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Abstract

Constructions are presented of �nite�state encoders for certain �d� k��RLL con�

straints with DC control� In particular� an example is provided for a rate � � �	

encoder for the �
� ����RLL constraint that requires no look�ahead in decoding� thus

performing favorably compared to the EFMPlus code used in the DVD standard�
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� Introduction

In optical and magnetic recording systems� the bit stream that is written into the device
must satisfy certain constraints� The most common family of such constraints appears to
be that of the �d� k��runlength�limited �RLL� constraints� where the run of ��s between
consecutive ��s in the bit stream must have length at least d and no more than k for
prescribed parameters d and k� For example� bit streams recorded in the compact disk
and the DVD satisfy the ��� ����RLL constraint 	
�� 	��� 	
�� The set of all sequences
satisfying a given �d� k��RLL constraint can be described by reading the labels o� of
paths in the labeled directed graph as shown in Figure ��
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Figure �� Graph presentation of a �d� k��RLL constraint�

Given a binary sequence z�z�z� � � � that satis�es a given �d� k��RLL constraint� the
respective NRZI sequence over the bipolar alphabet f�����g is given by w�w�w� � � �
where wh �

Qh
i������zi� In addition to satisfying RLL constraints� recording applications

typically require also the suppression of the DC component of the recorded NRZI signal�
namely� the spectrum �i�e�� power spectral density� of the ensemble of NRZI sequences
should take small values in the neighborhood of zero frequency 	
� Ch� ��� 	��� 	��� 	����
Another parameter that measures the DC suppression is the running sum variation �in
short� RSV�� which is de�ned as the expected value of �����

P�
h��w

�
h when � � ��

Clearly� a smaller RSV indicates a better suppression of the DC component�

In order to satisfy a given constraint� a user�provided unconstrained data stream
should be encoded� namely� it needs to undergo a uniquely�decodable �or lossless� map�
ping into a constrained sequence� Encoders for constrained data usually take the form
of a �nite�state machine� A rate p � q �nite�state encoder accepts an input block of p bits
and generates a q�bit codeword depending on the input block and the current state of
the encoder� The sequences obtained by concatenating the generated q�bit codewords
satisfy the constraint�

Each encoder must have a decoder that recovers the input stream from the constrained
sequence generated by the encoder� The class of sliding�block decoders has the advantage
of limiting error propagation� An �m� a��sliding�block decoder reconstructs an input p�bit
block that corresponds to given received q�bit codeword on the basis of the local context
of that codeword in the received sequence� the codeword itself� as well as m preceding
codewords and a upcoming codewords� The parameter m is called the encoder memory
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and a is referred to as the anticipation� Thus� a single error at the input to a sliding�block
decoder can only a�ect the decoding of at most m�a�� consecutive codewords�

In addition to having sliding�block decoders� it is desirable that the code have the
highest rate possible� The rate of any encoder for a given constraint is bounded from
above by the Shannon capacity of that constraint� Table ��
 in 	
� p� ��� lists the Shannon
capacities of several �d� k��RLL constraints�

This work presents constructions of �nite�state encoders for certain �d� k��RLL con�
straints with DC control� Two examples are provided� The �rst example� presented in
Section �� is a rate ���
 encoder for the ��� ����RLL constraint� and the second example�
presented in Section �� is a rate ���� encoder for the ��� ����RLL constraint� Both en�
coders are sliding�block decodable with zero memory� and the ��� ����RLL encoder has
zero anticipation� DC control is achieved by letting as many input blocks as possible
be encoded into two possible codewords� the parity of number of ��s is di�erent in these
two codewords and� so� the respective NRZI sequences end with a di�erent polarity� thus
reversing the polarity of subsequent codewords� Furthermore� both codewords lead to
the same state� thus allowing local replacement of a codeword by its alternate without
a�ecting subsequent codewords� The spectral properties of the new ��� ����RLL encoder
are compared in Section � with two existing encoders for the same constraint at the same
rate� one of these encoders is the EFMPlus code which is part of the DVD standard�
Design considerations are summarized in Section 
�

One architectural feature of the design approach here is having a single compact
encoder table that contains the codeword tables of all states in an overlapping manner�
recognizing that sets of codewords that correspond to di�erent states can intersect� the
overlapping encoding table uses the very same entry in the table for each intersecting
codeword� regardless of the state from which this codeword is generated� Furthermore�
the speci�c ordering of the codewords in the table provides an easy mechanism of DC
control�

� �������RLL encoder with DC control

The Shannon capacity of the ��� ����RLL constraint is approximately ���
�� 	
� p� ����
We describe here a four�state encoder for this constraint at rate ���
�

Our encoder consists of a table of ��
 codewords� each �
 bits long� Table 
 lists
the codewords in hexadecimal form� At each encoding step� the encoder can be in one
of the following states� S�� S�� S���� or S
��� Each state is associated with a range of
runlengths which is re�ected in the state name� E�g�� state S
�� is associated with the
runlengths 
� �� and �� Encoding is carried out as follows� given an input byte b� a ten�bit
address is formed by pre�xing b with two bits� This two�bit pre�x depends on how the
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value of b �as an integer� compares with two thresholds� T� and T�� These thresholds�
in turn� depend on the current state of the encoder� The table of threshold values and
the table of pre�xes are presented in Table � �the notation � stands here for the �don�t
care� sign��

State Thresholds 
decimal� Pre�xes 
binary�
T� T� � � b � T� T� � b � T� T� � b � �	


S� ��� ��� � �� or �� ��
S� ��� ��� �� �� or �� ��
S��	 ��� �	� �� or �� �� �� or ��
S
�� ��� ��� �� or �� �� �� or ��

Table �� Thresholds and pre�xes for the ��� ����RLL encoder�

For example� if the current state is S
�� and the input byte is �
� �decimal�� then the
address will be ��
 � �
� � ����

The output codeword is the entry in Table 
 at the computed address and the next
encoder state is determined by the last runlength of the generated codeword�

In the example� the output codeword is ���������������� ���
� in hexadecimal no�
tation� and the next encoder state is S��

There are cases where more than one pre�x is possible� resulting in two di�erent
codeword candidates� To allow DC control� the encoder table is designed so that�to the
largest extent possible�those codeword candidates will have di�erent parity �odd�even�
of number of ��s� thereby inducing di�erent parity of sign changes �see 	�� for using a
similar idea in an unconstrained setting�� Furthermore� both codeword candidates lead
the encoder to the same state and� therefore� replacement of a codeword with its alternate
can be done within an output stream without a�ecting preceding or following codewords�
The decoder can recover the input byte regardless of the speci�c codeword candidate that
was chosen�

For example� if the current state is S� and the input is �� �decimal�� then the output
codeword can be either ���������������� or ����������������� Both codewords lead
to state S��

A schematic diagram of the encoder is shown in Figure �� Assuming independent
and uniformly distributed input� the expected percentage of input bytes within an input
sequence for which two codeword candidates exist is 
���� �this number is computed by
�rst �nding the stationary probability of being at each encoder state� see the discussion
towards the end of Section 
��

Decoding is carried out as follows� First� an address is found of a table entry that
contains the received codeword� The input byte is then obtained by truncating the two
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Figure �� Schematic diagram of the ��� ����RLL encoder�

most signi�cant bits �m�s�b��s� of the address where the codeword is located� Recalling
the terms de�ned in Section �� this is a ��� ���sliding�block decoder� i�e�� only the current
codeword is required for the decoding of the current input block�

Next we compare the encoder presented here with two encoders for the ��� ����RLL
constraint at rate ���
 that are presented in 	��� The �rst encoder therein� referred
to as the modi�ed EFM code� is ��� ���sliding�block decodable and uses a table of ��

codewords� each �
 bits long� This code di�ers from the conventional EFM code used in
the compact disk in that only two merging bit are inserted between codewords�

The spectra of the encoder presented here and the modi�ed EFM code were obtained
by simulation and are shown in Figure �� In both encoders� the decision between a
codeword and its alternate is done on�line by looking ahead at two upcoming input bytes
and minimizing the absolute value of the sum of the bipolar values in the NRZI sequence
that corresponds to the output binary sequence� The axes in the �gure are scaled to
match the respective �gures in 	��� the length of each input bit is assumed to be two time
units� and the NRZI sequence is normalized so that its amplitude is ��

p
�� By comparing

the two curves in Figure �� we conclude that in the low�frequency range� the spectrum
of the encoder presented here is �dB lower than that of the modi�ed EFM code� The
improvement of the new encoder over the modi�ed EFM code can be seen also through
the RSV values� simulation results show that the RSV of the new encoder�while looking






ahead at two input bytes�is �
��� whereas the RSV of the modi�ed EFM code �with the
same encoding look�ahead� is �
���

The second encoder presented in 	�� is the EFMPlus code� which is part of the DVD
standard� The encoding table of this encoder consists of �� ��
 codewords� each �
 bits
long� Unlike the modi�ed EFM code or the new encoder presented here� the EFMPlus
code is ��� ���sliding�block decodable� as the decoding of an input byte requires the knowl�
edge of two bits in the upcoming received codeword in addition to knowing the current
codeword� On the other hand� when comparing the spectrum of our encoder with the re�
spective curve of the EFMPlus code �Figure 
 in 	���� the two curves look very much alike�
In particular� both spectra take the value of approximately ���dB for the normalized
frequency value f � �����
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Figure �� Spectra of the new ��� ����RLL encoder and the modi�ed EFM code with two
merging bits� To maintain DC control� each encoder looks ahead at two upcoming input
bytes�

� �������RLL encoder with DC control

The Shannon capacity of the ��� ����RLL constraint is approximately ���
�� 	
� p� ����
We next describe an eight�state encoder for this constraint at rate �����
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Table � lists the encoder table which consists of ��� codewords� each �� bits long�
At each encoding step� the encoder can be in one of the following states� S�� S�� S�a�
S�a� S
a� S��
a� S��
b� or S���� The speci�c state depends on the last runlength of the
previous codeword and the l�s�b� of the previous input byte� as described in Table �� As

Last runlength of previous codeword L�s�b� of previous input byte Current state

� � S�
� � S�
� � S�a
� � S�a
� � S�a

	 or 
 � S	�
a
�� �� �� 	� or 
 � S��
b

�� � � S���

Table �� States in the ��� ����RLL encoder�

in the ��� ����RLL encoder of Section �� encoding is carried out by comparing the input
byte b to threshold values and adding suitable two�bit pre�xes� The threshold values and
the pre�xes are speci�ed in Table �� The output codeword is the entry in Table � at the

State Thresholds 
decimal� Pre�xes 
binary�
T� T� � � b � T� T� � b � T� T� � b � �	


S� ��� ��� � � ��
S� ��� ��� �� �� or �� ��
S�a ��	 ��
 �� �� or �� ��
S�a ��� ��
 �� �� or �� ��
S�a ��	 ��
 �� �� or �� ��
S	�
a ��
 ��
 �� �� or �� ��
S��
b ��
 ��� �� �� or �� ��
S��� ��� ��� �� or �� �� �� or ��

Table �� Thresholds and pre�xes in the ��� ����RLL encoder�

computed address� The next encoder state is determined by Table ��

Like in the previous encoder� DC control is attained by allowing certain input bytes to
have two di�erent codeword candidates with di�erent parity of number of ��s �that lead
to the same state�� Assuming that the input is independent and uniformly distributed�
the expected percentage of such input bytes within an input sequence is ������

The resulting encoder is ��� ���sliding�block decodable� as demonstrated by the fol�
lowing decoding scheme� First� an address is found of a table entry that contains the
received codeword� In case the codeword ends with a runlength of �� �� �� or �� then






that codeword appears only once in the table� In this case� the input byte is obtained
by truncating the two m�s�b��s of the address where the codeword is located� In case
the codeword ends with a runlength of �� �� 
� �� or 
� then it appears twice in the en�
coder table in two adjacent locations� By truncating the two m�s�b��s of the address the
input byte is determined except for its l�s�b�� the latter bit decodes to � if the next re�
ceived codeword is located in the encoder table at address smaller than ��� �this address
boundary is marked in Table ��� otherwise� the l�s�b� is ��

We can redirect into state S��
 all the codewords that lead to states S�a� S�a� S
a�
and S���� and delete those four states� By doing this� we obtain a four�state encoder for
the ��� ����RLL constraint� yet� the expected percentage of input bytes that have two
codeword candidates reduces to ��
��

The spectra of the eight�state and four�state encoders for the ��� ����RLL constraint
were obtained by simulation and are shown in Figure 
� where the encoding look�ahead
and the scaling of the axes are the same as in Figure 
� Compared with the encoder
in Section �� the reduction of the DC component here can be observed at signi�cantly
smaller frequencies� this is a result of the fact that the percentage of input bytes that
have two codeword candidates is much smaller here� The e�ect of that percentage is very
much apparent when comparing the performance of the four�state ��� ����RLL encoder
with the eight�state encoder in the low frequency range� the spectrum of the latter
encoder is approximately 
dB lower�

� Code design

In this section� we outline the principles that guided the design of the coding scheme
presented in Section �� The design does involve some heuristics� but still can be applied
to obtain similar coding schemes for other certain �d� k��RLL constraints� in particular�
similar principles guided also the design of the encoder in Section ��

��� State merging and state splitting

Let G denote the graph presentation of the ��� ����RLL constraint which is obtained from
Figure � by substituting d � � and k � ��� The adjacency matrix of G� denoted AG� is a
����� matrix whose rows and columns are indexed by the states �vertices� of G and the
�u� v�th entry of AG� denoted �AG�u�v� equals the number of edges from state u to state
v in G� The graph Gq is obtained from G in the following manner� The set of states
of Gq is the same as that of G� and each edge in Gq corresponds to a path of length q
in G� beginning at the initial state of the �rst edge of the path in G and ending at the
terminal state of the last edge of the path in G� The label of an edge in Gq is the word
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Figure 
� Spectra of the new rate ���� eight�state and four�state ��� ����RLL encoders�
with encoding look�ahead of two bytes�

generated by the respective path in G� The adjacency matrix of Gq equals Aq
G�

To obtain a rate ���� �nite�state encoder� we �rst invoke the technique of state splitting
of Adler� Coppersmith� and Hassner 	��� see also a summary in 	��� and 	���� We start by
computing an �A��

G � �
���approximate eigenvector� which is a nonnegative nonzero integer

vector x � 	 xu �
��
u�� such that A��

G x � ��x� where the inequality holds component by
component� The entry xu is referred to as the weight of state u� An �A

��
G � �

���approximate
eigenvector with components adding up to the smallest sum possible is given by

x � 	 � � � � � � � � � � � � � �T � ���

In particular� it can be veri�ed that any �A��
G � �

���approximate eigenvector must contain
a component which is greater than � 	��� Section ����
�� Combining this with Propo�
sition ���
 in 	���� it follows that any sliding�block decoder of any �nite�state encoder
for the ��� ����RLL constraint at rate ���� must have anticipation a � �� The encoder
we construct is ��� ���sliding�block decodable� furthermore� the l�s�b� of the current input
byte is the only bit whose decoding may require the knowledge of the next received code�
word� in addition to the current codeword� �We remark that in the case of the ��� ����RLL
constraint� there is an approximate eigenvector which is a ��� vector� Indeed� for this
constraint we presented a ��� ���sliding�block decoder in Section �� see also 	����

States � through �� have zero weight and therefore can be removed from G�� with all
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their incoming and outgoing edges� States � and � have the same weight and� in addition�
all words that can be generated by paths beginning at state � in G�� can also be generated
starting at state �� Therefore� state � can be merged into state � by redirecting edges
incoming to state � so that they terminate in state �� thereby allowing the deletion of
state � �see 	���� 	����� Similarly� states � through � can be merged into state 
� yet� to
obtain the encoder of Section � we merge only state � into state 
� That is� avoiding state
merging in certain cases is the mechanism by which we get more codewords that have
alternates and� thus� more DC control� �The same applies to the encoder in Section ��
we could merge states � through � into state � to obtain a ��� ����RLL encoder with three
states� however� to increase the DC control� we only merged states � through 
 into state
� and states 
 and � into state �� resulting in four states altogether��

After merging and deleting states� we obtain a graph H with the following seven
states� S�� S�� S�� S�� S
� S��
� and S���� States S� through S
 correspond to states �
through 
 in G��� state S��
 is obtained by merging state � into state 
 in G��� and state
S��� is obtained by merging state � into state � in G��� Note that the label �codeword�
of each edge in H uniquely determines the terminal state of that edge� in fact� the last
runlength in that codeword identi�es that terminal state� The �A��

G � �
���approximate

eigenvector x in ��� reduces to the �AH � �
���approximate eigenvector

y � 	 yu �u � 	 � � � � � � � �T �

Next we split states in H with weight greater than �� When a state u is split� two
or more descendant states are formed� The incoming edges to u are duplicated into each
of the descendant states� whereas the outgoing edges from u are partitioned among the
descendant states� In the graph H� there are four states that need to be split� namely�
states S�� S�� S
� and S��
� It can be veri�ed that each of these states can be split into
two states� resulting in descendant states each having at least �� outgoing edges� In fact�
after splitting� most states will have more than �� outgoing edges� which will allow having
alternate codewords and hence DC control�

We point out that the EFMPlus code in 	�� for the ��� ����RLL constraint can be
obtained in a similar manner by one state splitting� So� state splitting can lead to a gain
in DC control� On the other hand� our strategy to obtain DC control is limiting state

merging� We did invoke state splitting in the ��� ����RLL case not as a means to gain DC
control� but simply because it was required to obtain a ��� ����RLL encoder even if DC
were to be ignored� The application of state splitting is the reason for having anticipation
greater than � in this case� On the other hand� we did not have to �and therefore we did
not� apply state splitting to obtain the ��� ����RLL encoder in Section ��
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��� Setting up the table

Straightforward splitting of the four states with weight � in H may result in �� encoder
states� To reduce the number of encoder states and to obtain a compact codeword table�
we de�ne a certain order on the outgoing edges �or rather� their labels� from each state
in H and construct the encoding table based on that order�

Figure � presents the structure of the encoding table� The rectangle to the right
represents a table of ��� codewords� divided into runlength intervals� each runlength
interval contains the codewords whose �rst runlength falls within a given interval of
values� e�g�� all codewords that start with a runlength between � and 
 belong to one
runlength interval� Codewords ending with a runlength in the range ��
 are written twice
in the table� in two consecutive places� indeed� those codewords correspond to edges that
were duplicated due to the splitting of states S�� S�� S
� and S��
�

The two�sided vertical arrows to the left mark the locations of codewords that can
be generated from each state in H� The number of codewords �counting multiplicity�
that correspond to each state are written in parentheses under the state name� for every
state u� this number is equal to

P
v�AH�u�vyv� Note that the runlengths were clustered

into runlength intervals in the table in such a way that the interval boundaries separate
between segments of the table that correspond to di�erent states in H�

Figure � also shows a splitting of states S�� S�� S
� and S��
 which is marked by the
dashed line� In each one of those states� the outgoing edges are partitioned so that edges
labeled by codewords that are located at addresses � ��� belong to a descendant state
that inherits the name of the parent state with a su�x �a�� The rest of the edges belong
to the other descendant state that carries the su�x �b�� The number ��� was chosen so
that state S��
a will have at least �� outgoing edges� Note that a duplicated codeword
in the table corresponds to an incoming edge to a state that was split�

Observe that all codewords that can be generated from a given state form a contiguous
segment of the table� In fact� it follows from a result by Franaszek 	�� that this can always
be done for any �d� k��RLL constraint� Segments of the table that correspond to di�erent
states can overlap� thus resulting in a compact encoding table� Also� states S�b� S�b� S
b�
and S��
b are equivalent in that the sets of codeword sequences that can be generated
from each one of those states are the same� Therefore� we can combine those states into
one state which we call S��
b�

The current table already implies a coding scheme as follows� Encoding is carried
out by adding a two�bit pre�x to the input byte� This two�bit pre�x is chosen so that
the resulting address falls within the address range of the �contiguous� segment of the
table that corresponds to the current state� as determined by Figure �� in fact� in many
cases more than one pre�x is possible� Finding the right pre�x can be translated in a
straightforward manner into threshold comparison� leading to Table ��
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Figure �� Location of codewords generated from each state in H�

Recall that codewords that appear twice in the table occupy consecutive addresses�
By putting the �rst codeword in each such pair at an even address� the most signi�cant
seven bits of the current input byte are determined by the current received codeword�

As a �nal design stage� we reorder the codewords in our table so that the structure of
Figure � is maintained� while satisfying additional conditions to allow DC control� More
speci�cally� let a and a � �� be two addresses in the table� both belonging to the same
table segment corresponding to some state in H� Then� we require that� to the largest
extent possible� the following two conditions hold�

�C�� The terminal states of the codewords at addresses a and a��� should be the same�
this allows to replace a codeword with its alternate without a�ecting subsequent

��



encoded codewords�

�C�� The codewords at addresses a and a� �� should have di�erent parities �of number
of ��s��

We use the following heuristic procedure to reorder the table so that these two con�
ditions are satis�ed� Denote by 	x� y� a contiguous table portion that starts at address
x and ends at address y�� �inclusive�� Starting with s � ���� we look for the largest �
such that for every i � �� each of the table portions 	s���i� ����i� is entirely contained
in some runlength interval in the table �negative addresses are regarded as ����� We
also look for the largest h so that the portion 	s���� h���� is entirely contained in a
runlength interval� If � � h� we reorder the portion 	s���� h���� so that its ���s��pre�x
matches�according to conditions �C�� and �C���the portion 	s� ��� codeword by code�
word� This might not always be possible� but in many cases it is� partly because in many
cases h is signi�cantly larger than �� If � � h� we reorder the portions 	s���i� ����i�
simultaneously for i � �� to match 	s���� h����� This process is then re�iterated with
s � minf�� hg� until the whole table is scanned�

Applying this procedure to our table produces a reordering of the table where condi�
tion �C�� is fully met� whereas condition �C�� is satis�ed for all but �
 pairs of addresses�
The procedure can be generalized to any table�based rate p � q encoder for a �d� k��RLL
constraint with q � k that has been constructed along the lines of this section� and it
will �nd a full matching if there exists one whenever address �p in the table is an interval
boundary of one of the runlength ranges� �One can easily adapt this technique to handle
also the case where there are two interval boundaries in the table at a distance which is
close to �p��

The state diagram of the resulting encoder is a graph E with eight states� and the
adjacency matrix of E is an �� � matrix AE where all the rows are equal to

	 �� 
� �� �� �� �� �� � � �

Rows and columns are indexed by the encoder states� according to the following order�
S�� S�� S�a� S�a� S
a� S��
a� S��
b� and S��� �the entries in AE do not take into account
alternate codewords that are used for DC control�� The peculiarity of having equal rows
in AE for all encoder states is a consequence of the fact that the terminal states are the
same for codewords that are located in the table at addresses which are at distance ��

apart� Assuming independent and uniform distribution on the input bytes� the stationary
probability of entering a given encoder state u �see 	
� p� 
��� is obtained by dividing
�AE�v�u �for an arbitrary v� by ���

The discussion in this section has concentrated on the encoder design of Section ��
Similar design tools can be applied to obtain the encoder of Section �� as well as encoders
for other certain �d� k��RLL constraints�
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