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Two-Dimensional Constrained Coding Based on
Tiling

Artyom Sharov Ron M. Roth

Abstract— A new variable-rate coding technique is presented
for two-dimensional constraints. For certain constraints, such
as the (0, 2)-RLL and (3,∞)-RLL constraints, the technique is
shown to improve on previously-published lower bounds on the
capacity of the constraint.

Index Terms— Markov chain, n.i.b. constraint, Pickard ran-
dom fields, runlength-limited (RLL) constraints, tiling, t wo-
dimensional (2-D) constraints, variable-rate codes.

I. I NTRODUCTION

Constrained coding has found widespread use in optical
and magnetic data storage devices [1]. The most common
family of constraints appears to be that of the(d, k)-runlength-
limited (RLL) constraints: the parameters(d, k) represent,
respectively, the minimum and maximum admissible number
of 0’s separating consecutive1’s in any allowable binary
sequence.

Proposals for new storage systems, such as holographic
storage, and for better exploitation of current optical systems,
have raised the interest in two-dimensional (2-D) and even
three-dimensional (3-D) constraints, as models that describe
the read–write requirements of the storage medium. Bar cod-
ing provides another example of an application where2-D
constraints can be found [2], [3].

Among the constraints of theoretical and possible practical
interest are2-D (d, k)-RLL constraints: each such constraint
consists of all binary arrays in which the one-dimensional
(1-D) (d, k)-RLL constraint is satisfied along each row and
column.

Another example is the2-D “no isolated bits” (in short,
n.i.b.) constraint, which consists of all binary arrays that
contain neither of the following two patterns:

0

0 1 0

0

1

1 0 1

1

1-D constraints were extensively studied, and there are
several known methodologies for designing codes for such
constraints [1], [4]. On the other hand, our knowledge of2-D
constraints is much less profound. This might be attributedin
part to the fact that the practical interest in those constraints
has arisen relatively recently; however, it seems that the main
reason for such lack of knowledge is the provable difficulty
of certain problems that relate to2-D constraints, compared
to the1-D case [5], [6].
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In general, a2-D constraintS over an alphabetΣ is defined
by two state-labeled finite directed graphs,G = (V,EG , L)
andH = (V,EH, L), with the same set of statesV and the
same state labelingL : V → Σ. The constraintS consists
of all finite rectangular arraysx = (xi,j) over Σ for which
one can associate arraysΓ(x) = (vi,j) overV that satisfy the
following three conditions: (a)L(vi,j) = xi,j for all i and j,
(b) each row inΓ(x) is a path inG, and (c) each column in
Γ(x) is a path inH.

The capacity of a2-D constraintS overΣ is defined as the
growth rate of the number ofm× n arrays inS:

cap(S) = lim
m,n→∞

1

mn
log |S ∩ Σm×n|

(hereafter all logarithms are taken to base2). By sub-
additivity [7, Lemma 8] the limit indeed exists.

In this work, we present a variable-rate coding scheme
for a wide family of 2-D constraints. Similarly to other
variable-rate schemes, such as bit-stuffing encoders [8], [9],
[10], our coding scheme realizes a probability measureµn on
S∩Σn×n, for every positive integern. The expected rate of the
coding scheme is given by the (measure-theoretic) per-symbol
entropy:

H(µn) = −
1

n2

∑

x∈S∩Σn×n

µn(x) log µn(x) .

Taking the limit whenn → ∞, we obtain a lower bound
on cap(S). While in most previous variable-rate schemes this
limit is only bounded from below (one notable exception
is [9]), here we will be able to compute that limit exactly.

Our coding scheme makes use of certain tilings of the plane,
and we discuss their properties in Section II. In Section III,
we describe the coding scheme and compute its rate, thereby
obtaining a lower bound on the capacity of the constraint.
Section IV presents several generalizations and improvements.

II. T ILINGS

We start with several definitions. LetU be a nonempty finite
subset ofZ2 and letΣ be a finite alphabet. AU -configuration
is a mappingϕ : U → Σ. Given a 2-D constraintS over
Σ, and a nonempty finite subsetU ⊂ Z

2, we say that aU -
configurationϕ : U → Σ is compatible withS (or, in short, is
S-compatible) if there exists an array(xi,j) ∈ S such that

ϕ(i, j) = xi,j for every (i, j) ∈ U ;

that is, the images ofϕ at the points(i, j) ∈ U can be extended
to an array inS. We denote byS(U) the set of allS-compatible
U -configurations.
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Among the subsetsU ⊂ Z
2 considered in this work are the

squares
Qn = {(i, j) ∈ Z

2 : 0 ≤ i, j < n} .

Here,S(Qn) = S ∩ Σn×n.
For a subsetU ⊆ Z

2 and a pair(h, v) ∈ Z
2, denote by

σh,v(U) the shifted set

{(i, j) : (i−h, j−v) ∈ U} .

By the shift invariance property of2-D constraints, we get that
ϕ belongs toS(U) if and only if the compositionϕ ◦ σ−h,−v

belongs toS(σh,v(U)), for every(h, v) ∈ Z
2.

Our coding scheme will be defined through a periodic tiling
(i.e., a partition with a certain regular pattern) of the plane
Z

2 using shifted copies of (generally) two types of nonempty
finite subsetsB,W ⊂ Z

2, and we refer hereafter to these
copies, respectively, as “black” and “white” tiles. The setof
locations of the black tiles is defined by a lattice

L = L(A) =
{

(i, j) = (t, u)A : (t, u) ∈ Z
2
}

for some2 × 2 integer matrixA, so that the black tiles

σh,v(B) , (h, v) ∈ L ,

are all disjoint. The set of locations of the white tiles is defined
by some shifted copy ofL: for some(ℓ, ℓ′) ∈ Z

2, these tiles
are given by

σh,v(W ) , (h, v) ∈ σℓ,ℓ′(L) ,

where all the tiles (black and white) are disjoint and coverZ
2.

Thus, a tiling is characterized by the triple(B,W,L), and the
shift (ℓ, ℓ′) can be taken as any pair that yields a covering ofZ

2

(for our purposes, the particular pair selected is immaterial).
Example 2.1:Figure 1 shows a tiling ofZ2 with

B = Qm, W = Qm+1,

and

L =
{

(i, j) = (t, u)
(

m m+1
2m+1 1

)

: (t, u) ∈ Z
2
}

,

with the shift (ℓ, ℓ′) = (−1,m) (the figure is drawn to scale
for m = 2).
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Fig. 1. Example of a tiling ofZ2.

For two nonempty finite subsetsN , T ⊂ Z
2, we letN ⊕T

denote the following list of|N | shifted copies ofT :

N ⊕ T = (σr,s(T ))(r,s)∈N

(typically, we will takeT to beW ). Given a2-D constraint
S, we define accordingly the following set:

S(N ⊕ T ) =
{

y = (yr,s)(r,s)∈N : yr,s ∈ S(σr,s(T ))
}

.

That is, each elementy ∈ S(N ⊕T ) is a list of S-compatible
configurations which are defined on|N | shifted copies ofT ,
where the shifts are determined byN .

Given now a listy = (yr,s)(r,s)∈N in S(N ⊕ T ) and an
additional nonempty finite subsetU ⊂ Z

2, we defineS(U ; y)
to be the set of all configurationsψ ∈ S(U) such thatψ can
be extended to an arrayx = x(ψ) = (xi,j) in S that agrees
(with ψ and) with each entry in the listy; namely, for every
(i, j) ∈ U ,

ψ(i, j) = xi,j ,

and for every(r, s) ∈ N and (i, j) ∈ σr,s(T ),

yr,s(i, j) = xi,j

(typically, U will be taken as a black tile).
Example 2.2:Figure 2 shows a portion of the tiling

described in Example 2.1, including the black tileB = Qm

(namely, the black tile in Figure 1 that contains the point
(0, 0)) and a surrounding neighborhood of four white tiles.
These white tiles are given byσh,v(W ), whereW = Qm+1

1 1 0

1 0 0

0 1 0 1 0 0

0 0 1

1 0 1

1 0 0

1 0 1

0 1 0

0 0 1

0 0 1

0 1 0

Fig. 2. Example of a neighborhood ofB.

and (h, v) is any of the four elements in

N = {(−1,m), (m, 0), (0,−m−1), (−m−1,−1)} . (1)

Hence, in this case, the listN ⊕W is the quadruple
(

σ−1,m(W ) σm,0(W ) σ0,−m−1(W ) σ−m−1,−1(W )
)

.

Figure 2 also shows examples of assignments of configurations
to the white tiles (assuming thatm = 2). All these configu-
rations can be verified to be compatible with respect to the
n.i.b. constraint; thus, ifS stands for this constraint, then the
following list of configurations

y =

(

1 1 0
1 0 0
0 1 0

1 0 0
0 0 1
1 0 1

1 0 0
1 0 1
0 1 0

0 0 1
0 0 1
0 1 0

)

belongs toS(N ⊕ W ). One can check that for this list of
configurations we have

S(B; y) =
{

1 0
1 1 ,

1 1
1 1

}

;

namely, there are (exactly) twoB-configurations that can be
assigned to the black tile in Figure 2 so that the bit pattern in
the figure can be extended into an array inS.

We call a tiling (B,W,L) valid for a given2-D constraint
S, if the following two conditions hold:

[CW] White tiles are freely configurable.For every two
nonempty finite subsetsM ⊂ σℓ,ℓ′(L) andU ⊂ Z

2

and every listy ∈ S(M⊕W ) one hasS(U ; y) 6= ∅.
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[CB] Black configurations are constrained only by a finite
neighborhood of white tiles.There is a nonempty
finite subsetN ⊂ σℓ,ℓ′(L) such that for every list
y ∈ S(N ⊕ W ) and every nonempty finite subset
U ⊂ Z

2 \B,

|S(B ∪ U ; y)| = |S(B; y)| · |S(U ; y)| .

Remark 2.1:Condition [CB] means that given any list
y ∈ S(N ⊕ W ), if we extend a configuration that already
agrees withy onS(N⊕W ) into anS-compatible configuration
x = (xi,j), the valuesxi,j at points(i, j) in B can be set
independently of the values that are set at points outsideB
(and∪(r,s)∈Nσr,s(W )).

Remark 2.2:By the shift invariance property ofS, Con-
dition [CB] remains unaffected if we replaceB andN therein
by σh,v(B) andσh,v(N ), for any (h, v) ∈ L.

In its basic setting, our coding technique will apply to
constraints for which valid tilings exist. Here are several
examples of such constraints.

Example 2.3:For the2-D (d,∞)-RLL constraint, we get
a valid tiling (B,W,L) by taking

B = W = Qm and L =
{

(mt,m(t+2u)) : (t, u) ∈ Z
2
}

,
(2)

for every integerm ≥ d (here the tiles form an infinite
checkerboard, where each square has orderm × m). To see
why Condition [CW] holds, suppose that each white tile that
intersects with a given finite subsetU ⊂ Z

2 is assigned a
configuration that is compatible with the constraint. Then a
compatibleU -configuration is obtained if each of the black
tiles that intersects withU is assigned the all-zero configu-
ration. As for Condition [CB], we take the neighborhoodN
as

N = {(0,m), (m, 0), (0,−m), (−m, 0)} (3)

(see Figure 3, which is drawn to scale form = 2). The
condition then holds since we assumem to be at least the
memory, d, of the 1-D (d,∞)-RLL constraint satisfied by
every row and column.

For similar reasons the same tiling is valid also for the2-D
(0, k)-RLL constraint, provided thatm ≥ k.

Fig. 3. Neighborhood for the valid tiling for the2-D (d,∞)-RLL and
(0, k)-RLL constraints, withm ≥ k, d.

Example 2.4:The tiling described in Example 2.1 is
valid for the n.i.b. constraint, for every integerm ≥ 2. We
leave the formal proof to the reader.

Given a2-D constraint, our coding scheme, to be presented
in the next section, will be based on a tiling that is valid for
the constraint. For the tilings in Examples 2.2 and 2.3, the
valuem therein will be one of the design parameters for the
scheme: larger values ofm are expected to yield higher coding
rates, yet with higher encoding and decoding complexity.

1) (Configuring the white tiles)For every(h, v) ∈ L′
n do:

a) Select a configurationϕh,v at random fromS(σh,v(W )),
according to the probability distribution

Pπ {ϕh,v = α} = π(α ◦ σh,v) , α ∈ S(σh,v(W ))

(the choice for distinct pairs(h, v) is carried out inde-
pendently).

b) For every(i, j) ∈ σh,v(W ), set

xi,j = ϕh,v(i, j) .
2) (Configuring the black tiles)For every(h, v) ∈ L′′

n do:
a) Let

ϕh,v = (ϕr,s)(r,s)∈σh,v(N )

be the list in S(σh,v(N ) ⊕ W ) whose entries are as
selected in Step 1. Select a configurationψh,v uniformly
at random fromS(σh,v(B);ϕh,v).

b) For every(i, j) ∈ σh,v(B), set

xi,j = ψh,v(i, j) .

3) (Setting the boundary values)For all (i, j) ∈ Qn\Q̂n, setxi,j

to take the smallest values (according to some lexicographic
ordering) so that(xi,j) becomes an element ofS(Qn).

Fig. 4. Procedure for selecting at random an array(xi,j) from S(Qn).

III. L OWER BOUND ON THE CAPACITY

Given a2-D constraintS for which a valid tiling(B,W,L)
exists, we next define a probability measure onS(Qn). Our
coding scheme will then realize this probability measure.

To handle boundary effects, we introduce the set

Q̂n =
(

⋃

(h,v)∈L′

n
σh,v(W )

)

∪
(

⋃

(h,v)∈L′′

n
σh,v(B)

)

(4)

where

L′
n =

{

(h, v) ∈ σℓ,ℓ′(L) : σh,v(W ) ⊆ Qn

}

(5)

and

L′′
n =

{

(h, v) ∈ L : σh,v

(

B ∪
⋃

(r,s)∈N σr,s(W )
)

⊆ Qn

}

;

namely, Q̂n is the largest subset ofQn that contains full
white tiles as well as full black tiles along with their whole
neighborhoods of white tiles (as specified byN ). Note that as
n goes to infinity, the ratiosn2/|L′

n| andn2/|L′′
n| converge to

|W | + |B|.
We start off with a prescribed probability distributionπ

which is defined on theS-compatibleW -configurations:

π : S(W ) → [0, 1] .

Next, we define the probability measureµn : S(Qn) → [0, 1]
through the procedure shown in Figure 4, which describes how
one selects at random an array(xi,j) from S(Qn).

We now compute the per-symbol entropyH(µn). Let Φ
denote the random(L′

n ⊕ W )-configuration formed by the
selections made in Step 1 in Figure 4; namely, for every
(h, v) ∈ L′

n and (i, j) ∈ W ,

Φ(i+h, j+v) = ϕh,v(i, j) .

It follows from Condition [CW] thatΦ is S-compatible. From
Step 1 it is easy to see that the entropy ofΦ (pern×n array)
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is given by
Hn(Φ) = |L′

n| ·H(π) , (6)

whereH(π) is the entropy (per tile) of a compatibleW -
configuration:

H(π) = −
∑

y∈S(W )

π(y) log π(y) .

Denote byΨ the random(L′′
n⊕B)-configuration formed by

the selections made in Step 2 in Figure 4: for every(h, v) ∈
L′′

n and(i, j) ∈ B,

Ψ(i+h, j+v) = ψh,v(i, j) .

(From Condition [CB] we get that the selections made in both
Steps 1 and 2 form a combined configuration which is in
S(Q̂n). Conditions [CW]–[CB] also guarantee that Step 3 will
always be successful in extending that configuration into one
in S(Qn).) The entropy ofΨ conditioned onΦ is readily given
by

Hn(Ψ|Φ) = |L′′
n| ·

∑

ϕ

Pπ{ϕ} log |S(B; ϕ)| , (7)

whereϕ = (ϕr,s)(r,s)∈N ranges over all lists inS(N ⊕W )
and

Pπ{ϕ} =
∏

(r,s)∈N

Pπ{ϕr,s} =
∏

(r,s)∈N

π(ϕr,s ◦ σr,s) . (8)

Combining (6) and (7), the per-symbol entropyH(µn) is
given by

H(µn) =
1

n2

(

Hn(Φ) + Hn(Ψ|Φ)
)

=
|L′

n|

n2
·H(π) +

|L′′
n|

n2
·
∑

ϕ

Pπ{ϕ} log |S(B; ϕ)|

=
1 − o(1)

|W |+|B|

(

H(π) +
∑

ϕ

Pπ{ϕ} log |S(B; ϕ)|
)

,

where ϕ ranges overS(N ⊕ W ) and o(1) stands for an
expression that goes to zero asn goes to infinity.

We thus get the following result.
Theorem 3.1:Let S be a2-D constraint for which there is

a valid tiling (B,W,L). Thencap(S) is bounded from below
by

cap(S) ≥ max
π

1

|W |+|B|

(

H(π) +
∑

ϕ

Pπ{ϕ} log |S(B; ϕ)|
)

,

(9)
whereϕ = (ϕr,s)(r,s)∈N ranges overS(N ⊕W ), the prob-
abilities Pπ{ϕ} are defined by (8), and the maximization is
taken over all distributionsπ : S(W ) → [0, 1].

Table I presents the lower bound of Theorem 3.1 for several
2-D constraints. For all except the n.i.b. constraint, we used the
checkerboard tiling of Example 2.3, withm taken as indicated
in the last column of the table (for the n.i.b. constraint,
we used the tiling of Example 2.1). When computing the
bound of Theorem 3.1, we took advantage of properties of
the constraint (such as rotational and reflectional symmetries)
in order to reduce the number of parameters that determine
the distributionπ over which we maximized. The values in the

TABLE I

LOWER BOUND ON THE CAPACITY FOR SEVERAL2-D CONSTRAINTS.

Constraint Theorem 3.1 Ref. [11] Earlier record m

(2,∞)-RLL 0.44417 0.44420 0.4423 [12] 5
(3,∞)-RLL 0.36562 0.35973 0.3641 [9] 5
(0, 2)-RLL 0.81600 0.81549 0.7736 [13] 4

n.i.b. 0.92086 0.92264 0.9156 [8] 3

third column of Table I are the lower bounds on the rates of bit-
stuffing encoders as presented recently in [11]: these bounds
turn out to be comparable to those obtained from Theorem 3.1.
The fourth column in the table presents the best lower bounds
on the capacity that were known prior to this work and [11].

The procedure in Figure 4 can be made into a variable-rate
encoder for any2-D constraintS that satisfies the condition
of Theorem 3.1, using the method suggested in [10] (see
also [14]). Specifically, we realize the random selections
made in Step 1 through one distribution transformer which
maps, in a one-to-one manner, a sequence of fair coins (i.e.,
statistically independent Bernoulli random bits, each equaling
0 with probability 1/2), into a sequence of configurations in
S(W ) which are statistically independent and are distributed
according to the maximizingπ. Once the configurations on
the white tiles have been determined, Step 2 in Figure 4 can
be realized by enumerative coding [1, Chapter 6]. The rate of
the encoder thus obtained will approach the lower bound of
Theorem 3.1 (there will be a small rate penalty which results
from the boundary effects caused by Step 3 in Figure 4, and
an additional penalty caused by the finite accuracy by which
the distribution transformer simulates the maximizingπ).

IV. GENERALIZATIONS AND IMPROVEMENTS

In this section, we discuss several generalizations of the
bounding (and coding) method described in Section III.

A. Multilevel tilings

The requirement that there is a valid tiling for the constraint
does restrict the generality of Theorem 3.1. One possible
remedy is introducing more than two types (colors) of tiles.
Namely, we can allow also “gray” tiles, each being a shifted
copy of some nonempty finite subsetG ⊂ Z

2, and all the
gray tiles lie along a shifted copy of the latticeL so that all
tiles (black, gray, and white) are disjoint and coverZ

2. Such
a (generalized) tiling will then be said to be valid for a given
2-D constraintS if the following three conditions hold:

[CW] White tiles are freely configurable.
[CG] Gray configurations are constrained only by a finite

neighborhoodM of white tiles.
[CB’] Black configurations are constrained only by a finite

neighborhood of white and gray tiles.

A probability measureµn can now be defined onS(Qn)
through a probability distributionπ : S(W ) → [0, 1], and a
conditional probability distribution

γ : S(G) × S(M⊕W ) → [0, 1] ,
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whereγ(ψ|y) stands for the probability of aG-configuration
ψ, given that the neighboring white tiles are configured by the
list y ∈ S(M ⊕W ). The distributionγ should be such that
γ(ψ|y) > 0 only whenψ ∈ S(G; y).

It is not difficult to generalize the lower bound of The-
orem 3.1 to include gray tiling, and the maximization then
will be on bothπ and γ. In fact, this generalization can be
taken even further to include several gray levels, where the
configurations on tiles at a given gray level are constrained
only by a finite neighborhood of “lighter” levels of gray.

Example 4.1:The 2-D “non-attacking kings” (in short,
n.a.k.) constraint is defined as the set of all binary arrays(xi,j)
in which all horizontally, vertically, and diagonally adjacent
entries to a “1” have to be “0” (formally, if xi,j = 1 then
xr,s = 0 for all (r, s) ∈ σi−1,j−1(Q3)\{(i, j)}; this constraint
is called the “square constraint” in [15]). For this constraint,
we get a valid tiling(B,G,W,L) by taking1

B = W = Qm , G = Q1 ∪ σ−1,m(Q1) ,

and

L =
{

(i, j) = (t, u)
(

m−1 m+1
m+1 −m+1

)

: (t, u) ∈ Z
2
}

,

for every integerm ≥ 2. The respective neighborhood of a
black tile for m = 3 is shown in Figure 5. Table II shows

-3
-2
-1
0
1
2
3
4
5

-3 -2 -1 0 1 2 3 4 5

Fig. 5. Neighborhood for the valid tiling for the n.a.k. constraint.

the lower bounds on the capacity of this constraint obtained
when (the generalization of) Theorem 3.1 is applied to this
tiling, for m = 3, 4, 5. Also shown in the table is the number
of variables that parametrizeπ (the conditional distribution
γ is parametrized here by one variable only—the probability
that a gray tile is assigned the value “1”, provided that this
value is allowed by the neighboring white tiles). While the

TABLE II

LOWER BOUNDS ON THE CAPACITY OF THE N.A .K . CONSTRAINT.

m Lower bound No. of variables
3 0.423076 10
4 0.423955 33
5 0.424350 217

best bound in the table is still short of the current record,
0.425029, obtained by the Calkin–Wilf method [16], [15],
it is interesting to observe that a variable-rate encoder can
achieve a rate greater than0.423 using only3 × 3 tiles (and
two distribution transformers).

1Generally, a description of a tiling should also include theshift of L that
corresponds to the gray tiles. In our example, this shift is uniquely determined.

B. Allowing statistical dependence among white tiles

We may improve the bounds obtained through Theorem 3.1
by introducing statistical dependence among the white tiles
that are selected in Step 1 of Figure 4. The theorem will
essentially remain the same, except that the distributionπ
will be defined differently (and typically it will now be
parametrized by significantly more variables). With respect
to the new model ofπ, the termH(π) will still stand for
the entropy per tile of a compatibleW -configuration, and the
choice for the modelπ needs to be such that we should be
able to compute this quantity (or at least bound it from below).
We demonstrate this approach in the next example.

Example 4.2:Consider the2-D (1,∞)-RLL constraint
with the valid tiling of Example 2.3, and partition the lattice
L therein into shifts of the following infinite diagonal:

D = {(mt,mt) : t ∈ Z}

(clearly, L = ∪u∈Zσ2mu,0(D)). Next, we modify Step 1 in
Figure 4 so that along each (finite shifted) diagonal

D′
n(u) = L′

n ∩ σ2mu+ℓ,ℓ′(D)

the selected configurations(ϕh,v)(h,v)∈D′

n(u) form a stationary
Markov chainπ (independently for distinctu).

The lower bounds on the capacity that are obtained through
this probabilistic model are presented in the third column
of Table III (the second column shows the respective values
for the unmodified Step 1). As expected, by introducing the
statistical dependence we have gained improvements for any
givenm (but the number of variables that we maximize over
has increased as well).

TABLE III

LOWER BOUNDS ON THE CAPACITY OF THE2-D (1,∞)-RLL

CONSTRAINT.

m Independent Markov Pickard field BMRF field
1 0.566144 0.574094 0.584387 0.584418
2 0.582075 0.584798 0.587855

3 0.585350 0.586485
4 0.586459
5 0.586974

Further improvements can be obtained if we now assume
that the white tiles are configured according to a distribution
that is a stationary Markov random field. Table III shows the
results for two types of random fields: the Pickard field [17]
and a binary Markov random field (in short, BMRF) due to
Champagnatet al. [18]. In our maximization procedure for
the case of the Pickard field, we applied an iterative algorithm
which is similar to the one presented by Forchhammer and
Laursen in [8] (unlike [8], however, the random field in
our case is defined over unconstrained configurations, due to
Condition [CW]). The bound we obtain with the Pickard field
for m = 2 agrees with the (true) value of the capacity up to
the first four decimal places [16].

For the n.a.k. constraint (Example 4.1), the Markov chain
approach yields, form = 4, a lower bound of0.424558.
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C. Multidimensional constraints

The technique that was presented in this work can be
adapted to handleλ-dimensional (λ-D) constraints in dimen-
sionsλ > 2. For example, for theλ-D (1,∞)-RLL constraint
one gets the lower bound

max
p∈[0,1]

1
2

(

H(p) + (1 − p)2λ
)

, (10)

when taking theλ-D extension of the tiling of Example 2.3
with m = 1 (hereπ is specified by one parameter only—the
probabilityp that a whiteλ-D tile is assigned the value “1”).
For the caseλ = 3, the bound (10) equals0.513864: this value
is smaller than the lower bound of0.5225 obtained by Nagy
and Zeger in [19], but it is higher than their lower bound on
the rate of a bit-stuffing encoder [14]. The bound (10) (for
λ = 3) improves to (at least)0.521270 when we assume a
distribution model which is a generalization of Pickard field
to three dimensions [20]. We next describe how the model
studied in [20] can be adapted to our setting.

For a positive integern, let Cn denote then× n× n cube

Cn = {(i, j, k) ∈ Z
3 : 0 ≤ i, j, k < n} .

We consider the3-D tiling (B,W,L) whereB = W = C1

and
L = {(i, j, k) : i+j+k ≡ 0 (mod 2)} .

Figure 6 depicts the neighborhood of a1 × 1 × 1 black tile
(marked as a filled circle) at some position(i, j, k) ∈ L. The
neighborhood consists of six tiles (marked as hollow circles)
at the following positions:

L = (i−1, j, k), R = (i+1, j, k), D = (i, j−1, k),

U = (i, j+1, k), B = (i, j, k−1), and F = (i, j, k+1) .

- i

6
j

	k
D

R

B

F

L

U

Fig. 6. Neighborhood of a3-D black tile.

Denote byL′ the 3-D lattice of the positions of the white
tiles, namely,

L′ = σ0,0,1(L) = {(i, j, k) : i+j+k ≡ 1 (mod 2)} .

In order to define the joint distributionπ of the configurations
assigned to the white tiles, we will map the latticeL′ ontoZ

3

using the following bijectionτ : L′ → Z
3:

τ(i, j, k) = 1
2 (i−j+k+1, i+j+k+1,−i+j+k+1) .

Figure 7 shows the images under the mappingτ of the points
shown in Figure 6. As we can see, the six positions of the white
tiles are mapped to six points in a shifted cubeσh,v,z(C2),
where (h, v, z) = τ(i, j, k−1) (the image of pointB). For

reference, Figure 7 also shows the image of the position
(i, j, k) of the black tile in Figure 6, assuming that the domain
of τ is extended to the whole setZ

3.

- h

6
v

	z

τ(B) τ(D)

τ(L)

τ(R)

τ(U)
τ(F)

Fig. 7. Neighborhood of a3-D black tile under the mappingτ .

Fix some (large) positive integern, and let

π0 : {0, 1}n×n×n → [0, 1]

be a 3-D Pickard field as defined in [20]. Namely,π0 is a
distribution over all configurationsϕ : Cn → {0, 1} that
satisfies certain stationarity and symmetry properties, and is
completely characterized by the marginal distribution ofC2-
configurations. In particular, due to the stationarity ofπ0, we
can easily compute the per-symbol entropy ofπ0. For more
details, see [20].

Let Rn denote the rhombohedron inZ3 which is the
pre-image set ofCn under the mappingτ . We now define
the distributionπ : Rn → [0, 1] on all unconstrained bi-
naryRn-configurations as follows: for everyRn-configuration
x = (xi,j,k)(i,j,k)∈Rn

, the valueπ(x) equalsπ0(y), where
y = (yh,v,z)(h,v,z)∈Cn

is given by

yτ(i,j,k) = xi,j,k , (i, j, k) ∈ Rn .

The distributionπ on the joint configuration assignment
of white tiles inherits the desirable properties of the3-D
Pickard fieldπ0: first, we can compute the entropy ofπ, and,
secondly, we can compute the distribution of the configuration
assignment of the neighborhood of a black tile, since that
neighborhood is mapped byτ into a shifted copy ofC2.

It is worthwhile pointing out that the maximization in the
right-hand side of (9) is not necessarily convex, and this
applies to the generalizations of (9) that are implied by the
discussion of this section. As an example, it follows from the
next proposition that for any dimensionλ ≥ 3, the expression
that is maximized in the right-hand side of (10) has two local
maxima in the interval[0, 1].

Proposition 4.1:For a positive integern, let the function
fn : [0, 1] → R be defined by

fn(p) = H(p) + (1 − p)n .

Then forn ≥ 5, this function has (exactly) two local maxima
in the interval[0, 1].

For n = 4 (which corresponds to dimensionλ = 2) we get
only one maximum, atp ≈ 0.1702, as shown in Figure 8(a).
The functionp 7→ f6(p) is depicted in Figure 8(b).

Proof of Proposition 4.1:The first derivative offn(p) is
given by

f ′
n(p) = log2

(1 − p

p

)

− n(1 − p)n−1 .
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- p

6

f4(p)

0

0.17 1.0

(a)

- p

6

f6(p)

0

0.025 0.446 1.0

(b)

Fig. 8. Functionsp 7→ fn(p) for n = 4, 6.

On the one hand, we havelimp→0+ f ′
n(p) = ∞. On the other

hand, forp = εn = 1/n we get

f ′
n(εn) = log2 (n−1) − n

(

1 −
1

n

)n−1

, (11)

which is negative forn ≥ 2 (the right-hand side of (11) is
smaller thanlog2(n−1)− (n/e), wheree = 2.71828 . . . is the
base of natural logarithms). It follows that the interval(0, εn)
contains at least one local maximum offn(p). Similarly, for
n ≥ 5 we havef ′

n((1/2)−εn) > 0 and f ′
n(1/2) < 0, which

means thatfn(p) has a local maximum also in the interval
((1/2)−εn, 1/2).

In order to show that there are exactly two local maxima
of fn(p) in [0, 1], it is sufficient to prove that the second
derivative

f ′′
n (p) =

log2 e

p(p− 1)
+ n(n−1)(1 − p)n−2

has at most two zeros in the interval(0, 1). Equivalently, it
suffices to show that the polynomial

gn(p) = p(1 − p)n−1 −
log2 e

n(n−1)

has at most two zeros in(0, 1). Indeed, this holds since the
derivative

g′n(p) = (1 − p)n−2(1 − np)

has only one zero in that interval (atp = 1/n).

Turning back to theλ-D extension of the tiling of Exam-
ple 2.3 withm = 1, we now analyze the effect of increasing
the dimensionλ on the lower bound (10). Asλ (= n/2)
goes to infinity, the abscissa of the smaller local maximum of
fn(p) tends top = 0: this probability value corresponds to
assigning “0” (with probability 1) to each white tile, thereby
allowing the black tiles to be unconstrained. The abscissa of
the larger local maximum tends top = 1/2: this, in turn,
corresponds to an equiprobable distribution on the white tiles,
thereby forcing the assignment of “0” to any given black tile
with probability1. Thus, whenλ→ ∞, the lower bound (10)
approaches1/2 and, in that limit, the maximum is attained at
p = 0 and p = 1/2. In fact, it is known that in the limit,
the capacity of theλ-D (1,∞)-RLL constraint approaches
1/2 [21, Theorem 1.4], [22, p. 57].
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