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Abstract. This work extends the game-based framework.afalculus model
checking to thenulti-valuedsetting. In multi-valued model checking a formula is
interpreted over a Kripke structure defined over a latti¢te alue of the formula

is also an element of the lattice. We define a new game for thillgm and
derive from it adirect model checking algorithm that handles the multi-valued
structure without any reduction. We investigate the prigemnf the new game,
both independently, and in comparison to the automatadtesgroach. We show
that the usual resemblance between the two approachesatdesd in the multi-
valued setting and show how it can be regained by changingdhae of the
game.

1 Introduction

Model checking [8] is a successful approach for verifyingettter a system modéll
satisfies a specificatiop, written as a temporal logic formula. In multi-valued model
checking the system is defined over a lattiteBoth the labelling of states and the
transitions of the system are interpreted as elements fnertattice. The meaning of a
formula in the model is then also given by an element of theckat

Multi-valued model checking has many important appliaagiavithin the verifica-
tion framework. For example, 3-valued model checking, wtike logic is based on the
lattice L3 (see Fig. 1), has been used to reason about abstract sésictustructures
with partial information [2, 24, 13]. In this context the valU is used to modalncer-
tainty, with the meaning that the value can eitherber L. Recently, [1] has used a
6-valued logic as an extension of this approach for faldificeof properties. Another
useful lattice is the latticé o, with the valuesTL and LT representinglisagreement
(see Fig. 1). Model checking using this lattice (or its gafizations) has been used to
handle inconsistent views of a system [11, 17]. Temporatlqgery checking [5, 3, 15]
can also be reduced to multi-valued model checking, wherekbments of the lattice
are sets of propositional formulas.

One way of handling the multi-valued model checking probisrthe reduction
approach, where the problem is reduced to several tradit@wvalued problems [12,
17,18, 14, 4] or 3-valued problems [19].

As opposed to the reduction approach, direct approach checks the property on
the multi-valued structure directly. It thus has the adagetof a more “on-the-fly”
nature. Furthermore, a direct model checker can providéiayxinformation that ex-
plains its result. Such information can help analyzing th&ult. For example, in [24,
13] the result of a direct model checking is used to suggdisterment of a 3-valued
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Fig. 1. Examples of Lattices

abstract structure. The same information cannot be retliéwm the model checking
of two 2-valued structures [23].

Several direct model checking algorithms for various rawdtiued logics have been
suggested in the literature. [2, 24, 13] studied the 3-vihleese of CTL ([2, 24]) and
the p-calculus ([13]). In [6] the logic LTL was considered overifinlinear orders.
The general multi-valued version of CTL was handled in [#haHy, analmostdirect
automata-based algorithm for the multi-valyeaalculus was suggested in [4]. Their
approach handled the multi-valued labelling directly,dtiltused a reduction to handle
multi-valued transitions.

In this paper we suggest fally direct model checking for the multi-valued-
calculus, where both the multi-valued labelling and the tirudlued transitions are
handled directly. The:-calculus[20] is a powerful formalism for expressing proper-
ties of transition systems using fixpoint operators. It eord, for example, both CTL
and LTL as its fragments. Our approach refers to its muliiked semantics based on
any finite distributive DeMorgan lattice.

We base our algorithm on thgame-theoreti@pproach [25] and thus gain all of
its advantages [24, 13]. In the traditional game-basedagmbrto model checking two
players, the verifier (calledloise) and the refuter (calleédbelard), try to win a game.
A formula ¢ is true in a modelM iff the verifier has a winning strategy, meaning that
the verifier can win any play, no matter what the refuter does.

We adapt this approach for the multi-valued case. In pdaicwe now talk about
thevalueof the game. It turns out that in the multi-valued case thessdotnecessarily
exist abeststrategy fordloise. Instead, strategies may be incomparable and the valu
of the game is determined by their combination.

We suggest two definitions of a multi-valued game forghealculus and prove their
correctness. The proof turns out to be interesting in itaslft uses similar techniques to
those used in the reduction approach of [4]. This is in sfite@fact that our approach
handles the multi-valued structure directly and uses noatahs.

When comparing our definitions to the work of [4], a surprigimoperty is revealed.
The direct algorithm of [4] is based on automata [21]. Usydile game-based and the
automata-based approaches to model checking have a sesgmblance [22]. Yet, in
the multi-valued setting we find that our definition of the gaisidifferent in essence
from the automata-based approach of [4]. We discuss thierdifce and suggest an
alternative multi-valued game that regains the similadtgutomata. More importantly,
our resulting framework in fact generalizes the work of [@,it handles directly not
only the multi-valued labelling, but also the multi-valueansitions.

The game-based approach to model checking was alreadyajjeadrto the 3-
valued case [24, 13]. However, it turns out that handling rzegal lattice, where there



is more than one intermediate value and the elements arepamtially ordered, is
substantially more complex (see Section 7).

The rest of the paper is organized as follows. In Section 2iwegpme background
on lattice theory, multi-valued-calculus and model checking games. In Section 3 we
provide our main definition of the multi-valued model chegkigame and prove its
correctness. A model checking algorithm, based on the giartteen described in Sec-
tion 4. In Section 5 we suggest an alternative definition iergame. We then discuss
the relation to the automata-theoretic approach, whicldgianother definition of a
multi-valued game, in Section 6. Finally, we compare theegaimulti-valued game to
the much simpler 3-valued case in Section 7.

2 Preliminaries

Lattices A lattice is a partially ordered s€tC, <) where for each finite subset of el-
ements there exists a uniqgesatest lower boungglb) andleast upper boundlub).
The glb is also callecheetand is denoted by Ay or A A (forx,y € £, A C £). The
lub is also calledoin and is denoted Vv y or \/ A (see Fig. 1 for examples).
Throughout this paper we refer to finite distributive DeMamdattices. Every finite
lattice iscomplete meaning that it has a greatest element, caitgxl denotedT, and
a least element, calldabttom denotedL. In adistributivelatticez A (y V z) = (z A
y)V(zxAz)andz V (y A z) = (xVy)A(xzV z) for all lattice elements:, y, z. In
a DeMorganlattice every element € £ has a unique complement: € £ such that
-—z = z, DeMorgan’s laws hold, and < y implies—y < -z !
A join-irreducible elementr of a distributive latticeC is an elemen$ | s.t.x =
y V z impliesz = y orz = z for everyy, z € L. We denote the set of join-irreducible
elements o by 7(£). For examplelT € J(Lq2), butT ¢ J(L2.2) (see Fig. 1).

p-calculus [20] Let P be a finite set of atomic propositions aid set of propositional
variables. We consider the logiccalculusin negation normal formdefined as follows:
e u=q | g | Z ] oeve | one | Op | Op | pZy | vZe
whereq € P andZ € V. Let £, denote the set aflosedformulas generated by the
above grammar, where the fixpoint quantifiarandv are variable binders. We write
7 for eithery or v. We assume that formulas are well-named, i.e. no varialidleusd
more than once in any formula. Thus, every variablgentifiesa unique subformula
fp(Z) = nZ.4 of p, where the sefub(y) of subformulaf ¢ is defined as usual.

Semantics The concrete semantiosf a p-calculus formula is given with respect to
a Kripke structure. A (finite) Kripke structure is a tupdd = (S, R, ©), whereS is

a finite set of statesR C S x S is a transition relation, which must bietal, and
O : S — 27 is a labelling function [8].

In this work we consider the multi-valugécalculus [4], where formulas are in-
terpreted with respect to a Kripke structure defined ovettiéa(also calledyKripke
structure). In a Kripke structure over a latti€e both the labelling and the transition
relation have a multi-valued natur@:maps a state to a mapping frdaito elements of

! Since we refer to temporal logic in negation normal form,at&m can be defined arbitrarily.
We chose to refer to DeMorgan lattices since they are mostramty used in this context.
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Fig. 2. The 2-valued model checking game rules foy.

L, thatis® : S — (P — L). FurthermoreR maps pairs of states to lattice elements,
thatisR : S x § — L (see Example 1). The totality requirement®is now given by
the requirement that for eaghe S there exists some statéc S with R(s,s’) # L.

The semantlcﬂga]] of a £, formulay w.r.t. a Kripke structure\t = (S, R, 0)
over a latticeC and anenwronmenro V — (S8 — L), wherep explains the meaning
of free variables inp, is a mapping fron® to L.

We assumeM to be fixed and do not mention it explicitly anymore. Wit — g|
we denote the environment that mapso g and agrees witl on all other arguments.
Later, when only closed formulas are considered, we wilh @sop the environment
from the semantic brackets. In the following definitifiis an element ofS — £) —

(§ — L), defined byAg.[[go]]p[ZHg] andv f, uf stand for the greatest and least fixpoints
of f, which exist according to [26], since the functionsiin— £ form a complete lattice
under pointwise ordering and the functiorfak monotone w.r.t. this ordering.

ld], = As.0(s)(q) 2], =p(2)
[-al, = /\S —6(s)(q) [WZ.¢], == puf
ler veel, = Asfeil, Vie:l, [vZ.¢], =vf
[pr Ap2], = As.fer], A [[%02]]

[O¢l, = As. V{R(s,s") A [l () | R(s,s") # L}

A
[Fel, = As. A{=R(s,s") V [y ]] (s') | R(s,s") # L}

Givene, (M, s) andL, computing the value dfs]™!(s) is called themulti-valued
model checking problenA regular Kripke structureM can be viewed as a Kripke
structure over latticd., (see Fig. 1), by referring to the set of transitions and thete

atomic propositions that label a state by their charadterfignctions. In this case we
write (M, s) k= ¢ for [o] ™ (s) = T and(M, s) b ¢ for [o] M (s) = L.

Model Checking Games The 2-valued model checking gani&,(so, ©o) on a (reg-
ular) Kripke structureM = (S, R, ©) with sy € S and a formulap, € £, is played
by playersdloise (the prover) anttbelard (the refuter) in order to determine the truth
value ofyyg in s, cf. [25]. Configurations are elements®fC S x Sub(yg), and writ-
tent i +. Eachplay of I'y((so, o) is @ maximal sequence of configurations that starts
with so F ¢o. The game rules are presented in Fig. 2. Each rule is markéed byto
indicate which player makes the move. A rule is applied wherptayer is in configura-
tion C;, which is of the form of the upper part of the ruté,, is then the configuration
in the lower part of the rule. The rules shown in the first aricddtholumns present a
choice which the player can make. Since no choice is possitds applying the rules
in the second column, both players can apply them. If no ratele applied the play
terminates. This happenst@erminalconfigurations of the formt p ort - —p.

Winning Criteria: Playerd winsa playCy, C4, . . . iff



1. the play terminates it g with ©(t)(¢) = T ort F —¢ with ©(¢)(¢) = L, or
2. the outermost variable that occurs infinitely often isyqfety.
Playervy winsa playCy, C, .. . iff
3. the play terminates iht- ¢ with ©(t)(¢) = L ort - —q with ©(¢)(¢q) = T, or
4. the outermost variable that occurs infinitely often isyqfet .
A (memorylessktrategyfor player@ is a partial functions : ¢ — C, such that
its domain is the set of configurations where plagemoves. Playef) plays a game
according to a strategyif all his choices agree with. A strategy for playe€ is called
awinning strategyf player @ wins every play where he plays according to this strategy.
We have the following relation between the game and the stcsan

Theorem 1. [25] For a regular Kripke structureM = (S, R, ©), s € S,andp € L

€)) [[cp]]M(S) = T iff Player3 has a winning strategy faF,(s, ¢),
(b) [[(p]]M(S) = 1 iff PlayerV has a winning strategy faF,(s, ¢)

3 A Multi-Valued Game for the p-Calculus

In this section we investigate the multi-valued model climglroblem from the game-
theoretic point of view. For the rest of the section et be a Kripke structure over
lattice £, so a state inM and ¢y a p-calculus formula. We suggestraulti-valued
model checking gamé.}} (so, ¢o), for evaluatingp, in states, of M.

The new game is still played by two playeBoise andvbelard, and the moves of
the players are defined as in the 2-valued game (see Fig.2articular, in the rules of
the third column the players can make a move along any transithose value is not
L. However, the concept of winning needs to be adapted. Intacapture the multi-
valued nature of the problem, we no longer talk abeimninga play versusosingit.
Instead, we now associate with each plaxaluewhich is an element from the lattice.

In our definitions we take the point of view afoise (we could dually describe the
game from the point of view dfbelard)). Intuitively, we think of the value of a play as
a measure for how closgéloise is to winning; Winning ofiloise in the 2-valued case
now corresponds to thiep value. Winning ofvbelard corresponds to tmttomvalue,
but more values are possible. In these terms, the goal ofidlyens is no longer tavin
the play. Instead, the goal gfoise is to maximize the resulting value, whereas the goal
of Vbelard is to minimize this value.

Notation We refer to the configurations df};(so, vo) asnodesin a game graph
divided toV-nodes, wherélloise plays, versug-nodes, wher&belard plays. Moves
between configurations aeslgedn the graph. Each edge (move) has a value from the
lattice: moves that use a transition of the model get itsezaltne rest get the value.

We abuse the notation of the transition relation and det&ealue of an edge from
ton’ by R(n,n’). We refer to edges with values T, | asindefiniteedges.

Example 1.Consider the Kripke structur®t of Fig. 3 over latticeZ, s.t.x,y, z,w €

L. The labels of the transitions define their values. Unl&gettansitions have value
T. The states labelling denotes thafsy)(r) = z, O(so)(h) = w andO(s1)(q) =
O(s2)(q) = T, whereg, r, h are atomic propositions. Fig. 3 also shows the game-graph
of I'V (s0, vo), Wherepy = $g A (Vv k). Again, the edges are labelled by their values.
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Fig. 3. Example of a Multi-Valued Game

3.1 Plays and their Values

AplayinI'}(so, o) is defined as before. To understand how we determine the ealue
a multi-valued play, consider again a 2-valued play. As &ixgd above, if the winner is
Jdloise, then in the multi-valued context we view its valuelasSimilarly, if the winner

is Vbelard, then we view the value as However, in the multi-valued case we have two
extensions, which introduce more values. First, the tesimodes{ + ¢, t - —q) are
no longer classified as winning or losing, but they have aevalhich results from the
value ofq in the state. This affects the values of finite plays.

Furthermore, the moves are also multi-valued, due to théi+vallied nature of the
model’s transitions. The value that a player gains in thg plao depends on the values
of the transitions that were used. Intuitively, one canktof the moves oflloise as
attempts at proving the formula and the move¥ioélard as attempts at refuting it. In
this context, the use of indefinite edges in the multi-valcesk is interpreted as a weak
attempt at proving or refuting (depending on the player).

Recall that we think of the value of the play as a measure far tlose Jloise
is to winning. Therefore, when evaluating a play we take thiefpof view of Jloise.
Conceptually, we first give the playlzasevalue, while ignoring the values of edges
used. We then update the resulting value based on the edges.

Definition 1. For a terminal noden = ¢ ¢, we defineval(n) to be ©(t)(q). For
n =t F —q we definaal(n) to be—-O(t)(q).

Definition 2. For a playp in the game, we define ibmse valughase(p), as follows. Ifp
is finite,base(p) = val(n), wheren is the terminal node in whichends. Ifp is infinite,
thenbase(p) = T if p is won by3loise in the 2-valued game. Otherwisese(p) = L.

We update the base value by taking into consideration theegadf the edges used
by bothplayers in the play. Intuitively, whegloise plays, she tries to show an evidence
for truth. For her evidence to be “convincing”, she needsdthlrontinue to a position
which is good for herand also use an edge with a high value (which corresponds in
a way to high certainty). Consequently, the value of the @ayiven by theglb of the
value of the edge and the value of the rest of the play. On ther ttand, wheivbelard
plays, he tries to refute. When looking at the situation ftbmpoint of view ofJloise,
she succeeds in her goal betteylfelard either reaches a position that is good for her,
or if he uses an edge of low value (alternatively: high negasdde), in which case the
certainty of his refutation is low. Therefore, the value loé¢ fplay in this case is given
by thelub of the negationof the value of the edge and the value of the rest of the play.
This intuition leads to a bottom-up computation of the vad@ia play.



Definition 3. Letp = ng,n4,...,nx be a finite prefix of a play, and let € £ be
a base value. We defingdate(p, x) by reverse induction. Initiallyyal, = x. Given
val;, we defineal;_; depending on the player that made the move frqm to n;. If
it is Jloise, therwal;,_1 = R(n;—1,n;) A val;. If the player isvbelard, therwal,_; =
—R(ni—1,n;) Vval;. Finally, we letupdate(p, x) = valy.

Note that edges with valué do not change the base value since\ x = z and
—-T vz =xforall z € £ (since in a DeMorgan lattice T = ).

Definition 3 is directly applicable to defining the value of mité play by takingr
to be the base gf. Unfortunately, it is not suitable for infinite plays.

To handle infinite plays, we use the following key observatioMe say that a prefix
p; of a playp is total if for each player, the set of values of edges used by the playe
in p; is equal to the set of values used by the same playgr 8ince the underlying
lattice is finite, the set of values of edges used in the plagdnh player is finite. Thus,
there always exists finite total prefix of the (possibly infinite) play. Furthermore, it
turns out that computing the value of the play by consideoinly such a (finite) prefix
is sufficient, in the following sense. We define the valué&(p;) of a prefixp; of a play
p similarly to the definition of the value of a finite play, ex¢dpat the base value is set
to the base value of the entire playThat is,val(p;) = update(p;, base(p)). We now
have the property that the valueaiytotal prefix ofp is the same.

Lemma 1. Letp;, p; be two finite total prefixes of a play Thenval(p;) = val(p;).

In other words, the play haslinit value. This property is surprising since the se-
quence of values of increasingly longer prefixes is not resrédg monotonic. Lemma 1
also implies that any finite total prefix of the play is a goggresentative for computing
this value. We therefore define the value of a play as follows.

Definition 4. For a play p, val(p) = update(p;,base(p)), wherep; is the minimal
total prefix ofp.

Example 2.Consider again the game described in Fig. 3. Terminal nadé®igame-
graph are labelled by their values. One possible play in #meeajis< ng,ni,ng >. Its
value is—T V (z A T) = x. Another example is the play ng, na, n5 > whose value
is=T V(T A z) = z. More plays exist.

3.2 Strategies and their Values

As always, to relate the game to model checking, we needidakailut strategies, rather
than a single play. In the 2-valued game we talked abdnningstrategies and we were
guaranteed that exactly one player had one. In the multieehtase, we no longer talk
about winning. Instead, we talk about th&in of each player in the game. We therefore
need to replace the notion of winning strategies by stratefgir gaining a value.
Consider again the 2-valued game. A winning strategyzfoise in the 2-valued
game guarantees that every play, whélgise plays by the strategy is winning for
Jdloise (or has valu€l). On the other hand, a non-winning strategy fitwise is such
that there exists a play whentoise plays by the strategy, but the play is winning for
vbelard (has valug.). Thus, we can say that a winning strategy #wise ensures the



value T, whereas a non-winning strategy ensures ahl{as it ensures a value L,
but not better than that). Furthermore, each strategyhsieitinning forJloise or non-
winning. Thus, strategies are comparable, and there alexgts abeststrategy. The
best strategy is a winning strategy if one exists, or a namimg one otherwise.

When we move to the general multi-valued case, a strategyléase is defined as
usual. However, unlike the usual case, here plays can haug wedues, which may
beincomparableto one another. Given a strategy for Jloise, the value that will be
achieved in practice depends on the choicegbaflard. We want the value of; to be a
lower boundon the set of all possible values that can be achieved in ptagsezloise
plays bycs, with the meaning that the strategy ensures a value whicheiatgr or
equal than its value. We choose treatestpossible lower bound, which characterizes
the strategy as precisely as possible.

Definition 5. For a strategyos for Sloise,val(o3) = A{val(p) | pis a play byos}.

This definition implies thaBloise can always achieve a valdeval(o3) in any play
where she plays by the strategy. Note that sinceval(o3) is given by the glb of
possibly incomparable values, it is possible that theresdogexist a play with value
val(o3) by this strategy. Still, the strategy cannot ensure a Bttgtter (higher) value.
Similarly to the phenomenon of several values achieved liycdesstrategy, it may
be the case thalloise has several different strategies, with incomparealiees Jloise
chooses which strategy to use. We therefore define the Viahueshe achieves in the
gameto be theleast upper boundn the values of all her strategies. It implies that
Vbelard cannot enforce any value which is strictly lower tH@value of the game.

Definition 6. LetI'}(so, o) be a multi-valued game. Then
val(I'vi (o, o)) = \/{a | loise has a strategys with valueval(o3) = a}.

Note that in the general cassloise doesnot necessarily have beststrategy that
achieves the lub. However, if the lattice has a total orden guch a best strategy exists.

Example 3.In the game of Fig. 3loise has two possible moves from andn, (the
nodes where she moves). She thus has four possible (mesg)rgieategies — one
for each combination. Consider for example the strategyn which Jloise always
proceeds to the left successor. The choicegns of Ybelard, therefore there are two
possible plays by this strategy:ng, n1, ng > (whenvbelard chooses the left successor
of ng) and< ng,n2,ns > (WhenVvbelard chooses the right successomgf whose
values arer andz respectively (see Example 2). Since the choice betweenllys i3
of Vbelard, the value of the strategy is the glb of their valudstTs,val(c1) = = A z.
This means that by, Jloise can only ensure a value whichsise A z, where possibly
x A z is strictly smaller than botlr andz (see for example’T andTL in Ly ).

Similarly, we getval(o2) = A w, val(os) = y A z andval(os) = y A w. Since
Jloise chooses which strategy to use, the value of the garhems ! (1 (so, vo)) =
val(o1) Vval(oz) Val(os) Val(og) = (xA2)V(x Aw)V (yAz)V(yAw). Ifall
the latter values are incomparable, thtoise doesiot have a uniquéeststrategy. By
distributivity, val(I'};(s0, v0)) = (x A (zVw)) V(yA(zVw)) = (zVy)A(zVw). An
inspection of the model shows that this is the vaIu@,@ﬂ]M(so), which demonstrates
the correctness of the game (see Theorem 2 in the followictipsg.



Remark 1.0ne can think of the value of the game in the regular 2-val@eg ¢from
the point of view ofiloise), as defined by the following formula
Jdo3Voy : val(outcome(oz,ov)) = T

whereoy denotes a strategy fobelard andutcome(os, ov) is the unique play defined
by the combination of 5 andoy. This formula describes the condition for a game to be
won by Jloise: it requires thaflloise has a winning strategys, meaning that for each
possible strategyy of Ybelard, the resulting play is winning fafoise (has valud’).

Similarly, in the multi-valued case, the definition @fl(c3) can be rephrased as
val(o3) = A\, {val(outcome(os, ov))}. This makes

val(I'yy(s0,%0)) = \/{/\{val(outcome(ag, ov))}}

That is, we replace thé andV quaniifie?s by the lub and glb operators respectively,
since there are no longbeststrategies fodloise andvbelard. A similar phenomenon
happens when considering probabilistic games [10], wiésegdossible that the limit
probability in which3dloise wins is 1, but there is no strategy that achieves pritityah
Instead, for every probability, as close to 1 as we wantgthess strategy that achievesiit.
There also, thé andV quantifiers are replaced lsypremunandinfimumrespectively.

3.3 Correctness

Theorem 2. Let M be a Kripke structure over lattic€, sy a state inM and ¢y a
m M
p-calculus formula. Thenal (I} (50, v0)) = [¢o] ™ (s0).

To prove Theorem 2 we first give an alternative definitiondat( 1y (so, o)), which
mainly results from Birkhoff representation theorem foitérdistributive lattices.

Lemma 2. val(I'\(s0,0)) = V{a | Jloise has a strategys with val(o3) > a}
= \/{a € J(£) | Jloise has a strategys with val(o3) > a}

We now use similar techniques to those used in the reduqpiproach of [4]. There,
the multi-valued model checking problem is reduced to sd\&walued model check-
ing problems. First, to avoid a technical problem with negaatomic propositions,
the formula is transformed to a formula with no negation sghepby replacing each
negated propositiong by a new atomic propositiogi. The labelling functior® of M
is extended t@®’ by settingd’(s)(¢’) = =O(s)(q). Then, the Kripke structurg1 over
L is reduced to several Kripke Modal Transition Systems (KE)I'S

Definition 7. [16] A Kripke Modal Transition System (KMTS3 atupleM = (S, R™,
R~,©) with a musttransition relati0n~R+~Q S x § and amay transition relation
R~ C S x 8. Thelabelling is givenbg : S — (P — Ls).
Specifically, given an elemente 7 (L), a reduced KMTSM,, is defined by setting

Ou(s)(a) = O(s)(a) > 0

RI(s,s') = R(s,s') > a

R, (s,8') = (=R(s,8")) ? «

Note that in this definition of the KMT3V, the value of@,(s)(q) is in fact defined

over Ly. The formula is then interpreted over the KMT7G,, w.r.t. a2-valuedseman-
tics, with the main difference being that



[Oel" = As. V{RE (s, 8') Al (s') | all '}
[ == As. A{~Ry (5,5') V []2"*(s) | all s'}
Itthen holds that M., so) E o & a < [[goo]]M(so) [4], and the following is implied.

Lemma 3. [4] [wo]™ (s0) = V{o € T(L) | (Ma, s0) = o}

Now, to prove the correctness of our multi-valued game welinenLemmas 2
and 3 with the following lemma. Together they implyl (I'{ (so, o)) = [[goo]]M(so).

Lemma 4. \/{a € J(L£) | Jloise has a strategys withval(c3z) > o} = V{a €
J(L) | Ma, s0) E ¢o}-

Proof. We refer to the 2-valued game for KMTSs, defined in [23]. Tlamg is similar
to the 2-valued game for Kripke structures. The differesdbatdloise uses only must-
transitions, whereagbelard uses may-transitions. The winning conditions abeésre,
with the exception that a player can get stucki{if or R~ is not total), in which case
he loses. Theorem 1 holds for this case as well. In our casetbans thailoise has a
winning strategy in the 2-valued game ovet,, iff (M., s0) = vo.

To prove Lemma 4 we show a 1-1 correspondence between statdgloise with
value> « in the multi-valued game ovett and winning strategies fatloise in the
2-valued game oveM ,, for o € 7 (L£). We use the following property of a distributive
lattice L. If « € J(L£) andy, z € L, thena <y V ziff a <yora < z[9].

Let o be a strategy foBloise withval(c) > «. We show that the same strategy is
winning in the 2-valued game. Consider a play playedstip the 2-valued case. We
show thatdloise wins it. We know that in the multi-valued game its valsig: «.

First, if the play is infinite (in the 2-valued case) then tiaduey of each edge used
by Vbelard is such thaty ? « (otherwise it does not exist as a may-edge). Thus for
the value of the play to be «, its base value has to be. This is because only edges
of Vbelard can increase the value and by the previous propayydannot increase a
base value ofl to be> «, sincea is join-irreducible. Since the base valueTis we
conclude that the play fulfills the winning criteria glbise in the 2-valued game.

If the play is finite (in the 2-valued case), we first rule owg gossibility thaBloise
is stuck. IfJloise is stuck it means that the strategy defines for her toansedge
with valuey # « (that does not exist as a must-edge in the 2-valued casesarhe
reasoning as before shows that for the value of the play to he there had to be
an earlier edge ofbelard with valuey s.t. =y > «, but such an edge does not exist
as a may-edge in the 2-valued play, which leads to contiadicthus, eithek/belard
gets stuck, in which caséloise wins, or the play ends in a terminal node of the form
n = s b ¢. In the latter case, we again conclude by the same reasdnsiflia) > «,
thus©(s)(¢) > « and in the KMTSM,, this implies©,(s)(¢) = T and3loise wins.

For the other direction, let be a winning strategy fatloise in the 2-valued game.
Once again, we show that the same strategy has a ¥alué the multi-valued game,
with the exception that i does not define a move from some configuration, we extend
it arbitrarily. To prove thawal(c) > « we show that the value of every play where
Jdloise plays by (the extended)in the multi-valued game has valgec.

Consider such a play. First, if the same play exists in thal@ed game, then it is
winning for Jloise, making its base value. Furthermore, all the edges usedtigise



are must-edges, with valuesa. Since only edges afloise can decrease the value of
the play, this ensures that the value of the play is.

If the play does not exist in the 2-valued game, it means thatod two possibilities
occurred. The first is thatbelard used an edge that does not exist as a may-edge in the
2-valued game, meaning that its valptulfills -y > «. But this immediately increases
the value of the suffix of the play from that point to be«. By the same reasons as
before the prefix of the play does not decrease the value beJamd thus it remains
> «. The second possibility is thalloise used an edge that does not exist in the 2-
valued game. This could only happen if the play reached agardiion wherer was
extended. This means that originally, in the 2-valued gahig configuration was not
reachable by. But this implies that in order to reachvbelard made a move that was
not possible in the 2-valued game, and we return to the firssipdity. 0O

4 Solving the Multi-Valued Game

In this section we discuss how to solve the multi-valued nhotlecking game. Given
a gamel '} (so, o) our purpose is to compute its value. By Theorem 2 this gives us
the result of the multi-valued model checking problem fet, s; and 4. Since the
game is defined directly on the multi-valued Kripke struefuwe get alirect model
checking algorithm for the multi-valued problem, that hdistlee advantages of the
game-theoretic approach [24, 13].

As usual, we solve the game by processing the game-graphvahgatng each
node in it. The difference as opposed to the 2-valued casaisme need to propagate
values from the lattice. We demonstrate this change foalteenation-freefragment of
the u-calculus, where no nesting of fixpoints is allowed.

We partition the game graph Maximal Strongly Connected ComponefMsSCCs)
and determine a (total) order on them, reflected by their mrmld),,...,Qx. The
order fulfills the rule that if < j then there are no edges frap to ;. Such an order
exists because the MSCCs of the game-graph fodinegted acyclic grapiDAG).

The components are handled bottom-up. Consider a sifgl&Ve label each node
n € @, with a value, denotedes(n), as follows. For a terminal node, res(n) =
val(n). For anv-noden we setres(n) to be\/{R(n,n’) Ares(n’) | R(n,n’) # L}.
Similarly, if n is anA-node therres(n) = A{—=R(n,n’) V res(n’) | R(n,n’) # L}.

To handleQ;’s that form a non-trivial MSCC, we use the following obsdiona:
when dealing with the alternation-frge-calculus, an infinite play has exactly one vari-
able that occurs infinitely often [25]. Therefore,(¥; is a non-trivial MSCC then it
contains exactly one fixpoint variablg. In this case we first label the nodes@n
with temporary valuesiemp(n), that are updated iteratively. For nodes of the form
n, = t F Z we initialize temp(n,,) to T if Z is of typew, or to L if Z is of type
1 (the rest remain uninitialized). We then apply the previaudss until the temporary
values do not change anymore. Finally, wemsat{n) = temp(n) for every noden in
Q.. Intuitively, this algorithm imitates the iterative contption of the fixpoint.

Several optimizations can be made on this computation. ¥ample, consider an
v-noden with a successorn’ for which res(n’) is already computed. Furthermore,
suppose that the values of edges leading to the rest of tlhessars of, have values
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Fig. 4. New rules forl"{(so, ©o).

< R(n,n’) A res(n’). This means that the rest of the successors cannot inciease t
result of the lub over all successorsofand we can immediately sets(n) to be
R(n,n’) Ares(n’), regardless of whether or not the rest of its successorshesrdled.
Such optimizations can spare us the need to process bigagtsyr

Theorem 3. Let M be a Kripke structure ovef. Then for every state, in M and
every closeqi-calculus formulapy, we have thaval (1Y (so, ¢o)) = res(so = o).

We conclude thd]:goo]]Mo(So) =res(so F o).

5 Avoiding Multi-Valued Edges in the Game

Recall that the multi-valued edges used in the game posesbéepn when we wanted to
define the value of an infinite play. Our treatment of such lajied on the finite nature
of the lattice. In this section we suggest a different waywarooming the problem. The
new definition makes the value of a play much simpler to define.

The idea is to split each move along a multi-valued transitaf the model) into
two moves: first the player who is supposed to play choosearsition. Then, the
opponent chooses whether he wants to examine the valuetoattsition or to continue
in the play. If he chooses the value of the transition, thg plads with this value. This
means that there are no longer multi-valued edges in the gamenly have multi-
valued terminal nodes. Thatis, we reduce the multi-valagge into more multi-valued
terminal nodes. We emphasize that the reduction is perfdim#he game level, rather
than the model level. The underlying Kripke structure $tds multi-valued transitions.

Formally, given a Kripke structura1 over lattice, a states, and au-calculus
formulay,, we definel'{, (so, po) (Whered stands fodefiniteedges) as follows. The
configurations of the game are as before, with additionafigorations of the form
(s,t) F O, (s,t) F O, (s,t) F T and(s,t) F L that act as intermediate config-
urations for the new rules. The rules are given by Fig. 2, whbe rules in the third
column are replaced by the rules in Fig. 4.

For example, in a configuration of the formt ¢, Jloise chooses, as usual, a
transition that is supposed to show evidencedar. Since it is a move oflloise, we
have the meaning of the lub of all possibilities. Howeveg, tiext move is a move of
vbelard, with the meaning of the glb between the two optiohs Means that for each
possibility of3loise we examine the glb of both the value of the transiticththe value
of the rest of the play. Configurations of the forkrr Clp are handled dually.

Configurations of the fornis, ¢) = T and(s, ¢) - L are (new) terminal configura-
tions. A configuration of the fornis,¢) - T is reached whelrbelard challenges the
transition thatlloise chose froms - . It expresses the fact that we are interested in
the value ofR (s, t) that determines the certainty in whi€elloise tries to prove the ex-
istential property. Dually, a configuration of the fofm ¢) - L is reached whealoise



challenges the transition thébelard chose from - O. In this case, we are interested
in the value of~R (s, t), since from the point of view afloise, her chances of proving
are better as the value &(s, t) used byvbelard for refutation is lower (alternatively:
—R(s,t) is higher). Following this intuition, we add the followingfinition.

Definition 8. For a terminal noden = (s,t) - T, we definaal(n) to beR (s, t). For
n = (s,t) - L we defineal(n) to be—R(s,t).

Since there are no longer multi-valued edges in the gamevahe of a play is
now determined to be the base value, as defined earlier (§&etida 2) — no update is
needed. The rest of the definitions of strategies, theiregahnd the value of the game
remain unchanged. Theorem 4 ensures that the correctnggsgdme is maintained.

Theorem 4. Let M be a Kripke structure over latticg, with a states, and lety, be
a u-calculus formula. Thenal(I'¢,(so, o)) = val(I'F(s0, ¢0)).

6 Discussion: Games versus Automata

In this paper we have investigated the multi-valued modeicking problem from
the game-theoretic point of view. In [4] the same problem wassidered from the
automata-theoretic point of view. There, model checkingeiformed by checking the
nonemptiness of an automaton that represents the prodingt ofodel and the checked
formula. In this section we discuss the essential diffeedretween the two approaches
in the multi-valued case.

Itis well-known that the game-based and the automata-lmm@daches are closely
related in the 2-valued setting: an accepting run corregptma winning strategy for
Jloise and vice versa [22]. Surprisingly, the same relatioastiot hold anymore in the
multi-valued case. More specifically, in [dktended alternating automafBAA9 were
used as the basis for model checking. To capture the muliedanature they referred to
thevalueof an accepting run. They showed that there always exists@péing run of
the EAA with amaximalvalue. This maximal value defines the value of the emptiness o
the automaton. In the multi-valued game, on the other haishotnecessarily the case
that there exists a strategy @loise with a maximal value. This clearly demonstrates
the discrepancy between automata and games in the muliédvaketting.

It is possible to regain the relation to the automata-thioegpproach by defin-
ing the game differently. The alternative game is still gldyover the same game-
graph, but the moves are different. Initial§ipise makes a statement with respect to
the value of the initial node:, denotedbet(ng). In each node she proceeds by as-
sociating (possibly a subset) of its successors with a vial@econsistent way based
on the type of the node: in an-noden the values have to fulfill the ruléet(n) =
V{R(n,n") Abet(n') | R(n,n’') # L}. In anA-node the values have to fulfill the rule
bet(n) = A{-R(n,n') Vbet(n') | R(n,n’) # L}. Once a betis made on the value of
a node it cannot be changed. The rolé/belard is then to choose one successdor
which Sloise needs to continue and prove the valeign’). Intuitively, Ybelard will try
to choose a successor for which the value is incorrect.

In this definition we return to talking abowtinningversus losing. Intuitivelyiloise
wins if she manages to proceed without contradictions. Bymif Jloise is stuck



(meaning she cannot associate the successors of a nodealuiis by the above rules)
thenvbelard wins. If the play ends in a terminal node of the fertng or s - —¢, then
Jloise wins iff the value she gave the node matches its reabv@(s)(q) or =O(s)(q)
resp.). In an infinite play the winner is determined by thealitgd winning conditions.

Note that herélloise moves irbothtypes of nodes, which changes the basic nature
of the game. However, we now have the desired property tleagdime is equivalent
to the definition used in the context of EAA. It now holds thateecepting run of the
automaton with valuer corresponds to a winning strategy féibise with an initial bet
of valueq, and vice versa. Thus, there existmaximumvalue for which3Jloise has a
winning strategy and this value is the multi-valued modeakting result.

Our definition of the game is in fact more general than theraaton used in [4] as
it handles the multi-valued transitions of the Kripke strue directly.

7 Comparison to the 3-Valued Game

One of the most useful applications of multi-valued modedaiting is the 3-valued
case. In [24,13] the regular model checking game has beesrgleaed to a 3-valued
game over a KMTS (see Definition 7). A KMT&! can be viewed as a Kripke structure
over lattice L3 by giving the must transitions ik value T, the may transitions in
R~ \ RT valueU and the rest value . In this section we compare the game of [13] to
our general multi-valued game}; (s, ¢) and point out the main differences that make
the 3-valued game much simpler.

When considering the 3-valued case, it is possible to gigearttiefinite valud/ an
intuitive meaning of die. We can thus still talk about the notionwinningin a way that
corresponds to the three possible val§i@sU, L} in the logic (se€ls in Fig. 1) [13].
This is unlike the multi-valued case where we need to talkuabwe general notion of
avalueof a play or a game. The correspondence between the value ghthe and the
formula is then given by a variant of Theorem 1, with an addiil possibility [13]:

(©) [[<p]]M(s) = U iff no player has a winning strategy f@fv (s, )

Another major difference arises from the fact that thedatfis has atotal order,
meaning that all values are comparable. As a result, in thalled case a strategy
has aprecisevalue (rather than a lower bound) and the same holds for threeg@hat
is, strategies are comparable and there always exists@trategy (either winning or
non-winning) that determines the value of the game.

The combination of these differences results in another@sting property of the
3-valued game. As in the general multi-valued case, thdtrefghe play in the 3-valued
case also depends on the values of the edges that were useekédian [13] this effect
is captured by &onsistencyequirement that says that in order to win, the winner has
to use only must edges (with valli@. The surprising part is that the opponent can use
either type. Recall that in the general multi-valued casethe other hand, we need to
consider not only the edges that one player uses, but alse tised by the opponent.

This results from the fact that in the 3-valued case only oterimediate result is
possible. Furthermore, because of the total order on teegits of the lattice, a value
cannot be achieved by a combination of values that are ddirdifit from it. Thus the
values of the edges that the opponent uses in the 3-valued ganmot improve the



result for the other player beyond a tie (@). They are therefore irrelevant when we
determine awinnerin the play — recall that in the 3-valued case we are intedeiste
the winner of the play. This is no longer the case in the multi-valuececaghere we
are interested in the (more general notion ofaluethat each player achieves and this
value can be achieved by a combination of several valuesilgpsncomparable ones.

References

. T. Ball, O. Kupferman, and G. Yorsh. Abstraction for féitstion. InCAV, 2005.
. G. Bruns and P. Godefroid. Model checking partial statecsp with 3-valued temporal
logics. InComputer Aided Verificatigrpages 274-287, 1999.
G. Bruns and P. Godefroid. Temporal logic query checkind.ICS IEEE, 2001.
. G. Bruns and P. Godefroid. Model checking with multi-waddogics. InNNICALP, 2004.
W. Chan. Temporal-logic queries. @AV, volume 1855 o£ NCS pages 450-463, 2000.
. M. Chechik, B. Devereux, and A. Gurfinkel. Model-checkingjnite state-space systems
with fine-grained abstractions using spin.SRIN Workshopvolume 2057 oLNCS 2001.
7. M. Chechik, B. Devereux, A. Gurfinkel, and S. Easterbraddkilti-valued symbolic model-
checking. Technical Report CSRG-448, University of Tooowtpril 2002.
. E.M. Clarke, O. Grumberg, and D.A. Pelédodel CheckingMIT press, 1999.
. B.A. Davey and H.A. Priestlylntroduction to Lattices and OrderCambrifge University
Press, 1990.
10. L. de Alfaro and R. Majumdar. Quantitative solution ofexya-regular games. BTOC'01
11. S.M. Easterbrook and M. Chechik. A framework for mulitned reasoning over inconsis-
tent viewpoints. INCSE pages 411-420, 2001.
12. P. Godefroid and R. Jagadeesan. Automatic abstracsiog generalized model checking.
In CAV, volume 2404 oL NCS pages 137-150, 2002.
13. O. Grumberg, M. Lange, M. Leucker, and S. Shoham. Dordinkim the p-calculus. In
VMCAI, 2005.
14. A. Gurfinkel and M. Chechik. Multi-valued model checkivig classical model checking.
In CONCUR pages 263-277, 2003.
15. A. Gurfinkel, B. Devereux, and M. Chechik. Model explaatwith temporal logic query
checking. INFSE pages 139-148. ACM, 2002.
16. M. Huth, R. Jagadeesan, and D. Schmidt. Modal transstjstems: A foundation for three-
valued program analysis. BSOPR volume 2028, pages 155-169, 2001.
17. M. Huth and S. Pradhan. Lifting assertion and consigteheckers from single to multiple
viewpoints. Technical Report 2002/11, Dept. of Computingperial College, 2002.
18. B. Konikowska and W. Penczek. Reducing model checkiong) fmulti-valued CTL* to
CTL*. In CONCUR volume 2421 oL NCS 2002.
19. B. Konikowska and W. Penczek. Model checking multi-ealumodal mu-calculus: Revis-
ited. InProc. of CS&P’04 2004.
20. D. Kozen. Results on the propositiopatalculus.TCS 27, 1983.
21. O. Kupferman, M.Y. Vardi, and P. Wolper. An automatastie¢ic approach to branching-
time model checkingJournal of the ACM (JACM®7(2):312—-360, 2000.
22. M. Leucker. Model checking games for the alternatiom freu-calculus and alternating
automata. ILLPAR 1999.
23. S. Shoham. A game-based framework for CTL counterexesrgnid abstraction-refinement.
Master's thesis, Dept. of Computer Science, Technion eldrstitute of Technology, 2003.
24. S. Shoham and O. Grumberg. A game-based framework ford@lihterexamples and 3-
valued abstraction-refinement. @AV, volume 2725 oL NCS pages 275-287, 2003.
25. C. Stirling. Local model checking games.G®ONCUR volume 962 olLNCS 1995.
26. A. Tarski. A lattice-theoretical fixpoint theorem anslaipplication Pacific J.Math, 5, 1955.

N -

ouhw

© o



