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Abstract— Let F' be a finite field and b be a positive integer. A
construction is presented of codes over the alphabet F* with the
following three properties: (i) the codes are MDS over F?, (ii) they
are linear over F', and (iii) they have systematic generator and
parity-check matrices over F' with the smallest possible number
of nonzero entries. Furthermore, for the case F = GF(2), the
construction is the longest possible among all codes that satisfy
properties (i)—(iii).

Keywords: Low-density parity-check (LDPC) codes, MDS
codes.

|. INTRODUCTION

Let F' denote afinite field and let b be a positive integer. In
this paper, we consider codes over the extension aphabet F'°.
Given such a code C of length n, the codewords of C can be
transformed in a one-to-one manner into words of F ™* simply
by concatenating the b-blocks over F' that are formed by the
entries (in F'*) within each codeword. The set of words thus
obtained will be denoted by (C) .

We say that C is an F-linear code over F° if (C)r is a
linear code (in the traditional sense) of length nb over F'. It
is clear from this definition that an F-linear code is a vector
space over F.

Let C be an F-linear code of length n over F* and let d
denote its minimum Hamming distance (measured with respect
to the alphabet F*). Note that, as in conventional linear codes,
d is the minimum Hamming weight of any nonzero codeword
of C. Letting dim C denote the dimension of C (or (C) ) as
a vector space over F', we denote by & the (rational) quantity
(dim C)/b and refer to C as an F-linear [n, k,d] code over
F* (we may sometimes omit the parameter d and refer to
C smply as an F-linear [n, k] code over F'*). We call k the
normalized dimension of C, and the redundancy of C is defined
accordingly by r=n—k.

A matrix is said to be a parity-check (respectively, genera-
tor) matrix of C if it is a parity-check (respectively, generator)
matrix of (C) r. Such a matrix is called (weakly) systematic if
it containsthe rbxrb (respectively, kbx kb) identity matrix asa
sub-matrix. (To be consistent with the termsin [5], the qualifier
‘weakly’ indicates that the identity matrix does not have to be
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aligned with b-blocks that are formed by the symbols of F'°;
yet, we will hereafter omit this qualifier, since this work does
not deal with any stronger systematic properties.)

From the Singleton bound for linear and nonlinear codes
[8], the parameters of every F'-linear [n, k=n—r, d] code over
F* must satisfy

d<n-—-k+1.

An F-linear [n, k=n—r,d] code over F'® is called maximum-
distance separable (in short, MDYS), if it attains the Singleton
bound with equdlity. In particular, k is an integer in this case.

F-linear MDS codes over F'* were studied in several papers,
including [3], [4], [5], [13], and [14]. These codes have various
applications in storage systems, where the alphabet size is
typically large. In such applications, it is also desirable that
the number of redundancy symbols that need to be modified
for each update of an information symbol (the so-called update
complexity) be as small as possible. Given an F-linear [n, k, d]
code C over F'®, consider a codeword w € C and let (w)
denote the codeword of (C)r constructed by concatenating
the b-blocks of w. The symbols of (w)y can be partitioned
into kb information symbols and rb redundancy symbols.
Letting v € F** denote the sub-vector of (w)r whose
entries are the information symbols, we can compute (w) g
by multiplying u by a suitable systematic generator matrix G
of C. Thus, fori = 1,2,..., kb, updating the ith information
symbol of (w) ¢ requires modification of additional wt(G;)—1
redundancy symbols, where wt(G;) denotes the number of
nonzero entries in the ith row of G. Hence, minimizing the
update complexity transates into minimizing the number of
nonzero entries in some systematic generator matrix of the
code (see [5] for a discussion of this in disk arrays). Thereis
aso an advantage in having low-density parity-check matrices,
as the latter allow fast syndrome computation.

It was shown in [5] that each row in a parity-check (re-
spectively, generator) matrix of an F-linear [n, k=n—r,r+1]
MDS code C over F'* must contain at least k+1 (respectively,
r+1) nonzero entries. We say that a parity-check (respectively,
generator) matrix of C has lowest density if it meets this lower
bound for every row. We call C a lowest-density MDS code if
it has a systematic lowest-density parity-check matrix; this is
equivalent to requiring that C have a systematic lowest-density
generator matrix [5, Proposition 6.1].

It was also shown in [5] that when F' is the binary field
GF(2) and r > 1, any lowest-density [n, n—r, 7+1] MDS code
C over F* must satisfy

n<rb+1.



When this bound is met, we will say that C is a maximum-
length lowest-density MDS code.

This work studies a certain class of F-linear codes over F'°
whose length is a prime p such that b divides p—1 and their
redundancy equals r = (p—1)/b. These codes are not always
MDS; yet, when they are, then they are also lowest-density
MDS. In addition, if F' = GF(2) and » > 1, then the codes
are maximum-length lowest-density MDS.

These codes, which we denote by Zr(p,r) and define in
Section Il, were initialy proposed by Zaitsev, Zinov’ev, and
Semakov in [14] for the specia case » = 2; for this value
of r, these codes are aways MDS (and for F' = GF(2) they
are maximum-length lowest-density MDS). A generalization
of these codesto larger r was suggested in [5], yet the resulting
codes are no longer necessarily MDS.

In thiswork, we identify arange of parameters for which the
codes Zp(p, r) are MDS. Wefirst define the codes Z g (p,r) in
Section 11 and then summarize our main results in Section I11.
In Section IV, we associate with the code Zr(p,r) certain
cyclic codes over an extension field of F' and show that
the latter codes are MDS if and only if Zg(p,r) is. Based
on this relationship between Zp(p,r) and its extension-field
counterparts, we then show in Section V that the code Z ¢ (p, )
is MDS for r = 3,4, whenever F' has characteristic 2 and 2
is primitive modulo p. In Section VI, we present a sufficient
condition that a given cyclic code of prime length is MDS.
This condition is then applied in Section VII to show that the
codes Zp(p,r) are MDS when the field F is sufficiently large
and | F'| is primitive modulo p.

Hereafter, the notation I, stands for the finite field GF(q)
and F;; for the nonzero elements of F,.

Il. THE CONSTRUCTION

Let F' be afinite field and p be a prime. Fix r to be adivisor
of p—1 and write b = (p—1)/r. Define the relation ~ on I,
as follows: for any two elements 3,~ € F,,,

By <= B =9".

Clearly, ~ is an equivalence relation, and it partitions F,
into b+1 equivalence classes: an equivalence class Cy, which
consists of the zero element only, and b equivalence classes,
denoted C'y, Cs, ..., Cy, of size r. Each of the latter b classes
can be expressed as {aw!};_), Where w is an element of
multiplicative order r in IF, and a is an element in Fy (in
other words, these classes are the cosets of the cyclic subgroup
{w'}i=g in ).

Throughout this paper, we will find it occasionaly con-
venient to index entries of vectors, or rows or columns of
matrices, by the elements of IF,,. To express such vectors or
matrices concretely, one then needs to assume some ordering
on FF,. To this end, we will assume the standard lexicographic
ordering 0 < 1 < ... < p—1. With each element ; € F, we
will associate a nonnegative rational integer (i), which is the
ordinal number of 4; thus, (0) =0, (1) = 1, and so on.

Denote by Pr(p,r) the binary p x (b+1) matrix over F'
whose rows are indexed by F,,, whose columns are indexed

by j € {0,1,...,b}, and whose entries are given by

Petr)s ={ o et + (€ 0Si<h.

D
Note that Pr(p,r) contains exactly one ‘1’ in each row, one
‘1" in thefirst column, and r ‘1'sin each of the other columns.
Let D, be the p x p permutation matrix over F' whose rows

and columns are indexed by F, and

1 if (—1=1¢
(Dp)e.er = { 0  othewise

Thus, if we use the standard lexicographic ordering on the
elements of IF,,, aleft-multiplication by the matrix D, realizes
a downward-cyclic shift operator.

Define the p x (p(b+1)) matrix H}: (p,r) over F by

6LUEF,. (2

Hi(p,r) =
(Pp(p, 7“)|DpPF (p, r)|D§PF (p, r)| . .|D£_1Pp(p, T) ) .

We will index the columns of H}: (p,r) by pairs (i, j), where
i € F, and j € {0,1,...,b}. The rows of H} (p,r) will
be indexed by ¢ € F,. Using this convention, the entries of
Hi (p,r) are given by

1 ifl—ie;

(Hf (9, 7)e,ig) = { 0  otherwise 3

Next we construct the (p—1) x (pb) matrix Hp(p,r) over
F by deleting from H - (p,r) the first row and every column
that containsa ‘1’ in the (deleted) first row; that is, we delete
all the columns that are indexed by

{(i,j)er x {0,1,...,b} : —iecj}.

The code Zp(p,r) is now defined as the F-linear code of
length p over F® whose parity-check matrix is given by

HF(p,T)'
Example 2.1: Consider the case p = 7 and r = 3. Here,
C():{O}, 01:{1,2,4}, and 02:{3,5,6}.

Hence, for every field F, the matrix H:(7,3) is given by

Hf(7,3) =
100(001|001]010|001|010]010
010(100(001|001j010|0011]010
010(010(100|001}001|010(001
001({010(010|100(001|001]010 ,
010(001(010|010(100|001(001
001({010(001|010(010|100(001
001{001{010|0017010|010]100

and the parity-check matrix H (7, 3) of Z¢(7,3) is given by

10{10100]01]01|01]00
10{01(10{01]00(00]|01
01({01{01(10|100(011]00
Hr(7,3)=| 10{00|01|00[10[01]01
01(01{00(00|01]10(01
01({00{01|({01|01]00]10
(both matrices are over F). [l



It can be readily verified that the matrix Hp(p,r) is
systematic and, so, rank(Hp(p,r)) = p—1. It follows that
the normalized dimension of the code Z r(p,r) equals

(pb— (p—1))/b=p—r;

namely, Zr(p,r) is an F-linear [p=rb+1, k=p—r] code over
Fb,

Next we turn to analyzing the density of H g (p,r). First, it
is easy to see that each of the p rows of H; (p,r) contains
p nonzero entries (all of which equal ‘1'). Consider the p
columns that were deleted from H - (p,r) when constructing
Hp(p,r). One of these columns contains only one ‘1’, while
each of the other p—1 columns contains r ‘1’'s. Hence, the
number of ‘1'sin Hgr(p,r) is

p’—1—(p—1)r = (p—1)(p—r+1) . 4

Now, when the code Zp(p,r) is MDS, each row in Hp(p, )
must contain at least k+1 = p—r+1 nonzero entries; so,
from (4) it follows that each row in H g (p, r) contains exactly
p—r+1 nonzero entries. In fact, this property of Hp(p,r)
holds also when Zp(p,r) is not MDS, as stated next.

Proposition 2.1: Each row of Hpg(p,r) contains p—r+1
nonzero entries.

Proposition 2.1 was mentioned in [5] yet no proof was
given. We provide a proof in the appendix.

We conclude from Proposition 2.1 that when the code
Zr(p,r) is MDS then it is lowest-density MDS. And since
the length of Zg(p,r) isrb+ 1, astronger claim can be made
for F =TF, and r > 1: when Zp, (p,r>1) is MDS then it is
maximum-length lowest-density MDS.

The following proposition implies that the study of the MDS
properties of Z(p,r) can be reduced to the case where F' is
a prime field.

Proposition 2.2: Let F' C F denote a subfield of F'. Then
Zp(p,r) is MDS if and only if Zp (p,r) is.

Proof: Write

HF(p,T) :HF’(p,T) = ( Y(O) | Y(l) | | Y(p_l) ) )

where each Y(¥) isa (p—1) x b sub-matrix. It was shown in [5]
that Zp(p,r) (respectively, Zp: (p,r)) is MDS if and only if
for every r distinct elements i, io, ..., i, € F,, the matrix

(Y6 |yl |, |y )

is nonsingular over F' (respectively, over F''). But clearly,
each such matrix is nonsingular over F' if and only if it is
nonsingular over F". U

The code Zr(p,2) was initially proposed by Zaitsev et al.
in [14], and was shown to be maximum-length lowest-density
MDS.! The generdization, Zy, (p,r), of these codes to larger
r (for F = F,) was suggested in [5], but the resulting codes
are not necessarily MDS. The authors of [5] provide a list of
pairs (p,r) for which they determined by exhaustive search
whether the corresponding codes are MDS.

1gpecifically, the paper L14] analyzes the code over Fo1 that is defined by
the parity-check matrix H (p, 2) and identifies the uncorrectable single-error
patterns to be those with an error value that is a multiple of the al-one vector
in Fo+1. The transformation from H3 (p, 2) to H (p,2) then excludes such
error patterns.

I11. MAIN RESULTS

We next state the main results of the paper. The first two
theorems deal with the case where F' has characteristic 2 and
r=3,4.

Theorem 3.1: Let F' be afinite field of characteristic 2 and
let p be a prime of the form 3b + 1, for some positive integer
b. If 2 is primitive in IF,, then Zr(p,3) is a lowest-density
MDS code over F°.

Theorem 3.2: Let F' be afinite field of characteristic 2 and
let p # 13 be a prime of the form 4b + 1, for some positive
integer b. If 2 is primitive in F,,, then Zr(p,4) is a lowest-
density MDS code over F'°.

We remark that it is still an open problem whether there are
infinitely many primes p such that 2 is primitivein F,,. Up to
108, there are 39,231 primes of the form 3b + 1, of which
11,718 have 2 as a primitive element, and 39, 175 primes of
theform 46+1, of which 14, 699 have 2 as a primitive element.

The next theorem treats finite fields with large characteristic.

Theorem 3.3: Let F' be afinite field of characteristic ¢ and
let p be a prime. Given adivisor r of p—1, writeb = (p—1)/r
and k = p—r. Then Zg(p,r) is a lowest-density MDS code
over F* when either

e 7€ {1,2,p—1} or—

» ¢ isaprimitive element in I, and is greater than

if ris odd

Tp—l k,p—l k/(2r)
{55

if r iseven and b is odd

rp—1
if » and b are both even

\ pr—l

Note that by Dirichlet’'s Theorem [6, p. 251], there are
infinitely many primes which are primitive modulo any given
prime p. Hence, given p and r, there are infinitely many prime
fields F' for which the code Zr(p,r) is lowest-density MDS
over Fb.

IV. ALTERNATE REPRESENTATION

In this section, we show a correspondence between Z ¢ (p, r)
and certain cyclic codes over extension fields of F. This
correspondence, in turn, will be used in subsequent sections
to prove our main results.

Let F' be the field F, and let p, b, and r be as in
Section 1I. Throughout this section we assume that ¢ is a
primitive element in IF,,. In this case, the polynomial M, (z) =
1+2+2%+...+ 2P ! isirreducible over F (see [7, p. 65,
Theorem 2.47(ii)]). We denote by K and ® the extension fields
F,» and Fyp—1, respectively. Since b divides p—1, the field K
is a subfield of ®.

Since p divides ¢g?~' — 1, the field & contains elements
of multiplicative order p. Fix « to be such an element; the
minimal polynomial of « with respect to F' is then given by
My(z) (indeed, M, () = (o — 1)/(a — 1) = 0). We define



the code Z k (p, ) over K by

Zic(p,r) = {c = (ci)ier, €K? = Y cial =0},
ic€F,

where o stands for a{? (since the multiplicative order of «
is p, any power of a is uniquely determined by the residue
class of the exponent modulo p). We will hereafter associate
with each vector ¢ = (c¢;);cr, over an extension field of F' the

polynomial
e(x) = Z ciz?

i€F,
Using this association, the code Z k (p, ) can be expressed as
Zi(p,r) ={ce K? : ¢(a) =0} .

Itiseasy to seethat Z gk (p,r) isacyclic [p, p—r] code over
K whose roots are given by « and its conjugates with respect
to K; i.e, the set of roots of Z k (p,r) is

(r—1)b
af } .

Letting w be an element of F,, with multiplicative order r, this
set can also be written as

{a,a“’,awz,...,a“’r_l} . 5)

We next turn to analyzing the code Z k (p,r), with the
ultimate goal of relating it to the code Z r(p, r). To this end,
we will make use of the following definitions.

Let Cy,C4,...,C, be the equivalence classes defined in
Section Il and for 0 < j < b, define the polynomial T';(z) €
F[z] by

b 2b
T 4
{a,a ,al oo,

Tj(z) =Y . (6)

i€Cy
Consider the value
Ti(e) =) a'.
ieC;y

Raising Tj(«) to the g*th power, we obtain

(Ty(@)"" = (ZC a) Yol @
ieC;

i€Cj

Now, since ¢ ~ 1, the set {i-¢* : i € C;} isequa to C;
and, therefore, the rightmost sum in (7) equals T'; («). Hence,
Tj (a) € K.

Lemma 4.1: Let ¢ : F**!' — K be the linear transforma-
tion over F' that is defined by

b
wlag a1 ... ap) = ZajTj(a) , (apar ... ap) € F'FL.
j=0

The kernel of ¢ is given by

{(a0a1 ... ap) € F¥L a0:a1:a2:...:ab} .

Proof: Let (ag a; ... ap) beanelementin F*+! and define
the polynomia T'(z) over F' by

b
T() = Y aTy(a)

Then ,
wlap ar ... ap) = ZajTj(a) =T(a).

Recalling that M,(z) is the minima polynomia of « with
respect to F', we get

wlagar ... ap) =0 <= T(a) =0 <= My(z)|T(x) .

But degT'(z) < p; 0, Mp(z) divides T'(z) if and only if
there exists some scalar a € F' such that

b
aM,(z) = T(z) = Z a;Tj(z) . )

Now, from the definition (6) we see that for every i € F,,
the monomia =¥ appears in exactly one polynomia T;(z),
which is identified by the unique index j for which i € C;.
Hence, (8) holdsif and only if ag = a1 =...=a, =a. O

Given aword w = (w;)ier, in (F°)P, let w = (w])ier,
be the followingword in (F*1)?: for every i € F,,, the (b+1)-
block wj (over F') contains a zero entry at the (unique) index
j for which —i € C;, whereas the remaining entries of w;"
form a b-block which equals w;.

Next we define the mapping f : (F®)? — K? whose value
for every word w = (w;);cr, is given by

fw) = (plwg) p(wy) ...

where ¢ is the mapping in Lemma 4.1.

Lemma 4.2: The mapping f : (F®)? — KP is linear over
F and it is weight-preserving: for every word w € (F*)?, the
Hamming weight of w (over F'®) is equal to the Hamming
weight of f(w) (over K).

Proof: The linearity of f follows from the linearity of
. To see why f is weight-preserving, notice that for every
i € F,, the (b+1)-block w;™ contains a zero entry. Thus, by
Lemma 4.1, o(w;") = 0 only if w; = 0. O

Since f is weight-preserving, its kernel contains only the
al-zero word; hence, f is one-to-one and onto K.

We next state the main result of this section.

Proposition 4.3: Assuming that ¢ is primitive in I, the
codes Zp(p,r) and Zk (p,r) are related by

Zg(p,r) ={f(w) : we Zr(p,r)} ,

and the minimum Hamming distance of Z i (p,r) (over K) is
the same as that of Zr(p,r) (over F?).

Our proof of Proposition 4.3 involves operations in the
extension field & = F -1 and, to this end, we select the
following representation of this field: elements are represented
as column vectors in F'?, where the column vector v =
(ve)eer, represents the element v(a) = 3,cp vea® of .
Now, every element of ® can be expressed as a polynomial
in a of degree less than p—1, and, so, every element of ®

@(wgfl)) )



has at least one representation. In fact, such an element has
exactly ¢ distinct representations: recalling that M ,(«) = 0,
the ¢ vectors

(’Uz-l-a)ge]pp , a€F,

all represent the same element v(a) = 3¢y vea’, and it can
be easily verified that these are all the representations of v(«).
While this representation of ® is not one-to-one, it does
possess two useful properties. First, observe that multiplication
and division by o can be carried out by applying cyclic shifts
to the representation: for any element v(a) € ® (whose
representation is v € F'?) and any integer ¢, we have

(Dpv)(a) = a'v(a) )

where D, is given by (2).

Secondly, there exists a simple characterization of the
representations of elements of K within ®, as we show in the
next lemma. A column vector v = (v¢)eer, in F? is called
coset-equal if for every £,¢' € F,,

f};é, —— V¢ = Uy .

In other words, for every class C';, the sub-vector of v that is
indexed by C'; is a constant vector. Clearly, the set of &l coset-
equal vectors is a subspace of F'P. Moreover, it follows from
the definition of the matrix Pr(p,r) in (1) that the columns
of Pr(p,r) form a basis of this subspace.

Lemma 4.4: Let v = (v¢)eer, be a column vector in F'?.
Then v(a) € K if and only if v is coset-equal. Furthermore,
if v is coset-equal then

v(@) = p(u) ,

where u is the unique column vector in F*+1 such that v =
Pr(p,r)u.

Proof: We start with the “if” part. Let v = (v¢)ecr, be
a coset-equal vector and write v = Pg(p,r)u, where u =
(uj)b—o € F"*'. From the definition of the matrix Pr(p,r)
in (1) we see that for every ¢ € F,, the entry v, equals u;,
where j is the unique index for which ¢ € C;. Therefore,

b b
v(a) = Z veat = Zuj Z of = ZujTj(a) = p(u) .

(EF, Jj=0  (eC;

In particular, v(a) € K.

The “only if” direction follows from a simple counting
argument: on the one hand, there are ¢! (= ¢ - |K|) coset-
equal vectorsin F'P, and on the other hand, each element of
K has ¢ different representations in F'?., ]

We are now in a position to prove Proposition 4.3.
Proof of Proposition 4.3: Let w = (w;);er, be a codeword
in Zp(p,r); as such, w satisfies

Hp(p,r)(wo |wi | ... |w,—1)" =0,

where (-|-) denotes concatenation and (-)' denotes transpo-
sition. Recalling the definition of w = (w;);cr, and the
relationship between Hp(p,r) and H}: (p,r), we obtain

Hy: (p,r)(wg [w)” | ... Jwy )" =0,

Z DI@PF (p,r)(w; )" =0.
i€F,

We denote the vector Pr(p,r)(w; )" (which is in FP?) by
yi = (yie)eer, and, as before, use the notation y;(«) for
> teF, yi.cat. The last equation can then be rewritten as

> D§ly;=0. (10)
i€Fy
Combining (9) with (10) we get that
Z a'yi(a) = Z (Dé“yi)(a) =0.
i€F, i€F,
Hence, by Lemma 4.4,
> ' =0,
i€F,
namely, the word f(w) = (o(wg) e(wi) ... e(wi_)) is
a codeword of Zk (p, 7).
We have thus proved the containment {f(w) w €

Zr(p,7)} C Zk(p,r). In fact, this containment holds with
equality: both Zp(p,r) and Z g (p,r) are of the same size
(namely, ¢*(»=")) and, by Lemma 4.2, the mapping f is one-to-
one. Furthermore, since f is weight-preserving, the minimum
Hamming distances of Zp(p,r) and Zk(p,r) must be the
same. ]

Corollary 4.5 Assuming that ¢ is primitive in [,, the
minimum Hamming distance of Zr(p,r) isat least 3, for any
divisor r > 2 of p—1.

Proof: Write 3 = a“~! and let v be the multiplicative
inverse of w—1 in F,. Then ¥ (= a) and B! (= a¥)
are two roots of Zk (p,r) that form consecutive powers of
an element 4 of multiplicative order p in ®. The result now
follows from Proposition 4.3 and the BCH bound [8, p. 201]. [

Notice that by the result of Zaitsev et al. in [14], Corol-
lary 4.5 holds for » = 2 even if ¢ is not primitive in IFy,.

We point out that there is a simple decoding algorithm that
corrects one error in codewords of Z g (p,r). As afirst decod-
ing step, we compute the syndrome of the received word with
respect to the parity-check matrix H r(p, r); this computation
requires (p—1)(p—r) additions in F'. In the second decoding
step, we enumerate over the p possible locations of the error
and, for each location, we check whether there is a respective
error value (in F'*) which is consistent with the computed
syndrome. Due to the structure of H r(p, ), the check for each
location requires at most p—1 comparisons between elements
of F. Therefore, the overall decoding complexity is O(p?)
additions and comparisons in F'.

We end this section with the following definition, which will
turn out to be useful in the next section. Define the extension-
field code Z4(p,r) as the cyclic code of length p over @
whose set of rootsis (5). Clearly, Z x (p,r) = Zs (p,r) N KP,
i.e., Zi(p,r) is a subfield sub-code of Z4(p,r). Since both
Zk(p,r) and Z4 (p, r) have the same check polynomial, they
also share a common parity-check matrix over K. Therefore,
Zk(p,r) (as a code over K) and Z4(p,r) (as a code over



®) are cyclic [p,p—r] codes with the same minimum Ham-
ming distance. The next corollary immediately follows from
Proposition 4.3.
Corollary 4.6: Assuming that ¢ is primitive in F,, the

following three conditions are equivalent:

(i) The code Zr(p,r) is MDS over F°.

(i) The code Zk (p,r) is MDS over K.
(iii) The code Zs(p,r) is MDS over ®.

V. FIELDS WITH CHARACTERISTIC 2

In this section, we prove Theorems 3.1 and 3.2. By Propo-
sition 2.2, it suffices to prove these theorems only for the field
F = F,. From Corollary 4.6 we get that Zp(p,r) is MDS
(over F) if and only if Zg(p,r) is (over & = Fy,—1). Now,
since the code Z4(p,r) is linear over @, it is MDS if and
only if every r x r sub-matrix in a parity-check matrix of
Zs(p,r) is nonsingular [8, p. 318, Theorem 1]. It turns out
that over F», the latter condition of the MDS property reduces
to another criterion, which, in turn, is more easily checked for
small values of . We present this criterion in the next lemma.

For two integers m < n, we denote by S[m, n] the set of
(n—m+1)! permutations over {m,m+1,...,n}.

Lemma 5.1: Let F' be the field F, and let p be a prime
such that 2 is primitive in F,,. Fix » > 2 to be a divisor of
p—1 and write b = (p—1)/r. The following two conditions
are equivaent:

1) The code Zr(p,r) is MDS over F°.

2) Letting w be an element of multiplicative order » in I,
there exist no r—1 distinct elements iy,i2,...,4,_1 €
I, for which the multi-set

Af::{hw”u)+42w”@)+..u+ip4w“”7D
me S[l,r—l]} (11)

(of (r—1)! elements in F,) can be partitioned into
L((r—1)!) multi-subsets of the form {3, v} where 8 <
Y.

Proof: We show that condition 2 implies condition 1;
the implication in the other direction can be obtained by
essentialy reversing the steps of the proof. We will make use
of Corollary 4.6 by considering the code Z ¢ (p, r) instead of
Zp(p,r).

Recall that the set of roots of Zg4(p,r) is given by (5).
Hence, the r x p matrix Hg (p, ) over ®, whose entries are

(H.:p (p, T))mJ = aiwm 9

is a parity-check matrix of Z4 (p, ). Given asubset 7 C F,, of
size r, denote by Az the determinant of the r x r sub-matrix
that is formed by the columns of Hg(p, ) that are indexed
by Z. Then Zs(p,r) is MDS if and only if Az # 0 for every
subset 7 C IF,, of size r.

Suppose that condition 1 does not hold, namely, that
Zs(p,r) is not MDS over ®. Then there is a subset 7 =
{io,il, . ,ir—l} of Fp such that A7z = 0. Now,

0<m<r, i€F,,

. 2 r—1
Ag = gfotrete T LA = A,

where 7 — iy stands for the set {0,i1—ig,...,ir—1—%0}.
Therefore, we can assume without loss of generality that
10 = 0. Under this assumption,

Ar = >

reS[0,r—1]

r—1
— § § awm(ilw"(l)+i2w"(2)+...+ir,1w"(’"_l))
meS[l,r—1] m=0

ao.w"(o)+i1w"(1)+i2w7"(2)+.“+i7‘71w""(7‘—1)

Define the polynomial T'(x) over F' by

r—1
Tay= 3 3 gl i )

meS[1,r—1] m=0

Clearly, T'(«) = Az = 0. Since M, () isthe minimal poly-
nomial of a with respect to F', it follows that M, (z) | T (z).
On the other hand, deg T'(x) < p; therefore, T'(x) is a scalar
multiple of M, (z), i.e., T'(z) € {0, M,(z)}.

For1 <j<b,let T;(x) be the polynomia over F' defined
in (6). We can express M, (z) and T'(z) as

and

b
T(QZ) = KoTI" + Z IijTj (x) y
j=1

where, for 0 < j < b,
k= |{m e S[L,r-1] :
i10™ W 4ipw™@ 4 4w Cj}| .
Recalling that T'(z) € {0, M,,(z)} we thus obtain

kj =kor (mod2), 1<j<b, (12)

and summing over j yields
b
Z kj = korb = ko(p—1) =0 (mod 2) .
j=1

On the other hand, from the condition » > 2 we also have

b
ij =(@r-1)!=0
=0

The last two equations imply that xq is even, and from (12)
we get that ~; is even for every 1 < j <b.

Yet, having dl the «;’s even is equivaent to saying that
the multi-set &' in (11) can be partitioned into multi-subsets
of the form {3,~} where 8 ~ . This, however, means that
condition 2 of the lemma does not hold. ]

We can use Lemma 5.1 to check for smal values of r
whether the code Zp(p,r) is MDS. This is how we are now
going to prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1: Based on Proposition 2.2, we assume
that F = F,. For any two elements i1,i, € F, the multiset
X in (11) contains only two elements,

(mod 2) .

2

11w + law and i1w2 + iow



where w has multiplicative order 3 in IF,,. By Lemma 5.1 we
deduce that Zr(p,3) is MDS unless

(ilw + i2w2) f?\)f (i1w2 + iQ(JJ)
for some distinct iy, > € I}, Now,
(1w + iaw?)? — (i1w? + daw)?® = Biyiz(w — w?)(iy — i2) ,

and the right-hand side is nonzero whenever i, and i, are
nonzero and distinct. Hence, the code Z ¢ (p, 3) is MDS over
Fb. ]

Proof of Theorem 3.2: For p = 5, the construction Z ¢ (p, 4)
becomes the binary repetition code, which is obviously MDS.
Hence, we assume hereafter in the proof that p > 13.

Let w be an element of multiplicative order 4 in F,. We
again use Proposition 2.2 and Lemma 5.1 to reduce the
problem to showing that there are no three distinct elements
i1,12,43 € [, such that the multi-set

X = {ilw”(l) +iw™® 4 i30™® € 5[1,3]}

(of size 6) can be partitioned into three multi-subsets of the
form {3, ~} where 3 ~ . Equivalently, it sufficesto show that
for every partition of S[1, 3] into three pairs of permutations,

{ﬂ-laﬂ-i}a {7T2,7Té}, and {71-3777{,3}7

one cannot find integers mq, my, m3 € {0,1,2,3} for which
the following set of three linear homogeneous equations over
F, can be solved for distinct nonzero unknowns i, 45, and
3.

ilwﬂl(l) —+ igwﬂl(z) —+ igwﬂl(B)
w™ (1w 4 j0w™ ) 4 jgumB))
m(3)

A~

7:1(4]772(1) + i2w7r2 2)

+ ’i3w
wmz(ilwﬂé(l) + izwﬂé(z) + igwﬂéw))
ilwﬂg(l) + iQWﬂB(z) + 7:3wﬂ3(3)

— wms(ilwﬂé(l) + i2wﬁé(2) + i3wﬁé(3))

Using matrix notation, this set of equations can be written as
(13)

where A(€) is the following 3 x 3 matrix over the polynomial
ring I, [¢];

A(¢) =
fﬂl(l)_gmﬂrﬂ{(l) §ﬂ1(2)_fml+ﬂ{(2) fﬂ1(3)_§m1+ﬂ1(3)
(fﬂz(l) —gmatmy(1) emaA2) _gmatmy(2) ema(3) _ gmartmy(3) )
fﬂg(l)_gmg—kﬂé(l) 5773(2) _€m3+7ré(2) €ﬂ3(3)_§m3+77é(3)

Now, there are 15 possible partitions of S[1, 3] into three
pairs and 4% = 64 possible assignments to my, ms, and ms.
This totals to 64 x 15 = 960 sets of linear equations of the
form (13), and we need to show that none of these sets has a
solution (i 2 i3) € IF5 whose components are nonzero and
distinct. We next show that, indeed, every solution of (13) has
either a zero component or repeating entries; such solutions
will be called invalid.

Since w is an element of multiplicative order 4 inF,,, itisa
root of the polynomial ¢€2 + 1 = 0. Therefore, in determining
whether (13) has a nontrivial solution, we can first compute the
determinant of A(¢)—denoted hereafter by det(A(¢))—as if
the latter matrix were over the integer polynomial residue ring
J = Z[€]/ (€% + 1), and then substitute ¢ = w and complete
the arithmetic in F,,. The value of det(A(¢)) in J will take
the form ¢q + ¢ £ for some integers ¢y and ¢;. Since

det(A(w)) = det(A(£))
it follows that, in F,,,
det(A(w)) =0

Consequently, A(w) is zero in F, only if p divides the
rational integer ¢ + ¢?. This integer is known as the norm
of det(A(&)) in J [6, pp.172-173] and we will denote it here
by N (det(A(£))) (we will mention some of the properties
of norms in Section VI; these properties, however, are not
required in this proof).

Using a computer, we have computed det(A(§)) in J for
each of the 960 sets of equations. It turns out that each set
belongs to one of the following three categories:

1) det(A(§)) # 0 and the largest prime divisor of
N(det(A(&))) is a most 13. In this case, A(w) is
nonsingular in F,, if p > 13, and (13) is solved then
only by i; = i, = i3 = 0. Obvioudly, this solution is
invalid.

2) det(A(¢)) =0 and there is a linear combination of the
rows of A(¢) over 7 that yields a vector of the form
(c00), (0c0) or (00 c), where ¢ is a nonzero integer
whose largest prime divisor is at most 13. This implies
that when p > 13, every solution (i; i» i3) of (13)
must contain at least one zero entry; such a solution is
therefore invalid.

3) The same as in category 2, except that the linear com-
bination yields a vector of the form (¢ —¢ 0), (0 ¢ —¢)
or (¢ 0 —c). Therefore, when p > 13, every solution
of (13) must contain repeating entries, thus making it

| =cCy+Clw,
E=w

= (cotciw)(co—ciw) = cg+c; =0.

invalid.
We conclude that each of the 960 sets of equations obtained
by (13) has only invalid solutions. ]

We remark that the exclusion of the case p = 13 from
Theorem 3.2 is necessary, as it was verified in [5, p. 57] that
the code Z, (13,4) is not MDS over F3.

VI. CycLic MDS CODES OF PRIME LENGTH

In this section, we derive a sufficient condition that a given
cyclic code of prime length be MDS. Then, in Section VII,
we apply this condition to the codes Z  (p, ) and their dua
codes over K.

Let K be a finite field with characteristic ¢ and let Cg
denote a cyclic [p, p—r] code over K, where p is a prime and
0 < r < p (wedo not require in this section that » be a divisor
of p—1, neither do we assume that ¢ is primitive in F,,). We
index the coordinates of C i by the elements of .

It is known that Cx is MDS when either r € {0,1,p—1}
or g = p (see[12]). Hence, we assume hereafter in this section



that ¢ # p, in which case there exists an extension field & of
K that contains an element « of multiplicative order p. And
since the generator polynomial of C g divides 2P — 1, the roots
of Ck are al simple and are powers of a. Let

{a®%,a®t, ..., a1}

(14)
be the set of roots of C . We have,

Cxk={ceKP:cla®)=0, 0<m<r}.

By the BCH bound it follows that C i is MDS when r = 2,
and since the cyclic MDS property is preserved under duality,
it is MDS also when r = p—2. Therefore, we will focus from
now on in this section on therange 2 < r < p—2.

Following arguments similar to those made at the end of
Section 1V, we can conclude that C i is MDS over K if and
only if the cyclic [p, p—r] code C4 over ®, whose set of roots
is given by (14), isMDS over . An r X p parity-check matrix
of Cp over @, inturn, is given by

inr—1

H= (o) (15)

Thus, we can check whether C x is MDS by analyzing the
r x r sub-matrices of H. Similarly to what we have done in
the proof of Theorem 3.2, we do this analysis by lifting the
computations to an extension ring of Z, as we describe next.

Let ¢ denote a primitive pth root of unity in the complex
field and let Q, (¢) = Q[z]/M,(z) denote the pth cyclotomic
extension of therational field Q, where M, (z) = 1+z+...+
zP~! is regarded here as a polynomial over Q. That is, Q, (¢)
is the smallest field containing both Q and ¢ and its elements
are al the rational polynomialsin ¢ of degree less than p—1;
multiplication in Q,, (¢) is carried out modulo M ().

We briefly summarize here several properties of Q,, (¢). Let
g be a primitive element of F,. The mapping ¢ : Q,({) —
Q, (¢), defined by

v (T055 acct) = L025 acet

is a generator of the automorphism group {¢t}f;§ of Q,(¢),
where

(16)

vt (D05 acct) = TS acc’ 120,

The conjugacy class of an element v € Q, (¢) with respect to
Q is given by

{7 (), (), (N}

where p is the smallest positive integer such that ¢ () = .
The minimal polynomial of -+ is given by H“m;lo(m—¢m(7)),
and this polynomial is an irreducible polynomia over Q. The
norm of ~ over Q, denoted \'(v), is given by TT7—C 4t(v),
and is a rational number. The norm is multiplicative: for
every two elements 71,7 in @Q,(¢) we have N(y172) =
N(v1)N(v2). An element such that the coefficients of its
minimal polynomial are al integers, is called an agebraic
integer. An element ag + a1 + ... +ap,—2(P72 € Q,(¢) isan
agebraic integer if and only if ag,ai,...,ap—> are integers.
The norm of an algebraic integer is an integer. The set of

agebraic integers of Q, ({) is aring, and is denoted here by
Op. The mapping ds : O, — ®, which is defined by

0d (0,0 + alC + ...+ ap_2(p_2)
= ataa+...+ ap_Qap_2, an

is a homomorphism from O, to ®. See [9] for a discussion
of cyclotomic and general number fields.

Turning back to the analysis of Cg, let I'(p, r) denocte the
collection of all the subsets of F,, of size r. Given a subset
7 = {io,i1,-..,ir—1} In I'(p,7), define the r x r matrix
Az (z) over Z[z] by

Az(z) = (m<5mis>)

(here we assume some ordering on the elements of Z, say,
the lexicographic ordering on F,,). The determinant of Az(z),
which we denote by Az (x), is apolynomial in Z[z]. Observe
that the value Az(«) (in @) is the determinant of the r x r
matrix Az(a) over ®; this matrix, in turn, is the r x r sub-
matrix that is formed by the columns of H in (15) that are
indexed by Z. Thus, Ck is MDS if and only if Az(a) is
nonzero for al Z € I'(p,r).

For asubset 7 = {i,}"_g in I'(p,r) and an element y € F%,
denote by yZ the set {y -is : i € Z}; clearly, yZ € I'(p,r).
Consider the polynomia

Br(z) = [ Ayz(e)
ye]F;

in Z[z]. It follows that Ck is MDS if and only if Bz(a) is
nonzero (in ®) for al Z € I'(p,r). On the other hand, by the
homomorphism (17) we have

Bz(a) = de (Bz(C)) -

We next analyze the value Bz(¢) (in Q,(¢)).
Letting g be a primitive element in F,,, we have

r—1

m,s=0

B:(0) = TT 22O = [] Ar2(©)
yEFs t=0

Now, the matrix A,:7(¢) (over Q,(¢)) can be obtained by
applying the automorphism )¢ to each entry in Az(¢), possibly
with re-ordering of columns. Therefore,

Ager(C) = 4" (Az(¢)) , 0<t<p-1,
and, so,

Br(Q) = [] ¥ (Az(0) = +N(Ar(Q) . (18)

The next proposition presents a property of the norm
N(Az(Q).

Proposition 6.1: Given asubset Z € I'(p,r), let uz denote
the size of the conjugacy class of Az({) with respect to the
field Q. The following holds:

(i) The norm NV (Az(¢)) is a nonzero (rational) integer.
(i) Every (rationa) prime factor of V(A7 (¢)) other than p
is bounded from above by

pp—17\ "hz/(2p=2)
<p’"‘1> '

(19)



We prove Proposition 6.1 later on in this section, but first we
present the following theorem and corollary, which are proved
based on Proposition 6.1.

Theorem 6.2: Let K be a finite field with characteristic ¢
and let p be a prime other than ¢. For an integer r in the range
0 <r < p, let Ck bethe [p,p—r] cyclic code over K with
roots (14), and define

B = pmax(Cr) =

max puz ,
Zer(p,r)

where pz is as in Proposition 6.1. Then Cg is MDS when
either r € {0,1,2,p—2,p—1} or

=1 ru/(2p—2)
" (p”> '

Proof: Thecasesr € {0, 1,2, p—2, p—1} have already been
discussed earlier, so we only need to consider the range 2 <
r < p—2.

First, by (18) and Proposition 6.1(i) we get that for every
subset Z € I'(p,r), the value Bz({) is a nonzero integer.
Secondly, it is easy to verify that »»~!/p"~! > 1 whenever
2 < r < p—2 and, so, (19) increases with 7 for fixed p
and r. Therefore, given that (20) holds, we conclude from
Proposition 6.1(ii) that Bz(() isnot divisible by ¢. This means
that every Bz (a) (= da(Bz({))) is nonzero (in ®) and, thus,
Ck isMDS.

Corollary 6.3: Let K be afinite field with characteristic g,
let p be a prime other than ¢, and let » be an integer in the
range 0 < r < p. Every cyclic [p, k=p—r] code over K is
MDS when either » € {0,1,2,p—2,p—1} or

(20)

Tpfl r/2
<p’"_1> if r <p/2

q > kp_l k/2
<F> otherwise

Proof: Since u divides p—1, the condition (20) may only
become stronger if we replace p with p—1 therein. Recalling
that the cyclic MDS property is preserved under duality, we
thus get by Theorem 6.2 that every cyclic [p, k] code over K
is MDS whenever

) Tp_l r/2 kp_l k/2
q > min p’l“fl , F .

Findly, a smple analysis reveds that (r*='/p"~")" <
(k»=1/p=1)* if and only if r < k. O

Remark: Using the same method of lifting to the field
Qy (€), Assmus and Mattson showed in [1] that for all primesg
greater than some bound go(p, k), each [p, k] cyclic code over
a field with characteristic ¢ is MDS. They do not, however,
give an estimate for ¢o(p, k). ]

We now turn to proving Proposition 6.1, starting with
two lemmas, the first of which is a direct application of
Hadamard's inequality (see [2, pp. 126-130]).

Lemma 6.4: For every Z € I'(p,7),

|AZ(Q <2

where |Az(¢)| denotes the absolute value (modulus) of the
complex Az(¢).

Lemma 6.5: For every subset Z = {ig,i1,..
I'(p,r),

. ,Z-Tfl} in

r

Az(Q) =82(¢) T (¢ =¢™) .

s,m=0
s<m

where Sz (¢) is an algebraic integer.
Proof: Consider the r x r matrix

-1
1) = (857 ) emo

.,Zy—1], and denote by

A(zo, 1, ..
over Z[zo, 1, - -

A(x()axla v ,2177‘_1)

the determinant of A(zo,x1,...,2-—1). Clearly,

A(l‘o,.’rl,...,l'T,l) S Z[.’Eg,.’fl,...,l'rfl] .

Now, by [10, pp. 334, §339], A(zg,z1,...,2,—1) Satisfies

A(l'o,l'l,---;xrfl) = 8(1’0,1.17"'71’7“71) H (ms _l.m) )

s,m=0
s<m

where 8(1’0,1‘1,..

S Tr_1) € ZLlzo,x1,...,2,—1] 1S the de-

terminant of a certain r x r matrix over Z[zo, Z1,...,ZTr—1].
Substituting z, = (% for 2, for 0 < s < r, and defining
S7(¢) = 8(¢%, ¢, ..., (-1), we obtain the result. O

Proof of Proposition 6.1: It is known [11] that every square
sub-matrix of the complex matrix (¢); scr, is nonsingular.
Hence, Az({) is nonzero, and so is the norm N (A7 (¢)).
Furthermore, since Az(z) € Z[z], we get that Az(() is
an agebraic integer and, therefore, N'(A7(¢)) isin Z. This
proves part (i).

Asfor part (i), write Z = {ig, 1, ...,9-—1}. By Lemma6.5

we have
r—1
N@AZ(Q)) =N (Sz(Q) [T V(¢ =¢), (2D
where
N (¢ =) = NN =)
p—1 p—1
= JT¢TTa-¢
t=1 t=1

= (~D)P VM, (1) = +p.

Recdling that Sz(¢) is an agebraic integer, it follows
from (21) that

N(Az(Q) = £Nz - p"=D/2,

where Nz = N (Sz(()) isin Z.
Let 77 be defined by

(22)

=[] ¢"(azQ) == [] Apz(0)-

Up to a sign change, 77 is the free coefficient of the minimal
polynomial of (the algebraic integer) A z(¢) with respect to Q.



As such, 7z must be an integer and it is related to the norm
N(Az(C)) by
N(A7(Q) = (rp) P71k

Therefore, we get from (22) that the multiplicity of p in the
prime factorization of 77 (in Z) is bounded from below by

r(r—1)/2  r(r—1)uz
(p—=1)/pz 2p—-2
On the other hand, by Lemma 6.4 we have

77| < PTHT/2

We conclude that every prime factor of 77 other than p is
bounded from above by

|77] pruz/2 =1 ruz/(2p—2)
pr(r—Duz/(2p=2) = pr(r—1)uz/(2p—2) (pf‘1> ’
as claimed. ]

VIl. FINITE FIELDS WITH LARGE CHARACTERISTIC

In this section, we prove Theorem 3.3 by applying the
results of Section VI. We let F' be the field F, and let p,
b, and r be asin Section Il. As we will also use the results of
Section 1V, we assumethat ¢ is a primitive element in I, ; this,
in turn, implies that the characteristic of F' is aso primitive
in IF,. Based on Proposition 2.2, we can replace F' with its
prime subfield. Thus, we assume throughout this section that
¢ is both primitive in I, and prime.

In applying the results of Section VI, we take the fields K
and ® as F, and [F -1, respectively, and the code Cx is
selected to be either Z i (p, r) or the dual code Z% (p,r) over
K. Letting w be an element of multiplicative order r in Fp,
the set of roots of Z k (p,r) is given by (5) while that of the
dua code Z+(p,r) is

{1}U{a_qj”t L0<t<r, 1§j<b} (23)

(see [8, p. 199)).
Lemma 7.1: Using the notations of Theorem 6.2, let i and
u* be defined by

= pmax(Zx (0,7))  ad p = pmax (Zx (p,7)) -
Then the following holds:
(i) pw|bif risodd, and p |20 if r is even.
(i) pt|b if either » or b is odd, and p |20 if r and b are
both even.
Proof: Let Z = {ig,i2,...,%i,—1} be a subset in I'(p,r)
such that pz = p. Define Az(¢) and its determinant Az(()
as in Section VI, taking ,,, = w™ for 0 < m < r, that is,

A= (=)

Denote by A%(() the r x r matrix that is obtained by raising
each entry of Az () to the wth power. Raising to this power, in
turn, is equivalent to applying the automorphism ¢»® (assuming
with no loss of generality that w is the bth power of the
primitive element g used in the definition of ¢ in (16)). Hence,

det(AZ(¢)) = ¥ (Az(¢)) -

m,s=0

10

On the other hand, we can get the same matrix A% (() also
by shifting the rows of Az({) cyclicaly one position down;
namely, A%(¢) is obtained from Az({) by r—1 interchanges
of rows. Thus, the determinant of A% (() is related to that of
Az(¢) by

det(A7(Q) = (=1)""'Az(Q) -

From the last two equations we obtain that

P(Az(Q) = (1) A(Q) -

Hence, when r is odd we get that /*(Az(¢)) = Az (¢), which
readily implies that uz | b. For even r we have

P (A7(Q)) = P (" (A(Q))) = ' (—Az(Q)) = Az(()

which means that 7 | 2b. This completes the proof of part (i).

The proof of part (ii) is similar, except that now 7 is a
subset in I'(p,p—r) and Az(¢) is a (p—r) x (p—r) matrix
defined with respect to the p—r roots in (23). We again obtain
A%(¢) by raising each entry of Az(¢) to the wth power, and
it can be verified that the same matrix A%(¢) can be obtained
aso by (b—1)(r—1) interchanges of rows in Az((). U

Proof of Theorem 3.3: Thecasesr = 1 and r = p—1
correspond, respectively, to the parity code over FP~!1 and
to (a code equivalent to) the repetition code over F', and the
case r = 2 is proved in [14]. We assume from now on that
2<r<(p-1)/2.

Using Proposition 2.2, we first reduce to the case where F’
is the prime field F,. Then, recalling that the MDS property
is preserved under duality, we apply Corollary 4.6 to claim
that it suffices to find sufficient conditions as to when either
Zk(p,r) or Z(p,r) isMDS over K = F,». Next we apply
Theorem 6.2 t0 Z i (p,r) and Z 7 (p, r), similarly to the proof
of Corollary 6.3, except that now we replace . in the right-
hand side of (20) by the upper bounds on p and x - which
are implied by Lemma 7.1. ]

APPENDIX
Proof of Proposition 2.1: Fix a row index ¢ € F, of
Hjf (p,r). We count the number of ‘1's that were deleted from
row £ when constructing H g (p, 7). From (3) we seethat a ‘1’
was deleted from entry (¢, (i, j)) of H;(p,r) if and only if
both
{—i € Cj and
It follows that the number of deleted ‘1's from row £ is given
by the number of elements i € IF,, that satisfy

(0—i) ~ —i .
This relation can be satisfied only when ¢ # 0 and it is
therefore equivalent to
1—(/)i)" =1. (24)
Letting w denote an element of multiplicative order r in F,,
the solutions of (24) for i are given by
i=01-wH)™, 1<t<r.

Thus, r—1 ‘1’s were deleted from row ¢ of H:(p,r), which
means that the number of ‘1's in the respective row in
Hr(p,r) is p—(r—1). O

—iECj.
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