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Abstract

We introducea shorttime kernelfor the Beltramiimageenhancingo w. The o w is implementedy “corvolving'
the imagewith a spacedependenkernelin a similar fashionto the solutionof the heatequationby a convolution
with a Gaussiarkernel. The kernelis appropriatefor smoothingregular (at) 2D images,for smoothingimages
paintedon manifolds,andfor simultaneouslysmoothingimagesand the manifoldsthey are paintedon.

The kernel combinesthe geometryof the imageandthat of the manifold into one metric tensor thus enabling
a naturaluni ed approachfor the manipulationof both. Additionally, the derivation of the kernel gives a better
geometricalunderstandingf the Beltrami o w and shaws that the bilateral lter is a Euclideanapproximationof
it.

On a practicallevel, the useof the kernelallows arbitrarily large time stepsas opposedo the existing explicit
numericalschemedor the Beltrami o w. In addition, the kernelworks with equaleaseon regular 2D imagesand
on imagespaintedon parametricor triangulatedmanifolds.We demonstrateéhe denoisingpropertiesof the kernel

by applyingit to varioustypesof imagesand manifolds.
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A ShortTime Beltrami Kernel

for Smoothinglmagesand Manifolds

. INTRODUCTION

DE basedalgorithmshave proven their worth in the elds of image processingand computervision. Non-
Plinear adwancedequationsare capableof excellent smoothingof imageswhile preservingtheir visually
importantfeatures.The geometricand variational origin of mary of thesemethodsaddsto the understandingf
their qualities. Importantrelatedwork include [1], [2], [3], [4], [5], [6]. [7]. [8], [9], [10], [11] and references
within.

TheBeltramiframewvork [12], [13] enablesstateof the artimageregularizationbasecdn geometricandvariational
soundgroundslt producesa spectrumof imageenhancingalgorithmsrangingfrom the  lineardiffusionto the
non-linear o ws. See[14] for the connectiorbetweerthe Beltrami o w andpreviously proposedeature-preserving
imagesmoothingalgorithms.Apart from regular ( at) 2D imagesthe framewvork wasusedfor textures,video,and
volumetricdata[15], aswell asfor orientationdiffusion [16].

Sochernet. al. [17], [18], [19] extendedthe Beltrami o w for imagespaintedon explicit andimplicit manifolds.
They have alsoshavn the Beltrami o w to be a generalizatiorof the harmonicmapsapproacHor enhancingmages
paintedon implicit manifolds[20], [21], [22]. In [23] they extend their resultsto imagespaintedon triangulated
manifolds.All theseimplementationf the Beltrami o w are doneby explicit numericalschemeghat requirean
upperboundon the time stepusedand might resultin mary iterations(semi-implicit schemesasedon operator
splitting, asdonein [24], [25], [26], exist only for gray level images).

Many methodsexist for the smoothingof meshesaindgraphicobjects.For arelevantapproachwherethe bilateral
Iter is usedfor meshdenoisingseg[27]. Seethereferencesherefor otherapproachebasednimageregularization
methods.Thereare also methodsfor the joint smoothingof manifoldsand the imagespaintedon them. For PDE
basedalgorithmssee[28] and[29], wherethe triangulatednanifoldsandtheimagesundego anisotropicdiffusions.
The numericalschemein [28] consistsof Loop's subdvision while [29] usesa nite elementdiscretizationin
space.Both use semi-implicit nite differencediscretizationsn time. Thesemethodsfor either manifold or for
joint manifold andimagesmoothingdo not enjoy the naturalandsimplegeometricamodelthatthe Beltramikernel
introduces.They usually do not have its smoothingquality, ef ciency and simplicity of implementation.

A shorttime kernel hasbeensuggestedor 1D non-lineardiffusion in [30] and an approximationfor the 2D
Beltrami operatorin [31]. In [11] a shorttime orientedGaussiarkernelis usedto implementvectorvaluedimage

regularization.Here we brie y review someof the ideasintroducedin [32], [33] and constructa 2D shorttime



kernel for the Beltrami o w. This kernel enablesthe implementationof the Beltrami ow by “convolving' the
image with the kernel, similarly to the solution of the heatequationby a cornvolution with a Gaussiankernel.
This implementatiorreplaceghe corventionalmethodof solving the rst variationof the Beltramifunctionalasa
gradientdescentPDE processhy the appropriatenumericalschemes.

On a theoreticallevel, the derivation of the kernelgivesa bettergeometricalunderstandingf the Beltrami o w
and shows that the bilateral Iter [34], [35], [36] is actually a Euclideanapproximationof it. For imagespainted
on manifolds, the kernel combinesthe geometryof the image and that of the manifold into one metric tensor
thus enablinga naturaluni ed approachfor the manipulationof both. The main practicaladvantagesf the kernel
include the ability to selectan arbitrary time stepfor the Beltrami o w and a straightforvard applicability of the
kernelto all commontypesof images(gray scale,color, paintedon manifolds,etc.) and manifolds(parametricand
triangulated).

In orderto computethe shorttime kernelwe needto calculategeodesidistancedbetweerpixelsin theimage.For
regular 2D imagesandimagespaintedon parametriomanifoldswe usefastmarching[37], [38], [39] on parametric
manifolds[40], [41]. For imagespaintedon triangulatedmanifoldswe usefastmarchingon triangulatedmanifolds
[42].

This paperis organizedas follows. Section2 describeghe Beltrami o w for regular 2D imagesandfor images
paintedon manifolds. The derivation of the shorttime kernelis presentedn Section3. Section4 reviews shortly
the methodfor calculatinggeodesiadistanceson the image manifold, which is requiredfor the implementationof

the shorttime kernel. The simulationsand resultsarein Section5 andthe conclusionappearsn Section6.

Il. THE BELTRAMI FLOW FOR IMAGES PAINTED ON MANIFOLDS

In the Beltrami frameavork [12], [13] the imageis regardedas the embedding , with  the 2-

dimensionaimagemanifold and the space-featurenanifold (see[43], [44] to learnaboutdifferentialgeometry

of manifolds). The imageis representedy , with  the
spatialcoordinates, the intensity componentsand . Gray level images,for instance have ,

and , seeFigure 1. The following derivation will assumethe more
generalcaseof color imagespaintedon parametricnanifoldsembeddedn , wherewe have and
theimageis . For othervaluesof and the

derivation is similar.

If we choosethe embeddingspaceto be Euclidean,its metric  is representedby the diagonalmatrix , with
onesin the rst rowsand inthenext . is therelative scalebetweenthe spatial coordinatesand the
intensity componentsSee[15] on the meaningof its value. Non-Euclideanrembeddingspaceswvere addressedn

[14], [45]. The metricelements  of the imageare derived from the metric elements  andthe embeddingoy
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Fig. 1. A graylevel imageaccordingto the Beltrami framevork
the pullback procedure
1)
with  thederwvative of  with respectto
The Beltrami o w is obtainedby minimizing the areaof the image manifold
- 2)
with respectto the embeddingwhere det . The correspondindzulerLagrangeequationsas
a gradientdescentrocessare
T (3)
with and the component®f the contravariantmetricsof the imagemanifold (the inverseof the metric

tensor ) andthe embeddingspace respectiely. Einsteins summationcorventionis used.The Christofel

symbols(also known asthe Levi-Civita coefcients) arede ned in termsof the metric

- 4)

Sincewe have chosenthe embeddingspace to be Euclideanwe have . See[14] for a detailedderivation.



In matrix form Equation(3) reads

—div ~ %)

Thesymbol s thelaplace-Beltramoperatomwhich is the extensionof the Laplacianto manifolds.Theresulting

diffusion o w for gray level imagesis

(6)

i.e., theimagesurfacemovesaccordingto the intensity componenbf the meancurvature o w . For a color image

paintedon a manifold the diffusion equationfor eachcomponenteads

()

This is a joint smoothingof the manifold andthe imagepaintedon it. For smoothingonly the manifold, Equation
(7) shouldbe appliedonly to the rst  component®f . Applying it to thelast components

will resultin only imagesmoothing.

I11. A SHORT TIME KERNEL FOR THE BELTRAMI FLOW

It canbe shown that applying the heatequation

8
to the 2D regular image for the duration is equialentto corvolving the image with a Gaussian
(linear) kernel

)
wherethe kernelis given by

— — (10)

An iteratve implementationof the PDE is replaced,n this approachpy a onestep lter.

In this sectionwe extendthis resultto the Beltrami o w. Becauseof the non-linearityof this o w (the Beltrami
operatordependn theimage ), a global (in time) kernelis impossible We thereforedevelop a shorttime kernel
thatif usediteratively, hasan equivalenteffect to that of the Beltrami o w.

The mainideabehindthe kernelis presentedn Figure 2 for a 1D signal.For the Gaussiarkernelthe amplitude

of the Itered signalat a speci ¢ pointis the sumof the neighboringpoints' amplitudesnveightedaccordingto their
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Fig. 2. Filtering a signalwith a linear Gaussiarkernel (top) and a nonlinearBeltrami kernel (bottom)

distancealongthe coordinateaxis. For the nonlinearBeltrami kernelthe weightingis accordingto the distanceon
the signalitself. The Beltrami kernel ‘resides'on the signal, while for the linear kernelthe Gaussianresides'on
the coordinateaxis.

In orderto develop the Beltrami kernelfor imagespaintedon manifoldswe replaceEquation(9) with

(11)

which we denoteby
(12)
This is not a corvolution in the strict sensebecause doesnot dependjust on the differences . In

generalthe coordinates arearbitrary local coordinateson the manifold. Thesecoordinatesare not a geometric
object and the differencebetweencoordinatestherefore,has no intrinsic meaning.We will justify our de nition

of a corvolution on a manifold after we develop the explicit form of the kernel. The generalform of  is
(13)

wherewe take, without loss of generality andomit from  the notationof dependeng on these

coordinateslt will bere-instatedateron by xing theintegrationconstantsNote,that doesnot dependon at



all, while is a regular function of andcanbe expandedas a Taylor series .In

orderto nd , we usethe factthatit shouldsatisfy Equation(7). Therefore,

(14)
The left handside of the equationis
_ _ (15)
For the right handside of Equation(14) we calculate
(16)
The secondderivative is calculatedsimilarly. The rst two leadingtermsthat multiply the exponentialare
(17)
Putting everythingtogether we get for the leadingorder
— — (18)
Equatingthe leadingtermsin Equations(15) and (18), yields
- (19)

with the gradientaccordingto the metric . This is the eikonal equationon the 2D image manifold, and its
viscosity solutionis a geodesicdistancemap  on this manifold. The methodfor ef ciently solving the eikonal
equationfor image manifoldsis reviewed in the next section.The coefcients, which dependon the spatial
variables,are solutionsof the PDEsthat are obtainedby equatingthe coefcients of powersof . It is not too
dif cult to be corvincedthat is a constant(see[30] for an exampleof sucha computation).

The resultingshorttime kernelis thereby



(20)

where is an arc-lengthelementon the image manifold, and is the geodesicdistancebetweentwo
points, and , on the image manifold. Note that in the Euclideanspacewith a Cartesiancoordinatesystem
. The geodesidistanceon manifoldsis thereforethe naturalgeneralizatiorof the difference

betweencoordinatesn the Euclideanspace lt is naturalthento de ne the corvolution on a manifold by

(21)

The updatestepfor jointly smoothingthe manifold and the imagepaintedon it is

(22)

As is the casewith Equation(7), the smoothingprocessanbe restrictedto eitherthe manifold or the imagesimply
by applying Equation(22) to the appropriatecomponent®of : in the last equationis
the neighborhoodf the point , Wherethe value of the kernelis above a certainthreshold.Becauseof the
monotonenatureof the fast marchingalgorithmusedin the next sectionfor the solution of the eikonal equation,
oncea point is reachedwhere the value of the kernelis smallerthan the threshold,the algorithm can stop and
therebynaturally boundthe numericalsupportof the kernel. The value of the kernelfor the remainingpoints of
the manifold would be negligible. Therefore the eikonal equationis solved only in a small neighborhoocf each
image point. is taken suchthat integration over the kernelin the neighborhood of the point equals
one.

The shorttime Beltramikernelin Equation(20) is very similar to the bilateral Iter kernel[34], [35], [36], which

for the Gaussiarcaseand Euclideanmetric is of the form

(23)



with and constants.

The differencebetweenthemis that the Beltrami kernel usesgeodesiadistanceson the image manifold, while
the bilateral kernel usesEuclideandistances.The derivation of the Beltrami kernel shows that the bilateral Iter
originatesfrom image manifold areaminimization. The bilateral Iter can actually be viewed as an Euclidean
approximationof the Beltrami o w. Anotherconnectionbetweenthe Beltrami o w andthe bilateral Iter appears
in [46].

The Euclideandistanceusedin the bilateral Iter, while being easierto calculate,doesnot take into account
the imageintensity valuesbetweentwo image pixels and thus ignoresconnectvity. A pixel can have a relatively
high kernelvalue,althoughit belongsto a differentobjectthanthat of the Itered pixel. The Beltramikerneltakes
this effect into accountand penalizesa pixel that belongsto a different ‘connecteccomponent'.That s, it is not
“asblind' asthe bilateral Iter to the spatialstructureof the image.Furthermorethe value of the bilateral kernel
for pixels closeto the smoothedpixel is not necessarilylarger thanthat of further away ones.This meansthat its

numericalsupportis not as effectively boundedasthat of the Beltrami kernel.

IV. SOLVING THE EIKONAL EQUATION ON IMAGES

As shown in the previous section,the constructionof the kernel for a pixel requiresthe calculation of the
geodesidistancedbetweenthe pixel andits neighborsWe placethe origin of the coordinatesystemof the image
( ) at the pixel. Next, in orderto solve the eikonal equationon the imagewe usethe fast marching
method.

Regular 2D imagesare parametriomanifolds,wherethe metric  is givenfor every pixel. Therefore calculating
the geodesicdistancesneededfor implementingthe kernel to theseimagesis done by an extensionof the fast
marchingmethod[37], [38], [39] to parametricmanifolds[40], [41]. The samemethodis usedfor imagespainted
on parametricmanifolds. For images painted on triangulatedmanifolds we use fast marching on triangulated
manifolds[42]. In [40], [41] the calculationsare doneon the 2D parameterizatiomplane.In [42] the calculations
arerestrictedto the 2D imagemanifold (that can be embeddedn of ary  or ary othermanifold). Sincefor
colorimagespaintedon manifoldsandembeddedn  we alreadyhave , calculatingthe distancesxplicitly
on the 2D imageis advantageousThis is contraryto methodssuchas[47] wherethe calculationsare donein
inside a bandaroundthe manifold.

The original fastmarchingmethodsolvesthe eikonal equationin an orthogonalcoordinatesystem.In this case,
the numericalsupportfor the updateof a grid point consistsof one or two points out of its four neighbors.For
images,where , We get a non-orthogonakoordinatesystemon the image, seeFigure 3. The numerical
supportshouldinclude non-neighboringgrid points (pixels). For parametricmanifoldsthe methodusesthe metric

of the image at eachpixel in orderto nd the pixels usedfor the numericalschemeln the caseof triangulated
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manifolds,the triangulationis givenin advanceandit determineghe numericalsupportfor eachvertex.

X
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Fig. 3. The orthogonalgrid on the parameterizatioplaneis transformednto a non-orthogonabne on the imagemanifold.

The updatedpixel togetherwith the two otherpixelsin its numericalsupportconstitutethe verticesof atriangle.
This triangleis the numericalstencilfor updatingthe pixel. If thetriangleis obtuse,it shouldbe split andreplaced
by two acutetriangles.For parametricnanifoldsthe splitting is doneaccordingto the metric at the updatedpixel,
see[40], [41]. For triangulatedmanifoldsan “unfolding” schemeis used,see[42].

After this pre-processingtage all the trianglesin the numericalgrid areacute,asin Figure4. The gure shows
the methodby which the vertex (pixel) is updatedaccordingto the vertices and . Theobjectiveisto nd
suchthat — anduseit to calculate basedon and

The numericalschemeaccordingto [42] is

Solwve the quadraticequation

If and — ——, then . Else,

The numericalschemedescribedn the previous paragraptenableghe updateof a pixel accordingto two of its

neighborsIn orderto usethis schemeto generatehe entire distancemap the following algorithm[38] is used.

Initialization :
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Fig. 4. The numericalstencil usedto update accordingto and

1) The pixel at the origin (for which the kernelis constructed)s de ned as Acceptedandgiven aninitial value
of zero.

2) All the otherpixels arede ned as Far and given the valuein nity .
Iterations:

1) Far “neighbors'of Acceptedpixels arede ned asClose

2) The valuesof the Closepixels are updatedaccordingto the numericalscheme.

3) The Closepixel with the minimal value becomesan Acceptedpixel.

4) If thereremainary Far pixels, returnto stepl.

We usethe term “neighbors'to describepixels that belongto the samenumericalstencil. Thesepixels are not
necessarilyneighboringpixels in the image.We nd these neighbors'during the pre-processingtagedescribed
previously.

The compleity of the algorithm for triangulatedmanifoldsis upperboundedby
(24)

where is the numberof pixelsin the image.The resultsfrom using a min-heapdatastructurefor sorting

the Closepixels [38]. The compleity of the algorithmfor parametricmanifoldsis upperboundedby
— (25)

wherethe componentf  are calculatedat eachpixel. The term —— originatesfrom the splitting

proceduresee[40], [41]. Sincethereis no needto useall the pixelsin theimagein orderto updateonepixel (the
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valueof the kernelfor mostof thesepixelsis negligible), we canboundin advancethe neighborhoodn which the

eikonal equationis solved. Thus, we decreasesubstantiallythe practicalcompleity of the algorithm.
Theaccurag of the numericalschemeas , Where is thelengthof thelongesttriangleedgein the numerical

grid. It is determinedor triangulatedmanifoldsaccordingto the given triangulationand for parametricmanifolds

accordingto the local metric at the imagepixels.

V. SIMULATIONS AND RESULTS

Figure 5 shows the denoisingof a regular 2D color image corruptedby zero mean Gaussiamoise using the
shorttime Beltramikernel.In this case , the time steptaken was , andonly grid pointswith a kernel
valueabove were usedfor the ltering. The dynamicrangeof the color componentsvas between0 and 1.

The useof pixels with a weight larger than resultedin an averageof 21 neighboringpixels that take part
in the Itering of eachimage pixel. When the thresholdis reachedthe fast marchingalgorithmis stopped,and
the calculationof the distanceto unnecessaryoints is avoided. In order to make the fast marchingalgorithm
even faster we can boundin adwancethe neighborhoodn which the eikonal equationis solved. This way, the
pre-processingtageof the algorithm, including the splitting of obtuseangles,is doneonly for relevant pixels. In
Figure 5 the size of this neighborhoods

In orderto demonstratdhe spatial structureof the kernel, we testedit on the syntheticimagein Figure 6. At
isotropic areasof the image, the kernelis isotropic and its weightsare determinedsolely by the spatialdistance
from the ltered pixel. Acrossedgesthe signi cant changein intensityis translatednto a long geodesiaistance,
which resultsin negligible kernelweightson the othersideof the edge.The Itered pixel is computedasanaverage
of the pixels on the ‘right' side of the edge.

Figure7 shonvstheimplementatiorof the Beltramikernelto imagespaintedon manifolds.The gure demonstrates
the differencebetweensmoothinga noisy color imageasa regular 2D imageand smoothingit asanimagepainted
on its original manifold. The noiseaddedis a zero meanGaussiamoise and for the kernel , the time step
taken was , andonly grid pointswith a kernel value above were usedfor the ltering. An average
of 5 pixels were usedin the kernel as a result of thesevalues.Both methodsremore the noise, but smoothing
the image on the manifold better preseres the edgesof the image sincetheseedgescoincide with thoseof the
manifold. This canbe seenalsoin Figure 8 which containsa plot of the signalto noiseratios (SNR) of the images
smoothedaccordingto the two approachesA better SNR is achiesed by smoothingthe image on the manifold,
andthis SNR deterioratesnuch slower if the imageis over smoothed.

Figure9 shows the smoothingof a triangulatedacemanifold with Gaussiamoiseaddedto it. After oneiteration
of the Beltrami kernel (t=2.0) the addednoiseis removed. After the seconditeration the scanningerrorsin the

original manifold are also smoothedaway. Since every vertex in the triangulationis moved independentlyof its
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neighborsthe uniformity of the triangulationmight be degraded.This can be correctedby re-triangulationof the
manifold [48], againusingthe fastmarchingmethodon manifolds.

Figure 10 demonstrateshe joint smoothingof a manifold and the image paintedon it. To the scannedface
manifold and faceimagewere addedGaussiamoiseswhich areindependenfrom one another It is evident from
the gure that mostof both noisesis removed. The amplitudeof the remainingnoisesignalsis too large andthe
boundarieghey createpreventthe o w from smoothingthem. This is more noticeablein the face manifold than

in the faceimage.

V1. CONCLUSION

We have presentedh shorttime kernelfor the Beltrami o w for regular 2D images,imagespaintedon manifolds,
and the smoothingof the manifolds themseles. From the theoreticalstandpoint, a connectionhas beenshowvn
betweenthe Beltrami o w andthe bilateral Iter. The bilateral Iter is found to be a Euclideanapproximationof
the Beltrami o w. It wasalsoshown thatfor imagespaintedon manifolds,incorporatingthe metric of the manifold
in the o w producesetterresults.

From a practical stand point, the numerical implementationof the kernel handlesevery possible manifold
representediy all common manifold representationlt enjoys low computationalcompleity further enhanced
by an arbitrary time stepfor a Beltrami-like adaptve smoothing,which is impossiblefor the explicit numerical
schemesurrently existing for color images.All theseattributes make the Beltrami kernel a highly practicaltool

for real life imageprocessingand graphicsapplications.
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Fig. 5. Denoisinga color imageby the shorttime Beltrami kernel.a) The original image,b) the noisy image,c) after oneiteration of the

kernel, d) after two iterations.



Fig. 6. Level curves of the Beltrami kernelat variouslocationsin a syntheticimage.
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a) b) C)

d) e) f)

Fig. 7. The differencebetweensmoothinganimageasa regular 2D imageand smoothingit asanimagepaintedon its original manifold.
On the top two rows the imageis smoothedasa regular 2D image.On the bottomtwo rows the imageis smoothedn the original manifold,

where at the greensquaresand at the blue squaresThe respectie times of the imagesare:a) T=0.0, b) T=0.5,c) T=1.0, d)

T=2.0,e) T=3.0,andf) T=4.0.
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Fig. 8. The SNR of the smoothedmagesas a function of time.
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@) (b)

() (d)

(@) (b)

() (d)

Fig. 9. Smoothinga triangulatedmanifold. a) the original manifold, b) noiseaddedto the manifold, ¢) after oneiteration of the Beltrami

kernel, d) after two iterationsof the kernel.
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a) b)
c) d)
a) b)
c) d)

Fig. 10. Jointly smoothinga facemanifold andthe faceimagepaintedon it. a) the original face,b) noisesaddedto the face,c) after one

iteration of the Beltrami kernel, d) after two iterationsof the kernel.



