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Abstract

We study the Set-Cover problem, i.e. given a collection C' of subsets of a finite set
U, find a minimum size subset €’ C C such that every element in U belongs to at
least one member of C'. An instance (C,U) of the Set-Cover problem is k-bounded
if the number of occurrences in C' of any element is bounded by a constant k& > 2.

We present an approximation algorithm for the k-bounded Set-Cover problem,
that achieves the ratio W + o(1), where ¢ is defined as |U|/(|i|) If ¢
is relatively high, we say that the problem is dense, and this ratio in this case is
better than &, which is the best known constant ratio for this problem. In the case
that the number of occurrences in C' of any element is exactly £ = 2 the problem
is known as the Vertex-Cover problem. For dense graphs, our algorithm achieves
an approximation ratio better than that of Nagamochi and Ibaraki [10], and the
same approximation ratios as Karpinski and Zelikovsky [8]. In our algorithm we use
a combinatorial property of the Set-Cover problem, which is based on the classi-
cal greedy algorithm for the Set-Cover problem. We use this property to define a
“Greedy-Sequence”, which is defined over a given instance of the Set-Cover problem
and its cover.

In addition, we show evidence that the ratio we achieve for the e-dense k-bounded
set-cover problem is the best constant ratio one can expect. We do this by showing
that finding a better constant ratio is as hard as finding a constant ratio better than
k for the k-bounded set-cover problem in which the optimal cover is known to be of
size at least % (k is the best known constant ratio for this version of the k-bounded
Set-Cover problem). We show a similar lower bound for the approximation ratio for
the Vertex-Cover problem in e-dense graphs.
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1 Introduction

Given a collection C' = {s1,...,5,} of subsets of a finite set U of size m, a
sub-collection C’ C (' is called a set-cover if every element in U/ belongs to at
least one member of C'. The Minimum Set Cover problem is defined as follows:
Given an instance (C,U), find a set-cover of minimum cardinality. Through
out this paper we assume that all set cover instances (C,U) are simple, i.e.
for every two elements uy,uy € U, there are two sets s;,s9, € C such that
uy € 81, Uy € Sg, up € 83 and uy ¢ s1, otherwise one of these elements can be
deleted without changing the problem. We call an instance (C, U) of the set-
cover problem k-bounded if the number of occurrences in C' of any element is
bounded by a constant £ > 2, and there exists an element which appears in ('
exactly k times. If the number of occurrences in €' is the same for all elements
in U we call the instance homogeneous. An instance is called k-homogeneous if
it is k-bounded and also homogeneous. Note that the 2-homogeneous set-cover
problem is known as the Vertex-Cover problem (where C' and U are the vertex
set and the edge set of a graph).

Given an instance (C,U) of the set-cover problem, a set-cover C’ is called an
r-approzimation, if |C'| < r - |OPT|, where OPT is an optimal set cover for
(C,U). We say that an algorithm has an approximation ratio of r, if for every
instance it returns a cover which is an r-approximation.

Johnson [7] has presented the best known approximation algorithm for the
set-cover problem which has a ratio of 1 4+ Inm. The best approximation ratio
for the k-bounded set-cover problem is k — ﬁk;llnl;ﬂ due to Halperin [5]. Bar-
Yehuda and Even [1], and Hochbaum [6] presented k-approximation algorithms
for the k-bounded set-cover problem. k is the best known constant ratio for
the k-bounded problem.

Define ¢ = m/?ﬁ—’: We call a k-bounded instance (C,U) dense if € is relatively
high (e.g., m = Q(n*)). Formally, given a positive ¢ < 1, we call a k-bounded
instance of (C,U) e-dense if m/z—f = ¢e. A graph G = (V, E) is called e-dense
if |2]/ 1 = c.

W—appmximation algorithm for the e-dense k-
homogeneous set-cover problem, and a ——~%——— 4 o(1)-approximation al-

k—(k=1)-¥/1—¢

gorithm for the k-bounded set-cover problem. As far as we know, there were

We present a

no previous works for the e-dense k-homogeneous and k-bounded problems.
In the special case of e-dense graphs, our algorithm achieves a better approx-
imation ratio than the algorithm presented by Nagamochi and Ibaraki [10],
and the same ratio as the one presented by Karpinski and Zelikovsky [8].

The parameter ¢, which represents the density of the problem, can be defined



in other ways. Given a k-bounded instance (C,U), we assume it is simple, thus

the maximum number of elements m is bounded by (Z) Therefore, another
definition, possibility more natural, is e = m/ (Z) We discuss the former defi-

nition (€ = m/i—lf), as did Karpinski and Zelikovsky [8] with respect to dense
graphs. However, we show that when using the latter definition we get similar
results (up to an additive factor of o(1)).

We show evidence that the ratio we achieve for the e-dense k-bounded set-cover
problem is the best constant ratio one can expect. We do this by showing that
finding a better constant ratio is as hard as finding a constant ratio better than
k for the k-bounded set-cover problem in which the optimal cover is known
to be at least of size 7. (k is the best known constant ratio for this version
of the k-bounded set-cover problem.). This is also true for the case of e-dense
graphs, in which our ratio is the best constant ratio, unless there exists an r-
approximation algorithm for the vertex-cover problem, where r is a constant
less than 2. It has been recently shown by Eremeev [3], that the vertex-cover
problem in all-over e-dense graphs is NP-hard to approximate within a factor
T+e

less than ==. Clearly there is still a gap between the approximation 1%5 for
this problem, and the factor which is NP-hard to obtain. We try to measure
the hardness of finding better approximation ratios than the ratios 1%5 and

#\/: for the Yertex—cover problem in all-over e-dense graphs and in e-dense
graphs, respectively.

The remainder of the paper is organized as follows: In Section 2 we present a
property of a cover in the set cover problem, which we use to define “the greedy
sequence”. We use this property to construct an approximation algorithm for
the k-bounded set-cover problem in Section 3. In Section 4 we analyze the
performance of the algorithm when applied to e-dense k-bounded set-cover
problem, and we show that the ratio we achieve is the best constant ratio
we can expect. Section 5 deals with the special case of the 2-homogeneous
set-cover problem, which is the vertex-cover problem.

2 Greedy-Sequences

The classical algorithm for the set-cover problem is the greedy algorithm [7],
which in each iteration selects a set that covers a maximal number of uncovered
elements. Given (C,U) we define greedy-sort(C,U) as a list of the sets in C'
sorted according to the order of their selection by the greedy algorithm.

Given an instance (C,U), let k be the maximum number of occurrences of any
element in C. Given a cover C' C C' we define the greedy-sequence of (C',C,U)
as a vector (ng, ...,n1). The first ny sets in greedy-sort(C, U) are in C" and the



following set, which we denote by s,, 1, i1s not. Let §,, 41 denote the set of the
elements of s,, 1 which are still uncovered when it is selected by the greedy
algorithm. Consider the instance in which we need to cover only the elements
in 3, 41, e, (Cror, Upt) = ({s N 8nq1]| s € C\ {spt1}1}, U NS, 41), which
is a (k — 1)-bounded instance. The first ny_; sets in greedy-sort({s N 3,, 4+1
| s € C'\ {sp,41}},UN3,,.41) are in ¢’ and the next set is not. The other
n;’s are defined similarly, and we finally get a 2-bounded instance, (C3, Us), in
which the first ny sets in greedy-sort(Cy, Us) are in C” and the next set s,,41
is not. Therefore the collection of sets {s| s € Cy and s N §,,41 # ¢} is in C".
We denote by n; the size of this collection. In (Cy, Us) every element appears
in at most two sets, so each of these n; sets covers at most one element of
3p,+1, and therefore |3,,11| = ny. (See Figures A.1 and A.2.)

We say that a sequence (ng,...,ny) is a possible greedy-sequence of (C,U),
if there exists a set-cover €' C (' such that the sequence (ng,...,n;) is the

greedy-sequence of (C',C,U).

We present a procedure called Ezxtract-Cover, which receives as an input an

instance (C,U) and a sequence of numbers (ng, ...,n2), and returns a partial
cover, denoted by SC|, such that (ng,...,nq) is the prefix of a possible greedy-
sequence of (C, U). Note that given a sequence ng, ..., n2 and an instance (C, U)
the number n; is defined uniquely, therefore, (ng, ..., n2) is sufficient when call-

ing Procedure Extract-Cover.

Procedure Extract-Cover(C,U, (ny,...,nz))
(Cr, Ur) = (C,U)
SC = ¢
For 1+ = k& downto 2
Return “illegal greedy-sequence”
SC = SC U { the first n; sets in greedy-sort(C;, U;) }
Sp;+1 = the next set in greedy-sort(C;, U;)
Ife>2
(Cic1,Uima) = ({8 N (5041 \ SCO)| s € Ci, Ui N (55,41 \ SC))
SC =8CU{s| se€Cyand sN (85,41 \ SC) # ¢}
Return SC

In the next section we use this procedure in our main approximation algorithm.
We would like to find a lower bound for the size of the partial cover, which is
returned by the procedure. The resulting partial cover is of the same size as
the sum of the numbers in the input greedy-sequence. Given a homogeneous
instance (C, U) of the set-cover problem, we prove that for any possible greedy-
sequence of (C,U), there exists a lower bound for 5%, n;, which is a function
of e = m/T;C—T



Lemma 1 Let (C,U) be a homogeneous instance of the sel-cover problem and
let (ng,...,n1) be a possible greedy-sequence of (C,U). Then

imZ(l—\k/l—e)-n.

Proof. Let z; denote the number of elements in the set s,,41, which are still
uncovered when s, is chosen by the greedy algorithm, for 2 < < k.. Let Sy
be the first ny sets in greedy-sort(C, U) and let U4 be the set of elements that
are covered by Si. Denote Ug = U \ U4. Examine the instance (C'\ Sg, Up).
The number of sets in C'\ Si is n — nj and the maximum size of a set is
zg. Also, the number of occurrences in C'\ Si of any element is exactly k,

therefore, |U4| < (Z) — (n_knk) and k- |Up| = Yecs, 18] < @i - (n —ng). Thus

U| = |Ua| + |Ug| < (Z)—(";“k)+%xk-(n—nk) (1)

By definition |U;| = z;41, for 2 < i < k. Let C, = C, Up = U and x4 = |Uy|.
We can bound |U;] similarly to the way we have bounded |U] in (1), therefore,
any possible-greedy-sequence, (ng,...,n1), has to satisfy the following, where
2<1<k:

4

P (n - Z;:Hl nj) B (n — Zfﬂ nj) LT Xi:nf) (3)

7

oinn = 1< () = (19 7m) 4 2 g g )

< (n — Ximin )’ (- Yi=im) | @ (n — in n;) (4

- 7! 7! 1

The inequality from (3) is due to |C;| < n—Y%_,, | n;, and due to the following
claim: For any z, y, 2z, k such that 0 < 2z < z and 1 < k < z — z, if

r < y then (i) — (z;z) < (Z) — (y;Z) The inequality from (4) is due the

following claim: For any n, z, k such that 1 < k <n—zand 0 < 2z < n:

(Z) — (n:) < T;C—T — (n;—,z)k Both claims can be easily proven by induction on



Therefore, we get the following constraint for any ¢ such that 2 <1 < k:

k k k
ez =il U] < (n— > n) —(n=>Y_n;) + (=12 (n=> n;) (5)
7=1+1 7=1 7=t

It follows that in order to bound Y%, n; for some possible-greedy-sequence
(ng, ...,n1), it is sufficient to solve the following optimization problem:

Min S35 n;
s.t. constraint (5)
and Zle n; <n

and n;,x; € R

In the appendix we show that the optimal solution for this optimization prob-
lem is (1 — +/1 — €) - n. Note that we find an optimal solution for the relaxed
problem, where n;, x; € R, instead of n;,z; e N. O

3 Approximating the k-Bounded Set-Cover Problem

In this section we present an approximation algorithm called Multi-Greedy.
This algorithm checks all the possibilities of a prefix (ng,...,ns) of a greedy-
sequence. For each possibility it calls Procedure Extract-Cover in order to get
a partial cover, which is a subset of a cover that has such a greedy-sequence,
and extends it to a possible set-cover. Then the algorithm chooses a set-cover
of minimum size among all these possibilities. At least one possibility will be
a prefix of a greedy-sequence of some optimal cover of the problem. In this
case, Procedure Extract-Cover will return a subset of an optimal cover, whose
size is equal to the sum of the numbers in the corresponding greedy-sequence
vector.



Algorithm Multi-Greedy(C,U)

APPX =C
Let Uy = the set of all the elements that belong to exactly &k sets
For each possible prefix ny,...,ny of a greedy-sequence

SC = Extract-Cover(C, U, (ng, ..., n2))
Covered = U,esc s
Find £SC = a k-approximation for (C'\ SC,U \ Covered)
If |[SCUEKSC|< |APPX]
APPX = SCUESC
Return APPX

Let OPT denote some optimal cover of a given k-bounded instance, (C,U).
We define the sequence (ny,...,7q) as the greedy-sequence of (OPT,C, Uy).
Algorithm Multi-Greedy checks all the possible sequences, therefore, there
will be a step in the algorithm when it calls Procedure Extract-Cover with the
sequence (7, ..., Ng). Let SC and Covered denote the values of the parameters
SC and Covered in this specific step. Note that as mentioned in Section 2,
given a sequence 7y, ...,y and an instance (C,U), the number 7, is defined
uniquely.

Our first step in the analysis of Algorithm Multi-Greedy is to bound the size

of the resulting cover APPX as a function of ng, ..., ny.
Lemma 2
k
|APPX| < — - |OPT|

1 (k= 1) L=
Proof. By definition S5C' C OPT and |SC| = Y5, #;. The sets in SC cover all
the elements in Covered. Therefore the rest of the sets in OPT, denote them by
OPT’, cover the elements in U\ Covered. Moreover, OPT’ is an optimal cover
of U\ Covered. Algorithm Multi-Greedy applies a k-approximation algorithm
on U\ Cmd, therefore its result will have the size of at most & - |[OPT’|.

Let R = Ij\OPPP%I‘ By the algorithm, APPX is the set of minimum size among

all possible covers, in particular it is smaller or equal to the possibility that
includes SC', therefore we can bound the set cover APPX as follows:

R-JOPT| = |APPX]| < b, oy +k-|OPT'| = Y05, oy + k- (JOPT| =3k, ) =

k

k‘|OPT|_(k_l)'Zleﬁi:]{?'|OPT|—(k_1).Zi:lm n

n



By definition n > |[APPX| = R - |OPT], thus,
Dy
R-|OPT| = [APPX| < k- [OPT| — (k — 1) - =1 . R . |OPT| =
k 5 -
IOPT| - (k — (k — 1) - 2= . R)

n

and, therefore,

The following step is to find a lower bound for the expression Y% #; as a
function of € = m/i—f (for the same iy, ..., n; as defined above).

Lemma 3 Given a k-bounded instance (C,U)

Proof. Given a k-bounded instance (C,U), we consider the following devision
of U into two sets: Uy is defined as the set of all the elements that belong to
exactly k sets in C, and Uy = U \ Uy. It is simple to see that |U;| = 0(%).
Therefore, by the definition of € we get

k k

— n
¢+ 77 = U= Ukl + |Uk] = Uk +o(17)
k

n

Uil = " (e = o(1))

We denote € = € — o(1). The proof of Lemma (1) is based on Constraint (5),
which has been constructed under the assumption that the instance of the
problem is homogeneous. This lemma gives a lower bound for any possible
greedy-sequence of the homogeneous instance (C,Uy), in particular it is true
for the sequence ny, ..., 11, therefore,

k
ZﬁiZ(l—\k/l—ék)-n
=1

By the definition of ¢



Zk:sz'Z(l— kl—e—l—o(l))-n:(1—\}71—6—0(1))-71

=1

Theorem 4 Algorithm Multi-Greedy has an approximation ratio of ) o T

for the k-homogeneous set-cover problem, and a ratio of + - 1) (“/ﬁ —|— o(1)
for the k-bounded set-cover problem.

Proof. Given a k-bounded instance (C,U), by Lemma (2),

k
IAPPX| < . |OPT].

14 (k1) 2=

n

If (C,U) is homogeneous, then U, = U, and ny, ..., ny is the greedy-sequence of
(OPT,C,U). Lemma (1) gives a lower bound for any possible greedy-sequence
of (C,U), in particular for the sequence ng, ..., 7y, thus,

Zk:fz >(1—=V1—¢€)-n

and, therefore,

k
IAPPX| < TR |OPT|
k
= IOPT]

Otherwise, by lemma (3) we get,

Zk:fzi >(1—=V1—€e—o(1)) n

and, therefore,



k

|APPX|§1+(k_1). - |oPT
k
= -|OPT]

Corollary 5 Algorithm Multi-Greedy has an approximation ratio ofm
for the e-dense k-homogeneous set-cover problem, and a ratio ofW —+ o(1)

for the e-dense k-bounded set-cover problem.

Now we intend to bound the approximation ratio of Algorithm Multi-Greedy
as a function of a possibly more natural expression, (Z) , which is the maximum

number of possible elements in a k-bounded instance, (C,U), of the set-cover
problem.

Theorem 6 Algorithm Multi-Greedy has an approzimation ratio of
k

k—(k—=1)- 41 — 2

==

for the k-bounded set-cover problem.

+ o(1)

Proof. The approximation ratio from Theorem (4), denoted by Ratio, was
computed for ¢ = m/ %, therefore,

. k
Ratw:k—(k—l)-\k/m—l—o(l)
k
= o(1
k

= + o(1

k—(k—l)-\z/l—(%—l—o(l) 0
= k + o(1)

10



Since there are n*~! candidates for ny,...,ny, and each candidate can be

checked in polynomial time, we get the following lemma:

Lemma 7 Algorithm Multi-Greedy can be implemented in polynomial time.

4 Hardness Result

The best constant approximation ratio that is known today for the k-bounded
set-cover problem is k (see [1] and [6]). This is the best constant approximation
ratio even if we know that the size of an optimal cover of a problem is at
least 7. The following theorem tries to measure the hardness of finding an
approximation for the e-dense k-bounded set-cover problem.

Theorem 8 For every fixed constant € there is no polynomial time algorithm
with an approximation ratio better than W by a constant for the e-
dense k-bounded set-cover problem, unless there is a polynomial time algorithm
with an approrimation ratio better than k by a constant for the general k-

bounded set-cover problem in which the size of the optimal cover is at least

E.

Proof. We call a k-hyper-graph a hyper-graph in which each edge has at most
k endpoints, for a given k. In this proof we consider the vertex-cover problem
in k-hyper-graphs, which is equivalent to the k-bounded set-cover problem.

We assume there exists a polynomial time algorithm A with an approximation
ratio of R for the vertex-cover problem in e-dense k-hyper-graphs, and we
show a lower bound for R. Given a general k-hyper-graph G(V, F), (n = |V]),
we build an e-dense k-hyper-graph G'(V', E’), (n’ = |V'|). Then we apply
Algorithm A on GG’ and get a cover VC4(G"), which is by assumption an R-
approximation for GG'. We show that if R is less than this lower bound, then
the part of VC4(G"), that is a cover of (7, has an approximation ratio better
than k by a constant. Therefore, we get an approximation ratio better than &
by a constant for the vertex-cover problem in a general k-hyper-graph, which
is known to be impossible.

We build 7 as follows: We add a clique of an’ hyper-vertices to V', and add all
possible hyper-edges with & endpoints, such that their endpoints are from V'
and at least one endpoint is from the clique. Then, n' = an’ + n = n’ = ==

We denote by OPT the optimal vertex cover of G, and by OPT’ the optin?lal
vertex cover of G'.

Let us look at the total number of hyper-edges in GG': This has to be at least
all possible hyper-edges in a k-hyper-graph with n’ hyper-vertices, possibly

11



without the hyper-edges, which all their endpoints are from V. Therefore,

n' n' —an’
E'| > —
12 (3) - (1)

L /
=an (n —=1)---(n = k+1)
1
7 (n"—an')-(n —an’=1)--- (0 —an’ —k +1)
1 1 1 kE—1
g T Rty LR
Given ¢, we try to find a value of a for which |E'| = ¢ - % Therefore by
(1 -5 — (1 —a)* = ¢—o0(l), we get that G’ is e-dense for a = 1 —
1= EEL)E — e 4 o(1).

Any optimal cover of G’ includes all the hyper-vertices of the clique. Also, we
can assume that VC4(G’) includes them, otherwise all the hyper-vertices of
V" would be in this cover (except maybe a constant number of hyper-vertices).

Therefore, |OPT’| = an’ + |OPT].

The hyper-vertices of the clique cover all the hyper-edges of the clique and
the hyper-edges between the clique and V', therefore, the other hyper-vertices

in the cover VC4(G") are a cover for G, which we denote by VC4(G).
By the above and by the assumption on Algorithm A:

VCA(G")] = an' + |[VC4(G)| < R-|OPT’| = R - (an’ 4 |OPT])

VCA(G)] <an' - (R—1)+ R-|OPT|

By our assumption on G, n < k- |OPT|, thus, n’ < & - |OPT|. Therefore,
we get,

VO (G)] < f‘k (R—1)-|OPT|+ R - |OPT| = |OPT| - (f‘k
— -«

(R—1)+R)

We assume that %(R — 1)+ R > k, otherwise we get an approximation ratio
which is better than & for the general k-hyper-graph G.
Then,

>
14 (k-1)«a

12



By choosing o =1 — \’/(1 — kg,l)k —e+o(l) we get

k
b (k= 1) /(1= 5% = e+ of1)
> K —o(1)
Thk—(k—1)-¥Y1—¢

Note that the value of « is legal only for e < (1 — k;—,l)k, which is true asymp-

totically for all n' > k__{}/g 0

R>

1

5 The Vertex-Cover Problem in ¢-Dense Graphs

The case of the k-homogeneous set-cover problem when & = 2 is known as
the Vertez-Cover problem. Karpinski and Zelikovsky [8] discuss two kinds of
dense graphs: For some ¢ > 0 , they call a graph G(V, E) all-over e-dense if
every vertex in (& has at least €|V neighbors, and they call a graph G(V, F)
e-dense if the number of edges is relatively high, i.e. |E| > 1¢[V/[*. The later
definition is similar to our definition of the e-dense 2-homogeneous set-cover
problem.

. . . . . . 2
Algorithm Multi-Greedy achieves the same approximation ratios of P

and 1%5 as Karpinski and Zelikovsky in e-dense graphs and in all-over e-dense

graphs, respectively. The ratio for e-dense graphs is a special case of Corol-
lary (5). It can be easily shown that the algorithm achieves the ratio of 1%5 in

the case of all-over e-dense graphs.

The best approximation ratios known for the vertex-cover problem are 2 —

2loglog V] jue to Monien and Speckenmeyer [9] and due to Bar-Yehuda and

2log |V|

Even [2], and 2 — 211?11F/J|‘/| (1 = o(1)) due to Halperin [5]. It has been recently

shown by Eremeev [3], that the vertex-cover problem in all-over e-dense graphs

is NP-hard to approximate within a factor less than 67:_265' Clearly there is still

a gap between the approximation ﬁ for this problem, and the factor which
is NP-hard to obtain. The following theorem tries to measure the hardness

. . . . . 2 2
of finding better approxnflatlon ratios than the ratios T+ and DI for
the vertex-cover problem in all-over e-dense graphs and in e-dense graphs,
respectively.

Theorem 9 For every fixed constant € there is no polynomial time algorithm
with an approzimation ratio better than —~ and o 2

o ? by a constant for the

vertex-cover problem in all-over e-dense and in e-dense graphs, unless there

13



s a polynomial time algorithm for the vertex-cover problem in general graphs
with an approximation ratio better than 2 by a constant.

Proof. By Theorem (8), for every fixed constant e there cannot be a poly-
nomial time algorithm with an approximation ratio better by a constant than
#m for the vertex-cover problem in e-dense graphs, unless there is a poly-
nomial time algorithm with an approximation ratio better by a constant than
2 for the general vertex-cover problem in graphs in which the size of the op-
timal cover is at least 7. By Nemhauser and Trotter (see [11] and [2]) we can
assume that for any given graph G(V, E), the size of the optimal vertex-cover
of the graph is at least 7. Therefore the claim is true for any graph.

The case of all-over e-dense graphs can be proven similarly to the proof of
Theorem (8), by choosing @ =€. O
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A

In the proof of Lemma (1) we presented the following optimization problem.
In this section we prove that the optimal solution of this optimization problem

is (1= ¥/1—¢)-n:

Min Zle n;
sit. (5) and 8 n; < (A1)
N, Ty c R

Where (5) is as follows:

k k k
ez =i U] <(n— > ni)' —(n=>_n;) + -1z (n—> ny)
7=1+1 7=t 7=t

for any ¢ such that 2 < < k.

Proof. We intend to show that there exists a solution, whose value is N,,;,
for the problem, that satisfies:

V1i<i<kn =0
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Therefore by using (5) and by the definition of e,

e-n® =k |U| <nf—(n—ny)k

6-nk§nk—nk-(1—ﬂ)k
n

<l-—-(1—-—
<1 (1"

ng>(1—=+v1—¢)n

Let N' = (n},...,n}) be an optimal solution for the problem which was stated
in (A.1),i.e.n}+...4n) = Npin. And let (27, ..., 23) be the suitable parameters
for the solution N'. If N’ satisfies (A.2) then we are done. Otherwise we
show that we can take the optimal solution N’, and build another optimal
solution from it, which satisfies (A.2). We also show that after this process
Constraint (5) is still satisfied.

We show the following claim:

For each 2 <1 <k
if foreach y<in;=0and z; =0
then z; = 0.

In the special case of 1 = 2, by definition z9 = ny, so x5 = 0 whenever n; = 0.
By (5) we get for 2 <1 < k:

(1—1) -z < (n—z_:nj)i—l —(n— _Z;

J=t J 1

k
) T (= 2) i (n— Y ny)
7=i—1
By the assumption, n;_; = 0 and z;_; = 0, therefore z; < 0, which means
that z; = 0.

Now we intend to show how we can change N’ into a suitable optimal solution
for (A.1) that satisfies (A.2): Let j < k be the first index such that for each
i < g, ni = 0 and n} # 0. By the previous claim, for each 7 < j, z; = 0. We
move the value of n; to n,, then after the change n’ = 0 and n’,, is equal
to the sum of the old values of n’, and n’,,. This change influences only the
following two constraints of (5):

Before the change, since 2% =0

16



I aipS(n= 3 i) —(n =3 ni)! (A.3)

1=j+1 1=
k k
G+ D2, <n= 30 n) ™ —(n— 37 nj)*! (A.4)
i=j+2 i=j+1
k
+7 -x;+1-(n— E nl)
i=5+1

After the change:
gt $;+1 <0

We decrease z%,, to 0 in order to satisfy the first constraint. Therefore, the
second constraint after the changes will be as follows:

k k
G+ D2l < (n= D0 ni)™* = (n =3 np)*! (A.5)
1=j+2 =7

Denote z = n — Zf:jﬂ nt, and by A the change in the second constraint, i.e.

the difference between (A.5) and (A.4), then

— 1+ J+1 : !
A=—(z—=nf)" +277 —gl-al, -2

By (A.3)

Az (s =P 4 M =2 (2 - (o - nl))

= (o= ) e (o )

:n;-(z—n;)jzo

After this change we get an optimal solution such that for « < 7, nl = 0, while
the validity of Constraint (5) is not harmed. By induction we can move the
value of n’,, to n’,, and so on, until we get an optimal solution in which for
each 1 < k,n,=0and nj, = N'. O
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_ €10

Ug

(3) (C2,U3)

Fig. A.1. “Greedy-Sequences”- Example.

Let (C,U) be an instance of the set-cover problem, where C' = {¢y,--- , c10},
U= {uy, - ,ur}, and k = 3. Let C' = {¢1,¢5,¢c8,¢9} be a possible cover for
the instance. The first two sets from ' that the greedy algorithm may choose
are ¢; and ¢j9. We can see that ¢; € C" and ¢19 ¢ C’, and therefore, n3 = 1 in
the greedy-sequence of (C’,C,U). Following the greedy algorithm on (Cy, U3)
we can see that the first set to be chosen is c¢g. The set ¢g is not in C’, thus
ny = 0 and ny = 2 in the greedy-sequence of (C',C,U).
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ni sets in C’
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. o nq sets in C’
1
sets in C’. 000

O 00 0O 000

() Spyp1 ¢ C

Fig. A.2. “Greedy-Sequences”- A schematic figure
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