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Abstract

Mergers are procedures that, with the aid of a short random string, transform k
(possibly dependent) random sources into a single random source, in a way that ensures
that if one of the input sources has min-entropy rate ¢ then the output has min-entropy
rate close to 0. Mergers were first introduced by Ta-Shma [28th STOC, pp. 276-285,
1996] and have proven to be a very useful tool in explicit constructions of eztractors
and condensers. In this work we present a new analysis of the merger construction of
Lu et al [35th STOC, pp. 602-611, 2003]. We prove that the merger’s output is close
to a distribution with min-entropy rate of at least 1%(5. We show that the distance
from this distribution is polynomially related to the number of additional random bits
that were used by the merger (i.e its seed). We are also able to prove a bound of %5
on the min-entropy rate at the cost of increasing the statistical error. Both results
are improvements to the previous known lower bound of %(5 (however, in the %(5 result
the error decreases exponentially in the length of the seed). To obtain our results we
deviate from the usual linear algebra methods that were used by Lu et al and introduce
techniques from additive number theory.

1 Introduction

Mergers are procedures that take as input k& samples, taken from k (possibly dependent) ran-
dom sources, each ranging over n-bit long strings. It is assumed that one of these random
sources, whose index is unknown, is sufficiently random, in the sense that it has min-entropy
at least on (A source has min-entropy at least b if none of its values is obtained with proba-
bility larger than 27°). We want the merger to output an n/-bit string (n’ could be smaller
than n) that will be close to having min-entropy at least §'n’, where ¢’ is not considerably
smaller than 0. To achieve this, the merger is allowed to use an additional small number of
truly random bits, called a seed. The goals in merger constructions are (1) to minimize the
seed length, (2) to maximize the min-entropy of the output, and (3) to minimize the error
(that is, the statistical distance between the merger’s output and some high min-entropy
source).
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The notion of merger was first introduced by [T'S96], in the context of explicit construc-
tions of extractors. An extractor is a function that transforms a source with min-entropy b
into a source which is close to uniform, with the aid of an additional random seed. For a more
detailed discussion of extractors see [Sha02]. Recently, [LRVWO03 gave a very simple and
beautiful construction of mergers based on Locally-Decodable-Codes. This construction was
used in [LRVWO03| as a building block in an explicit construction of extractors with nearly
optimal parameters. More recently, [Raz05|] generalized the construction of [LRVWO03], and
showed how this construction (when combined with other techniques) can be used to con-
struct condensers with constant seed length. (A condenser is a function that transforms
a source with min-entropy rate J into a source which is close to having min-entropy rate
d’ > 0, with the aid of an additional random seed.) The analysis of the merger constructed
in [Raz05] was subsequently refined in [DR05].

The merger constructed by [LRVWO3] takes as input k strings of length n, one of which
has min-entropy b, and outputs a string of length n that is close to having min-entropy at least
%b. Loosely speaking, the output of the merger is computed as follows: treat each input block
as a vector in the vector space F™, where [ is some small finite field, and output a uniformly
chosen linear combination of these k vectors. The k scalars defining this linear combination
are the seed of the merger. The analysis of this construction is based on the following
simple idea: In every set of linear combinations with density larger than ﬁ there exist two
linear combinations that, when put together, determine the ’good’ source (that is, the 'good’
source can be computed as a linear combination from both of them deterministically). More
precisely, such sets must contain two linear combinations that differ only in the coefficient
multiplying the 'good’ source. Therefore, one of these linear combinations must have at
least half the entropy of the ’good’ source (this reasoning extends also to min-entropy). As
a result we get that for most seed values (at least 1 — |—}p| fraction) the output has high
min-entropy, and the result follows. This is of course an over-simplified explanation, but it
gives the general idea behind the proof.

In this paper we present an alternative analysis to the one just described. Our analysis
relies on two results from additive-number theory. The first is Roth’s Theorem on arithmetic
progressions of length three [Rot53]. This theorem states that there exists a function §(V)
that tends to zero when N goes to infinity such that in every subset of {1,..., N}, that has
density at least 0(IN), there exists an arithmetic progression of length three. For our purposes
we use a quantitative version of this theorem proven by [Bou99b|, that gives the best bound
on §(N) known today. The second result that we rely on is a lemma of [Bou99al that deals
with ”sum-sets” and ”difference-sets” of integers (we actually use a stronger version of the
lemma that was proved by [KT99]). Roughly speaking, the lemma says that if A, B are two
subsets of integers and their sum-set A+B = {a+b|a € A, b € B} is very small, then their
difference-set A— B = {a—b|a € A, b € B} cannot be very large (for a precise formulation
see . We note that this is not the first time that results from additive number-theory are
used in the context of randomness extraction. A recent result of [[BIW04 uses results from
this field to construct multi-source extractors.

The analysis in our case is somewhat more involved then the one in [LRVWO03]. Let us



identify a fixed linear combination of the source blocks with a vector of coefficients. Each
such vector is a "seed” of the merger. Let us also assume that the first source is the one with
entropy at least b (i.e the "good” source). The analysis of [LRVWO03| argues that every pair
of seeds that differ only in the first coordinate cannot be both "bad” (a seed is considered
"bad” if the output of the merger on this seed has entropy lower than %b) This is because
together they determine the ”good” source. In the new analysis a seed is considered ”"bad” if
the entropy of the output of the merger on this seed is lower than %b. The general approach
is the same as in [LRVWO03], we will show that every set of seeds of density larger than some
~v must contain at least one "good” seed. The argument for showing this proceeds in two
steps: In the first step we use Roth’s Theorem to claim that every large enough set of seeds
contains three seeds which are identical in all coordinates other than the first coordinate,
and such that the values appearing in the first coordinate in each seed form an arithmetic
progression of length three. The second step of the analysis uses the lemma of [KT99 to
claim that at least one of the seeds in this triple must be ”good”.

To see why the lemma of [KT99] is relevant consider three seeds si, so, s3 of the form
just described (each s; represents a vector of coefficients). Let Y7, Y5, Y3 denote the random
variables representing the output of the merger on these three seeds respectively. Since
1+ 83 = 255 and s; — s3 € F x {0}*~! we have that the sum Y; + Y3 equals 2Y; and that the
difference Y; — Y3 is equal to some constant times the ”good” source. If all three seeds were
"bad” we could construct two sets (namely the supports of Y] and Y3) such that (a) their
sum-set is small, since Y3 has low entropy (few values) and (b) their difference-set is large,
since the good source has high entropy (many values) . Choosing the right parameters we
get a contradiction to the lemma of [KT99] stated above. To summarize:

1. By Roth’s Theorem, in every set of seeds (linear combinations) with density larger
than some constant v we can find three elements with some nice structure (arithmetic
progression in the first coordinate and identical in all the rest).

2. Using [KT99], we show that every three seeds with this structure cannot be all ”bad”.

Combining these two facts we conclude that at most an v fraction of the seeds can be ”bad”,
and the result follows.

The end result of this new analysis is that, assuming the min-entropy of the ”good”
source is b, the output of the merger described above is close (in statistical distance) to a
distribution with min-entropy at least l%b improving over the lower bound of %b established
by [LRVWO03|. Using a more involved argument (using longer arithmetic progressions) we are
able to show that the output distribution is close (but with a worse bound on the distance)
to a distribution with min-entropy at least %b. One drawback of our analysis is that in
our first result the length of the seed is required to be O(k - v~2) in order for the output
distribution to be 7y-close to a distribution with high min-entropy, where in the conventional
analysis (i.e. in [LRVWO03]) the seed length can be as short as O(k -log(y™1)). In our second
result we demand that the seed is even longer[| This however does not present a problem in

!To understand the tradeoff between the distance and the seed length in our second result the reader
should read Theorem



many of the current applications of mergers, where the error parameter and the number of
input sources are both constants and the seed length is also required to be a constant. One
place where our analysis can be used in order to simplify an existing construction is in the
extractor construction of [Raz05]. There, the output of the merger is used as an input to
an extractor that requires the min-entropy rate of its input to be larger than one-half. In
[Raz05] this problem is addressed by a more complicated merger construction whose output
length is shorter than n. our analysis shows that the more simple construction of [LRVWO03]
could be used instead, since its output min-entropy rate is larger than one-half.

Organization. In [2] we give a precise formulation of the problem and state our results,
as well as discussing the relation between linear mergers and the Kakeya problem. In (3| we
present in detail our analysis of the linear merger construction and prove the 6/11 bound.
The analysis presented in [3 relies on two central claims, which we prove in[d The improved
bound of 4/7 is proved in 5| In @ we show how results stated for alphabet I, translate to
results for the standard binary formulation.

2 Formal Setting

We extend the standard treatment of binary sources to sources over other alphabets. This
will allow us to give a 'cleaner’ analysis of the linear mergers as objects over IF,. Later we
will translate these results into the standard binary setting.

2.1 Somewhere-Random-Sources

Let I" denote a finite alphabet. A T'™ random source is a random variable X that takes values
in I'"™. We denote by supp(X) C I'" the support of X (i.e. the set of values on which X
has non-zero probability). For two I'* random sources X and Y, we define the statistical
distance (or simply distance) between X and Y to be

A(X,Y) 2 % > |Pr[X =a] - Pr[Y =d]|.

We say that a I' random source X has min-entropy > b if for every x € I'™ the probability
for X = z is at most 27°.

Definition 2.1 (Min-entropy). Let X be a I'™ random source. The min-entropy of X is

defined as
1
H*(X) 4 in 1 — .
AR 0g2<prp<:x])

Definition 2.2 ((I'",b)-Source). We say that X is a (I'™,b)-source, if X is a I'"" random
source, and H*® (X) > b.



A somewhere-(I'™, b)-source is a source comprised of several blocks, such that at least one
of the blocks is a (I'", b)-source. We stress that we allow the other source blocks to depend
arbitrarily on the (I'", b)-source, and on each other.

Definition 2.3 ((I'™, b)'**-Source). A k-places-somewhere-(I'™, b)-source, or shortly, an (T, b)**-
source, is a random variable X = (Xy,..., Xy), such that every X; is a '™ random source,
and at least one X; is of min-entropy > b.

We note that any merger construction that applies to the sources of Definition [2.3]extends
also to a convex combination of such sources.

2.2 Mergers

A merger is a function transforming a (I', b)!*-source into a source that is v-close (i.e. it
has statistical distance < =) to an (I'™, b/)-source. Naturally, we want b’ /m to be as large as
possible, and v to be as small as possible. We allow the merger to use an additional small
number of truly random bits, called a seed. A Merger is strong if for almost all possible
assignments to the seed, the output is close to be a (I'™, b')-source. A merger is explicit if it
can be computed in polynomial time.

Definition 2.4 (Merger). A function M : {0,1}* x (I™)* — '™ is a [d, (", b)'* —
(I'™, V') ~ ~]-merger if for every (I, b)Y *-source X, and for an independent random variable
Z uniformly distributed over {0,1}2, the distribution M(Z,X) is y-close to a distribution of
an (T™,b')-source. We say that M is strong if the average over z € {0,1}¢ of the minimal
distance between the distribution of M(z, X) and a distribution of an (I'™,V')-source is < 7.

We now present the merger of [LRVWO03], which we wish to analyze. We will be interested
only in the case were the underlying field is IF,, for a prime p.

Construction 2.5 ([LRVWO03]). Let n, k be integers, p a prime number. We define a func-
tion i
. d n n
M : 0,1} x (F;)" — F},
with
d= Lk ’ 1Og2pJ7
in the following way: Let ¢ : {0,1}% IF’; be some injective mapping (such a ¢ exists since
24 < p* and can be computed in polynomial time). We map each seed z € {0,1}% into the
vector ¢(z) = (z1,...,z) € Fb. Let x = (xy,...,13) € (Fg)k The value of M(z,x) is
computed as follows:

k
M(z,x) = Zzlxz
i=1

where the operations are preformed in the vector space ). That is, the merger M outputs a
different linear combination of the blocks of x for every seed z.



2.3 Our Results

Our first theorem improves the bound of 1/2 on the min-entropy rate of the merger from
Construction [2.5/to 6/11. We write exp(f) to denote 2°().

Theorem 2.6. Let 0 < v < 1 be any constant, k > 0 a constant integer, and let p be a
prime larger than exp(y~2). Let

M {0,1} x (F)" — F7,

be as in Construction where d = |k -logyp|. Then for any constant o > 0 there exists
a constant by such that for allm > b > by, M is a [d, (Fy, btk (F5,b') ~ 7]-strong merger
with

bV =(6/11—a)-b.

From Theorem we see that in order to get a merger with error v we need to choose
the underlying field to be of size at least exp(y~2). It is well known that for every integer m,
there is a prime between m and 2m. Therefore we can take p to be O (exp(y~2)) and have
that the length of the random seed is

d=[k-log,p) = O (k772

bits long. Hence, for constant v and k, the length of the random seed used by the merger is
constant.

We can further improve the bound on the min-entropy rate to 4/7 at the cost of worse
error dependency. We write a T b for a®. Also a T b T ¢ should be interpreted as a 1 (b T c).

Theorem 2.7. Let 0 < v < 1 be any constant, k > 0 a constant integer, and let p be a
prime larger than F(y) 22127 (v/2)"1 12121 16. Let

M {0,1} x (F)" — F7,

be as in Construction where d = |k -logy p|. Then for any constant o > 0 there exists
a constant by such that for allm > b > by, M is a [d, (Fy, btk (F5,b') ~ 7]-strong merger
with

b =(4/7—a)-b.

2.4 Relation to the Kakeya problem

The Kakeya problem is a long standing open problem in mathematics: A set S C R! is
called Besicovitch if it contains a unit line segment in every direction. It is conjectured, e.g.
[Bou91l, Wol95, Bou99al, that such a set must have Hausdorff dimension I. A weaker version
of the conjecture asserts that these sets must have upper Minkowski dimension [ (see [Bou91]
for definitions of Hausdorff and Minkowski dimension).



The finite field analog of the problem is the following. Let F be a finite field. A set
S C T is called Besicovitch if for every u € F' there exist € S such that the line = + ¢ - u,
where t runs over all the elements of IF, is contained in S. The Kakeya set conjecture for finite
fields asserts that every Besicovitch set has cardinality |F|'=°M) (see [MT04]). Informally,
this means that it is impossible to compress lines in distinct directions into a small set. This
conjecture is proven in two dimensions but is open in higher dimensions. The best bound
is |S| > |F|/*, where 1 < a < 2 satisfies o® — 4a + 2 = 0, specifically a = 1.67513.... (see
[KT02]).

Consider the merger of Construction [2.5 It takes a random linear combination of the k
random variables Xi,..., X;. Assume w.l.o.g. that the k-th random variable is completely
random in F'. Then when we run over all the linear combinations we get all vectors of the
form (Zi:zl zi + X;) + 21 - Xy, where the z;-s are elements of F. Fixing z,..., 21 we get the
line in direction Xj. As X}, is completely random we get that the output of this merger is a
Besikovitch set. Thus the Kakeya conjecture asserts that the output size is at least ]F|l_°(1).
This shows the intimate connection of linear mergers to the Kakeya problem.

However for our purpose it is not enough to obtain a lower bound on the size of the
output of the merger. We have to show that the output is close to a distribution with
high min-entropy and not just to a distribution with a large support. Moreover, we are
also interested in the case where X, is not fully random but rather has high min-entropy.
It turns out though that the techniques that are used in order to prove some of the lower
bounds on the size of Besikovitch sets over finite fields can be applied to our scenario as
well, after some modifications. We stress again that we do not know how to prove a general
theorem that says that every lower bound for the Kakeya problem yields a lower bound on
the min-entropy of this merger.

3 Analysis of Construction

In this section we present our improved analysis of Construction 2.5 and prove Theorem [2.6]
The analysis will go along the same lines as in [DR05] and will differ from it in two claims
that we will prove in [l We begin with some notations that will be used throughout the

paper.

3.1 Notations

For an integer n, we write [n] £ {1,2,...,n}. Let 0 < v < 1 be any constant, and let
p > exp(y~2) be a prime number. Let X = (X1,...,X) € (Fg)k be a somewhere (F},b)-

source, and let us assume w.l.o.g. that H® (X;) > b. Let M : {0,1}% x (Fg)k — 7, be as in
Construction where d = |k -log, p]. Our goal is to analyze the min-entropy of M (Z, X)
where Z will denote a random variable uniformly distributed over {0,1}?. In particular,
we would like to show that the random variable M (Z, X) is y-close to having min-entropy
> (6/11 — ) - b for all constant « (see Theorem [2.6| for the exact order of quantifiers).



We can extend the function M to be defined over F ’; X (Fg)k in a natural way by con-
sidering all possible linear combinations instead of just the 2? indexed by ¢ ({0,1}?) (see
Construction for the definition of ¢). In the rest of this section we will analyze the output
of M when the seed is uniform over IF’;. Later, in , in the proof of Theorem , we will
use the results of this section to claim that the output behaves roughly the same when the
seed is distributed over {0, 1}<.

For every z € F’; we denote by Y, £ M(z, X) the random variable given by the output
of M on the fixed seed value z. Let v = p* be the number of different seed values. Let
Y £ (V,....Y,) € (F5)*. The random variable Y is a deterministic function of X, and is
comprised of u blocks. The block Y, is an F)) random source representing the output of the
merger on the fixed seed value z. We will first analyze the distribution of Y as a whole, and
then use this analysis to describe the output of M on a uniformly chosen seed.

Definition 3.1. Let D(Q)) denote the set of all probability distributions over a finite set ).
Let P C D(Q2) be some property. We say that u € D(Q) is y-close to a conver combination
of distributions with property P, if there exists constants oy, ..., o4,y > 0, and distributions
phy oo pt € D(Q) such that the following three conditions hold:

1o =30 o' + .
2.3 oty =1
3. Vielt] , uePp.

Let Y be the random variable defined above, and let p : (F})* — [0, 1] be the probability
distribution of Y (i.e. u(y) = Pr[Y = y|). We would like to show that p is exponentially (in
b) close to a convex combination of distributions, each having a certain property which will
be defined shortly.

Given a probability distribution p on (IF)* we define for each z € [u] the distribution
. : Fy —[0,1] to be the restriction of z1 to the 2’s block. More formally, we define

A

:uz(y) = Z /“L(ylv"'7yz—17y7yz+17"'7yu)’
YLy Yz—1,Yz415-, Yu EFY
Definition 3.2 (a-good distribution). We say that a distribution p : (Fp)* — [0,1] is
a-good if for at least (1—-/2)-u values of z € [u], u. has min-entropy at least (6/11 — ) - b.
The statement that we would like to prove is that the distribution of Y is close to a

convex combination of a-good distributions. As we will see later, this will be enough to
prove Theorem [2.6]

Lemma 3.3 (Main Lemma). Let Y = (Y1,...,Y,) be the random variable defined above,
and let pu be its probability distribution. Then, for any constant o > 0, p is 2= _close to a
convexr combination of a-good distributions.

We prove Lemma [3.3]in 3.2 The proof of Theorem [2.6] which follows quite easily from
Lemma [3.3] is very similar to the proof appearing in [DR0A] and is deferred to

8



3.2 Proof of Lemma (3.3

In order to prove Lemma |3.3| we prove the following slightly stronger lemma.

Lemma 3.4. Let X = (Xy,...,X}) be an (Fp,b)"*-source, and let Y and p be as in
Lemma |3.5. Then for any constant o > 0 there exists an integer t > 1, and a partition
of (IFZ)'€ intot+1 sets Wh,..., W, W', such that:

1. Pr (X e W] < 2790),

2. For every i € [t] the probability distribution of Y | X € W; (that is - of Y conditioned
on the event X € W;) is a-good. In other words: for every i € [t] there exist at least
(1 —~/2) - u values of z € [u] for which

H*(Y,|X e W;) > (6/11 — ) - b.
Before proving Lemma (3.4 we show how this lemma can be used to prove Lemma |3.3|

Proof of Lemma [3.3; The lemma follows immediately from Lemma [3.4) and from the
following equality, which holds for every partition W7, ..., W;, W’ and for every y.

¢
PrlY =y] = ZPI‘[X e W] -PrlY =y|X € W]
i=1

+ Pr[X e W] -Pr[Yy =y|X € W'].

If the partition Wi, ..., W,, W' satisfies the two conditions of Lemma [3.4] then from Defini-
tion it is clear that Y is exponentially (in b) close to a convex combination of a-good
distributions. 0

Proof of Lemma [3.4f Every random variable Y, is a function of X, and so it partitions
the set (F)* in the following way:

FEDF = J )W),

yeFy

where (V)7 (y) £ {z € (F2)*|Y.(z) = y}. For cach z € [u] we define the set

B. & U (¥.) " ()

{y | Prive=yj>2-(6/11-0/20

= {2/ € (F))" | Pr [Y.(X) = Y.(2')] > 27 O/11me/2)0

Intuitively, B, contains all values of x that are "bad” for Y,, where in "bad” we mean
that Y,(z) is obtained with relatively high probability in the distribution Y, (X).

9



Definition 3.5 (good triplets). Let (21, 22, 23) € [u]® be a triplet of seed values. Since each
seed value is actually a vector in IF’; we can write each z; (i =1,2,3) as a vector (zi1, .- ., Zik),
where each z;; is in F,. We say that the triplet (21, 22, 23) is good if the following two
conditions hold:

1. For all2 < j <k, z;= 2= 2.

2. There exists a positive integer 0 < a < p such that zo1 = 211 + a and 231 = 211 + 2a,
where the equalities are over IF,.

That is, the triplet (21, 22, 23) s good if the vectors zy, ze, z3 are identical in all coordinates
different from one, and their first coordinates form an arithmetic progression of length three
inIF,.

The next two claims are the place where our analysis differs from that of [LRVW03] and
[DRO5]. We devote {4f to the proofs of these two claims. The first claim shows that the
intersection of the "bad” sets B.,, B,,, B., for a good triplet (z1, 22, 23) is small:

Claim 3.6. For every good triplet (21, z2, z3) it holds that

11

Pr [X € B, N B.,NB.,] < 2 (iz9)*,

The second claim shows that every set of seed values whose density is larger than /2
contains a good triplet.

Claim 3.7. Let T C [u] be such that |T| > (v/2) -u. Then T contains a good triplet.

We continue the proof along the same lines as in [DR05]. We define for each z € (Fp)* a
vector m(x) € {0,1}" in the following way :

Vzeu , 7n(z),=1 <= z€B,.

For a vector m € {0,1}*, let w(7) denote the weight of 7 (i.e. the number of 1’s in 7). Since
the weight of 7(z) denotes the number of seed values for which z is "bad”, we would like
to show that for a random value of z, w(m(x)) is small with high probability. This can be
proven by combining Claim [3.6] with Claim [3.7, as shown by the following claim.

Claim 3.8. .
(X)) > (1/2) - u] Su- (p—1) 27 (B,

Proof. If z is such that w(m(z)) > (7/2) - u then, by Claim [3.7, we know that there exists a
good triplet (z1, 29, 23) such that z € B,, N B,, N B,,. Therefore we have

Pr

Pr fw(m(X)) > (v/2) - u] <
Pr [3a good triplet (z1,22,23) s.t x € B, N B, NB,].

Now, using the union bound and Claim we can bound this probability by u - (p — 1) -
2_(%a>'b, (the number of good triplets is trivially bounded by u - (p — 1)). O

10



From Claim we see that every = (except for an exponentially small set) is contained
in at most (7/2) - u sets B,. The idea is now to partition the space (F))" into sets according
to the value of m(x). If we condition the random variable Y on the event w(X) = m, where
7o is of small weight, we will get an a-good distribution. We now explain this idea in more
details. We define the following sets

BAD, & {r" € {0,1}" | w(x) > (v/2) u},
BAD, & {7 € {0,1}" | Pr [n(X)=n'] <27/}
BAD = BAD, U BAD,.

The set BAD C {0,1}" contains values ©’ € {0, 1}" that cannot be used in the parti-
tioning process described in the last paragraph. There are two reasons why a specific value
" € {0,1}* is included in BAD. The first reason is that the weight of 7’ is too large (i.e.
larger than (v/2) - u), these values of 7" are included in the set BAD;. The second less
obvious reason for 7’ to be excluded from the partitioning is that the set of x’s for which
m(x) = 7’ is of extremely small probability. These values of 7" are bad because we can say
nothing about the min-entropy of ¥ when conditioned on the event w(X) =7’ .

Having defined the set BAD, we are now ready to define the partition required by
Lemma . Let {r',..., 7'} = {0,1}*\BAD. We define the sets W1,...,W,, W' C (F})*
as follows:

o W' ={x|n(x) € BAD}.
e Viet] , Wy={z|n(x)=n"}

Clearly, the sets Wy, ..., W,, W' form a partition of (]F;L)k We will now show that this
partition satisfies the two conditions required by Lemma [3.4 To prove the first part of
the lemma note that the probability of W’ can be bounded by (using Claim and the

union-bound)

Pr [X € W] < Prg[n(X)€ BAD,|+ Pr [r(X) € BAD,]
< u-(p-1)- 9= (13a) 4 u. 9= (a/2)b _ 9—0(b)

(recall that u = p* is a constant). We now prove that Wy,..., W, satisfy the second part
of the lemma. Let ¢ € [t]. We know that for at least (1 — v/2) - u values of z € [u] it
holds that (7). = 0. Let z € [u] be such that (7°), = 0. Let y € F be any value. If

Pr[Y, = y] > 276/11=2/2% then Pr[Y, = y| X € W;] = 0 (this follows from the way we
defined the sets B, and W;). If on the other hand Pr[Y, = y] < 27(6/11=2/2)"b then

o PrlY. =yl
- Pr[X e W]
9=(6/11-0/2)b j9—(a/2)b
o—(6/11-a)b.

PrlY, =y | X € W]

IA



Hence, for all values of y we have Pr[Y, = y | X € W;] < 27/11=2)%  We can therefore
conclude that for all i € [t], H*(Y,|X € W;) > (6/11 — «) - b for at least (1 —~/2) - u values
of z € [u] . This completes the proof of Lemma [3.4] O

3.3 Proof of Theorem [2.6

Let Y = (Y1,...,Y,) and p be as in Lemma . Using Lemma we can write [ as a
convex combination of distributions

t
p=> ay +7, (1)

=1

with 7' = 27" and such that for every ¢ € [t] the distribution ' is a-good. That is,
for at least (1 —v/2) - u values of z € [u], the distribution (x‘), has min-entropy at least
b = (6/11—a)-b (when writing (1), the superscript i denotes the index of the distribution,
and the subscript z denotes its restriction to the block indexed by z). Next, define for every
z € [u] the set H, C [t] as follows:

H2 (i€ lr] ™ ((u).) <V}

That is, H, C [t] is the set of indices of all distributions among {u', ..., u'}, for which (u'),
has min-entropy smaller than &’. Additionally, define for every z € [u],

A
€, = E (678
i€H,

Claim 3.9. Let A(Y,, (F}, V")) denote the minimal distance between Y, and an (F},V')-source.
Then for every z € [ul
A(Y,, (F),0)) <e. +4".

Proof. For every z € [u] let u.(y) = Pr[Y, = y| be the probability distribution of Y. From
we can write p, as a convex combination

t
e = Do ()
=1

= (Z Qi (u’%) + (Z a; - (') + v’uL)

i¢H 1€H,
= (I—e.—9) p" +(e.+9) ",

where p” is the probability distribution of an (I}, 0') source, and p” is some other distribu-
tion. Clearly, the statistical distance A(u.,p”) is at most e, + ', and since p” is an (F}, V')
source, we have that A(YZ, (F;, V) <e. +7'. O

12



The next claim analyzes the behavior of the merger when the seed is sampled as in
Construction . That is, when it is distributed over a subset of IF’; of size 2¢.

Claim 3.10. Let ¢ : {0,1}4 — IF’; be the mapping from construction and let Z be a
random variable uniformly distributed over ¢({0,1}%) C [u]. Then, the expectation of ey is
at most .

Proof. For each i € [t] define the following indicator random variable
o 1, 1€ Hy;
XiT V0, i¢ Hy

9d > 210g2(10)'k—1 — 1 .pk7

2
we have that for every ¢ € [t] the probability that i is in H is at most twice the probability
that 4 is in Hy for Z’ uniformly distributed over ]F';. This last probability is bounded by
v/2 and so we can conclude that for every i € [t], E[x;] <. We can thus write

t
€z = E Xi * O
i=1

Since

By linearity of expectation we have

t t

Elez] = ZE[Xi]'ai < ’Y-Zai <.

i=1 i=1

Combining Claim and Claim [3.10, and recalling that 7' = 2=%®) we see that
E[A(Yz, (F, )] < Ele] +/ <5 +2790),

where the expectations are taken over Z, which is chosen uniformly in ¢({0,1}) C F}.
Now, for values of b larger than some constant by, this expression is smaller than 2v. This
completes the proof of Theorem [2.6] ]

4 Proving Claim and Claim Using Results From
Additive Number Theory

In this section we prove Claim and Claim [3.7 These two claims are the only place in
which our analysis differs from that of [LRVWO03] and [DRO5]. In the proofs we use two
results from additive number theory. The first is a quantitative version of Roth’s theorem
[Rot53] given by [Bou99b]. The second is a Lemma of [KT99] that deals with sum-sets and
difference-sets.

13



4.1 Proof of Claim 3.6

The proof of the claim relies on the following result from additive number theory due to
[K'T99].

Lemma 4.1 ([KT99]). Let A, B be subsets of any abelian group. LetT' C A x B, and define
S&{a+b | (a,b)eTl},
D2{a—-b | (ab) €T}
Suppose that there exists K > 0 such that |A|,|B|,|S| < K, then
1D| < K16,

Before we can apply Lemma we need some notations. Let U £ B,, N B,, N B.,. We
define for every ¢ = 1, 2, 3 the set

V2 (Y. (z) | z€U}.
Next, we define a subset ' C V; x V3 as follows
I 2 {(v,v3) | JxeU st Y. (x)=v and Y. (x)=uvs}.

We now define the sets S and D as in Lemma 4.1} where the roles of A and B are taken by
Vi and V.
Sé{v1+vg ‘ (U17U3) EF},

D = {Ul — U3 | (Ul,’l)g) S F}

We also define
K 2 9(6/11—a/2):b

and
Uy £{z, €F) | Fmy,... .2, €F) st (v1,...,74) € U}

The following claim states several facts that, when combined, will enable us to use
Lemma (1] on the sets we have defined.

Claim 4.2. The following is true:
LV, [Val, [Vs] < K.
2 |S| < Vo < K.
3. |Uh] < |D].

Proof. 1. Follows directly from the definition of the sets B, and V;. Each value v € V] is
a "heavy element” of the random variable Y,,. That is, the probability that Y,, = v is
at least 27 (6/11-2/20b — (1 and so there can be at most K such values.

14



2. What we will show is that the set S is contained in the set 2V, = {2-v|v € V,} (these
two sets are actually equal, but we will not need this fact). To see this, recall that
from the definition of a good triplet we have that for every x € (IFZ)k

Yo () + Vi () = 2- V2, (2). (2)

Let v € S. From the definition of S (and of I') we know that there exists x € U and
v; € Vi,v3 € V3 such that Y, (z) = vy, Y,,(z) = v3 and v = vy + vs. Fromwe NOwW see
that v = 2-Y,,(z), and therefore v € 2V5. The inequality now follows from the fact
that |Va] = |2V4].

3. This follows in a similar manner to 2. We will show that the set U; is contained in the
set c- D 2 {c-v|v € D}, for some 0 < ¢ < p (again, the two sets are actually equal,
but we will not use this fact). From the definition of a good triplet we know that there
exists 0 < ¢ < p such that for every x = (z1,...,2;) € (Fp)F

¢ (Vz(2) = Yy (7)) = 21, (3)

Let 1 € U;. From the definition of U; it follows that there exist xo,...,z, € [, such
that « = (z1,...,2;) € U. Using [3] we see that 21 € ¢- D, since Y., (z) — Y., (z) € D
by definition. Again, the inequality now follows from |D| = |¢- D].

O]

From the first two parts of Claim [£.2] we see that we can apply Lemma [£.1 with A =V}
and B = Vj to get that |D| < K'/6. Substituting K we see that:

ID| < ob-(6/11-a/2)-11/6 _ 2&(1—%&)7 (4)

Using the third part of Claim £.2] and [4] we conclude that
1
1

U] < |D| < 20(1-159), (5)

We can therefore bound the probability of U by

11

Pr [X c U] <Pr, [X, € U}] <270 |U| < 270 20 (1-5e) = o=(5e)

(the second inequality follows from the fact that the min-entropy of X; is at least b). This
completes the proof of Claim O

4.2 Proof of Claim

The claim follows from Roth’s theorem |[Rot53] on arithmetic progressions of length three.
For our purposes we require the quantitative version of this theorem as proven by [Bou99b].

Theorem 4.3 ([Bou99D]). Let 6 > 0, let N > exp(6~2) and let A C {1,...,N} be a set of
size at least ON. Then A contains an arithmetic progression of length three.

15



Each element in T is a vector in F’;. A simple counting argument shows that 7" must
contain a subset 7" such that

LT[ > (v/2) - p.
2. All vectors in T" are identical in all coordinates different than one.

Using Theorem and using the fact that p was chosen to be greater than exp(y~2), we
conclude that there exists a triplet in 7" such that the first coordinates of this triplet form
an arithmetic progression. This is a good triplet, since in T” the vectors are identical in all
coordinates different than one. O]

5 Improving the bound to 4/7

In this section we prove Theorem , which gives a stronger bound of 4/7 on the min-entropy
rate of the merger from Construction 2.5 In order to achieve this bound we need the size of
the underlying field, p, to be much larger than before (as a function of the error parameter
7). However, for constant error (which is an interesting case by itself) this stronger bound
also requires a field of constant size. The proof is very similar to the proof of Theorem
and so the proof given in this section will be less detailed than the proof given in the last
two sections.

The key to the proof of the 4/7 bound is the following lemma of Katz and Tao which is
similar in spirit to Lemma [4.1]

Lemma 5.1 ([KT99]). Let A, B be subsets of any abelian group. Let T' C A x B, and define
Slé{a+b | (aab)er}a

Sy 2{a+2b | (a,b) €T},
D2{a—b | (ab) €T}
Suppose that there exists K > 0 such that |Al, |B|, |S1], |S2| < K, then

|D| < K™/4,

It turns out that by making some minor changes to the proof of Theorem we can use
this lemma in our proof to get the bound of 4/7. The main change needed is to consider
arithmetic projections of length seven instead of length three. Luckily we have Szemeredi’s
theorem for arithmetic projections of any length. For our purposes we require a quantitative
version of this theorem due to [Gow01].

Theorem 5.2 ([Gow(1]). Let 0 < 6 < 1/2, let k be a positive integer, let N >21215 11
2727 (k+9) and let A C {1,...,N} be a set of size at least SN. Then A contains an
arithmetic progression of length k.

16



We use the same notations as in[3} We "re-define” a-good distributions. This time with
6/11 replaced with 4/7.

Definition 5.3 (a-good distribution). We say that a distribution p : (Fp)* — [0,1] is
a-good if for at least (1 —y/2) - u values of z € [u], p, has min-entropy at least (4/7 — ) - b.

As before, it is enough to prove the following lemma.

Lemma 5.4. Let X = (X1,..., X}) be an (F},b)"*-source, and let Y and i be as in @ Then
for any constant o > 0 there exists an integer t > 1, and a partition of (IF;‘)"C into t+ 1 sets
Wi, ...,Wy, W', such that:

1. Pr [X e W] <2790,

2. For every i € [t] the probability distribution of Y | X € W; (that is - of Y conditioned
on the event X € W;) is a-good. In other words: for every i € [t] there exist at least
(1 —~/2) - u values of z € [u] for which

H®(Y.]X € W) > (4/7 — a) - b.

5.1 Proof of Lemma [5.4
Every Y, partitions (IFZ)"C in the following way:
F)r = J ) ')
ye{0,1}"
For each z € [u] we define the set

B, - U (Y.) ')

{y | Pr[ya=y]>2-(4/7-a/20b }

As mentioned in the beginning of this section, we need to consider arithmetic progressions
of length seven instead of three. This motivates the following definition.

Definition 5.5 (good 7-tuple). Let (21, ..., 27) € [u]” be a 7-tuple of seed values. Write each
zi (i =1,..,7) as a vector (zu,...,zi). We say that the T-tuple (z1, ..., z7) is good if the
vectors zy, ..., 27 are identical in all coordinates different from one, and their first coordinates
form an arithmetic progression of length seven in IF),.

The next claim replaces Claim [3.6]

Claim 5.6. For every good 7-tuple (z1, ..., z7) it holds that

00|~y

Pr [X € B, N..NB..] <2 (F)?,
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We defer the proof of this claim to the end of this section and continue with the proof of
Lemma [5.4] The next claim replaces Claim

Claim 5.7. Let T C [u] be such that |T| > (v/2) - u. Then T contains a good 7-tuple.
Proof. Same as the proof of Claim [3.7, but using Theorem [.2] (for k& = 7) instead of Theo-

rem [£.3] O
The rest of the proof of Lemma is exactly the same as in the proof of Lemma [3.4]
and follows from combining Claim [5.6 with Claim [5.7] O

5.2 Proof of Claim [5.6
As in the proof of Claim [3.6| we let K = 2(4/7=2/2 and define the sets
U%B.,N..NB.,,
Uy = {r; elFy | Jxo,... .o €F) st (21,...,2) €U},
Vi {Y.(z) | zeU},
I = {(v,v;) | Jz€U st Y., (x)=v, and Y. (v)=uvr},

Sy &2 {v +v; | (vi,v7) €T},
Sy & {vy +2v; | (v1,v7) €T},
D= {v,—v; | (vi,v7) €T}

The following claim replaces Claim [£.2] and will enable us to use Lemma [5.1] on the sets
we have defined.

Claim 5.8. the following is true:
1. Fori=1,...7, |V}| < K.

2. 191,15 < K.

3. |Uh| < |D.
Proof. The proofs of (1) and (3) are exactly the same as in Claim [£.2] To prove (2) notice
that S; is contained in 2V, and that Ss is contained in 3V5. O

We apply Lemma with A = Vi and B = V; to get that |D| < K7/, Substituting K
and using part 3 of the Claim [5.8 we get

U] < | D] < 20 (15e). (6)

Therefore,

00|~

Pr [X c U] <Pr, [X; € U] <270 |U;] < 270 20 (1=50) — o=(3e)?,
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6 Encoding Binary Sources as Vectors in I}

The merger from Construction works when its inputs are vectors in Fj. It is usually
desirable to construct mergers that take binary strings as inputs. In this section we prove
analogs of Theorem and Theorem for mergers over binary inputs. We note that the
issues dealt with in this section are common to many papers on extractors and are not new
to this paper.

Let n > 1 be an integer, p a prime number, and set

e [ 3 W
n:
log, p

We first define a mapping from binary strings to vectors over F,

@ : {0,1}" HF;L

in the following way: for x € {0,1}" we treat z as an integer in [2" — 1]. Since x < 2" < p"
there exist ay, ..., a; € F), such that

T =a;+ ap+ a3p2 +...+ aﬁpﬁ_l.
The mapping ¢ simply outputs the vector
p(x) 2 (a1, ..., a5).

Since base p expansion is unique we get that ¢ is an injection. This proves the following
claim:

Claim 6.1. Let ¢ : {0,1}" — F} be the mapping defined above and let X be a ({0,1}",b)
random source. Then ¢(X) is an (F},b) random source.

Next, we define a mapping which takes vectors over F, and outputs binary vectors. Let
n,p and n be as before. We define a mapping

v Fr—{0,1}"
as follows:

1/J(a17 ce ,(Zﬁ) é (Z a; - pi_1> mod 2”7
i=1

(since the output is a number smaller than 2" we can write it in binary using n bits). Of
course, 1 is not one-to-one, but the loss of entropy when applying ¥ on a random source
can be shown to be bounded by log, p. Since in our case p is a constant, this loss will not
be noticeable.

Claim 6.2. Let ¢ : F} — {0,1}" be the mapping defined above and let X be an (F7,b)
random source, with b > log, p. Then ¥(X) is a ({0,1}",b — log, p) random source.
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Proof. We have

n < +1
log, p
Or )
2" >pt —
p
Therefore, for every y in the range of 1 there are at most p elements that 1) maps to it. This
implies that ¥ can reduce the min entropy of its input by at most log, p. O]

The following Corollary is immediate:

Corollary 6.3. Let ¢ : FZ — {0,1}" be the mapping defined above. Let 1 > v > 0 and
let X be y-close to an (F}},b) random source, with b > logyp. Then 1(X) is y-close to a
({0,1}™,b — log, p) random source.

We conclude by composing ¢ and v with the merger from Construction to get a
merger over {0, 1}".

Construction 6.4. Let n,p and n be as before. Let k be a constant integer and let d =
|k -logyp|. Let
M {0, 1} x (FY)* — F?
Be as in Construction[2.5. We define
M : {0,1}% x ({0,1}™)F — {0,1}",

as follows: .
M(Zwrh o ,lek) = w(M(Zu So(xl)a s ,QO(ZL']Q))
From the two claims above we can easily prove the following analog of Theorem

Theorem 6.5. Let 0 < v < 1 be any constant, k > 0 a constant integer, and let p be a
prime larger than exp(y~2). Let

M - {0,1} x ({0,1}")" — {0,1}",

be as in C’onstruction where d = |logyp-k|. Then for any constant o > 0 there exists a
constant by such that for alln > b > by, M is a [d, ({0, 1}, 0)1* s ({0,1}",b) ~ ~]-strong
merger with

W =(6/11— ) - b.

Proof. Let X = (Xi,..., X)) be a somewhere ({0,1}",b) source. Then, from Claim [6.1] we
have that ¢(X) = (¢(X1),..., (X)) is a somewhere (F?, b) source. We apply Theorem
with the same v but with « replaced by § to get that the average (over z) distance between
M(z, (X)) and an (F}!, (& — §)b)-source is at most . Now, using Corollary we have
that the average distance between (M (z,o(X))) and a ({0,1}", V') source is at most =

where

6 « 6
V= (— — %) —log,p > (— —a)b
if b > %. Taking by to be larger than % (this is still a constant) we are done. O
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An analog of Theorem can be proved in the same way:

Theorem 6.6. Let 0 < v < 1 be any constant, k > 0 a constant integer, and let p be a
prime larger than F(y) 227127 (v/2)"1 12121 16. Let

M - {0,1} x ({0,1}")" — {0,1}",

be as in Construction[0.4, where d = |k -log,p|. Then for any constant o > 0 there exists a
constant by such that for alln > b > by, M is a [d, ({0, 1}",b)* — ({0,1}",b) ~ ~]-strong
merger with

V' =(4/7—a)-b.
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