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Notation and Abbreviations

Z — the set of integers

Z
+ — the set of positive integers

R — the set of real numbers

[s] — the set {0, 1, . . . , s−1}
Σ — a finite alphabet

Σn — the set of words of length n over alphabet Σ

λ(A) — the Perron eigenvalue of a square matrix A

G = (V,E) — a finite labeled graph with set of states V

and set of edges E

AG — the adjacency matrix of graph G
Mq(n, t) — the largest size of any t-grain-correcting

code over q-ary alphabet

Mq(n, t) — the largest size of any t-grain-detecting

code over q-ary alphabet

Rq(τ) — the asymptotic rate of ⌈τn⌉-grain-correcting
codes over q-ary alphabet

Rq(τ) — the asymptotic rate of ⌈τn⌉-grain-detecting
codes over q-ary alphabet

WOM — write-once memory

WEM — write-efficient memory

i.i.d. — independent and identically distributed

cws — confusable in a wider sense
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Chapter 1

Introduction

Conventional magnetic recording media are composed of basic magnetizable

units called grains which might be random in size and shape. Information

is stored on the medium through a write mechanism that sets the magnetic

polarities of the grains. Each grain can be magnetized to take on one of the

two possible types of magnetic polarity. Thus, each grain represents at most

one bit of information. If the boundaries of the grains had been known to

the write and the readback apparatuses, then, theoretically, it would have

been possible to attain the storage capacity of one bit per grain.

However, even if the write and the readback apparatuses were aware

of the shapes and locations of specific grains in the medium, it would still

be impossible to attain the capacity of one bit per grain since the existing

technologies are still incapable of setting magnetic polarities of regions as

small as a single grain. In current technologies, the writing in a magnetic

medium is carried out by dividing the medium into periodically partitioned

cells and writing one bit of data into these cells. Since a cell is typically larger

in size than a grain, the writing of a bit into a cell boils down to uniformly

magnetizing all the grains inside the cell (whereas the grains straddling the

boundary between cells can be neglected). For a general background on the

subject of magnetic recording we refer the reader to [35].

Recently, Wood et al. [36] proposed an approach whereby magnetizing

areas as small as the size of grains are achievable, thereby effectively cre-

ating a different type of medium where the grain polarity is determined by

the last bit written into the grain. To simplify the original two-dimensional

problem, we will model the new medium as a one-dimensional array of bit

cells over which the granular structure is imposed by means of grouping ad-

jacent cells into grains of arbitrary lengths. Reading information from the

chain of cells is considered reliable whereas writing within a cell overwrites
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the contents of all the cells pertaining to the same grain, thereby introduc-

ing substitution errors. This combinatorial error model was considered by

Mazumdar et al. [26]; we elaborate on the model and the results obtained

in [26] in Section 1.1.

A different way of modeling the same medium is a probabilistic one.

Instead of introducing the granular structure, we can assume that errors can

occur with a prescribed probability distribution only in the cells whose value

differs from the value of the previously-written cell. This characterization

introduces a one-dimensional channel, that is, a “black box” with inputs and

outputs such that an output can differ from the corresponding input due to

the adversary distortions of the medium. We elaborate on the probabilistic

model, suggested by Iyengar et al. [13], in Section 1.2; the survey of the

results of [13] is presented therein as well.

Another example of a (relatively) recently emerged storage media are

flash memories. Interestingly, the research on the subject starts with the

paper of Rivest and Shamir [28] in 1982 who (in the context of digital opti-

cal disks) considered the write-once memory (in short, WOM) whose basic

storage elements could irreversibly transit from state 0 to state 1. An even

earlier example of a WOM is the punch card. A flash memory is built of

blocks of memory cells where each cell can take one of the possible q values

from 0 to q−1 (determined by the appropriate threshold voltage). Unlike in

WOMs, the memory cells can all be erased (i.e. set to value 0), yet the era-

sure operation is several orders of magnitude slower than the writing, hence,

to save time, it makes sense to erase cells in blocks, rather than individually.

Any transition other than erasure cannot decrease the values of memory

cells. An additional characterization of the flash memory is that a memory

cell can endure only a limited number of erasures (typically, ∼105), posing

the problem of the optimal leveling of the wear among the memory cells in

the flash memory. We review the notable results related to this medium in

Section 1.3.

Our own contribution and insights into the posed problem are unveiled

in Section 2; therein we somewhat extend the combinatorial model of [26].

The main inspiration for our results is the theoretical platform established

in [24] (which, in turn, relies on the idea of [19]) central points of which are

recapped in Section 2.1.

Chapter 3 lists the objectives that we set for the future research.
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1.1 Combinatorial error model

In what follows, we will define a somewhat generalized version of the com-

binatorial error model of the one-dimensional granular medium considered

by Mazumdar et al. [26].

Let [s] denote the set {0, 1, . . . , s−1} for any positive integer s. Let q

be a positive integer, and let Σ = [q] be an alphabet. A grain (of length

2) ending at location e in a word x = (xi)i∈[n] of length n over Σ causes

the value of xe to equal that of xe−1. Given n consecutive positions on the

medium (where words of length n over Σ are to be written), define a grain

pattern as a set S ⊆ [n]\ {0} containing all the grain locations in these n

positions. We will commonly refer to the elements of S (which indicate grain

locations) simply as grains. Thus, a grain pattern S inflicts errors to a word

x = (xi)i∈[n] over Σ by means of the smearing operator σ = σS that yields

an output word y = (yi)i∈[n] = σ(x) over Σ in the following way: for any

index e ∈ [n] \ {0}, ye = xe−1 if e ∈ S and ye = xe otherwise. We will say

that a grain pattern has overlaps if there exist two grains e, e′ ∈ S such that

e′ = e+1; otherwise the grain pattern will be called nonoverlapping.

Example 1.1. Let Σ = [3] (q = 3), n = 6, x = 102022, S = {1, 3, 5}
and S ′ = {1, 2}. Then σS(x) = 112222 and σS′(x) = 110022. The grain

pattern S is nonoverlapping whereas the grain pattern S ′ has overlaps.

For a positive integer t and x ∈ Σn, let Rt(x) be defined as the set of

all words y ∈ Σn such that there exist grain patterns S,S ′ of size t at most

for which σS(x) = σS′(y). We will refer to Rt(x) as the risk set of x of

radius t. Two words x,y ∈ Σn are t-confusable if y ∈ Rt(x) (and therefore

x ∈ Rt(y)). Words x and y are finitely-confusable if they are t-confusable

for some finite t; otherwise, we say that they are ∞-confusable. A code

C of length n over Σ (namely, a nonempty subset of Σn) is called t-grain-

correcting if no two distinct codewords in C are t-confusable. Let Mq(n, t)

denote the largest size of any t-grain-correcting code of length n over Σ. For

τ ∈ (0, 1), define the (asymptotic) rate of ⌈τn⌉-grain-correcting codes over

Σ as

Rq(τ) = lim sup
n→∞

1

n
logqMq(n, ⌈τn⌉).

By the same token, two words x,y ∈ Σn are t-undetectable if there exists

a grain pattern S of size t at most for which either σS(x) = y or σS(y) = x.

Words x and y are finitely-undetectable if they are t-undetectable for some

finite t; otherwise, we say that they are ∞-undetectable. A code C of length

n over Σ is called t-grain-detecting if no two distinct codewords in C are
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t-undetectable. Let Mq(n, t) denote the largest size of any t-grain-detecting

code of length n over Σ. For τ ∈ (0, 1), define the (asymptotic) rate of

⌈τn⌉-grain-detecting codes over Σ as

Rq(τ) = lim sup
n→∞

1

n
logqMq(n, ⌈τn⌉).

We will see in Section 2.5 that, in fact, Rq(τ) = 1 for any alphabet size q

and any τ .

Finally, let Hq : [0, 1] → [0, 1] denote the q-ary entropy function:

Hq(p) = −p logq p− (1−p) logq (1−p) + p logq (q−1).

Using a combinatorial method based on the counts of runs, the following

upper bound [26, Th. 2] on M2(n, t) was obtained for a fixed value of t.

Theorem 1.1. Let n, t ∈ Z
+ then

M2(n, t) ≤
2n+1t!

nt
(1+o(1))

where o(1) → 0 as n→ ∞.

Applying the same method in the asymptotic context yields the next

upper bound [26, Prop. 3] on the rate R2(τ).

Proposition 1.2. Let τ ∈ (0, 0.072] and let x = x(τ) be the smallest

positive solution of

H2(x) +
x

2
· H2

(
2τ

x

)
= 1.

Then R2(τ) ≤ H2(x).

We will elaborate on the run-based method in Section 2.3.

A simple construction was pointed out [26, Sec. 2] for ∞-grain-correcting

codes of any length n which we cite herein.

Construction 1.3. For an even positive n, the binary code

Cn =
{
c = (ci)i∈[n] : c2s = c2s+1 for any s ∈ [n/2]

}

is an ∞-grain-correcting code of length n and size 2n/2.

For an odd positive n, the code Cn = (0 | Cn−1) ∪ (1 | Cn−1) is a binary

∞-grain-correcting code of length n and size 2⌈n/2⌉.

In addition to the bound of Theorem 1.1, an additional general upper

bound [26, Cor. 5] on M2(n, t) was obtained by investigating properties of

the confusability graph of the code space. We cite its special case as the

following lemma.
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Lemma 1.4. For any n ∈ Z
+, M2(n, ⌊n/2⌋) ≤ 2⌈n/2⌉.

Construction 1.3 and Lemma 1.4 readily yield the following result.

Theorem 1.5. For any n ∈ Z
+, M2(n, ⌊n/2⌋) = 2⌈n/2⌉.

1.2 Probabilistic error model

Iyengar et al. [13] modeled the granular medium with grains of length 2

as a channel by means of three infinite binary vectors X = (Xi)
∞
i=0,Y =

(Yi)
∞
i=0,Z = (Zi)

∞
i=0 where X represents the input data, Y represents the

data actually written on the medium and Z represents the error to the

input, which is independent from X and Y. The relation between the three

is captured by the formula

Yi = Xi ⊕ (Xi ⊕Xi−1)⊗ Zi for i ∈ Z
+ ∪ {0} , (1.1)

where ⊕ and⊗ are binary addition and multiplication, respectively. Another

formula expressing the same relation is Yi = Xi−Zi
for i ∈ Z

+ ∪ {0}.
Denote the random processes whose realizations are X and Z by X and

Z, respectively. Denote by Igr(X ,Z) the mutual information per bit for

given probability distributions of the input process X and the error process

Z.

Iyengar et al. obtained lower and upper bounds on Igr(X ,Z) under

different characterizations of X and Z. If Z is an i.i.d. Bernoulli process

with parameter p and X is an i.i.d. process with uniform distribution, then

Igr(X ,Z) ≥ 1+p

2
H2

(
1+p2

2+2p

)
+

1−p

2
H2

(
1−p

2

)
− 1

2
H2(p)

and

Igr(X ,Z) ≤ 1−a

2
H2

(
1

2−2a

)
+

1+a

2
H2

(
1

2+2a

)
1

2
H2(p)

where a = p(1−p).

If Z is an i.i.d. Bernoulli process with parameter p and X is a symmetric

Markov process with memory 1 and transition parameter α (see [6, Sec. 2.8]

and Section 2.1), then

Igr(X ,Z) ≥ (1−α(1−p))H2

(
α(1−α(1−p2))

1−α(1−p)

)
+α(1−p)H2(α(1−p))−αH2(p)
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and

Igr(X ,Z) ≤
[
α2(1− α)(1− a) + α2(3− α)a+ (1 + α)(1− α)2

]
×

H2

(
α2(1− α)(1− a) + α3a+ α(1− α)2

α2(1− α)(1− a) + α2(3− α)a+ (1 + α)(1− α)2

)
+

[
2α2(1−α)(1− a) + α3(1− 2a) + α(1− α)2

]
×

H2

(
α2(1− α)(1− a) + α3a+ α(1− α)2

2α2(1− α)(1− a) + α3(1− 2a) + α(1− α)2

)
−αH2(p),

where, again, a = p(1−p).

The zero error capacity of a noisy channel [31] is defined as the least

upper bound of rates at which it is possible to transmit information with

zero probability of error. Iyengar et al. proved that the zero error capacity

of the discrete-output binary-input channel described by (1.1) is 0.5; this

result is, in fact, an asymptotic version of Theorem 1.5.

1.3 Flash memories

1.3.1 WOM codes

Define an 〈n, k, t〉 WOM code as a coding scheme that uses n (write-only)

memory cells to represent information of k bits that can be rewritten a total

of t times. The naive way to write a 2-bit value twice into a WOM is by

means of 4 memory cells (the first value is written into the first two cells and

the second value — into the last two cells), thereby implying the existence

of a 〈4, 2, 2〉 WOM code. Rivest and Shamir showed [28, Lemma 1] a coding

scheme that achieves the same goal with only 3 memory cells and proved [28,

Lemma 4] that the obtained 〈3, 2, 2〉 WOM code is optimal (that is, uses the

minimal number of memory cells to “rewrite 2 bits twice”).

Cohen et al. [5] and Godlewski [10] employed coset coding based on error-

correcting codes to obtain many rewrites on a WOM. Let C be an [n, k, d]

binary linear code and let H be its parity-check matrix. The information

word u of length n−k is regarded as a syndrome (with respect to H), and

the writing into the WOM is carried out by storing a coset leader y whose

syndrome Hy⊤ equals u. Interpreting the data y written to the WOM boils

down to calculating its syndrome Hy⊤. To obtain multiple rewrites, the

original code is shortened on the coordinates corresponding to the memory

cells whose values were set to 1 in the previous runs. In this manner, a

〈23, 11, 3〉 WOM code and
〈
2m−1,m, 2m−2+2m−4+1

〉
WOM codes (for any

m ≥ 4) were obtained based on the well-known binary [23, 12, 7] Golay

code [22, Sec. 2.6] and the [2m−1, 2m−m−1, 3] Hamming codes [22, Sec. 1.7],

7



respectively. Since finding a coset leader necessitates a complete decoding

algorithm for the code C, it is crucial for the efficient operation of the WOM

code that there exists a fast decoding algorithm for C and its shortened

versions.

Zémor and Cohen [40] considered a broader problem of constructing

WOM codes that are capable of error correction. Using two- and three-

error-correcting BCH codes [22, Ch. 9], [30, Sec. 5.6, Sec. 8.4], they showed

the existence of two families of single-error-correcting WOM codes for any

m ≥ 3:

〈n = 2m−1,m, n/15.42+o(n)〉 and
〈
n = 22m−1, 2m,n/26.9+o(n)

〉
. (1.2)

Yaakobi et al. [38], based on their own construction of single-error-

detecting WOM codes and the triple-error-correcting BCH-like codes due

to Kasami [17] (also see [4]), constructed single-, double- and triple-error-

correcting WOM codes that outperformed the codes of [40] in terms of the

WOM rate kt/n. Specifically, the construction by Yaakobi et al. yielded [38,

Ex. 2] a single-error-correcting WOM code of WOM rate

k(5 · 2k−4 + 1)

2 · 2k − 1
≥ log2 (3.2(t− 1))

6.4
,

which is an improvement on the WOM rates of WOM codes in (1.2).

The definition of a WOM code and a WOM rate slightly change, when

the number of values stored in a WOM is allowed to be different on each

write. Define an
〈
n, (Mi)i∈[t], t

〉
WOM code as a coding scheme using n

(write-only) memory cells to represent an information that can be rewritten

t times and the number of values that one can store on the i-th write is Mi

for i ∈ [t]. The WOM rate of such a code is defined to be
∑

i∈[t] log2Mi

n
.

The maximum achievable WOM rate of an
〈
n, (Mi)i∈[t], t

〉
WOM code

was proved [8], [11] to be log2(t+1), yet there is still a gap between this

theoretical bound and the best known WOM rates of
〈
n, (Mi)i∈[t], t

〉
WOM

codes. Even for t = 2, although it has been proved by Yaakobi et al. [37,

Th. 4] that there exists a family of WOM codes whose WOM rate at-

tains log2 3 ≈ 1.58 as n → ∞, the best known WOM rate of a specific

〈n,M0,M1, 2〉 WOM code is 1.4928. This result is due to the linear code-

based construction by the same authors [37, Sec. 3], an adaptation of which

also yields a specific 〈n, k, 2〉 WOM code of the WOM rate 2k/n ≈ 1.4546

that is short of the theoretical upper bound of ≈ 1.5458 due to [28, Sec. 4A].
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1.3.2 Flash codes

Flash codes (or floating codes), first introduced in [14], can be viewed as

a generalization of WOM codes to multilevel (q-ary flash) memory cells.

An 〈n, k, t〉q flash code is a coding scheme for storing k bits in n memory

cells with q levels, each enabling up to t rewrites between two consecutive

erasures. Define the write deficiency of a flash code C, denoted by wd (C),
as wd (C) = n(q−1)−t; in other words, the write deficiency measures how

efficient the code C is in terms of utilizing the available transitions between

two consecutive erasures. Jiang et al. have found [14, Th. 2] a general lower

bound (the best known lower bound up to date) on wd (C) for an 〈n, k, t〉q
flash code C:

wd (C) ≥ Ω(qk).

Yaakobi et al. [39] and later Mahdavifar et al. [23] reported upper bounds

on the write deficiency which do not depend on the value of n. Specifically,

the best known upper bound on wd (C) for an 〈n, k, t〉q flash code C to date

is due to [23, Th. 3]:

wd (C) ≤ O(max {q, log k} k log k).

1.3.3 Rank-modulation

Recently, a new scheme for storing data in flash memories, called the rank-

modulation scheme, was proposed in [15] and [16]. The rank of a memory

cell in the flash memory is defined as the relative position of its charge

level among the charge levels of all the memory cells, hence the ranks of

n memory cells induce the symmetric group Sym (n) of permutations on

[n] which are used to store information. The main goal in the proposed

scheme is to eliminate the risk of overprogramming and reducing the effect

of asymmetric errors caused by the rigid setting of charge levels in memory

cells. Jiang et al. considered the problem of error correction in this new

scheme and constructed [16, Constr. 8] a family of single-error-correcting

codes of size 0.5(n−1)! at least, that is, at least half the feasible maximum.

Arguably, the most natural metric on Sym (n) is the Kendall tau dis-

tance which is defined as the minimum number of transpositions of pairwise

adjacent elements to turn one permutation into another. Let M(n, d) be the

maximum size of the code over Sym (n) with (Kendall tau) distance at least

d between any two permutations. Define the capacity of codes of distance d

as

Crank(d) = lim
n→∞

ln M(n, d)

lnn!
.
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Barg and Mazumdar proved [3, Th. 3.1] that

Crank(d) =





1 d = O(n)

1− ǫ d = Θ(n1+ǫ)

0 d = Θ(n2)

.

1.3.4 Write-efficient memories

Associating a cost to transitions instead of disallowing some of them alto-

gether gives rise to a different model called write-efficient memories (WEM,

in short) coined by Ahlswede and Zhang [2]. In this model, just like in flash

memories, the cell state is allowed to take on any of the values from [q],

and the cost assigned to the transition from state x to state x′ is denoted

by κ(x′ | x). Let X and X ′ be random variables representing the old and

new contents of a memory cell, PX,X′ denote their joint probability distri-

bution, PX and PX′ be the marginal probability distributions of X and X ′,

respectively, and EPX,X′ {·} be the expectation operator under the probabil-

ity distribution PX,X′ . The information-theoretic result by Ahlswede and

Zhang [2, Th. 1] states that the storage capacity Cst(ξ) of the WEM, subject

to average cost ξ, is given by

Cst(ξ) = max
P
X,X′ : PX=P

X′ ,

EP
X,X′

{κ(X′|X)}≤ξ

Hq(X
′ | X), (1.3)

where Hq(X
′ | X) = −∑

x∈[q]

∑
x′∈[q] PX,X′(x, x′) logq

PX,X′ (x,x′)
∑

x∈[q] PX(x) . This re-

sult bears a resemblance to Lemma 2.1 that we are about to see in Sec-

tion 2.1.

Lastras-Montaño et al. [20] focused on the cost matrix

κ(x′ | x) =
{

1 x′ < x

0 otherwise
,

which assigned a cost of “one” to all the transitions to lower values and a

cost of “zero” to the rest. In this case, the closed-form solution to (1.3) is

Cst(ξ) = log
1−αq
1−α − α logα

1−qαq−1+(q−1)αq

(1−α)(1−αq) ,

where α = α(ξ) ∈ (0, 1) is a parameter arising from the method of Lagrange

multipliers. In the same paper [20, Sec. 4], codes (waterfall, multicell and

hypercell) with low implementation complexity and good performance were

presented, although there is a gap between their rates and Cst(ξ) (see [20,

Fig. 3] and [20, Fig. 4]).
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Chapter 2

Preliminary results

This chapter is organized as follows. In Section 2.1, we list the definitions

and the known results which will be of use later in the chapter. In Sec-

tion 2.2, we compute asymptotic Gilbert–Varshamov-like lower bounds on

Rq(τ) for different values of q, using the tools mentioned in Section 2.1. In

Section 2.3, we find an upper bound on M2(n, t) using a general technique

from [1]. In Section 2.4, we present constructions of binary t-grain-correcting

codes of length n for some values of n and t and show the optimality and the

uniqueness of some of these codes. In Section 2.5, we present constructions

of ∞-grain-detecting codes of rates close to 1.

2.1 Useful tools

2.1.1 Markov chains

Let G = (VG, EG) be a directed graph. Let P : EG → [0, 1] be a probability

distribution on EG where P (e) denotes the probability to traverse the edge

e ∈ EG during a random walk on G. In other words, P (e) ≥ 0 for e ∈ EG and∑
e∈EG

P (e) = 1. A stationary Markov chain is a probability distribution

P on EG such that

∑

e=(v′,v)∈EG

P (e) =
∑

e=(v,v′)∈EG

P (e)

for any v ∈ VG; in other words, in stationary Markov chains there is a

preservation of the probability flow: the probability that flows into a state

is equal to the probability that flows out of the state. The (stationary)

probability π(v) to be in a state v ∈ VG in a random walk on G according
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to a stationary Markov chain P is

π(v) =
∑

e=(v,v′)∈EG

P (e).

For a stationary Markov chain P : EG → [0, 1], a positive integer k and

a vector function f : EG → R
k, denote by EP {f} the expected value of f

with respect to P , that is,

EP {f} =
∑

e∈EG

P (e)f(e).

Finally, the entropy rate of a stationary Markov chain P is defined as1

Hq(P ) = −
∑

v∈VG

∑

e=(v,v′)∈EG

P (e) logq
P (e)

π(v)
.

2.1.2 Optimizing concave functions

We proceed by citing special cases of [24, Lemma 2] and [24, Lemma 5]

which are consequences of well-known results on optimizing convex (concave)

functions subject to linear equality and linear inequality constraints (also

see [7, Lemma 2], [21, pp. 312–316], [27, Ch. 2, Th. 25] and [29, Sec. 28]).

In both lemmas, M(f ;U) denotes the set of all stationary Markov chains P

on a graph G such that EP {f} ∈ U ⊆ R
k.

Lemma 2.1. Let G = (VG, EG) be a primitive graph and f : EG →
R
k be a vector function. Let U be an open rectangular parallelepiped∏
i∈[k] (s̃i, si) and let Γn be a set of all cycles of length n in G. Then

lim
n→∞

1

n
logq

∣∣{γ ∈ Γn : EPγ{f} ∈ U
}∣∣ = sup

P∈M(f ;U)
Hq(P ).

Let k be a positive integer. For a graph G = (VG, EG), a vector of

indeterminates z = (zi)i∈[k] ∈ (0,∞)k, and a function f = (fi)i∈[k] : EG →
R
k, define the matrix function AG(z) : (0,∞)k → R

|VG|×|VG| (whose rows

and columns are indexed by VG) as

[AG(z)]v,v′∈VG =





zf(e) =
∏

i∈[k]

z
fi(e)
i e ∈ EG

0 otherwise

(2.1)

where e = (v, v′).

1In this definition we assume that 0 logq 0
△

= 0.
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Lemma 2.2. Let k, k′ ∈ Z
+. Let p = (pi)i∈[k′] ∈ [0, 1]k

′

and let G =

(VG, EG) be a graph. Let f : EG → R
k and f ′ : EG → R

k′ be vector

functions. Let U be a closed rectangular parallelepiped
∏
i∈[k] [0, si]. Then

sup
P∈M(f ;U)

EP {f ′}=p

Hq(P ) = inf
z,h

{logq λ(AG(z,h))−
∑

i∈[k]

si logq zi −
∑

i∈[k′]

pi logq hi},

where λ(·) denotes the spectral radius of a square real matrix, z = (zi)i∈[k]
ranges over (0, 1]k and h = (hi)i∈[k′] ranges over (0,∞)k

′

.

2.2 Gilbert–Varshamov-like bounds

For a subset X ⊆ Σn, let Wt(X ) =
∑

x∈X |Rt(x) ∩ X |. Namely, Wt(X )

is the number of ordered pairs of t-confusable words in X . The following

lemma is essentially a reformulation of [19, Lemma 1] for grain-correcting

codes.

Lemma 2.3. Let n, t be positive integers and let X ⊆ Σn. Then

Mq(n, t) ≥
|X |2

4Wt(X )
. (2.2)

Proof. Let Rt(X )
△

= Wt(X )/ |X | for any positive integer t. At most half

of the risk sets of radius t centered at a word from X have size greater

than 2Rt(X ), because otherwise the average risk set size exceeds Rt(X ).

Therefore, there are at least |X | /2 words in X whose risk sets of radius t

contain at most 2Rt(X ) words. Denote this set of words by X ′. For any

x ∈ X ′, |Rt(x) ∩ X ′| ≤ 2Rt(X ). Therefore, by picking up words of X ′ and

erasing their risk sets of radius t in what is left of X ′, we can construct a

t-grain-correcting code of size |X ′| /(2Rt(X )) ≥ |X | /(4Rt(X )).

Remark 2.1. We can get rid of the factor 4 in the denominator of the

right-hand side of (2.2) by following the proof in [33], but it will have no

effect on the asymptotical analysis we are about to do.

2.2.1 General alphabet size

The forthcoming discussion is meant to evaluate Wt(X ) for certain sets X
of words with prescribed empirical distribution of transitions.

Define graphs G(N) = (V (N), E(N)), G(O) = (V (O), E(O)) correspond-

ing to the scenarios without and with overlaps, respectively, as follows.

Let Σ = {a : a ∈ Σ} be a set where every element a designates a sym-

bol whose original value a ∈ Σ was smeared by a grain error. The set of
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states V (N) ⊆ (Σ ∪ Σ)2 is defined as V (N) = V0 ∪ V1 ∪ V2 where V0 =

{aa : a ∈ Σ}, V1 =
{
ab : ab ∈ Σ2, a 6= b

}
∪
{
ab : ab ∈ Σ2, a 6= b

}
, and V2 ={

ab : ab ∈ Σ2, a 6= b
}
. The set of states V (O) ⊆ Σ2 is defined as V (O) =

V0 ∪V3 where V3 =
{
ab : ab ∈ Σ2, a 6= b

}
. Specifically, for q = 2 (which will

be our running example throughout most of this section), V0 = {00, 11},
V1 =

{
01, 01, 10, 10

}
, V2 =

{
01, 10

}
, and V3 = {01, 10} (the states of the

set V2 will have no incoming edges for q = 2 in G(N), so for q = 2, we will

disregard V2 altogether). For x = (xi)i∈[n] ∈ (Σ ∪ Σ)n, define the operator

∂(x) = (∂(xi))i∈[n] such that ∂(a) = ∂(a) = a for every a ∈ Σ.

There is an edge in E(N) from v = ℓr to v′ = ℓ′r′ if

[N1] v′ ∈ V0, or

[N2] ℓ = ℓ′ ∈ Σ and rr′ ∈ ΣΣ, or ℓℓ′ ∈ ΣΣ and r = r′ ∈ Σ, or

[N3] ℓ = r′ ∈ Σ and ℓ′r ∈ Σ
2
, or ℓ′ = r ∈ Σ and ℓr′ ∈ Σ

2
, or

[N4] v ∈ V0, v
′ ∈ V2, ℓ 6= ∂(ℓ′), r 6= ∂(r′).

There is an edge in E(O) from v = ℓr to v′ = ℓ′r′ if

[O1] v′ ∈ V0, or

[O2] v ∈ V0 and v′ ∈ V3, or

[O3] v, v′ ∈ V3, ℓr 6= r′ℓ′ and either ℓ = r′ or r = ℓ′, or

[O4] v, v′ ∈ V3 and ℓr = r′ℓ′.

Given a path2 γ = (ℓiri)i∈[n] of length n−1 in G(N), define the sets

βL(γ) =
{
i : ℓi ∈ Σ

}
and βR(γ) =

{
i : ri ∈ Σ

}
. When the path γ is in

G(O), let βL(γ) = {i : ℓi 6= ri, ri−1 6= ℓi}, βR(γ) = {i : ℓi 6= ri, ℓi−1 6= ri}. In
addition, for an edge e ∈ (ℓr, ℓ′r′) in G(O), define the function µ : E(O) → [2]

that equals 1 if e satisfies Condition [O4] and 0 otherwise. Define

µ(γ) =
∑

i∈[n−1]

µ(ℓiri, ℓi+1ri+1)

for a path γ = (ℓiri)i∈[n] in G(O). Note that µ(γ) equals the number of

locations where (overlapping) grains, if switched from x = (ℓi)i∈[n] to the

corresponding index of y = (ri)i∈[n] (and vice versa), will still confuse x and

y. For completeness, let µ(γ) = 0 when γ is in G(N).

2Since there are no parallel edges in G
(N) and G

(O), we can represent paths as sequences

of states.
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The path γ in G(N) starting in V0 represents a pair

(
x = (∂(ℓi))i∈[n],y = (∂(ri))i∈[n]

)

of finitely-confusable words in Σn, as well as grain patterns S = βL(γ),S ′ =

βR(γ) that cause the corresponding smeared words, σS(x) and σS′(y), to

be equal. As for the path γ in G(O) starting in V0, it represents a pair

(x = (ℓi)i∈[n],y = (ri)i∈[n]) of finitely-confusable words in Σn and 2µ(γ)

confusing grain patterns S = βL(γ) ∪ µL(γ),S ′ = βR(γ) ∪ µR(γ) where

{µL(γ), µR(γ)} is a partition of edges of γ that satisfy Condition [O4].

Example 2.1. For Σ = [3] and n = 6, consider the path

γ = (vi)i∈[n] = 11 22 20 12 00 12

in G(N). This path corresponds to the smeared words 122101 and 120202

(the grain-free words are x = 122101 and y = 120202) and the overlines

indicate the grain patterns S = βL(γ) = {3, 5} ,S ′ = βR(γ) = {2, 5} that

make x and y confusable. The edges (vi, vi+1) for i = 0, 1, 2 correspond to

Conditions [N1]–[N3], respectively; the edge (v4, v5) corresponds to Condi-

tion [N4]. Now, for the same alphabet Σ and n = 7, consider the path

γ = (vi)i∈[n] = 11 22 20 12 00 12 21

in G(O). Here βL(γ) = {3, 5}, βR(γ) = {2, 5} and µ(γ) = 1. The edges

(vi, vi+1) for i = 0, 1, 2 correspond to Conditions [O1]–[O3], respectively;

the edge (v5, v6) corresponds to Condition [O4].

For q = 2, the adjacency matrices A
(j)
G of G(j) for j ∈ {N,O}, constructed

as described above, are shown in Figure 2.1.

A
(N)
G 00 01 01 10 10 11

00 1 0 1 1 0 1

01 1 0 0 0 1 1

01 1 0 0 1 0 1

10 1 0 1 0 0 1

10 1 1 0 0 0 1

11 1 1 0 0 1 1

and

A
(O)
G 00 01 10 11

00 1 1 1 1

01 1 0 1 1

10 1 1 0 1

11 1 1 1 1

Figure 2.1: Adjacency matrices A
(N)
G and A

(O)
G for q = 2.

To make the presentation and the computation simpler, we will switch

to a different criterion of confusability till the end of this section. Given

15



a positive integer t, we will call two words x,y t-confusable in a wider

sense (or t-cws, in short) if there exist grain patterns S and S ′ such that

|S|+ |S ′| ≤ 2t and σS(x) = σS′(y). Notice that any t-confusable pair of

words is t-cws hence any t-grain-correcting code in a wider sense is also

t-grain-correcting in the old sense. Our results will actually apply to the

wider-sense notion of confusability.3 The following lemma (with proof in

Appendix A) establishes a correspondence between ordered pairs of t-cws

words and paths in G(N) or G(O).

Lemma 2.4. For j ∈ {N,O}, let W(j)
t denote the set of all t-cws (or-

dered) pairs (x,y) ∈ Σn × Σn and let P(j)
t be the following set of paths in

G(j):

P(j)
t =

{
γ = (vi)i∈[n] : v0 ∈ V0, |βL(γ)|+ |βR(γ)|+ µ(γ) ≤ 2t

}
. (2.3)

Then for each pair (x,y) in W(j)
t , there is exactly one path γ = (ℓiri)i∈[n]

in P(j)
t such that x = (∂(ℓi))i∈[n] and y = (∂(ri))i∈[n] for j ∈ {N,O}.

For j ∈ {N,O}, let Γ(j)
n denote the set of all the cycles in G(j) of length

n that start and terminate in the same state of V0. Define the functions

f (N) : E(N) → [3]2, f (O) : E(O) → [3]2 × [2] such that for any edge e,

f (N)(e) = (ν(e), χ(e)) and f (O)(e) = (ω(e), χ(e), µ(e))

where the function µ is defined before Example 2.1 and the functions ν :

E(N) → [3], ω : E(O) → [3], χ : E(N) ∪ E(O) → [3] are defined next. For an

edge e = (ℓr, ℓ′r′):

• ν(e) equals 2 if e satisfies Condition [N4], 1 if e satisfies Conditions [N2]

or [N3], and 0 otherwise.

• ω(e) equals 2 if e satisfies Condition [O2] for ℓ = r /∈ {ℓ′, r′}, 1 if e

satisfies either Condition [O2] for ℓ = r ∈ {ℓ′, r′} or Condition [O3],

and 0 otherwise.

• χ(e) equals 2 if ∂(ℓ) 6= ∂(ℓ′) and ∂(r) 6= ∂(r′), 0 if ∂(ℓ) = ∂(ℓ′) and

∂(r) = ∂(r′), and 1 otherwise.

The function ν(e) counts the smallest number of grains making ℓℓ′ and rr′

confusable for j = N. The function ω(e) counts the smallest number of

3Though we do not currently have a general proof for this phenomenon, our empirical

results show that the relaxation of the notion of confusability does not result in worse

bounds while using our technique.
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nonoverlapping grains making ℓℓ′ and rr′ confusable (these grains, unlike

those counted by function µ(·), cannot be interchanged arbitrarily) for j =

O. The function χ(e) counts the number of crossovers in ℓℓ′ or rr′, namely,

we add 1 if ∂(ℓ) 6= ∂(ℓ′) and another 1 if ∂(r) 6= ∂(r′).

For a cycle γ = (vi)i∈[n+1] (where v0 = vn) of length n in G, let Pγ : E →
[0, 1] be the empirical probability distribution of γ, namely, for e ∈ E,

Pγ(e) =
1

n
| {i ∈ [n] : (vi, vi+1) = e} |.

Now, set τ, p ∈ (0, 1), let ǫ > 0 and define

U (N)
τ,p,ǫ = {(u1, u2) : −ǫ < u1 < 2τ + ǫ, |u2 − 2p| < 2ǫ}

and

U (O)
τ,p,ǫ = {(u1, u2, u3) : u1, u3 > −ǫ, u1 + u3 < 2τ + ǫ, |u2 − 2p| < 2ǫ} .

Sets U
(N)
τ,p,ǫ and U

(O)
τ,p,ǫ contain all the values of parameters we are interested

in, namely, the ratio of the number of grains of length 2 to the word length

n, controlled by τ , and the ratio of the number of crossovers to the word

length n, controlled by p.

For j ∈ {N,O}, let

Γ(j)
τ,p,ǫ =

{
γ ∈ Γ(j)

n : EPγ{f (j)} ∈ U (j)
τ,p,ǫ

}
.

The set Γ
(j)
τ,p,ǫ for j ∈ {N,O} stands for all the cycles of length n of G(j)

representing pairs of words (x,y) that can be confused by at most ∼2τ

grains (either overlapping or not, depending on the context) and whose

collective ratio of crossovers is ∼2p. Additionally, for j ∈ {N,O} and the

same τ, p, ǫ, let

P(j)
τ,p,ǫ =

{
γ ∈ P(j)

⌈τ(n−1)⌉ :
∣∣EPγ {χ} − 2p

∣∣ ≤ ǫ
}
.

The set P(j)
τ,p,ǫ possesses properties similar to those of the set Γ

(j)
τ,p,ǫ. The

following lemma characterizes the relation between the sizes of these two

sets for sufficiently large values of n.

Lemma 2.5. Let τ, p ∈ (0, 1) and ǫ > 0. Then

∣∣∣P(j)
τ,p,ǫ

∣∣∣ ≤
∣∣∣Γ(j)
τ,p,ǫ

∣∣∣

for j ∈ {N,O}.
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Proof. We will prove for the case without overlaps; when overlaps are al-

lowed, the proof is similar. For a path γ ∈ P(N)
τ,p,ǫ, one has

|βL(γ)|+ |βR(γ)| ≤ 2⌈τ(n− 1)⌉ and
∣∣EPγ {χ} − 2p

∣∣ ≤ ǫ.

We can draw an edge from the last state of γ to the first one (by the con-

struction, there is an edge to a state of V0 from any state of G(N)) to create

a cycle γ′ of length n. Since

|βL(γ)|+ |βR(γ)| =
∣∣βL(γ′)

∣∣+
∣∣βR(γ′)

∣∣ ,

we have EPγ′
{
f (N)

}
∈ [0, 2τ ]× [2p−2ǫ, 2p+2ǫ] for sufficiently large n. Hence∣∣∣P(N)

τ,p,ǫ

∣∣∣ ≤
∣∣∣Γ(N)
τ,p,ǫ

∣∣∣.

For z ∈ (0, 1] and h,m ∈ (0,∞), let the matrix functions A
(N)
G (z, h) and

A
(O)
G (z, h,m), with rows and columns indexed by the sets of states V (N) and

V (O), respectively, be defined as a special case of (2.1):

[
A
(N)
G (z, h)

]

v,v′∈V
=

{
zν(e)hχ(e) e = (v, v′) ∈ E(N)

0 otherwise

and

[
A
(O)
G (z, h,m)

]

v,v′∈V
=

{
zω(e)hχ(e)mµ(e) e = (v, v′) ∈ E(O)

0 otherwise
.

Applying Lemma 2.1 withG = G(N), U = U
(N)
τ,p,ǫ and f = f (N) and combining

the result with Lemma 2.5, we conclude that

lim
n→∞

1

n
logq

∣∣∣P(N)
τ,p,ǫ

∣∣∣ ≤ sup
P∈M(f (N);U

(N)
τ,p,ǫ)

Hq(P ).

By the continuity of the functions P 7→ EP (f
(N)) and P 7→ Hq(P ),

lim
ǫ→0

lim
n→∞

1

n
logq

∣∣∣P(N)
τ,p,ǫ

∣∣∣ ≤ sup
P∈M(f (N);U

(N)
τ,p )

Hq(P )

where U
(N)
τ,p = {(u, 2p) : 0 ≤ u ≤ 2τ}. Applying Lemma 2.2 with G = G(N),

f = ν, f ′ = χ, U = {u : 0 ≤ u ≤ 2τ} and p = (2p) yields

lim
ǫ→0

lim
n→∞

1

n
logq

∣∣∣P(N)
τ,p,ǫ

∣∣∣ ≤ K(N) = (2.4)

inf
z∈(0,1], h∈(0,∞)

{
logq λ(A

(N)
G (z, h))− 2τ logq z − 2p logq h

}
.
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Turning now to j = O, we define for η ∈ [0, 2τ ],

U (O)
τ,p,ǫ,η = {(u1, u2, u3) : u1, u3 ≥ 0,

u1 ≤ 2τ−η, |u3 − η| ≤ 2ǫ, |u2 − 2p| ≤ 2ǫ}.

Since µ(γ) ∈ [n+1] for any γ ∈ Γ
(O)
τ,p,ǫ, there is a polynomial (in n) number of

types of cycles in Γ
(O)
τ,p,ǫ characterized by the same value of EPγ {µ}, therefore

lim
ǫ→0

lim
n→∞

1

n
logq

∣∣∣Γ(O)
τ,p,ǫ

∣∣∣ = sup
0≤η≤2τ

lim
ǫ→0

lim
n→∞

1

n
logq

∣∣∣Γ(O)
τ,p,ǫ,η

∣∣∣

where

Γ(O)
τ,p,ǫ,η =

{
γ ∈ Γ(O)

τ,p,ǫ :
∣∣EPγ {µ} − η

∣∣ ≤ 2ǫ
}
.

Applying Lemma 2.1 with G = G(O), U = U
(O)
τ,p,ǫ,η and f = f (O), then apply-

ing Lemma 2.2 with G = G(O), f = ω, f ′ = (χ, µ), U = {u : 0 ≤ u ≤ 2τ−η}
and p = (2p, η), and then combining the result with Lemma 2.5 yields

lim
ǫ→0

lim
n→∞

1

n
logq

∣∣∣P(O)
τ,p,ǫ

∣∣∣ ≤ K(O) = (2.5)

sup
0≤η≤2τ

inf
z∈(0,1], h,m∈(0,∞)

{logq λ(A(O)
G (z, h,m))

−(2τ − η) logq z − η logqm− 2p logq h}.

For j ∈ {N,O}, let W(j)
τ,p,ǫ be the set of pairs (x,y) ∈ W(j)

⌈τ(n−1)⌉ such

that the average number of crossovers in both x and y is within 2p±ǫ. By

Lemma 2.4, the inequalities in (2.4) and (2.5) hold if we replace P(j)
τ,p,ǫ therein

by W(j)
τ,p,ǫ.

We are now in the position to prove the main theorem of this chapter.

Theorem 2.6. Let τ ∈ (0, 1). Then for j ∈ {N,O},

Rq(τ) ≥ ̺(j)q (τ) = sup
p∈[0,1]

{
2Hq(p)−K(j)

}
, (2.6)

where K(N) and K(O) are defined in (2.4) and (2.5).

Proof. For a word x = (xi)i∈[n+1] ∈ Σn+1 and symbols a 6= a′ ∈ Σ, let

κ1(x; a) denote the number of locations i ∈ [n] such that xi = a and

κ2(x; a, a
′) denote the number of locations i ∈ [n] such that (xi, xi+1) =

(a, a′). Let X be a subset of words in Σn+1 such that κ1(x; a) = n/q and

κ2(x; a, a
′) = np/ [q(q−1)] for any x ∈ X and any a 6= a′ ∈ Σ.

The exponential growth rate of X as n approaches infinity is

lim
n→∞

1

n
logq |X | = Hq(p).
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The inequality (2.6) now follows from the logarithmic version of (2.2), in-

equalities (2.4) and (2.5) (with P(j)
τ,p,ǫ replaced therein by W(j)

τ,p,ǫ for j ∈
{N,O}) and the fact that

lim
n→∞

1

n
logqW⌈τn⌉(X ) = lim

ǫ→0
lim
n→∞

1

n
logq

∣∣∣W(j)
τ,p,ǫ

∣∣∣

for j ∈ {N,O}.

To alleviate the computations, we can now merge states in G(j) to re-

duce the order of the matrix A
(j)
G while preserving its spectral radius for

j ∈ {N,O}, as described in [25, Sec. 4.6]. This is similar to the stan-

dard procedure for reducing the number of states in a presentation of a

constrained system S by merging states whose outgoing paths generate the

same sets of words in S.

The states of V0 can be merged into superstate 0, states of V1 in G(N)

and states of V3 in G(O) — into superstate 1, whereas states of V2 — into

superstate 2. Specifically, for q = 2, the merging ends up with reduced

matrices A(N)
G and A(O)

G whose spectral radii equal those of A
(N)
G and A

(O)
G ,

respectively, as shown in Figure 2.2.

A(N)
G 0 1

0 1 + h2 2hz

1 2h h2z

and

A(O)
G 0 1

0 1 + h2 2hz

1 2h h2m

Figure 2.2: Reduced matrices A(N)
G and A(O)

G for q = 2.

It turns out that for q = 2, ̺
(N)
2 (τ) = ̺

(O)
2 (τ) for any τ ∈ [0, 1]. This

phenomenon is due to the fact that when q = 2, for any path γ′ ∈ P(O)
t

that confuses the t-cws pair of words (x,y) there exists a path γ ∈ P(N)
t

that confuses the same pair of words. The path γ is obtained by moving

overlapping grains from βL(γ
′) to βR(γ

′) and vice versa until βL(γ
′) and

βR(γ
′) do not contain consecutive numbers.

Lower bound ̺
(N)
2 (τ) = ̺

(O)
2 (τ) of Theorem 2.6 attains its maximum

when

τ =
z

2
√
z2 + 12z + 4

√
z2 + 12z + 4+z+6√
z2 + 12z + 4+z+2

.

Theorem 2.6 strictly improves on the traditional Gilbert–Varshamov bound

(in the Hamming metric)

̺
(GV)
2 (τ) = 1−H2(2τ)
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on the entire interval (0, 0.25], however, on the interval [0.0566, 0.25] it falls

short of the simple lower bound of 0.5 which is realized by Construction 1.3

from Section 1.1. The difference between ̺
(N)
2 (τ) = ̺

(O)
2 (τ) and ̺

(GV)
2 (τ) on

the interval (0, 0.0566] does not exceed 0.012.

For q > 2, A(N)
G and A(O)

G are, respectively,

0 1 2

0 1+(q−1)h2 2(q−1)hz (q−1)(q−2)h2z2

1 2h+(q−2)h2 (q−1)h2z 0

2 2h+(q−2)h2 0 0

and
0 1

0 1+(q−1)h2 2(q−1)hz+(q−1)(q−2)h2z2

1 2h+(q−2)h2 h2m+2(q−2)h2z

.

- τ

6

̺q(τ)

0

0.5

1

0.5

� τ 7→ 1−τ
�

̺
(TVZ)
1024 (τ)

�
̺
(N)
1024(τ), ̺

(O)
1024(τ)

6

̺
(N)
16 (τ)

6

̺
(O)
16 (τ)

-̺
(GV)
1024 (τ)

-̺
(GV)
16 (τ)

� ̺⋆16(τ)

Figure 2.3: Functions ̺
(N)
q (τ), ̺

(O)
q (τ) and ̺

(GV)
q (τ) for q ∈ {16, 1024}.

Figure 2.3 depicts the functions τ 7→ ̺
(N)
q (τ) and τ 7→ ̺

(O)
q (τ) for

q ∈ {16, 1024} along with the corresponding traditional Gilbert–Varshamov

bounds ̺
(GV)
q (τ) : τ 7→ 1−Hq(2τ). Both ̺

(N)
q (τ) and ̺

(O)
q (τ) strictly im-

prove on ̺
(GV)
q (τ) on the entire interval (0, 0.5] (and ̺

(N)
q (τ) is strictly

above ̺
(O)
q (τ)); besides, both ̺

(N)
q (τ) and ̺

(O)
q (τ) converge to the function

τ 7→ 1−τ on that interval when q → ∞. The last statement readily follows
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from substituting z = m = 1/
√
q, h = 1 into (2.4), (2.5) and noticing that

λ(A(N)
G (z, h)) and λ(A(O)

G (z, h,m)) are bounded [9, Ch. 13] by the minimal

(q(1+o(1))) and the maximal (2q(1+o(1))) sum of rows in their matrices

(o(1) goes to 0 for q → ∞).

For large values of q when overlaps are not allowed, the lower bound

̺
(N)
q (τ) is worse on nearly the entire interval (0, 0.5) than the following con-

struction based on the family of linear [n, nR, ⌈τn⌉+1] codes by Tsfasman et

al. [34] with rate

R ≥ 1− 1√
q − 1

−τ−o(1)

where o(1) goes to 0 for n→ ∞. By an averaging argument, there exists at

least one coset of an [n, nR, ⌈τn⌉+1] code of this family whose intersection

C(TVZ) with the code

{
c = (ci)i∈[n] ∈ Σn : ci 6= ci+1 for any i ∈ [n−1]

}
(2.7)

is of rate at least R−1+logq (q−1). Since adjacent symbols in each codeword

in C(TVZ) are different, grain errors become erasures, hence C(TVZ) is a ⌈τn⌉-
grain-correcting code of rate at least

̺(TVZ)
q (τ) = logq (q−1)− 1√

q−1
−τ.

Remark 2.2. By the same token, one can construct a family of ⌈τn⌉-
grain-correcting codes of length n and rate at least logq(q/2)−1/(

√
q−1)−τ

when overlaps are allowed. Specifically, instead of the code in (2.7) one can

choose the code (Σ1Σ2)
n/2 where Σ1 = [q/2], Σ2 = [q] \ [q/2] and both n

and q are even.

A similar reasoning applied to the family of linear codes guaranteed by

the Gilbert–Varshamov bound yields ⌈τn⌉-grain-correcting codes of rate at

least

̺⋆q(τ) = logq (q−1)−Hq(τ).

The functions τ 7→ ̺
(TVZ)
1024 (τ) and τ 7→ ̺⋆16(τ) are shown in Figure 2.3

alongside the other bounds. It can be observed that ̺
(N)
16 (τ) and ̺

(O)
16 (τ)

are strictly above ̺⋆16(τ), whereas ̺
(N)
1024(τ) is above ̺

(TVZ)
1024 (τ) only in the

interval [0, 0.06] ∪ [0.44, 0.5].

2.2.2 General grain length

We conclude this section by considering the case where grains of any length

up to g are allowed and Σ = [2]. In this case, since the grains are allowed to
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be of different lengths, it is reasonable to assume that longer grains inflict

more errors, specifically, a grain of length j ∈ [g+1] \ {0, 1} inflicts j−1

errors. This case necessitates a change in the definition of a grain pattern.

Refine the previous definition (see Section 1.1) of a grain pattern as a set

S(g) ⊂ [n−1] × ([n]\ {0}) such that any pair (b, e) ∈ S(g), denoting the

beginning and the end of a grain, satisfies b < e < b+g. We say that a

granular structure has overlaps if there exist two pairs (b1, e1), (b2, e2) ∈ S(g)
such that b1 ≤ e2 and b2 ≤ e1. In a nonoverlapping granular structure for

any two pairs (b1, e1), (b2, e2) ∈ S(g) one has either e1 < b2 or e2 < b1. We

prohibit grains from being included in one another, viz., we disallow4 the

existence of grains (b1, e1), (b2, e2) such that b1 < b2 < e2 < e1. A granular

pattern S(g) inflicts errors to a codeword c = (ci)i∈[n] over alphabet Σ of

size q by means of the smearing operator σ = σ(S(g)) that yields an output

word y = (yi)i∈[n] = σ(c) over Σ in the following way. For any index i ∈ [n]

if no pair (b, e) ∈ S(g) satisfies b < i ≤ e, then yi = ci, otherwise yi = cb
where

b = argmax {b | ∃e : (b, e) ∈ S(g) and b < i ≤ e} . (2.8)

Let vs(Σ
∗) =

{
a(s) | a ∈ Σ∗

}
for any s ∈ [g] and any alphabet Σ∗. The

set of states V (N) of graph G(N) will now take its values from alphabet⋃
s∈[g] vs(Σ) whereas the set of states V

(O) of graph G(O) will take its values

from
⋃
s∈[g] vs(Σ

2). The subindex (s) in an alphabet symbol a(s) will denote

the distance from the beginning of the grain that smeared symbol a at this

location. For brevity, we will write a instead of a(0) and a instead of a(1)
for any a ∈ Σ∗; in this notation Σ = v0(Σ) and Σ = v1(Σ) (compare with

Section 1.1). More specifically, V (N) =
⋃
s∈[g] V

(N)
s and V (O) =

⋃
s∈[g] V

(O)
s

where V
(N)
0 = V

(O)
0 = {00, 11},

V (N)
s =

{
01(s)

}
∪
{
0(s)1

}

and

V (O)
s =

{
(01)(s), (10)(s)

}
.

The new definition of the operator ∂(·) is ∂(x) = (∂(xi))i∈[n] where ∂(a(s)) =

a for every a ∈ Σ∗ and every s ∈ [g]; that is, the operator ∂(·) strips off the

subindex from a symbol returning the symbol back to its original alphabet.

There is an edge in E(N) between v = ℓr and v′ = ℓ′r′ if

[N1’] v′ ∈ V
(N)
0 , or

4The reason behind this restriction is the fact that otherwise we would have to encapsu-

late the hierarchy of the included grains in states of the graph which would quickly render

the computation impractical, as then the number of states would grow exponentially in n.
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[N2’] ℓ = ℓ′ ∈ Σ, rr′ ∈ vs(Σ)vs+1(Σ), or ℓℓ
′ ∈ vs(Σ)vs+1(Σ), r = r′ ∈ Σ for

s ∈ [g−1], or

[N3’] ℓ = r′ ∈ Σ, ℓ′r ∈ v1(Σ)vs(Σ), ∂(ℓ
′) = ∂(r), or ℓ′ = r ∈ Σ, ℓr′ ∈

vs(Σ)v1(Σ), ∂(ℓ) = ∂(r′) for s ∈ [g] \ {0}.

There is an edge in E(O) between v and v′ if

[O1’] v′ ∈ V
(O)
0 , or

[O2’] v ∈ V
(O)
s , v′ ∈ V

(O)
s+1 for s ∈ [g−1] and ∂(v) = ∂(v′), or

[O3’] v ∈ V
(O)
s , v′ ∈ V

(O)
1 for s ∈ [g] \ {0} and {∂(v), ∂(v′)} = {01, 10}.

It is easy to verify that the counterparts of Lemmas 2.4, 2.5 and Theo-

rem 2.6 hold in this case. The reduced adjacency matrices A(N)
G and A(O)

G

are of size g×g and are obtained after merging states of V
(j)
s into superstate

s for j ∈ {N,O} and every s ∈ [g]:

[
A(N)

G (z, h)
]

j,j′
=





1+h2 (j, j′) = (0, 0)

2h j 6= 0 and j′ = 0

2hz (j, j′) = (0, 1)

h2z j 6= 0 and j′ = 1

z j /∈ {0, g−1} and j′ = j+1

0 otherwise

and

[
A(O)

G (z, h,m)
]

j,j′
=





1+h2 (j, j′) = (0, 0)

2h j 6= 0 and j′ = 0

2hz (j, j′) = (0, 1)

h2m j 6= 0 and j′ = 1

z j /∈ {0, g−1} and j′ = j+1

0 otherwise

.

Example 2.2. For g = 4,

A(N)
G (z, h) =

0 1 2 3

0 1+h2 2hz 0 0

1 2h h2z z 0

2 2h h2z 0 z

3 2h h2z 0 0
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and

A(O)
G (z, h,m) =

0 1 2 3

0 1+h2 2hz 0 0

1 2h h2m z 0

2 2h h2m 0 z

3 2h h2m 0 0

.

The characteristic polynomial χ(N)(x) of A(N)
G is

χ(N)(x) = xg−2(x2 − (2 + z)x− 2z)− (1− (z/x)g−2)
z2(x+ 2)

x(x− z)
.

For5 g → ∞, χ(N)(x) converges to xg(x−2z−2)/(x−z) therefore λ(A(N)
G )

converges to 2(z+1). Plugging this into (2.4) yields

lim
g→∞

̺
(N)
2 (τ) = 1−H2(τ) = ̺

(GV)
2 (τ).

In other words, for g → ∞, both ̺
(N)
2 (τ) and ̺

(O)
2 (τ), which satisfy the in-

equality ̺
(GV)
2 (τ) ≤ ̺

(O)
2 (τ) ≤ ̺

(N)
2 (τ), converge to the traditional Gilbert–

Varshamov bound.

Remark 2.3. We leave it for the reader to verify that it is also possible to

obtain Gilbert–Varshamov-like bounds in the general case when the values

of q and g are arbitrary positive integers greater than 1. Both reduced

adjacency matrices A(N)
G and A(O)

G are of size
(
g+1
2

)
×
(
g+1
2

)
when q ≥ 3.

2.3 Upper bound

Henceforth, we will restrict the discussion to q = g = 2 only. Let C be a

binary t-grain-correcting code of length n. Let Bt(x) be the set of all words

w ∈ [2]n for which there exists a grain pattern S of size |S| ≤ t such that

σS(x) = w. (Since grains of such a grain pattern can be placed only between

two successive runs (subvectors of consecutive identical symbols) of x, one

also has |S| ≤ r(x)−1 where r(x) is the number of runs in x.) Let Bt(C;h)
be the h-th smallest such set in C. Readily, for any positive integer t there

exists a positive integer u such that

u∑

h=1

|Bt(C;h)| ≤ |Σn| = 2n and
u+1∑

h=1

|Bt(C;h)| > |Σn| = 2n.

5We are abusing the notation here, implying by g → ∞ that n → ∞, yet the ratio of

the inflicted errors to the word length cannot exceed τ .
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Since
∑|C|

h=1 |Bt(C;h)| ≤
∑

c∈C |Bt(c)| ≤ 2n, we obtain |C| ≤ u.

Suppose now that for any c ∈ C we have a lower bound ψt(r) on |Bt(c)|
that depends only on the number of runs r = r(c) in c and that, as a function

of r, it is nondecreasing. Hence, by sphere-packing arguments,

Ψ =
∑

c∈C

ψt(r(c)) ≤
∑

c∈C

|Bt(c)| ≤ 2n.

Let N(r) be the number of words x ∈ [2]n with r runs. Let U be a largest

set of words in Σn such that ψt(r(x)) ≤ ψt(r(x
′)) for any x ∈ U , x′ ∈ C \ U

and
∑

x∈U ψt(r(x)) ≤ Ψ. Clearly, |C| ≤ u ≤ |U|, and the set U contains |U|
smallest expressions ψt(r(x)) of words x in Σn. Since ψt(r) is nondecreasing

in r, we can group words with the same number of the runs till the largest

integer ρ such that
ρ∑

r=1

N(r)ψt(r) ≤ Ψ, (2.9)

and thus,

|C| ≤ |U| =
ρ∑

r=1

N(r) +
⌊Ψ−∑ρ

r=1 N(r)ψt(r)

ψt(ρ+1)

⌋
. (2.10)

By replacing Ψ with 2n in (2.9) and (2.10) we overcount in comparison

with the right-hand side of (2.10). Hence

|C| ≤ ∑ρ
r=1N(r) +

⌊
2n−

∑ρ
r=1 N(r)ψt(r)
ψt(ρ+1)

⌋

where ρ is the largest integer such that
∑ρ

r=1N(r)ψt(r) ≤ 2n.

When overlaps are not allowed, we can bound |Bt(c)| with r(c) = r from

below using [26, Lemma 1]:

ψ
(N)
t (r) = 1 +

min{t,⌊(r−1)/3⌋}∑

s=1

1

s!

s−1∏

s′=0

(r−1−3s′) . (2.11)

When overlaps are allowed, we are able to calculate the size of Bt(c) with

r(c) = r precisely, namely,

ψ
(O)
t (r) =

min{t,r−1}∑

s=0

(
r−1

s

)
. (2.12)

Both (2.11) and (2.12) are clearly nondecreasing functions on r. In both

cases, N(r) = 2
(
n−1
r−1

)
.

The next theorem summarizes the above discussion and, in fact, refor-

mulates the sphere-packing bound that Abdel-Ghaffar and Weber [1, Th. 5]

first used in a different context (also see [25, Sec. 7.3]).
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Theorem 2.7. For j ∈ {N,O}, let C be a binary t-grain-correcting code

of length n. Then |C| ≤ ∆(j)(n, t) where

∆(j)(n, t) = 2

ρ∑

r=1

(
n−1

r−1

)
+
⌊2n − 2

∑ρ
r=1

(
n−1
r−1

)
ψ
(j)
t (r)

ψ
(j)
t (ρ+ 1)

⌋

and ρ is the largest integer such that
∑ρ

r=1

(
n−1
r−1

)
ψ
(j)
t (r) ≤ 2n−1. The formu-

las for ψ
(N)
t (r) and ψ

(O)
t (r) are given in (2.11) and (2.12), respectively.

- τ

6

∆(τ)

0.865

0.823

0.78

1

0 0.08

-∆(MBK)(τ)

-∆(N)(τ)

-∆(O)(τ)

Figure 2.4: Functions ∆(N)(τ), ∆(O)(τ) and ∆(MBK)(τ).

Set τ = t/n and let ∆(j)(τ) = log2∆
(j)(n, τn)/n. Figure 2.4 depicts the

functions τ 7→ ∆(j)(τ) for j ∈ {N,O} calculated for t ∈ {1, 2, . . . , 16} and

n = 200.

As we have mentioned in Section 1.1, Mazumdar et al. [26, Th. 2] ob-

tained an upper bound on M2(n, t) (for j = N) using a similar technique by

considering a t-grain-correcting code C and dividing it into two subcodes

C1 = {c ∈ C : |r(c)− n/2| ≤ n/2− g(n, t)} and C2 = C \ C1
where g(n, t) = n/2 −

√
nt log2 n. The sizes of Bt(c) for c ∈ C1 and c ∈ C2

were then bounded from below by ψ
(N)
t (g(n, t)) and 1, respectively. The

obtained upper bound on M2(n, t) is

∆(MBK)(n, t) =
2nt!

(g(n, t)−1−3(t−1))t
+ 4

g(n,t)∑

i=0

(
n− 1

i

)
. (2.13)
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For specific values of n and t, this bound can be tightened by taking g(n, t)

to minimize the right-hand side of (2.13). Let

∆(MBK)(τ) =
1

n
log2

[
min

3t−2<g(n,t)<n/2
∆(MBK)(n, t)

]
.

The function τ 7→ ∆(MBK)(τ) is depicted in Figure 2.4 alongside the other

bounds calculated for t ∈ {1, 2, . . . , 16} and n = 200, as well. It can be

seen that the functions ∆(j)(τ) for j ∈ {N,O} improve on ∆(MBK)(τ) on

the entire interval (0, 0.08].

The asymptotic growth rate of ∆(N)(τ) as n→ ∞ is identical to that of

∆(MBK)(τ) (characterized by Proposition 1.2). The asymptotic growth rate

of ∆(O)(τ), obtained in a similar vein, for τ ∈ [0, 0.114] equals H2(x) where

x is the smallest positive solution of

H2(x) + x · H2

(τ
x

)
= 1.

2.4 Constructions of grain-correcting codes

In this section, we restrict the discussion to q = g = 2 and disallow overlaps

between grains.

It turns out that Construction 1.3 is the only way to construct binary

∞-grain-correcting codes of odd length n and size 2⌈n/2⌉.

Theorem 2.8. Let n be an odd positive integer. The binary ∞-grain-

correcting code of length n and size 2⌈n/2⌉ is unique.

Proof. The proof is by induction on n. For n = 1, there is clearly only one

binary ∞-grain-correcting code of size 2, which is [2].

Let now C be a largest binary ∞-grain-correcting code of odd length n.

Let C0∗ ⊆ C include codewords of C ending in either 00 or 01. Any two

different codewords of C0∗ are ∞-confusable, thus their prefixes of length

n−2 are ∞-confusable as well. Therefore, the punctured code

C′
0∗ = {c : c00 ∈ C0∗ or c01 ∈ C0∗} ,

of length n−2, is ∞-grain-correcting. By the same token, the similarly

defined punctured code C′
1∗ is ∞-grain-correcting. The sum |C1∗|+|C0∗| =

|C′
1∗|+|C′

0∗| clearly equals |C| = 2⌈n/2⌉, therefore both C′
1∗ and C′

0∗ are the

largest possible ∞-grain-correcting codes of length n−2. By the induc-

tion hypothesis, the largest binary ∞-grain-correcting code of length n−2

is unique, hence C′
1∗ = C′

0∗.
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The only way a codeword of C′
1∗ = C′

0∗ can be a prefix of two different

codewords in C is when their suffixes are 00 and 11. This implies the unique-

ness of the code C as well. The unique optimal ∞-grain-correcting code of

length n is in fact obtained from Construction 1.3.

Remark 2.4. For even lengths, Construction 1.3 is not unique. For

an even n ≥ 4, at least four different largest constructions can be obtained

by prepending the prefixes {00, 11}, {00, 10}, {01, 10} or {01, 11} to all the

codewords of Cn−2.

Construction 1.3 trivially yields (⌊n/2⌋−1)-grain-correcting codes of odd

length n and size 2⌈n/2⌉. We prove next that this size is optimal for t =

⌊n/2⌋−1.

Theorem 2.9. Let n ≥ 5 be an odd integer. Then M2(n, ⌊n/2⌋−1) =

2⌈n/2⌉.

Proof. The proof is similar to that of Theorem 2.8. The induction basis

(M2(5, 1) = 8) can be verified by a computer-based exhaustive search (also

see Table 2.1).

Let now C be a largest binary (⌊n/2⌋−1)-grain-correcting code of odd

length n. Let C′
0∗ and C′

1∗ be defined as in the proof of Theorem 2.8. These

are (⌊n/2⌋−2)-grain-correcting codes of length n−2 such that |C′
1∗|+|C′

0∗| =
|C|. By the induction hypothesis,

|C| = |C′
1∗|+|C′

0∗| ≤ 2 · 2⌈n/2⌉−1 = 2⌈n/2⌉. (2.14)

The inequality in (2.14) cannot be strict since otherwise C will be of smaller

size than the code Cn of Construction 1.3. Hence there is an equality, and

the optimality of Construction 1.3 ensues.

Remark 2.5. Notice that the code Cn of Construction 1.3 is also ∞-

grain-correcting in a wider sense (for the definition of the wider-sense confus-

ability see the discussion preceding Lemma 2.4), hence Theorems 1.5 and 2.9

hold in this wider sense as well.

As for the binary (n/2−1)-grain-correcting codes of even length n, the

value of M2(n, n/2−1) is realized by the augmentation of Cn with the words

(0110)s(01)n−4s and (1001)s(10)n−4s for s = ⌊n/4⌋ (for the proof see Ap-

pendix B).

Theorem 2.10. Let n ≥ 4 be an even integer. Then M2(n, n/2−1) =

2n/2+2.
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However, if we switch to the wider-sense confusability criterion, the size

of the largest (n/2−1)-grain-correcting codes of even length n is 2n/2. The

code Cn is again one of these largest codes.

Theorem 2.11. Let n ≥ 4 be an even integer. Then under the wider-

sense confusability criterion, M2(n, n/2−1) = 2n/2.

Proof. It is easy to verify the correctness of the claim for n = 4, hence we

will assume further in the proof that n ≥ 6.

W.l.o.g. we can assume that a largest code C is symmetric under bit com-

plementation. The only words in 0[2]n−1 that are n/2-cws yet not (n/2−1)-

cws are c1 = (01)n/2 and c2 = 00(10)n/2−1, therefore if {c1, c2} 6⊆ C, then C
is an ∞-grain-correcting code (in a wider sense), and the result is implied

by Theorem 1.5 and Remark 2.5.

If {c1, c2} ⊆ C, then since any word x ∈ 0[2]n−1 \ {c2} is (n/2−1)-cws

with c1, we have C = {c1, c2, c1, c2}. Yet this contradicts the maximality of

C, since the size 2n/2 of the ∞-grain-correcting code (in a wider sense) Cn is

greater than |C| = 4 for n ≥ 6.

Using an inductive argument similar to that of Theorem 2.8, one can

also prove that for n ≥ 5, the binary ((n−3)/2)-grain-correcting (in a wider

sense) code of length n is unique.

t

n
2 3 4 5 6 7 8 9

1 2 4 6 8 16 26⋆ 44

2 4 8 10 16 22

3 8 16 18 32

Table 2.1: Sizes M2(n, t) of largest t-grain-correcting codes of length n.

t

n
2 3 4 5 6 7 8 9

1 2 4 4 8 12 24⋆ 32

2 4 8 8 16 16 32

3 8 16 16 32

Table 2.2: Sizes M2(n, t) of largest t-grain-correcting codes in a wider sense

of length n.

30



An interesting (yet not provably optimal) construction of binary 1-grain-

correcting codes can be obtained by the augmentation of a Hamming code

with a subset of Cn. We cite this result in the following lemma.

Lemma 2.12. Let m ≥ 2 be an integer and let n = 2m−1. Then

M2(n, 1) ≥ 2n−m+2(n−1)/2.

Proof. Consider a Hamming code C of length n with the parity-check matrix

whose columns range over all the nonzero vectors in [2]m in the lexicographic

order. Let

C′ =
{
x′ = 0(x′ix

′
i)i∈[(n−1)/2] : w

(
x′
)
∈ 4Z+2

}

and

C′′ =
{
x′′ = 1(x′′i x

′′
i )i∈[(n−1)/2] : w

(
x′′

)
∈ 4Z+1

}

where w (x) is the Hamming weight of word x. Denote C∗ = C′ ∪ C′′. Any

codeword c ∈ C is at Hamming distance 1, 2, or 3 and higher from a word

x ∈ C∗. The only codeword of C at distance 1 from x is x+10n−1, but it

is ∞-confusable with x. Codewords of C at distance 2 from x differ from x

in coordinates 1+2i, 2+2i for i ∈ [(n−1)/2], yet this makes codewords of C
at distance 2 ∞-confusable with x. Codewords of C at distance 3 from x

are not 1-confusable with x merely because 1-confusable words are at most

at Hamming distance 2 from one another. Moreover, the code C∗ ⊆ Cn
is ∞-grain-correcting therefore C ∪ C∗ is a 1-grain-correcting code of size

2n−m+2(n−1)/2.

Remark 2.6. Notice that the code C ∪ C∗ is also 1-grain-correcting in

a wider sense.

Tables 2.1 and 2.2 contain the values of M2(n, t) (for the standard and

the wider-sense notions of confusability, respectively) for small n and t ob-

tained using computer search. Values marked in bold are guaranteed by

Theorems 1.5, 2.9, 2.10 or 2.11; values marked in italics are attained by

unique codes due to Theorem 2.8 (and its variations). One can also ob-

serve that for (n, t) = (7, 1), marked by stars in both tables, the construc-

tion in Lemma 2.12 gives a code of size 24 which is close to the optimum

M2(7, 1) = 26. Under the wider-sense confusability criterion, the very same

code is a largest 1-grain-correcting code of length 7 (by Remark 2.6).

2.5 Error detection

In this section we will prove that there exist ∞-grain-detecting codes with

rates going to 1 as n → ∞ for every fixed value of q (≥ 2). Consider the
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binary (q = 2) case first. For x ∈ Σn, let s(x) denote the sum of indexes of

the beginnings of runs of x. Take all the binary words whose number of runs

is either ⌊n/2⌋ or ⌊n/2⌋+1 and categorize this set of words F by the value

of s(·) modulo ⌈(n+1)/2⌉ (modulo n when overlaps are allowed). By the

pigeonhole principle, there has to be a category CF , that is, a subset of F , of

size at least |F| /⌈(n+1)/2⌉ (at least |F| /n when overlaps are allowed) with

the property that s(x) modulo ⌈(n+1)/2⌉ (s(x) modulo n when overlaps are

allowed) is the same for any x ∈ CF .

Proposition 2.13. The code CF is an ∞-grain-detecting code with rate

attaining 1 as n→ ∞ (either when overlaps are allowed or not).

Proof. A grain pattern S applied to a word x ∈ F can either leave the

number of runs r(y) in y = σS(x) intact or decrease it by at least 2. If r(y)

decreases by 2 (or more), then

r(y) ≤ ⌊n/2⌋−1 < ⌊n/2⌋ ≤ r(x),

and the error is detected. In particular, we will be able to detect such an

error when words of CF ⊆ F are transmitted.

Now, when the transmitted word x is from CF and r(y) remains intact,

we can detect the inflicted errors by comparing s(y) with that of any word in

CF . Since the maximal size of S is ⌊n/2⌋ (n−1 when overlaps are allowed),

and any single grain increases the value of s(x) by 1, the maximal difference

between s(y) and s(x) is ⌊n/2⌋ (n−1 when overlaps are allowed), hence y

and x are in different categories, viz., y /∈ CF .
The size of CF is at least

2
((

n−1
⌊n/2⌋−1

)
+
(
n−1
⌊n/2⌋

))

⌈(n+1)/2⌉

when overlaps are disallowed and at least

2
((

n−1
⌊n/2⌋−1

)
+
(
n−1
⌊n/2⌋

))

n

when overlaps are allowed, therefore the rate of CF is at least

1− 1.5 logn

n
+
O(1)

n
,

in both scenarios and it attains 1 as n→ ∞.
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An immediate corollary of Proposition 2.13 is that R2(τ) = 1 for any τ ∈
[0, 1] when overlaps are allowed and for any τ ∈ [0, 0.5] when they are not.

This is a rather surprising result as compared to the Hamming metric where

it is known that the asymptotic rate of error-detecting codes is bounded

away from 1 (for instance, due to the Singleton bound [22, Sec. 1.10]).

The code CF is easily generalized to larger alphabets, yielding a con-

struction of rate

1− 1.5 logq n

n
+
O(1)

n

that attains 1 as n→ ∞ (the set F contains all the words with ∼ n(q−1)/q

runs), which gives rise to the following theorem.

Theorem 2.14. Let q ≥ 2 be a positive integer. Then Rq(τ) = 1 for

any τ .

33



Chapter 3

Objectives

• Trying to derive an explicit construction of a family of ⌈τn⌉-grain-
correcting codes of length n that attains (or exceeds) the lower bound

on Rq(τ) that was presented in Section 2.2 for any value of q.

• Finding a practical extension of the model from Section 1.1 and the

bounding technique of Section 2.2 to multi-dimensionsional media.

• There is a certain similarity between the model of grains and the bi-

nary asymmetric channel (the Z-channel) [18, Def. 2.1]. The theory of

asymmetric binary channels might be a source of inspiration for dis-

covering new constructions and/or bounding techniques. We will try

to improve on the upper bounds on Rq(τ) discovered by Mazumdar

et al. (Theorem 1.1, Proposition 1.2 and [26, Cor. 6]) employing the

similarity to the Z-channel.

• As we can observe by comparing Tables 2.1 and 2.2, the relaxation of

the confusability criterion does affect the largest code size M2(n, t). It

would be interesting to find out whether the relaxation has an affect

on the code rate Rq(τ) as well.

• The valuesM2(n, t) presented in Table 2.1 appear to be the same both

when overlaps are allowed and disallowed. While it is easily explained

under the wider-sense confusability criterion, understanding of this

phenomenon under the standard confusability is currently missing. We

will try to prove it or find a counter-example where allowing overlaps

reduces the value of M2(n, t).

• At the end of Section 2.4, we have seen that the construction guar-

anteed by Lemma 2.12 yields the largest 1-grain-correcting code in a
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wider sense for m = 3. It is also easy to verify (with the aid of Ta-

ble 2.2) that for m = 2 the construction gives the (unique) largest

1-grain-correcting code in a wider sense. It would be interesting to

generalize this claim for any m ≥ 2.

• The ∞-grain-detecting q-ary code CF suggested in Section 2.5 has

redundancy ∝1.5 logq n. It would be interesting to find out whether

this is the minimum order of redundancy that an ∞-grain-detecting

code can have or at least to give a lower bound on the redundancy.

There is at least one scenario where it is easy to obtain this lower

bound: when overlapping grains of any length are allowed, and, in

addition, we assume that grains can be applied cyclically (i.e. the

first cell in the array is not different from others), and the grain errors

are inflicted in the following way. For any index i ∈ [n] if no pair

(b, e) ∈ S(g) satisfies b < i ≤ e, then yi = ci, otherwise yi = cb where1

b = argmin {b | ∃e : (b, e) ∈ S(g) and b < i ≤ e}

(compare with (2.8)). In this case, a word and any of its cyclic shifts

are undetectable, yielding a lower bound of∝ logq n on the redundancy.

Sperner’s theorem [32] may be of some inspiration in this regard.

• The tools of Section 2.1 can be used to find the capacity of the flash

memory where the memory cells are worn off evenly with a prescribed

ratio of block erasures in the total number of writes (the results in [20,

Sec. 3] were obtained in a similar vein). We hope to find a coding

scheme that attains this capacity while leveling the wear of the cells.

• It would be interesting to find a specific family of 〈n,M0,M1, 2〉 WOM

codes with WOM rates between the currently best known WOM rate

of 1.4928 and the theoretical limit of log2 3 ≈ 1.58.

1In the case of grains that wrap around, the same logic applies: the value of yi is

determined by the grain whose beginning is the “cyclically leftmost” among all the grains

that contain yi.
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Appendix A

Proof of Lemma 2.4

Let x = (xi)i∈[n],y = (yi)i∈[n] ∈ Σn be a pair of t-cws words from W(N)
t .

Then there exist grain patterns S,S ′ ⊂ [n] \ {0} such that σS(x) = σS′(y)

and |S|+ |S ′| (≤ 2t) is the minimal possible sum of sizes of grain patterns

that confuse x and y. Construct the path γ = (vi = ℓiri)i∈[n] corresponding

to (x,y) as follows. Let ℓi be equal to xi ∈ Σ if i ∈ S and xi ∈ Σ otherwise

(ri’s are defined in a similar way with yi’s and S ′). Clearly, |βL(γ)| = |S|,
|βR(γ)| = |S ′| and thus |βL(γ)|+ |βR(γ)| ≤ 2t. Every vi constructed this

way is indeed a state in V (N):

• It cannot be of the form ℓiri ∈ ΣΣ where ℓi 6= ri because then σS(x) 6=
σS′(y).

• It cannot be of the form ℓiri ∈ ΣΣ where ∂(ℓi) = ∂(ri) because then

σS\{i}(x) = σS′\{i}(y) contradicting the minimality of |S|+ |S ′|.

• It cannot be of the form ℓiri ∈ ΣΣ (or ∈ ΣΣ) where ∂(ℓi) = ∂(ri)

because then σS(x) 6= σS′(y) or grain i is redundant in S ′ (or in S),
contradicting the minimality of |S|+ |S ′|.

To verify that γ is indeed a path in G(N), it is left to show that there

are edges between the constructed vi = ℓiri and vi+1 = ℓi+1ri+1 for any

i ∈ [n−1]. Indeed, if vi+1 ∈ V0 then ℓi+1 = ri+1 and by Condition [N1],

(vi, vi+1) ∈ E(N). If vi+1 ∈ V1 and vi+1 ∈ ΣΣ (the case when vi+1 ∈ ΣΣ is

similar), then ∂(ri) = ℓi+1 because otherwise σS(x) 6= σS′(y). Hence vi can

be only of the following forms:

• vi ∈ Σ2 where ℓi=ri=ℓi+1. This corresponds to Condition [N2].

• vi ∈ ΣΣ where ri=ℓi+1. This corresponds to Condition [N3].
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If vi+1 ∈ V2 then vi ∈ V0 because otherwise σS(x) 6= σS′(y). Moreover,

ℓi = ri /∈ {∂(ℓi+1), ∂(ri+1)} since otherwise grain i+1 is redundant in S or

in S ′. This corresponds to Condition [N4].

From the above discussion we conclude that γ ∈ P(N)
t .

To prove that there is at least one path in P(N)
t for every ordered pair in

W(N)
t , it remains to show that the above construction creates different paths

for two different ordered pairs of t-cws words (x = (xi)i∈[n],y = (yi)i∈[n]) 6=
(x′ = (x′i)i∈[n],y

′ = (y′i)i∈[n]). W.l.o.g. assume that there exists s ∈ [n] \ {0}
such that xs 6= x′s then state vs in path γ in G(N) constructed from (x,y) is

different from state v′s in path γ′ in G(N) constructed from (x′,y′). Therefore

γ 6= γ′.

We turn to prove now that there is exactly one path in P(N)
t for every

ordered pair in W(N)
t by establishing the following correspondence. Let

path γ = (vi = ℓiri)i∈[n] ∈ P(N)
t be matched with the ordered pair (x,y) =

((xi)i∈[n], (yi)i∈[n]) = (∂((ℓi)i∈[n]), ∂((ri)i∈[n])). Then |βL(γ)|+ |βR(γ)| ≤ 2t,

and by the definition of G(N), βL(γ) and βR(γ) do not contain consecutive

indexes. To prove that x and y are t-cws, we will show that the grain

patterns S = βL(γ) and S ′ = βR(γ) satisfy σS(x) = σS′(y). Since v0 ∈ V0,

one has x0 = y0. Let β
(s)
j = βj ∩ [s] for s ∈ [n] \ {0} and j ∈ {L,R}. We

assume by induction that for s ∈ [n] \ {0}, σ
β
(s)
L

(x) is identical to σ
β
(s)
R

(y) in

the first s symbols and prove this claim for s+1. If vs ∈ V0 then ℓs = rs ∈ Σ,

β
(s+1)
L = β

(s)
L , and β

(s+1)
R = β

(s)
R , hence σ

β
(s+1)
L

(x) is identical to σ
β
(s+1)
R

(y)

in the first s+1 symbols. If vs ∈ V1 and w.l.o.g. vs ∈ ΣΣ (the case when

vs ∈ ΣΣ is similar) then rs−1 = ℓs, implying that β
(s+1)
L = β

(s)
L and β

(s+1)
R =

β
(s)
R ∪ {s}, and, again, σ

β
(s+1)
L

(x) is identical to σ
β
(s+1)
R

(y) in the first s+1

symbols. If vs ∈ V2 then vs−1 ∈ V0 and ℓs−1 = rs−1 /∈ {∂(ℓs), ∂(rs)} implying

that β
(s+1)
L = β

(s)
L ∪ {s} and β

(s+1)
R = β

(s)
R ∪ {s}, and, again, σ

β
(s+1)
L

(x) is

identical to σ
β
(s+1)
R

(y) in the first s+1 symbols. This proves the existence of

the desired grain patterns S = βL,S ′ = βR.

There is no other path γ′=(ℓ′ir
′
i)i∈[n] 6=γ in G(N) such that (x,y) =

(∂((ℓ′i)i∈[n]), ∂((r
′
i)i∈[n])): this implies the existence of an index s ∈ [n−1]

such that ℓsrs = ℓ′sr
′
s, ℓs+1rs+1 6= ℓ′s+1r

′
s+1, and ∂(ℓs+1rs+1) = ∂(ℓ′s+1r

′
s+1).

Yet this is impossible since the columns in A
(N)
G that are indexed by ℓs+1rs+1

and ℓ′s+1, r
′
s+1 cannot both have a 1 in the same position.

In a similar vein, one can prove the one-to-one correspondence between

W(O)
t and P(O)

t .
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Appendix B

Proof of Theorem 2.10

It is easy to verify that the augmentation of Cn with

y(n) = (0110)⌊n/4⌋(01)n−4⌊n/4⌋

and its binary complement y(n) yields an (n/2−1)-grain-correcting code,

implying the lower bound M2(n, n/2−1) ≥ 2n/2+2.

Assume that we have proved that

c(n) = (0011)⌊n/4⌋(00)n−4⌊n/4⌋

and the binary complement c(n) of c(n) are in a code C of sizeM2(n, n/2−1).

Define

T =
{
x = (xi)i∈[n] : x2s = x2s+1 for s ∈ [n/2]

}
.

There is only one word in T , y(n), that is n/2-confusable yet not (n/2−1)-

confusable with c(n); the other words in T \ {y(n)} starting with 0 are

(n/2−1)-confusable with c(n). Similarly, the only word of T that is n/2-

confusable yet not (n/2−1)-confusable with c(n) is y(n), and the other words

in T \ {y(n)} starting with 1 are (n/2−1)-confusable with c(n). Therefore

C ∩ T ⊆ {y(n),y(n)} and C \ {y(n),y(n)} is ∞-grain-correcting, hence by

Theorem 1.5, |C \ {y(n),y(n)}| ≤ 2n/2 implying |C| ≤ 2n/2 + 2. Notice that

in the case of equality, {y(n),y(n)} ⊆ C due to the maximality of C.
We prove that c(n) ∈ C by induction on the even values of n ≥ 4. For

n = 4, the claim is easily verified by the exhaustive search: there is only one

largest code of size M2(4, 1) = 6, and it contains both c(4) and c(4), namely,

{0000, 0011 , 0110, 1001, 1100 , 1111}

(c(4) and c(4) are marked in italics). As for the inductive step, let us as-

sume by contradiction that there exists a (n/2−1)-grain-correcting code C̃
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of length n of size at least 2n/2+4 not containing {c(n), c(n)}. Therefore

(w.l.o.g.) the number of words in C̃ starting with 0 is at least 2n/2−1+2. If

we puncture the first two coordinates in all the words of C̃ starting with 0,

the number of words in the obtained punctured code C∗ will not change as

otherwise there would have existed two 1-confusable words in C̃. The code

C∗ is of length n−2 and is (n/2−2)-grain-correcting hence by the induction

hypothesis, |C∗| = 2n/2−1+2 and c(n−2), y(n−2) ∈ C∗.

Consequently, 01cn−2 ∈ C̃, since we have assumed that c(n) /∈ C̃. Yet

01c(n−2) and 01y(n−2), as well as 01c(n−2) and 00y(n−2), are (n/2 − 1)-

confusable; this is a contradiction since either 00y(n−2) or 01y(n−2) is in

C̃. Thus, any largest (n/2−1)-grain-correcting code of length n and size

M2(n, n/2−1) contains c(n), hence by the previous proof, it is of size 2n/2+2.
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is implied by Turáns theorem, IEEE Trans. Inform. Theory, vol. 43,

pp. 1605–1606, 1997.
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