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Abstract

A parallel constrained coding scheme is considered where p-blocks of raw data are
encoded simultaneously into g tracks such that the contents of each track belong to a
given constraint §. It is shown that as ¢ increases, there are parallel block decodable
encoders for § whose coding ratio, p/q, converges to the capacity of S. Examples are
provided where parallel coding allows block decodable encoders, while conventional
coding, at the same rate, does not. Parallel encoders are then applied as building blocks
in the construction of block decodable encoders for certain families of two-dimensional
constraints.

Keywords: Block decodable encoders; Kronecker product; Parallel encoding;
Runlength-limited constraints; Two-dimensional constraint.

1 Introduction

When sequences are recorded on a mass storage device, they typically need to belong to a
certain constrained system. A (one-dimensional) constrained system (in short, a constraint)
is defined by means of a labeled finite directed graph G = (V, E, L), with a set of states
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V', a set of edges F, and a labeling L : F — X of the edges, where ¥ is a finite alphabet.
The constraint which is generated by G is the set S = S(G) of all finite words that can be
obtained by reading the labels of the edges along the finite paths in G.

An alternative definition assumes a labeling of the states rather than the edges. The
definitions can be shown to be equivalent through the Moore form of G; see [18, p. 1653].

Examples of constrained systems include runlength constraints: the (d, k)-runlength-
limited (RLL) constraint consists of all binary words in which each runlength of 0’s between
consecutive 1’s is at least d, and no runlength of 0’s exceeds k. In a symmetric runlength
(SRLL) constraint, the runlengths of 0’s, as well as the runlengths of 1’s, are between d and
k, except that the first and last runlengths may be shorter than d.

The study of constrained systems is mainly aimed at designing coding schemes that
map arbitrary input binary sequences into words that belong to a given constraint S. A
commonly-used encoding model is that of a finite-state encoder at a fixed rate p : ¢, where the
input binary sequence is divided into blocks of length p, and each such p-block is mapped, in a
state-dependent manner, into a codeword of length ¢q. The sequence of generated codewords
forms a word that belongs to S. A primary requirement from encoders is that we should be
able to decode (reconstruct) the input binary sequence from the output constrained sequence.
It follows from Shannon’s converse-to-coding theorem [18, Theorem 3.21] that the coding
ratio, p/q, is bounded from above by the capacity of S, which is given by the limit

cap(S) = eli)rg) (1/0) -log, |SNEE .

Of particular interest are block decodable encoders. Such encoders can be decoded by a
block decoder, which maps every codeword of length ¢ into the respective p-block, indepen-
dently of the context of that codeword within the sequence of generated output codewords.
Whether a block decodable encoder exists depends on the constraint S and on the parame-
ters p and ¢. Block decodable encoders are preferable due to their simple decoding structure
and their immunity against error propagation.

In this work, we explore the possibility of obtaining simple coding schemes by encoding
several input streams simultaneously, i.e., in parallel. The coding model will still be a finite-
state encoder at a fixed rate p : ¢. Yet, an input p-block will be mapped into ¢ output
symbols, each belonging to a different track. The sequence generated along each track will
satisfy a given constraint S. (The constraints in different tracks do not necessarily have to
be the same, but we will be mainly interested here in the case where they do.) Decoding will
then be carried out by reading ¢ tracks at a time and reconstructing the respective input
p-block. If the resulting encoder is block decodable, such a reconstruction requires only the
knowledge of the current symbol in each track.

As we show in Section 3, there are cases where the parallel approach can allow having
block decodable encoders, while such encoders, at the same rate, are prohibited in the
conventional scheme where only one track is encoded (see Example 3.1). Then, in Section 4,
we show that when ¢ becomes large, the capacity of the constraint can be approached by



block decodable encoders.

Observe that in our model, the only dependency that exists between tracks is introduced
by the coding itself, and not by the constraint; so, in a recording application, we do not
assume any change in the channel description of each track, yet we allow to record more
than one track at a time. In that regard, our setting differs from the model studied by
Marcellin and Weber in [16] (see also Orcutt and Marcellin [19],[20]), where—based on phys-
ical features of the recording medium—the authors proposed relaxing the constraint along
tracks by introducing dependency between them. This in effect transformed the specifica-
tion of the recording channel into a two-dimensional constraint. Other attempts to increase
the recording density have been made recently by exploiting the fact that the recording
device is typically a surface: the recorded data is regarded as two-dimensional, as opposed
to the track-oriented one-dimensional recording model. This approach dictates new types of
constraints, which are two-dimensional rather than one-dimensional. For example, in opti-
cal recording [21, Ch. 3], a two-dimensional SRLL constraint with a prescribed parameter
d can guarantee that any ‘pit’ or ‘land’ on the recording surface is large enough so that
it can be detected from the reflection beam. See also Psaltis et al. [23] and Weeks and
Blahut [25]. Two-dimensional constraints are found also in holographic memories; see Brady
and Psaltis [1], Heanue, Bashaw, and Hesselink [9],[10], and Psaltis and Mok [22].

In general, a two-dimensional constrained system is defined by two state-labeled finite
directed graphs, G and H, with the same set of states V' and the same labeling L : V' — ¥
of the states. The two-dimensional constraint which is generated by G and H is the set
S = S(G, H) of all finite rectangular arrays X = [x; ;] over X, each of which can be associated
with an array U = U(X) = [u;;] over V such that the following three conditions hold:
(a) L(u;;) = x;; for all i and j; (b) each row in U is a path in G; and (c) each column in
U is a path in H. Letting S[¢, m] stand for the set of ¢ x m arrays in S, the capacity of a
two-dimensional constraint is defined by

cap(8) =, lim_(1/(tm) -log |S[t.m] 1)
As in the one-dimensional case, the limit indeed exists by sub-additivity (see Burton and
Steif [2], and Kato and Zeger [12]; the result in [12] is stated for the special case of runlength
constraints, but the proof actually applies to all two-dimensional constraints).

In Section 5, we apply parallel encoding to show that for two-dimensional constraints
that satisfy certain properties, capacity can be approached by fixed-rate block decodable
encoders; that is, the decoding of a row in an ¢ X m array requires only the knowledge of
the current row. Our result applies in particular to the family of two-dimensional SRLL
constraints.

Section 6 summarizes some properties of Kronecker powers of graphs, which are relevant
to the design of parallel encoders. A short conclusion of this paper is then given in Section 7.

The next section contains a short summary of some background material from Sections 2
and 3 in [18].



2 Background

Hereafter, the term ‘graph’ means a finite edge-labeled directed graph and ‘constraint’ means
a one-dimensional constraint, unless we explicitly say that the constraint is two-dimensional.
Let G = (V,E,L) be a graph with edge labeling L : E — Y. For each edge e € E, we
denote by 7(e) the terminal state of e in G. For a state u € V', we denote by E(u) the set of
outgoing edges from u in G. We will sometime use the notation u % v to stand for an edge
e € E(u) with 7(e) = v and L(e) = a. The constraint presented by G is denoted by S(G).

We say that a graph G is irreducible if for every pair of states (u,v) € V x V there is a
path from u to v in G.

A graph G is deterministic if for every u € V', the edges in E(u) are labeled distinctly.

Given nonnegative integers m and a, we say that a graph G is (m, a)-definite if all paths
in G that generate a word

T =TmTm 1---T 12071 -..T, € S(G) NTMHatl

coincide on their edge that generates .

The gth power graph GY is the graph with the same set of states as GG, but one edge for
each path of length ¢ in G, labeled by the word (of length ¢) that is generated by that path.

The adjacency matrix of G is denoted by Ag: the latter is a |V| x |V| matrix whose
rows and columns are indexed by V, and the (u,v)-entry, (Ag)y,v, in Ag is the number of
edges from u to v in G. By Perron-Frobenius theory, the spectral radius of Ag, denoted
A(Ag), is an eigenvalue of Ag. As for the gth power graph, we have Ags = (Ag)? and, so,
AMAge) = (MAg))“.

Let A be a nonnegative integer square matrix (such as an adjacency matrix of a graph)
and n be a positive integer. An (A, n)-approzimate eigenvector is a nonzero nonnegative
integer vector &€ such that A€ > ng, where the inequality holds component-by-component.
The set of all (A4, n)-approximate eigenvectors whose components are bounded from above
by (3 is denoted by X(A,n,3). It is known that X' (A, n,o0) # () if and only if n < A(A).
There is an algorithm due to Franaszek to compute an element (which is maximal in some
sense) of X(A,n, 3), whenever this set is nonempty [18, Section 3.1.4].

Let G = (V, E, L) be an irreducible graph. A stationary Markov chain on G is a mapping
P : E — (0,1] such that ¥ cpg,) P(e) = 1 for every u € V. The value P(e) is viewed as
the probability of traversing an edge e € E(u) given that it is outgoing from state u. Every
stationary Markov chain P on G has a unique stationary probability vector ® = (7y)uev,
which satisfies

dom Y, Ple)=m,  foreveryveV (2)

ueV e€EE(u) :

T(e)=v

(see [18, Section 3.2.3]). Note that if P takes rational values, then so do the components of
.



The entropy H(P) of P is defined by

— > m Y Ple)log, Ple) .

ueV e€E(u)

The entropy satisfies H(P) < log, A(A¢), with equality attained by the mazentropic station-
ary Markov chain on GG, which is denoted by Pg. There is a simple method for computing
P and the associated stationary probability vector [18, Section 3.2.3].

Let & = S(G) be a constraint over an alphabet ¥. A constraint S is irreducible if it
has an irreducible graph presentation. Every (irreducible) constraint S has an (irreducible)
deterministic graph presentation. If G is a deterministic presentation of S, then cap(S(G)) =

logy A(Ag).-

If § is a constraint presented by G, then SY is the constraint presented by GY and
cap(S?) = q - cap(S).

Let S be a constraint over an alphabet ¥ and n be a positive integer. An (S, n)-encoder
is a graph & such that the following three conditions hold: (i) there are n outgoing edges
from each state in &; (ii) S(€) C S; and (iii) any two distinct paths with the same initial
state and terminal state generate different words.

An (8, n)-encoder exists if and only if (log,n) < cap(S) [18, Theorems 3.20 and 3.21].
(S,n)-encoders can be constructed by the state-splitting algorithm from a deterministic
presentation G of § and an (Ag, n)-approximate eigenvector [18, Chapter 4].

A tagged (S, n)-encoder is an encoder £ where the outgoing edges from each state in €
are assigned distinct input tags from Y = {0,1,...,n—1}. The reader is referred to [18,
Section 3.3] for a description of the encoding process using tagged encoders. An encoder £
is deterministic or (m,a)-definite if the respective property holds for the untagged graph &.

A tagged (S, n)-encoder € is (m,a)-sliding block decodable if there is a decoding function
D : xmHatl 5 Y such that all paths in £ that generate a word

T =TmTm 1...T 1T0T] ... T, € SN EMTATL
carry the same input tag, D(x), on the edge that generates z5. An (m,a)-definite encoder
is (m, a)-sliding-block decodable with respect to any tagging.
A block decodable encoder is a (0, 0)-sliding-block decodable encoder. A block decodable

encoder is necessarily deterministic.

An encoder for a constraint S at rate p : q is an (89, 2P)-encoder. Such an encoder exists
if and only if its coding ratio, p/q, does not exceed cap(S). The efficiency of a rate p : ¢
encoder for S is defined by (p/q)/cap(S).



3 Kronecker product of constraints and graphs

Let & and S; be two constraints over alphabets ¥; and s, respectively. The Kronecker
product of §; and S,, denoted &7 ® S», is the set of all column words

T11 T12
Ta21 T22

Tpa1 Ty2

over the alphabet ¥; x ¥y such that zy,;29;...24; € S; for i = 1,2. (While words in a
constraint are usually written as row words, it will be more convenient to regard the elements
in a Kronecker product as column words.) The notation S®7 will stand for SR S®---® S
(g times).

Let Gy = (Vi, E1, L) and Gy = (Va, Ey, L) be two graphs. The Kronecker product of
GG, and G4, denoted G; ® Gy, is a graph defined over the set of states

V1><V2:{(y1y2> : y1€V1,y2€V2},

and

<y1 y2> == <Z1 22>

is an edge in G; ® G5 whenever y, 2 2, and Yo 2 2, are edges in Gy and G, respectively.
The adjacency matrix of Gy ® G5 is the Kronecker product Ag, ® Ag, and, therefore,

)‘(AGl®G2) = A(AGI) ) A(AGz)
(see [14, p. 84]). One can easily verify that S(G; ® G3) = S(G1) @ S(Ga).

Given a graph G = (V| E, L) with labeling L : E — X, we will use the notation G*? for
GRGE®---®G (q times); the set of states of G®? is given by VI =V xV x---x V' and each
edge of G®? is labeled by an element of X9 =¥ x ¥ x --- x ¥. Clearly, (S(G))%? = S§(G*®7)
and Ages = AS! = Ag ® Ag ® --- ® Ag. One can view the graph G®? as generating ¢
(column-)tracks, in parallel, of the constraint S(G).

The profile of an element (y;)7_, in V4 is defined as the integer vector (r,)yev, where for
every u € V,
Hi @ yi=u}|=ry.
That is, every state u € V appears exactly r, times among the components of (y;){_,.
Clearly, >, cv Tu = ¢.

Techniques—such as the state-splitting algorithm— for constructing encoders from graph
presentations can be applied to G®? to obtain g-track parallel encoders for S(G).



Example 3.1 Let § be the constraint presented by a graph G with distinctly-labeled
edges and an adjacency matrix

9 30
Ac=10 9 8
5 0 6

In this case (A(Ag))? > 27 and, so, there is an (§?,27)-encoder (i.e., a rate 7 : 2 finite-state
encoder for §), and there is also an (8%2,27)-encoder. The efficiency of each encoder is
(7/2)/logy AM(Ag) = 0.943.

Next we check whether those encoders, when tagged, can be made block decodable.
Recall that every block decodable encoder must be deterministic; namely, edges outgoing
from the same state are distinctly labeled. Conversely, every deterministic encoder whose
edges are distinctly labeled can be tagged so that it is block decodable.

Given a deterministic graph H, there exists a deterministic (S(H), n)-encoder if and only
if X(Ag,n,1) # 0 [18, Theorem 6.17]. Taking H = G?, we find by Franaszek’s algorithm that
X (A%, n,1) # 0 if and only if n < 126. Therefore, there is no deterministic (8%, 27)-encoder.
On the other hand, the vector

(111101110)7

is an (A%? n)-approximate eigenvector whenever n < 132. Since the edges of G®? are
distinctly labeled, it follows that there is a block decodable (§%2,27)-encoder. O

4 Parallel block decodable encoders

Let G = (V, E, L) be an irreducible deterministic graph and let P : E — (0, 1] be a rational
stationary Markov chain on G with an associated rational stationary probability vector
7 = (7y)uey- Denote by v the smallest positive integer such that the values vm,P(e) are
integers for all u € V and e € E(u). Let ¢ be a multiple of v and define the integers ¢, = ¢,
and ¢, = ¢, P(e) for every u € V and e € E(u).

Next, consider the following subgraph, G, = G4(P), of G®?: the states of G, are all the
elements in V7 whose profile is (g, )yey, and

s ooy S (2 2y 2y
is an edge in G, if and only if
i @ (i S 2z) =e}| =q. forevery edgeec E . (3)

The requirement Y- .. g,y P(e) = 1 implies 3 cp) ¢e = ¢u- Furthermore, from (2) we have

for every v € V,
Yot =Y, Y, qnPle) = qmy = @v;

ecE : UEV e€E(u) :
T(e)=v T(e)=v



therefore, if (y;)7_, is a state in G, and (z;){_, is an element of V7 that satisfies (3), then
the profile of that element must be (¢,)yey and, as such, it must be a state in G,. It follows
that all states in G, have the same out-degree, n, = n,(P), which is given by the following
product of multinomial coefficients

q“! HuEV(qu!)
= — ‘ A
. 1% HBEE(u) (QB!) HeeE(qe!) ( )

The next lemma follows from known approximations for multinomial coefficients [15,
p. 309]. We include a proof for the sake of completeness.

Lemma 4.1

bg%”q =H(P) +O((|E|logq)/q) -

Proof. By the Stirling formula we have
log, (t!) = tlogy(t/e) + O(logt) ,
where e is the base of natural logarithms. Hence,

logyng =Y (qulogydu — > aclogyq.) + O(|E|logyg) .
u ecE(u)

Finally, substitute ¢, = g7, and ¢. = ¢, P(e). O

Lemma 4.2 Let S be a constraint and € = (V, E, L) be a deterministic (S,n)-encoder
where |V|n > 2. Then there exists a block decodable (S,n’)-encoder where

Proof. Write n’ = |n/t] where t = log, (|V|n) and denote by Y’ the set {0, 1,...,n'—1}.
Let X be the alphabet of § and assume a uniform probability distribution over the ensemble
of all the functions of the form D : ¥ — Y'. Select randomly such a function and assign
accordingly input tags from Y’ to the edges of £. In fact, the term ‘input tag’ is unjustified
at this point, since from each state there will be outgoing edges that carry the same input
tag. Hence, we delete a minimal number of edges from &£ to form a graph £ where no two
outgoing edges from the same state are tagged the same. Yet, there may still be states in &’
whose out-degree is less than n'. We next bound from above the probability of this event,
assuming the uniform probability distribution over the ensemble of D.

The probability that a given input tag of Y’ will not be assigned to any of the outgoing
edges of a given state in £ is (1 — (1/n'))". Hence, the probability of having at least one

8



input tag of Y’ missing from the outgoing edges of at least one state in £ is bounded from
above by

Vi-n'-1—@Q/m) < |V]-n-1—-QQ/mN < |V]-n-et=1.

It follows that with strictly positive probability, the selected function D is such that £’ is an
(8,n')-encoder. Such an encoder is necessarily block decodable. O

The following is the main result of this section.

Theorem 4.3 Let S be a constraint. There is an infinite sequence of tagged encoders
{£(i)}22, such that each E(i) is a block decodable (S®1, n(i))-encoder and

m ——— = cap(S) .

Proof. Let G = (V, E, L) be an irreducible deterministic presentation of a constraint
S(G) C S such that cap(S(G)) = cap(S) = logy A(Ag); such a graph G always exists [18,
p. 1674]. Let Pg be the maxentropic stationary Markov chain on G and, for a given ¢ > 0, let
P be a rational stationary Markov chain on G such that H(P) > H(Pg) —e. We construct a
deterministic graph G,(P) with out-degree n, = n,(P) in each state where, using Lemma 4.1,
we select ¢ to be large enough so that

log,

270> H(P) — e > H(Pg) — 2.

On the other hand, n, < |X|9, where ¥ is the alphabet of S. Recalling that the number of
states of G,(P) is bounded from above by [V]?, it follows from Lemma 4.2 that there exists
a block decodable (§%7,n; )-encoder where

log, n;, S logyng log, log, ((|V| [EDT+ 0(1)) > logyng

q q q - q

where the last inequality holds for sufficiently large q. The result follows by letting € go to
zero and recalling that H(Pg) = log, A(Ag) = cap(S). O

We mention that there is a known counterpart of Theorem 4.3 for (87, n(i))-encoders
(see Theorem 3.22 in [18]); in fact, the latter encoders are block encoders, i.e., they have only
one state.

5 Application to two-dimensional constraints

Next we turn to an application of parallel encoding to two-dimensional constraints.



Let S = S(G, H) be a two-dimensional constraint, where G and H are finite state-labeled
directed graphs with labeling over an alphabet . We denote by S[¢, m] the set of all £ x m
arrays in S, where the case ¢ = 0 (respectively, m = 0) corresponds to the set which consists
of one ‘empty’ 0 x m (respectively, £ x 0) array. We will also use the notations

and

So, in the latter case, S[-, m| consists of all arrays in S of width m. We can regard each row
in such an array as an element of the super-alphabet ™ in which case S[-,m] becomes in
effect a one-dimensional constraint, and we will treat it as such (e.g., we will speak about
(S[-, m], n)-encoders). By the definition (1) of capacity it follows that

lim cap(S[-, m])

m— o0 m

= cap(S) .

In a two-dimensional setting, we will be interested in investigating encoders that encode
into elements of S[-, m], row-by-row, at coding ratios that approach cap(S) as m goes to
infinity. Specifically, we will consider an infinite sequence of graphs {&;}%2,, where each &;
is an (S[-, m;], nj)-encoder and the coding ratio, (log, n;)/m;, satisfies

The additional sought property from each £; is that it be block decodable: given an array
X € S[-,m;] that was generated by the encoder, the recovery of the ith input tag (over an
alphabet of size n;) requires only the knowledge of row ¢ of X.

A two-dimensional constraint S = S(G, H) is called horizontally primitive if there exist
a nonnegative integer B and a merging function

e U( [¢,-] x S[¢,-]) = S[-, Bl ,
such that for every two arrays Wi, Wy € S[¢, -], the image X = f(W;,Ws) is in S[¢, B] and

W XW, € S[E, ] .

The ¢ x B array X is called a merging array of Wi and W5, and the parameter B will be
referred to as the merging width of f.

For an array W € S with at least one row, denote by W* the array obtained by deleting
the last row in W.

10



Let f be a merging function of a horizontally-primitive two-dimensional constraint S.
We say that f is causal if
(f (Wi, Wa))" = fF(Wy, W3)

for every (W, W) € UZ’;(SV, | x S[¢, ]) That is, for every two given arrays W, and W,
with ¢ rows and for every i < ¢, the ith row of the merging array f(W;, W) depends only on
the first ¢ rows of W7 and W5. A horizontally-primitive two-dimensional constraint is called
causal if it has a causal merging function.

We present, below several examples of causal horizontally-primitive two-dimensional con-
straints. (In Example 5.1, we also identify two state-labeled graphs G and H that define the
constraint. Such a description can easily be obtained for each of the other examples.)

Example 5.1 Fix k, and k. to be positive integers and consider the set S of binary
arrays in which each row satisfies the (0, k;)-RLL constraint and each column satisfies the
(0, k¢)-RLL constraint.

(The set S is a two-dimensional constraint that can be defined through state-labeled
graphs GG and H as follows. The states of both graphs are all the binary k. x k, arrays, and
the label of each state is the lower-right (say) bit in that array. For every (k.+1) X k, array
Y in §, we endow H with an edge Y* — Z, where Z consists of the last k. rows of Y. The
construction of G is similar.)

For the two-dimensional constraint S, we can take B = 1 with f (W, W3) being an all-one
column. 0

Example 5.2 Fix d; and d, to be positive integers and consider the set of binary arrays
where each row satisfies the (d;, 00)-RLL constraint and each column satisfies the (d., c0)-
RLL constraint. Here we can select B = d, and f(WW;,W3) can be taken as the all-zero
array. []

Example 5.3 Let d, k., d., and k. be nonnegative integers such that k. > d, and
ke > d., and consider the set S of binary arrays where each row satisfies the (d., k;)-SRLL
constraint and each column satisfies the (d., k.)-SRLL constraint.

Next, we modify the proof of Etzion in [6] (see also [7]) and show that S is causal
horizontally-primitive by exhibiting a causal merging function f with a merging width B =
(3d, — 2)(d, + 1). The values f(Wy, W) for pairs (W7, Ws) € S[¢, -] x S[¢, ] will be defined
recursively over /. The recursion base corresponds to empty arrays and is therefore trivial.

Let W, and W, be two arrays in S|/, -] where ¢ > 1, and assume that f has already been
defined for (W, Wy). The first /—1 rows of f(W;, W,) are given by

(f(W, Wo))" = fW,W5) .

It remains to specify the ¢th row of f(WWy, Ws).

11



Let b be the inverse of the binary value b (i.e., 0 = 1 and T = 0). Denote by @, the
word that is formed by the last d. + 1 entries in the ¢th row in Wy, and by x34._; the word
formed by the first d. + 1 entries in the ¢th row in Wy (if the fth row of W;—or Wy—is
shorter than d, + 1, then just extend it to that length by adding preceding—or trailing—Dbits
while maintaining the constraint along that row). Write the ¢th row of f(W;,Ws) in the
form x x5 ... 2342, Where each block x; has length d. + 1. Let z;17;2...2;4,41 be the
components of x;. For 1 <14 < 2d,, the blocks x; are defined recursively by

o — Tic12Ti-1,3 - - - Tie1,d Tim1,ds 41 Tiel,dpt1 1L 1 F dy
[ — — — — — Lo )
Ti—12Ti-13 - Ti—1,d;Vi—1,de+1 T3d,r—1,1 if 1 = d,

and for 2d, < i < 3d, — 1, the blocks @x; are defined by the backward recursion

T; =Ti11,1 Ti41,10341,2Ti41,3 « - - Tit1,dy -

We next show that the word @ = xox; ... T34, 1 belongs to the one-dimensional (d, d,+1)-
SRLL constraint.

Consider first the blocks x; for i = 0,1,...,d,—1. The block &y belongs to the (d,, d,+1)-
SRLL constraint. Also, for ¢ > 0, the first d, bits in «; are the inverse of the last d, bits in
x;_1, while the last two bits in x; are identical. It follows that for ¢ = 0,1,...,d,—1, each
block x; has a ‘switch-point’ index j; € {1,2,...,d,+1} such that z;; = 7, j, when j < j;
and z; ; = x; ;, when j > j;. Furthermore, the index j; satisfies the recursion

o jia -1 g >1 o )
]l_{l otherwise ’ i=1,2,...,d—1.

We thus conclude that the word xox; ...x4 1 belongs to the (d;,d,+1)-SRLL constraint
and that all the bits in x4, _; are equal. A similar argument implies that x4 @y 1 ... T2, 1
belongs to this constraint and that all the bits in @54 1 are equal. And the same applies—
now by backward induction—to ®sq 24,11 - .. T34.—1, except that here the first block, xo4,,
is the one in which the bits are equal.

Hence, in order to establish that & belongs to the (d., d,+1)-SRLL constraint, it remains
to show that this constraint contains the words x4, x4 and xoq,_1224,. Now, this definitely
holds for the former word since, by construction, the first d, bits in &, are the inverse of
the last d; bits in &4 . As for the word @o4 @24, recall that each of its sub-blocks, @24 1
and xo4,, is either all-zero or all-one. On the other hand, by induction on ¢ we have

T3d,—1,1 if 7 is even

Tr'rlzfﬂ —1—i1 = _
drtidet 3d:—1-1, { T3q,—11 ifiisodd

Therefore, sy, = Taq, 1 and, so, x belongs to the (d,, d,+1)-SRLL constraint.

Writing X = f (W, W), we conclude that the ¢th row in W X W, belongs to the (d;, k;)-
SRLL constraint. Turning to the columns of X, it follows by induction on ¢ that each

column in X is either a column in W;W, or its inverse; as such, it belongs to the (d, kc)-
SRLL constraint. (]
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Example 5.4 Let S be the set of all binary arrays X = [z; ;] in which
rij =1 = Zij11 =Tip15-1 = Tip1,51 =0

(whenever the indexes do not exceed the array boundaries); that is, no two 1’s are adjacent
either horizontally or along any of the diagonals. We can select here B = 1, with f(W7, W)
taken as an all-zero column.

The two-dimensional constraint S was studied by Cohn in [4], motivated by the following
recording application. Each row in an array X C S represents a valid recording of a (one-
dimensional) track, while the different rows indicate the contents of the same track after
every rewrite on that track; that is, the row index is in fact a time index. It is required
that the contents of the track satisfy the (one-dimensional) (1,00)-RLL constraint and, in
addition, no two adjacent bits will be altered during one rewrite phase.

The capacity of S was shown by Golin et al. in [8] to be at least 0.535 and, using a
modification of the Engel-Calkin-Wilf technique [3],[5], it can be shown that this bound is
tight up to (at least) the third decimal place.

For the mentioned application, the recorded data needs to be encoded so that each row
can be decoded without the knowledge of any previous or subsequent rows: such rows are
simply unavailable when data is read from the track (this is the case of ‘encoder informed,
decoder uninformed’ as defined by Wolf et al. in [26]). The row-by-row tagged encoder must
therefore be block decodable.

It will follow from the next result that as the row (i.e., track) length increases, there
exist block decodable encoders for S with coding ratios approaching capacity. As pointed
out in [4], there is a very simple block decodable encoder at rate 1 : 2 for S: when writing
data on the track, put a 0 after each input bit. (]

The following is the main result of this section.

Theorem 5.1 Let S be a causal horizontally-primitive two-dimensional constraint.
There is an infinite sequence of tagged encoders {Ej};-";l such that each &; is a block de-
codable (S[-,m;],n;)-encoder and

1 .
lim 22 cap(S) .

J—=oo My

Proof. Fix r to be a positive integer. It follows from Theorem 4.3 that there ex-
ists an infinite sequence of graphs {€(i,7)}°; such that each £(i,r) is a block decodable
((S[-,7])®9%") n(i,r))-encoder and



Fix now also 7 and let £ = £(i,7), ¢ = q(i,r), and n = n(i,r). Let B be the merging width
of a causal merging function f of S, and define the constant m = m(i,r) = (B + r)q — B.
Also, let G[m] be a graph presentation of S[-,m]. For a nonempty subset I' of states of G[m],
let A(T) denote the set of all arrays

Y == W1X1W2X2 e Xq_lVVq

in S[-, m] that satisfy the following conditions:

1. W; € S-,r] and WiW, ... W, € S(&);
2. X] = f(W1X1W2X2 .. -Xj71Wj7Wj+1) for j = 1,2, .. ,q—l, and—

3. T'is the set of all terminal states of paths in G[m] that generate Y.

We next construct a graph £ as follows. The states of £ are all the subsets I" of states
of G[m] such that A(T') # ); for each state T', we designate a particular element Y = Y(T")
in A(T'). The edges of £ are labeled by elements of S[1,m], and we endow £’ with an edge

L2 (5)
if and only if there is Z € A(I") whose last row is @ and Z* = Y (I'); so, if
Z = Wi X\WyX,... X, W,
then
V() = Wy X;Ws X5 .. X W7,
where X = f(W; XiWs X5 ... X; W7, Wi,) for j=1,2,...,¢—1.

The graph &' is a subgraph of the ‘subset construction’ of a deterministic presentation
of §[-,m] obtained from G[m] [13, Theorem 3.3.2]. Hence, £’ is deterministic and S(&’) C
S[-,m]. Also, since f is a causal merging function of S, the out-degree of each state in £ is
the out-degree, n, of each state in £. Hence, £’ is a deterministic (S[-, m], n)-encoder.

Let D : (S[1,7])®? — {0,1,...,n—1} be a decoding function for £, and write the label &

of each edge (5) as

T =wWT1Weky...Ty—1Wy,
where w; € S[1,7] and x; € S[1, B]. We now define a function D' over the set of edge labels
of & by

D'(x) = D(wiws ... w,) .
One can readily verify that D' is a decoding function for £’. Hence, £ is a block decodable
(S[-, m(i, )], n(i, r))-encoder.

Taking now the limit over ¢, we obtain

i 10827(67) _pp logyn(i,r) _ cap(S[, 7))
i—00 m(Z, 7“) i—00 (B + T)q(l, T) B+r

Y

14



and taking the limit also over r yields

log (i) . cap(S[r) v cap(S[r))

Tll}rgg }i}% m(],’ 7“) B r—0o0 B _|_ r - T‘l)oo B _|_ r r - Cap(S) )
This completes the proof. L]

Example 5.5 Let S be the two-dimensional constraint in Example 5.4, The (one-
dimensional) constraint S[-, r] for r = 3 is presented by the deterministic graph G = (V, E, L)
in Figure 1.

g
000 000 /"

010 < ™ ;‘ ;; —I:I:!. 100 ]101
CO 010 l 001 I - )

101

Figure 1: Graph G for Example 5.5.

The adjacency matrix of G is given by

110
Ag=|1 1 3 |,
01 3
and cap(S[-, 3]) = logy M(Ag) =~ 2.0307.
Let ) be the stochastic matrix
1 5 12 0
Q= 17 1 4 12 |,

0 5 12

and define the stationary Markov chain P : E — (0, 1] on G by

(Q)U,T(e)
(AG)u,T(e)

The respective stationary probability vector is given by

Ple) = for every u € V and e € E(u) .

T =55 (5 60 144)

(which is a left eigenvector of @ that is associated with the eigenvalue 1). The entropy of P
is approximately 2.0270 (which is within 0.2% of the capacity of S[-, 3]).

15



Next, we construct the graph Gy, = G,(P) for ¢ = 17209 = 3,553, as in Section 4. The
states of G, are all the elements in V¢ whose profile is
q-m=17-(5 60 144) = (85 1,020 2,448),
and the out-degree of each state in G, is given by
85!-1,020! - 2, 448!
25! (60!)2 - (2401)* - 720! - (576!)3

(see (4)). The graph G, is a deterministic ((S[-,])®?, ny)-encoder. We regard each output
of G4 as an array of width rq = 3 - 3,553 = 10,659 over the alphabet {0,1}.

S 97162

nq:

(If we followed the proofs of Theorems 4.3 and 5.1, we would transform G, at this stage
into a block decodable encoder by random tagging and deleting excess edges. Here we defer
the tagging until after the next step.)

Recall that the merging width of § is B = 1 with a merging function that maps to
the all-zero column. We select m = (B + r)g — B = 14,211 and obtain a deterministic
(S[-, m], ng)-encoder € by putting a 0 after every r = 3 bits in each row of any array that
is generated by G,. In fact, since G is (1, 0)-definite, then so are G, and &; therefore, £ is
(1, 0)-sliding-block decodable with respect to every tagging of its edges.

Next, we apply Lemma 4.2 to £ and conclude that there is a block decodable (S[-, m], n;)-
encoder £ whose coding ratio satisfies
logy 1, _ logy [/ log, ([V]%n,)] _ logy 27152/ log, (3% - 27102)] 7,148
m m - 14,211 — 14,211
This is higher than the coding ratio of the simple encoder that just puts a 0 between any two
adjacent input bits in each row. Yet, we did need to encode into rather wide arrays in order
to achieve this improvement in the coding ratio. While enumerative coding techniques [11,
Chapter 6] could yield a tractable implementation of the (1,0)-definite encoder &, it still
remains open how one could implement efficiently the block decodable encoder £’, given the
unstructured tagging of the latter.

~ 0.5030 .

Indeed, the convergence to capacity in Theorem 5.1 can be rather slow: using Franaszek’s
algorithm, we have verified that there exist deterministic (S[-, m], n)-encoders for m < 21 if
and only if n < 2//2] (and the maximum degree is attained by putting a 0 between any two
adjacent input bits). ]

6 Properties of Kronecker powers of graphs

Let S be a one-dimensional constraint that is presented by a deterministic graph G =
(V, E,L). The design of (S(®?, n)-encoders through the state-splitting algorithm makes use
of an (A5?, n)-approximate eigenvector. As A5? has order |V|? x [V]9, the design can be
made simpler if smaller matrices or graphs are used instead. In Section 6.1 and 6.2 we show
that sometimes the building blocks of the code design can indeed be made smaller.

16



6.1 Irreducible components of G*1

It follows from [18, Lemma 2.8] that when designing an (S§®?, n)-encoder for a constraint
S = S(G), it suffices to consider only the constraints that are generated by irreducible
components of G® (see definition in [18, Section 2.5.1]). Indeed, as we show next, the graph
G®1 can be reducible even when G is irreducible.

Let G be an irreducible graph with at least one edge (such a graph must contain a cycle).
The period of G is the greatest common divisor, p, of all the lengths of the cycles in G. The
graph G is called primitive if p = 1. Two states v and v in G are congruent if there is a path
from u to v whose length is divisible by p. Congruence is an equivalence relation that induces
p equivalence classes, Cy, C1,...Cp_1, on the set of states of G, and the length of each path
from any state in C; to any state in C,, is congruent to m—j modulo p. Furthermore, there
is a positive integer {y such that for every v € C; and v € C,, and for every ¢ > /{; there is
a path from u to v of length ¢p + m—j [18, Section 3.1.2].

For a state v in G, let C),) be the equivalence class that contains v. It is easy to verify
by induction on the length of paths in G®? that for all states (y;)i_, along a given path in
G®? the ¢—1 values

1) =), i=2,3,...,q,

when taken modulo p, are invariant. This, in turn, implies that G®9 consists of p?~! isolated
subgraphs: each subgraph corresponds to a list (mg, ms,...,m,) € {0,1,...,p—1}7"! and
consists of all states

p—1
<yi>3:1 € U (OJ X Oj+m2 X Oj+m3 X X Oj+mq)

J=0

with their incident edges in G®? (the indexes j+m; are taken modulo p). Furthermore, each
such subgraph is irreducible with period p. It thus follows that G®7 is irreducible if and only
ifg=1lorp=1.

6.2 (Ag? n)-approximate eigenvectors

Let G be a graph and A be the adjacency matrix of G. In what follows, we relate the elements
of X(A®7,n, B) to those of X (Al n, 3), where Al9 is a matrix of order (‘H“;‘_l) X (qH‘;'_l).
Note that this order is smaller than that of A%? whenever ¢ > 1 and |V| > 1; for instance,

when |V| = 2, the matrix A% has order (g+1) x (g+1), while A®? has order 27 x 29.

Let L£(V,q) denote the set of all lists 7 = (r,)uey of nonnegative integers such that
Y ucv Tu = ¢; note that L£(V,q) consists of all possible profiles of elements of V¢ and that

IL(V,q)| = (‘H“q/‘*l). For r € L(V,q), we let ®(r) be the set of elements of V7 whose profile
is 7.

Let € = (x,)uev be a list of [V| indeterminates and for every r € L(V,q), define the

17



multivariate polynomial

gr(@) =TT (X (Do) ™. (6)

ueV veV
The polynomial g, is homogeneous with total degree ¢ and can be written in the form

ge(®) = > grs [I 23, (7)

seL(V,q) ueV

where g, ; are nonnegative integer coefficients and s, is the component of s that is indexed
by u.

It follows from (6) and (7) that if y is an arbitrary element of ®(r), then for every
r,s € L(V,q),

q

Iris = Z (A)yi,zi )
1

z2€P(s) 1=

where y; and z; stand for the ¢th component in y and z, respectively. Observe that when the
rows and columns of A®? are indexed by elements of V9, we have

9r,s = Z (A®q)y,z (8)

z2€®(s)
for every y € ®(r).

Next, we define the (“";'71) X (“";'71) matrix A7 by

Al = (gr,s) .

r,s€L(V,q)

This matrix is called in [14, pp. 85-86] the qth power-matriz of A, but we will refrain from
using this term here to avoid confusion with the (ordinary) gth power of A, which is A“.

0 8
A_<13 1)

and ¢ = 3. Assuming in this case that V' = {1,2} and @ = (z1,2,), we have L(V,3) =

{(3,0),(2,1),(1,2),(0,3)},

93—iy (T1,T2) = (8x2)* (131 +22)", i=0,1,2,3,

Example 6.1 Let

and
0 0 0 512
| 0 0 s o6
0 1352 208 8
2197 507 39 1
Note that A®3 is an 8 x 8 matrix in this case. ]
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Proposition 6.1 Let A be a nonnegative integer square matriz (i.e., an adjacency matriz
of a graph) and let q, n, and (3 be positive integers. Then X (A%, n,3) # O if and only if
XAl n, B) # 0.

Proof. Suppose that & = (§,),eve is an element in the (nonempty) set X'(A®9, n, §) and
define the vector u = (py)res(v,q) by

, = , L(V,q) .
pr = max &, 1€ (Viq)

We show that p € X (A9 n, 3).
Given r € L(V, q), let y € ®(r) be such that p, = &,. Then,

(A[Q]P')r: Z (A[Q])r,s,us: Z Hs Z (A®q)y,za

seL(V,q) seL(V,q) z€D(s)

where the second equality follows from (8). Recalling that p, > &, for every z € ®(s), it
follows that

(), > 3 Y (A7), = 3 (A0),.6 = (A7), > nE, = s,

SEL(V,q) z€P(s) zeVa

Hence, p € X (Al n, B).

Conversely, suppose that g = (u,)rer(vy) is in X (A, n, B) and define the vector & =

(gy)yEVq by
gy = Ur, Yy € Vq )

where r = r(y) is the profile of y. For every y € V7 with profile r we have,

(A®q£)y = Z (A®q)y,z§z = Z s Z (A®q)y,z = (A[q]u)r > Nty = ngy .

z2eVa s€L(V,q) 2€D(s)
Therefore, £ € X (A%, n, 3). ]

The proof of Proposition 6.1 in fact shows that whenever the set X' (A&7, n, 3) is nonempty,
it contains an (A%q, n)-approximate eigenvector whose components are identical at locations
that are indexed by states of G®? with the same profile. Recall that outgoing edges in G®4
from states with the same profile terminate in states with the same profile. It thus follows
that when using such an approximate eigenvector in the state-splitting algorithm, states with
the same profile in G®? can be split the same way, thereby resulting in an encoder with a
‘uniform’ structure. (On the other hand, such a restriction on the splitting can potentially
result in an encoder that is inferior in other respects, e.g., possibly having a larger decoding
delay [24].)
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Example 6.2 Let the constraint & be presented by a graph G with distinctly-labeled
edges and let the adjacency matrix of G' be given by the matrix A in Example 6.1. One can
verify that

cap(S) =logy, AM(Ag) = logg((l + \/E)/Q) ~ 3.421 .

So, there is an (8%, 2'%)-encoder and also an (§%%,2')-encoder. The efficiency of such en-
coders is (10/3)/logy A(Ag) ~ 0.974.

Using Franaszek’s algorithm, we find that X(A[G?’}, 210 1)—and,therefore, X' (AZ?, 210, 1)—
is empty. This, in turn, implies that there is no deterministic (§%3,2'%)-encoder [18, Theo-
rem 6.17]. On the other hand, the set X'(AZ 219, 2) contains the vector (100 2)T and, so,
X (AS?, 20 2) contains the vector

(10000002)7

(that is, the only nonzero components of this vector are indexed by states (1 1 1) and (2 2 2)
of G®3 and the respective values are 1 and 2). Hence, an (8%, 21%)-encoder with three
states can be obtained by applying one round of state splitting to G®3. Such an encoder is
(0, 1)-definite and, therefore, it is (0, 1)-sliding-block decodable for every tagging of its edges.

We mention that in this example, the sum of the (two) components of every (A%, 2'0)-
approximate eigenvector is at least 5, and this sum is attained by the approximate eigenvector
(2 3)T. Using this vector, a (0,1)-definite (S3,2'%)-encoder with five states can be obtained
by applying one round of state splitting to G3. Tt follows from Corollary 2 in [17] that no
(83,2'%)-encoder can have less than five states. ]

6.3 Limitations

Examples 3.1 and 6.2 demonstrate that there are cases where X (A{,n, 3) is empty while
X(A?;q, n, 3) is not. We do not have yet a characterization of all cases where this occurs. In
the next proposition we show that this cannot happen if G has two states and § = 1.

Proposition 6.2 Let A be a nonnegative integer 2 X 2 matriz. Then, for every positive

integers n and q,
X(A9n,1)=0 = XA n1)=0.

=(0a)

where, without loss of generality, we assume that a + b < ¢ + d; otherwise, reverse the order
of the rows and columns in A. To maintain simple notations, we index the rows and columns
of Al7 by the integers 0,1, ..., q, where—using the notations in (6)—(7)—

Proof. Write

(AD)ij = gg-iiy(q-1g) Torevery 0 <i,j<q. (9)
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We extend the definition of A% in (6)—(7) also to ¢ = 0 so that A is the 1 x 1 matrix (1 )
It follows from (6), (7), and (9) that for every 0 < i < ¢ and every integer j,

(A[q+1])i,j _[a b (A[q])i,j (10)
(Alt) c d )\ (A);, )
where we assume that (A[q])z-,j =0 when j <0orj>q.
For every 0 < < ¢ and j define

>

By (10) we obtain that the values t[ ) satisfy for ¢ > 0 the recurrence
1]
tE?L

Suppose that X (A%, n, 1) is nonempty and let g = (1,)?_, be a vector in X (Al n,1).
We show that X' (A9, n, 1) is nonempty by distinguishing between two cases.

4l
( H ) for every 0 <i<gandj. (11)
-

Case 1: a+b > d. We show that the vector 1 = (1 1)" is in X' (A% n,1) by first proving,
through induction on ¢, that

[4]
Al > < iﬁ > for every 0 <i<gq. (12)
ii—1

Starting with ¢ = 0, the matrix A9 = A" is the identity matrix and, so,

0]
A1=1= "% :
1
Turning to the induction step, we apply the induction hypothesis and (11) to obtain

1

AT = A(A1) > A £ (e f 0<i< 13

= A(A") d ll A orevery 0 <i<gq. (13)
z,z 1 i+1,2

Now, since ¢+ d > a + b we have
Al1> (a+0b)1

which, in turn, implies that
AT > (a+b)7HL .

Recalling that a + b > d, we obtain
A‘Z+11 > dq+1 — tf[lqjiﬂq+l
*\ e )= L™ )
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Combining the latter inequality with (13), we conclude that the two components of A%*11
satisfy
(A?T11), > tg'fiﬂ] and (A71), > tg?;:ll] for every 0 < i < ¢+1,

thereby proving (12).

Having established (12), we let ¢ be the smallest index u for which u, # 0. From the
inequality Ay > np we obtain

19 > (A ), > =n, (14)

1,0 =

and noting that tﬁ.?j,l > ¢l it follow from (12) that

A1 > 11 >0t

thus completing the proof of Case 1.
Case 2: a+b < d. We show that e = (0 1)" is in X (A% n,1) by proving first that

[4]
Ale > ( Zt;;]“ > for every 0 <i < gq. (15)

The proof is, again, by induction on ¢, with the induction base

0 to)
Ae:e:<t[0’} > .
0,0

As for the induction step, from (11) we have

4] o+l
Altle = A(A%) > A ( fat ) = ( ey ) for every 0 <i <gq. (16)
b bit1,i41

Furthermore, since Ae > de, it follows that A9"'e > d?*'e, which, in turn, implies that

+1 0 t[q:ll} +2
e (e ) = (1507)

The latter inequality, when combined with (16), completes the induction proof of (15).
Finally, we let i be the smallest index u for which p, # 0. From (14) and (15) we obtain

AqutE?jeZne,

as claimed. ]

Example 3.1 shows that Proposition 6.2 is false when A has order 3 x 3, and by padding
all-zero rows and columns one can obtain a counter-example for any larger matrix order.
Proposition 6.2 becomes false also when we attempt to generalize it to sets X' (A%, n, 3) and
X (A9 n, 3) where 8 > 2 and ¢ is an odd integer greater than 1. We show this in our next
result.
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Proposition 6.3 For every odd integer ¢ > 1 and every positive integer [3 there is an
all-positive integer 2 x 2 matriz A and a positive integer n such that X (Al n, 2) # () while
X(A9n,B)=10.

Proof. Let b and ¢ be integers greater than 1 and let the matrix A and the integer n be

given by
1 b
A_A(b,c)—<c 1)

n =n(b,c) = min {207, |?/2]} .
The upper-right entry in Al equals b? and the lower-left entry is ¢?. Hence, the vector

and

(100...02)7
belongs to X (A9, n,2).

We now turn to the matrix A?. Letting a = v/bc, we observe that the eigenvalues of A
are 1 + a and accordingly write

=g (VT W ) )

Recalling that ¢ is odd, we obtain

Aq:aq( € b/c) |
c/b €

where € goes to zero as a goes to infinity. For every (A% n)-approximate eigenvector (& &)

we thus have q b
<6_(Z//ba) e—<n//caq>><§l>20’

which can be written when n/a? > € as

)b VI
C/b.((n/a) )§§1§(n/oﬂ)—e'

Now, let b and ¢ grow so that the ratio ¢/b approaches the (irrational) value /4. The ratio
n/al then approaches 1 and e approaches zero. Hence,

lim =\/e/b=V2,

lim (6/6) = /o]

thereby implying that in the limit, the components of (& &)7 grow without bound. We
conclude that for every § > 1 there is a matrix A = A(b, ¢) and an integer n = n(b, ¢) such

that X' (A9, n, 3) is empty while X(A, n,?2) is not. ]
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We conjecture that if ¢ is even, then for every nonnegative integer 2 x 2 matrix A and
every positive integers n and [,

X(A%n,p) =0 = X(Anp5)=0.

The next example presents another case where the set X (qu, n, 3) is empty whenever

X(AL,n,B) is.

Example 6.3 Let G be a primitive graph and ¢ a positive integer such that (A(Ag))?
is an integer. Suppose that n is selected to be (A(Ag))?. Recall that here both G? and G®1
are primitive.

It follows from Theorems 3.1 and 3.6 in [18] that all (A%, n)-approximate eigenvectors
are scalar multiples of the unique (up to scaling) right eigenvector of AZ, that is associated
with the eigenvalue n. Denote by & = (&,)uer the (A%, n)-approximate eigenvector whose
largest component,

gmax = Iilea‘g( gu ’
is the smallest among all (A, n)-approximate eigenvectors. Then,
X(AGn,B) =0 = B <&nax- (17)

On the other hand, £ is also the unique (up to scaling) right eigenvector of Ag that is
associated with the eigenvalue A\(Ag). It follows from Theorem 43.3 in [14] that

Y =ERER---®E  (q times)

is a right eigenvector of A®? that is associated with the eigenvalue n. Furthermore, by
Theorem 3.6 in [18], every (ASY, n)-approximate eigenvector g is a scalar multiple of £%7.
Observing that for all u € V, the integers £Z—which are all components of £?—do not have
a common integer factor, it follows that g is an integer multiple of £€%¢. Hence,

XA n,B) =0 = pB<&i . (18)
By (17) and (18) we get that if X (A%, n, 3) is empty, then so is X (A5%, n, B). 1

7 Conclusion

In this paper, we introduced the concept of parallel encoding of (one-dimensional) con-
straints. We showed by example that there are instances of constraints and rates for which
the parallel approach allows having block decodable encoders, while the conventional encod-
ing model does not. We then applied parallel encoding to show that for certain families of
two-dimensional constraints—including the family of two-dimensional SRLL constraints—
one can approach capacity by encoders whose decoders can reconstruct any row within an en-
coded array without the knowledge of previous or subsequent rows. We ended by a discussion
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on some of the tools that were used in the encoder constructions: we presented properties of
Kronecker powers of graphs and derived conditions on the existence of (A%4, n)-approximate
eigenvectors for nonnegative integer square matrices A.
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