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On the Hardness of Decoding the Gale–Berlekamp
Code

Ron M. Roth Krishnamurthy Viswanathan

Abstract— The Gale–Berlekamp (in short, GB) code is the dual
code of the binary product code in which the horizontal and
vertical constituent codes are both the parity code. It is shown
that the problem of deciding whether there is a codeword of the
GB code within a prescribed distance from a given received word,
is NP-complete. The problem remains hard (in a well-defined
sense) even if the decoder is allowed unlimited preprocessing
that depends only on the code length. While the intractability
of maximum-likelihood decoding for specific codes has already
been shown by Bruck and Naor, Lobstein, and Guruswami and
Vardy, the result herein seems to be the first that shows hardness
for a “natural” code (in particular, without any tailoring of the
definition or the parameters of the code to suit the hardness
proof). In contrast, it is also shown that, with respect to any
memoryless binary symmetric channel with crossover probability
less than1/2, maximum-likelihood decoding can be implemented
in linear time for all error events except for a portion that occurs
with vanishing probability.

Keywords: Gale–Berlekamp switching game; Hadamard ma-
trices; Intractable problems; Maximum-likelihood decoding; NP-
complete problems.

I. I NTRODUCTION

Denote byΦ the subset{1,−1} of the real fieldR and by
Φn×n the set of alln×n real matrices with entries inΦ. We
consider the following optimization problem:

Optimization Problem 1.1:Given a matrixA ∈ Φn×n,
flip the sign of entire rows and columns inA so that the
resulting matrix has the largest possible number of1’s.

This problem is known as theGale–Berlekamp(in short,
GB) switching game; see for example Brown and Spencer [1],
Fishburn and Sloane [2], or Spencer [3, Lecture 6]. The subject
of this work is showing that this game is hard to solve. In the
more general formulation of the game, the number of rows and
columns inA does not have to be the same, yet for the purpose
of demonstrating the hardness, we will restrict ourselves to the
special case where the matrixA is square.

A. Equivalent formulations of the GB switching game

There are several equivalent formulations of the GB switch-
ing game, and we summarize them next. For a vectorx ∈ Rn,
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denote byD(x) the n × n real diagonal matrix whose main
diagonal consists of the entries ofx. Flipping entire rows and
columns ofA can be represented as the productD(x)AD(y)
for some row vectorsx, y ∈ Φn. Denote byJn the matrix
in Φn×n whose entries are all1. The number of(−1)’s in
D(x)AD(y) equals the number of1’s in the 0–1 matrix

B = 1
2 (Jn −D(x)AD(y)) . (1)

But this number is also the sum of the entries ofB and this
sum, in turn, is equal to(n2−xAyT )/2 (hereafter(·)T denotes
transposition). Hence, we have the following reformulation of
the GB switching game (see [1], [2]):

Optimization Problem 1.2:Given a matrixA ∈ Φn×n ,
find row vectorsx, y ∈ Φn that maximizexAyT .

The number of nonzero entries in the matrixB in (1) equals
the number of nonzero entries in2D(x)BD(y), for every
x, y ∈ Φn. But

2D(x)BD(y) = D(x)(Jn −D(x)AD(y))D(y)
= D(x)JnD(y)−A

= (xT · y)−A .

We now observe thatxT · y has rank1; in fact, the set

R(n) =
{

M ∈ Φn×n :

M = xT · y for some x, y ∈ Φn
}

(which is of size22n−1) consists of all the matrices of rank1
in Φn×n. Denoting byd(·, ·) the Hamming distance between
two matrices—or two vectors—of the same order (namely, the
number of entries in which the two matrices differ), we get
the next reformulation of the GB switching game:

Optimization Problem 1.3:Given a matrixA ∈ Φn×n,
find a rank-1 matrix M ∈ Φn×n that minimizesd(M, A).

We mention that Optimization Problem 1.3 is a constrained
form of the problem of computing the rigidity of a matrix: see
Lokam [4] and the references therein.

Optimization Problem 1.3 can be translated into a problem
in which the objects are matrices over the binary fieldF2,
simply by applying to each entry the bijectionϕ : Φ → F2

which sends1 to 0 and−1 to 1. Next, we characterize the
set of matrices to whichR(n) is mapped under this bijection
(see [2]).

Given a positive integern, let 1n be the all-1 row vector of
lengthn and, for i = 1, 2, . . . , n, denote byei the row unit-
vector inFn

2 whoseith coordinate equals1. Also, let Fn×n
2

stand for the set of alln × n matrices overF2. The n × n
Gale–Berlekamp code, denoted hereafter byCGB(n), is the
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set of all matrices inFn×n
2 that belong to the linear span of

the following set of2n matrices overF2:

L(n) =
{
eT

i · 1n

}n

i=1
∪ {

1T
n · ej

}n

j=1
.

For example, the six elements ofL(3) are given by
0
B@

111
000
000

1
CA ,

0
B@

000
111
000

1
CA ,

0
B@

000
000
111

1
CA ,

0
B@

100
100
100

1
CA ,

0
B@

010
010
010

1
CA ,

0
B@

001
001
001

1
CA .

It is easy to verify that any2n−1 matrices inL(n) are linearly
independent overF2 (but the sum of all2n matrices inL(n)
is zero). In addition, it is not hard to see that, with respect
to Hamming weight, the elements inL(n) are the minimum-
weight nonzero elements in the linear span ofL(n). Hence,
CGB(n) is a linear[n2, 2n−1, n] code overF2. The elements of
CGB(n), each being a matrix inFn×n

2 , will be referred to as the
codewords ofCGB(n). From the definition of the codeCGB(n)
we get that it is the dual code the[n2, (n−1)2, 4] product code
overF2 with the horizontal and vertical constituent codes both
being the[n, n−1, 2] parity code overF2.

Under the bijectionϕ : Φ → F2, the setR(n) maps
to CGB(n). Thus, Optimization Problems 1.1–1.3 can be
expressed as a maximum-likelihood decoding (MLD) problem
of the GB code, with respect to any memoryless binary
symmetric channel (BSC) with crossover probability less than
1/2. Specifically:

Optimization Problem 1.4:Given a matrixZ ∈ Fn×n
2 ,

find a codewordΓ ∈ CGB(n) that minimizesd(Γ, Z).
There has been a substantial body of work published on

the problem of computing and bounding the covering radius,
ρGB(n), of CGB(n): see [1], [2], [5, pp. 396–397], and [3,
Lecture 6]. In particular, it is known that

n2

2
−n3/2

2
+o(n3/2) ≤ ρGB(n) ≤ n2

2
− n3/2

√
2π

+o(n3/2) . (2)

As such, GB codes have a small covering radius given their
(fairly low) rate: from the sphere-covering bound one gets that
the covering radius of any linear[N, k] code overF2 is greater
than

N

2
−

√
Nk

2 log2 e
,

wheree = 2.71828 · · · (see [6]), and pluggingN = n2 and
k = 2n−1 into this expression yields the lower bound

n2

2
− n3/2

√
log2 e

.

Furthermore, the upper bound in (2), which was proved
using probabilistic arguments by Brown and Spencer in [1,
pp. 47–49], was established also algorithmically by Spencer
in [3] through derandomization. He presented a deterministic
polynomial-time algorithm which finds for every matrixZ ∈
Fn×n

2 , a codewordΓ ∈ CGB(n) such thatd(Γ, Z) is at most
the right-hand side of (2) (see also Berger [7] and Pach and
Spencer [6]). Note, however, that this algorithm does not
necessarily find aclosestcodeword inCGB(n) to Z, i.e., this
algorithm is not a maximum-likelihood decoder.

Relating ρGB(n) to the notation of Optimization Prob-
lem 1.2, we also have

min
A∈Φn×n

max
x,y∈Φn

xAyT = n2 − 2ρGB(n) .

B. Complexity of MLD

The complexity of MLD of general linear codes was first
studied by Berlekampet al. in [8]. To show that MLD is
intractable, it was stated as a decision problem:

Decision Problem 1.5:MLD OF L INEAR CODES.
Instance: Linear [N, k] code C over F2 (repre-

sented, say, by its parity-check matrix), a
word z ∈ FN

2 , and an integerτ .
Question:Is there a codeword inc ∈ C such that

d(c,z) ≤ τ?
Berlekampet al. showed in [8] that this problem is NP-

complete, using a reduction fromTHREE-DIMENSIONAL

MATCHING (see the book of Garey and Johnson [9] about the
theory of NP-completeness; the latter problem is described on
pp. 50–53]). In Problem 1.5, the codeC is part of the instance
description, even though, in practice, the code is usually known
in advance. Studying this more realistic version of the problem
was the subject of the papers by Bruck and Naor [10] and
Lobstein [11], who considered MLD ofspecificlinear codes
CBN(n) andCLob(n), of parameters

[N=3n(n−1)/2, k=(n(n+1)/2)−1, d=2]

and
[N=3n3, k=n3−3n+2, d=12] ,

respectively. The codesCBN(n) and CLob(n) are explicitly
described in the respective papers and, in particular, generator
(or parity-check) matrices of these codes can be constructed
in polynomial time. The results in [10] and [11] imply that
the following decision problem is NP-complete (the problem
is stated here for the parameters of [10]):

Decision Problem 1.6:MLD OF CBN(n).
Instance: Word z ∈ F 3n(n−1)/2

2 and an integerτ .
Question:Is there a codewordc ∈ CBN(n) such

that d(c, z) ≤ τ?
In fact, since the codes are now specific, an even stronger

statement was made in those two papers: Problem 1.6 is
unlikely to become easy even if the decoder is allowed
unlimited preprocessing that depends only onn (but not on
z): here “unlikely” means that if Problem 1.6 could be solved
in polynomial time and unlimited preprocessing, then the
polynomial hierarchy would collapse (albeit not necessarily
collapsing NP with P; we will expand more on hardness with
preprocessing in Section IV-C).

One drawback of the results in [10] and [11] is that the codes
CBN(n) and CLob(n) are not “natural”: they are artificially
crafted for the proofs to work. Thus, attempts have been made
to show the intractability of MLD of more widely-known
codes. Indeed, Barg showed in [12] that MLD of product codes
is NP-complete; however, in his result, the ensembles of codes
at any given parameter range are super-polynomially large,
and the results do not specify which of the codes within the
ensemble is hard to decode. A significant progress was made



3

by Guruswami and Vardy in [13], where they showed that
a particular class of generalized Reed–Solomon (GRS) codes
is NP-complete, and is unlikely to become easy even with
unlimited preprocessing. However, the code locators which
take part in the definition of the GRS codes in [13] are—
again—artificially selected to suit the hardness proofs (as
noted in [13], these code locators are in fact constructed based
on a similar principle as the parity-check matrix of the code
CLob(n) in [11]).

C. Results of this work

In this work, we prove that the following decision-problem
version of Optimization Problem 1.2, is NP-complete:

Decision Problem 1.7:BILINEAR FORM OVER Φ.
Instance: Matrix A ∈ Φn×n and an integerτ .
Question:Are there vectorsx,y ∈ Φn such that

xAyT ≥ τ?
A direct consequence of this result is that the following

decision-problem version of Optimization Problem 1.4, is NP-
complete:

Decision Problem 1.8:MLD OF GB CODES.
Instance: Matrix Z ∈ Fn×n

2 and an integerτ .
Question:Is there a codewordΓ ∈ CGB(n) such

that d(Γ, Z) ≤ τ?
Furthermore, we invoke the arguments in [10] to claim

that these problems remain hard (in the sense that otherwise
the polynomial hierarchy collapses) even with unlimited pre-
processing. Our result seems to be the first to exhibit the
intractability of MLD of a specific code that we can also
comfortably refer to as “natural”: first, the GB code has been
studied before in several contexts—some of which motivated
by its favorable covering radius; secondly, unlike the hardness
results that we mentioned earlier, our proofs apply to the
plain GB code, without any need to tailor its definition or
its parameters to match our proofs.

Our NP-completeness proof consists of two reductions,
which will be presented in Sections III and IV.

In contrast to our hardness result, we present in Section V
a linear-time algorithm which, almost always, implements
MLD of the GB code, with respect to any BSC with (fixed)
crossover probability less than1/2. The MLD implementation
and, indeed, also the decoding fail only for a portion of error
events which occurs with probability that goes to zero as the
code length increases.

We mention that our result on the NP-completeness of
Problem 1.7(BILINEAR FORM OVER Φ) improves on an
earlier result by Poljak and Rohn [14], where a similar result
was obtained for a less constrained problem: the entries of the
matrixA therein can take integer values rather than values only
from Φ (the particular reduction in [14] constructs matrices in
which some of the entries may grow with the matrix ordern).

As another application of the NP-completeness of Prob-
lem 1.7, we show in Section VI that the following problem is
NP-complete:

Decision Problem 1.9:QUADRATIC FORM OVER Φ.
Instance: Symmetric matrixQ ∈ Φn×n and an

integerσ.

Question:Is there a row vectorv ∈ Φn such that
vQvT ≥ σ?

II. PRELIMINARIES

We present here several definitions and quote several known
results.

Let G = (V,E) be a (finite undirected) graph with a vertex
setV and an edge setE. We will further assume that a graph
has neither self-loops nor parallel edges. For a subsetS ⊆ V ,
denote by∂(S) the set of edges each having one endpoint in
S and one endpoint inV \ S. A cut-setis a subset ofE that
equals∂(S) for someS ⊆ V . The following decision problem
is well-known to be NP-complete [9, p. 210]:

Decision Problem 2.1:MAX -CUT.
Instance: Graph:G = (V,E) and an integerτ .
Question:Is there a cut-set∂(S) ⊆ E of size at

leastτ?
The incidence matrixof a graphG is a |V | × |E| matrix

UG = (ui,e) over F2 whose rows (respectively, columns) are
indexed byV (respectively,E), and ui,e = 1 if and only if
i is one of the endpoints ofe in G. Representing each cut-
set in G by its characteristic vector inF|E|2 , we obtain a set
of vectors overF2 which is called thecut-set codeof G (see
Hakimi and Frank [15]). This set is a linear space overF2

and is spanned by the rows ofUG . WhenG is connected then
rank(UG) = |V | − 1.

The codeCBN(n) in Problem 1.6 was constructed by Bruck
and Naor in [10] as a cut-set code of a certain graph over
n(n+1)/2 vertices. They then showed that Problem 1.6 is NP-
complete by a reduction from Problem 2.1(MAX -CUT).

A graphG = (V, E) is called bipartite if the set of vertices
V can be partitioned into disjoint subsetsV ′ andV ′′ such that
each edge inE has one endpoint inV ′ and one endpoint in
V ′′; we then writeG = (V ′ : V ′′, E). A bipartite graph is
balanced if|V ′| = |V ′′| and it is complete if there is an edge
connecting each vertex inV ′ with each vertex inV ′′.

It is rather easy to see that the codeCGB(n) is the cut-set
code of a complete balanced bipartite graph where|V ′| =
|V ′′| = n (see Soĺe and Zaslavsky [16]).

Problem 2.1 is trivial to solve for the case of bipartite
graphs. However, if edges may be assigned negative weights
then the problem (as formulated next) becomes NP-complete:

Decision Problem 2.2:BIPARTITE MAX -CUT OVER Φ.
Instance: Balanced bipartite graph:G = (V ′ :

V ′′, E), a weight functionω : E → Φ, and
an integerτ .

Question:Is there a cut-set∂(S) ⊆ E such that∑
e∈∂(S) ω(e) ≥ τ?

The NP-completeness of Problem 2.2 was proved in Mc-
Cormick et al. [17] using a reduction from Problem 2.1. (The
problem as stated in [17] does not assume that the graph is
balanced, yet this restriction can be easily incorporated into
the reduction by adding dummy vertices. In addition, while
the edge weights in [17] can be arbitrary, one can verify that
the NP-completeness proof therein still holds even when the
weights are restricted toΦ.)
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III. R ELAXED PROBLEM

In this section, we prove the NP-completeness of a relax-
ation of Problem 1.7(BILINEAR FORM OVER Φ) where we
allow the matrix to have also zero entries. Our main hardness
result, which will be proved in Section IV, will be based on
a reduction from the problem considered here.

Hereafter,Φ0 denotes the setΦ ∪ {0}, and the formal
statement of the relaxed problem is as follows:

Decision Problem 3.1:BILINEAR FORM OVER Φ0.
Instance: Matrix B ∈ Φn×n

0 and an integerσ.
Question:Are there row vectorsx,y ∈ Φn such

that xByT ≥ σ?
Proposition 3.1:Problem 3.1 is NP-complete.

Proof: First, it is easy to see that Problem 3.1 is in NP.
Our proof of completeness borrows ideas from Poljak and
Rohn [14] and will be by a reduction from Problem 2.2
(BIPARTITE MAX -CUT OVER Φ). Let

(G=(V ′ : V ′′, E) , ω : E → Φ , τ)

be an instance of the latter problem and denote byn the size
of V ′ (which is also the size ofV ′′). We map this instance to
an instance(B, σ) of Problem 3.1, where

σ = 2τ −
∑

e∈E

ω(e)

andB = (bi,j) is a matrix inΦn×n
0 whose rows (respectively,

columns) are indexed by the elements ofV ′ (respectively,V ′′),
and

bi,j =
{ −ω(e) if i and j are connected by an edgee

0 otherwise
.

With any two subsetsS ⊆ V ′ and T ⊆ V ′′, we associate
the following two vectorsx = x(S) = (xi)i∈V ′ and y =
y(S) = (yj)j∈V ′′ in Φn:

xi =
{

1 if i ∈ S
−1 otherwise

and

yj =
{

1 if j ∈ T
−1 otherwise

.

Clearly, the mappingS 7→ x(S) (respectively,T 7→ y(T )) is
a bijection from the set of subsets ofV ′ (respectively,V ′′)
onto Φn. Denoting byS and T the setsV ′ \ S and V ′′ \ T ,
respectively, we next compute the total weight of the edges in
the cut-set∂(S ∪ T ):

∑

e∈∂(S∪T )

ω(e) =
(
−

∑

(i,j)∈S×T

bi,j

)
+

(
−

∑

(i,j)∈S×T

bi,j

)

= −1
4

∑

(i,j)∈V ′×V ′′
bi,j(xi − yj)2

=
1
2

(
xByT −

∑

(i,j)∈V ′×V ′′
bi,j

)

=
1
2

(
xByT +

∑

e∈E

ω(e)
)

.

Hence,
∑

e∈∂(S∪T )

ω(e) ≥ τ if and only if xByT ≥ σ .

The result follows.

IV. M AIN HARDNESS RESULT

In this section, we prove our main hardness result:
Theorem 4.1:Problem 1.7(BILINEAR FORM OVER Φ)

is NP-complete.

A. Kronecker product and Hadamard matrices

The proof will make use of two lemmas, which we state
next.

For the the first lemma we need the following definition.
Let X = (xi,j) and Y be real matrices of ordersk × ` and
p× q, respectively. TheKronecker productX ⊗ Y is defined
as the(kp)× (`q) matrix that has the following block form:

X ⊗ Y =




x1,1Y x1,2Y · · · x1,`Y
x2,1Y x2,2Y · · · x2,`Y

...
... · · · ...

xk,1Y xk,2Y · · · xk,`Y


 .

Among the properties of Kronecker product, it is known that
for every four matricesX, Y , Z, andW ,

(X ⊗ Z)(Y ⊗W ) = (XY )⊗ (ZW ) , (3)

provided that the (ordinary) matrix multiplications are allowed,
namely, the number of columns ofX (respectively,Z) equals
the number of rows ofY (respectively,W ); see [18, Theo-
rem 43.4].

Lemma 4.2:Let B be a matrix inRn×n and letm be a
positive integer. Then

max
x,y∈Φmn

x(B ⊗ Jm)yT = m2 · max
r,s∈Φn

rBsT . (4)

Furthermore, the maximum in the left-hand side of (4) is
attained by all vectorsx andy in Φmn of the form

x = r ⊗ 1m and y = s⊗ 1m , (5)

wherer ands are vectors inΦn that maximize the right-hand
side of (4).

Proof: First, for every two vectorsx,y ∈ Φmn of the
form (5) we have

x(B ⊗ Jm)yT = (r ⊗ 1m)(B ⊗ Jm)(s⊗ 1m)T

= (r ⊗ 1m)(B ⊗ Jm)(sT ⊗ 1T
m)

= (rBsT )⊗ (1mJm1T
m)

= m2 · (rBsT ) ,

where the third equality follows from two applications of the
rule (3). Therefore, (4) holds provided that the maximization in
the left-hand side of (4) is restricted to vectorsx andy of the
form (5). Hence, in order to complete the proof, it remains to
show that even when we remove this restriction, the maximum
in the left-hand side of (4) will still be attained by vectorsx
andy of the form (5).
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Let x = (x1 x2 . . . xmn) and y attain that (unrestricted)
maximum and consider the real vector

vT = (v1 v2 . . . vmn)T = (B ⊗ Jm)yT .

Fixing v, the vectorx must be one of those inΦmn that
maximize the scalar productx · vT . Such vectors, in turn, are
characterized by

xi = sgn(vi) , 1 ≤ i ≤ mn

(for indexesi wherevi = 0, the valuexi can be arbitrarily set
to either1 or −1). On the other hand, by the particular form
of the matrixB⊗Jm we get that for everyj = 0, 1, . . . , n−1,

vjm+1 = vjm+2 = . . . = v(j+1)m ;

consequently, a maximizing vectorx satisfies

xjm+1 = xjm+2 = . . . = xj(m+1)−1 = sgn(vjm+1)

whenevervjm+1 6= 0, and can always be assumed to satisfy
these equalities whenvjm+1 = 0. It follows that for every
vectory that belongs to a pair(x,y) that maximizes the left-
hand side of (4), we can always assume that the respective
vector x takes the formr ⊗ 1m for some vectorr ∈ Φn.
Reversing the roles ofx and y, we conclude thaty can be
assumed to take the forms⊗ 1m for somes ∈ Φn.

The second lemma, taken from [1], presents a property of
Hadamard matrices. Recall that anm ×m matrix H overR
is called aHadamard matrixif the entries ofH are inΦ and
HHT = m · I.

Lemma 4.3:Let H be anm×m Hadamard matrix. For
every two row vectorsr, s ∈ Φm,

∣∣rHsT
∣∣ ≤ m3/2 .

Proof: For a row vectorr ∈ Rm, denote by‖r‖ its L2

norm
√

r · rT . We have,

‖rH‖2 = rHHT rT = m · ‖r‖2 .

Applying the Cauchy–Schwartz inequality yields for any two
row vectorsr, s ∈ Φm,

∣∣rHsT
∣∣ ≤ ‖rH‖ · ‖s‖ =

√
m · ‖r‖ · ‖s‖ = m3/2 .

(For an alternate proof of the lemma, see [1].)

Polynomially-constructible symmetric Hadamard matrices
are known for infinitely many ordersm; in particular, Syl-
vester-type Hadamard matrices exist wheneverm = 2h and
take the form

( 1 1
1 −1

)
⊗

( 1 1
1 −1

)
⊗ · · · ⊗

( 1 1
1 −1

)

︸ ︷︷ ︸
h times

(see, for example [19, Section 2.3]).

B. Proof of main hardness result

We are now ready to prove Theorem 4.1.
Proof of Theorem 4.1:Problem 1.7(BILINEAR FORM OVER

Φ) is easily verified to be in NP. The completeness will
be established by a reduction from Problem 3.1(BILINEAR

FORM OVER Φ0).
Let (B, σ) be an instance of the latter problem, where

B = (bi,j) is a matrix inΦn×n
0 . Take m to be the smallest

power of2 that is greater than2n4, and letH be anm×m
Hadamard matrix. We now map(B, σ) to an instance(A, τ)
of Problem 1.7, where

τ =
(
σ − 1

2

)
m2

andA is a matrix inΦmn×mn of the block form(Ai,j)n
i,j=1

in which eachm×m block Ai,j is given by

Ai,j =
{

bi,jJm if bi,j 6= 0
H if bi,j = 0 , 1 ≤ i, j ≤ n .

Notice thatAi,j equals the respective block inB⊗Jm when-
ever bi,j 6= 0; otherwise,Ai,j = H whereas the respective
block in B ⊗ Jm is all-zero.

For convenience, we introduce the notationα andβ for the
following maximal values:

α = max
x,y∈Φmn

xAyT and β = max
r,s∈Φn

rBsT .

By Lemma 4.3 we get that for every two vectorsx,y ∈ Φmn,
∣∣(xAyT )− (x(B ⊗ Jm)yT )

∣∣ =
∣∣x(A− (B ⊗ Jm))yT

∣∣
≤ n2 · max

r,s∈Φm

∣∣rHsT
∣∣

≤ n2 ·m3/2 ;

so, by Lemma 4.2,
∣∣α− βm2

∣∣ ≤ n2 ·m3/2 .

Hence, ifβ ≥ σ then

α ≥ βm2 − n2 ·m3/2 ≥
(
σ − n2

√
m

)
m2 > τ ,

where the last inequality follows from the requirement that
m > 2n4. Conversely, ifα ≥ τ then

β ≥ α

m2
− n2

√
m

>
τ

m2
− 1

2
≥ σ − 1 ,

namely,β ≥ σ. We conclude that

α ≥ τ if and only if β ≥ σ ,

thereby completing the proof.

As Problem 1.7(BILINEAR FORM OVER Φ) and Prob-
lem 1.8 (MLD OF GB CODES) are equivalent, the following
corollary immediately follows.

Corollary 4.4: Problem 1.8(MLD OF GB CODES) is
NP-complete.
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C. Hardness with preprocessing

In practice, the design of any decoder—say, a decoder of
CGB(n)—is carried out only once, as opposed to the number of
applications of the decoder (to received words) which, in turn,
can be very large. Therefore, when measuring the decoding
complexity, one can attribute computations that depend only
on the parametern (and not on the received word) to the
decoding design stage, rather than to the time the decoder
is actually applied. Computations that depend only onn are
referred to aspreprocessing, and the question is whether MLD
of CGB(n) remains hard even if we ignore the complexity of
preprocessing. Another way of posing this question is whether,
for any givenn, a Boolean circuit that implements MLD of
CGB(n) is still unlikely to be polynomially large inn, even if
we ignore the time it takes to design that circuit.

The answer to this question turns out to be positive, and we
show that by following the approach of Bruck and Naor [10],
as outlined next.

Generally, a decision problem is said to belong to P/poly
(or to have anonuniform polynomial-time complexity), if
there is a constantd such that for every lengthN of (binary
representations of) instances to the problem there exists a
Boolean circuitfN : FN

2 → {“yes”, “no”} of O(Nd) gates
such thatfN (x) solves the decision problem for every instance
representationx ∈ FN

2 . (Note that there is no restriction on
how the complexity of constructingfN grows with N : this
complexity stands for the preprocessing time.) A result due to
Karp and Lipton [20] states that if the class of NP problems
were a subset of P/poly, then the polynomial hierarchy would
collapse to the second level (see [10, Section 3] for more de-
tails). Therefore, it is unlikely that any NP-complete problem
belongs to P/poly.

Now, for every n, let D(n)

ML : Fn×n
2 → CGB(n) be a

maximum-likelihood decoder forCGB(n) (namely, D(n)

ML(·)
solves Optimization Problem 1.4), and suppose that for some
fixed d, each decoderD(n)

ML had a circuit implementation
using O(nd) gates (with no restriction on the preprocessing
time it takes to design that circuit). Shifting to the respective
decision problem, we could then convert that implementation
of D(n)

ML into a polynomial-size circuitfN = fn,τ that solves
Problem 1.8(MLD OF GB CODES), which would mean that
the latter problem is in P/poly. Yet by Corollary 4.4 and
the Karp–Lipton result, this would mean that the polynomial
hierarchy collapses.

V. DECODING ALGORITHM OVER THEBSC

In this section, we present a linear-time decoding algorithm
for CGB(n). We show that, with respect to any BSC with
crossover probability less than1/2, the algorithm errs with
probability that decays exponentially withn. Since a simi-
lar behavior of the error probability is achieved also by a
maximum-likelihood decoder forCGB(n), our analysis will
lead to the conclusion that, with respect to the probability
measure which is induced by the channel, the decoding algo-
rithm that we present here implements MLD with probability
approaching1 as the code length goes to infinity.

We will use the notationBSC(p) for a BSC with crossover
probability p ∈ [0, 1]. We assume that a codewordΓ = (Γi,j)

of CGB(n) is transmitted throughBSC(p) and ann×n matrix
Z = (Zi,j) overF2 is received at the channel output, such that
Prob{Zi,j 6= Γi,j} = p, independently for distinct pairs(i, j).

Given a decoderD : Fn×n
2 → CGB(n), we denote by

Perr(D|Γ) the probability that the decoder returns the incorrect
codeword, given thatΓ ∈ CGB(n) is transmitted; namely,

Perr(D|Γ) = Prob {D(Z) 6= Γ |Γ was transmitted} ,

where the conditional probability is the one induced by
BSC(p) (the dependence ofPerr(D|Γ) on p is kept implicit
for the sake of simplicity of the notation). Also, we let
Perr(D) denote the decoding error probability for the worst-
case codeword:

Perr(D) = max
Γ∈CGB(n)

Perr(D|Γ) .

A. Linear-time decoding algorithm

The decoder that we present forCGB(n) is the function

D(n)

GB : Fn×n
2 → CGB(n)

whose value for every givenZ ∈ Fn×n
2 is given by the return

value of the algorithmGB DECODER shown in Figure 1 (in
the figure, we use our earlier notationd(·, ·) for Hamming
distance). The algorithmGB DECODER can be viewed as a
variant of an algorithm that has been recently suggested for
jointly compressing similar files [21].

We first provide the intuition behind the algorithm. Recall
from Section I-A thatCGB(n) is the linear span of

L(n) =
{
eT

i · 1n

}n

i=1
∪ {

1T
n · ej

}n

j=1
,

and that every2n−1 matrices inL(n) form a basis of this
span overF2. It follows that for everyΓ ∈ CGB(n) there exist
unique row vectorsa = (ai)n

i=1 and b = (bj)n
j=1 over F2

such thata1 = 0 and

Γ = aT · 1n + 1T
n · b . (6)

Thus, theith row of the transmitted codewordΓ equals either
b (if ai = 0) or b + 1n (if ai = 1); and, sincea1 = 0, the
first row always equalsb. Based on this simple observation,
Step 1 of the algorithmGB DECODER in Figure 1 finds an
initial estimate fora by comparing each row of thenoisy
matrix Z to its first row: if the ith row of Z is close (with
respect to Hamming distance) to the first row ofZ then the
estimate forai is âi = 0; otherwise, the estimate iŝai = 1.
(Clearly, the choice of the first row inZ as a reference in
these comparisons is arbitrary; any other row inZ could play
that role just as well.)

Once we have (an estimate for)a, we can proceed with
the recovery of the entries ofb: we see from (6) that thejth
column ofΓ is equal toaT when bj = 0, and to(a + 1n)T

when bj = 1. Therefore, we can estimatebj according to
the Hamming distance between thejth column ofZ and our
estimate foraT ; this is done in Step 2 ofGB DECODER.

While the estimates fora andb that are computed in Steps 1
and 2 already yield a decoding error probability that decays
exponentially withn, Step 3 was added toGB DECODER to
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Algorithm GB DECODER (Input: Z ∈ Fn×n
2 ):

/∗ ri denotes theith row of Z andcT
j denotes itsjth column. ∗/

1) Compute a vector̂a = (0 â2 â3 . . . ân) overF2 by:

âi ←
{

1 if d(r1, ri) > n/2
0 otherwise

, 2 ≤ i ≤ n .

2) Compute a vector̂b = (b̂1 b̂2 . . . b̂n) overF2 by:

b̂j ←
{

1 if d(â, cj) > n/2
0 otherwise

, 1 ≤ j ≤ n .

3) Recomputêa by

âi ←
{

1 if d(b̂, ri) > n/2
0 otherwise

, 2 ≤ i ≤ n .

4) ReturnΓ̂ = âT · 1n + 1T
n · b̂.

Fig. 1. Algorithm for computingD(n)
GB(Z).

accelerate that decay so that it matches that of a maximum-
likelihood decoder (see Propositions 5.1 and 5.5 below).

The operations used during the execution ofGB DECODER

are additions inF2 and increments of counters and indexes
of length O(log2 n). The number of applications of these
operations is quadratic inn, i.e., it is linear in the code length
of CGB(n).

We next turn to analyzing the decoding error probability
of the decoderD(n)

GB implemented byGB DECODER. For two
realsp, θ ∈ (0, 1), denote byδp(θ) the value

δp(θ) =
(p

θ

)θ
(

1−p

1−θ

)1−θ

.

It can be readily verified that for every fixedp ∈ (0, 1), the
function θ 7→ δp(θ) is continuous over(0, 1) and it attains
a unique maximum in that interval atθ = p (in which case
δp(p) = 1).

Let ε = (ε`)n
`=1 be a random vector overF2 whose entries

are independent Bernoulli random variables taking onF2 with
Prob{ε` = 1} = p (e.g.,ε can be taken as the error vector that
is added byBSC(p) to each row or column of the transmitted
codeword). It is known that, with respect to this probability
measure, the Hamming weight ofε, which we denote byw(ε),
satisfies

Prob {w(ε) ≥ θn} ≤ (δp(θ))n , (7)

wheneverθ > p (see [22, p. 531]). We will use the notation
γp for the valueδp(1/2): it is easy to see that

γp = δp(1/2) = 2
√

p(1−p) . (8)

Proposition 5.1:With respect toBSC(p) with any fixed
p < 1/2,

Perr

(D(n)

GB

) ≤ γn(1−op(1))
p ,

whereop(1) stands for a positive expression that converges to
0 as n goes to infinity (at a rate that may depend onp). In
particular,Perr

(D(n)

GB

)
decays exponentially withn.

We break the proof into three lemmas.

Lemma 5.2:Let the codewordΓ = aT · 1n + 1T
n · b of

CGB(n) be transmitted throughBSC(p) with p < 1/2, and
let Z ∈ Fn×n

2 be the (random) matrix received at the channel
output. Fixm : Z+ → Z+ to be any integer function such that

lim
n→∞

m(n) = ∞ and lim
n→∞

m(n)
n

= 0 . (9)

Then the random vector̂a = â(Z) that is computed in Step 1
of GB DECODER satisfies

Prob {d(a, â) ≥ m(n)} ≤ γn(1−op(1))
p ,

where Prob {·} is the probability measure induced by the
channel on its outputZ, conditioned onΓ being transmitted.

Proof: Let I be a subset of{2, 3, . . . , n} of sizem = m(n).
We compute an upper bound on the probability that the values
âi that are computed in Step 1 are erroneous for alli ∈ I.

For i = 1, 2, . . . , n, let

εi = (εi,1 εi,2 . . . εi,n)

be the error vector (overF2) that is added by the channel to the
ith row of Γ (to form theith row of Z). For j = 1, 2, . . . , n,
denote byXj the number of rows, among the rows ofZ that
are indexed byI, in which thejth entry of the error vector
differs from the respective entry inε1, namely,

Xj = |{i ∈ I : εi,j 6= ε1,j}| .

By the definition ofBSC(p) we have, for every1 ≤ j ≤ n
and1 ≤ k ≤ m,

Prob {Xj = k} =
(

m

k

)(
pk(1−p)m+1−k+ pm+1−k(1−p)k

)
.

(10)
Moreover, the random variablesX1, X2, . . . , Xn are statisti-
cally independent.
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Now,

Prob

{⋂

i∈I
(âi 6= ai)

}
≤ Prob

{⋂

i∈I

(
w(ε1 + εi) ≥ n

2

)}

≤ Prob

{(∑

i∈I
w(ε1 + εi)

)
≥ mn

2

}

= Prob

{
n∑

j=1

Xj ≥ mn

2

}
.

Let z be a real in(0, 1) and denote byE{·} an expectation
value taken with respect to the probability measureProb{·}.
By the Chernoff bound (see [22, p. 127]) we get

Prob

{
n∑

j=1

Xj ≥ mn

2

}
≤ E

{
zmn−2

Pn
j=1 Xj

}

≤ zmn · E
{

n∏

j=1

z−2Xj

}

=
(
zm · E {

z−2X1
})n

,

where, from (10),

zm · E {
z−2X1

}
= zm ·

m∑

k=0

(
m

k

) (
pk(1−p)m+1−k

+ pm+1−k(1−p)k
)
z−2k

= (1−p)
(
pz−1 + (1−p)z

)m

+ p
(
pz + (1−p)z−1

)m
.

The last three chains of (in)equalities can be summarized by

Prob

{⋂

i∈I
(âi 6= ai)

}
≤ Prob

{
n∑

j=1

Xj ≥ mn

2

}

≤ (γp(z,m))n
, (11)

where

γp(z, m) = (1−p)
(
pz−1 + (1−p)z

)m

+ p
(
pz + (1−p)z−1

)m
.

Let c = c(p) be defined by

c =
ln ((1/p)− 1)

2(1−2p)
, (12)

and selectz = zm = 1/(1 + (c/m)). In this case,
(
pz−1

m + (1−p)zm

)m

=
(

p
(
1 +

c

m

)
+ (1−p)

(
1 +

c

m

)−1
)m

≤
(

p
(
1 +

c

m

)
+ (1−p)

(
1− c

m
+

c2

m2

))m

=
(

1− (1−2p)c
m

+
pc2

m2

)m

= e−(1−2p)c + õp(1) ,

whereõp(1) stands for an expression that goes to0 asm goes
to infinity (at a rate that may depend onp). Similarly,

(
pzm + (1−p)z−1

m

)m ≤
(

1 +
(1−2p)c

m
+

(1−p)c2

m2

)m

= e(1−2p)c + õp(1) .

It follows from the last two chains of inequalities that

γp(zm,m) = (1−p) · e−(1−2p)c + p · e(1−2p)c + õp(1) .

Now, from (12) we get that

e(1−2p)c =
√

1−p

p

and, so,

γp(zm,m) = 2
√

p(1−p) + õp(1) = γp + õp(1) .

Combining the last equation with (11), we conclude that

Prob

{⋂

i∈I
(âi 6= ai)

}
≤ (γp(zm,m))n

= (γp + õp(1))n
,

and, taking the union bound over all subsetsI of {2, 3, . . . , n}
of sizem, we obtain

Prob {d(a, â) ≥ m} ≤
(

n−1
m

)
(γp(zm,m))n

≤ 2nH(m/n) (γp + õp(1))n
,

where the last inequality follows from known upper bounds
on the binomial coefficients, in terms of the binary entropy
function H(x) = −x log2(x) − (1−x) log2(1−x) (see, for
example [19, p. 309]). Finally, since we assume thatm grows
with n yet m/n = op(1), we get

Prob {d(a, â) ≥ m} ≤ 2nH(op(1)) (γp + op(1))n

= γn(1−op(1))
p ,

as claimed.

Lemma 5.3:Under the conditions of Lemma 5.2, the
random vector̂b = b̂(Z) that is recomputed in Step 2 of
GB DECODER satisfies

Prob
{

b̂ 6= b
}
≤ γn(1−op(1))

p .

Proof: For j = 1, 2, . . . , n, denote byε′j the error vector
(overF2) that is added by the channel to thejth column ofΓ.
Also, letâ be the vector computed in Step 1 ofGB DECODER.
Then, for every positive integerm, the event{

b̂ 6= b
}

is contained in the following union ofn+1 events:

{
d(a, â) ≥ m

} S
{

n⋃

j=1

(
w(ε′j) >

n

2
−m

)}
.

Therefore, by the union bound,

Prob
{

b̂ 6= b
}
≤ Prob {d(a, â) ≥ m}

+
n∑

j=1

Prob
{
w(ε′j) >

n

2
−m

}
. (13)
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For the remaining part of the proof, we assume thatm =
m(n) satisfies the conditions in (9). Lemma 5.2 then provides
an upper bound on the first term in the right-hand side of (13).
As for each of the remaining terms in (13), from (7) we get

Prob
{

w(ε′j) >
n

2
−m

}
≤

(
δp

(1
2
− m

n

))n

=
(

δp

(1
2
− op(1)

))n

= (γp + op(1))n ,

where the last equality follows from the continuity ofθ 7→
δp(θ). Hence,

Prob
{

w(ε′j) >
n

2
−m

}
≤ γn(1−op(1))

p ,

and the result follows from (13) and Lemma 5.2.

Lemma 5.4:Under the conditions of Lemma 5.2, the
vectorâ = â(Z) that is computed in Step 3 ofGB DECODER

satisfies
Prob {â 6= a} ≤ γn(1−op(1))

p .
Proof: As we did in the proof of Lemma 5.2, we denote by

εi the error vector that is added by the channel to theith row
of Γ. The event

{â 6= a}
is contained in the union

{
b 6= b̂

} S
{

n⋃

i=1

(
w(εi) >

n

2

)}
,

where b̂ is the vector computed in Step 2 ofGB DECODER.
Therefore,

Prob {â 6= a} ≤ Prob
{

b̂ 6= b
}

+
n∑

i=1

Prob
{

w(εi) >
n

2

}
,

and the claim follows from Lemma 5.3 and (7).

Proof of Proposition 5.1:Conditioning on the transmitted
codeword beingΓ = aT · 1n + 1T

n · b, we have,

Prob
{D(n)

GB(Z) 6= Γ
}

= Prob
{

(â 6= a) ∪ (b̂ 6= b)
}

≤ Prob {â 6= a}+ Prob
{

b̂ 6= b
}

,

where â and b̂ are the vectors computed in Steps 3 and 2,
respectively, ofGB DECODER. The result now follows from
Lemmas 5.3 and 5.4.

As our analysis in Section V-B will reveal, the error
exponent (i.e., the rate of the exponential decay inn) in Propo-
sition 5.1 matches that of a maximum-likelihood decoder.

B. Error probability of MLD

In this section, we compare the decoding error probability
of D(n)

GB to that of a maximum-likelihood decoder, with respect
to BSC(p) with any fixed crossover probabilityp < 1/2.

For an indeterminateξ, let

W (n)

GB(ξ) =
n2∑
t=0

Wtξ
t

denote the weight distribution ofCGB(n); that is, Wt is the
number of codewords inCGB(n) of Hamming weightt. Using
the characterization (6) of the codewords ofCGB(n), it is easy
to verify that the Hamming weight of a codewordΓ can be
written as

w(Γ) = n · (w(a) + w(b))− 2w(a) · w(b) .

Ranging over alla, b ∈ Fn
2 such thata1 = 0, we obtain

W (n)

GB(ξ) =
∑

Γ∈CGB(n)

ξw(Γ)

=
∑

a : a1=0

∑

b

ξn·(w(a)+w(b))−2w(a)·w(b)

=
n−1∑

k=0

n∑

`=0

(
n−1
k

)(
n

`

)
ξn(k+`)−2k`

=
n−1∑

k=0

(
n−1
k

)
(ξk + ξn−k)n .

Let
D(n)

ML : Fn×n
2 → CGB(n)

be a maximum-likelihood decoder forCGB(n). It is known
that, with respect toBSC(p) with p < 1/2, the decoding error
probability ofD(n)

ML satisfies

Perr

(D(n)

ML

) ≤ W (n)

GB(γp)− 1 , (14)

whereγp is given by (8) (see [23, p. 153]). An inspection of
the expression forW (n)

GB(γp) yields

W (n)

GB(γp) = 1 + 2nγn
p + O(n2γ2n−2

p ) , (15)

which means that the main term in the upper bound (14) is
Wnγn

p , whereWn = |L(n)| = 2n.
Proposition 5.5:With respect toBSC(p) with any fixed

p < 1/2,
Perr

(D(n)

ML

)
= γn(1−op(1))

p .
Proof: Equations (14)–(15) imply that

Perr

(D(n)

ML

) ≤ γn(1−op(1))
p .

To show the inequality in the other direction, let us assume
that the decoder is told the value of the vectora that is
associated (by (6)) to the transmitted codewordΓ, and all the
decoder needs to find is an estimateb̂ for b. As in the proof
of Lemma 5.3, we denote byε′j the error vector (overF2) that
is added by the channel to thejth column ofΓ. We have,

Prob
{

b̂ 6= b
}

≥ 1− Prob

{
n⋂

j=1

(
w(ε′j) ≤

n

2

)}

= 1−
n∏

j=1

Prob
{

w(ε′j) ≤
n

2

}

= 1−
(
1− Prob

{
w(ε′1) >

n

2

})n

.

Now,

Prob
{

w(ε′1) >
n

2

}
≥

(
n

bn/2c+1

)
p(n/2)+1(1−p)(n/2)−1

≥ p

1−p
· Ω

(
γn

p√
n

)
,
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where the last inequality follows from the Stirling approxima-
tion of the binomial coefficients (see [19, p. 309]; hereΩ(·)
stands for an expression that grows at least linearly with its
argument). From the last two chains of inequalities we deduce
that

Prob
{

b̂ 6= b
}

≥ 1−
(

1− p

1−p
· Ω

(
γn

p√
n

))n

=
p

1−p
· Ω

(√
n · γn

p

)

= γn(1−op(1))
p ,

thereby completing the proof.

From Propositions 5.1 and 5.5 we conclude that the error
exponents ofD(n)

GB andD(n)

ML are the same. We also have the
following corollary, which states thatD(n)

GB approximatesD(n)

ML

well (in a probabilistic sense), overBSC(p) with anyp < 1/2.
Corollary 5.6: With respect toBSC(p) with any p <

1/2, and for every transmitted codewordΓ ∈ CGB(n),

Prob
{D(n)

ML(Z) = D(n)

GB(Z) = Γ
}

= 1− γn(1−op(1))
p ,

where Prob {·} is the probability measure induced by the
channel on its outputZ ∈ Fn×n

2 , conditioned onΓ being
transmitted.

VI. QUADRATIC FORMS

As another application of the NP-completeness of Prob-
lem 1.7 (BILINEAR FORM OVER Φ), we prove here the
following result:

Proposition 6.1:Problem 1.9(QUADRATIC FORM OVER

Φ) is NP-complete.
Proof: Problem 1.9 is clearly in NP. The proof of complete-

ness will be carried out by a reduction from Problem 1.7.
Let (A, τ) be an instance of the latter problem, whereA is

a matrix inΦn×n. Take` to be the smallest integer such that
` ≥ 16n3 and` = d2h/ne for some integerh. Denote byH a
symmetric matrix inΦ`n×`n which is obtained from a2h×2h

symmetric Hadamard matrix by padding`n − 2h (< n) all-
1 rows and columns. We now map the instance(A, τ) to an
instance(Q, σ) of Problem 1.9 where

σ = (2τ − 1)`2

andQ is the following symmetric matrix inΦ2`n×2`n:

Q =
(

H J` ⊗A
(J` ⊗A)T H

)
.

Let

x = (x1|x2| . . . |x`) and y = (y1|y2| . . . |y`)

be two vectors inΦ`n, where each block,xi or yj , is a vector
in Φn. Denoting byv the vector(x |y) in Φ2`n, we have,

vQvT = xHxT + yHyT + 2x(J` ⊗A)yT

= xHxT + yHyT + 2
( ∑̀

i,j=1

xiAyT
j

)
. (16)

By Lemma 4.3 we get that

∣∣xHxT
∣∣ ,

∣∣yHyT
∣∣ < 23h/2 + 2`n(`n− 2h)

< (`n)3/2 + 2`n2

≤
(√

n3

`
+

2n3

`

)
`2

≤
(

1
4

+
2
16

)
`2 <

`2

2
, (17)

where the second and fourth inequalities follow, respectively,
from the choice of` so that ` = d2h/ne and ` ≥ 16n3.
From (16) and (17) we obtain

∣∣∣∣∣∣
(

max
v∈Φ2`n

vQvT
)
− 2

(
max

v∈Φ2`n

∑̀

i,j=1

xiAyT
j

)
∣∣∣∣∣∣
< `2 . (18)

Denote

α = max
v∈Φ2`n

vQvT and β = max
r,s∈Φn

rAsT .

Observing that

max
v∈Φ2`n

∑̀

i,j=1

xiAyT
j = β`2 ,

we get from (18) that

(2β − 1)`2 < α < (2β + 1)`2 .

Hence, ifβ ≥ τ then

α > (2τ − 1)`2 = σ .

Conversely, ifα ≥ σ then

β >
1
2

( α

`2
− 1

)
≥ 1

2

( σ

`2
− 1

)
= τ − 1 ,

namely,β ≥ τ . We conclude that

α ≥ σ if and only if β ≥ τ .

This completes the proof.

Recall that Problem 1.7(BILINEAR FORM OVER Φ) is
equivalent to MLD of the GB code which, in turn, is the cut-set
code of a complete balanced bipartite graph. It can be shown
that, in analogy, Problem 1.9(QUADRATIC FORM OVER Φ)
is equivalent to MLD of the[n(n−1)/2, n−1, n−1] cut-set
code of a complete graph overn vertices (in which every two
distinct vertices are connected by an edge). The latter code
thus serves as yet another example of a case where MLD is
NP-complete.
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