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Bounds for Binary Codes with Narrow Distance
Distributions

Ron M. Roth and Gadiel Seroussi

Abstract—New lower bounds are presented on the second mo-
ment of the distance distribution of binary codes, in terms of the
first moment of the distribution. These bounds are used to obtain
upper bounds on the size of codes whose maximum distance is
close to their minimum distance. It is then demonstrated how
such bounds can be applied to bound from below the smallest
attainable ratio between the maximum distance and the minimum
distance of codes. Finally, counterparts of the bounds are derived
for the special case of constant-weight codes.

Index Terms—Constant-weight codes, Distance distribution,
Equidistant codes, Grey–Rankin bound, Linear programming
bound Quasi-symmetric designs Self-complementary codes.

I. INTRODUCTION

Let
�

be an ����������	�
 binary code (of length � , size �
��� ,
and minimum Hamming distance 	 ). The distance distribution
of
�

is a list ��������������������
 , where ��� is the average over
all codewords �! � of the number of codewords at Hamming
distance " from � ; that is, if #$�&%'��% 
 denotes Hamming distance,
then���)( �� *+�,.-0/21 �435 �76 #8�9�:�;�<3=
>(?"�@ / �BADCE"FCG���
Equivalently,�H�)( �� /21 ������� 3 
� �JIK�76 #$������� 3 
>(L"�@ / �
Clearly, �H�H(M� and ���)(NA when APOE"QOR	 .

Define S � (T� �VU � for ARCW"XCY� . Then ��S � 
 ��[Z\� is the
probability measure on the distances in

�
that is induced by

assuming a uniform distribution on the codewords of
�

. In
particular, ] - ( �* �'Z\� "^S$�
is the average distance between any two codewords in

�
, and_ - ( �* �'Z\� "V`aS �
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is the second moment of the distances. It is known that

] - is
bounded from above by � U4b (in fact, this is the basis of the
proof of the Plotkin bound: see [11, pp. 41–42]).

In this work, we obtain a new lower bound on the second
moment

_ - , in terms of the code parameters � and � and
the average

] - . This bound will be presented in Section III
(and a counterpart of that bound for constant-weight codes will
be presented in Section V). There are known bounds on the
moments of codes, obtained from MacWilliams’ identities, the
Delsarte linear programming (DLP) bound, and enhancements
thereof: see [1], [2], [3], [11, Sections 5.2 and 17.4]. We show
that there is a range of code parameters for which the bound
we present here is not implied by these techniques.

As an application of our new lower bound, we present in
Section IV an upper bound on the size � of a binary code�

, in terms of its length � , minimum distance 	 , and the
maximum distance 	�c�d&e between any two codewords in

�
. The

effectiveness of our bound can be seen in cases where 	 c�d;e
is close to 	 , i.e., when the distance distribution of the code is
required to be narrow. As a concrete practical motivation for
studying such codes, we refer the reader to [10], where it is
demonstrated how binary constant-weight codes with narrow
distance distribution can be incorporated into the design of
demultiplexers for nano-scale memories.

II. TOOLS

The following definition will be useful throughout this work.
Let fY(gfh� � 
 be an � I � real matrix whose rows are

indexed by the codewords of
�

, and the row of f that is
indexed by � is given by��fH
 + ( b ��iEjk�Kl
here j � denotes the real all-one row vector of length � and
the codeword � is regarded as an integer vector over 1 A����4@ �(thus, the entries of f are in 1 i��4�nmo�.@ ). For "Q(�A����4�������n�;� ,
denote by p � the � I � matrix whose rows and columns are
indexed by the codewords of

�
, and for every �:�;� 3  � ,�9p � 
 +�q +sr (ut � if #$������� 3 
>(L"A otherwise �

Let v denote the � I � all-one matrix. Clearly, we havep � (Nw and x ��'Z\� p � (yv . It follows that

f�fHzJ( �* �'Z{� ���|i b "V
}%~p0�)(L�|%.v|i b �* �[Z)� "5%�p0�>� (1)
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Example 2.1: An ����������	�
 binary code
�

is equidistant
if �H���(NA only if "Q 1 A:�;	:@ . For equidistant codes we have

p � (
�� � w if "�(?Av�i�w if "�(?	A otherwise

and, so, fHf z (7����i b 	�
}%4v�mN� b 	k
�%�wX� (2)

Equidistant codes are an extreme example of codes with a
narrow distance distribution: their distribution is supported on
just one nonzero distance value. Proposition 2.1 below presents
a known upper bound on the size of equidistant codes. We
include here an alternative proof of this proposition, based on
the properties of the matrix fHf z of (1). Our proof serves to
provide the intuition behind the technique that will be used to
derive the main results in subsequent sections.

Recall that the Plotkin bound states that for every ����������	�

binary code

�
for which �JO b 	 ,�BC b 	b 	�i�� �

and equality can be attained only if
�

is equidistant (see [11,
pp. 41–42]). The following result was previously derived in [7]
and [9].

Proposition 2.1: Let
�

be an equidistant �9�������;	k
 binary
code. Then ��C��)m�� , and equality holds if and only if ��(b 	$i�� and

�
attains the Plotkin bound.

Proof: The “if” part is straightforward: when �M( b 	$i��
and

�
attains the Plotkin bound, then��( b 	b 	�i�� ( b 	o(L�)mo���

Turning to the “only if” part, the proof is similar to that
of Fisher’s inequality in block designs (see [4, p. 81] or [11,
p. 62]). Specifically, we compute the rank of the matrix f�f z
in two ways. On the one hand,�s�.�:� ��f�f�z�
Q( ���4��� ��fH
�C���� (3)

On the other hand, we see from (2) that the eigenvalues off�f z are b 	�mL���9��i b 	�
 (with multiplicity � ) and b 	 (with
multiplicity �ui�� ). Therefore,���4��� ��f�f z 
>(�t �ui�� if b 	�mG���9��i b 	�
>(NA� otherwise � (4)

We conclude from (3) and (4) that �ui��PC�� , with equality
holding only if b 	�mL���9��i b 	k
H(�A . In case of equality we
have �)mh�H(?��( b 	b 	�i�� �
and it can be readily seen that b 	 U �9	$i��5
 may exceed � only
when ��( b 	$i�� .

Rephrasing the last part of Proposition 2.1, the equality� (��)mo� holds if and only if the equidistant code
�

is
an �����;�)mo�4���9�)mh�~
 U4b 
 Hadamard code [11, Section 2.3]. A
characterization of the equidistant codes with � (�� is
presented in [9]. See also [13, Section 4] and the references
therein.

III. BOUND ON THE SECOND MOMENT

For a real � I � matrix ��(��9�4� q � 
&��[Z)� �� Z)� , denote by� � �9�D
 its trace and by ���X��� its Frobenius norm, i.e.,�a�K�a� (W¡ �* �[Z)� �*� Z)� �k`� q ��¢ �;£ ` �
It is easy to verify that�a�X� � ( � � �9�o`�
��
We make use of the following theorem, which shows the
effect on the eigenvalues of a given real symmetric matrix¤

, caused by subtracting from
¤

a nonnegative definite
symmetric matrix of rank � (see [14, pp. 94–97]).

Theorem 3.1: Let
¤

be a real symmetric � I � matrix
with eigenvalues ¥¦�¨§�¥ ` §©�����F§�¥ � and let ª be a real
row vector of length � . Define the matrix � by�7( ¤ iJª z ª �
and let « � §R« ` §¬�����$§R« � be the eigenvalues of � . Then,
for ­�(M�4� b �����������ui�� ,¥$®;¯ � CG«{®�CL¥:®��
and « � CL¥ � �

Proposition 3.2: Let �°%���S¦�±
 ��'Z{� be the distance dis-
tribution of an �����s�u§�����	�
 binary code. Then for every
nonnegative real ²�CG� U4b ,�* �'Z{� ��"5iJ²{
 ` S8��§ ² `� �

Proof: From (1) we have,fHf z (7����i b ²\
}%4v�m b �* �[Z\� �³²Ki�"´
}%�p �
and, so,µ �¬` �* �[Z\� �9"5iJ²\
&`aS � ( ¶¶¶ b �* �'Z\� ��²Xi�"V
}%~p � ¶¶¶ `�( ¶¶ fHf z iR����i b ²\
}%4v ¶¶ `� � (5)

In what follows, we bound from below the right-hand side
of (5). To this end, we apply Theorem 3.1 to the symmetric
matrix

¤ (?fHf z and the vectorª�(7· ��i b ²X%4j � �
where we recall that j � is the all-one row vector of length� . Then, �7(LfHf z iR����i b ²\
}%4vJ� (6)

and the right-hand side of (5) equals ���X� `� ( � � �9� ` 
 . Note
also that

� � �9�D
>( b ��² .
The matrix

¤ (yf�f z is nonnegative definite (i.e., ¥ � §A ), and �s�.��� � ¤ 
>( �s�.��� �9f�
�CE� ; hence,¥:� ¯ �0(N¥$� ¯ ` (¬������(�¥ � (?AD�
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Therefore, by Theorem 3.1, the eigenvalues of � satisfy«{� ¯ �¸(?«{� ¯ ` (M������(R« �X¹ �0(?A (7)

and « � CEAP� (8)

From (7)–(8) it follows that�*® Z)� « ® § �*® Z)� « ® ( � � �9�D
>( b ��²º�&§EA�
��
Thus, �a�X��`� ( � � �9�o`~
>( �*® Z)� «{`® § �*® Z)� «{`®§ �� ¡ �*® Z)� « ® ¢ ` §

µ � ` ² `� (9)

(where the penultimate inequality follows from the convexity
of »h¼½¾» ` ). The result is now obtained by combining (5), (6),
and (9).

Theorem 3.3: Let
�

be an �9�����u§����;	k
 binary code.
Then

_ - § �¿¿� ¿¿�
� ] `-��i�� if

] - C ��i��b� ] - i �>����i��À
µ
if
��i��b O ] - C � b �

Proof: We observe that�* �[Z\� ��"}i�²{
´`�S$�5( _ - i b ²
] - m ²¦`��

and by Proposition 3.2 we thus get_ - § b ² ] - i ��i��� %a² ` � (10)

for every real ²JCE� U4b . The right-hand side of (10) attains its
maximum at

²�( �¿¿� ¿¿�
� ] -��i�� if

] - C ��i��b� b if
��i��b O ] - C � b �

and the result is obtained by substituting this maximizing value
of ² into (10).

We point out that the inequality_ - §E� ] - i �>�9��i��À
µ
(11)

(obtained by substituting ² (M� U4b in Proposition 3.2) is im-
plied by the DLP bound. To see this, recall that MacWilliams’
identities relate the distance distribution ��� � 
 ��[Z\� to its Mac-
Williams transform ��� 3Á 
 �Á Z{� by�o3Á ( �� �* �[Z\�}Â Á ��"sl;�5
}%�� � �BAPCÄÃ�CE�J� (12)

where

Â Á �9Å5l&�5
F( Á*� Z\� �´i��À
 �)Æ ÅÇ:È Æ ��i�ÅÃ.i Ç�È �BAoCEÃHC����
The DLP bound on the code size is then given as the largest
attainable value of the sum� � mÄ� � m?�����~mÄ� � �±(��y
��
where ��� � 
 ��'Z\� ranges over all nonnegative rational vectors
whose MacWilliams transform satisfies the following con-
straints: �o3Á §RAo�BAPCGÃ�C�� (13)

(strictly speaking, the rational entries � � should also be such
that their sum � is one of their integer common denomina-
tors). For Ã0( b we have

Â ` �9Å5l&�5
F( b Å$`�i b �\Åom Æ � b È
and, so, APCR�h3` ( b _ - i b � ] - m Æ � b È �
thereby yielding (11).

From this analysis it follows that when

] - §É����i��~
 U.b
(e.g., when

�
is a linear code with no all-zero coordinates),

Theorem 3.3 offers no improvement over the DLP bound.
However, as we see in the sequel, there are instances where
Theorem 3.3 implies a stronger bound than the DLP bound.

Note that Theorem 3.3 is at least as strong as Proposi-
tion 3.2, for any ²MCW� U.b : Proposition 3.2 is equivalent to
the linear constraint (10) on

_ - and

] - for any fixed ² ,
while Theorem 3.3 is the intersection (or the envelope) of the
constraints (10) over all ²NC�� U4b . The advantage in having
the individual linear constraints (10) available is that they can
be incorporated into any bounding technique that uses linear
programming.

A (qualitative) illustration of the bound of Theorem 3.3 is
shown in Figure 1. The curve changes from quadratic to linear
in

] - at the point � ] - � _ - 
�(T� � ¹ �` � �kÊ[� ¹ �&ËÌ 
 : note that it is
the quadratic region where the theorem strictly improves on
the DLP-implied bound (11). (The figure is, in fact, drawn
to scale for the length value �N(WÍ ; as such, it exaggerates
the proportions of the linear region of the bound. For larger� , the proportions change in favor of the quadratic region.)
For reference, we have also included in the figure the curve
] - ¼½ ] `- : the inequality

_ - § ] `- must hold just from the fact
that �9S$�^
 ��[Z\� is a probability measure.

IV. BOUNDS FOR NARROW DISTANCE DISTRIBUTIONS

Theorem 3.3 can be used to obtain bounds on the parameters
of codes whose distance distributions are limited to a narrow
range of distances. Specifically, let

�
be an �9�������;	k
 binary

code and denote by 	 c�d&e the maximum distance between any
two codewords in

�
. We will be interested in cases where	 c�d&e is close to 	 . Equidistant codes are an extreme case

where 	 c�d;e (L	 .
The next proposition yields an upper bound on the code size� , in terms of � , 	 , and 	�c�d&e .
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Proposition 4.1: Let
�

be an �9�������;	k
 binary code with
maximum distance 	 c�d;e . Denote by 	 d and 	<ë the arithmetic
and geometric means, respectively, of 	 and 	 c�d;e ; i.e.,

	 d ( 	 c�d;e mG	b and 	<ë�( · 	 c�d;e 	��
Then

�¸i �� C �¿¿¿� ¿¿¿�
¡<�¸i �� ¢ ¡ 	<d	4ë ¢ ` if b 	4dP� 1 �)mh�<�&�)m b @�	 `ë ¡~	4d�i �)mh�µ ¢ if b 	4d� 1 �)mh�<�&�)m b @ �

Proof: For 	<c�d&e�(ì	 , the result follows from Proposi-
tion 2.1. In addition, the result can be easily verified to hold
for the values �?( b , 	J(T� , and 	<c�d;e¨( b . Therefore, we
assume hereafter in the proof that �J§Rí and 	 c�d;e �R	 .

For fixed value of

] - , the second moment
_ - attains its

maximum when the distance distribution is concentrated at
the boundary distance values, i.e., when S � �(îA only for"� 1 A:�;	$�;	 c�d&e @ . In our proof, we apply Theorem 3.3 to this
extreme (worst case) distribution.

Assuming such a distribution, write ïX(�S\ðsñ:ò�ó ; then S8ð�(�¸i��&� U �y
}i�ï and, so,] - (L	 ¡ �Qi �� i¨ï ¢ m�	 c�d;e ïP(?	 ¡ �>i �� ¢ mE�9	 c�d&e i¨	k
VïX�
or �9	<c�d;e�i�	�
´ïD( ] - i�	�¡<�¸i �� ¢ � (14)

Similarly,_ - ( 	 ` ¡<�¸i �� i�ï ¢ mG	 `c�d;e ï( 	�` ¡ �¸i �� ¢ mN�9	�`c�d&e i�	�`À
Vï( 	�`8¡<�¸i �� ¢ mN�9	<c�d&e0mÄ	k
 Æ ] - i�	�¡<�¸i �� ¢ È( b 	 d ] - i�	 `ë ¡ �¸i �� ¢ �
where the third equality follows from (14). We now distinguish
between two cases.

Case 1:

] - C�����i��À
 U.b . By Theorem 3.3 we have� ] `-��i�� i b 	 d ] - mG	<`ë ¡<�¸i �� ¢ ( � ] `-��i�� i _ - CRAP� (15)

This inequality has a solution for

] - only if the discriminant
of the quadratic expression (in

] - ) in (15) is nonnegative,
namely,

µ 	�`d i
µ 	 `ë ���i�� ¡4�¸i �� ¢ §EAP�

which is the same as�¸i �� C ¡ �¸i �� ¢ ¡ 	 d	 ë ¢ ` � (16)

Case 2:

] - �ô����i��À
 U4b . We again apply Theorem 3.3 to
obtain� ] - i �>����i��À
µ i b 	 d ] - mG	<`ë ¡4�4i �� ¢( � ] - i �>����i��~
µ i _ - C�A
or �¸i �� C �	 `ë Æ � b 	4d0i��5
 ] - m �>�9��i��À
µ È � (17)
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For 	<dyC�� U4b , we bound from above the right-hand side
of (17) by replacing

] - with �9��i��~
 U4b ; this yields�¸i �� C �	 `ë Æ 	 d �9��i��~
}i �>����i��À
µ È � (18)

Similarly, for 	<d���� U.b , we get the next bound from (17) by
substituting

] - for � U4b :�¸i �� C �	 `ë Æ 	 d �Ki �>���)mh�~
µ È � (19)

A simple check reveals that the right-hand side of (18) is
never greater than the right-hand side of (16); this means that
the bound (16) prevails for 	 d CE� U4b . On the other hand, the
right-hand side of (19) exceeds that of (16) whenever�JO b 	 d O �>�9�)mo�~
��i�� l (20)

observing that �)m b OR�>���)mo�À
 U ����i��~
�CR�)m�í for ��§Rí , we
conclude from (20) that when 	�d� 1 �)mh�4�;�)m b @ , the upper
bound on �¸i��&� U �y
 is dictated by (19).

Remark: Since the last proof is based on putting the distri-
bution mass on the extreme distance values, Proposition 4.1
is useful when 	�c�d&e is bounded away from � ; otherwise, our
strategy would be too pessimistic. For example, it is easy to
see that in every �����s���;	k
 binary code, the tail of the distance
distribution satisfies *�9õ8� ¹ Ê ð £ ` Ë � � C����
and taking this inequality into account, our bound can then be
improved when 	 c�d;e �G��i���	 U4b 
 .

We next present two applications of Proposition 4.1; both
take advantage of the fact that the proposition yields the
strongest bound when the distance distribution is two-valued
(i.e., the distribution is nonzero only at two nonzero distance
values). The first application is an alternate proof of the Grey–
Rankin bound (see [8] and [11, p. 544]).

Theorem 4.2: (The Grey–Rankin bound) Let
�

be an����������	�
 binary code that is self-complementary, i.e., if � is a
codeword in

�
then so is the word that is obtained by changing

each � in � into A and each A into � . If �9�0i�ö �\
 U.b O�	!CG� U4b
then �
C ÷ 	8����i¸	�
�|i��9��i b 	k
 ` �

Proof: Let
� 3 be the �����s� U.b ��	 3 
 code obtained by taking

one codeword of
�

from each complementary pair. The
minimum distance 	 3 of

� 3 is at least 	 and its maximum
distance 	 c�d;e is at most ��i0	 . Let 	 d and 	<ë be given by�` ��	 c�d;e m�	 3 
 and 	4ë�( ö 	 c�d&e 	 3 , respectively, and define the
function »h¼½�ø��9»k
 over the positive reals byø���»�
�( �µ ¡ »Hm �» m b ¢ �
It is easy to verify that¡ 	4d	 ë ¢ ` (�ø ¡ 	 3	4c�d;e ¢ CLø ¡ 	��i�	 ¢ ( � `µ 	$�9��i�	k
 �

where the inequality follows from the fact that ø���»�
 is a
decreasing function for »� ��9A����aù . By Proposition 4.1 we thus
have�¦i b� Cg¡4�¦i �� ¢ ¡ 	 d	4ë ¢ ` C�¡<�¦i �� ¢ ø�¡ 	��i0	 ¢ ( �>�9��i��~
µ 	8����i¸	k
 �
or �T¡��KiR����i b 	�
 ` ¢ C ÷ 	8����i0	k
��
The result follows.

In our next application of Proposition 4.1, we consider the
case where the equidistant property is slightly relaxed. As
is commonly done in bounds that are based on the distance
distribution, we will limit ourselves to even-distant codes,
namely, � � �(?A only if " is even (when 	 is even, this condition
can be guaranteed simply by changing the last coordinate in
each codeword of

�
into a parity bit; when 	 is odd, we apply

the bounds to the �9�)mo�4�s���;	úm��À
 code obtained by adding a
parity bit as an �9�)mo�~
 st coordinate).

An �9�������;	k
 binary code
�

is called nearly-equidistant if
it is even-distant and 	�c�d&e�(L	�m b .

Proposition 4.3: Let
�

be a nearly-equidistant �����s���;	k

binary code. Then the following holds.

(i) If û ö �¦ü�CR	�C¬��� U.b 
ni�� then�BC 	$��	km b 
V��9	úmo�~
 ` iJ� �
(ii) If ��� U4b 
ni���O�	!C��9�)mo�~
 U.b then

��C �� � ���)m�í<
�����i��~
 U �9��i�í�
 if 	D(M�9��i��À
 U4b�)m µ if 	D(L� U4b�)m�� if 	D(M�9�)m��À
 U4b �
Proof: Part (i) corresponds to the case where b 	kd�OE�)mh� in

Proposition 4.1. Part (ii) corresponds to the case where eitherb 	<d� 1 �)mh�4�;�)m b @ or the Plotkin bound is attained.
Example 4.1: For ��(���í and 	K( µ , Proposition 4.3(i)

yields the upper bound � C b4ý . This bound is attained by
a certain �´��í:� b4ý � µ 
 binary code whose codewords all have
Hamming weight í (see [6, Table I-A]); thus, this code is
nearly-equidistant. In comparison, the DLP bound yields �BCµ A for these parameters (with a feasible solution � Ì (M��í and��þ�( b4ý ).

Example 4.2: The linear �9�)(�ÿ����M( b Ì �;	ú( µ 
 binary code
that is generated by the matrix

� ( ���
�
�F�>�Q�)AQA>A>AFAAFA¸�Q�Q�Q�5A>AFA�}A¸�)AQAQA¸�5A���}A>AQA0�)A>A¸�F�

����
�

can be verified to be nearly-equidistant with minimum dis-
tance 	�(
����i��~
 U.b ( µ

. This code attains the bound in
Proposition 4.3(ii), which coincides with the DLP bound in
this case.

Example 4.3: As shown in [11, p. 549], by puncturing
the binary simplex code, one can obtain linear nearly-equi-
distant ���)( b	� i µ �s�M( b
� ��	k( b
� ¹ � i b 
 binary codes; these
codes attain the bound in Proposition 4.3(ii), which again, as
expected, coincides with the DLP bound.
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For the code in Example 4.1 we have b 	�d!� 1 �)mh�4�;�)m b @ ,while the codes in Examples 4.2 and 4.3 satisfy b 	kd  1 �)mh�4�;�)m b @ . The former therefore belongs to the first range
of values of 	<d in Proposition 4.1, while the latter belong
to the second range therein. Each of these examples attains
the bound in Proposition 4.1 and violates the bound that
corresponds to the range that it does not belong to. This shows
that the distinction between the two ranges of values of 	 d in
Proposition 4.1 is necessary.

Table I shows the lower bounds on the length � , which
are computed from Proposition 4.3 and the DLP bound,
respectively, for nearly-equidistant �9��������	�
 binary codes with� ( ý µ and 	7( b � µ � ý � ÷ ���~A (the value ý µ for � was
selected to match the example in [10, Section 4]). Note
that for 	R( b , the DLP bound yields a better bound than
Proposition 4.3.

TABLE I
LOWER BOUNDS ON THE LENGTH � OF NEARLY-EQUIDISTANT� ��
���������
���� BINARY CODES.

� Proposition 4.3 DLP Bound� � ���� ��� �� � �!� ���� " � �#���$ � " �! 
There are coding applications where the parameters of

interest are the code length � , size � , and the ratio 	kc�d&e U 	
(rather than the specific values of 	 and 	�c�d;e ). One such
application is the design of demultiplexers for nano-scale
memory platforms, where � stands for the memory size and �
is the number of address lines, and the goal is to have 	 c�d&e4U 	
as small as possible [10] (in this application, the codes are also
required to be of the constant-weight type; we consider such
codes in Section V). Propositions 4.1 and 4.3 can be used to
find a trade-off between the parameters � , � , and 	 c�d;e<U 	 for
even-distant codes, as demonstrated in the next example.

Example 4.4: We find the largest even-distant binary
code with ��( b&% and 	 c�d&e<U 	o( µ U í . From Proposition 4.3 it
follows that every nearly-equidistant �9�)( b'% �����;	ú( ý 
 binary
code has size � C Í ÷ (in comparison, the DLP bound
provides a feasible solution for � (Ní4A4ÿ ). We next check the
values 	�(º� b and 	 c�d&e (ô� ý . In this case, either bound—
Proposition 4.1 or the DLP bound—implies the upper bound�BC ý µ . There actually exists a linear ���)( b'% ���M( b þ �;	ú(o� b 

code with 	 c�d;e ( � ý : it is obtained by shortening a self-
complementary linear � b ÷ � b
( ��� b 
 code which attains the
Grey–Rankin bound (see [12] and [13, p. 1263]).

The ratio 	 c�d;e4U 	o( µ U í can also be realized by 	o(M� ÷ and	 c�d;e ( b µ , yet by the Plotkin bound, the largest � b'% ������� ÷ 
binary code has size �ì( µ .
Using Propositions 4.1 and 4.3 and the DLP bound (com-

bined), we have created Table II: this table provides a lower
bound on 	 c�d;e4U 	 as a function of � , where we have taken the
size � to be ý µ .

The lower bounds in Table II are known to be tight, except
possibly for the penultimate row. For �y( % (and therefore

TABLE II
LOWER BOUNDS ON THE RATIO �*),+�-�.�� FOR EVEN-DISTANT

� �/
����������
BINARY CODES, AS A FUNCTION OF � .

Range of � � ),+�- .��10243 � 3 ��$ "�!� 3 � 3 ��" �� � 3 � 3 � 2  . "��� 3 � 3 �!� " . ��!" 3 � 3 � � 2 .  � 243 � 3 "!� ��. "
for every �u§ % ), the ratio 	�c�d&e U 	E( í is attained by the� % � b þ � b 
 parity code (for �R� % we just pad each codeword
with a tail of ��i % zeros), and a ratio of 	�c�d;e U 	7( b is
attained by the �&�4�<� %.b � µ 
 code defined in [11, pp. 70–71]. By
shortening the �´� ý � b Í ý � ý 
 Nordstrom–Robinson code, we get
a code that attains a ratio of Í U í for �¨(M� µ (see [11, pp. 73–
74]); similarly, by shortening the extended binary Golay code
one can obtain a linear �&� ÷ � b þ � ÷ 
 code with a ratio of í U.b .
Finally, the code described in Example 4.4 attains a ratio of
µ U í for �J( b&% . As of yet, we do not know whether �J( b í
is the smallest length for which a ratio of %4U Í is achievable.

V. THE CONSTANT-WEIGHT CASE

An �����s���;	k
 binary code
�

is called a constant-weight code
if all the codewords in

�
have the same Hamming weight. We

then say that
�

is an �9�������;	$��5�
 code, where 5 is the Ham-
ming weight of each codeword. There is no loss of generality
in assuming that 5ôCu� U.b , and we will indeed assume this
inequality throughout this section. Constant-weight codes are
always even-distant.

Proposition 3.2 can be slightly improved in the case of
constant-weight codes, as we show next.

Proposition 5.1: Let �
%��9S8�^
 ��[Z\� be the distance distri-
bution of an �9�����u§����;	$��5H
 code, and denote by 6 the ratio5 U � . Then for every nonnegative real ²�C b 6:�´�<i76�
V� ,�* �'Z{� �9")iJ²{
 ` S8��§ ² `��i�� �

Proof: The proof is similar to that of Proposition 3.2, except
that we re-define the � I � matrix f so that its rows are now
given by ��fH
 + ( b �9��i86�%.j � 

(the multiplier b in this definition is not essential to derive our
results: it is inserted only to make the definition here closer
to the one in Section I). It follows that for every codeword�P � , �9f�
 + %4j z� ( b ����%.j z� 
9 :*; <= i b 6�%<�&j � %.j z� 
9 :!; <� (NAP�
This implies that f�j z� ( > , which readily means that�s�.��� �9f�
�CG��i�� . Also, for any two codewords � and � 3 ,��fH
 +sr %��9fH
 z+ ( µ �9� 3 i86�%.j � 
�%4�9��i?6�%<j � 
 z( µ �9�<3�%~�4z�
9 :!; <Ì = ¹ `A@ Ê +�q + r Ë i

µ
6�% ¡ ���43:%4jkz� 
9 :!; <= mN�´j � %~�4z�
9 :!; <= i?6�%��´j � %<j�z� 
9 :*; <� ¢

( µ
6$�´�4i16<
´��i b #8�9�:�;�<3=
��
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Hence, (the counterparts of) Equations (1) and (5) become,
respectively,f�f z ( �* �[Z\� �

µ
6:�´�<i16<
V��i b "´
 %³p0��( µ 6:�´�<i76�
V�0%±vHi b �* �'Z}� " %³p0�

and µ � ` �* �'Z\� �9"5iJ²\
 ` S8�)(�¶¶¶ b �* �'Z{� �³²Xi�"´
�%�p0��¶¶¶ `�( ¶¶ f�f z iR�
µ
6:�´�<i76�
V��i b ²\
}%.v ¶¶ `� � (21)

Next, we apply Theorem 3.1 to
¤ (Nf�f z andªJ( · µ 6$�´�4iB6�
V�|i b ²X%4j � �

Here �7(?fHf z iR� µ 6:�´�<i16<
V��i b ²{
}%.v
and, since ���4��� � ¤ 
>( ���4��� �9fH
¸CG��i�� , we get that¥$��(N¥$� ¯ �0(y������(N¥ � (NA
(i.e., ¥$� is also zero); thus, (7) becomes« � (?« � ¯ � (M������(R« �X¹ � (?AD�
and (8) still holds. It follows that� ¹ �*® Z)� «{®�§ �*® Z)� «{®�( � � ���o
>( b ��²ô�´§RA<

and, so,���X� `� ( � � ��� ` 
�§ � ¹ �*® Z)� « `® § ���i�� ¡ � ¹ �* ® Z}� « ® ¢ ` §

µ � ` ² `��i�� �
Finally, we combine the latter equation with (21).

Theorem 5.2: Let
�

be an �9�����u§����;	$��5�
 code and
define CJ(DC������A5H
 byC�( b 5 ¡ �¸i 5 � ¢ �
Then_ - § �¿¿� ¿¿�

��i����i b % ] `- if

] - C �9��i b 
EC��i��b C�% ] - i �9��i b 
EC `��i�� if
����i b 
�C��i�� O ] - CFC �

Proof: Similarly to (10), we get from Proposition 5.1 that_ - § b ² ] - i ��i b��i�� %a² ` � (22)

for every real ²MCGC . The right-hand side of (22), in turn,
attains its maximum at

²|( �¿¿� ¿¿�
��i����i b % ] - if

] - C �9��i b 
�C��i��C if

] - � �9��i b 
�C��i�� �
The result is obtained by substituting this value of ² into (22)
and recalling the known fact that

] - CHC (see, e.g., [11,
pp. 525–526], where this fact is used in proving the Johnson
bound).

We next compare Theorem 5.2 with the DLP bound
for constant-weight codes. The counterpart of (12) for the
constant-weight case is given by� 3` Á ( �� =* �'Z{�JI Á �9"sl&����5�
�%�� ` ���BAPCEÃHCK5y� (23)

where, for APCÄÃ�CK5 , we have

I Á �9Å5l&���A5H
Q(
Á*� Z\� �´i��À
 � Æ Å Ç È Æ 5�i0ÅÃ.i Ç È Æ ��iB5�i¸ÅÃ.i Ç È

Æ 5 Ã È Æ ��i15Ã È �
and the constraints (13) now become� 3` Á §�AP�BAoCEÃ�CL5 (24)

([5, p. 90]; see also [11, p. 665]). In particular, for Ã�( b we
get

I ` ��Å)l&���A5H
Q(
Æ ��i��b È Å8`¸i Æ � b È ¡ CF�9����5H
>iE� ¢ Åb Æ 5 b È Æ ��i15b È m?�

and, so,A C � ý Æ 5 b È Æ ��i15b È �h3Ì( b Æ ��i��b È _ - i
µ Æ � b È �MC�i��~
 ] - mL� ý Æ 5 b È Æ ��i15b È

( ����i��~
 Æ ����i b 
 _ - i b �>�MC¨i��~
 ] - m � ` C `��i�� i b �NC È �
Hence,_ - § ���i b Æ b �>�OC�i��~
 ] - i � ` C `��i�� m b �NC È � (25)

A simple check reveals that the bound of Theorem 5.2 is
stronger than (25) whenever] - O �>�MC�i��~
}i ö � ` i b �NC��i�� �
For larger values of

] - , the bound (25) becomes tighter, until
the bounds coincide again at

] - (PC . When 5©(Y� U.b , the
value of C is � U.b , in which case the bound (25) coincides
with the bound of Theorem 5.2 whenever

] - is in the range�>�9��i b 
b �9��i��~
 ( �9��i b 
�C��i�� C ] - CFC�( � b l
this range is precisely where the bound of Theorem 5.2 is
linear in

] - .
Example 5.1: We consider the parameters �M( b ÷ and	 c�d&e<U 	h( µ U í . By Theorem 5.2, the largest nearly-equidistant���)( b ÷ ������	k( ý ��5H
 code has size � C ý í , and equality is

possible only when 5©( µ . For this value of 5 , the largest
possible size � is attained when

] - (QCF� b ÷ �
µ 
�( µ ÷ U'% , in

which case Theorem 5.2 coincides with (25); therefore, for5 ( µ
, Theorem 5.2 does not offer an improvement over

the constant-weight DLP bound. However, for larger values
of 5 , Theorem 5.2 strictly improves on that DLP bound. For
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Fig. 2. Bounds for the constant-weight case.

TABLE III
LOWER BOUNDS ON THE RATIO �*),+�-�.�� FOR

� �/
����������
CONSTANT-WEIGHT CODES, AS A FUNCTION OF � .

Range of � �*),+�-�.��10�Z� � �� 3 � 3 ��$ "�!� 3 � 3 � � ��� 3 � 3 ���  . "��� 3 � 3 �!" " . �� � 3 � 3 �!� 2 .  �!� 3 � 3 "!� ��. "

example, for 5�(M� b , Equations (23)–(24) allow � ( b ÷ A as
a feasible solution, while Theorem 5.2 bounds � from above
by Í ÷ .

Similarly, by combining Equations (23)–(24) with Theo-
rem 5.2, we get that the largest ���)( b ÷ �s���;	ú(�� b �A5H
 code
with 	 c�d&e ( � ý has size � C ý í , and equality is possible
only when 5y 1 �4�4��� b @ . Equality is indeed attained by codes
with 5N(y� b that are based on quasi-symmetric b -designs [12],
[13, p. 1263].

Table III is the constant-weight counterpart of Table II (for
code size � ( ý µ ). The first five rows in Table III present
tight bounds. Ratios of

µ
and í , respectively, can be achieved

by the (trivial) � ÷ � % A�� b �
µ 
 and ��ÿ�� ÷

µ � b �;í�
 codes. A ratio
of 	 c�d&e<U 	�( b is attained by the �&�4�<� ý4ý � µ ��Í4
 code that
is based on the Steiner system [¸� µ �sÍú���<�~
 [11, p. 70], and
a ratio of 	 c�d&e<U 	Y(
Í U í is attained by the �&�~Í�� % A:� ý � ý 

code that consists of the codewords of Hamming weight ý
in the shortened �&�~Í���� b ÷ � ý 
 Nordstrom–Robinson code [11,
p. 74]. Finally, one can obtain a �´�~ÿ�� % A�� ÷ ��ÿ<
 code with	4c�d;e U 	�( í U.b by shortening, expurgating, and augmenting

the set of codewords of Hamming weight � b in the extended
binary Golay code (see the Appendix in [10]).

Figure 2 depicts the bounds of Theorem 5.2 and Equa-
tion (25), superimposed on Figure 1 (Figure 2 is drawn to
scale for �¨(NÍ and 5?( b ).
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