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Abstract

A parallel constrained coding scheme is considered where p�blocks of raw data are

encoded simultaneously into q tracks such that the contents of each track belong to a

given constraint S� It is shown that as q increases� there are parallel block decodable

encoders for S whose coding ratio� p�q� converges to the capacity of S� Examples are

provided where parallel coding allows block decodable encoders� while conventional

coding� at the same rate� does not� Parallel encoders are then applied as building blocks

in the construction of block decodable encoders for certain families of two�dimensional

constraints�
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� Introduction

When sequences are recorded on a mass storage device� they typically need to belong to a
certain constrained system� A �one�dimensional� constrained system �in short� a constraint�
is de�ned by means of a labeled �nite directed graph G � �V�E� L�� with a set of states
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V � a set of edges E� and a labeling L � E � 	 of the edges� where 	 is a �nite alphabet�
The constraint which is generated by G is the set S � S�G� of all �nite words that can be
obtained by reading the labels of the edges along the �nite paths in G�

An alternative de�nition assumes a labeling of the states rather than the edges� The
de�nitions can be shown to be equivalent through the Moore form of G
 see ���� p� �
����

Examples of constrained systems include runlength constraints� the �d� k��runlength�
limited �RLL� constraint consists of all binary words in which each runlength of ��s between
consecutive ��s is at least d� and no runlength of ��s exceeds k� In a symmetric runlength
�SRLL� constraint� the runlengths of ��s� as well as the runlengths of ��s� are between d and
k� except that the �rst and last runlengths may be shorter than d�

The study of constrained systems is mainly aimed at designing coding schemes that
map arbitrary input binary sequences into words that belong to a given constraint S� A
commonly�used encoding model is that of a �nite�state encoder at a �xed rate p � q� where the
input binary sequence is divided into blocks of length p� and each such p�block is mapped� in a
state�dependent manner� into a codeword of length q� The sequence of generated codewords
forms a word that belongs to S� A primary requirement from encoders is that we should be
able to decode �reconstruct� the input binary sequence from the output constrained sequence�
It follows from Shannon�s converse�to�coding theorem ���� Theorem ����� that the coding
ratio� p�q� is bounded from above by the capacity of S� which is given by the limit

cap�S� � lim
���

����� � log� jS � 	�j �

Of particular interest are block decodable encoders� Such encoders can be decoded by a
block decoder� which maps every codeword of length q into the respective p�block� indepen�
dently of the context of that codeword within the sequence of generated output codewords�
Whether a block decodable encoder exists depends on the constraint S and on the parame�
ters p and q� Block decodable encoders are preferable due to their simple decoding structure
and their immunity against error propagation�

In this work� we explore the possibility of obtaining simple coding schemes by encoding
several input streams simultaneously� i�e�� in parallel� The coding model will still be a �nite�
state encoder at a �xed rate p � q� Yet� an input p�block will be mapped into q output
symbols� each belonging to a di�erent track� The sequence generated along each track will
satisfy a given constraint S� �The constraints in di�erent tracks do not necessarily have to
be the same� but we will be mainly interested here in the case where they do�� Decoding will
then be carried out by reading q tracks at a time and reconstructing the respective input
p�block� If the resulting encoder is block decodable� such a reconstruction requires only the
knowledge of the current symbol in each track�

As we show in Section �� there are cases where the parallel approach can allow having
block decodable encoders� while such encoders� at the same rate� are prohibited in the
conventional scheme where only one track is encoded �see Example ����� Then� in Section ��
we show that when q becomes large� the capacity of the constraint can be approached by
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block decodable encoders�

Observe that in our model� the only dependency that exists between tracks is introduced
by the coding itself� and not by the constraint
 so� in a recording application� we do not
assume any change in the channel description of each track� yet we allow to record more
than one track at a time� In that regard� our setting di�ers from the model studied by
Marcellin and Weber in ��
� �see also Orcutt and Marcellin ����������� where�based on phys�
ical features of the recording medium�the authors proposed relaxing the constraint along
tracks by introducing dependency between them� This in e�ect transformed the speci�ca�
tion of the recording channel into a two�dimensional constraint� Other attempts to increase
the recording density have been made recently by exploiting the fact that the recording
device is typically a surface� the recorded data is regarded as two�dimensional� as opposed
to the track�oriented one�dimensional recording model� This approach dictates new types of
constraints� which are two�dimensional rather than one�dimensional� For example� in opti�
cal recording ���� Ch� ��� a two�dimensional SRLL constraint with a prescribed parameter
d can guarantee that any �pit� or �land� on the recording surface is large enough so that
it can be detected from the re�ection beam� See also Psaltis et al� ���� and Weeks and
Blahut ����� Two�dimensional constraints are found also in holographic memories
 see Brady
and Psaltis ���� Heanue� Bashaw� and Hesselink ��������� and Psaltis and Mok �����

In general� a two�dimensional constrained system is de�ned by two state�labeled �nite
directed graphs� G and H� with the same set of states V and the same labeling L � V � 	
of the states� The two�dimensional constraint which is generated by G and H is the set
S � S�G�H� of all �nite rectangular arraysX � �xi�j� over 	� each of which can be associated
with an array U � U�X� � �ui�j� over V such that the following three conditions hold�
�a� L�ui�j� � xi�j for all i and j
 �b� each row in U is a path in G
 and �c� each column in
U is a path in H� Letting S���m� stand for the set of � �m arrays in S� the capacity of a
two�dimensional constraint is de�ned by

cap�S� � lim
��m��

�����m�� � log� jS���m�j � ���

As in the one�dimensional case� the limit indeed exists by sub�additivity �see Burton and
Steif ���� and Kato and Zeger ����
 the result in ���� is stated for the special case of runlength
constraints� but the proof actually applies to all two�dimensional constraints��

In Section �� we apply parallel encoding to show that for two�dimensional constraints
that satisfy certain properties� capacity can be approached by �xed�rate block decodable
encoders
 that is� the decoding of a row in an � � m array requires only the knowledge of
the current row� Our result applies in particular to the family of two�dimensional SRLL
constraints�

Section 
 summarizes some properties of Kronecker powers of graphs� which are relevant
to the design of parallel encoders� A short conclusion of this paper is then given in Section ��

The next section contains a short summary of some background material from Sections �
and � in �����
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� Background

Hereafter� the term �graph� means a �nite edge�labeled directed graph and �constraint� means
a one�dimensional constraint� unless we explicitly say that the constraint is two�dimensional�
Let G � �V�E� L� be a graph with edge labeling L � E � 	� For each edge e � E� we
denote by ��e� the terminal state of e in G� For a state u � V � we denote by E�u� the set of
outgoing edges from u in G� We will sometime use the notation u

a� v to stand for an edge
e � E�u� with ��e� � v and L�e� � a� The constraint presented by G is denoted by S�G��
We say that a graph G is irreducible if for every pair of states �u� v� � V � V there is a

path from u to v in G�

A graph G is deterministic if for every u � V � the edges in E�u� are labeled distinctly�

Given nonnegative integers m and a� we say that a graph G is �m� a��de�nite if all paths
in G that generate a word

x � xmxm�� � � � x��x�x� � � � xa � S�G� � 	m�a��

coincide on their edge that generates x��

The qth power graph Gq is the graph with the same set of states as G� but one edge for
each path of length q in G� labeled by the word �of length q� that is generated by that path�

The adjacency matrix of G is denoted by AG� the latter is a jV j � jV j matrix whose
rows and columns are indexed by V � and the �u� v��entry� �AG�u�v� in AG is the number of
edges from u to v in G� By Perron�Frobenius theory� the spectral radius of AG� denoted
��AG�� is an eigenvalue of AG� As for the qth power graph� we have AGq � �AG�

q and� so�
��AGq� � ���AG��

q�

Let A be a nonnegative integer square matrix �such as an adjacency matrix of a graph�
and n be a positive integer� An �A� n��approximate eigenvector is a nonzero nonnegative
integer vector � such that A� � n�� where the inequality holds component�by�component�
The set of all �A� n��approximate eigenvectors whose components are bounded from above
by � is denoted by X �A� n� ��� It is known that X �A� n��� �� � if and only if n 	 ��A��
There is an algorithm due to Franaszek to compute an element �which is maximal in some
sense� of X �A� n� ��� whenever this set is nonempty ���� Section �������
Let G � �V�E� L� be an irreducible graph� A stationary Markov chain on G is a mapping

P � E � ��� �� such that
P

e�E�u� P�e� � � for every u � V � The value P�e� is viewed as
the probability of traversing an edge e � E�u� given that it is outgoing from state u� Every
stationary Markov chain P on G has a unique stationary probability vector � � ��u�u�V �
which satis�es X

u�V
�u

X
e�E�u� �
��e��v

P�e� � �v for every v � V ���

�see ���� Section �������� Note that if P takes rational values� then so do the components of
��
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The entropy H�P� of P is de�ned by

H�P� � 
X
u�V

�u
X

e�E�u�

P�e� log� P�e� �

The entropy satis�es H�P� 	 log� ��AG�� with equality attained by the maxentropic station�
ary Markov chain on G� which is denoted by PG� There is a simple method for computing
PG and the associated stationary probability vector ���� Section �������

Let S � S�G� be a constraint over an alphabet 	� A constraint S is irreducible if it
has an irreducible graph presentation� Every �irreducible� constraint S has an �irreducible�
deterministic graph presentation� If G is a deterministic presentation of S� then cap�S�G�� �
log� ��AG��

If S is a constraint presented by G� then Sq is the constraint presented by Gq and
cap�Sq� � q � cap�S��
Let S be a constraint over an alphabet 	 and n be a positive integer� An �S� n��encoder

is a graph E such that the following three conditions hold� �i� there are n outgoing edges
from each state in E 
 �ii� S�E� � S
 and �iii� any two distinct paths with the same initial
state and terminal state generate di�erent words�

An �S� n��encoder exists if and only if �log� n� 	 cap�S� ���� Theorems ���� and ������
�S� n��encoders can be constructed by the state�splitting algorithm from a deterministic
presentation G of S and an �AG� n��approximate eigenvector ���� Chapter ���

A tagged �S� n��encoder is an encoder E where the outgoing edges from each state in E
are assigned distinct input tags from � � f�� �� � � � � n
�g� The reader is referred to ����
Section ���� for a description of the encoding process using tagged encoders� An encoder E
is deterministic or �m� a��de�nite if the respective property holds for the untagged graph E �
A tagged �S� n��encoder E is �m� a��sliding block decodable if there is a decoding function

D � 	m�a�� � � such that all paths in E that generate a word

x � xmxm�� � � � x��x�x� � � � xa � S � 	m�a��

carry the same input tag� D�x�� on the edge that generates x�� An �m� a��de�nite encoder
is �m� a��sliding�block decodable with respect to any tagging�

A block decodable encoder is a ��� ���sliding�block decodable encoder� A block decodable
encoder is necessarily deterministic�

An encoder for a constraint S at rate p � q is an �Sq� �p��encoder� Such an encoder exists
if and only if its coding ratio� p�q� does not exceed cap�S�� The e�ciency of a rate p � q
encoder for S is de�ned by �p�q��cap�S��
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� Kronecker product of constraints and graphs

Let S� and S� be two constraints over alphabets 	� and 	�� respectively� The Kronecker
product of S� and S�� denoted S� � S�� is the set of all column words

x��� x���
x��� x���
���

���
x��� x���

over the alphabet 	� � 	� such that x��ix��i � � � x��i � Si for i � �� �� �While words in a
constraint are usually written as row words� it will be more convenient to regard the elements
in a Kronecker product as column words�� The notation S�q will stand for S � S � � � � � S
�q times��

Let G� � �V�� E�� L�� and G� � �V�� E�� L�� be two graphs� The Kronecker product of
G� and G�� denoted G� �G�� is a graph de�ned over the set of states

V� � V� �
n
hy� y�i � y� � V�� y� � V�

o
�

and
hy� y�i a�a�
� hz� z�i

is an edge in G� �G� whenever y�
a�� z� and y�

a�� z� are edges in G� and G�� respectively�
The adjacency matrix of G� �G� is the Kronecker product AG� � AG� and� therefore�

��AG��G�� � ��AG�� � ��AG��

�see ���� p� ����� One can easily verify that S�G� �G�� � S�G��� S�G���

Given a graph G � �V�E� L� with labeling L � E � 	� we will use the notation G�q for
G�G�� � ��G �q times�
 the set of states of G�q is given by V q � V �V �� � ��V � and each
edge of G�q is labeled by an element of 	q � 	� 	� � � � � 	� Clearly� �S�G���q � S�G�q�
and AG�q � A�q

G � AG � AG � � � � � AG� One can view the graph G�q as generating q
�column��tracks� in parallel� of the constraint S�G��
The pro�le of an element hyiiqi�� in V

q is de�ned as the integer vector �ru�u�V � where for
every u � V �

jfi � yi � ugj � ru �

That is� every state u � V appears exactly ru times among the components of hyiiqi���
Clearly�

P
u�V ru � q�

Techniques�such as the state�splitting algorithm� for constructing encoders from graph
presentations can be applied to G�q to obtain q�track parallel encoders for S�G��






Example ��� Let S be the constraint presented by a graph G with distinctly�labeled
edges and an adjacency matrix

AG �

�
B� � � �
� � �
� � 


�
CA �

In this case ���AG��
� � �� and� so� there is an �S�� ����encoder �i�e�� a rate � � � �nite�state

encoder for S�� and there is also an �S��� ����encoder� The e�ciency of each encoder is
������ log� ��AG� 
 ������
Next we check whether those encoders� when tagged� can be made block decodable�

Recall that every block decodable encoder must be deterministic
 namely� edges outgoing
from the same state are distinctly labeled� Conversely� every deterministic encoder whose
edges are distinctly labeled can be tagged so that it is block decodable�

Given a deterministic graph H� there exists a deterministic �S�H�� n��encoder if and only
if X �AH � n� �� �� � ���� Theorem 
����� TakingH � G�� we �nd by Franaszek�s algorithm that
X �A�

G� n� �� �� � if and only if n 	 ��
� Therefore� there is no deterministic �S�� ����encoder�
On the other hand� the vector

�� � � � � � � � ���

is an �A��
G � n��approximate eigenvector whenever n 	 ���� Since the edges of G�� are

distinctly labeled� it follows that there is a block decodable �S��� ����encoder�

� Parallel block decodable encoders

Let G � �V�E� L� be an irreducible deterministic graph and let P � E � ��� �� be a rational
stationary Markov chain on G with an associated rational stationary probability vector
� � ��u�u�V � Denote by 	 the smallest positive integer such that the values 	�uP�e� are
integers for all u � V and e � E�u�� Let q be a multiple of 	 and de�ne the integers qu � q�u
and qe � quP�e� for every u � V and e � E�u��

Next� consider the following subgraph� Gq � Gq�P�� of G�q� the states of Gq are all the
elements in V q whose pro�le is �qu�u�V � and

hy� y� � � � yqi a�a����aq
� hz� z� � � � zqi
is an edge in Gq if and only if

jfi � �yi ai� zi� � egj � qe for every edge e � E � ���

The requirement
P

e�E�u�P�e� � � implies
P

e�E�u� qe � qu� Furthermore� from ��� we have
for every v � V � X

e�E �
��e��v

qe �
X
u�V

X
e�E�u� �
��e��v

q�uP�e� � q�v � qv 


�



therefore� if hyiiqi�� is a state in Gq and hziiqi�� is an element of V
q that satis�es ���� then

the pro�le of that element must be �qu�u�V and� as such� it must be a state in Gq� It follows
that all states in Gq have the same out�degree� nq � nq�P�� which is given by the following
product of multinomial coe�cients

nq �
Y
u�V

qu�Q
e�E�u��qe��

�

Q
u�V �qu��Q
e�E�qe��

� ���

The next lemma follows from known approximations for multinomial coe�cients ����
p� ����� We include a proof for the sake of completeness�

Lemma ���
log� nq

q
� H�P� �O

�
�jEj log q��q

�
�

Proof� By the Stirling formula we have

log��t�� � t log��t�e� �O�log t� �

where e is the base of natural logarithms� Hence�

log� nq �
X
u

�
qu log� qu 


X
e�E�u�

qe log� qe
�
�O�jEj log q� �

Finally� substitute qu � q�u and qe � quP�e��

Lemma ��� Let S be a constraint and E � �V�E� L� be a deterministic �S� n��encoder
where jV jn � �� Then there exists a block decodable �S� n���encoder where

n� �
�

n

log
e
�jV jn�

�
�

Proof� Write n� � bn�tc where t � log
e
�jV jn� and denote by �� the set f�� �� � � � � n�
�g�

Let 	 be the alphabet of S and assume a uniform probability distribution over the ensemble
of all the functions of the form D � 	 � ��� Select randomly such a function and assign
accordingly input tags from �� to the edges of E � In fact� the term �input tag� is unjusti�ed
at this point� since from each state there will be outgoing edges that carry the same input
tag� Hence� we delete a minimal number of edges from E to form a graph E � where no two
outgoing edges from the same state are tagged the same� Yet� there may still be states in E �
whose out�degree is less than n�� We next bound from above the probability of this event�
assuming the uniform probability distribution over the ensemble of D�
The probability that a given input tag of �� will not be assigned to any of the outgoing

edges of a given state in E is �� 
 ���n���n� Hence� the probability of having at least one
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input tag of �� missing from the outgoing edges of at least one state in E is bounded from
above by

jV j � n� � ��
 ���n���n 
 jV j � n � ��
 ���n���n�t 
 jV j � n � e�t � � �

It follows that with strictly positive probability� the selected function D is such that E � is an
�S� n���encoder� Such an encoder is necessarily block decodable�
The following is the main result of this section�

Theorem ��� Let S be a constraint� There is an in�nite sequence of tagged encoders
fE�i�g�i�� such that each E�i� is a block decodable �S�q�i�� n�i���encoder and

lim
i��

log� n�i�

q�i�
� cap�S� �

Proof� Let G � �V�E� L� be an irreducible deterministic presentation of a constraint
S�G� � S such that cap�S�G�� � cap�S� � log� ��AG�
 such a graph G always exists ����
p� �
���� Let PG be the maxentropic stationary Markov chain on G and� for a given � � �� let
P be a rational stationary Markov chain on G such that H�P� � H�PG�
 �� We construct a
deterministic graphGq�P� with out�degree nq � nq�P� in each state where� using Lemma ����
we select q to be large enough so that

log� nq
q

� H�P�
 � � H�PG�
 �� �

On the other hand� nq 	 j	jq� where 	 is the alphabet of S� Recalling that the number of
states of Gq�P� is bounded from above by jV jq� it follows from Lemma ��� that there exists
a block decodable �S�q� n�q��encoder where

log� n
�
q

q
� log� nq

q

 log� loge

�
�jV j � j	j�q �O���

�
q

� log� nq
q


 � �

where the last inequality holds for su�ciently large q� The result follows by letting � go to
zero and recalling that H�PG� � log� ��AG� � cap�S��
We mention that there is a known counterpart of Theorem ��� for �Sq� n�i���encoders

�see Theorem ���� in �����
 in fact� the latter encoders are block encoders� i�e�� they have only
one state�

� Application to two�dimensional constraints

Next we turn to an application of parallel encoding to two�dimensional constraints�
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Let S � S�G�H� be a two�dimensional constraint� where G and H are �nite state�labeled
directed graphs with labeling over an alphabet 	� We denote by S���m� the set of all ��m
arrays in S� where the case � � � �respectively� m � �� corresponds to the set which consists
of one �empty� ��m �respectively� �� �� array� We will also use the notations

S��� �� �
��

m��

S���m�

and

S��� m� �
��
���

S���m� �

So� in the latter case� S��� m� consists of all arrays in S of width m� We can regard each row
in such an array as an element of the super�alphabet 	m� in which case S��� m� becomes in
e�ect a one�dimensional constraint� and we will treat it as such �e�g�� we will speak about
�S��� m�� n��encoders�� By the de�nition ��� of capacity it follows that

lim
m��

cap�S��� m��
m

� cap�S� �

In a two�dimensional setting� we will be interested in investigating encoders that encode
into elements of S��� m�� row�by�row� at coding ratios that approach cap�S� as m goes to
in�nity� Speci�cally� we will consider an in�nite sequence of graphs fEjg�j��� where each Ej
is an �S��� mj�� nj��encoder and the coding ratio� �log� nj��mj� satis�es

lim
j��

log� nj
mj

� cap�S� �

The additional sought property from each Ej is that it be block decodable� given an array
X � S��� mj� that was generated by the encoder� the recovery of the ith input tag �over an
alphabet of size nj� requires only the knowledge of row i of X�

A two�dimensional constraint S � S�G�H� is called horizontally primitive if there exist
a nonnegative integer B and a merging function

f �
��
���

�
S��� ��� S��� ��

�
� S��� B� �

such that for every two arrays W��W� � S��� ��� the image X � f�W��W�� is in S��� B� and

W�XW� � S��� �� �

The � � B array X is called a merging array of W� and W�� and the parameter B will be
referred to as the merging width of f �

For an array W � S with at least one row� denote by W � the array obtained by deleting
the last row in W �
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Let f be a merging function of a horizontally�primitive two�dimensional constraint S�
We say that f is causal if

�f�W��W���
� � f�W �

� �W
�
� �

for every �W��W�� � S����

�
S��� �� � S��� ��

�
� That is� for every two given arrays W� and W�

with � rows and for every i 	 �� the ith row of the merging array f�W��W�� depends only on
the �rst i rows of W� and W�� A horizontally�primitive two�dimensional constraint is called
causal if it has a causal merging function�

We present below several examples of causal horizontally�primitive two�dimensional con�
straints� �In Example ���� we also identify two state�labeled graphs G and H that de�ne the
constraint� Such a description can easily be obtained for each of the other examples��

Example ��� Fix kr and kc to be positive integers and consider the set S of binary
arrays in which each row satis�es the ��� kr��RLL constraint and each column satis�es the
��� kc��RLL constraint�

�The set S is a two�dimensional constraint that can be de�ned through state�labeled
graphs G and H as follows� The states of both graphs are all the binary kc � kr arrays� and
the label of each state is the lower�right �say� bit in that array� For every �kc���� kr array
Y in S� we endow H with an edge Y � � Z� where Z consists of the last kc rows of Y � The
construction of G is similar��

For the two�dimensional constraint S� we can take B � � with f�W��W�� being an all�one
column�

Example ��� Fix dr and dc to be positive integers and consider the set of binary arrays
where each row satis�es the �dr����RLL constraint and each column satis�es the �dc����
RLL constraint� Here we can select B � dr and f�W��W�� can be taken as the all�zero
array�

Example ��� Let dr� kr� dc� and kc be nonnegative integers such that kr � dr and
kc � dc� and consider the set S of binary arrays where each row satis�es the �dr� kr��SRLL
constraint and each column satis�es the �dc� kc��SRLL constraint�

Next� we modify the proof of Etzion in �
� �see also ���� and show that S is causal
horizontally�primitive by exhibiting a causal merging function f with a merging width B �
��dr 
 ���dr � ��� The values f�W��W�� for pairs �W��W�� � S��� ��� S��� �� will be de�ned
recursively over �� The recursion base corresponds to empty arrays and is therefore trivial�

Let W� and W� be two arrays in S��� �� where � � �� and assume that f has already been
de�ned for �W �

� �W
�
� �� The �rst �
� rows of f�W��W�� are given by

�f�W��W���
� � f�W �

� �W
�
� � �

It remains to specify the �th row of f�W��W���

��



Let b be the inverse of the binary value b �i�e�� � � � and � � ��� Denote by x� the
word that is formed by the last dr � � entries in the �th row in W�� and by x�dr�� the word
formed by the �rst dr � � entries in the �th row in W� �if the �th row of W��or W��is
shorter than dr��� then just extend it to that length by adding preceding�or trailing�bits
while maintaining the constraint along that row�� Write the �th row of f�W��W�� in the
form x�x� � � �x�dr��� where each block xi has length dr � �� Let xi��xi�� � � � xi�dr�� be the
components of xi� For � 	 i 
 �dr� the blocks xi are de�ned recursively by

xi �

�
xi����xi���� � � � xi���drxi���dr�� xi���dr�� if i �� dr
xi����xi���� � � � xi���drxi���dr�� x�dr���� if i � dr

�

and for �dr 	 i 
 �dr 
 �� the blocks xi are de�ned by the backward recursion

xi � xi���� xi����xi����xi���� � � � xi���dr �

We next show that the word x � x�x� � � �x�dr�� belongs to the one�dimensional �dr� dr����
SRLL constraint�

Consider �rst the blocks xi for i � �� �� � � � � dr
�� The block x� belongs to the �dr� dr����
SRLL constraint� Also� for i � �� the �rst dr bits in xi are the inverse of the last dr bits in
xi��� while the last two bits in xi are identical� It follows that for i � �� �� � � � � dr
�� each
block xi has a �switch�point� index ji � f�� �� � � � � dr��g such that xi�j � xi�ji when j 
 ji
and xi�j � xi�ji when j � ji� Furthermore� the index ji satis�es the recursion

ji �

�
ji�� 
 � if ji�� � �
� otherwise

� i � �� �� � � � � dr
� �

We thus conclude that the word x�x� � � �xdr�� belongs to the �dr� dr����SRLL constraint
and that all the bits in xdr�� are equal� A similar argument implies that xdrxdr�� � � �x�dr��
belongs to this constraint and that all the bits in x�dr�� are equal� And the same applies�
now by backward induction�to x�drx�dr�� � � �x�dr��� except that here the �rst block� x�dr �
is the one in which the bits are equal�

Hence� in order to establish that x belongs to the �dr� dr����SRLL constraint� it remains
to show that this constraint contains the words xdr��xdr and x�dr��x�dr� Now� this de�nitely
holds for the former word since� by construction� the �rst dr bits in xdr are the inverse of
the last dr bits in xdr��� As for the word x�dr��x�dr � recall that each of its sub�blocks� x�dr��
and x�dr � is either all�zero or all�one� On the other hand� by induction on i we have

xdr�i�dr�� � x�dr���i�� �

�
x�dr���� if i is even
x�dr���� if i is odd

� i � �� �� � � � � dr
� �

Therefore� x�dr � x�dr�� and� so� x belongs to the �dr� dr����SRLL constraint�

Writing X � f�W��W��� we conclude that the �th row inW�XW� belongs to the �dr� kr��
SRLL constraint� Turning to the columns of X� it follows by induction on � that each
column in X is either a column in W�W� or its inverse
 as such� it belongs to the �dc� kc��
SRLL constraint�

��



Example ��� Let S be the set of all binary arrays X � �xi�j� in which

xi�j � � �� xi�j�� � xi���j�� � xi���j�� � �

�whenever the indexes do not exceed the array boundaries�
 that is� no two ��s are adjacent
either horizontally or along any of the diagonals� We can select here B � �� with f�W��W��
taken as an all�zero column�

The two�dimensional constraint S was studied by Cohn in ���� motivated by the following
recording application� Each row in an array X � S represents a valid recording of a �one�
dimensional� track� while the di�erent rows indicate the contents of the same track after
every rewrite on that track
 that is� the row index is in fact a time index� It is required
that the contents of the track satisfy the �one�dimensional� ������RLL constraint and� in
addition� no two adjacent bits will be altered during one rewrite phase�

The capacity of S was shown by Golin et al� in ��� to be at least ����� and� using a
modi�cation of the Engel�Calkin�Wilf technique �������� it can be shown that this bound is
tight up to �at least� the third decimal place�

For the mentioned application� the recorded data needs to be encoded so that each row
can be decoded without the knowledge of any previous or subsequent rows� such rows are
simply unavailable when data is read from the track �this is the case of �encoder informed�
decoder uninformed� as de�ned by Wolf et al� in ��
��� The row�by�row tagged encoder must
therefore be block decodable�

It will follow from the next result that as the row �i�e�� track� length increases� there
exist block decodable encoders for S with coding ratios approaching capacity� As pointed
out in ���� there is a very simple block decodable encoder at rate � � � for S� when writing
data on the track� put a � after each input bit�

The following is the main result of this section�

Theorem ��� Let S be a causal horizontally�primitive two�dimensional constraint�
There is an in�nite sequence of tagged encoders fEjg�j�� such that each Ej is a block de�
codable �S��� mj�� nj��encoder and

lim
j��

log� nj
mj

� cap�S� �

Proof� Fix r to be a positive integer� It follows from Theorem ��� that there ex�
ists an in�nite sequence of graphs fE�i� r�g�i�� such that each E�i� r� is a block decodable
��S��� r���q�i�r�� n�i� r���encoder and

lim
i��

log� n�i� r�

q�i� r�
� cap�S��� r�� �

��



Fix now also i and let E � E�i� r�� q � q�i� r�� and n � n�i� r�� Let B be the merging width
of a causal merging function f of S� and de�ne the constant m � m�i� r� � �B � r�q 
 B�
Also� let G�m� be a graph presentation of S��� m�� For a nonempty subset � of states of G�m��
let A��� denote the set of all arrays

Y �W�X�W�X� � � �Xq��Wq

in S��� m� that satisfy the following conditions�

�� Wj � S��� r� and W�W� � � �Wq � S�E�

�� Xj � f�W�X�W�X� � � �Xj��Wj�Wj��� for j � �� �� � � � � q
�
 and�
�� � is the set of all terminal states of paths in G�m� that generate Y �

We next construct a graph E � as follows� The states of E � are all the subsets � of states
of G�m� such that A��� �� �
 for each state �� we designate a particular element Y � Y ���
in A���� The edges of E � are labeled by elements of S��� m�� and we endow E � with an edge

�
x
� �� ���

if and only if there is Z � A���� whose last row is x and Z� � Y ���
 so� if

Z �W�X�W�X� � � �Xq��Wq

then
Y ��� �W �

�X
�
�W

�
�X

�
� � � �X

�
q��W

�
q �

where X�
j � f�W �

�X
�
�W

�
�X

�
� � � �X

�
j��W

�
j � W �

j��� for j � �� �� � � � � q
��
The graph E � is a subgraph of the �subset construction� of a deterministic presentation

of S��� m� obtained from G�m� ���� Theorem ������� Hence� E � is deterministic and S�E �� �
S��� m�� Also� since f is a causal merging function of S� the out�degree of each state in E � is
the out�degree� n� of each state in E � Hence� E � is a deterministic �S��� m�� n��encoder�
Let D � �S��� r���q � f�� �� � � � � n
�g be a decoding function for E � and write the label x

of each edge ��� as
x � w�x�w�x� � � �xq��wq �

where wj � S��� r� and xj � S��� B�� We now de�ne a function D� over the set of edge labels
of E � by

D��x� � D�w�w� � � �wq� �

One can readily verify that D� is a decoding function for E �� Hence� E � is a block decodable
�S��� m�i� r��� n�i� r���encoder�
Taking now the limit over i� we obtain

lim
i��

log� n�i� r�

m�i� r�
� lim

i��
log� n�i� r�

�B � r�q�i� r�
�
cap�S��� r��
B � r

�

��



and taking the limit also over r yields

lim
r�� limi��

log� n�i� r�

m�i� r�
� lim

r��
cap�S��� r��
B � r

� lim
r��

r

B � r
� cap�S��� r��

r
� cap�S� �

This completes the proof�

Example ��� Let S be the two�dimensional constraint in Example ���� The �one�
dimensional� constraint S��� r� for r � � is presented by the deterministic graph G � �V�E� L�
in Figure ��

��
��

��
��

��
���� ����

��
�
���

����
�

���

� ���
�

���� ������ ��
���

��� ���
�	� ���
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Figure �� Graph G for Example ����

The adjacency matrix of G is given by

AG �

�
B�
� � �
� � �
� � �

�
CA �

and cap�S��� ��� � log� ��AG� 
 �������
Let Q be the stochastic matrix

Q �
�

��

�
B�
� �� �
� � ��
� � ��

�
CA �

and de�ne the stationary Markov chain P � E � ��� �� on G by

P�e� � �Q�u���e�
�AG�u���e�

for every u � V and e � E�u� �

The respective stationary probability vector is given by

� � �
��	

� �� 
� ����

�which is a left eigenvector of Q that is associated with the eigenvalue ��� The entropy of P
is approximately ������ �which is within ��� of the capacity of S��� ����

��



Next� we construct the graph Gq � Gq�P� for q � �� � ��� � �� ���� as in Section �� The
states of Gq are all the elements in V

q whose pro�le is

q � � � �� � �� 
� ���� � ��� �� ��� �� ���� �
and the out�degree of each state in Gq is given by

nq �
��� � �� ���� � �� ����

��� � �
���� � ������
 � ���� � ���
��� � �
�����

�see ����� The graph Gq is a deterministic ��S��� r���q� nq��encoder� We regard each output
of Gq as an array of width rq � � � �� ��� � ��� 
�� over the alphabet f�� �g�
�If we followed the proofs of Theorems ��� and ���� we would transform Gq at this stage

into a block decodable encoder by random tagging and deleting excess edges� Here we defer
the tagging until after the next step��

Recall that the merging width of S is B � � with a merging function that maps to
the all�zero column� We select m � �B � r�q 
 B � ��� ��� and obtain a deterministic
�S��� m�� nq��encoder E by putting a � after every r � � bits in each row of any array that
is generated by Gq� In fact� since G is ��� ���de�nite� then so are Gq and E 
 therefore� E is
��� ���sliding�block decodable with respect to every tagging of its edges�

Next� we apply Lemma ��� to E and conclude that there is a block decodable �S��� m�� n�q��
encoder E � whose coding ratio satis�es
log� n

�
q

m
� log�bnq� loge �jV j

qnq�c
m

� log�b�
������ log

e
������� � �������c

��� ���
� �� ���

��� ���

 ������ �

This is higher than the coding ratio of the simple encoder that just puts a � between any two
adjacent input bits in each row� Yet� we did need to encode into rather wide arrays in order
to achieve this improvement in the coding ratio� While enumerative coding techniques ����
Chapter 
� could yield a tractable implementation of the ��� ���de�nite encoder E � it still
remains open how one could implement e�ciently the block decodable encoder E �� given the
unstructured tagging of the latter�

Indeed� the convergence to capacity in Theorem ��� can be rather slow� using Franaszek�s
algorithm� we have veri�ed that there exist deterministic �S��� m�� n��encoders for m 	 �� if
and only if n 	 �dm��e �and the maximum degree is attained by putting a � between any two
adjacent input bits��

� Properties of Kronecker powers of graphs

Let S be a one�dimensional constraint that is presented by a deterministic graph G �
�V�E� L�� The design of �S��q�� n��encoders through the state�splitting algorithm makes use
of an �A�q

G � n��approximate eigenvector� As A�q
G has order jV jq � jV jq� the design can be

made simpler if smaller matrices or graphs are used instead� In Section 
�� and 
�� we show
that sometimes the building blocks of the code design can indeed be made smaller�

�




��� Irreducible components of G�q

It follows from ���� Lemma ���� that when designing an �S�q� n��encoder for a constraint
S � S�G�� it su�ces to consider only the constraints that are generated by irreducible
components of G�q �see de�nition in ���� Section �������� Indeed� as we show next� the graph
G�q can be reducible even when G is irreducible�

Let G be an irreducible graph with at least one edge �such a graph must contain a cycle��
The period of G is the greatest common divisor� p� of all the lengths of the cycles in G� The
graph G is called primitive if p � �� Two states u and v in G are congruent if there is a path
from u to v whose length is divisible by p� Congruence is an equivalence relation that induces
p equivalence classes� C�� C�� � � � Cp��� on the set of states of G� and the length of each path
from any state in Cj to any state in Cm is congruent to m
j modulo p� Furthermore� there
is a positive integer �� such that for every u � Cj and v � Cm and for every � � �� there is
a path from u to v of length �p�m
j ���� Section �������
For a state v in G� let C��v� be the equivalence class that contains v� It is easy to verify

by induction on the length of paths in G�q that for all states hyiiqi�� along a given path in
G�q� the q
� values

��yi�
 ��y�� � i � �� �� � � � � q �

when taken modulo p� are invariant� This� in turn� implies that G�q consists of pq�� isolated
subgraphs� each subgraph corresponds to a list �m�� m�� � � � � mq� � f�� �� � � � � p
�gq�� and
consists of all states

hyiiqi�� �
p���
j��

�
Cj � Cj�m� � Cj�m� � � � � � Cj�mq

�

with their incident edges in G�q �the indexes j�mi are taken modulo p�� Furthermore� each
such subgraph is irreducible with period p� It thus follows that G�q is irreducible if and only
if q � � or p � ��

��� 	A�qG � n
�approximate eigenvectors

Let G be a graph and A be the adjacency matrix ofG� In what follows� we relate the elements
of X �A�q� n� �� to those of X �A
q�� n� ��� where A
q� is a matrix of order

�
q�jV j��

q

�
�
�
q�jV j��

q

�
�

Note that this order is smaller than that of A�q whenever q � � and jV j � �
 for instance�
when jV j � �� the matrix A
q� has order �q���� �q���� while A�q has order �q � �q�
Let L�V� q� denote the set of all lists r � �ru�u�V of nonnegative integers such thatP

u�V ru � q
 note that L�V� q� consists of all possible pro�les of elements of V q and that

jL�V� q�j �
�
q�jV j��

q

�
� For r � L�V� q�� we let !�r� be the set of elements of V q whose pro�le

is r�

Let x � �xu�u�V be a list of jV j indeterminates and for every r � L�V� q�� de�ne the

��



multivariate polynomial

gr�x� �
Y
u�V

�X
v�V
�A�u�vxv

�ru
� �
�

The polynomial gr is homogeneous with total degree q and can be written in the form

gr�x� �
X

s�L�V�q�
gr�s

Y
u�V

xsuu � ���

where gr�s are nonnegative integer coe�cients and su is the component of s that is indexed
by u�

It follows from �
� and ��� that if y is an arbitrary element of !�r�� then for every
r� s � L�V� q��

gr�s �
X

z���s�

qY
i��

�A�yi�zi �

where yi and zi stand for the ith component in y and z� respectively� Observe that when the
rows and columns of A�q are indexed by elements of V q� we have

gr�s �
X

z���s�
�A�q�y�z ���

for every y � !�r��
Next� we de�ne the

�
q�jV j��

q

�
�
�
q�jV j��

q

�
matrix A
q� by

A
q� �
�
gr�s
�
r�s�L�V�q� �

This matrix is called in ���� pp� ��"�
� the qth power�matrix of A� but we will refrain from
using this term here to avoid confusion with the �ordinary� qth power of A� which is Aq�

Example ��� Let

A �

	
� �
�� �




and q � �� Assuming in this case that V � f�� �g and x � �x�� x��� we have L�V� �� �
f��� ��� ��� ��� ��� ��� ��� ��g�

g���i�i��x�� x�� � ��x��
��i���x� � x��

i � i � �� �� �� � �

and

A
�� �

�
BBB�

� � � ���
� � ��� 
�
� ���� ��� �
���� ��� �� �

�
CCCA �

Note that A�� is an �� � matrix in this case�

��



Proposition ��� Let A be a nonnegative integer square matrix �i�e�� an adjacency matrix
of a graph� and let q� n� and � be positive integers� Then X �A�q� n� �� �� � if and only if
X �A
q�� n� �� �� ��

Proof� Suppose that � � �
y�y�V q is an element in the �nonempty� set X �A�q� n� �� and
de�ne the vector � � ��r�r�L�V�q� by

�r � max
y���r�


y � r � L�V� q� �

We show that � � X �A
q�� n� ���

Given r � L�V� q�� let y � !�r� be such that �r � 
y� Then�

�A
q���r �
X

s�L�V�q�
�A
q��r�s�s �

X
s�L�V�q�

�s

X
z���s�

�A�q�y�z �

where the second equality follows from ���� Recalling that �s � 
z for every z � !�s�� it
follows that

�A
q���r �
X

s�L�V�q�

X
z���s�

�A�q�y�z
z �
X
z�V q

�A�q�y�z
z � �A�q��y � n
y � n�r �

Hence� � � X �A
q�� n� ���

Conversely� suppose that � � ��r�r�L�V�q� is in X �A
q�� n� �� and de�ne the vector � �
�
y�y�V q by


y � �r � y � V q �

where r � r�y� is the pro�le of y� For every y � V q with pro�le r we have�

�A�q��y �
X
z�V q

�A�q�y�z
z �
X

s�L�V�q�
�s

X
z���s�

�A�q�y�z � �A
q���r � n�r � n
y �

Therefore� � � X �A�q� n� ���

The proof of Proposition 
�� in fact shows that whenever the set X �A�q
G � n� �� is nonempty�

it contains an �A�q
G � n��approximate eigenvector whose components are identical at locations

that are indexed by states of G�q with the same pro�le� Recall that outgoing edges in G�q

from states with the same pro�le terminate in states with the same pro�le� It thus follows
that when using such an approximate eigenvector in the state�splitting algorithm� states with
the same pro�le in G�q can be split the same way� thereby resulting in an encoder with a
�uniform� structure� �On the other hand� such a restriction on the splitting can potentially
result in an encoder that is inferior in other respects� e�g�� possibly having a larger decoding
delay ������

��



Example ��� Let the constraint S be presented by a graph G with distinctly�labeled
edges and let the adjacency matrix of G be given by the matrix A in Example 
��� One can
verify that

cap�S� � log� ��AG� � log�
�
�� �

p
������

�

 ����� �

So� there is an �S�� �����encoder and also an �S��� �����encoder� The e�ciency of such en�
coders is ������� log� ��AG� 
 ������
Using Franaszek�s algorithm� we �nd that X �A
��

G � �
��� ���and�therefore� X �A��

G � ���� ���
is empty� This� in turn� implies that there is no deterministic �S��� �����encoder ���� Theo�
rem 
����� On the other hand� the set X �A
��

G � �
��� �� contains the vector �� � � ��� and� so�

X �A��
G � ���� �� contains the vector

�� � � � � � � ���

�that is� the only nonzero components of this vector are indexed by states h� � �i and h� � �i
of G��� and the respective values are � and ��� Hence� an �S��� �����encoder with three
states can be obtained by applying one round of state splitting to G��� Such an encoder is
��� ���de�nite and� therefore� it is ��� ���sliding�block decodable for every tagging of its edges�

We mention that in this example� the sum of the �two� components of every �A�
G� �

����
approximate eigenvector is at least �� and this sum is attained by the approximate eigenvector
�� ���� Using this vector� a ��� ���de�nite �S�� �����encoder with �ve states can be obtained
by applying one round of state splitting to G�� It follows from Corollary � in ���� that no
�S�� �����encoder can have less than �ve states�

��� Limitations

Examples ��� and 
�� demonstrate that there are cases where X �Aq
G� n� �� is empty while

X �A�q
G � n� �� is not� We do not have yet a characterization of all cases where this occurs� In

the next proposition we show that this cannot happen if G has two states and � � ��

Proposition ��� Let A be a nonnegative integer �� � matrix� Then� for every positive
integers n and q�

X �Aq� n� �� � � �� X �A
q�� n� �� � � �

Proof� Write

A �

	
a b
c d




where� without loss of generality� we assume that a� b 	 c� d
 otherwise� reverse the order
of the rows and columns in A� To maintain simple notations� we index the rows and columns
of A
q� by the integers �� �� � � � � q� where�using the notations in �
�"����

�A
q��i�j � g�q�i�i���q�j�j� for every � 	 i� j 	 q � ���

��



We extend the de�nition of A
q� in �
�"��� also to q � � so that A
�� is the �� � matrix
�
�
�
�

It follows from �
�� ���� and ��� that for every � 	 i 	 q and every integer j�	
�A
q����i�j
�A
q����i���j



�

	
a b
c d


	
�A
q��i�j
�A
q��i�j��



� ����

where we assume that �A
q��i�j � � when j 
 � or j � q�

For every � 	 i 	 q and j de�ne

t

q�
i�j �

X
��j
�A
q��i�� �

By ���� we obtain that the values t

q�
i�j satisfy for q � � the recurrence	

t

q���
i�j

t

q���
i���j



� A

	
t

q�
i�j

t

q�
i�j��



for every � 	 i 	 q and j � ����

Suppose that X �A
q�� n� �� is nonempty and let � � ��u�
q
u�� be a vector in X �A
q�� n� ���

We show that X �Aq� n� �� is nonempty by distinguishing between two cases�

Case �� a� b � d� We show that the vector � � �� ��� is in X �Aq� n� �� by �rst proving�
through induction on q� that

Aq� �
	
t

q�
i�i

t

q�
i�i��



for every � 	 i 	 q � ����

Starting with q � �� the matrix Aq � A� is the identity matrix and� so�

A�� � � �

	
t

��
���

t

��
����



�

Turning to the induction step� we apply the induction hypothesis and ���� to obtain

Aq��� � A�Aq�� � A

	
t
q�i�i

t

q�
i�i��



�

	
t
q���
i�i

t

q���
i���i



for every � 	 i 	 q � ����

Now� since c� d � a� b we have

A � � �a � b� � �

which� in turn� implies that
Aq��� � �a � b�q��� �

Recalling that a � b � d� we obtain

Aq��� �
	

dq��

�a� b�q��



�

	
t
q���
q���q��

t

q���
����



�

��



Combining the latter inequality with ����� we conclude that the two components of Aq���

satisfy
�Aq����� � t


q���
i�i and �Aq����� � t


q���
i�i�� for every � 	 i 	 q�� �

thereby proving �����

Having established ����� we let i be the smallest index u for which �u �� �� From the
inequality A
q�� � n� we obtain

t

q�
i�i � �A
q���i � n�i � n � ����

and noting that t

q�
i�i�� � t


q�
i�i � it follow from ���� that

Aq� � t

q�
i�i � � n � �

thus completing the proof of Case ��

Case 	� a� b 
 d� We show that e � �� ��� is in X �Aq� n� �� by proving �rst that

Aqe �
	
t

q�
i�i��

t

q�
i�i



for every � 	 i 	 q � ����

The proof is� again� by induction on q� with the induction base

A�e � e �

	
t

��
���

t

��
���



�

As for the induction step� from ���� we have

Aq��e � A�Aqe� � A

	
t

q�
i�i��

t

q�
i�i



�

	
t

q���
i�i��

t

q���
i���i��



for every � 	 i 	 q � ��
�

Furthermore� since A e � d e� it follows that Aq��e � dq��e� which� in turn� implies that

Aq��e �
	

�
�a� b�q��



�

	
t

q���
q���q��

t

q���
���



�

The latter inequality� when combined with ��
�� completes the induction proof of �����

Finally� we let i be the smallest index u for which �u �� �� From ���� and ���� we obtain
Aqe � t


q�
i�i e � n e �

as claimed�

Example ��� shows that Proposition 
�� is false when A has order �� �� and by padding
all�zero rows and columns one can obtain a counter�example for any larger matrix order�
Proposition 
�� becomes false also when we attempt to generalize it to sets X �Aq� n� �� and
X �A
q�� n� �� where � � � and q is an odd integer greater than �� We show this in our next
result�

��



Proposition ��� For every odd integer q � � and every positive integer � there is an
all�positive integer �� � matrix A and a positive integer n such that X �A
q�� n� �� �� � while
X �Aq� n� �� � ��

Proof� Let b and c be integers greater than � and let the matrix A and the integer n be
given by

A � A�b� c� �

	
� b
c �




and
n � n�b� c� � minf�bq� bcq��cg �

The upper�right entry in A
q� equals bq and the lower�left entry is cq� Hence� the vector

�� � � � � � � ���

belongs to X �A
q�� n� ���

We now turn to the matrix Aq� Letting � �
p
bc� we observe that the eigenvalues of A

are �� � and accordingly write

Aq �
�

��
�
	 p

b 
pbp
c

p
c


	
�� � ��q �
� ��
 ��q


	 p
c
p
b


pc p
b



�

Recalling that q is odd� we obtain

Aq � �q

�
� �

q
b�cq

c�b �

�
A �

where � goes to zero as � goes to in�nity� For every �Aq� n��approximate eigenvector �
� 
��
�

we thus have �
� �
 �n��q�

q
b�cq

c�b �
 �n��q�

�
A
	

�

�



� � �

which can be written when n��q � � as

q
c�b �

�
�n��q�
 �

�
	 
�


�
	

q
c�b

�n��q�
 �
�

Now� let b and c grow so that the ratio c�b approaches the �irrational� value q
p
�� The ratio

n��q then approaches � and � approaches zero� Hence�

lim
c�b� q

p


�
��
�� �

q
c�b �

q
p
� �

thereby implying that in the limit� the components of �
� 
��
� grow without bound� We

conclude that for every � � � there is a matrix A � A�b� c� and an integer n � n�b� c� such
that X �Aq� n� �� is empty while X �A
q�� n� �� is not�

��



We conjecture that if q is even� then for every nonnegative integer � � � matrix A and
every positive integers n and ��

X �Aq� n� �� � � �� X �A
q�� n� �� � � �

The next example presents another case where the set X �A�q
G � n� �� is empty whenever

X �Aq
G� n� �� is�

Example ��� Let G be a primitive graph and q a positive integer such that ���AG��
q

is an integer� Suppose that n is selected to be ���AG��
q� Recall that here both Gq and G�q

are primitive�

It follows from Theorems ��� and ��
 in ���� that all �Aq
G� n��approximate eigenvectors

are scalar multiples of the unique �up to scaling� right eigenvector of Aq
G that is associated

with the eigenvalue n� Denote by � � �
u�u�V the �A
q
G� n��approximate eigenvector whose

largest component�

max � max

u�V

u �

is the smallest among all �Aq
G� n��approximate eigenvectors� Then�

X �Aq
G� n� �� � � �� � 
 
max � ����

On the other hand� � is also the unique �up to scaling� right eigenvector of AG that is
associated with the eigenvalue ��AG�� It follows from Theorem ���� in ���� that

��q � � � � � � � � � � �q times�

is a right eigenvector of A�q that is associated with the eigenvalue n� Furthermore� by
Theorem ��
 in ����� every �A�q

G � n��approximate eigenvector � is a scalar multiple of ��q�
Observing that for all u � V � the integers 
qu�which are all components of �

�q�do not have
a common integer factor� it follows that � is an integer multiple of ��q� Hence�

X �A�q
G � n� �� � � �� � 
 
qmax � ����

By ���� and ���� we get that if X �Aq
G� n� �� is empty� then so is X �A�q

G � n� ���

� Conclusion

In this paper� we introduced the concept of parallel encoding of �one�dimensional� con�
straints� We showed by example that there are instances of constraints and rates for which
the parallel approach allows having block decodable encoders� while the conventional encod�
ing model does not� We then applied parallel encoding to show that for certain families of
two�dimensional constraints�including the family of two�dimensional SRLL constraints�
one can approach capacity by encoders whose decoders can reconstruct any row within an en�
coded array without the knowledge of previous or subsequent rows� We ended by a discussion

��



on some of the tools that were used in the encoder constructions� we presented properties of
Kronecker powers of graphs and derived conditions on the existence of �A�q� n��approximate
eigenvectors for nonnegative integer square matrices A�
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