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Abstract We study the bandwidth allocation problem (BAP) in bounded degree trees.
In this problem we are given a tree and a set of connection requests. Each request
consists of a path in the tree, a bandwidth requirement, and a weight. Our goal is to
find a maximum weight subset S of requests such that, for every edge e, the total
bandwidth of requests in S whose path contains e is at most 1. We also consider
the storage allocation problem (SAP), in which it is also required that every request
in the solution is given the same contiguous portion of the resource in every edge
in its path. We present a deterministic approximation algorithm for BAP in bounded
degree trees with ratio (2

√
e − 1)/(

√
e − 1) + ε < 3.542. Our algorithm is based on

a novel application of the local ratio technique in which the available bandwidth is
divided into narrow strips and requests with very small bandwidths are allocated in
these strips. We also present a randomized (2 + ε)-approximation algorithm for BAP

in bounded degree trees. The best previously known ratio for BAP in general trees
is 5. We present a reduction from SAP to BAP that works for instances where the tree
is a line and the bandwidths are very small. It follows that there exists a deterministic
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2.582-approximation algorithm and a randomized (2 + ε)-approximation algorithm
for SAP in the line. The best previously known ratio for this problem is 7.

Keywords Approximation algorithms · Bandwidth allocation · Bounded degree
trees · Scheduling · Storage allocation

1 Introduction

1.1 The Problems

We study the bandwidth allocation problem (BAP) in trees. In this problem we are
given a tree T = (V ,E), where m = |E|, and a set J of n connection requests from
clients. Each request j is associated with a path in the tree that is denoted by Pj

(Pj is a set of edges), and a weight w(j) that may be gained by accommodating it.
It also has a bandwidth requirement, or demand, dj ∈ [0,1]. (An example is given in
Fig. 1a.) A feasible solution, or a schedule, is a subset S ⊆ J of connection requests
such that, for every edge e, the total demand of requests whose path contains e is at
most 1. That is, S is feasible if

∑
j∈S:e∈Pj

dj ≤ 1, for every edge e. Our goal is to
find a schedule with maximum total weight.

When the given tree T is a line (i.e., a tree with two leaves) the problem is usually
presented in temporal terms. Namely, the path of a request becomes a time interval,
and our goal is to find a maximum weight subset S ⊆ J such that at any given time
the total bandwidth is bounded by 1.

In this paper we also consider a more general version of BAP in trees, in which a
request j is associated with a subtree of T instead of a path. Hence, in this problem,
Pj becomes a set of edges that induce a subtree in T . We refer to this version of the
problem as extended bandwidth allocation problem (EBAP). (See example in Fig. 1b.)

We consider the storage allocation problem (SAP) which is a variation of BAP

with two additional constraints: (i) the specific portion of the resource allocated to
a request cannot change between edges (or over time), and (ii) the allocation must
be contiguous. Hence, given a SAP instance, a solution can be described by a set of
requests S ⊆ J and an assignment of every request j ∈ S to a specific portion of the
resource. Formally, a solution consists of the set of requests S and a height function

Fig. 1 Instances of BAP and EBAP. The non-solid lines represent requests
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h : S → [0,1] such that the following constraints are satisfied: (i) h(j) + dj ≤ 1 for
every j ∈ S, and (ii) for every two requests j, k ∈ S such that j �= k and Pj ∩ Pk �= ∅
either h(j) + dj ≤ h(k) or h(k) + dk ≤ h(j). That is, we require that the portion of
the resource assigned to j is within the range [0,1], and that no two requests occupy
the same portion of the resource on the same edge (or at the same time). Observe that
a feasible SAP schedule is a feasible BAP schedule, however the converse may not be
true (see example in [12]). Hence, the BAP optimum is at least as large as the SAP

optimum of a given problem instance.
In the line topology a request j can be represented by an axis-parallel rectangle,

whose length is |Pj | (or the duration of the request, in temporal terms), and whose
height is dj . The rectangles are allowed to move vertically but not horizontally. We
wish to select a maximum weight subset of rectangles that can be placed within a
strip of height 1 such that no two rectangles overlap. A natural application of SAP

in the line arises in a multi-threaded environment, where threads require contiguous
memory allocations for fixed time intervals.

A closely related problem to SAP in the line topology is the dynamic storage allo-
cation problem (DSA). Similarly to SAP, in DSA we are given a set of rectangles J that
can only move vertically. The goal is to minimize the total height required to pack all
rectangles such that no two rectangles overlap. Formally, a DSA solution is an assign-
ment h : J → R

+ such that for every j �= k and Pj ∩ Pk �= ∅ either h(j) + dj ≤ h(k)

or h(k) + dk ≤ h(j). Our goal is to minimize maxj∈J {h(j) + dj }.
Finally, Given a parameter δ ∈ (0,1), a request j is called δ-narrow (or simply

narrow) if dj ≤ δ. Otherwise, it is called δ-wide (wide). A BAP (EBAP or SAP) in-
stance in which all requests are narrow is called a narrow instance, and an instance
in which all requests are wide is called a wide instance.

1.2 Related Work

Both BAP and SAP are NP-hard even in the line since they contain knapsack as the
special case in which the paths of all requests share an edge. As far as we know, the
question of whether BAP (or SAP) in the line is APX-hard is an open question (see,
e.g., [3]). The special case of BAP in the line with unit demands is the problem of
finding an independent set in a weighted interval graph which is solvable in polyno-
mial time (see, e.g., [15]). BAP in the tree with unit demands is the problem of finding
a maximum weight independent set of paths in a tree. This problem is also solvable
in polynomial time [20]. Notice that BAP and SAP are equivalent in the case of unit
demands.

The special case of BAP in the line, where all requests have the same length (or
duration), was studied by Arkin and Silverberg [1]. (In this case no path, or time
interval, is properly contained in another.) Bar-Noy et al. [4] considered an online
version of BAP in which the weight of a request is proportional to the area of the
rectangle it induces. Phillips et al. [19] developed a 6-approximation algorithm for
BAP in the line. Leonardi at al. [17] observed that SAP in the line can be used to
model the problem of scheduling requests for remote medical consulting on a shared
satellite channel. They obtained a 12-approximation algorithm for SAP in the line.
Bar-Noy et al. [5] used the local ratio technique to improve the ratios for BAP and
SAP in the line to 3 and 7, respectively.
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Chen et al. [12] studied the special cases of BAP and SAP, where all demands are
multiples of 1/K for some integer K . They developed dynamic programming algo-
rithms for both problems that compute optimal solutions for wide instances. Their
algorithm for BAP easily extends to general wide instances of BAP. However, in the
case of SAP, the running time of the algorithm depends on K that may be exponential
in the input size. They presented an approximation algorithm for BAP with propor-
tional weights. They also presented an approximation algorithm with ratio e

e−1 + ε,
for any ε > 0, for a special case of SAP in which dj = i/K for some i ∈ {1, . . . , q}
where q is a constant.

Calinescu et al. [9] developed a randomized approximation algorithm for BAP in
the line with expected performance ratio of 2+ε, for every ε > 0. They obtained their
results by dividing the given instance into a wide instance and a narrow instance. They
use dynamic programming to compute an optimal solution for the wide instance,
and a randomized LP-based algorithm to obtain a (1 + ε)-approximate solution for
the narrow instance. They also present a 3-approximation algorithm for BAP that is
different from the one from [5].

The more general version of BAP in which the capacities are not uniform is called
the unsplittable flow problem (UFP). In this problem our goal is to find a maximum
weight subset of a given set of flow demands that can be simultaneously routed
in a given capacitated network. Chakrabarti et al. [10] presented the first O(1)-
approximation algorithm for UFP in the line by extending the approach of [9] to the
non-uniform capacity case. However, their 13-approximation algorithm works un-
der the assumption that the maximum demand is not larger than any edge capacity
(the no-bottleneck assumption). Chekuri et al. [11] used an LP-based deterministic
algorithm instead of a randomized algorithm to obtain a (2 + ε)-approximation al-
gorithm for UFP in the line and a 48-approximation algorithm for UFP in trees both
under the no-bottleneck assumption. Bansal et al. [3] describe a deterministic quasi-
polynomial time approximation scheme for instances of UFP in the line, where all
values are quasi-polynomial, thereby ruling out an APX-hardness result for UFP un-
less NP ⊆ DTIME(2polylog(n)).

Lewin-Eytan et al. [18] studied the admission control problem in the tree topology.
The problem instance in this case is similar to a BAP-instance. However, each request
is also associated with a time interval. A feasible schedule is a set of connection re-
quests such that at any given time, the total bandwidth requirement on every edge
in the tree is at most 1. The goal is to find a feasible schedule with maximum total
weight. Clearly, the admission control problem in trees is a generalization of BAP.
Lewin-Eytan et al. [18] presented a divide and conquer (5 logn)-approximation algo-
rithm for admission control in trees. It divides the set of requests using the temporal
dimension, and conquers a set of requests whose time intervals overlap using a local
ratio 5-approximation algorithm. This is in fact a 5-approximation algorithm for BAP

in the general tree topology.
In this paper we consider the special case of BAP in trees in which the given tree

has a bounded degree. This special case is interesting, since it encompasses many
practical applications. For example, in local area networks packages are routed only
on links of some spanning tree in the network, and this spanning tree has a bounded
degree since the bridges in the network have a small number of ports. Bounded degree



Algorithmica

trees also arise in many applications concerning optical fiber networks (see, e.g.,
[13, 16]).

Gergov [14] presented an O(n logn) time algorithm for DSA that computes a so-
lution of cost at most 3 · LOAD(J ), where LOAD(J ) is the maximum sum of demands
on an edge. Buchsbaum et al. [8] presented a polynomial time algorithm that com-
putes a solution of cost at most (1 + O((D/LOAD(J ))1/7))) · LOAD(J ), where D is
the maximal demand of a request.

1.3 Our Results

We consider BAP in the tree topology where the maximum degree of a vertex in
the given tree is a constant. For wide instances of BAP we provide a polynomial time
dynamic programming algorithm that extends the algorithms from [9, 12]. We present
an approximation algorithm for narrow instances of BAP in general trees with ratio√

e√
e−1

+ ε, for every ε > 0. This algorithm is based on a novel application of the local

ratio technique in which the available bandwidth is divided into narrow strips, and
requests with very small demands are allocated in these strips. By combining the two
algorithms we get an approximation algorithm for BAP in bounded degree trees with

ratio 2
√

e−1√
e−1

+ ε < 3.542.

We also present a randomized (1 + ε)-approximation algorithm, for every ε > 0,
for narrow instances of BAP in bounded degree trees that extends the (1 + ε)-
approximation algorithm for BAP in the line from [9]. This implies a randomized
(2 + ε)-approximation algorithm for BAP in bounded degree trees.

The approximation algorithms for BAP in trees can be extended to EBAP. First,
the approximation ratio of the randomized algorithm remains 2 + ε even for EBAP.

The approximation ratio of the deterministic algorithm is 2 γ
√

e−1
γ
√

e−1
+ ε, where γ �

min{� − 1,�′}, � is the maximum degree of a vertex in T , and �′ is the maximum
degree of a vertex in a subtree. Note that γ = 2 in the case of BAP in bounded degree
trees, since �′ = 2. In the special case of BAP in lines γ = 1 since � = 2, therefore
the approximation ratio for BAP in lines is 2e−1

e−1 + ε < 2.582.
For wide instances of SAP in the line (and even in bounded degree trees) we pro-

vide a polynomial time dynamic programming algorithm that extends the algorithm
from [12]. We present a reduction from SAP to BAP that works on very narrow in-
stances in the line topology. The reduction is based on an algorithm for the dynamic
storage allocation problem by Buchsbaum et al. [8]. This reduction implies a de-
terministic 2.582-approximation algorithm and a randomized (2 + ε)-approximation
algorithm for SAP in the line.

2 Preliminaries

In this section we present some useful definitions and observations. We also shortly
discuss the local ratio technique.
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2.1 Definitions and Notation

We denote the optimum of a given problem instance by OPT. Given a schedule S, we
denote by w(S) the total weight of S, i.e., w(S) = ∑

j∈S w(j).
Throughout the paper we assume that the given tree T is rooted, and we de-

note the root by r . We also assume that the maximum degree of a vertex in T

is a constant. We denote the maximum degree by �, i.e., � = maxu deg(u). In
the case of EBAP we denote the maximum degree of a subtree by �′. That is,
�′ = maxj maxu∈V (Pj ) degPj

(u), where V (Pj ) is the vertex set of the subtree that

is induced by Pj . We also define γ � min{� − 1,�′}.
The peak of a request j is the vertex in j th path (subtree) that is closest to the

root r . (Note that the peak of a request can be the root itself.) We denote the peak of
j by peak(j). We denote by E(j) the set of edges in Pj that are incident on peak(j).
In the case of BAP in trees, E(j) contains either two edges or one edge. In the case of
EBAP, E(j) may contain up to γ edges. (Observe that we can always choose r do be
a vertex whose degree is strictly smaller than �, e.g., deg(r) = 1.) We define a partial
order on the requests as follows. For requests j and � we write j ≺ � if peak(j) is an
ancestor of peak(�). We denote by A(�) the set of requests j such that peak(j) is an
ancestor of peak(�), i.e., A(�) = {j : j ≺ �}. Henceforth, we assume that the requests
are topologically ordered according to the partial order ≺. That is, if peak(k) is found
on the path from peak(j) to the root r then k < j .

Observation 1 Let � be a request, and let S ⊆ J be a feasible solution such that
� �≺ j for every j ∈ S. Then, S ∪ {�} is a feasible solution if the load on e is at most
1 − d� for every e ∈ E(�).

2.2 Narrow and Wide Instances

Given a parameter δ ∈ (0,1), we can divide a given instance into a narrow instance
containing the narrow requests and a wide instance containing the wide requests. We
denote the corresponding sets of requests by RN and RW , respectively.

Lemma 1 Let SN and SW be an r1-approximate solution with respect to RN and
a r2-approximate solution with respect to RW , respectively. Then, the solution of
greater weight is an (r1 + r2)-approximation for the original instance.

Proof Let S∗ be an optimal solution for the original instance. Either w(S∗ ∩ RN) ≥
r1

r1+r2
w(S∗) or w(S∗ ∩ RW) ≥ r2

r1+r2
· w(S∗). Hence, either w(SN) ≥ 1

r1
· r1

r1+r2
·

w(S∗) = 1
r1+r2

· w(S∗) or w(SW) ≥ 1
r2

· r2
r1+r2

· w(S∗) = 1
r1+r2

· w(S∗). The lemma
follows. �

Observe that when r1 = 1 and r2 = r the approximation ratio obtained by
Lemma 1 is (r + 1).
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2.3 The Local Ratio Technique

The local ratio technique [2, 5–7] is based on the Local Ratio Theorem, which applies
to optimization problems of the following type. The input is a non-negative weight
vector w ∈ R

n and a set of feasibility constraints F . The problem is to find a solution
vector x ∈ R

n that maximizes (or minimizes) the inner product w · x subject to the
constraints F .

Theorem 1 (Local ratio [5]) Let F be a set of constraints and let w,w1, and w2 be
weight vectors such that w = w1 + w2. Then, if x is r-approximate both with respect
to (F ,w1) and with respect to (F ,w2), for some r , then x is also an r-approximate
solution with respect to (F ,w).

3 Bandwidth Allocation

In this section we consider the bandwidth allocation problem in bounded degree trees.
For the special case of wide instances we present a polynomial time dynamic pro-
gramming algorithm that computes optimal solutions. For the special case of narrow
instances we present a deterministic approximation algorithm whose approximation
ratio is 1/(1 − 1/

√
e − ε) < 2.542. By Lemma 1 it follows that there is a 3.542-

approximation algorithm for BAP in bounded degree trees. For narrow instances we
also present a randomized LP-based (1+ε)-approximation algorithm that extends the
(1 + ε)-approximation algorithm by Calinescu et al. [9] for BAP in the line topology.
Using the dynamic programming algorithm from Section 3 it follows from Lemma 1
that there is a randomized (2 + ε)-approximation algorithm for BAP on bounded de-
gree trees.

We show that both approximation algorithms extend to EBAP. The approximation
ratio of the randomized algorithm remains 2+ ε, while the approximation ratio of the
deterministic algorithm is 1 + 1/(1 − 1/ γ

√
e − ε). Note that in the special case of BAP

in lines γ = 1 since � = 2, therefore the approximation ratio of the deterministic
algorithm in the case of BAP in lines is 1 + 1/(1 − 1/e − ε) < 2.582.

3.1 Dynamic Programming Algorithm for Wide Instances

We present a polynomial time dynamic programming algorithm for BAP on wide
instances and in bounded degree trees. This algorithm extends the algorithms for
BAP in the line topology by Chen et al. [12] and by Calinescu et al. [9]. We note that
our algorithm easily extends to the more general case of EBAP. (The only difference
is in the fact that the Pj s induce subtrees.)

In order to solve the problem on wide instances we consider a variation of BAP

in which we are given a constant L that limits the number of requests per edge.
We present a dynamic programming algorithm whose running time is O(m · n�·L).
Clearly, if S is a feasible solution for a wide instance, then there are at most 1/δ re-
quests in S that go through e for any edge e. Hence, the running time of this algorithm
is O(m · n�/δ).
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Fig. 2 u0 and its children; T0 is
marked by the dotted line

We use the following notation. Consider a vertex u0 in the tree. Let T0 be the
subtree whose root is u0, and let e0 the edge that is going from u0 to its parent.
u0’s children are denote by u1, . . . , uk . Also, let ei be the edge connecting ui and
u0 for i ∈ {1, . . . , k}. See example in Fig. 2. Using this notation, we refer to a set
of requests Si as proper with respect to a vertex ui if (1) ei ∈ Pj for every j ∈ Si ,
(2)

∑
j∈Si

dj ≤ 1, and (3) |Si | ≤ L. Given a proper set S0 with respect to u0, the sets
S1, . . . , Sk are said to be compatible with S0 if (1) Si is proper with respect to ui for
every i, and (2) for every j and i, i′ ∈ {0, . . . , k}, if ei, ei′ ∈ Pj , then either j ∈ Si, Si′
or j /∈ Si, Si′ .

The dynamic programming table is of size O(m · nL), and it is defined as follows.
For a vertex u0 and a set of requests S0 that is proper with respect to u0, the state
�(u0, S0) is the maximum weight of a set S′ ⊆ J (T0), where J (T0) contains requests
j such that Pj is fully contained in T0, such that S0 ∪ S′ is feasible. We initialize the
table by setting �(u0, S0) = 0 for every leaf u0 and a proper set S0. We compute the
rest of the entries by using:

�(u0, S0) = max
S1,...,Sk are compatible with S0

{

w

(
k⋃

i=1

Sk \ S0

)

+
k∑

i=1

�(ui, Si)

}

when u0 is an internal node. The weight of an optimal solution is �(r,∅).
We show that the running time of the dynamic programming algorithm is

O(m · nL·�). To compute each entry �(u0, S0) we need to go through all the pos-
sibilities of sets S1, . . . , Sk that are compatible with S0. There are no more than∑L

i=1

(
n
i

) = O(nL) possibilities of choosing a proper set Si that is compatible with
S0, . . . , Si−1. Hence, the number of possibilities is O(nL·(�−1)). Hence, the total
running time is O(m · nLnL·(�−1)) = O(m · nL·�).

Note that the computation of �(u0, S0) can be modified so as to compute a corre-
sponding solution. This can be done by keeping track on which option was taken in
the recursive computation. Afterwards an optimal solution can be reconstructed in a
top down manner.

3.2 Local Ratio Algorithm for Narrow Instances

In this section we consider the special case of BAP on narrow instances. For
this case we present a deterministic approximation algorithm whose ratio is
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1/(1−1/
√

e−ε) < 2.542. We also show that this algorithm can be extended to EBAP.
The approximation ratio of the extended algorithm is 1/(1 − 1/ γ

√
e − ε).

3.2.1 Scheduling Requests in Layers

Throughout this section we assume that all the requests in the given instance are δ-
narrow for some small constant δ > 0. Let α be a constant such that δ < α ≤ 1. We
assume that α is significantly larger than δ. In this section we show how to construct
an approximate solution that uses at most α of the capacity of every edge in the given
tree. Henceforth we refer to a tree whose edges has capacity α as an α-layer, or
simply a layer. (Note that, in general, α may be larger than one.) Using these terms,
in this section we present an algorithm that computes a solution that resides in an
α-layer. We note that the approximation ratio of the algorithm is with respect to the
original problem in which the capacity of the edges is 1.

Algorithm Layer is a local ratio algorithm that computes a (1 + 2/(α − δ))-
approximate solution S such that the total demand of requests in S on any edge is
at most α. Algorithm Layer is recursive and works as follows. If there are no re-
quests, then it returns ∅. Otherwise, it chooses a request � such that � �≺ j for every
j �= �. This can be done by choosing a request whose peak is furthest away from the
root. It constructs a new weight function w1, and solves the problem recursively on
w2 = w − w1 and the set of jobs with positive weight that is denoted by J+. Note
that � /∈ J+. Then, it adds � to the solution that was computed recursively only if
feasibility is maintained.

Algorithm 1: Layer(J,w)

1: if J = ∅ then return ∅
2: Let � ∈ J be a request such that � �≺ j for every j ∈ J \ {�}

3: Define w1(j) = w(�) ·
⎧
⎨

⎩

1 j = �,
dj

α−δ
j �= �,Pj ∩ P� �= ∅,

0 otherwise,
and w2 = w − w1

4: Let J+ be the set of positive weighted requests
5: S′ ← Layer(J+,w2)

6: if
∑

j∈S′:e∈Pj
dj ≤ α − d� for every e ∈ E(�) then S ← S′ ∪ {�}

7: else S ← S′
8: Return S

Observe that due to Lines 6–7 and Observation 1 the total demand of requests
from the computed solution on any edge is at most α. Also, the running time of the
algorithm is clearly polynomial, since the number of recursive calls is at most n. In
fact, using similar arguments to those used in [5] it can be implemented to run in
O(n logn) time.

Lemma 2 Given a narrow BAP instance, Algorithm Layer computes a (1 + 2
α−δ

)-
approximate solution S that resides within an α-layer.
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Proof The proof is by induction on the number of recursive calls. In the base case
(J = ∅) the computed solution is optimal. For the inductive step, we assume that
w(S′) is (1 + 2

α−δ
)-approximate with respect to J+ and w2. If this is the case, then S

is also (1 + 2
α−δ

)-approximate with respect to J and w2, since w2(�) = 0. We show

that S is also (1 + 2
α−δ

)-approximate with respect to J and w1. This completes the

proof since by the Local Ratio Theorem we get that S is (1 + 2
α−δ

)-approximate with
respect to J and w as well.

It remains to show that S is (1 + 2
α−δ

)-approximate with respect to J and w1.
Due to Lines 6–7 either � ∈ S or S ∪ {�} is infeasible. If � ∈ S, then w1(S) ≥ w(�).
Otherwise,

∑
j∈S′ : e∈Pj

dj > α − d� for some edge e ∈ E(�), and therefore w1(S) ≥
w(�) · α−d�

α−δ
≥ w(�). On the other hand, we show that w1(T ) ≤ w(�) · (1+2/(α −δ)),

for every feasible solution T . Let j ∈ T be a request whose path intersects P�. Since
� �≺ j for every j ∈ J either peak(j) is an ancestor of peak(�) or peak(j) = peak(�).
Hence, Pj contains at least one edge from E(�). It follows that w1(T ) ≤ w(�) +
2(1−d�)

α−δ
· w(�), if � ∈ T , and w1(T ) ≤ 2

α−δ
· w(�), if � /∈ T . Therefore

w1(T ) ≤ w(�) · max

{

1 + 2(1 − d�)

α − δ
,

2

α − δ

}

≤ w(�) ·
(

1 + 2

α − δ

)

which means that S is (1 + 2
α−δ

)-approximate with respect to J and w1. The lemma
follows. �

Note that in the case of EBAP, |E(�)| ≤ γ � min{� − 1,�′} for every request �.
Hence, given a narrow EBAP instance, Algorithm Layer computes a (1 + γ

α−δ
)-

approximate solution S that resides within an α-layer. We also note that when the
given tree is a line we may choose one of the leafs to be the root, and in this case
γ = 1. It follows that Algorithm Layer computes (1 + 1

α−δ
)-approximate solutions

that reside within an α-layer.

3.2.2 Iterative Approximation in Layers

Algorithm Multi-Layer iteratively use Algorithm Layer with α = 1/k to schedule
requests in 1/k-layers for some large constant k, such that δ is significantly smaller
than 1/k.

Algorithm 2: Multi-Layer(J,w)

1: J1 ← J

2: for i = 1 to k do
3: Si ← Layer(Ji,w)

4: Ji+1 ← Ji \ Si

5: end for
6: Return

⋃k
i=1 Si
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Algorithm Multi-Layer computes feasible solutions, since Algorithm Layer com-
putes feasible solutions each residing in a 1/k-layer. The running time of the algo-
rithm is polynomial, since Algorithm Layer is invoked a constant number of times.

We use the following notation. Let S∗ be an optimal solution to the original in-
stance. Let OPTi denote the optimal value with respect to Ji . We denote Fi = ⋃i

l=1 Sl .
Hence, Fk is the computed solution. We also define r � 1 + 2

1/k−δ
.

Lemma 3 w(Fk) ≥ (1 − (1 − 1/r)k) · OPT.

Proof We show that w(Fi) ≥ (1 − (1 − 1/r)i) · OPT for every i. We prove the claim
by induction on i. The base case (i = 0) is trivial. For the inductive step, we assume
that w(Fi−1) ≥ (1 − (1 − 1/r)i−1) · OPT. The set S∗ \ Fi−1 is feasible with respect
to Ji = J \ Fi−1, and therefore, OPTi ≥ w(S∗ \ Fi−1). By Lemma 2 it follows that Si

is r-approximate with respect to Ji . Hence,

w(Si) ≥ OPTi

r
≥ w(S∗ \ Fi−1)

r
≥ w(S∗) − w(Fi−1)

r
= OPT − w(Fi−1)

r
.

It follows that w(Fi) = w(Fi−1) + w(Si) ≥ (1 − 1/r) · w(Fi−1) + OPT/r . Putting it
together with the induction hypothesis we get that

w(Fi) ≥ (1 − 1/r) · (1 − (1 − 1/r)i−1) · OPT + OPT/r = OPT · (1 − (1 − 1/r)i)

and the lemma follows. �

If δ is significantly smaller than 1
k

it follows that limk→∞,δ→0(1 − 1/r(δ, k))k) =
1/

√
e. Hence, we may choose a sufficiently large constant k and then a sufficiently

small constant δ such that (1 − 1/r)k ≤ 1/
√

e + ε. Hence, for every constant ε > 0
there exist δ > 0 and k such that Algorithm Multi-Layer computes solutions that are
(1/(1 − 1/

√
e − ε))-approximate.

Similar arguments can be used in the case of EBAP with r � 1 + γ
1/k−δ

. In this

case Algorithm Multi-Layer computes (1/(1 − 1/ γ
√

e − ε))-approximate solutions.
In the line we get a ratio of 1/(1 − 1/e − ε) by setting r � 1 + 1

1/k−δ
.

3.3 Randomized Algorithm for Narrow Instances

In this section we present a randomized LP-based (1 + ε)-approximation algorithm
for narrow instances of BAP in bounded degree trees that extends the (1 + ε)-
approximation algorithm by Calinescu et al. [9] for BAP in the line topology. We
also show that this algorithm extends to EBAP.

First, BAP in trees (and EBAP) can be formalized using the following linear pro-
gram:

(IP-BAP) max
∑

j∈J w(j)xj

s.t.
∑

j :e∈Pj
dj xj ≤ 1 ∀e ∈ E,

xj ∈ {0,1} ∀j ∈ J.
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The LP-relaxation of IP-BAP is obtained by replacing the integrality constraints by:
0 ≤ xj ≤ 1 for every j ∈ J , and is denoted by LP-BAP. The integrality gap of LP-BAP

is at least 2, since it extends the standard LP for knapsack.
Next, we present a randomized approximation algorithm for narrow instances of

BAP in bounded degree trees. Specifically, we show that for every ε < 1/6 there ex-
ists δ > 0 small enough such that the algorithm computes 1/(1 − 6ε)-approximate
solutions. The approximation algorithm is described as follows. First, we solve LP-
BAP. Denote by x∗ the computed optimal solution, and let OPT∗ = ∑

j∈J w(j)x∗
j .

We choose independently at random the variables Yj ∈ {0,1}, for j ∈ J , where
Pr[Yj = 1] = (1 − ε)x∗

j . Next we define the random variables Zj ∈ {0,1}, j ∈ J . The
Zj s are considered in a top down manner. That is, Zj is defined only after Z� was
defined for every � ≺ j . The Zj s are defined as follows:

Zj =
{

1 if Yj = 1 and
∑

i:Zi=1∧e∈Pi
di ≤ 1 − dj for every e ∈ E(j),

0 otherwise.

Notice that the Zj s are dependent, and they can be computed in the order Z1, . . . ,Zn

since if i < j then j /∈ A(i) (or, j �≺ i).
Let Z = {j : Zj = 1}. Z is a feasible solution due to Observation 1, and

E[w(Z)] = ∑
j∈J w(j) · Pr[Zj = 1]. In the Appendix we show that Pr[Zj = 1] ≥

(1 − 3ε)x∗
i . (The proof is almost identical to the one from [9] for BAP in lines.) It

follows that E[w(Z)] ≥ ∑
j∈J w(j) · (1 − 3ε)x∗

j = (1 − 3ε)OPT∗. Furthermore, since
w(Z) ≤ OPT∗, Markov’s inequality implies that Pr[w(Z) ≥ (1 − 6ε) · OPT∗] ≥ 1/2.
Hence, we can use repetition in order to amplify the probability of obtaining at least
a weight of (1 − 6ε) · OPT∗.

The above algorithm for BAP also works for EBAP. For this case it is shown in
Appendix that Pr[Zj = 1] ≥ (1 − �ε)x∗

i . Hence, E[w(Z)] ≥ (1 − �ε)OPT∗. It fol-
lows that a solution whose weight is at least (1 − 2�ε) · OPT∗ can be obtained with
high probability.

4 Storage Allocation

In this section we consider SAP in the line. For the special case of wide instances
we present a polynomial time dynamic programming algorithm that computes opti-
mal solutions. (We actually present an algorithm for the more general case of SAP

in bounded degree trees.) For narrow instances we present a general reduction from
SAP to BAP. That is, given a narrow SAP instance in the line we show how to find
an approximate solution using an algorithm for BAP. Thus, using the algorithm for
BAP on narrow instances from Sect. 3.2 we obtain a deterministic approximation al-
gorithm for narrow instances of SAP whose ratio is 1/(1 − 1/e − ε) < 1.582. Using
the randomized (1 + ε)-approximation algorithm for narrow instances of BAP in the
line from [9] we also obtain a randomized (1 + ε)-approximation algorithm for nar-
row instances of SAP. By Lemma 1, we obtain a deterministic 2.582-approximation
algorithm and a randomized (2+ε)-approximation algorithm, for any ε > 0, for SAP.
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4.1 Storage Allocation on Wide Instances

We show how to extend the dynamic programming algorithm from Sect. 3.1 to solve
wide instances of SAP in bounded degree trees. The running time of the modified
algorithm is O(m · n�·(L+L2)), where L is an upper bound on the number of requests
per edge. If S is a feasible solution for a wide instance of SAP, then there are at most
1/δ requests in S that go through e for any edge e. Hence, the running time of this
algorithm in the line topology is O(m · n2/δ+2/δ2

), where m is the number of edges
in the line.

Our algorithm is based on the following simple observation.

Observation 2 There exists an optimal solution (S,h) such that, for every request j ,
either h(j) = 0 or there exists a request j ′ �= j such that Pj ∩ Pj ′ �= ∅ and h(j) =
h(j ′) + dj ′ .

Proof Given an optimal solution (S∗, h∗), simply apply “gravity” on S∗. (See exam-
ple in Fig. 3.) �

Let (S,h) be an optimal solution. By Observation 2 we may assume that the height
h(j) of every request j is the sum of demands of some (possibly empty) subset of
requests. Since the maximal number of requests assigned to an edge is at most L, the
number of possible heights is bounded by

∑L
i=0

(
n
i

) = O(nL). We denote the set of
possible heights by H . It follows that the definition of a proper set (from Sect. 3.1)
can be extended to a proper pair (Si, hi), where hi is a height function. Since H is
of polynomial size, the number of possible proper pairs with respect to some vertex
is polynomial as well.

Consider a vertex u0 and its children u1, . . . , uk as in the case of BAP. We re-
fer to a set of requests Si ⊆ J and a height function hi : Si → H as proper with
respect to a vertex ui if (i) S is proper in the BAP sense, (ii) hi(j) + dj ≤ 1 for
every j ∈ Si , and (iii) for every j, j ′ ∈ Si such that j �= j ′ either hi(j) + dj ≤ hi(j

′)
or hi(j

′) + dj ′ ≤ hi(j). Observe that there are O(nL) possibilities for choosing Si ,

and that given Si there are O((nL)L) = O(nL2
) possibilities for choosing hi . The

pairs (S1, h1), . . . , (Sk, hk) are said to be compatible with the proper pair (S0, h0) if
(i) S1, . . . , Sk are compatible with the S0 in the BAP sense, and (ii) hi(j) = hi′(j) for
every i �= i′ and j ∈ Si, Si′ .

Fig. 3 Solution (b) is obtained by applying gravity on Solution (a)
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The dynamic programming table is of size O(m · nL+L2
), and it is defined as

follows. For a vertex u0 and a pair (S0, h0) that is proper with respect to u0 the state
�(u0, S0, h0) is the maximum weight of a pair (S′, h′) such that S′ ⊆ J (T0), where
J (T0) contains requests j such that Pj is fully contained in T0, and (S0 ∪ S′, h0 ∪ h′)
is feasible, where

(h0 ∪ h′)(j) =
{

h0(j) j ∈ S0,
h′(j) j ∈ S′.

We initialize the table by setting �(u0, S0, h0) = 0 for every leaf u0 and a proper pair
(S0, h0). We compute the rest of the entries by using:

�(u0, S0, h0) = max
(S1,h1),...,(Sk ,hk) are

compatible with(S0,h0)

{

w

(
k⋃

i=1

Sk \ S0

)

+
k∑

i=1

�(ui, Si, hi)

}

when u0 is an internal node. The weight of an optimal solution is �(r,∅, f ) where
f is a function whose domain is the empty set.

To compute each entry �(u0, S0, h0) we need to go through all the possibili-
ties of pairs (S1, h1), . . . , (Sk, hk) that are compatible with (S0, h0). There are no
more than O(nL+L2

) possibilities of choosing a proper pair (Si, hi) that is com-
patible with (S0, h0), . . . , (Si−1, hi−1). Therefore, the number of possibilities is
O(n(L+L2)·(�−1)). Hence, the total running time is O(m · nL+L2 · n(L+L2)·(�−1)) =
O(m · n(L+L2)�).

4.2 Reduction for Narrow Instances

Our reduction relies on a closely related problem to SAP called the dynamic storage
allocation problem (DSA). Similarly to SAP in the line, in DSA we are given a set of
rectangles J that can only move vertically. The goal is to minimize the total height re-
quired to pack all rectangles such that no two rectangles overlap. Formally, a DSA so-
lution is an assignment h : J → R

+ such that for every j �= k and Pj ∩ Pk �= ∅ either
h(j) + dj ≤ h(k) or h(k) + dk ≤ h(j). Our goal is to minimize maxj∈J {h(j) + dj }.

We use the following result for DSA. Buchsbaum et al. [8] presented a poly-
nomial time algorithm that computes a solution whose cost is at most (1 +
O(( D

LOAD(J )
)1/7)) · LOAD(J ), where D = maxj {dj }, and LOAD(J ) is the maximum

load on an edge, i.e., LOAD(J ) = maxe{∑j∈J :e∈Pj
dj }. Observe that the height of a

DSA solution must be at least LOAD(J ). Also observe that when D = o(LOAD(J ))

the cost of the solution is (1 + o(1)) · LOAD(J ).

Lemma 4 For every constant β > 0 there exists δ > 0 such that if S is a feasible BAP

solution to some δ-narrow instance, then S can be transformed into a SAP solution
that fits into a (1 + β)-layer in polynomial time.

Proof Let S′ be the solution computed by the algorithm of Buchsbaum et al. [8] when
given S as an input. It follows that LOAD(S′) ≤ LOAD(S) + C · D1/7 · LOAD(S)6/7

for some constant C. Since LOAD(S) ≤ 1, there exists δ small enough such that
LOAD(S′) ≤ 1 + β . �
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Our reduction uses the notion of an α-layer. Recall that an α-layer is a line in
which the capacity of the edges is α. In the case of BAP, this means that if a solution
fits into an α-layer then the total demand on every edge is at most α. In the case of
SAP, such a solution S must satisfy the following constraints: (i) h(j) + dj ≤ α for
every j ∈ S, and (ii) for every two requests j, k ∈ S such that j �= k and Pj ∩ Pk �= ∅
either h(j) + dj ≤ h(k) or h(k) + dk ≤ h(j).

Let Algorithm BAP be an approximation algorithm for BAP in the line such that
for every ε′ > 0 there exists δ > 0 such that the algorithm computes r/(1 − ε′)-
approximate solutions for δ-narrow instances. Algorithm SAP is our approximation
algorithm for narrow SAP instances in the line that uses Algorithm BAP. We show
that for every ε > 0 there exists δ > 0 such that it computes r/(1 − ε)-approximate
solutions for δ-narrow instances. We assume that δ is small enough such that (i) Al-
gorithm BAP computes r/(1 − ε/4)-approximate solutions on δ-narrow instances,
and (ii) the conditions of Lemma 4 are satisfied with β = ε/4. We also assume that
δ < ε/4. Algorithm SAP starts by calling Algorithm BAP in order to obtain a BAP

solution. Using Lemma 4, it transforms this solution into a SAP solution that fits into
a (1 + β)-layer, where β = ε/4. Then, it removes a small part of it in order to obtain
a feasible solution for SAP.

Algorithm 3: SAP(J,w)

1: S ← BAP(J,w)

2: Compute an assignment h for S in a (1 + β)-layer using Lemma 4
3: Divide the (1 + β)-layer into β-layers

Let Si be the requests that intersect the ith layer
4: k ← argminiw(Si)

5: S′ ← S \ Sk

6: Define h′(j) =
{

h(j) h(j) < (k − 1)β,
h(j) − β h(j) ≥ kβ,

for j ∈ S′
7: Return (S′, h′)

The computed solution is feasible since the removal of Sk leaves one β-layer
empty, and this allows us to condense the assignment h such that the remaining re-
quests fit in a layer of height 1. Furthermore, since δ < ε/4 each request j can be
contained in at most two β-layers. Hence,

∑
i w(Si) ≤ 2w(S). It follows that

w(Sk) ≤ 2w(S)

�1/β� = 2w(S)

�4/ε� < 3ε · w(S)

4

and therefore w(S′) > (1 − 3ε/4) · w(S). Since w(S) ≥ OPT · (1 − ε/4)/r , it follows
that

w(S′) >
(1 − 3ε/4)(1 − ε/4)

r
· OPT ≥ 1 − ε

r
· OPT

as required. (Recall that the BAP optimum is at least as large as the SAP optimum.)
Finally, the running time is polynomial, because given ε all parameters except n are
constants.
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Appendix: Randomized Algorithm for Narrow Instances

Given a constant δ, our randomized algorithm for δ-narrow instances of BAP com-
putes 1/(1 − 6ε)-approximate solutions, where

ε = √
(8/3) · δ ln(1/δ). (1)

Clearly, this statement is meaningful only when ε < 1/6. In [9] it was shown that
the function f (δ) = √

(8/3) · δ ln(1/δ) is increasing on (0,1/e). Hence, for every
ε ∈ (0,1/6), there exists some δ < δ0 such that (1) is satisfied, where f (δ0) = 1/6.
(δ0 ∈ (0.001,0.002) since f (0.001) < 0.136 and f (0.002) > 0.182.)

For the case of EBAP the algorithm computes 1/(1−2�ε)-approximate solutions.
Again, since the function f (δ) is increasing on (0,1/e) it follows that for every ε <

1
2�

there exists a δ such that (1) is satisfied.
It remains to prove that Pr[Zj = 1] ≥ (1 − �ε)x∗

j , but to do so we need the fol-
lowing observation and lemma that were given by Calinescu et al. [9].

Observation 3 ([9]) Let ε =
√

8
3 · δ ln(1/δ) where ε < 1/4 and δ < 0.0044. Then,

ε > 57δ.

Lemma 5 ([9]) Let X1, . . . ,Xm be independent random variables and let β1, . . . ,

βm ∈ [0,1], where Pr[Xi = βi] = pi and Pr[Xi = 0] = 1 − pi , for every i. Let X =∑m
i=1 Xi and μ = E[X]. Then,

1. σ(X) ≤ √
μ.

2. Pr[X > μ + λ
√

μ] < exp(−λ2

2 + λ3

2
√

μ
) for any λ such that 0 < λ <

√
μ.

The following lemma is a direct extension of Lemma 3.6 from [9].

Lemma 6 Pr[Zj = 1] ≥ (1 − �ε) · x∗
j for every j ∈ J .

Proof Consider some j ∈ J . We first observe that

Pr[Zj = 1] = Pr[Yj = 0] · Pr[Zj = 1|Yj = 0] + Pr[Yj = 1] · Pr[Zj = 1|Yj = 1]
= Pr[Yj = 1] · Pr[Zj = 1|Yj = 1]

since Pr[Zj = 1|Yj = 0] = 0. Hence, we try to estimate the probability
Pr[Zj = 1|Yj = 1]. Let πj (e) for e ∈ E(j) be the probability that j was blocked
in the edge e.

πj (e) = Pr

[ ∑

i∈A(j):e∈Pi

diZi > 1 − dj

]

≤ Pr

[ ∑

i∈A(j):e∈Pi

diYi

δ
>

1 − δ

δ

]

since Zi ≤ Yi and di ≤ δ. Now we can define a new random variable Xi = diYi

δ
for

every i ∈ A(j) such that e ∈ Pi . Also, let X = ∑
i Xi , μ = E[X]. Observe that the
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new variables satisfy the conditions of Lemma 5 with βi = di/δ and pi = (1 − ε)x∗
i .

Later on, we use Lemma 5 and the following bound on μ:

μ =
∑

i∈A(j):e∈Pi

di

δ
· (1 − ε)x∗

i = 1 − ε

δ

∑

i∈A(j):e∈Pi

dix
∗
i ≤ 1 − ε

δ
, (2)

where the inequality is due to the fact that x∗ is a feasible solution of LP-BAP.
We consider two cases:

Case 1: μ < 7
8 · 1−δ

δ
In this case,

πj (e) ≤ Pr

[

X >
1 − δ

δ

]

≤ Pr

[

|X − μ| > 1 − δ

8δ
√

μ
· σ(X)

]

≤ 64δ2μ

(1 − δ)2
,

where the second inequality is due to Lemma 5 and the third follows from Cheby-
shev’s inequality. Since μ < 7

8 · 1−δ
δ

and δ < δ0 ≤ 0.002, we get that πj (e) < 56δ
1−δ

<

57δ.
Case 2: μ ≥ 7

8 · 1−δ
δ

Set λ such that μ + λ
√

μ = 1−δ
δ

. Observe that λ is a decreasing function of μ.
Hence, from (2) and Observation 3 it follows that

λ = (1 − δ)/δ − μ√
μ

≥ (1 − δ)/δ − (1 − ε)/δ√
(1 − ε)/δ

= ε − δ√
δ(1 − ε)

≥ ε − δ√
δ

≥ 56ε

57
√

δ
.

Also, since μ ≥ 7
8 · 1−δ

δ
, it follows that 1 − λ/

√
μ = 2 − 1−δ

δμ
≥ 2 − 8/7 = 6/7.

Which means that λ ≤ √
μ/7. By (2) and Lemma 5 we get that

πj (e) ≤ Pr[X > (1 − δ)/δ] = Pr[X > μ + λ
√

μ]

< exp

(

−λ2

2
(1 − λ/

√
μ)

)

< exp

(

−1

2
·
(

56

57

)2
ε2

δ

6

7

)

= exp

(

−1

2
·
(

56

57

)2 8

3
ln(1/δ)

6

7

)

= δ8·562/7·572
< δ.

Hence, in both cases πj (e) ≤ 57δ. By union bound and Observation 3 it follows that

Pr[Zj = 0|Yj = 1] ≤
∑

e∈E(j)

πj (e) ≤ 57δ · |E(j)| < ε · |E(j)|

and therefore

Pr[Zj = 1] > (1 − ε · |E(j)|) · Pr[Yj = 1]
= (1 − ε · |E(j)|) · (1 − ε) · x∗

j

≥ (1 − ε · (|E(j)| + 1)) · x∗
j

= (1 − ε · (γ + 1)) · x∗
j

≥ (1 − ε · �) · x∗
j

and the lemma follows. �



Algorithmica

References

1. Arkin, E.M., Silverberg, E.B.: Scheduling jobs with fixed start and end times. Discrete Appl. Math.
18, 1–8 (1987)

2. Bafna, V., Berman, P., Fujito, T.: A 2-approximation algorithm for the undirected feedback vertex set
problem. SIAM J. Discrete Math. 12(3), 289–297 (1999)

3. Bansal, N., Chakrabarti, A., Epstein, A., Schieber, B.: A quasi-PTAS for unsplittable flow on line
graphs. In: 38th Annual ACM Symposium on the Theory of Computing, pp. 721–729, 2006

4. Bar-Noy, A., Canetti, R., Kutten, S., Mansour, Y., Schieber, B.: Bandwidth allocation with preemption.
SIAM J. Comput. 28(5), 1806–1828 (1999)

5. Bar-Noy, A., Bar-Yehuda, R., Freund, A., Naor, J., Shieber, B.: A unified approach to approximating
resource allocation and scheduling. J. ACM 48(5), 1069–1090 (2001)

6. Bar-Yehuda, R.: One for the price of two: a unified approach for approximating covering problems.
Algorithmica 27(2), 131–144 (2000)

7. Bar-Yehuda, R., Even, S.: A local-ratio theorem for approximating the weighted vertex cover problem.
Ann. Discrete Math. 25, 27–46 (1985)

8. Buchsbaum, A.L., Karloff, H., Kenyon, C., Reingold, N., Thorup, M.: OPT versus LOAD in dynamic
storage allocation. SIAM J. Comput. 33(3), 632–646 (2004)

9. Calinescu, G., Chakrabarti, A., Karloff, H.J., Rabani, Y.: Improved approximation algorithms for
resource allocation. In: 9th International Integer Programming and Combinatorial Optimization Con-
ference. LNCS, vol. 2337, pp. 401–414 (2002)

10. Chakrabarti, A., Chekuri, C., Gupta, A., Kumar, A.: Approximation algorithms for the unsplittable
flow problem. In: 5th International Workshop on Approximation Algorithms for Combinatorial Opti-
mization Problems. LNCS, vol. 2462, pp. 51–66 (2002)

11. Chekuri, C., Mydlarz, M., Shepherd, B.: Multicommodity demand flow in a tree. In: 30th Annual
International Colloquium on Automata, Languages and Programming. LNCS, vol. 2719, pp. 410–425
(2003)

12. Chen, B., Hassin, R., Tzur, M.: Allocation of bandwidth and storage. IIE Trans. 34, 501–507 (2002)
13. Fekete, S.P., Khuller, S., Klemmstein, M., Raghavachari, B., Young, N.: A network-flow technique

for finding low-weight bounded-degree spanning trees. J. Algorithms 24(2), 310–324 (1997)
14. Gergov, J.: Algorithms for compile-time memory optimization. In: 10th Annual Symposium on Dis-

crete Algorithms, pp. 907–908, 1999
15. Golumbic, M.C.: Algorithmic Graph Theory and Perfect Graphs. Academic, San Diego (1980)
16. Kumar, S.R., Panigrahy, R., Russell, A., Sundaram, R.: A note on optical routing on trees. Inf. Process.

Lett. 62(6), 295–300 (1997)
17. Leonardi, S., Marchetti-Spaccamela, A., Vitaletti, A.: Approximation algorithms for bandwidth and

storage allocation problems under real time constraints. In: 20th Conference on Foundations of Soft-
ware Technology and Theoretical Computer Science. LNCS, vol. 1974, pp. 409–420 (2000)

18. Lewin-Eytan, L., Naor, J., Orda, A.: Admission control in networks with advance reservations. Algo-
rithmica 40(4), 293–403 (2004)

19. Phillips, C., Uma, R.N., Wein, J.: Off-line admission control for general scheduling problems. J.
Sched. 3, 365–381 (2000)

20. Tarjan, R.E.: Decomposition by clique separators. Discrete Math. 55(2), 221–232 (1985)


	Resource Allocation in Bounded Degree Trees
	Abstract
	Introduction
	The Problems
	Related Work
	Our Results

	Preliminaries
	Definitions and Notation
	Narrow and Wide Instances
	The Local Ratio Technique

	Bandwidth Allocation
	Dynamic Programming Algorithm for Wide Instances
	Local Ratio Algorithm for Narrow Instances
	Scheduling Requests in Layers
	Iterative Approximation in Layers

	Randomized Algorithm for Narrow Instances

	Storage Allocation
	Storage Allocation on Wide Instances
	Reduction for Narrow Instances

	Appendix: Randomized Algorithm for Narrow Instances
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


