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Abstract

We introduceashorttimekernelfor theBeltramiimageenhancing�o w. The�o w is implementedby `convolving'

the imagewith a spacedependentkernel in a similar fashionto the solutionof the heatequationby a convolution

with a Gaussiankernel. The kernel is appropriatefor smoothingregular (�at) 2D images,for smoothingimages

paintedon manifolds,and for simultaneouslysmoothingimagesandthe manifoldsthey arepaintedon.

The kernelcombinesthe geometryof the imageandthat of the manifold into onemetric tensor, thusenabling

a naturaluni�ed approachfor the manipulationof both. Additionally, the derivation of the kernel gives a better

geometricalunderstandingof the Beltrami �o w and shows that the bilateral �lter is a Euclideanapproximationof

it.

On a practicallevel, the useof the kernelallows arbitrarily large time stepsasopposedto the existing explicit

numericalschemesfor the Beltrami �o w. In addition, the kernelworks with equaleaseon regular 2D imagesand

on imagespaintedon parametricor triangulatedmanifolds.We demonstratethe denoisingpropertiesof the kernel

by applying it to varioustypesof imagesandmanifolds.
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A ShortTime Beltrami Kernel

for SmoothingImagesandManifolds

I . INTRODUCTION

PDE basedalgorithmshave proven their worth in the �elds of imageprocessingandcomputervision. Non-

linear advancedequationsare capableof excellent smoothingof imageswhile preservingtheir visually

important features.The geometricand variationalorigin of many of thesemethodsaddsto the understandingof

their qualities. Important relatedwork include [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11] and references

within.

TheBeltramiframework [12], [13] enablesstateof theart imageregularizationbasedon geometricandvariational

soundgrounds.It producesa spectrumof imageenhancingalgorithmsrangingfrom the
���

lineardiffusionto the
���

non-linear�o ws. See[14] for theconnectionbetweentheBeltrami �o w andpreviously proposedfeature-preserving

imagesmoothingalgorithms.Apart from regular (�at) 2D images,the framework wasusedfor textures,video,and

volumetricdata[15], aswell as for orientationdiffusion [16].

Sochenet. al. [17], [18], [19] extendedthe Beltrami �o w for imagespaintedon explicit and implicit manifolds.

They havealsoshown theBeltrami�o w to bea generalizationof theharmonicmapsapproachfor enhancingimages

paintedon implicit manifolds[20], [21], [22]. In [23] they extend their resultsto imagespaintedon triangulated

manifolds.All theseimplementationsof the Beltrami �o w aredoneby explicit numericalschemesthat requirean

upperboundon the time stepusedandmight result in many iterations(semi-implicit schemesbasedon operator

splitting, asdonein [24], [25], [26], exist only for gray level images).

Many methodsexist for thesmoothingof meshesandgraphicobjects.For a relevantapproach,wherethebilateral

�lter is usedfor meshdenoisingsee[27]. Seethereferencestherefor otherapproachesbasedon imageregularization

methods.Therearealsomethodsfor the joint smoothingof manifoldsand the imagespaintedon them.For PDE

basedalgorithmssee[28] and[29], wherethetriangulatedmanifoldsandthe imagesundergo anisotropicdiffusions.

The numericalschemein [28] consistsof Loop's subdivision while [29] usesa �nite elementdiscretizationin

space.Both use semi-implicit �nite differencediscretizationsin time. Thesemethodsfor either manifold or for

joint manifoldandimagesmoothingdo not enjoy thenaturalandsimplegeometricalmodelthat theBeltramikernel

introduces.They usuallydo not have its smoothingquality, ef�ciency andsimplicity of implementation.

A short time kernel hasbeensuggestedfor 1D non-lineardiffusion in [30] and an approximationfor the 2D

Beltrami operatorin [31]. In [11] a short time orientedGaussiankernel is usedto implementvector-valuedimage

regularization.Here we brie�y review someof the ideasintroducedin [32], [33] and constructa 2D short time
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kernel for the Beltrami �o w. This kernel enablesthe implementationof the Beltrami �o w by `convolving' the

image with the kernel, similarly to the solution of the heat equationby a convolution with a Gaussiankernel.

This implementationreplacesthe conventionalmethodof solving the �rst variationof the Beltrami functionalasa

gradientdescentPDE processby the appropriatenumericalschemes.

On a theoreticallevel, the derivation of the kernelgivesa bettergeometricalunderstandingof the Beltrami �o w

and shows that the bilateral �lter [34], [35], [36] is actually a Euclideanapproximationof it. For imagespainted

on manifolds, the kernel combinesthe geometryof the image and that of the manifold into one metric tensor,

thusenablinga naturaluni�ed approachfor the manipulationof both.The main practicaladvantagesof the kernel

include the ability to selectan arbitrary time stepfor the Beltrami �o w and a straightforward applicability of the

kernelto all commontypesof images(grayscale,color, paintedon manifolds,etc.)andmanifolds(parametricand

triangulated).

In orderto computetheshorttime kernelwe needto calculategeodesicdistancesbetweenpixelsin theimage.For

regular2D imagesandimagespaintedon parametricmanifoldswe usefastmarching[37], [38], [39] on parametric

manifolds[40], [41]. For imagespaintedon triangulatedmanifoldswe usefastmarchingon triangulatedmanifolds

[42].

This paperis organizedasfollows. Section2 describesthe Beltrami �o w for regular 2D imagesandfor images

paintedon manifolds.The derivation of the short time kernel is presentedin Section3. Section4 reviews shortly

the methodfor calculatinggeodesicdistanceson the imagemanifold, which is requiredfor the implementationof

the short time kernel.The simulationsandresultsare in Section5 and the conclusionappearsin Section6.

I I . THE BELTRAMI FLOW FOR IMAGES PAINTED ON MANIFOLDS

In the Beltrami framework [12], [13] the image is regardedas the embedding
���������
	

, with
�

the 2-

dimensionalimagemanifoldand
��	

thespace-featuremanifold (see[43], [44] to learnaboutdifferentialgeometry

of manifolds).The image is representedby �

��
�������������������	����

���
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spatialcoordinates,
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, seeFigure 1. The following derivation will assumethe more

generalcaseof color imagespaintedon parametricmanifoldsembeddedin
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. For othervaluesof
-

and
1

the

derivation is similar.

If we choosethe embeddingspaceto be Euclidean,its metric H

)

+ is representedby the diagonalmatrix I , with

onesin the �rst
-

rows and J

�

in the next
1

. J is the relative scalebetweenthe spatial coordinatesand the

intensity components.See[15] on the meaningof its value.Non-Euclideanembeddingspaceswere addressedin

[14], [45]. The metric elementsK

)

+ of the imageare derived from the metric elementsH

)

+ and the embeddingby
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Fig. 1. A gray level imageaccordingto the Beltrami framework

the pullbackprocedure
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with
�

�

�

the derivative of
�

�

with respectto !

�

.

The Beltrami �o w is obtainedby minimizing the areaof the imagemanifold
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with respectto the embedding,where
�+�

det
�,��	��-�
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� . The correspondingEuler-Lagrangeequationsas

a gradientdescentprocessare 132
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with
�

� �

and 9

2;:

the componentsof the contravariantmetricsof the imagemanifold
�

5

�

(the inverseof the metric

tensor
�

) and the embeddingspace E

5

�

respectively. Einstein's summationconvention is used.The Christoffel

symbols(alsoknown as the Levi-Civita coef�cients)
A

2

:DC

arede�ned in termsof the metric E
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Sincewe have chosentheembeddingspaceE to beEuclidean,we have
A

2

:DC

�NM

. See[14] for a detailedderivation.
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In matrix form Equation(3) reads
���

���

�

� �
div 	

�

��
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� ��� �

�������

 (5)

Thesymbol !#" is theLaplace-Beltramioperatorwhich is theextensionof theLaplacianto manifolds.Theresulting

diffusion �o w for gray level imagesis
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+

(6)

i.e., the imagesurfacemovesaccordingto the intensitycomponentof the meancurvature�o w . For a color image

paintedon a manifold the diffusion equationfor eachcomponentreads

�@?

�
�

!#"

�@?

 (7)

This is a joint smoothingof the manifold andthe imagepaintedon it. For smoothingonly the manifold,Equation

(7) shouldbeappliedonly to the �rst A componentsof B

�

�

+C�
5

+

 > > 

+C�EDGF

. Applying it to the last H components

will result in only imagesmoothing.

I I I . A SHORT TIME KERNEL FOR THE BELTRAMI FLOW

It canbe shown that applying the heatequation

$

�

�

!

$

(8)

to the 2D regular image
$JILK

�

+CK
5

+CMONQP

for the duration
M

is equivalent to convolving the image with a Gaussian

(linear) kernel
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�
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�
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�
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�
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�
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(9)

wherethe kernel is given by
WYILK

�

+CK

5

\CMSP

�

�

`bacMed�fhg�i

:

ILK

�

P
5=1

ILK
5

P
5

`jM k

 (10)

An iterative implementationof the PDE is replaced,in this approach,by a onestep�lter .

In this sectionwe extendthis result to the Beltrami �o w. Becauseof the non-linearityof this �o w (the Beltrami

operatordependson the image
$

), a global (in time) kernelis impossible.We thereforedevelopa shorttime kernel

that if usediteratively, hasan equivalenteffect to that of the Beltrami �o w.

The main ideabehindthe kernel is presentedin Figure2 for a 1D signal.For the Gaussiankernelthe amplitude

of the �ltered signalat a speci�c point is thesumof theneighboringpoints' amplitudesweightedaccordingto their
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Fig. 2. Filtering a signalwith a linear Gaussiankernel (top) anda nonlinearBeltrami kernel (bottom)

distancealongthe coordinateaxis. For the nonlinearBeltrami kernel the weightingis accordingto the distanceon

the signal itself. The Beltrami kernel `resides'on the signal,while for the linear kernel the Gaussiaǹ resides'on

the coordinateaxis.

In order to develop the Beltrami kernel for imagespaintedon manifoldswe replaceEquation(9) with
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which we denoteby
�

�

�����#	��
��	����*�������+�

�
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��	����
�',
-* "�����#	��
��%����(.

(12)

This is not a convolution in the strict sense,because
 

doesnot dependjust on the differences
�'�0/1� �2�

. In

general,the coordinates
�3�

arearbitrary local coordinateson the manifold. Thesecoordinatesare not a geometric

object and the differencebetweencoordinates,therefore,hasno intrinsic meaning.We will justify our de�nition

of a convolution on a manifold after we develop the explicit form of the kernel.The generalform of
 

is
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wherewe take, without lossof generality,
��� �

�

	�� �

�

���=�?>8	�>$�

andomit from
 

the notationof dependency on these

coordinates.It will be re-instatedlater on by �xing the integrationconstants.Note, that ; doesnot dependon
�

at
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all, while
�

is a regular function of � andcanbe expandedas a Taylor series
�������	�
�
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�

. In

order to �nd � , we usethe fact that it shouldsatisfyEquation(7). Therefore,
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The left handsideof the equationis
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For the right handsideof Equation(14) we calculate
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The secondderivative is calculatedsimilarly. The �rst two leadingtermsthat multiply the exponentialare
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Puttingeverythingtogether, we get for the leadingorder
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Equatingthe leadingtermsin Equations(15) and(18), yields
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with V�� the gradientaccordingto the metric X . This is the eikonal equationon the 2D imagemanifold, and its

viscosity solution is a geodesicdistancemap
/

on this manifold. The methodfor ef�ciently solving the eikonal

equationfor imagemanifolds is reviewed in the next section.The
�

� coef�cients, which dependon the spatial

variables,are solutionsof the PDEs that are obtainedby equatingthe coef�cients of powers of � . It is not too

dif�cult to be convincedthat
�

� is a constant(see[30] for an exampleof sucha computation).

The resultingshort time kernel is thereby
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where
�'&

is an arc-lengthelementon the imagemanifold, and
�

�

� (

�

�)(

�

�

is the geodesicdistancebetweentwo

points, (

�

and (

� , on the imagemanifold. Note that in the Euclideanspacewith a Cartesiancoordinatesystem
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+ . The geodesicdistanceon manifoldsis thereforethe naturalgeneralizationof the difference

betweencoordinatesin the Euclideanspace.It is naturalthento de�ne the convolution on a manifold by
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The updatestepfor jointly smoothingthe manifold and the imagepaintedon it is
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As is thecasewith Equation(7), thesmoothingprocesscanberestrictedto eitherthemanifoldor the imagesimply

by applyingEquation(22) to the appropriatecomponentsof T

-

�U�

-

�

�

9�9�9

�

-
FWV

. X

�����U���

���

in the last equationis

the neighborhoodof the point ���
�U���

���

, wherethe valueof the kernel is above a certainthreshold.Becauseof the

monotonenatureof the fast marchingalgorithmusedin the next sectionfor the solution of the eikonal equation,

oncea point is reached,where the value of the kernel is smaller than the threshold,the algorithm can stop and

therebynaturally boundthe numericalsupportof the kernel.The value of the kernel for the remainingpoints of

the manifold would be negligible. Therefore,the eikonal equationis solved only in a small neighborhoodof each

imagepoint.
���

is taken suchthat integrationover the kernel in the neighborhoodX

���Y�U���

�U�

of the point equals

one.

Theshorttime Beltramikernelin Equation(20) is very similar to thebilateral�lter kernel[34], [35], [36], which

for the GaussiancaseandEuclideanmetric is of the form
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with
�������

and
���

constants.

The differencebetweenthem is that the Beltrami kernel usesgeodesicdistanceson the imagemanifold, while

the bilateral kernel usesEuclideandistances.The derivation of the Beltrami kernel shows that the bilateral �lter

originatesfrom image manifold areaminimization. The bilateral �lter can actually be viewed as an Euclidean

approximationof the Beltrami �o w. Anotherconnectionbetweenthe Beltrami �o w andthe bilateral �lter appears

in [46].

The Euclideandistanceusedin the bilateral �lter , while being easierto calculate,doesnot take into account

the imageintensity valuesbetweentwo imagepixels and thus ignoresconnectivity. A pixel can have a relatively

high kernelvalue,althoughit belongsto a differentobjectthanthat of the �ltered pixel. The Beltrami kerneltakes

this effect into accountand penalizesa pixel that belongsto a different `connectedcomponent'.That is, it is not

`asblind' as the bilateral �lter to the spatialstructureof the image.Furthermore,the valueof the bilateral kernel

for pixels closeto the smoothedpixel is not necessarilylarger thanthat of further away ones.This meansthat its

numericalsupportis not aseffectively boundedas that of the Beltrami kernel.

IV. SOLVING THE EIKONAL EQUATION ON IMAGES

As shown in the previous section, the constructionof the kernel for a pixel requiresthe calculationof the

geodesicdistancesbetweenthe pixel andits neighbors.We placethe origin of the coordinatesystemof the image

( �
	��
������� ) at the pixel. Next, in order to solve the eikonal equationon the imagewe usethe fast marching

method.

Regular2D imagesareparametricmanifolds,wherethe metric � is given for every pixel. Therefore,calculating

the geodesicdistancesneededfor implementingthe kernel to theseimagesis done by an extensionof the fast

marchingmethod[37], [38], [39] to parametricmanifolds[40], [41]. The samemethodis usedfor imagespainted

on parametricmanifolds. For imagespainted on triangulatedmanifolds we use fast marching on triangulated

manifolds[42]. In [40], [41] the calculationsare doneon the 2D parameterizationplane.In [42] the calculations

arerestrictedto the 2D imagemanifold (that canbe embeddedin ��� of any � or any othermanifold).Sincefor

color imagespaintedon manifoldsandembeddedin ��� we alreadyhave ����� , calculatingthedistancesexplicitly

on the 2D imageis advantageous.This is contraryto methodssuchas[47] wherethe calculationsaredonein ���

insidea bandaroundthe manifold.

The original fastmarchingmethodsolvesthe eikonal equationin an orthogonalcoordinatesystem.In this case,

the numericalsupportfor the updateof a grid point consistsof one or two points out of its four neighbors.For

images,where �

	��

�

� � , we get a non-orthogonalcoordinatesystemon the image,seeFigure 3. The numerical

supportshouldincludenon-neighboringgrid points (pixels). For parametricmanifoldsthe methodusesthe metric

of the imageat eachpixel in order to �nd the pixels usedfor the numericalscheme.In the caseof triangulated
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manifolds,the triangulationis given in advanceand it determinesthe numericalsupportfor eachvertex.

X1

X2

X(U)

u1

u 2

U

X

Fig. 3. The orthogonalgrid on the parameterizationplaneis transformedinto a non-orthogonaloneon the imagemanifold.

Theupdatedpixel togetherwith the two otherpixels in its numericalsupportconstitutetheverticesof a triangle.

This triangleis the numericalstencilfor updatingthe pixel. If the triangleis obtuse,it shouldbe split andreplaced

by two acutetriangles.For parametricmanifoldsthe splitting is doneaccordingto the metric at the updatedpixel,

see[40], [41]. For triangulatedmanifoldsan “unfolding” schemeis used,see[42].

After this pre-processingstage,all the trianglesin the numericalgrid areacute,asin Figure4. The �gure shows

the methodby which the vertex (pixel)
�

is updatedaccordingto the vertices � and � . The objective is to �nd �

suchthat �����

	�

� anduseit to calculate���

���

basedon �����

�

and �����

�

.

The numericalschemeaccordingto [42] is

���




�����

���

�����

�

.

� Solve the quadraticequation

� �������

�

���

� �"!$#&%"'

�

�

�

�

�

�

�

�

���(!$#&%"'

�

�

�

�)�*�

�

�

�

�

�

�

�

%,+.-

�

'

�


0/ 1

� If �02

� and �(!$#&%3'

25476

�����98

�

2 :

;=<?>A@
, then ���

���


CB

+.-"DA���

���FE

�G�H�����

�,I

. Else, ���

���


CB

+.-3DA���

���FE

�J�

�����

�FE

���������

�,I

.

The numericalschemedescribedin the previous paragraphenablesthe updateof a pixel accordingto two of its

neighbors.In order to usethis schemeto generatethe entiredistancemapthe following algorithm[38] is used.

Initialization :
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A

B

C

t

A

B

C

u

q

a

b

h

Fig. 4. The numericalstencil usedto update
�������

accordingto
�����	�

and
����
��

.

1) The pixel at the origin (for which the kernel is constructed)is de�ned asAcceptedandgiven an initial value

of zero.

2) All the otherpixels arede�ned asFar andgiven the value in�nity .

Iterations:

1) Far `neighbors'of Acceptedpixels arede�ned asClose.

2) The valuesof the Closepixels areupdatedaccordingto the numericalscheme.

3) The Closepixel with the minimal valuebecomesan Acceptedpixel.

4) If thereremainany Far pixels, return to step1.

We usethe term `neighbors'to describepixels that belongto the samenumericalstencil.Thesepixels are not

necessarilyneighboringpixels in the image.We �nd these`neighbors'during the pre-processingstagedescribed

previously.

The complexity of the algorithmfor triangulatedmanifoldsis upperboundedby

��
�������������� ��
������! #"%$'&�(*)+$�,.-

(24)

where
$

is the numberof pixels in the image.The
&�(*)+$

resultsfrom usinga min-heapdatastructurefor sorting

the Closepixels [38]. The complexity of the algorithmfor parametricmanifoldsis upperboundedby

�0/
���1��2��3
�����4

�! 657$98�:#;�<=5>&�(*)?$�-�&�(*)@5BA>C DFE3GHC DFE1E

D IKJLJLJ

-

(25)

where the componentsof M are calculatedat eachpixel. The term
&�(*)ON�PRQ

�.S�T

Q

�.S%S

�VU7W originatesfrom the splitting

procedure,see[40], [41]. Sincethereis no needto useall the pixels in the imagein orderto updateonepixel (the
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valueof the kernelfor mostof thesepixels is negligible), we canboundin advancethe neighborhoodin which the

eikonal equationis solved. Thus,we decreasesubstantiallythe practicalcomplexity of the algorithm.

Theaccuracy of thenumericalschemeis
�������

, where
�

is thelengthof thelongesttriangleedgein thenumerical

grid. It is determinedfor triangulatedmanifoldsaccordingto the given triangulationandfor parametricmanifolds

accordingto the local metric at the imagepixels.

V. SIMULATIONS AND RESULTS

Figure 5 shows the denoisingof a regular 2D color image corruptedby zero meanGaussiannoiseusing the

short time Beltrami kernel.In this case�	��
 , the time steptaken was �
������� , andonly grid pointswith a kernel

valueabove ��� ��� wereusedfor the �ltering. The dynamicrangeof the color componentswasbetween0 and1.

The useof pixels with a weight larger than ��� ��� resultedin an averageof 21 neighboringpixels that take part

in the �ltering of eachimagepixel. When the thresholdis reached,the fast marchingalgorithm is stopped,and

the calculationof the distanceto unnecessarypoints is avoided. In order to make the fast marchingalgorithm

even faster, we can bound in advancethe neighborhoodin which the eikonal equationis solved. This way, the

pre-processingstageof the algorithm, including the splitting of obtuseangles,is doneonly for relevant pixels. In

Figure5 the sizeof this neighborhoodis ����� .

In order to demonstratethe spatialstructureof the kernel,we testedit on the syntheticimagein Figure 6. At

isotropic areasof the image,the kernel is isotropic and its weightsare determinedsolely by the spatialdistance

from the �ltered pixel. Acrossedgesthe signi�cant changein intensity is translatedinto a long geodesicdistance,

which resultsin negligible kernelweightson theothersideof theedge.The�ltered pixel is computedasanaverage

of the pixels on the `right' sideof the edge.

Figure7 showstheimplementationof theBeltramikernelto imagespaintedonmanifolds.The�gure demonstrates

the differencebetweensmoothinga noisycolor imageasa regular2D imageandsmoothingit asan imagepainted

on its original manifold. The noiseaddedis a zero meanGaussiannoiseand for the kernel ����� , the time step

taken was ��������� , and only grid points with a kernel value above ��� ��� were usedfor the �ltering. An average

of 5 pixels were usedin the kernel as a result of thesevalues.Both methodsremove the noise,but smoothing

the imageon the manifold betterpreserves the edgesof the imagesincetheseedgescoincidewith thoseof the

manifold.This canbeseenalsoin Figure8 which containsa plot of the signalto noiseratios(SNR) of the images

smoothedaccordingto the two approaches.A betterSNR is achieved by smoothingthe imageon the manifold,

and this SNR deterioratesmuchslower if the imageis over smoothed.

Figure9 shows thesmoothingof a triangulatedfacemanifoldwith Gaussiannoiseaddedto it. After oneiteration

of the Beltrami kernel (t=2.0) the addednoise is removed. After the seconditeration the scanningerrors in the

original manifold are also smoothedaway. Sinceevery vertex in the triangulationis moved independentlyof its
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neighbors,the uniformity of the triangulationmight be degraded.This canbe correctedby re-triangulationof the

manifold [48], againusing the fastmarchingmethodon manifolds.

Figure 10 demonstratesthe joint smoothingof a manifold and the image paintedon it. To the scannedface

manifold and faceimagewereaddedGaussiannoiseswhich are independentfrom oneanother. It is evident from

the �gure that most of both noisesis removed. The amplitudeof the remainingnoisesignalsis too large and the

boundariesthey createprevent the �o w from smoothingthem.This is more noticeablein the facemanifold than

in the faceimage.

VI. CONCLUSION

We have presenteda shorttime kernelfor theBeltrami �o w for regular2D images,imagespaintedon manifolds,

and the smoothingof the manifolds themselves. From the theoreticalstandpoint, a connectionhasbeenshown

betweenthe Beltrami �o w and the bilateral �lter . The bilateral �lter is found to be a Euclideanapproximationof

theBeltrami �o w. It wasalsoshown that for imagespaintedon manifolds,incorporatingthemetricof themanifold

in the �o w producesbetterresults.

From a practical stand point, the numerical implementationof the kernel handlesevery possiblemanifold

representedby all common manifold representation.It enjoys low computationalcomplexity further enhanced

by an arbitrary time step for a Beltrami-like adaptive smoothing,which is impossiblefor the explicit numerical

schemescurrently existing for color images.All theseattributesmake the Beltrami kernel a highly practicaltool

for real life imageprocessingandgraphicsapplications.
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(a)

(d)(c)

(b)

Fig. 5. Denoisinga color imageby the short time Beltrami kernel.a) The original image,b) the noisy image,c) after oneiterationof the

kernel,d) after two iterations.
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Fig. 6. Level curvesof the Beltrami kernelat variouslocationsin a syntheticimage.
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a)

f)e)d)

c)b)

a)

f)e)d)

c)b)

Fig. 7. The differencebetweensmoothingan imageasa regular 2D imageandsmoothingit asan imagepaintedon its original manifold.

On the top two rows the imageis smoothedasa regular2D image.On thebottomtwo rows the imageis smoothedon theoriginal manifold,

where ����� at the greensquaresand ����� at the blue squares.The respective times of the imagesare:a) T=0.0, b) T=0.5, c) T=1.0, d)

T=2.0, e) T=3.0, and f) T=4.0.
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Fig. 8. The SNR of the smoothedimagesasa function of time.
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(a)

(d)(c)

(b)

(a)

(d)(c)

(b)

Fig. 9. Smoothinga triangulatedmanifold. a) the original manifold, b) noiseaddedto the manifold, c) after one iterationof the Beltrami

kernel,d) after two iterationsof the kernel.
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a)

a)

b)

b)

c)

c)

d)

d)

Fig. 10. Jointly smoothinga facemanifold andthe faceimagepaintedon it. a) the original face,b) noisesaddedto the face,c) after one

iterationof the Beltrami kernel,d) after two iterationsof the kernel.


