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Abstract— A new variable-rate coding technique is presented  In general, &-D constraintS over an alphabeX is defined
for two-dimensional constraints. For certain constraints such py two state-labeled finite directed graplis,= (V,Eg, L)
as the (0,2)-RLL and (3,00)-RLL constraints, the technique is 547/ — (V, Bx, L), with the same set of statd$ and the
shown to improve on previously-published lower bounds on th . . .
capacity of the constraint. same _stgte labeling, : V' — 3. The constraintS cons_lsts

of all finite rectangular arrays = (z; ;) over X for which
one can associate arrayéx) = (v; ;) overV that satisfy the
following three conditions: (af(v; ;) = =; ; for all 7 andj,
(b) each row inl'(z) is a path inG, and (c) each column in
I'(x) is a path inH.
The capacity of 2-D constraintS over ¥ is defined as the

Constrained coding has found widespread use in opti(*!%mh rate of the number of. x n arrays inS:
and magnetic data storage devices [1]. The most common

family of constraints appears to be that of tllek)-runlength- cap(S) = lim S log [S N &

limited (RLL) constraints: the paramete(d, k) represent, mLnTee MM

respectively, the minimum and maximum admissible numbgéiereafter all logarithms are taken to basg By sub-

of 0's separating consecutivé’s in any allowable binary additivity [7, Lemma 8] the limit indeed exists.

sequence. In this work, we present a variable-rate coding scheme
Proposals for new storage systems, such as holograpieic @ wide family of 2-D constraints. Similarly to other

storage, and for better exploitation of current opticateyss, Vvariable-rate schemes, such as bit-stuffing encoders 98], [

have raised the interest in two-dimension2dY) and even [10], our coding scheme realizes a probability meagyren

three-dimensional3({D) constraints, as models that describ&NX"*", for every positive integer. The expected rate of the

the read—write requirements of the storage medium. Bar capding scheme is given by the (measure-theoretic) per-eymb

ing provides another example of an application wh2f® entropy:

Index Terms— Markov chain, n.i.b. constraint, Pickard ran-
dom fields, runlength-limited (RLL) constraints, tiling, two-
dimensional 2-D) constraints, variable-rate codes.

|. INTRODUCTION

constraints can be found [2], [3]. 1
Among the constraints of theoretical and possible pralctica H(pn) = 2 Z fin () log pin (2) -
interest are2-D (d, k)-RLL constraints: each such constraint zESNE ™

consists of all binary arrays in which the one-dimensiondiking the limit whenn — oo, we obtain a lower bound
(1-D) (d, k)-RLL constraint is satisfied along each row an@n cap(S). While in most previous variable-rate schemes this
column. limit is only bounded from below (one notable exception
Another example is th@-D “no isolated bits” (in short, is [9]), here we will be able to compute that limit exactly.
n.i.n.) constraint, which consists of all binary arraysttha Our coding scheme makes use of certain tilings of the plane,

contain neither of the following two patterns: and we discuss their properties in Section II. In Section I
we describe the coding scheme and compute its rate, thereby
obtaining a lower bound on the capacity of the constraint.
Section IV presents several generalizations and improxéme
1-D constraints were extensively studied, and there are
several known methodologies for designing codes for such . TILINGS

constraints [1], [4]. On the other hand, our knowledge dd
constraints is much less profound. This might be attribured
part to the fact that the practical interest in those coirgsa is a maopbinde : U — 3. Given a2-D constraintS over
has arisen relatively recently; however, it seems that thenm bpIngy L 5

) . >, and a nonempty finite subsét C Z#, we say that a’-
reason for such lack of knowledge is the provable dlmcu"t\fonfigurationgp .U - % is compatible withS (o, in short, is

of certain problems that relate @D constraints, compared N . o
to the 1-D case [5], [6]. S-compatiblg if there exists an arrayz; ;) € S such that

We start with several definitions. L&t be a nonempty finite
subset ofZ? and letY be a finite alphabet. A7-configuration

i,7) =x;; forevery (i,5)eU;
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Among the subsets c Z? considered in this work are the (typically, we will take T to be W). Given a2-D constraint

squares S, we define accordingly the following set:
_ .o 2 <
On=ilj) €27 - 0<ij<n}. SN &T) = {y = (Urs)men = Urs € S(ons(T)} -
Here,S(Q,) =SnN E"X;- _ ) That is, each element € S(V @ T') is a list of S-compatible
For a subsetU C Z* and a pair(h,v) € Z7, denote by configurations which are defined aV| shifted copies off’,
on,(U) the shifted set where the shifts are determined By.
((,§) : (i=h,j—v) €U} . Given now a listy = (yr,s)(rs)en IN SV @ T) and an

additional nonempty finite subsét C Z?, we defineS(U; y)
By the shift invariance property @D constraints, we get that to be the set of all configurations € S(U) such thaty can
¢ belongs toS(U) if and only if the compositiorpoo_;, —, be extended to an array = z(¢) = (x;,;) in S that agrees

belongs toS(oy, ,(U)), for every(h,v) € Z2. (with ¢ and) with each entry in the ligg; namely, for every
Our coding scheme will be defined through a periodic tiling, j) € U,
(i.e., a partition with a certain regular pattern) of therga (i, 5) =i ;5 ,

7?2 using shifted copies of (generally) two types of nonemp .
finite subsetsB, W C Z?2, and we refer hereafter to thes;E¥nd for every(r, s) € N and (i, j) € or.s(T),
copies, respectively, as “black” and “white” tiles. The sét Yr,s(,J) = @i j

locations of the black tiles is defined by a lattice (typically, U will be taken as a black tile).

L=L(A)={(i,j) = (t,w)A : (t,u) € Z*} Example 2.2:Figure 2 shows a portion of the tiling
. . . described in Example 2.1, including the black tik= @Q,,
for some2 x 2 integer matrixA, so that the black tiles (namely, the black tile in Figure 1 that contains the point

(0,0)) and a surrounding neighborhood of four white tiles.

1,V B bl h7 bl . . .
n.0(B) (h,v) € £ These white tiles are given by, (W), whereW = Q11

are all disjoint. The set of locations of the white tiles idided

by some shifted copy of: for some(/, (') € Z?, these tiles oo
are given by Ol 00
N
UIL,U(W> 9 (h,l}) S Ul,l’ (‘C) ) oLo

where all the tiles (black and white) are disjoint and cdfér
Thus, a tiling is characterized by the trigl®, W, £), and the Fig. 2. Example of a neighborhood &f.

shift (¢, ') can be taken as any pair that yields a coveringof

(for our purposes, the particular pair selected is immaleri and(h,v) is any of the four elements in

Example 2.1:Figure 1 shows a tiling oZ? with N = {(=1,m), (m,0), (0, —m—1), (—m—1,-1)}. (1)
B=Qm, W=Qm+, Hence, in this case, the ligt’ ® W is the quadruple
and (7-1m(W) G0 (W) 0,1 (W) 01, 1(1))
L= {(Z}j) = (t,u) ( ol miH) t(tu) € ZQ} : Figure 2 also shows examples of assignments of configugation

to the white tiles (assuming that = 2). All these configu-
rations can be verified to be compatible with respect to the
n.i.b. constraint; thus, i§ stands for this constraint, then the
following list of configurations

1
v=():
0
belongs toS(N @ W). One can check that for this list of

configurations we have

S(B;y)={7 };

namely, there are (exactly) twB-configurations that can be
4321012345678 0910 assigned to the black tile in Figure 2 so that the bit pattern i
the figure can be extended into an arraysin U
We call a tiling (B, W, £) valid for a given2-D constraint
S, if the following two conditions hold:
[CW] White tiles are freely configurabldzor every two
nonempty finite subsetdt C o, (L) andU C Z*
NeT = (0rs(T1)) () 0yen and every listy € S(M & W) one hasS(U; y) # 0.

with the shift(¢,¢') = (—1,m) (the figure is drawn to scale
for m = 2).
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Fig. 1. Example of a tiling ofZ2.

For two nonempty finite subsefs, 7' C Z?, we letN & T
denote the following list of \/| shifted copies off™:



[CB] Black configurations are constrained only by a finite

. . . . 1) (Configuring the white tilesfFor every(h,v) € £, do:
neighborhood of white tilesThere is a nonempty ) ouring 4 y(h.v)

a) Select a configuratiopy, ., at random fronf(o, ., (W)),

finite subsetV C oy, (£) such that for every list according to the probability distribution
y € S(V @& W) and every nonempty finite subset
UcC72\B Pr{onw =a} =m(aoony), «a€S(on.W))

(the choice for distinct pairéh, v) is carried out inde-
IS(BUU;y)| = [S(B;y)| - S(U;y)| - pendently).

Remark 2.1:Condition [CB] means that given any list b) For every(i, j) € on..(W), set

y € SV @ W), if we extend a configuration that already Tij = ¢no(i,j) -

agrees withy onS(N'@&W) into anS-compatible configuration ~ 2) (Configuring the black tilesfor every(h, v) € £;, do:

x = (z;;), the valuesz; ; at points(i,j) in B can be set a) Let

independently of the values that are set at points outside Pro = (Prs)eaeon,, o)

(@nd U g enror,s(W)). O be the list inS(on,.(N) & W) whose entries are as

. - . selected in Step 1. Select a configuration, uniformly
Remark 2.2:By the shift invariance property &, Con- at random fronS(cs..(B); @n.0)-

dition [CB] remains unaffected if we replade and\ therein b) For every(i, ) € on..(B), set
by o4, (B) andoy, ,(N), for any (h,v) € L. 2 = (i)
1,] — ,U ) .

In its basic setting, our coding technique will apply t0 3) (setting the boundary valueBpr all (i, j) € Q.. \ Qn, Setz; ;
constraints for which valid tilings exist. Here are several to take the smallest values (according to some lexicogcaphi

examples of such constraints. ordering) so thatz; ;) becomes an element 8{Qn).
Example 2.3:For the2-D (d, c0)-RLL constraint, we get
a valid ti|ing (B’ W, [:) by taking Fig. 4. Procedure for selecting at random an aifay ;) from S(Q.).
B=W=@Q,, and L= {(mt,m(t+2u)) : (tu) € ZQ} ,
2 IIl. L OWER BOUND ON THE CAPACITY

for every integerm > d (here the tiles form an infinite _ . ) .
checkerboard, where each square has order m). To see  Civen a2-D constrainiS for which a valid tiling (3, W, £)
why Condition [CW] holds, suppose that each white tile th&XiStS: we next define a probability measure §i,,). Our
intersects with a given finite subsét ¢ Z2 is assigned a coding scheme will then realize this probability measure.
configuration that is compatible with the constraint. Then a 0 handle boundary effects, we introduce the set
compatibleU-configuration is obtained if each of the black 4 _ ) U B 4
tiles that intersects withl/ is assigned the all-zero configu- @n (U(’“”)Eﬁ% ol )) (U(’“U)E"ri ho )) ()
ration. As for Condition [CB], we take the neighborhodf where

as , .
N = {(0,m), (m,0), (0,—m), (=m0} (@) to= {0 eone0) s M Q) )

(see Figure 3, which is drawn to scale for = 2). The and
condition then holds since we assumeto be at least the r» _ [y )y ez : o, ,(BUJ,. ors(W)) € Qu b
memory, d, of the 1-D (d,cc0)-RLL constraint satisfied by { w (ra)eN = )< }

every row and column. namely, Q,, is the largest subset of), that contains full

For similar reasons the same tiling is valid also for 8B  white tiles as well as full black tiles along with their whole
(0,k)-RLL constraint, provided that > k. L1 neighborhoods of white tiles (as specified &). Note that as
n goes to infinity, the ratios?/|L£!,| andn?/|L!| converge to

W+ Bl.
We start off with a prescribed probability distributian
which is defined on th&-compatiblel -configurations:

m:S(W)—1[0,1] .
Fig. 3.  Neighborhood for the valid tiling for the-D (d, co)-RLL and
(0, k)-RLL constraints, withm > k, d. Next, we define the probability measung : S(Q.,,) — [0, 1]
through the procedure shown in Figure 4, which describes how
Example 2.4:The tiling described in Example 2.1 isgne selects at random an arr@y, ;) from S(Q,).

valid for the n.i.b. constraint, for every integet > 2. We We now compute the per-symbol entropy(s,,). Let @
leave the formal proof to the reader. L denote the randoniL!, & W)-configuration formed by the

Given a2-D constraint, our coding scheme, to be presentéglections made in Step 1 in Figure 4; namely, for every
in the next section, will be based on a tiling that is valid foth,v) € £], and (i, j) € W,
the constraint. For the tilings in Examples 2.2 and 2.3, the . . .

. . . ’ 0] h - v, o\l .

value m therein will be one of the design parameters for the (i4h, j+v) = ono(i, 5)
scheme: larger values of are expected to yield higher codinglt follows from Condition [CW] that® is S-compatible. From
rates, yet with higher encoding and decoding complexity. Step 1 it is easy to see that the entropy®ofpern x n array)




TABLE |

IS glven by , LOWER BOUND ON THE CAPACITY FOR SEVERAI2-D CONSTRAINTS
Ho(®) = L] - H(7) , (6)
where H(rw) is the entropy (per tile) of a compatibld’- Constraint _Theorem 3.1 Ref. [11]  Earlier record m
Configuration: (2, 00)-RLL 0.44417 0.44420 0.4423 [12] 5
(3,00)-RLL  0.36562  0.35973  0.3641 [9] 5
_ (0,2)-RLL 0.81600  0.81549  0.7736 [13] 4
H(r) = Z (y)logm(y) - n.ib. 0.92086  0.92264  0.9156 [8] 3
yES(W)

Denote byW¥ the randon{£;, & B)-configuration formed by
the selections made in Step 2 in Figure 4: for evgryv) €

£’ and(i, ) € B, third column of Table | are the lower bounds on the rates of bit

stuffing encoders as presented recently in [11]: these tsund
U (i+h, j+v) = (i, 7) - turn out to be comparable to those obtained from Theorem 3.1.

E Condition [CB t that th lecti deinb éH]]e fourth column in the table presents the best lower bounds
e sore o o the capacty that vere knoun ror o nis work and (1]
S(Qn)- Conditions [CW][CB] also guarantee that Step 3 wil The procedure in Figure 4 can be made into a variable-rate

always be successful in extending that configuration inte OIgncoder for any2-D constraintS that satisfies the condition
in S(Q).) The entropy off conditioned onb is readily given f Theorem 3.1, using the method suggested in [10] (see

b also [14]). Specifically, we realize the random selections
y y made in Step 1 through one distribution transformer which
Hi (U]®) = | L5 - Z Pr{p}log[S(B; )], @) maps, in a one-to-one manner, a sequence of fair coins (i.e.,

¢ statistically independent Bernoulli random bits, eachatiog
wherep = (¢,.5)(s)en ranges over all lists if§(NV & W) 0 with probability 1/2), into a sequence of configurations in
and S(W) which are statistically independent and are distributed
according to the maximizing. Once the configurations on
Pr{p} = H Prlorst = H m(ers00rs) . (8) the white tiles have been determined, Step 2 in Figure 4 can

(rs)eN (rs)eN be realized by enumerative coding [1, Chapter 6]. The rate of
Combining (6) and (7), the per-symbol entropl.,,) is the encoder thus obtained will approach the lower bound of
given by Theorem 3.1 (there will be a small rate penalty which results
1 from the boundary effects caused by Step 3 in Figure 4, and
H(p,) = —Q(Hn(é) + Hn(\I/|cI>)) an additional penalty caused by the finite accuracy by which
|n£, | .| the distribution transformer simulates the maximizitig
= S H(m) + 5 Y P{e} log S(Bi )]
1 . ® IV. GENERALIZATIONS AND IMPROVEMENTS
= ﬁ(h’(ﬂ) + Z Pw{<P}10g|S(B;<P)|)7 In this section, we discuss several generalizations of the
® bounding (and coding) method described in Section lll.

where ¢ ranges overS(N & W) and o(1) stands for an

expression that goes to zero agoes to infinity. A. Multilevel tilings
We thus get the following result.

Theorem 3.1:LetS be a2-D constraint for which there is

a valid tiling (B, W, £). Thencap(S) is bounded from below

The requirement that there is a valid tiling for the constrai
does restrict the generality of Theorem 3.1. One possible
remedy is introducing more than two types (colors) of tiles.

b
y ) Namely, we can allow also “gray” tiles, each being a shifted
- 5
cap(S) > max ——— (H(m) + > P:{¢}log|S(B;p)|), COPY _of some nonempty finite subsét C Z , and all the
®) © |W[+|B]| ( ™ ; L} log|S( )|) gray tiles lie along a shifted copy of the lattige so that all

(9) tiles (black, gray, and white) are disjoint and cor. Such
whereyp = (¢rs)rs)en ranges oveS(N @ W), the prob- a (generalized) tiling will then be said to be valid for a give
abilities P, {¢} are defined by (8), and the maximization i2-D constraintS if the following three conditions hold:

taken over all distributions : S(W) — [0, 1]. [CW] White tiles are freely configurable.

2-D constraints. For all except the n.i.b. constraint, welitbe neighborhoodM of white tiles.

checkerboard tiling of Example 2.3, with taken as indicated [CB'] Black configurations are constrained only by a finite

in the last column of the table (for the n.i.b. constraint, neighborhood of white and gray tiles.

we used the tiling of Example 2.1). When computing the A o -
: probability measurew,, can now be defined o8(Q,,)

bound of T_heorem 3.1, We.tOOk advantagg of properties f?]frough a probability distributionr : S(W) — [0,1], and a

the constraint (such as rotational and reflectional synmewtr o B

. conditional probability distribution

in order to reduce the number of parameters that determine

the distributionr over which we maximized. The values in the v:S(G) x SIMae W) —[0,1],



where~(vy|y) stands for the probability of &-configuration B. Allowing statistical dependence among white tiles
1, given that the neighboring white tiles are configured by the

list y & S(M & W). The distributiony should be such that by introducing statistical dependence among the whites tile

¥(¥ly) > 0 only wheny € S(G: y). that are selected in Step 1 of Figure 4. The theorem will

It is not difficult to generalize the lower bound of The'essentially remain the same, except that the distribution

orem 3.1 to include gray tiling, and the maximization them,iII be defined differently (and typically it will now be

\tNII! be on b?thtg ar;d - Iln Jact, this Igeneralllzatllon c;’:m b? arametrized by significantly more variables). With respec
aken even further 1o include several gray 1evels, where the new model ofr, the term H (x) will still stand for

configuratic_)qs on _tiles at a given.gray level are constram(ﬁqe entropy per tile of a compatiblé’-configuration, and the

only by a finite neighborhood of “I|ghtgr” Ieyels of.gray. choice for the modek needs to be such that we should be
Example 4.1:The 2-D “non-attacking kings” (in short, apie tq compute this quantity (or at least bound it from balow

n.a.k.) constraintis defined as the set of all binary ar(ay$) \we demonstrate this approach in the next example.

in which all horizontally, vertically, and diagonally adgnt Example 4.2:Consider the2-D (1, 00)-RLL constraint

entries to a 1" have to be 0" (formally, if z;; = 1 then 4, e yajig tiling of Example 2.3, and partition the lati

Zrs =0 for aI‘I‘ (r5) € Ui*l"j’%(??’.)\{(i’ﬁ}; this constraint -~ ¢ ein into shifts of the following infinite diagonal:
is called the “square constraint” in [15]). For this constta

we get a valid tiling(B, G, W, L) by taking D= {(mt,mt) : t €7}

We may improve the bounds obtained through Theorem 3.1

B=W=Qn, G=Q1Uo_1n(Q1), (clearly, £ = Uyezoamu.o(D)). Next, we modify Step 1 in

q Figure 4 so that along each (finite shifted) diagonal
an

c={G.j= (t,u)(%ﬁ f}nﬂl) (b ez?}
. _ _ the selected configuratior@@h,v)(h D! (w) form a stationary

for every integerm > 2. The respective neighborhood of aviarkov chainr (independently for distinct).
black tile form = 3 is shown in Figure 5. Table Il shows Tne jower bounds on the capacity that are obtained through
this probabilistic model are presented in the third column
of Table Ill (the second column shows the respective values
for the unmodified Step 1). As expected, by introducing the
statistical dependence we have gained improvements for any
givenm (but the number of variables that we maximize over
has increased as well).

D, (u) = L], N o2muts,er (D)

b orNvwsO

3-2-1 012345

Fig. 5. Neighborhood for the valid tiling for the n.a.k. ctnant. TABLE Il
LOWER BOUNDS ON THE CAPACITY OF THE2-D (1, 00)-RLL
the lower bounds on the capacity of this constraint obtained CONSTRAINT.

when (the generalization of) Theorem 3.1 is applied to this
tiling, for m = 3,4, 5. Also shown in the table is the number
of variables that parametrize (the conditional distribution

~ is parametrized here by one variable only—the probability
that a gray tile is assigned the valug”,” provided that this
value is allowed by the neighboring white tiles). While the

Independent  Markov ~ Pickard field BMRF field
0.566144 0.574094 0.584387 0.584418
0.582075 0.584798 0.587855

0.585350 0.586485

0.586459

0.586974

SN SEYGUN I BN

TABLE Il

L OWER BOUNDS ON THE CAPACITY OF THE NA.K. CONSTRAINT. Further improvements can be obtained if we now assume

that the white tiles are configured according to a distrdouti

m__ Lower bound No. of variables that is a stationary Markov random field. Table Il shows the
3 0423076 10 results for two types of random fields: the Pickard field [17]
;‘ g'f‘éiggg 23137 and a binary Markov random field (in short, BMRF) due to

Champagnatt al. [18]. In our maximization procedure for
the case of the Pickard field, we applied an iterative algorit
best bound in the table is still short of the current recorthich is similar to the one presented by Forchhammer and
0.425029, obtained by the Calkin-Wilf method [16], [15],-aursen in [8] (unlike [8], however, the random field in

it is interesting to observe that a variable-rate encoder cgUr case is defined over unconstrained configurations, due to

achieve a rate greater thani23 using only3 x 3 tiles (and Condition [CW]). The bound we obtain with the Pickard field
two distribution transformers). ] form = 2 agrees with the (true) value of the capacity up to

the first four decimal places [16].

1Generally, a description of a tiling should also include #hdft of £ that For the n_'a'k' constraint (Example 4'1)’ the Markov chain
corresponds to the gray tiles. In our example, this shifniguely determined. approach yields, form = 4, a lower bound 0f).424558.



C. Multidimensional constraints reference, Figure 7 also shows the image of the position

The technique that was presented in this work can e J» {c) of the black tile in Figure 6, assuming that the domain
adapted to handla-dimensional §-D) constraints in dimen- ©f 7 is extended to the whole SEF.
sionsA > 2. For example, for the-D (1, co0)-RLL constraint
one gets the lower bound

1 27
max 5 (H(p)+(1-p) ) (10)

when taking the\-D extension of the tiling of Example 2.3
with m = 1 (herer is specified by one parameter only—the
probability p that a white)-D tile is assigned the valuel®). (Lo
For the case\ = 3, the bound (10) equals513864: this value =
is smaller than the lower bound 0f5225 obtained by Nagy g 7. Neighborhood of 8-D black tile under the mapping.
and Zeger in [19], but it is higher than their lower bound on
the rate of a bit-stuffing encoder [14]. The bound (10) (for gix some (large) positive integer, and let
A = 3) improves to (at least).521270 when we assume a
distribution model which is a generalization of Pickarddiel 7o {0, 1} — [0, 1]

to three_ dimensions [20]. We next describe how the modgé a3-D Pickard field as defined in [20]. Namely, is a
studied in [20] can be adapted to our setting. distribution over all configurationg : C, — {0,1} that
For a positive integen, let ¢, denote then x n x n cube  gatisfies certain stationarity and symmetry properties, ian
Cn={(,4,k)€Z? . 0<i,j,k<n}. completely characteriz_ed by the marginal d_istrib_utiorﬂgf—
configurations. In particular, due to the stationarityrgf we
We consider the-D tiling (B, W, L) whereB = W = C1  can easily compute the per-symbol entropymgf For more
and details, see [20].
L ={(,j,k) : i+j+k =0 (mod2)}. Let R, denote the rhombohedron i* which is the

Figure 6 depicts the neighborhood oflax 1 x 1 black tile Pré-image set ot’, under the mapping. We now define

(marked as a filled circle) at some positiénj, k) € £. The the distributionm : R, — [0,1] on all unconstrained bi-

neighborhood consists of six tiles (marked as hollow capleN@"Y f»-configurations as follows: for ever,,-configuration

at the following positions: ¢ = (Tijk)Gjmer,, the valuer(z) equalsm(y), where
Yy = (yh,v,z)(h,v,z)ecn IS given by

y'r(i,j,k) = Tij.k » (lajak) S Rn .

The distribution7 on the joint configuration assignment
of white tiles inherits the desirable properties of tBeéD
i Pickard fieldr: first, we can compute the entropy of and,
T secondly, we can compute the distribution of the configomati
u assignment of the neighborhood of a black tile, since that
B neighborhood is mapped hyinto a shifted copy of’s.
L It is worthwhile pointing out that the maximization in the
i right-hand side of (9) is not necessarily convex, and this
applies to the generalizations of (9) that are implied by the
ke F discussion of this section. As an example, it follows frora th
next proposition that for any dimension> 3, the expression
Fig. 6. Neighborhood of 8-D black tile. that is maximized in the right-hand side of (10) has two local
maxima in the intervalo, 1].
Denote by,’ the 3-D lattice of the positions of the white Proposition 4.1:For a positive integer, let the function
tiles, namely, fn :10,1] — R be defined by

L'=00,0,1(L) ={(i,j,k) : i+j+k =1 (mod2)}. fn(p) =H(p)+ (1 —p)".

In order to define the joint distribution of the configurations Then forn > 5, this function has (exactly) two local maxima

assigned to the white tiles, we will map the latti€eontoZ® in the intervall0, 1].

using the following bijectionr : £ — Z3: For n = 4 (which corresponds to dimension= 2) we get

o L o o only one maximum, ap ~ 0.1702, as shown in Figure 8(a).
71, ), k) = g (i=jktLl it jthtl, —ihjth+l) The functionp — fs(p) is depicted in Figure 8(b).

Figure 7 shows the images under the mappingf the points Proof of Proposition 4.1The first derivative off,,(p) is

shown in Figure 6. As we can see, the six positions of the whigéven by

tiles are mapped to six points in a shifted cubg, .(C2), , 1—p 1

where (h,v,z) = 7(i,j,k—1) (the image of point3). For fulp) = 10g2(7) —n(l=p)".

L=(i—1,j,k), R=(i+1,5,k), D=(i,j—1,k),
U=(i,j+1,k), B=(i,jk—1), and F=(i,jk+1).




(2]

(31
(4]

1.0

(5]
(6]
(7]

Fig. 8. Functiongp — fy(p) for n =4,6.

On the one hand, we haven, .+ f/(p) = co. On the other
hand, forp = ¢, = 1/n we get

(1) —n(1-2)"",
>

which is negative fom > 2 (the right-hand side of (11) is [10]
smaller tharlog,(n—1) — (n/e), wheree = 2.71828 ... . is the
base of natural logarithms). It follows that the inter¢@le,,)
contains at least one local maximum ff(p). Similarly, for
n > 5 we havef,((1/2)—e,) > 0 and f/,(1/2) < 0, which
means thatf,,(p) has a local maximum also in the intervall2]
((1/2)~€n, 1/2).

In order to show that there are exactly two local maxim@as]
of f.(p) in [0,1], it is sufficient to prove that the second[u]
derivative

(8]

fh(en) = log, 11 o

(11]

" log, e n—2
"(p) = —2— +n(n—1)(1 — 15
fn(p) PP (n=1)(1 —p) [15]
has at most two zeros in the intervdl, 1). Equivalently, it [16]

suffices to show that the polynomial
[17]
_ log, e
— 1— n—1 _ 2

gn(p) = p(1 = p) Yo 18]

has at most two zeros if0, 1). Indeed, this holds since the

derivative [19]

9,(p) = (1 =p)" (1 — np)
has only one zero in that interval (at= 1/n). U

Turning back to the\-D extension of the tiling of Exam- .,
ple 2.3 withm = 1, we now analyze the effect of increasing
the dimension\ on the lower bound (10). As\ (= n/2)
goes to infinity, the abscissa of the smaller local maximum el
fn(p) tends top = 0: this probability value corresponds to
assigning 0” (with probability 1) to each white tile, thereby
allowing the black tiles to be unconstrained. The abscigsa o
the larger local maximum tends to = 1/2: this, in turn,
corresponds to an equiprobable distribution on the wHigs,ti
thereby forcing the assignment ad™to any given black tile
with probability 1. Thus, when\ — oo, the lower bound (10)
approached /2 and, in that limit, the maximum is attained at
p = 0 andp = 1/2. In fact, it is known that in the limit,
the capacity of theA-D (1,00)-RLL constraint approaches
1/2 [21, Theorem 1.4], [22, p. 57].
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