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Introduction

e Conventional magnetic recording media: grains

e Wood et al. suggested a new approach for magnetizing areas as

small as a single grain

e Mazumdar et al. considered a 1-D combinatorial error model

with insertion/deletion errors and grains of length 1 and 2




Combinatorial model

s] =40,1,...,s—1}
An alphabet ¥ = [q]

A grain (of length 2) ending at location e € [n] \ {0} in a word

X = (2;)ic[n) smears the value of cell e—1 to cell e: x, < z._1

A grain pattern S C [n] \ {0} contains all the grain locations

and inflicts errors to x by means of operator og

S has overlaps if there exist e,e’ € S such that ¢/ = e+1;

otherwise § is nonoverlapping




Example

e > =[3],n=06,x=102022, S ={1,3,5} and &' = {1,2}




Combinatorial model (cont.)

Risk set R;(x) is the set of words y € X" such that there exist
S, 8’ of size t at most for which og(x) = 05/ (y)

If y € Ri(x) then x and y are t-confusable

If x and y are t-confusable for some ¢ then x and y are

finitely-confusable; otherwise x and y are oo-confusable

A code C C X" is t-grain-correcting if no two distinct

codewords are t-confusable
The largest size M,(n,t)

The rate Ry(7) = limsup,,_, .. = log, My(n,t)

n

Asymmetry [Rq(111)] = 3 # 4 = [R4(101)|




Lower bound on M,(n,t)

e The number of ordered pairs of t-confusable words in X:
Wi () = 2w IRe(x) N X
Lemma. Let n, t be positive integers and let X C X", then
X

M,(n,t) > AW, ()

e We will evaluate W, (X)) for certain sets X with prescribed

empirical distribution of transitions




o mmﬁ of states VV) = Vo U V3 UV, where Vy = {aa : a € X},
T& ab € X2, @%ﬁ and V5 = A@@ ab € Y2, @#3

e For ¢ =2, V, ={00,11}, V; = {01,01,10,10}, V5 = {01,10}

e There is an edge in EWY) from v to v':




Example
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e The patterns S = {3,5} and &’ = {2,5} make x = 122101 (the
left path) and y = 120202 (the right path) confusable
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Wider-sense confusability

Words x, y are t-confusable in a wider sense (or t-cws) if there
exist grain patterns S and &’ such that |S|+ |S'| < 2t and

0s5(x) = 05/(y)

Any t-grain-correcting code in a wider sense is also a

t-grain-correcting in the ordinary sense
The forthcoming results apply to this notion of confusability

Empirically, this relaxation does not result in worse bounds

while using our technique




Correspondence between
pairs of words and paths

Lemma. For each t-cws (ordered) pair (x,y) € X" x X" there is
exactly one path v = (v;)ic[n) 0 GN) such that

1. vg €V,
2. x = (0(4i))ien)»
5.y = (0(ri))iein) and

4. The total number of grains that confuse x and y s at most 2t.
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Function fW

e Function fNV) : EW) — [3]2
e For an edge e = (¢r,0'7") € EWN) | fN)(e) = (v(e), x(€))

e v(e) counts the smallest number of grains confusing ¢¢' and rr’;

x (e) counts the number of crossovers




(V)

Matrix function >m

v(e) px(e) — N e EWN)
. Tmé?i _ ) e = (v,v)

v’ eV 0 otherwise

e LFor q =2,




Main theorem

e Applying special cases of lemmas from [MR92|: optimizing
convex functions subject to linear equality and inequality

constraints

e Asymptotic upper bound on the number of paths with average

number of crossovers ~ 2p and number of confusing grains < 27

KM = inf log MA™) (2. m)) — 271 _9plog. h
NmAOvZH“HWmAOvOOvﬁ OWQ A g ANU Vv T OWQN Nw OWQ W

Theorem. Let 7 € (0,1), then?

m@?v > @M\Sﬁ.v = sup AMI@QVINC/\VW

p€[0,1]

X2

2 Asymptotic version of My(n,t) > AWy (X)




Merging states of G

Similar to the standard procedure for reducing the number of
states in a presentation of a constrained system while

preserving its spectral radius

The states of Vj can be merged into superstate 0, V; — into

superstate 1, Vo — into superstate 2

Reduced matrix \Fmé :

0 1 2

AN — 1+(g—1)R*  2(g—1hz (q—1)(g—2)h?z*
1| 2h+(q—2)h* (q—1)h*z 0

2 | 2h+(q—2)h? 0 0




Overlaps allowed

Ngmmv\\wxﬁmvgtﬁmv mw”A@g \Q\vmmﬁsv

otherwise

su inf log, A(AY) Z,h,m
omQ%wlma“:v?smabom Sq ( g ( )

—(27 —n)log, z — nlog, m — 2plog, h}
Lower bound on the rate QMGV?.V = SUD,e[0,1] ANIQASINAGJ
0 1

1+(g—1)h?  2(q—1)hz+(q—1)(g—2)h?2>
2h+(q—2)h? h?m+2(q—2)h?z




Lower bounds @% ) (7)
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{c=(ci)icn] €X": ¢; # ¢iyq for any i € [n—1]}

7) and 034(7) rely on the code




Upper bound

C is a binary t-grain-correcting code of length n

Set B;(x) of all words w € [2]™ for which there is S of size t at

most such that og(x) =w

Lower bound () on |B;(c)| that depends only on the number

of runs r = r(c) in c; N(r) is the number of words with r runs

By sphere-packing arguments,

U= ay(r(c) <Y |Bi(c)| <27

ceC ceC

Vi (p+1)
such that " N(r)y(r) <2

ICl <>P_ N(r) + TTM%HH z?ve;a; where p is the largest




Upper bound (cont.)

e Lower bounds on |B;(c)| without overlaps

min{t,|(r—1)/3]} s—1

with overlaps
min{t,r—1}

O ﬁ|H
SRICEED SN
s=0
Theorem. Let C be a binary t-grain-correcting code of length n,

then |C| < AW (n,t) for j € {N,O} where

ﬁw: 250, (7)) M,c?:
Yo+ )




Upper bounds AY)(7)

n=200,te{l1,2,...,16}, 7 =t/n, AU (1) = AU)(n,n)
A(T)

A
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0.78

> T
0 0.08

Asymptotically, AN (1) and AMBK) (1) are the same; A(P) (1) grows like Hs(x)

where x is the smallest positive solution of Ha(x) + x - Ha(7/x) = 1




Constructions of
grain-correcting codes

Theorem (due to Mazumdar et al.). For anyn € Z™,
Ma(n, [n/2]) = 2/"/?]
For even n,
C, = Ao = (Ci)icin] © C2s = C2s41 for any s € T@\wﬁ

For odd n, C,, = (0| Cp—1) U (1| Cpr_1)
Theorem. Let n be an odd positive integer. The binary

co-grain-correcting code of length n and size 2!™/21 is unique.

Theorem. Let n > 5 be an odd integer. Then

Msy(n, |n/2] — 1) = 2/7/2]




Constructions of
grain-correcting codes (cont.)

Theorem. Let n > 4 be an even integer. Then

My(n,n/2 —1) =22 42

This result is attained by augmenting C,, with (0110)*(01)"~*% and
(1001)%(10)"~*¢ for s = |n/4]

Theorem. Let m > 2 be an integer and let n = 2m—1. Then

zwﬁ\\f H_.V > M§|S|_INA§|Hv\M

This result is obtained by the augmentation of a Hamming code
with a subset of C,,




Sizes Ms(n,t) of largest
t-grain-correcting codes
of length n




Sizes Ms(n,t) of largest
t-grain-correcting codes
in a wider sense of length n




Grain detection

Sum of indexes s(x) of the beginnings of runs of x
Set of words F with number of runs either [n/2] or [n/2]41

Categorize F by s(-) modulo [(n+1)/2] (modulo n when

overlaps are allowed)

2((1n)21=1)+((nr21)

There is at least one category Cr C F of size [(n+1)/2]

2((1n721=1)+((ny21)

n

(of size when overlaps are allowed)

Proposition. The code Cr is a binary co-grain-detecting code with
1.5logn 4 O(1)

n n

rate 1 —

e Easily generalized to larger alphabets (F contains all the words

with ~ n(g—1)/q runs)




