = Eyer, (W) [ 14 Exjer, [w(@=)%] = 0. Hence, > orag=0 \f(a)|2 = 0 and
the claim is proved.

By induction hypothesis, let the result be true for any degree < d — 1 polynomial. As outlined
above, the proof proceeds by considering two cases, whether f has some large Fourier coefficient
or not.

Case 1: Assume that |f(a)| < 6%, for all o € )}, for an appropriate choice of §* (that we will
suitably fix later). Let ¢; = €. By Claim 34 we get that for any S C [n] and a subspace A C F}

As(f, £)? < BacalAs(fay fo)] + Eacall fa(0)?] -

Notice that for each a € A, deg f, < d — 1. Hence, by induction hypothesis, for each a € A,
there exist S, of size C(d — 1, €4—1) such that Ag, (fa, fa) < €q—1 (for some €41 that will be soon
determined). Let A be a linear subspace of dimension r that minimizes Eqe a[|f2(0)]2]. Consider
S = UgeaS,. Claim [32] implies that

As(f. P < can -+ o+ max| o)

Now it is enough to choose r, €¢4_1 and 6* such that e;_; + ]% + (6%)2 < 63. Also, notice that
|S| =C(d,eq) <p"C(d—1,€e4-1).

~ ~

Case 2: Let ( be a Fourier coefficient such that [f(5)] > 6*. Set § = f(5). Let h(x) = f(x) —
(z,0). Then the bias of —h(x) is Ezerp [w™"*)] = §. Notice that for every z € [} we have
WMOE, [whetY)] = B [w (@), As for every fixed x we have E,[w™"(*T¥)] = § it is clear that we
can get the following decomposition of f(x)

1

W) = 08 ) = ) ) = 1

gEy[w@ﬂ)’hy(x)] .

Define E;(x) = (x,3) — hy(x). Notice that since h(x) has degree d > 2 we have deg(ﬁ;) <d-1.
Now we can expect that if we sample enough y’s uniformly and independently at random, and take

the average of the corresponding w/(*), then we can get a good estimate of wf(®). In particular for
a parameter o € (0,1) to be determined later, we find k such that the following holds

k
2 1 3 e
E&yh--.,ykeF;HWﬂ ) — % £ w i )H <o.

By simple application of Chebyshev’s inequality, we estimate the parameter k.

Claim 35. To get an approximation Ew,yhu.,ykEF;}wa@) - ﬁ i-C:l whyi(m)u < o, it is enough to

take k = O(|6|2073).
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Proof It is enough to choose k such that E[|Re(wf ﬁ Zle whs @] < 0/2, and E[|Img(w/®) —

5 Ez hyl(ac))H < 0/2. Let Y; Re(6whyz( )). Then E,,[Y;] = Re(w/®). Tt is clear that
Var(Y; ) | 6|2 Hence, by Chebyshev’s inequality we get that

k o 16
Pr(|Re(w/® Z > Z) Oho? °

Therefore as always |Re(w/(®)) — %Zfﬂ}ﬂ < 140" < 25! we get that E[|Re(w/®) —
ZZ 1 Yil] <o/2 for k > | 51|§§3 The imaginary part can be approximated similarly. O

??'M—‘

Fix {yi}icp) in such a way that EmeF;szf(x) — Ak wm(z))\] < 0. Let F(z) =

= Zle whi @), As Exeyg[\wf(x) — F(x)|] < o we can upper bound Ag(f, f) as follows

AS(fvf)

E (s )eps [0/ O W] — Epepnw! @] - Eyerg [w/®)]

IE (s p)eps (@@ — F(2))w O] - Egepy [0/ ) — F(2)] - Eyepy [w/ W]
+[E 2 y)eps [F(x)w ™I ¥)] Epepn [F(2)] W|

20 + lEuy yeps [P (2)w™ W) — (B [F(2)]) (Bylw™@)])]

IN

IN

IN

20+ 15 Z B wens [0 — (Bl D)) (B, [/ W)

k

S A )l

i=1

IN

20 +

As deg(ifl; ) < d—1 we get, by the induction hypothesis, that for each f/L; there exists a set
S;, of size C(d — 1,eq—1), such that Ag,(hy,,hy,) < €q—1. Consider S = UleSi. Obviously,
|S| < kC(d —1,€q-1). Lemma [33] implies that

~ ~ ~ 1/2
‘As(h‘yw f)’ < (Asi(h’yi? hyi))l/z(ASi(fa f))1/2 < (Asi<h’yi7 hyi))1/2 < 6(11//_1
In order to achieve Ag(f, f) < eg we need to fix the parameters 6%, eq_1, k, 0 so that 5 61/ 120 < eq.

We now show how to pick the parameters adequately. We need to satisfy both e;_1+ %jt (6%)% <
€2 and 5%6;/721 +20 < ¢g. Fix 0 = ¢ and 6* = 9. Then it is enough to choose €¢;_; = O(efl)
and r = log,(€3/4). We now estimate |S|. Recall that |S| < max(p",k)C(d — 1,e4-1) where

= O(|6*|73¢~2). This yields the following bound

S < O(ez*)C(d — 1,9(eg))

Solving the recurrence for C'(d, €) we get that C(d,e) < O(e)o(4d). This completes the proof of the
theorem. O
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7 Conclusions and open problems

We construct efficient and explicit bit-pseudorandom generators for constant degree polynomials
over finite fields. These yield pseudorandom generators for CCq|[p] which achieve any small constant
error while using only O(logn) random bits. The proof is based on a new characterization of the
Fourier spectrum of low degree polynomials over finite fields.

We state several open problems.

e Construct pseudorandom generators for ACy[p]. The next step, following this work, is to
construct pseudorandom generators for sparse polynomials over I, (i.e. polynomials of degree
O(logn) with only a polynomial number of monomials). Any such polynomial can be realized
by a depth-2 ACy[p] circuit.

e Generalize our results for CCy[m] for composite m. As a first step, generalize our results for
bit-pseudorandom generators for low degree polynomials over Z,,.

e Improve the parameters of Theorem [7] For d = 1 it is an easy observation that a set S of
size |S| = 1 suffices. For d = 2, it is not difficult to see that all nonzero Fourier coefficients
of a quadratic polynomial form an affine space and have the same absolute value. Using this
observation one can get a set of size |S| = O(log1/e). We do not have any example of a
constant degree polynomial requiring sets of size w(log1/¢).

e Improve the dependence of the seed length on € in Theorem [5} Currently, the seed length is
logarithmic in n but a tower of height O(d) in 1/e.
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A Proof for linear polynomials

In this section we give the proof Theorem [4l For convenience we repeat it here.

Theorem (Bit-pseudorandom distribution for linear polynomials). Let [, be a prime
finite field and € > 0 be an error parameter. Let D C Fy be a pseudorandom distribution for degree
p — 1 polynomials over F), with error e. Let K C {0,1}" be a k-wise independent distribution for
k= 0O(p*logl/e). Then DP~'® K is bit-pseudorandom distribution against linear polynomials over
[F, with error O(e).

Proof. Let f(x) =Y., ajz; be some linear polynomial. Define the weight of f, wt(f), to be the
number of nonzero coefficients in f. We consider two cases. Consider first the case that wt(f) < k.
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In such a case any k-wise independent distribution fools f completely. The distribution DP~' @ K
is k-wise independent, hence it fools f with error 0.

We now move to the second case, where wt(f) > k. We will prove that in this case the
distribution of f(z) is O(e)-close to the uniform distribution over F,, both when x € {0,1}" is
chosen uniformly at random and when we choose z € DP~! @ K. Hence these two distributions are
O(e)-close to each other. In fact, we shall prove a stronger claim: for any fixed v € {0,1}", the
distribution of f(x) where 2 € DP~! @ v is O(e)-close to uniform.

We first note that if X € [, is a distribution, then Fact [20| shows that in order to prove that X
is e-close to uniform it suffices to prove that for any ¢ € F,, \ 0 it holds that E[w**] < ¢/,/p. Since
multiplying by ¢ # 0 does not change the weight of f, it is enough to prove that if wt(f) > k then
‘Exe{o,l}" [wf(x)” < O(f) and |]Ex€DP*1@a[wf(x)” < O(E)

We first prove the claim for uniform inputs. Note that if z € {0,1} is uniform and a # 0, then

E.cqo[w®]] <1-9Q(1/p).

Therefore, as wt(f) > k we get

< (1—-9(1/p))* = 0(e) .

Erefonyn [wf(z)]‘ =TT [Eascqoy o]
=1

We now move to proving the claim for € DP~! @ v. That is, we wish to prove that
-1
[Eacplw (@] = O(e) .

Define g : F) — Fp as g(v) = Zai(xf_l @ v;). Note that g is a polynomial of degree p — 1,

as " @ v; is equal to 2¥" when v; = 0 and is equal to 1 — 2! when v; = 1. Since D is a

pseudorandom distribution for degree p — 1 polynomials with error €, we get that

E:BED[wg(I)] - ]ExE]Fg [wg(a:)] <e

Hence it is enough to prove that ‘E:pelF;; [wg(m)]‘ = O(e). For that end, let y € {0,1}" be distributed

as follows: yi,...,y, are chosen independently such that Pry; = v;] = 1/p. Then, for z € Fy
chosen uniformly at random, the distributions of 2P~ @ v and of y are identical. Moreover it is
straightforward to verify that for any a; # 0 we have

By, [w ]| <1-Q(1/p%) .

The claim now follows as

—1
IO)| = [Erery T )

[z

EmEFZT; [

= [TIEs "] < (1 —Q(1/p*))" = O(e) -
=1

30



B Proof of Fact

For completeness we give the proof of the following well known fact.

Fact (Fact . Let D1, Dy C IF’; be two distributions. Assume that for every a € F’; the distribu-
tions (D1, a) and (Dy, ) are e-close. Then Dy and Dy are (p*/%¢)-close.

Proof of Fact[20. We need to bound

d(D1,Dy) =3 > |Pr[D — Pr[Dy = 2] .

z€Fk

By the Cauchy-Schwarz inequality we get

4-5d(D1,D2)* <p" Y |Pr[Dy = 2] — Pr[Dy = 2| .

z€Fk

Let 1/)\1 : F’; — C be the Fourier transform of D;, when we think of D; as the function D;(y) =
Pryep,[z = y|. In other words, f)\i(a) = Eycpi [Pr[D; = z]w™ ™). By the Parseval identity we get
that

4-5d(Dy,Dy)* < p* - > [Di(a) — Da(a)?

aGFg

From the assumption that for every a € IF’; the distributions (Dj,«) and (D, ) are e-close we
obtain

Di(a) = Da(@)| = | Ereri [(Pr((D1, 0) = 1] = Pr((Ds,a) = ]) - 0]
< Eqepy [[Pr((Dr, @) = 1] = Pr{(Ds, o) = t]]]
< 2¢/p" .
Thus we conclude that

4-5d(D1,D2)* < p** Y (2¢/p*)? = aphé?

ang

The bound sd(Dy, Dy) < p¥/?e now follows. O
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