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Abstract. The goal of this work is to improve the efficiency and effeetiess of
the abstraction-refinement framework for CTL over the 3:gdl semantics. We
start by proposing a symbolic (BDD-based) approach forftlaisiework. Next,
we generalize the definition of abstract models in order twigde amonotonic
abstraction-refinement framework. To do so, we introdueenthtion ofhyper-
transitions For a given set of abstract states, this results in a mopigerabstract
model in which more CTL formulae can be proved or disproved.

We suggest an automatic construction of an initial abstrasttel and its succes-
sive refined models. We complete the framework by adjustiregBDD-based
approach to the new monotonic framework. Thus, we obtain @otenic, sym-
bolic framework that is suitable for both verification antsication of full CTL.

1 Introduction

The goal of this work is to improve the efficiency and effeetiess of the abstraction-
refinement framework for CTL over the 3-valued semantics.fivé suggest a sym-
bolic (BDD-based) approach for this framework. Next, we eyafize the definition of
abstract models in order to providernotonicabstraction-refinement framework. The
new definition results in more precise abstract models irckvhiore CTL formulae can
be proved or disproved. Finally, we adjust the BDD-based@augh to the new mono-
tonic framework.

Abstraction is one of the most successful techniques fotifighihe state explosion
problem in model checking [5]. Abstractions hide some ofdkéails of the verified
system, thus result in a smaller model. Usually, they argyded to beconservativdor
true, meaning that if a formula is true of the abstract model thés also true of the
concrete (precise) model of the system.

The branching-time logic CTL [5] is widely used in model ckigg. In the context
of abstraction, often only the universal fragment of CTL,TACis considered. Over-
approximated abstract models are used for verification oflAfdrmulae while under-
approximated abstract models are used for their refutation

Abstractions designed for full CTL have the advantage ofitiag both verification
and refutation on the same abstract model. A greater adyafgeobtained if CTL is
interpreted w.r.t. the 3-valued semantics [11]. This sdinarevaluates a formula to
eithertrue, falseor indefinite Abstract models can then be designed to be conservative
for bothtrue andfalse Only if the value of a formula in the abstract model is indigédin
its value in the concrete model is unknown. In this case, aegfent is needed in order
to make the abstract model more precise.



The first result of this paper is a BDD-based approach forfthimework. We use a
symbolic model checking for CTL with the 3-valued semanfi8jsif the model check-
ing results in an indefinite value, we find a cause for thislt@swd derive from it a crite-
rion for refinement. Previous works [15, 18, 19] suggestatrabtion-refinement mech-
anisms for various branching time logics oZevaluedsemantics, fospecificabstrac-
tions. In [20] the 3-valued semantics is considered. Yedir thbstraction-refinement is
based on games and is not suitable for a symbolic evaluation.

In order to motivate our next result we need a more detailestrifgion of ab-
stract models for CTL. Typically, each state of an abstrastieh represents a set of
states of the concrete model. In order to be conservativ€Tdr the abstract model
should contain botmay transitions () which over-approximate transitions of the
concrete model, anmlusttransitions ), which under-approximate the concrete tran-
sitions [14, 8]. In our work we use abstract models which ated Kripke Modal
Transition SystemgKMTS) [12,10]. In KMTSs, for every abstract stateg and s/,
Sq —, s, iff there existsa concrete state. represented by, and thereexistsa con-
crete state’, represented by, such thats, — s, (33-condition).s, — s/, iff for all
s. represented by, thereexistss/, represented by, such that. — s/, (v3-condition).

Refinements “split” abstract states so that the new, refitegdssrepresent smaller
subsets of concrete states. Several abstraction-refindraemeworks have been sug-
gested for ACTL and LTL with the 2-valued semantics, whersti@ttions are conser-
vative fortrue [13, 4, 1, 6, 2]. There, the refined model obtained from spgitabstract
states has less (may) transitions and is therefune precisén the sense that it satisfies
more properties of the concrete model. We call such a refinemenotonic

For full CTL with the 3-valued semantics, an abstractiofinement framework has
been suggested in [20]. For such a framework, one would ¢xipaicafter splitting, the
number of must transitions will increase as the number of aysitions decreases.
Unfortunately, this is not the case. Once a stjtis split, thev3-condition that allowed
sa —% s/ might not hold any more. As a result, the refinement is not rtamio since
CTL formulae that had a definite value in the unrefined modsl beecome indefinite.

In [9] this problem has been addressed. They suggest to lamescof the unre-
fined states in the refined model together with the refined.oftes avoids the loss
of must transitions and guarantees monotonicity. Yet,gblation is not sufficient be-
cause theold information is still expressed w.r.t. the “unrefined” statnd thenew
information (achieved by the refinement) is expressed.whetrefined states. As a re-
sult the additional precision that the refinement providemot be combined with the
old information. This is discussed extensively in Sectidh 4

In this work we suggest a different monotonic abstractiefimement framework
which overcomes this problem. For a given set of abstratéstaur approach results
in a more precise abstract model in which more CTL formulaetedefinite value.
Moreover, our approach avoids the need to hold copies ofrihefined states.

Inspired by [17], we define generalized KMTYGKMTS) in which must transi-
tions are replaced bsnust hyper-transitionswvhich connect a single statg to a set
of statesd. A GKMTS includess, — A iff for all s. represented by, thereexists
s, represented by som#& € A such thats, — s.. This weakens thg3-condition by
allowing the resulting statesg, to be “scattered” in several abstract states.



In general, the number of must hyper-transitions might pmaential in the number
of states in the abstract model. In practice, optimizaticars be applied in order to
reduce their number. We suggest an automatic constructian mitial GKMTS and
its successive refined models in a way that in many casesstimaxponential blowup.

In order to complete our framework, we also adjust for GKMTt&s3-valued sym-
bolic model checking and the refinement suggested aboveNtr$s. Thus, we obtain
a monotonic, symbolic framework that is suitable for bothfieation and falsification
of full CTL.

Organization. In Section 2 we give some background for abstractions an8-tredued
semantics. We also present a symbolic 3-valued model angekgorithm. In Section 3
we suggest a refinement mechanism that fits the symbolicitdahodel checker. In
Section 4 we presemgeneralizedKMTSs and their use as abstract models. Finally, we
present our monotonic abstraction-refinement framewo8eiction 5.

2 Preliminaries

Let AP be a finite set of atomic propositions. In this paper we cardide logic CTL,
defined as followsy == tt|p| —¢ | ¢ A ¢ | Ay wherep € AP, andv is apath
formuladefined byy ::= X ¢ | oUgp | ¢V . Other operators can be expressed in the
usual manner [5]. LeLit = AP U {-p : p € AP}. The (concrete) semantics of CTL
formulae is defined w.r.t. Kripke structureM = (S, Sy, —, L), whereS is a finite set
of states Sy C S is a set of initial states;»C S x S is a transition relation, which must
betotal and L : S — 2% is a labeling function, such that for every statand every
p€ AP, p e L(s) iff -p & L(s). A pathin M from s is an infinite sequence of states,
T = 50,51,--- such thats = So andv: > 0, Si — Si+1-

[(M,s) = ¢] = tt (= ff) means that the CTL formula is true (false) in the state
s of the Kripke structuré\/. [(M, 7) = ¢] = tt (= ff) has the same meaning for path
formulae over paths (see [5])/ satisfiesp, denotedM = ¢] = tt, if Vsg € Sp -
[(M, so) E ¢] = tt. Otherwise M refutesyp, denotedM E ] = ff.

2.1 Abstraction
We useKripke Modal Transition Systenfit2, 10] as abstract models that preserve CTL.
Definition 1. A Kripke Modal Transition SystetKMTS ) is a tupleM = (S, Sy, —

, %, L), whereS, S, are defined as beforer=>C Sx .S and—%C Sx S are transition
must

relations such that— is total and——C %1, andL : S — 2% is a labeling function
such that for every stateandp € AP, at mostone ofp and—p is in L(s).

A finite or infinite sequence of states= s, s1, . . . is apathin M from s if s = sg and

for every two consecutive states s; 1 in the sequence; — s; 1. is amust (may)

path if it ismaximaland for everys;, s;11 we have that; o si1 (51 — 5441). The

maximality is in the sense thatcannot be extended by any transition of the same type.
Note, that a Kripke structure can be viewed as a KMTS where ™=="%, and

for each state andp € AP, we have that exactly one pfand—p is in L(s).

! The requirement thaf*>C ™, s not essential for the purposes of this paper.



Construction of an Abstract KMTS. Let M¢ = (S¢, Soc, —, Lc) be a (concrete)
Kripke structure. Lef 4 be a set ofibstract stateand~ : S, — 2°¢ a totalconcretiza-
tion functionthat maps each abstract state to the set of concrete stegpsdsents.

An abstract model, in the form of a KMT& 4 = (Sa4, Soa, e ™ L4), can
then be defined as follows. The set of initial abstract stégasis built such thakg, €
Soa Iff Isge € Soc : s € ¥(s0a)- The “if” is needed in order to preserve truth from
M4 to M, while “only if” is needed to preserve falsity.

The labeling of an abstract state is defined in accord withaheling of all the
concrete states it represents. Fer Lit : 1 € La(s,) onlyif Vs, € v(sq) : 1 € Lo(se).

It is thus possible that neithernor —p are inL 4(s,). If the “only if” is replaced by
“iff”, then we say that the abstract labeling functioreisact

The maytransitions in an abstract model are computed such thay emncrete
transition between two states is represented by theBx.ifc v(s,) and3s!, € y(s,)
such thats, — s, then there exists a may transitiop —— s/. Note that it is possi-
ble that there are additional may transitions as well. fusttransitions, on the other
hand, represent concrete transitions that are common teeationcrete states that are
represented by the source abstract state: a must transjtioR™ s/, exists only if
Vs. € v(sq) 3s.. € v(s),) such thats, — s... Note that it is possible that there are less
must transitions than allowed by this rule. That is, the may must transitions do not
have to beexact as long as they maintain these conditions.

Other constructions of abstract models can be used as veglexample, ify is
a part of aGalois Connectiof7] (y : Sa — 29¢,a : 25¢ — Sy) from (29, C)
to (S4,C), then an abstract model can be constructed as described witfn the

may

framework ofAbstract Interpretatiori7, 16, 8]. It is then not guaranteed that> C .

3-Valued Semantics[12] defines the8-valuedsemantic§(M, s) E ] of CTL over
KMTSs, and similarly{(M, 7) [ 1] for path formulae, preserving both satisfaction
(tt) and refutation (ff) from the abstract to the concretedelo Yet, a new truth value,
L, is introduced, meaning that the truth value over the caagr®del is unknown and
can be either tt or ff. Intuitively, in order to preseve CTLe examineruth of a formula

of the form A+ along all themay pathsilts falsity is shown by a singlenust path

Definition 2 (Precision Preorder). Let My, M> be two KMTSs over state$;, S,
and lets; € S; andsy € So. We say tha{My, s1) is more precisehan (Ms, s2),
denoted(M1,s1) <cr (Ma,ss), if for every g in CTL: [(Ma, s2) B ¢] #1 =
(M, s1) E @] = [(Ma, s2) = ¢]. Similarly, we say thab/; is more precis¢han Mo,
denotedV/; <. M, ifforeverypin CTL: [Ms | o] #L = [M; E o] = [Ms E ¢].

The following definition formalizes the relation betweerotitMTSs that guaran-
tees preservation of CTL formulae w.r.t. the 3-valued sdiosn
Definition 3 (Mixed Simulation). [8,10] Let M; = (Si, So1, —>1, —%1, L) and
My = (S2, S09, =25, ™%, Ly) be two KMTSs. We say that C S; x S, is amixed
simulationfrom M; to M if (s1, s2) € H implies the following:

1. LQ(SQ) g Ll(Sl).
2. if s1 —51 s}, then there is some, € Sy S.t.s5 —4 s5 and (s}, s5) € H.

must /

3. if sy ™5, 5, then there is some, € S s.t.s; ——, s/ and (s}, s5) € H.



If there is a mixed simulatio®/ such thatvs; € Sp; Js2 € Soy : (s1,82) € H, and
Vso € Sop ds1 € Sop : (s1,82) € H, thenM; is greater by the mixed simulation
relationthan M, denoted\/; < M>.

In particular, Definition 3 can be applied to a (concrete)Ke structurel/- and an
(abstract) KMTSM 4 constructed based &, v as described above. By doing so, we
getthatM 4 is greater by the mixed simulation relatitiman . The mixed simulation
H C S¢ xS, canbeinduced by as follows:(s., s,) € Hiff s. € y(s,). Preservation
of CTL formulae is then guaranteed by the following theorem.

Theorem 1. [10] Let H C Sy x S5 be the mixed simulation relation from a KM%,
to a KMTSM,. Then for everys, s2) € H we have thatM, s1) <cn (M2, s2). We
conclude thaf\f; <, Mos.

Note that if the KMTSM is in fact a Kripke structure, then for every CTL formula
we have thaf(M,s) & ¢] = [(M,s) = ¢|. Therefore, Theorem 1 also describes
the relation between the 3-valued semantics over an ab&hTS and the concrete
semantics over the corresponding concrete model.

Exact KMTS. If the labeling function and transitions of the construcaédtract model
M 4 areexact then we get thexactabstract model. This model imost preciseom-
pared to all the KMTSs that are constructed as describedealioy. the givert 4, .

2.2 Symbolic 3-Valued Model Checking

[3] suggests a symbolic multi-valued model checking akiponifor CTL. We rephrase
their algorithm for the special case of the 3-valued sermantiiscussed in our work.

Let M be a KMTS andp a CTL formula. For € {it, ff, L } we denote byy], the
set of states inV/ for which the truth value of is v. Thatis,s € [¢], iff [(M,s) &
] = v. Model checking is done by computing these sets for the elgégiropertyp. If
all the initial states of\/ are in[y]tt, then[M = ] = tt. If at least one initial state is
n [¢ls, then[M E ] = ff, and otherwisé M £ o] =

The algorithm that computes the sgfdit and o] uses the following notation.
ForZ C S:ax(Z)={s|Vs :5 =% s = Z(s')} andex(Z) = {s|3s' : s ==
s'NZ(s")}. The algorithmis as follows.

[ttt = [ttlgs =0

Ilpllt—{ses peL(s)} Iplg=1{s€S:—pel(s)} forpec AP
[=e1ltt = lerlg Ilwlllff = [p1]tt

le A 2ltt = [er ]t N [e2lit le A sl = [erl U Lozl

t AX il = ex(lerls)
[A(e1Up2)|tt = pZ.[ 2]t U (o1t N ax(2))

[Ale1Up2)lg = vZ.Jp2lge N (lonlg U ex(2))

[A(e1Vip)ltt = vZ.[e2]tt N (lpaltt U ax(Z))

[Ale1Vp)lge = nZ.[e2lg U ([ealgs Nex(2))
Furthermore, for every CTL formula, [¢] 1 is computed as' \ ([¢]tt U [@lff)-

The fixpoint operators Z.7(Z) andvZ.7(Z) are computed as follows. Faf C S
we definer?(Z) to be theith application ofr to Z. Formally,7°(Z) = Z and for
everyi > 0: 771 (Z) = 7(71(Z)). Since the transformers’§) used in the fixpoint

Xl = ax(lerlit)



definitions of AU and AV are monotonic and continuous (similarly to [5]), then they
have a least fixpoint{) and a greatest fixpoint{ [21]. FurthermoreuZ.7(Z) can be
computed by J, 7(0) andvZ.7(Z) can be computed by, 7¢(.S).

3 3-Valued Refinement

Model checking of an abstract KMTS w.r.t. the 3-valued seiisammay end with an
indefinite result, raising the need for a refinement of thérabsmodel. In this section
we suggest a refinement mechanism that fits the use of the dign3bealued model
checking algorithm presented above. This results in a sjyimBevalued abstraction-
refinement algorithm for CTL. The suggested refinement ¥adlsimilar lines as the
refinement of [20], where a game-based model checking wak use

We start with some definitions and observations regardiagstfmbolic 3-valued
model checking algorithm. Fop € {A(p1Uyp2), A(p1V¢2)} and forv € {tt, ff}
we denote byjp]! the set of states at the beginning of thie iteration of the fixpoint
computation ofj|, (i > 0). Furthermore, forL, we define[¢|’ to be the setS \
(I¢lit U lelfs)- Note that the sethp], arenotnecessarily monotonic and tha] . is
notcomputed by a fixpoint computation.

For every state € [¢] . we defineen(s) to be the number of the iteration where
was first added tdy]’ . Note that|¢]] = 0, thereforeen(s) is always> 1. Also note
thaten(s) can be computed from the intermediate results of the fixpmntputation
when needed, without having to remember it for every stateaMb have the following.

Lemmal. If s € |¢] . thenVi > en(s): s € |¢]) . Furthermore, ifp = A(p1Uy2)

thenVi < en(s): s € ﬂ(pﬂ]%f and ifo = A(p1V ) thenVi < en(s): s € [l

We now describe our refinement. As in most cases, our refinecoesists of two
parts. First, we choose a criterion that tells us how to $ipéitabstract states. We then
construct the refined abstract model, using the refinedatisttate space.

Suppose the model checking resultlisand refinement is needed. This means that
there exists at least one initial statefor which the truth value apis L, i.e.so € o] L.
Our goal is to find and eliminate at least one of the causeseoinidhefinite result. We
first search for dailure state This is a states such that (1) the truth value of some
subformulay’ of ¢ in sis L ; (2) the indefinite truth value a#’ in s affectsthe indefinite
value ofp in sg; and (3) the indefinite value a#’ in s can bediscardedby splitting
s. The latter requirement means that the staftself is responsible for introducing
(some) uncertainty. The other requirements demand thautigertainty is relevant to
the model checking result. A failure state is found by appiythe following recursive
algorithm ons, andy (wheresg € [¢]L).

Given a state and a formulay’ s.t.s € |¢'| L, algorithmFi ndFai | ur e returns a
failure state and either an atomic proposition or a may tti@nsas thecausefor failure.

Algorithm Fi ndFai | ur e (s, ¢')

— If ¢’ = p € AP: returns andp as the cause.

— If ¢/ = =y call FindFailure ors andyp; (we know thats € [p1]1).

— If ¢’ = ¢1 A pa: call FindFailure ons and ¢; for somei € {1,2} such that
s € [p:]L (suchi must exist).



—If ¢ = AXp1:
o If there existss; € S such thats — s; ands; € [¢1]g then returns and
s =, s, as the cause.
e Otherwise, call FindFailure oy andyp; such thats — s; ands; € [p1]1
(suchs; must exist).
—If ¢ = A(p1U¢p2) or A(p1Vps):
If s € |p2].L then call FindFailure om andys;.
Otherwise, ifs € |¢1]. then call FindFailure om andy; .
Otherwise, if there exists, € S such that — s; ands; € [¢'l thenreturn
sands =% s; as the cause.
e Otherwise, if there exists; € S such thats — s; ands; € [¢']. and
en(s1) < en(s) then call FindFailure os; ande.
Otherwise, choose, € S such thats ™ s; ands; € [¢']1 (anden(s;) >
en(s)) and returns ands —— s; as the cause (sueh must exist).

Note that the order of the “if” statements in the algorithntedmines the failure state
returned by the algorithm. Different heuristics can be egaplegarding their order.

Theorem 2. The algorithm is well defined, meaning that all the possibkes are han-
dled and the algorithm can always proceed. Furthermorelviteys terminates.

Intuitively, at every momenti ndFai | ur e looks for a reason for the indefinite value
of the current formula’ in the current state. If s itself is not responsible for introduc-

ing the indefinite value, then the algorithm greedily conéis with a state and formula
thataffectthe indefinite value of’ in s. This continues until a failure state is reached.

Theorem 3. Let s be the failure state returned biyi ndFai | ur e. Then thecause
returned by the algorithm is either (b) € AP such that neithep nor —p label s; or
(2) an outgoing may transition afwhich isnota must transition.

In the first possibility described by Theorem 3, the labebiig causes it to be ifp], ,
thus it introduces an uncertainty and is considered theedandailure. To demonstrate
why the second case is viewed as a cause for failure, corssidemulaAy, which is
indefinite in a state. If s has an outgoing may transition to a statevhere the value of
1 is ff, thens is considered a failure state with the may transition (wiéatota must
transition, by Theorem 3) being the cause. This is becausmegihg the may transition
to a must transition will make the value dfX ¢, in s definite (ff). Alternatively, if all
such transitions are eliminated, it will also make the valtid X ¢, in s definite (tt).

A more complicated example of a may transition being the edoisthe failure is
wheny' is eitherA(p1Up2) or A(p1 Vo) and (1)s & 2] 1, (2)s & [p1] 1, (3) there

isnos; € S suchthats = s; ands; € [¢']g and (4) there is ne; € S such that

s =% sp ands; € [¢']L anden(s;) < en(s). In this case the algorithm considers

to be a failure state and the cause is a may transition (whigbtia must transition, by
Theorem 3) to a state such thats; € |¢']L anden(s1) > en(s). To understand why
this is a failure state, we focus on the case whegre= A(p;U¢2). By Lemma 1, at
iterationen(s) (> 1), s moved fromﬂgp’ﬂ%"(s)_l to ﬂ(p’ﬂj_n(s). By the description of the

en(s)—1

fixpoint computation of’|¢ we conclude that & [o2]¢ N (1 g Uex([4 [ )



Yet, by (1),s & [p2] L and thuss € [po]f (otherwise it would be if:[tt and thus

also in|¢'|i, in contradiction). Moreover, since is not yet in[¢’|<"*)~*, then by

may

Lemma 1 it must be d]tgo’]]]ff"(s)’l at that time. We consider — s; to be the cause
for failure because if it was a must transition rather thanag transition thers would
be in the setx(ﬂga’ﬂ%"(s)_l) and therefore would remain in the $e(||f_f"(s) for at least
one more iteration. Thus it would have a better chance toiremahe set|¢’|¢ until
fixpoint is reached, changing the indefinite valuex6fn s to a definite one.

Once we are given a failure stat@nd a corresponding cause for failure, we guide
the refinement to discard the cause for failure in the hopelfanging the model check-
ing result to a definite one. This is done as in [20], where #Hilerfe information is an-
alyzed and used to determine how the set of concrete stgtessented by should be
split. A criterion for splittingall abstract states can then be found by known techniques,
depending on the abstraction used (e.g. [6, 4]).

Having defined the refinement, we now have a symbolic abgiractfinement al-
gorithm for CTL that uses the 3-valued semantics. In the segtions we will show
how this algorithm can be improved, by using a new notion ati@tt models.

4 Generalized Abstract Models

In this section we suggest the notion of a generalized KMT&binuse as an abstract
model which preserves CTL. This notion allows better piieaisf the abstraction.

4.1 Motivation

The main flaw of using KMTSs as abstract models is in the masisitions, which
make the refinement not necessaritpnotonicw.r.t. the precision preorder. The fol-
lowing example demonstrates the problem. We consider #uititvnal refinement that
is based on splitting the states of the (abstract) model.

Example 1.Consider the following prograrf.
P inputix >0
pc=1:ifx > 5thenx := z + 1 elsex := z + 2 fi
pc=2: whiletrue do if odd(x) thenz := —1 elsex := = + 1 fi od

Suppose we are interested in checking the property EF(xz < 0), which is
clearly satisfied by this program. The concrete model of tgimam is an infinite state
model. Suppose we start with an abstract model where canstaties that “agree” on
the predicatéx < 0) (taken form the checked property are collapsed into a single
abstract state. Then we get the abstract madelescribed in Fig. 1(a), where the truth
value of ¢ is indefinite. Now, suppose we refine the model by adding tleelipate
odd(x). Then we get the modél/’ described in Fig. 1(b), where we still cannot verify
©. Moreover, we “lose” the must transition, — s; of M. This transition has no
corresponding must transition in the refined mo#&l. This loss causes the formula
EX (xz > 0) which is true inM to become indefinite id/’. ThusM’ £ M.

The source of the problem is that when dealing with KMTSs a&srabt models, we
arenot guaranteed to have a mixed simulation between the refindthabmodel and



(b)

Fig. 1. (a) An abstract model/ describing the progran?; (b) The abstract mode¥/’ resulting
from its refinement. Outgoing transitions ©f; are omitted since they are irrelevant.

the unrefined one, even if both are exact. This means thaefireed abstract model
is not necessarily more precise than the unrefined one, éeegl each of its states
represents less concrete states. This is again demoddtsatexample 1. There, both
the initial states of\/’ cannot be matched with the (only) initial stateof M in a way
that fulfills the requirements of mixed simulation. This Bchusesy has an outgoing
must transition whereas the initial statesidf have none. Consequentiyf’ A M.

[9] suggests a refinement where the refined maistnaller by the mixed simula-
tion than the unrefined one. The solution there is basicallyse both the new refined
abstract states and the old (unrefined) abstract statesisTaiway of overcoming the
problem that the destination states of must transition®aireg split, causing an unde-
sired removal of such transitions. This indeed preventddbe of precision. Yet, this
solution is not sufficient, as demonstrated by the follongrgmple.

Fig. 2. The modelM"’ achieved by applying refinement as suggested in [9)bfrom Fig. 1(a).
Outgoing transitions of2; are omitted since they are irrelevant, and so are additioumagjoing
may transitions of the unrefined states (there are no additimutgoing must transitions for the
unrefined states).

Example 2.Fig. 2 presents the refined modgl” achieved by applying refinement as
suggested in [9] on the mod&f from Fig. 1(a). Indeed, we now have a mixed simula-
tion relation from the refined modal”’ to the unrefined modél/, by simply matching
each state with itself or with its super-state, and the |dgzrecision is prevented. In
particular, the truth value dEX (z > 0) in M"” (unlike M’ from Fig. 1(b)) is tt, since



there are must transitions from the initial stated6f to theold unrefined state; . Yet,

in order to verify the desired properfy = EF(x < 0), we need a must transition to
(at least one of) thaewrefined states;o ands;; from which a state satisfying < 0

is definitely reachable (this information was added by tli@eenent). However, the3
condition is stillnot fulfilled between these states. As a result we cannot bemefit f
the additional precision that the refinement providesaiglstill indefinite.

This example demonstrates that even when using the refinesuggested in [9],
must transitions may still be removed in the “refined” parttod model, containing
the new refined states. As a result the additional precisiatthe refinement provides
cannot necessarily be combined with the old information.

4.2 Generalized KMTSs

Having understood the problems that result from the use dftrransitions in their
current form, our goal here is to suggest an alternativewuliaallow to weaken the
3 condition. Following the idea presented in [17] (in a slightifferent context), we
suggest the use difyper-transitiondo describe must transitions.

Definition 4 (Hyper-Transition). Given a set of stateS, a hyper-transitioris a pair
(s, A) wheres € Sand A C S is a nonempty set of states. Alternativelyhyper-
transitionfrom a states is a nonempty set of (regular) transitions fram
A (regular) transitior(s, s') can be viewed as a hyper-transitienA) whereA = {s'}.
Recall that a (regular) must transition exists fregrto s/, in an abstract model only
if everystate represented I3y, has a (concrete) transition somestate represented by
s!.. The purpose of the generalization is to allow such a coadransition to exist to
somestate represented Ispme(abstract) state in a sét, (which plays the role of’).
This can be achieved by using a hyper-transition. The htaeisition will still perform
as a must transition in the sense that it will represent at lelae concrete transition of
each concrete state represented pymaintaining the73 meaning).

Definition 5. A Generalized Kripke Modal Transition Syst¢@®KMTS) M = (.S, Sy,
5 I L) is a KMTS except thaf™>C S x 25 and for every(s, A) €= and
s’ € A, we have thafs,s’) €% holds. Alternatively, viewing a hyper-transition

may

(s, A) as a set of (regular) transition§(s, s’) : s’ € A}, we require thats, A) C—.
The latter requirement replaces the requirement4HatC == in a KMTS. A KMTS
can be viewed as a GKMTS where every must hyper-transitiamégular transition.
As before, anay pathn M is aninfinite path in)/. However, instead of must path
we now have anust hyper-pathTo formally define it we use the following notation.

Definition 6. Let IT be a set of paths, theme f;(IT) denotes the set of all the prefixes
of length: of the paths in/I.

Definition 7 (Must Hyper-Path). A must hyper-patlirom a states is a nonempty set
11 of paths froms, such that for every > 0:

prefipi(IT) = U {mi-s:s€ A}
m;Epref;(IT)
where form; = so,s1,...,s; € prefi(Il), the setA,, € 25 is either (1) the target
set of somemust hyper-transitiofis;, A, ), or (2) the empty sefl, if there is no must
hyper-transition exiting; .



Recall that our intention is to use GKMTSs as abstract mo@#ssidering this goal,
Definition 7 is aimed at maintaining the desired property thénere is a must hyper-
path IT from the abstract state, then every concrete state representedsbyas a
corresponding concrete path, i.e. a path that is repredségtsomepath inI7.

Note that a must hyper-path can include finite paths sifigecan be empty.

3-Valued SemanticsWe generalize the 3-valued semantics of CTL for GKMTSs. The
semantics is defined similarly to the (regular) 3-valueda®tins, except that the use of
must paths is replaced by must hyper-paths. In additiora fgrath) formula) of the
form X, 01U pa, Or p1 V2 and a must hyper-patii, we define

— [(M, IT) E «] = tt (ff), iff for every = € IT we have thal(M, 7) E 1] = tt (ff)
— Otherwise (M, IT) = o] =_L.

Note that the (regular) 3-valued semantics handles finitst paths as well.
The notion of a mixed simulation relation, that guaranteesservation of CTL
formulae between two KMTSs, is generalized as well whenidgalith GKMTSs.

must may )

Definition 8 (Generalized Mixed Simulation).Let M, = (51, So1, —1, —1, L1
and My = (S, Sos, =9, ™%y, L), be two GKMTSs. We say thHt C S; x Sy is a
generalized mixed simulatidrom M, to M, if (s1, s2) € H implies the following:

1. LQ(SQ) g Ll(Sl).

2. if s; —>1 s}, then there is some, € S S.t.so —> s, and (s}, sh) € H. )

3. if 55 ™5, Ao, then there is somd; C S; S.t.s1 —q A4 and (4, As) € H,
where(A;, Ay) € H < Vs, € Ay Ish € Ay : (s}, sh) € H.

If there is a generalized mixed simulatidhsuch that/s; € Sp; Js2 € Spy : (51, 82) €
H, andVsy € Spy 351 € So1 : (s1,82) € H, thenM, is greater by the generalized
mixed simulation relatiothan M, denoted\/; < Ms.

Theorem 4. Let H C S; x So be a generalized mixed simulation relation from a
GKMTSM; to a GKMTSM,. Then for everysy, s2) € H we have thatM, s1) <cn
(Ms, s2). We conclude that/; <., M.

Construction of an Abstract GKMTS. Given a concrete Kripke structurd ¢, a set
S, of abstract states and a concretization functipan abstract GKMTS\{ 4 is con-
structed similarly to an abstract KMTS with the followingffdrence: a must hyper-
transitions, —— A, exists only if¥s.. € y(s,) 3s. € (U%GAa 7(5;)) DS — 8L

This construction assures us thdt, < M4 w.r.t. the generalized mixed simula-
tion. Therefore, Theorem 4 guarantees preservation of @di i/ 4 to M.

The use of GKMTSs allows construction of abstract modelsdhamore precise
than abstract models described as KMTSs, when using the absteact state space
and the same concretization function. This is demonstiatdtie following example.

Example 3.Consider thexactKMTS M described in Fig. 1(a) for the prografhfrom
Example 1. The state has no outgoing must transition. Therefore, even veriboaif
the simple formulaE X E X (true) fails, although this formula holds in every concrete
model where the transition relation is total. Using a GKMT&lfer than a KMTS) as
an abstract model allows us to have a must hyper-transition §; to the sef{ s, s2}.
Therefore we are now able to verify the tautological formllE E X (true).



Exact GKMTS. As with KMTSs, the must hyper-transitions of a GKMTS do notda
to beexact as long as they maintain the n&a condition. That is, it is possible to have
less must hyper-transitions than allowed by Yerule. If all the components of the
GKMTS are exact, then we get tlegactGKMTS, which ismost precis&ompared to
all the GKMTSs that are constructed by the same rules bas#teagivens 4, 7.

Any abstract GKMTS and in particular the exact GKMTS can lioed without
damaging its precision, based on the following observat@men two must hyper-
transitionss, —> A, ands, —> A’, whereA, c A/, the transitions, — A’
can be discarded without sacrificing the precision of the GiviTherefore, a possible
optimization would be to use ontpinimalmust hyper-transitions wherg, is minimal.
This is similar to the approach of [8], where the destinasitate of a (regular) must
transition is chosen to be the smallest state w.r.t. a giegtigborder onS 4.

In general, even when applying the suggested optimizatimnumber of must
hyper-transitions in the exact GKMTS might be exponentidhie number of states. In
practice, computingll of them is computationally expensive and unreasonablerLat
on, we will suggest how to choose an initial set of must hytpemsitions and increase
it gradually in a way that in many cases avoids the exponidsitavup.

5 Monotonic Abstraction-Refinement Framework

In this section our goal is to show how GKMTSs can be used ictjma within an
abstraction-refinement framework designed for full CTL. &ll&o show that using the
suggested framework allows us to achieve the importantradga of anonotonicre-
finement when dealing with full CTL and not just a universabfiment of it.

We start by pointing out that usinegxactGKMTSs as abstract models solves the
problem of the non-monotonic refinement, described in 8retil.

Definition 9 (Split). Let Sc be a set of concrete states, I8t and ', be two sets
of abstract states and let : S4 — 2%, 4/ : S/, — 25¢ be the corresponding
concretization functions. We say th{&t,, +') is asplit of (S 4, 7) iff there exists a (total)

functionp : S/, — 54 such that for everg, € Sa: (Up(s/ )=s5a 7’(5;)) = (8q)-

Theorem 5. Let M be a (concrete) Kripke structure and 1814, M/, be twoexact
GKMTSs defined based @84,~), (S%,7') respectively, such tha/c < M4 and
Mc = M/, 1f (S),+) isasplitof(Sa, ), thenM/, < Ma.

Theorem 5 claims that for exact GKMTSSs, refinement that ieth@s splitting ab-
stract states is monotonic. This is true without the neeatd ftopies” of the unrefined
abstract states. Yet, as claimed before, constructingtaet SKMTS is not practical.
Therefore, we suggest a compromise that fits well into theaésaork of abstraction-
refinement. We show how to construct an initial abstract GKS\WiRd how to constructa
refined abstract GKMTS (based on splitting abstract stafé&) construction is done in
away that is on the one hand computationally efficient andiemther hand maintains a
monotonic refinement. The basic idea is as follows. In eazhfibn of the abstraction-
refinement we first construct an abstract KMTS, includingnisy transitions and its
(regular) must transitions. We then compute additionaltrhyper-transitionsas de-
scribed below.



Construction of an Initial Abstract Model Mj:
Given an initial set of abstract stat8g and a concretization functiop:

1. construct an abstract KMTS based(éf, o).
2. for every abstract state, add a must hyper-transitiochvisi the set of all its out-
going may transitions.

Note that the set of all the outgoing may transitions of eesitadeed fulfills thev3
condition and thus can be added as a must hyper-transitiogirdsults from the totality
of the concrete transition relation along with the propénmst every concrete transition
is represented by some may transition. We call such mustrityguesitiondrivial .

Construction of a Refined ModelM; 1:

Suppose that model checking of the abstract mddgtesulted in an indefinite result
and refinement is needed. L1, vi+1) be the split of(S;,~;), computed by some
kind of a refinement mechanism. Constrizét, ; as follows.

1. construct an abstract KMTS based(® 1, vit1)-

2. for every must hyper-transition (including regular muansitions)s; —— A; in
M; and for every state; . ; € S;y; thatis a sub-state af < 5;, add toM;,; the
must hyper-transitiorUsgeAi{si+1 =% s, ¢ si, is asub-state of,}.

3. [optional] discard from\/;; any must hyper-transitiosy, ; — A;; that is not
minimal which means that there is, ; o A;H in M; 11 WhereA;_H C Aiga.

The purpose of step 2 above is to avoid the loss of informdtiam the previous
iteration, without paying an additional cost. To do so, wew@demust hyper-transitions
in M,,, from must hyper-transitions if/;, while avoiding the recomputation of the
V3 rule. Namely, if there is a must hyper-transition fregrto A; in M;, then for every
states; 1 in M, that is a sub-state af we add an outgoing must hyper-transition to
the set of all sub-states of statesdn, excluding states to whick;; does not have a
may transition. Clearly, given that —— A;, we are guaranteed that tk& condition
holds for the corresponding hyper-transitionshify, ; as well. Note that this is not
damaged by excluding from the destination set states tohahic, does not have a
may transition. This is because the lack of a may transitimws that théi3 condition
does not hold betweet; and the relevant states. Therefore they cannot contribute t
the satisfaction of the3 condition anyway and can be removed. By using this scheme,
the construction of the GKMTS requires no additional corafiahal cost, compared to
the construction of a (regular) KMTS.

The purpose of step 3 is to reduce the GKMTS without sacriidis precision.
Note that the reduction done in this step can be perfortosichg step 2.

Theorem 6. Let M be a concrete Kripke structure and l&fy, M, ... M,, ... be the
abstract GKMTSs constructed as described above. Then
(1) foreveryi > 0: Mc = M;; and (2) foreveryi > 0: M;1 =< M;.

Theorem 6 first ensures that the construction of the initidithe refined GKMTSs
described above yields abstract models which are greatbelgeneralized mixed sim-
ulation relation than the concrete model. Moreover, it eesthat although we do not



use the exact GKMTSs, we still have a generalized mixed sitin relation between
GKMTSs from different iterations in a monotonic fashion.i§means that we do not
lose information during the refinement and we get “closerth®concrete model.

Example 4.To demonstrate these ideas we return to the progPaftom Example 1
and see how the use of GKMTSs as described above affectsatinitital GKMTS
M is similar to the KMTSM from Fig. 1(a), with two additionatrivial must hyper-
transitions froms; and fromss to {s1, s2}. Yet, the truth value o = EF(z < 0)
remains indefinite in this model. When we construct the refimedel A/, (based on
the addition of the predicat@id(z)), we get a GKMTS that is similar to the KMTS
M’ from Fig. 1(b), butM; also has additional must hyper-transitions. In partigutar
has two trivial must hyper-transitions from both of its ialtstates to the setso, s11}-
These must hyper-transitions are the refined version of ridgular) must transition
from s to s1 in My: They exist because the initial states/df, are sub-states of the
initial statesy of My and the se{s, 511} consists of all the sub-states of. Their
existence inV/; allows to verifyyp, since due to them each of the initial states now has
an outgoing must hyper-path in which all the paths reaglwherez < 0.

Example 4 also demonstrates our advantage over [9] whialsst@m the fact that
our refinement does not use “copies” of the unrefined absstat#s, unlike [9]. This
example shows that in our approach tie information (from the unrefined model) is
expressed with respect to thewrefined states. Consequently, the old information and
the new information, for which refinement was needed, carob#&ined, resulting in a
better precision.

To conclude this section and make the suggested ideas cemyiplemains to pro-
vide (1) a model checking algorithm that evaluates CTL fdamwver GKMTSs, using
the generalized 3-valued semantics; and (2) a suitableeraéint mechanism to be ap-
plied when the model checking result is indefinite. Usingéhievo components within
the general framework suggested above, results in an aabsttaction-refinement
framework where the refinement is monotonic.

Model Checking. As a model checking algorithm we suggest a simple genetializa
of the symbolic 3-valued algorithm presented in Section Pti& only change is in the
definition of the operatorz(Z), which is now defined to be

ex(Z)={s|3s),...8, 15 =5 {s],...,sL} A /\Z(s;)}
i=1

Refinement.As for the refinement mechanism, we can use the algorithmestegd in
Section 3 in order to find a failure state, analyze the faiburd decide how to split the
abstract states. To be convinced of that, one needs to ribéitthe refinement is based
on may transitions only. Therefore no change is needed.

Moreover, the construction of a refined modél,; can be improved when this
refinement mechanism is used. Namely, during the failurbyais4t is possible to learn
about additional must hyper-transitions that can be adul&fi{ ;. This is because if the
cause for failure is a may transitiepn — s, (in M;) then the splitis done by separating
the setS{, of all the concrete states represented bihat have a corresponding outgoing
transition, from the rest (see [20]). In this case, we araantaed that after the split,



thev3 condition holds between the sub-statespfepresenting the concrete st and
the set containing all the sub-statessbf Therefore, we can add such a must hyper-
transition toM; ; without additional computational cost.

Other extensions of the refinement mechanism, which are @GEMTS-oriented
and further exploit the use of must hyper-transitions, anétted due to space limita-
tions.

Theorem 7. For finite concrete models, iterating the suggested abstraaefinement
process is guaranteed to terminate with a definite answer.
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