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Abstract—The Gale-Berlekamp (in short, GB) code is the dual denote byD(z) the n x n real diagonal matrix whose main
code of the binary product code in which the horizontal and diagonal consists of the entries ®f Flipping entire rows and
vertical constituent codes are both the parity code. It is shown columns ofA can be represented as the prodiitts) AD(y)

that the problem of deciding whether there is a codeword of the f t & D te bv.J. th tri
GB code within a prescribed distance from a given received word, Or some row vectorse,y < - Denote Dy.J, the matrix

is NP-complete. The problem remains hard (in a well-defined in ®"*" whose entries are all. The number of(—1)’s in
sense) even if the decoder is allowed unlimited preprocessing D(x)AD(y) equals the number df's in the 0—1 matrix

that depends only on the code length. While the intractability

of maximum-likelihood decoding for specific codes has already B = 1(J, — D(z)AD(y)) . 1)
been shown by Bruck and Naor, Lobstein, and Guruswami and . . . .
Vardy, the result herein seems to be the first that shows hardness BUt this number is also the sum of the entriesidfand this

for a “natural” code (in particular, without any tailoring of the ~ sum, in turn, is equal ton?>—xz Ay™) /2 (hereafter-)” denotes
definition or the parameters of the code to suit the hardness transposition). Hence, we have the following reformulation of
proof). In contrast, it is also shown that, with respect to any ne GB switching game (see [1], [2]):

memoryless binary symmetric channel with crossover probability Lo . . %
less than1/2, maximum-likelihood decoding can be implemented Optimization Problem 1.2Given a matrixA € ¢"*"

in linear time for all error events except for a portion that occurs ~ find row vectorse, y € " that maximizex Ay~ .

with vanishing probability. The number of nonzero entries in the matBxn (1) equals
. the number of nonzero entries @D (x)BD(y), for every
Keywords: Gale—Berlekamp switching game; Hadamard ma- =y € &". But
trices; Intractable problems; Maximum-likelihood decoding; NP- Y )
complete problems. 2D(x)BD(y) = D(@)(Jn — D(x)AD(y))D(y)
= D(x)J,D(y) — A
|. INTRODUCTION = (7. y)-A.

Denote by® the subse{1, —1} of the real fieldR and by \ye now observe that? - y has rankl; in fact, the set
o> the set of alln x n real matrices with entries i®. We

consider the following optimization problem: R(n) = {M € oM .
Optimization Problem 1.1Given a matrixA € ®"*"™, - .
flip the sign of entire rows and columns iA so that the M =z" -y for somewx,y € ¢ }

resulting matrix has the largest possible numbet sf (which is of size2?"~1) consists of all the matrices of rank

This problem is known as th&ale—Berlekamgin short, in ®"*". Denoting byd(-,-) the Hamming distance between

GB) switching gamesee for example Brown and Spencer [1. WO matrices—or two vectors—of the same order (namely, the

Fishburn and Sloane [2], or Spencer [3, Lecture 6]. The SUbJ%%tmber of entries in which the two matrices differ), we get
of this work is showing that this game is hard to solve. In th ’ 9

more general formulation of the game, the number of rows aF%de next reformulation of the GB switching game:
9 9 ’ Optimization Problem 1.3Given a matrixA € ®"*",

columns inA does not have to be the same, yet for the purpose

. ) " ind a ranki matrix M € ®"*™ that minimizesd(M, A).
of demonstrating the hardness, we will restrict ourselves to t . T . .
: L 'e mention that Optimization Problem 1.3 is a constrained
special case where the mattikis square.

form of the problem of computing the rigidity of a matrix: see
Lokam [4] and the references therein.
A. Equivalent formulations of the GB switching game Optimization Problem 1.3 can be translated into a problem

There are several equivalent formulations of the GB switcH! Which the objects are matrices over the binary figlg
ing game, and we summarize them next. For a veeterR®, SIMPly by applying to each entry the bijectign: & — F»
which sendsl to 0 and —1 to 1. Next, we characterize the
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set of all matrices irff5'*" that belong to the linear span of Relating pc(n) to the notation of Optimization Prob-

the following set of2n matrices oveifs: lem 1.2, we also have
T n T n 1 T — 2 —
L(n) = {ei ’ 1”}7;=1 U {1n 1€ }j:l : Ag}@l‘r{lxn wg}gén zAy” =n 2pc(n) -

For example, the six elements 6{3) are given by _
B. Complexity of MLD

o 1 O 1 O 1 O 1 O 1 O 1
8(1)(1)(1)2 ’ 5(1)(1)(1)2 ’ 88882 ’ 8%88& ’ 8818& ) 88812. The complexity of MLD o_f general linear codes Was'first
000 000 111 100 010 001 studied by Berlekamget al. in [8]. To show that MLD is
intractable, it was stated as a decision problem:

It is easy to verify that angn—1 matrices in(n) are linearly Decision Problem 1.5MLD oF LINEAR CODES.
independent oveF, (but the sum of alBn matrices inL(n) Instance: Linear [N, k] code C over Fy (repre-
is zero). In addition, it is not hard to see that, with respect sented, say, by its parity-check matrix), a
to Hamming weight, the elements fn) are the minimum- word z € FY, and an integer-.
weight nonzero elements in the linear spandgf.). Hence, Question:Is there a codeword i € C such that
Cgg(n) is alinearn?, 2n—1, n] code oveify. The elements of d(c,z) < 77

Cag(n), each being a matrix iy ", will be referred to asthe  Berlekampet al. showed in [8] that this problem is NP-
codewords ofqg(n). From the definition of the codé:g(n) complete, using a reduction fronTHREE-DIMENSIONAL
we get that it is the dual code tfe?, (n—1)?, 4] product code MATCHING (see the book of Garey and Johnson [9] about the
overF; with the horizontal and vertical constituent codes botiheory of NP-completeness; the latter problem is described on
being the[n,n—1, 2] parity code ovetf,. pp. 50-53]). In Problem 1.5, the codes part of the instance
Under the bijectiony : ® — TFo, the setR(n) maps description, even though, in practice, the code is usually known
to Cgp(n). Thus, Optimization Problems 1.1-1.3 can b@ advance. Studying this more realistic version of the problem
expressed as a maximum-likelihood decoding (MLD) problemas the subject of the papers by Bruck and Naor [10] and
of the GB code, with respect to any memoryless binatyobstein [11], who considered MLD ddpecificlinear codes
symmetric channel (BSC) with crossover probability less thagy (n) andCro,(n), of parameters
1/2. Specifically:
Optimization Problem 1.4Given a matrixZ € F3'*",
find a codeword™ € Cgg(n) that minimizesd(T, Z). and
There has been a substantial body of work published on [N=3n3 k=n®-3n+2,d=12]

the problem of computing and bounding the covering radius, ) .
pan(n), of Can(n): see [1], [2] [5, pp. 396-397], and [S,respectlvely. The code€pn(n) and Cron(n) are explicitly
Lecture 6]. In particular, it is known that described in the respective papers and, in particular, generator

(or parity-check) matrices of these codes can be constructed
n® n 32 (2 in polynomial time. The results in [10] and [11] imply that
B +o(n”7) - (D) he following decision problem is NP-complete (the problem

2 or d here for th f [10])
. . . is stated here for the parameters of [10]):
As such, GB codes have a small covering radius given their Decision Problem 1.6MLD OF Cix (n).

[N=3n(n—1)/2, k=(n(n+1)/2)—1, d=2]

2 p3/2
§*T+0(”3/2) < pas(n) <

[ V)

3/2

(fairly low) rate: from the sphere-covering bound one gets that Instance: Word z e F2** /2 and an integer

the covering radius of any line@N, k] code oveil, is greater Questior{'ls there a éodeword: € Can(n) such

than thatd(c, z) < 77
N Nk ’ In fact, since the codes are now specific, an even stronger
2 2logy e statement was made in those two papers: Problem 1.6 is

unlikely to become easy even if the decoder is allowed
unlimited preprocessing that depends onlyorfbut not on
z): here “unlikely” means that if Problem 1.6 could be solved

wheree = 2.71828 - -- (see [6]), and pluggingV = n? and
k = 2n—1 into this expression yields the lower bound

n2 n3/2 in polynomial time and unlimited preprocessing, then the
ClE \/@ . polynomial hierarchy would collapse (albeit not necessarily

collapsing NP with P; we will expand more on hardness with
Furthermore, the upper bound in (2), which was proveateprocessing in Section IV-C).
using probabilistic arguments by Brown and Spencer in [1, One drawback of the results in [10] and [11] is that the codes
pp. 47-49], was established also algorithmically by Spena@gx(n) and Cro,(n) are not “natural”: they are artificially
in [3] through derandomization. He presented a deterministicafted for the proofs to work. Thus, attempts have been made
polynomial-time algorithm which finds for every matrix € to show the intractability of MLD of more widely-known
Fo*", a codewordl’ € Cgp(n) such thatd(T', Z) is at most codes. Indeed, Barg showed in [12] that MLD of product codes
the right-hand side of (2) (see also Berger [7] and Pach aisdNP-complete; however, in his result, the ensembles of codes
Spencer [6]). Note, however, that this algorithm does nat any given parameter range are super-polynomially large,
necessarily find &losestcodeword inCgg(n) to Z, i.e., this and the results do not specify which of the codes within the
algorithm is not a maximum-likelihood decoder. ensemble is hard to decode. A significant progress was made



by Guruswami and Vardy in [13], where they showed that Question:lIs there a row vectop € " such that
a particular class of generalized Reed—-Solomon (GRS) codes vQuT > o?

is NP-complete, and is unlikely to become easy even with
unlimited preprocessing. However, the code locators which
take part in the definition of the GRS codes in [13] are—

again—artificially selected to suit the hardness proofs (aswe present here several definitions and quote several known
noted in [13], these code locators are in fact constructed basggults.

on a similar principle as the parity-check matrix of the code | et g = (V, F) be a (finite undirected) graph with a vertex

Il. PRELIMINARIES

Crob(n) in [11]). setV and an edge sef. We will further assume that a graph
has neither self-loops nor parallel edges. For a sulisetV/,
C. Results of this work denote byo(S) the set of edges each having one endpoint in

In this work, we prove that the following decision- robIemS and one endpoint i | 5. A cut-setis a subset of’ that
version of O t’imiz Ff[i n Problem 1.2 i I\?P Y tp' equalsd(S) for someS C V. The following decision problem
ersion ot ©p ato oolem L.z, 1S NF-Complete- is well-known to be NP-complete [9, p. 210]:
Decision Problem 1.7:BILINEAR FORM OVER ®. . )
) . ) Decision Problem 2.1.MAX-CuUT.
Instance: Matrix A € ®"*™ and an integer. _ h: dani
Question:Are there vectorse,y € ®" such that Instanpe. Graph:G = (V. E) and an '”teg?'f-
cAyT > 72 Question:Is there a cut-sed(S) C E of size at
A direct consequence of this result is that the following least?

decision-problem version of Optimization Problem 1.4, is NP- 1 N€ incidence matrixof a graphg is a |V| x | E| matrix
complete: Ug = (u;,e) over F; whose rows (respectively, columns) are

Decision Problem 1.8MLD oF GB CODES. indexed byV (respectively,£), andu,; . = 1 if and only if
Instance: Matrix Z € F;'*" and an integer-. ¢ 1S one of .the endpomt_s Oé n g. ReFErlesentmg gach cut-
Question:ls there a codeword® € Cep(n) such set inG by its charagter!stlc vector i, ', we obtain a set

thatd(T, Z) < 2 of vectors overlfy which is called thecut-set codeof G (see
L fhfakimi and Frank [15]). This set is a linear space o¥gr
that these problems remain hard (in the sense that other is spanned by the rows 8. Wheng is connected then

the polynomial hierarchy collapses) even with unlimited pré“—ank(Ug) =[V] - L.

processing. Our result seems to be the first to exhibit the 1€ COd&Crn (n) in Problem 1.6 was constructed by Bruck

intractability of MLD of a specific code that we can als"d Naor in [10] as a cut-set code of a certain graph over

comfortably refer to as “natural’: first, the GB code has begH”+1)/2 vertices. They then showed that Problem 1.6 is NP-
studied before in several contexts—some of which motivaté@mplete by a reduction from Problem ZMAx-CuT).

by its favorable covering radius; secondly, unlike the hardness® 9raphg = (V, E) is called bipartite if the set of vertices

results that we mentioned earlier, our proofs apply to tHé can be partitioned into disjoint subséts andV" such that

plain GB code, without any need to tailor its definition ofach edge int” has one endpoint iv" and one endpoint in

Furthermore, we invoke the arguments in [10] to clai

Our NP-completeness proof consists of two reduction@@lanced iffV’[ = [V”| and it is complete if there is an edge
which will be presented in Sections Ill and V. connecting each vertex i’ with each vertex in/”.

In contrast to our hardness result, we present in Section Vit is rather easy to see that the codes(n) is the cut-set
a linear-time algorithm which, almost always, implementgode of a complete balanced bipartite graph whiéf§ =
MLD of the GB code, with respect to any BSC with (fixed)V"| = n (see Sa¢ and Zaslavsky [16]).
crossover probability less than2. The MLD implementation Problem 2.1 is trivial to solve for the case of bipartite
and, indeed, also the decoding fail only for a portion of err@aphs. However, if edges may be assigned negative weights
events which occurs with probability that goes to zero as tHeen the problem (as formulated next) becomes NP-complete:

code length increases. Decision Problem 2.2BIPARTITE MAX-CUT OVER ®.
We mention that our result on the NP-completeness of Instance: Balanced bipartite graphg = (V' :

Problem 1.7 (BILINEAR FORM OVER @) improves on an V" E), a weight functiornw : £ — &, and

earlier result by Poljak and Rohn [14], where a similar result an integerr.

was obtained for a less constrained problem: the entries of the  Question:Is there a cut-seb(S) C E such that

matrix A therein can take integer values rather than values only Decosywle) =172

from @ (the particular reduction in [14] constructs matrices in The NP-completeness of Problem 2.2 was proved in Mc-

which some of the entries may grow with the matrix ordgr Cormicket al.[17] using a reduction from Problem 2.1. (The
As another application of the NP-completeness of Proproblem as stated in [17] does not assume that the graph is

lem 1.7, we show in Section VI that the following problem isalanced, yet this restriction can be easily incorporated into

NP-complete: the reduction by adding dummy vertices. In addition, while
Decision Problem 1.9:QUADRATIC FORM OVER ®. the edge weights in [17] can be arbitrary, one can verify that
Instance: Symmetric matrix@QQ € ®"*™ and an the NP-completeness proof therein still holds even when the

integero. weights are restricted t®.)



Ill. RELAXED PROBLEM Hence,

In this section, we prove the NP-completeness of a relax- Z wle) > ifand only if ~ xBy” >o.
ation of Problem 1.7BILINEAR FORM OVER &) where we e€d(SUT)
allow the matrix to have also zero entries. Our main hardne’r‘,ﬁe result follows

result, which will be proved in Section IV, will be based on -
a reduction from the problem considered here.
Hereafter, &, denotes the se® U {0}, and the formal IV. MAIN HARDNESS RESULT
statement of the relaxed problem is as follows: In this section, we prove our main hardness result:
Decision Problem 3.1BILINEAR FORM OVER ®g. Theorem 4.1:Problem 1.7(BILINEAR FORM OVER @)
Instance: Matrix B € ;" and an integeb. is NP-complete.
Question:Are there row vectorse,y € ™ such
thatzBy™ > o _ A. Kronecker product and Hadamard matrices
Proposition 3.1: Problem 3.1 is NP-complete. The proof will make use of two lemmas, which we state

Proof: First, it is easy to see that Problem 3.1 is in NF;1 xt
Our proof of completeness borrows ideas from Poljak an For the the first lemma we need the following definition.

Rohn [14] and will be by a reduction from Problem 2'%_et X = (z;;) andY be real matrices of orders x ¢ and
(BIPARTITE MAX-CUT OVER ®). Let p X q, respectively. Th&ronecker productX ® Y is defined

G=(V':V".E), w:E — &, ) as the(kp) x (¢q) matrix that has the following block form:
. . Y Yy ... Y
be an instance of the latter problem and denote:lifie size 1.1 x,w T1.e
, O ) " T To1Y  22Y --- 29,
of V’ (which is also the size of”’). We map this instance to XQY = _ _ _
an instancg B, o) of Problem 3.1, where : : : :
zk,ly l’k-72Y xij
oc=27— Z w(e) . o
s Among the properties of Kronecker product, it is known that
for every four matricesX, Y, Z, and W,
and B = (b; ;) is a matrix in®; ™" whose rows (respectively, B
columns) are indexed by the elementd/@f(respectively)”’), (X®Z)YoW)=(XY) (ZW), ©)
and provided that the (ordinary) matrix multiplications are allowed,
b —w(e) if i and;j are connected by an edge namely, the number of columns dsf (respeFtiverZ) equals
ij = 0 otherwise - the number of rows oY (respectively,IW); see [18, Theo-
rem 43.4].
With any two subsetss C V' andT C V", we associate Lemma 4.2:Let B be a matrix inR™*™ and letm be a
the following two vectorsz = z(S) = (x;);ev» andy = positive integer. Then
= Nicyr in O™
y(S) (yJ)JGV | max (B(B ® Jm)yT — m2 . max ’l"BST . (4)
z,yedmn r,scdn

1 ifieS
Ti :{ 1 otherwise Furthermore, the maximum in the left-hand side of (4) is
attained by all vectors: andy in ®™" of the form
and
{ 1 if jeT c=r®1, and y=s5®1,, (5)
Y =

-1 otherwise wherer ands are vectors inb” that maximize the right-hand

Clearly, the mapping — x(S) (respectivelyT — y(T)) is Side of (4).

a bijection from the set of subsets &f (respectively,l”) Proof: First, for every two vectorse,y € ™" of the
onto ®". Denoting byS andT the setsV’ \ S and V" \ 7, form (5) we have
respectively, we next compute the total weight of the edges in (B Iy’ = (r@1,)(B® Jn)(s® 1,)"

the cut-se(SUT):

Z wle) = (—. Z 7bi7j)+(— Z bi,j)

= (rel,)(B® Jm)(ST & 1%)
(rBsT) ® (1me1£)

e€9(SUT) (i,§)€SXT (i,)€ESXT = m?-(rBs’),
- _% Z bi (@ —y;)? where the third equality follows from two applications of the
(4,§)EV/ XV rule (3). Therefore, (4) holds provided that the maximization in
1 T the left-hand side of (4) is restricted to vectarandy of the
- §<mBy o Z bi,j form (5). Hence, in order to complete the proof, it remains to
(@) EVIxVY show that even when we remove this restriction, the maximum
= %(mByT + Z‘*’(e)) . in the left-hand side of (4) will still be attained by vectats

ccE andy of the form (5).



Letx = (1 2 ... z,,) andy attain that (unrestricted) B. Proof of main hardness result

maximum and consider the real vector
d cons eal vecto We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1Problem 1.BILINEAR FORM OVER
®) is easily verified to be in NP. The completeness will
be established by a reduction from Problem BBILINEAR
FORM OVER ®g).

Let (B,o) be an instance of the latter problem, where
B = (b;;) is a matrix in®;*". Takem to be the smallest
power of2 that is greater thafn?, and letH be anm x m
Hadamard matrix. We now mafB, o) to an instanc€ A, 7)
of Problem 1.7, where

vl =i v .. )T = (B Iyt .

Fixing v, the vectorz must be one of those i®™" that
maximize the scalar produat- v”'. Such vectors, in turn, are
characterized by

z; =sgn(v;), 1<i<mn

(for indexesi wherev; = 0, the valuer; can be arbitrarily set
to either1 or —1). On the other hand, by the particular form B ( 7 1) 9
of the matrixB® J,,, we get that for every =0,1,...,n—1, =\’ m

and A is a matrix in®”"*™" of the block form(A; ;)

n
ij=1

VimeAl = U2 = e = UG S in which eachm x m block 4, ; is given by
consequently, a maximizing vectar satisfies 4 b jJm if b;; # 0 Lz
i, H if bi,j:() 5 SL)jxn.
Tim+1l = Tjm+2 = -+ = Tj(m+1)—1 = Sgn(vjm+1)

Notice thatA; ; equals the respective block B ® J,,, when-
wheneverv;,,,+1 # 0, and can always be assumed to satisfgver b; ; # 0; otherwise,A; ; = H whereas the respective
these equalities when;,,.; = 0. It follows that for every block in B ® J,, is all-zero.
vectory that belongs to a paifz, y) that maximizes the left-  For convenience, we introduce the notatiomand 5 for the
hand side of (4), we can always assume that the respecfiobowing maximal values:
vector x takes the formr ® 1,, for some vectorr € ®".

Reversing the roles of andy, we conclude thay can be a= max zAy" and 3= max rBs’ .

xz,ycdmn r,s€dn”
assumed to take the form® 1,, for somes € ®™. ]

By Lemma 4.3 we get that for every two vectar omn
The second lemma, taken from [1], presents a property o}/ 9 y Y €

Hadamard matrices. Recall that anx m matrix H over R (zAYT) — (2(B © Jon)y")|
is called aHadamard matrixf the entries ofd are in® and

|$(A - (B oy Jm))yT’

2 T
HHT =m 1. < n - nax rHs”|
Lemma 4.3:Let H be anm x m Hadamard matrix. For < n?2-m??;
every two row vectors:, s € o™,
so, by Lemma 4.2,
|rHsT| < m3/2 .
. . ]a—ﬂm2]<n2~m3/2
Proof: For a row vectorr € R™, denote by||r| its L, = :
A
normvr - rL. We have, Hence, if3 > o then
rH|? =rHH " rT =m - ||r|]?. 2
IrH| Il R R (e
m
Applying the Cauchy—Schwartz inequality yields for any two _ _ _
row vectorsr, s € ™, where the last inequality follows from the requirement that
m > 2n*. Conversely, ifo. > 7 then
rHST| < |rH - |5l = Vi 7] - |15l = m®?. e
6272*7>72*520*1a

(For an alternate proof of the lemma, see [1].) O m?  ym = m

Polynomially-constructible symmetric Hadamard matricd@mely,3 > 0. We conclude that
are known for infinitely many orders:; in particular, Syl- . .

) . > >
vester-type Hadamard matrices exist whenewer= 2" and a=T i and only if pzo,
take the form thereby completing the proof. O
(1 1) ® (1 1) 2 ® (1 1) As Problem 1.7(BILINEAR FORM OVER ®) and Prob-
1-1 1 - 1-1 lem 1.8(MLD oF GB CoDES) are equivalent, the following

corollary immediately follows.
Corollary 4.4: Problem 1.8(MLD orF GB CODES) is
(see, for example [19, Section 2.3]). NP-complete.

h times



C. Hardness with preprocessing of Cgp(n) is transmitted througBSC(p) and ann x n. matrix

In practice, the design of any decoder—say, a decoder %f= (Zi.;) OverF; is received at the channel output, such that
Cap(n)—is carried out only once, as opposed to the number Bfob{Zi; # I'i;} = p, independently for distinct pairg, ;).
applications of the decoder (to received words) which, in turn, Given a decode : F;”*" — Cgg(n), we denote by
can be very large. Therefore, when measuring the decodifig:(P|I') the probability that the decoder returns the incorrect
complexity, one can attribute computations that depend orfigdeword, given thal' € Cep(n) is transmitted; namely,
on the parametern, (and not on the received word) to the . :
decoding design stage, rather than to the time the decoder Perr(DIT) = Prob {D(Z) # I'| ' was transmittel ,
is actually applied. Computations that depend onlyroare where the conditional probability is the one induced by
referred to apreprocessingand the question is whether MLDBSC(p) (the dependence aP...(D|T") on p is kept implicit
of Cap(n) remains hard even if we ignore the complexity ofor the sake of simplicity of the notation). Also, we let
preprocessing. Another way of posing this question is whethet,,. (D) denote the decoding error probability for the worst-
for any givenn, a Boolean circuit that implements MLD of case codeword:

Car(n) is still unlikely to be polynomially large im, even if
we ignore the time it takes to design that circuit. Pere(D) = et Pere(DIT) -

The answer to this question turns out to be positive, and we
:lzo(\)/\l/J ttl?r?édb)r/] g)(il.owmg the approach of Bruck and Naor [lO]A. Linear-time decoding algorithm

Generally, a decision problem is said to belong to P/poly The decoder that we present fG&g(n) is the function
(or to have anonuniform polynomial-time complexity), if D o
there is a constant such that for every lengtiv of (binary ap  F27" = Cap(n)
representations of) instances to the problem there existsvRose value for every givef ¢ Fo*™ is given by the return
Boolean circuitfy : F5¥ — {“yes”,“no”} of O(N?) gates value of the algorithmGB_DECODER shown in Figure 1 (in
such thatf (z) solves the decision problem for every instancghe figure, we use our earlier notatiatf-, -) for Hamming
representation: € FJ'. (Note that there is no restriction ondistance). The algorithn&B_DECODER can be viewed as a
how the complexity of constructingy grows with N: this  variant of an algorithm that has been recently suggested for
complexity stands for the preprocessing time.) A result due jigintly compressing similar files [21].

Karp and Lipton [20] states that if the class of NP problems we first provide the intuition behind the algorithm. Recall

were a subset of P/poly, then the polynomial hierarchy woulebm Section I-A thatCqp(n) is the linear span of
collapse to the second level (see [10, Section 3] for more de- n

tails). Therefore, it is unlikely that any NP-complete problem Ln)={el 1,}._ u{1l e, | S
belongs to P/poly.

Now, for everyn, let Dyyi : F3*" — Cgp(n) be a
maximum-likelihood decoder fo€cg(n) (namely, Dy (+)
solves Optimization Problem 1.4), and suppose that for so
fixed d, each decodeD{;; had a circuit implementation
using O(n?) gates (with no restriction on the preprocessing r=a’-1, +17.». (6)
time it takes to design that circuit). Shifting to the respective
decision problem, we could then convert that implementatidius, theith row of the transmitted codewoid equals either
of D{:) into a polynomial-size circuify = f, . that solves b (if a; = 0) or b+ 1, (if a; = 1); and, sincen; = 0, the
Problem 1.8(MLD oF GB CoDES), which would mean that first row always equal$. Based on this simple observation,
the latter problem is in P/poly. Yet by Corollary 4.4 andtep 1 of the algorithnGB_DECODERin Figure 1 finds an
the Karp-Lipton result, this would mean that the polynomianitial estimate fora by comparing each row of theoisy

and that every2n—1 matrices in£(n) form a basis of this
span ovelF,. It follows that for evenyl’ € Cqp(n) there exist
Mgique row vectorsa = (a;)j, andb = (b;)?_; over I,
such thata; = 0 and

hierarchy collapses. matrix Z to its first row: if theith row of Z is close (with
respect to Hamming distance) to the first rowfthen the
V. DECODING ALGORITHM OVER THEBSC estimate fora; is a; = 0; otherwise, the estimate i5 = 1.

In this section, we present a linear-time decoding algorith{€learly, the choice of the first row it as a reference in
for Cgr(n). We show that, with respect to any BSC witithese comparisons is arbitrary; any other rowZircould play
crossover probability less thary2, the algorithm errs with that role just as well.)
probability that decays exponentially with. Since a simi- Once we have (an estimate fos) we can proceed with
lar behavior of the error probability is achieved also by the recovery of the entries @t we see from (6) that thgth
maximum-likelihood decoder fo€qg(n), our analysis will column ofI" is equal toa” whenb; = 0, and to(a + 1,,)7
lead to the conclusion that, with respect to the probabilityhen b; = 1. Therefore, we can estimatg according to
measure which is induced by the channel, the decoding algbe Hamming distance between tfi column ofZ and our
rithm that we present here implements MLD with probabilitgstimate fora™; this is done in Step 2 06B_DECODER
approachingl as the code length goes to infinity. While the estimates fag andb that are computed in Steps 1

We will use the notatioBSC(p) for a BSC with crossover and 2 already yield a decoding error probability that decays
probability p € [0, 1]. We assume that a codeword= (I'; ;) exponentially withn, Step 3 was added t6B_DECODERt0



Algorithm GB_DECODER (Input: Z € F;'*"):
/x r; denotes théth row of Z and ch denotes itsjth column. x/

1) Compute a vectot = (0 dg asz ... a,) overFs by:

4,41 if d(ry,ri) >n/2 Cacicm,
0 otherwise
2) Compute a vectob = (by by ... b,) overF, by:
) 1 if d(@ ;) > n/2 |
bj<_{ 0  otherwise , 1<j<n.
3) Recomputex by "
ol 1 ifdbri)>n/2 S
0 otherwise

4) Returnl =a” -1, + 17 .b.

Fig. 1. Algorithm for computindD{3 (Z).

accelerate that decay so that it matches that of a maximum- Lemma 5.2:Let the codeword” = a” - 1,, + 11 - b of
likelihood decoder (see Propositions 5.1 and 5.5 below). Cgg(n) be transmitted througlBSC(p) with p < 1/2, and

The operations used during the executiorGlB_DECODER let Z € F,'*" be the (random) matrix received at the channel
are additions inF, and increments of counters and indexesutput. Fixm : ZT — Z* to be any integer function such that
of length O(log, n). The number of applications of these
operations is quadratic in, i.e., it is linear in the code length
of Cap (n)

We next turn to analyzing the decoding error probability
of the decodeD(;), implemented byGB_DECODER For two Then the random vectat = a(Z) that is computed in Step 1
realsp, 0 € (0,1), denote bys, () the value of GB_DECODERsatisfies

wo= () (15)

It can be readily verified that for every fixede (0, 1), the

and lim m(n)

n—oo N

lim m(n) = oo

n—oo

=0. (9

Prob{d(a,a) > m(n)} < 7;}(1*%(1)) ’

where Prob{-} is the probability measure induced by the

function § — §,(0) is continuous over0,1) and it attains
a unigue maximum in that interval & = p (in which case
p(p) = 1).

Let € = (e¢)}_, be a random vector ovéf, whose entries

channel on its outpuf, conditioned orl’ being transmitted.
Proof: Let Z be a subset 0f2, 3, ..., n} of sizem = m(n).

We compute an upper bound on the probability that the values

a; that are computed in Step 1 are erroneous foi allZ.

are independent Bernoulli random variables takingferwith Fori=1,2,...,n, let
Prob{e;, = 1} = p (e.g.,e can be taken as the error vector that
is added byBSC(p) to each row or column of the transmitted

codeword). It is known that, with respect to this probability

€;, = (Ei,l €2 +-- Ei,n)

measure, the Hamming weight efwhich we denote by(e),
satisfies

Prob {w(e) > On} < (6,(6))" , )

be the error vector (ovéf,) that is added by the channel to the
ith row of " (to form theith row of Z2). Forj =1,2,...,n,
denote byX; the number of rows, among the rows Bfthat
are indexed byZ, in which thejth entry of the error vector

wheneverd > p (see [22, p. 531]). We will use the notationdiffers from the respective entry ie,, namely,

~p for the valuesd,(1/2): it is easy to see that

Tp = §p(1/2) =2 (8)

Proposition 5.1: With respect taBSC(p) with any fixed
p<1/2,

p(1-p) .

Pore (D) < pttmor @)

whereo, (1) stands for a positive expression that converges Ryob {X; = k} =

0 asn goes to infinity (at a rate that may depend @n In
particular, P.,, (D¢},) decays exponentially with.
We break the proof into three lemmas.

Xj=l{i€T : ej#ej} -

By the definition of BSC(p) we have, for everyi < j <n
andl < k <m,

m m — m—+1—
(k>(pk(1—p) R R 1—p))
(10)
Moreover, the random variablek,, X, ..., X,, are statisti-

cally independent.



Now,
. n
Prob{ m(ai + ai)} < Prob{ ﬂ (W(El +e€)> 5)
1€l €T
< Prob{ > mn

f$

J=1

Let ~ be a real in(0,1) and denote b¥{-} an expectation
value taken with respect to the probability measBreb{-}.
By the Chernoff bound (see [22, p. 127]) we get

Prob] 3 X-zm"} FELE e
(Sxzml < ef }
Lmn E{ﬁ z—ZXj}

j=1
(=)

<

IN

where, from (10),

zm-E {ziQXl}

= z i(?) (p"(1—p)m ik

k=0
I pm+17k(17p)k) L2k
(1-p) (pz~" + (1-p)2)™
+p(pz+ (1-p)z1)" .

The last three chains of (in)equalities can be summarized

Prob{ﬂ(&i ” ai)} < Prob{zn:Xj > ”;”}
i€T j=1
< (wlz,m)" (11)
where
Ww(zm) = (1-p) (p=~" + (1-p)2)"
+p(pz+ (1-p)z~")" .
Let ¢ = ¢(p) be defined by

2(1-2p) ’
and select = z,, = 1/(1 + (¢/m)). In this case,
(P2’ + (1=p)zm) "™
(i) san(ie5)")”
(i) sn(i-5 0 )
<1 (1=2p)c zjncz)m

e (70 4 5,(1)

<

m

whereé, (1) stands for an expression that goe$tasm goes
to infinity (at a rate that may depend @h Similarly,

1-2p)ec  (1—p)c?
(1 L+ (A=2p)c  (1-p)
m
It follows from the last two chains of inequalities that

IN

(pzm + (1-p)z")" m2
= 7215 .(1).
Yp(zm,m) = (1=p) - e~ 1720 gy (1=2P)e L 5 (1),
Now, from (12) we get that
I—p

p

e(1—2p)c _

and, so,

Yp(2m, m) = 24/p(1=p) + 6,(1) = v + 0p(1) .

Combining the last equation with (11), we conclude that

{ }
i€Z
(’YP EP(])) ’

(@i # a:)
and, taking the union bound over all subsgtsf {2,3,...,n}
of sizem, we obtain

< ((zm,m))"

Prob{d(a,a) >m} < (nﬂ;l) (Yp(2m,m))"
< 2nH(m/n) (7p+6p(1))” ’

where the last inequality follows from known upper bounds
on the binomial coefficients, in terms of the binary entropy
function H(z) = —zlogy(z) — (1—x)logy(1—2z) (see, for
wample [19, p. 309]). Finally, since we assume thagrows
with n yetm/n = o,(1), we get

Prob {d(a,a) > m} 2Her (W) (4 4 0,(1))"
,y;l(l_op(l)) ,

<

as claimed. J

Lemma 5.§:UndAer the conditions of Lemma 5.2, the
random vectorb = b(Z) that is recomputed in Step 2 of
GB_DECODER satisfies

Prob {B v b} < yr=ep ()

Proof: For j = 1,2,...,n, denote bye;. the error vector
(overF,) that is added by the channel to tli column ofT".
Also, leta be the vector computed in Step 16B_DECODER
Then, for every positive integen, the event

(i1}
is contained in the following union af+1 events:
~ s | n
{d(a,a)zm} {LJl(w(e;)> Q—m)} .

ji=
Therefore, by the union bound,

Prob {B ” b} < Prob {d(a,@) > m}

+ ; Prob{w(e;) > g — m} . (13)



For the remaining part of the proof, we assume that= denote the weight distribution @qp(n); that is, W; is the
m(n) satisfies the conditions in (9). Lemma 5.2 then providesimber of codewords ifigg(n) of Hamming weight. Using
an upper bound on the first term in the right-hand side of (13he characterization (6) of the codeword<Cefz (n), it is easy
As for each of the remaining terms in (13), from (7) we geto verify that the Hamming weight of a codewofdcan be

n 1 " written as
/
: A < - =
Prob{w(e)) > 5 —m} < (51’(2 n )) w(T) = 1 - (w(a) + w(b)) — 2w(a) - w(b) .
1 " : n 7 .
_ <5p(2 _ op(l))) Ranging over alla, b € F3* such thata; = 0, we obtain
(n) _ w(I)
= (i +op(D)" Wan©) = > ¢
) o TeCar(n)
where the last equality follows from the continuity 6f— _ Z Zgn.(w(aHW(b))_Qw(a).w(b)
d,(0). Hence, 05
a:a;=
n n —Op n—1 n
Prob{w(e;) >2- m} < p=on) _ Z Z (n—1> (n> gn(k0)~2ke
k 1
and the result follows from (13) and Lemma 5.2. Ul k=0 £=0
Lemma 5.4:Under the conditions of Lemma 5.2, the _ "i:l n—1 (£k+£n_k)n

vectora = a(Z) that is computed in Step 3 @B_DECODER n =\ k ’
satisfies B

Prob {@ # a} < (1=, Let

. X . D(n) . FHXTL N CGB (n)
Proof: As we did in the proof of Lemma 5.2, we denote by ML - *2
€; the error vector that is added by the channel toitheow pe a maximum-likelihood decoder falgg(n). It is known

of I'. The event R that, with respect tBSC(p) with p < 1/2, the decoding error
{a #a} probability of D satisfies
is contained in the union P, (wa)L) < ng(yp) -1, (14)
s [ n where-, is given by (8) (see [23, p. 153]). An inspection of
b#b i) > = , P , !
{ # } {LL:J (W(e ) 2>} the expression folV {3 (v,) yields
- n n 2 2n—2
whereb is the vector computed in Step 2 GfB_DECODER Wi () =1+ 20y, + O(n*y," %) (19)
Therefore, which means that the main term in the upper bound (14) is
R N n n Wy, whereW,, = |L(n)| = 2n.
Prob{a # a} < Prob {b # b} +Y° PrOb{W(Q) > 5} ; Proposition 5.5: With respect taBSC(p) with any fixed
i=1 p<1/2,
and the claim follows from Lemma 5.3 and (7). O FPerr (Dyi) = _g(l_%(l)) :
Proof of Proposition 5.1:Conditioning on the transmitted FT0Of Equations (14)—(15) imply that
codeword beind” = a” - 1,, + 17 . b, we have, Powe (D)) < A0

Prob { DL (Z) # T} Prob {(a +a)U(b+# b)} To show the inequality in the other direction, let us assume
N that the decoder is told the value of the vectorthat is

Prob{a # a} + Prob {b # b} ,  associated (by (6)) to the transmitted codewBrdand all the

R ~ _ decoder needs to find is an estimatéor b. As in the proof

wherea and b are the vectors computed in Steps 3 and g¢ | emma 5.3, we denote by the error vector (oveF,) that

respectively, ofGB_DECODER The result now follows from 5 gdded by the channel to theh column of . We have,

Lemmas 5.3 and 5.4. U

As our analysis in Section V-B will reveal, the error pob {37&5} > 1—Prob ﬂ(w(e’-) < ﬁ)
exponent (i.e., the rate of the exponential decay)im Propo- =1 !

sition 5.1 matches that of a maximum-likelihood decoder.

IN

I
—_
|
o
-
o
o
—
2
M
IN
|3
——

B. Error probability of MLD J=1

n n
In this section, we compare the decoding error probability = 1- (1 - Prob{w(e’l) > 5}) .
of D} to that of a maximum-likelihood decoder, with respegt
to BSC(p) with any fixed crossover probability < 1/2. ’

For an indeterminaté, let Prob / n > n (n/2)+1 (1 _,)(n/2)-1
o) > 5} 2 (g o0
WER(E©) = wig! > PQ(%?>
t=0 - 1-p \/ﬁ ’
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where the last inequality follows from the Stirling approximaBy Lemma 4.3 we get that
tion of the binomial coefficients (see [19, p. 309]; hété)

stands for an expression that grows at least linearly with its |€CHwT| ) |yHyT|
argument). From the last two chains of inequalities we deduce

230/2 L opn(tn — 2M)
(n)3/2 + 20n?

A A

that oo
~ P AN\ < —+— |4
Prob{b;«éb} > 1-(1--2 o2 VAR
N L < <+>€2<, 17)
i Q(\/ﬁ Vp) 1" 16 2
= 7,?(170?(1)) ) where the second and fourth inequalities follow, respectively,
. from the choice of¢ so that? = [2"/n] and ¢ > 16n3.
thereby completing the proof. Ul

From (16) and (17) we obtain
From Propositions 5.1 and 5.5 we conclude that the error
exponents ofD, and Dy, are the same. We also have the , ¢ . ,
following corollary, which states thad(}}, approximateD{;; ( max vQu ) - 2( max Y wiij) <. (18)
. e . ved2Un ved2AUn &
well (in a probabilistic sense), ov&SC(p) with anyp < 1/2. i,j=1
Corollary 5.6: With respect toBSC(p) with any p <

1/2, and for every transmitted codewoFde Cap(n), Denote

Prob {Dyj} (Z) = Dp(2) =T} =1 — =), a= max vQu' and  §= max rds’.
where Prob {-} is the probability measure induced by th@bserving that
channel on its outpuZ € F;'*", conditioned onl' being
transmitted.

ved2en
ij=1

4
max Y @;Ay] =B,

VI. QUADRATIC FORMS

As another application of the NP-completeness of ProB’—e get from (18) that

lem 1.7 (BILINEAR FORM OVER ®), we prove here the 28— 1)% < a < (26 + 1)
following result:
Proposition 6.1: Problem 1.YQUADRATIC FORM OVER  Hence, if 3 > 7 then

®) is NP-complete.

Proof: Problem 1.9 is clearly in NP. The proof of complete- a>Q2r -1 =0.
ness will be carried out by a reduction from Problem 1.7.

Let (4, 7) be an instance of the latter problem, whetés Conversely, ifa > o then
a matrix in®"*", Take/ to be the smallest integer such that 1 1
¢ > 16n* and/ = [2"/n] for some integeh. Denote byH a 8> 7<% - 1) > —(% - 1) =7—-1,
symmetric matrix ind‘*>*¢" which is obtained from &" x 2" 234 234
symmetric Hadamard matrix by paddirig — 2" (< n) all- namely,3 > 7. We conclude that
1 rows and columns. We now map the instarjee 7) to an

instance(@, o) of Problem 1.9 where a>o if and only if 8>T.
o= (2r—-1)¢* This completes the proof. O
andQ is the fo"owing Symmetric matrix i@2["><2£": Recall that Problem 1.KB|L|NEAR FORM OVER (I)) is
equivalent to MLD of the GB code which, in turn, is the cut-set
Q= ( H . Je® A ) ’ code of a complete balanced bipartite graph. It can be shown
(Je® A) H that, in analogy, Problem 1.@QQUADRATIC FORM OVER &)
Let is equivalent to MLD of the[n(n—1)/2,n—1,n—1] cut-set
code of a complete graph oververtices (in which every two
x = (x| 22| ... | x)) and y = (y1|y2|...|ye) distinct vertices are connected by an edge). The latter code

thus serves as yet another example of a case where MLD is
be two vectors inb‘*, where each blockg; or Yy, is a vector NP-complete.

in ®". Denoting bywv the vector(z | y) in ®2*, we have,

vQuT = xHz" +yHy" +22(J, @ A)y” ACKNOWLEDGMENTS
1
= xzHx' +yHy' + 2( Z wiijT) . (16) We would like to thank Ram Swaminathan for discussions
=1 that led us to this problem.
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