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Abstract

In this paper we consider the following natural generalization of two fundamental
problems: the Set-Cover problem and the Min-Knapsack problem. We are given an
hypergraph, each vertex has a nonnegative weight and each edge has a nonnegative
length. For a given threshold Z, our objective is to find a subset of the vertices with
minimum total cost, such that at least a length of ? of the edges are covered. This
problem is called the partial set cover problem. We present an O(|V|2 +|H]|) time, Ag-
approximation algorithm for this problem, where Ag > 2 is an upper bound on the edge
cardinality of the hypergraph, and |H]| is the size of the hypergraph (i.e. the sum of all
its edges cardinalities). The special case where Ap = 2 is obviously the partial vertex
cover problem. For this problem a 2-approximation was previously known, however,
the time complexity of our solution, i.e. O(|V|?), is a dramatic improvement.

We show that if the weights are homogeneous (i.e., proportional to the potential
coverage of the sets) then any minimal cover is a good approximation. Now, using
the local-ratio technique, it is sufficient to repeatedly subtract a homogeneous weight

function from the given weight function.

Keywords: Approximation Algorithm, Local Ratio, Covering Problems, Vertex Cover, Set

Cover, Partial Covering, Knapsack.
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1 Introduction

1.1 Definitions and Notations

We are given a hypergraph H = (V, F), a weight function w : V — IRT, a length function
(: F — IR", and a covering bound { € IR*. Define:

wV') =Y e w(v) for VI C V.

UE") =3 cpl(e) for E' C E.

E(V)={ee E:enV'# ¢}

E(v) = E({v}) forve V.

d(v) = |FE(v)| for v e V.

|H| =Y ,cvd(v) = Y .ck |e| (the size of the hypergraph)

Ay = max,ev d(v).

Ap = max.cp |e|]. We assume Agp > 2, unless stated otherwise.

We say that C' is a feasible solution (or just an Z—covev‘) if C CVand ((E(C)) > (. An
(-cover C* is optimal if w(C*) < w(C') for all feasible solutions C'. A feasible solution C' is
called an r-approxzimate cover, if w(C) <r-w(C*).

An algorithm A is called an r-approximation algorithm if for all instances H,w, ¢, Z, A
returns an r-approximate cover.

Notice that there is a feasible solution iff {(E) > (. When U(FE) = { and {(-) > 0 the
length function ¢ is redundant and we get the well known classic problem, the Set Cover

problem.

1.2 Some History of the Vertex Cover and the Set Cover Problems

A set C C V is called a vertex cover of a graph G = (V, F) if every edge has at least one
endpoint in C, i.e., Veeg e N C # (. The vertex cover problem (VC) is: given a graph
G = (V,E) and a weight function w : V — IRT, find a vertex cover C' with minimum
total weight. The vertex cover problem (VC) is NP-hard even for planar cubic graphs with
unit weights [7]. For unit weight vertex cover, Gavril (see [7]) suggested a linear time 2-
approximation algorithm. For the general vertex cover problem, Nemhauser and Trotter [11]
developed a local optima algorithm that implies a 2-approximation.

Currently, the best ratio known is 2. The first linear time algorithm was found by Bar-
Yehuda and Even [2]. Their proof uses the primal-dual approach. It took a few more years
to find a different kind of proof — the local-ratio theorem [3]. Recently, Bar-Yehuda [1] has
presented a unified approach and a generic approximation algorithm for a family of covering
problems. The algorithm in this paper uses this approach.

The set-cover problem is a generalization of the vertex cover problem. A set ¢ C V is
called a set cover of a hypergraph H = (V, E) if every edge has at least one endpoint in C,
ie., Veeg € N C # ¢. The set cover problem (SC) is: given a hypergraph H = (V, E) and
a weight function w : V — IRT find a set cover C' with minimum total weight. The best



known approximation algorithms for SC are a (In Ay )-approximation algorithm by Chvétal

[6] and a Ag-approximation linear time algorithm by Bar-Yehuda and Even [2].

1.3 The Unit Length Partial Covering Problems

The partial covering case in which all the edges have unit length, called the (-Set-Cover
problem, was first studied by Kearns [9] in relation to learning. In this excellent Ph.D.
dissertation, the Chvatal greedy approach [6] is also studied. Later Slavik [12] showed that
the (In Ay )-approximation of set cover can be extended to the case in which {=p- || for
any given constant 0 < p < 1. Only recently, Burroughs in her master’s thesis [5] extended
this result to any ¢ < |E|. The special case in which all the edges have unit length and the
edge cardinality is exactly 2, called the (-Vertex-Cover problem, was studied by Bshouty and
Burroughs [4]. They have presented the first polynomial-time 2-approximation algorithm,
which is based on solving a linear program. They also showed that improving the ratio
to a constant smaller than 2 would be a breakthrough. They have shown that such an

improvement on many families of instances would imply improving the ratio for the classic

VC problem as well. Recently Hochbaum [8] presented an O(|E| |V log(%)log [V]) time

2-approximation algorithm for the {-Vertex-Cover problem. Note that the time complexity

of our 2-approximation algorithm for this problem is O(|V ).

1.4 A Special Case: The Min Knapsack Problem

The Knapsack decision problem is defined as follows:

Instance: Aset V = {1,2,...,n}, weight function w : V" — IR, length function £ : V — IR™,
(€ IRt and & € IR*.
Question: Is there aset C CV s.t w(C') <@ and ((C) > (7

There are two related optimization problems to the Knapsack decision problem, one !

is the Mazimum Knapsack Problem: max{{(C') : C C V,w(C) < &} and the other is the
Minimum Knapsack Problem: min{w(C'): C CV,{(C) > Z} The later is obviously a special
case of our problem, when Ap = 1. The traditional approach to attacking the knapsack
problem (min and max) is to greedily select the vertex with the smallest ratio of weight
per length. A simple modification of this is known to be a 2-approximation. This approach
can be generalized to the partial covering problem and, as we observed, this is exactly the
approach of Chvatal’s greedy algorithm [6] for set cover, and of its generalizations to partial
set cover, [12, 4]. However, the greedy approach can be generalized in another direction. A
knapsack is homogeneous if w = £. Homogeneous knapsacks are interesting in themselves,

see e.g Kearns [9]. In this case, every selection order is greedy, and it can be proved that

1See Khuller, Moss, and Naor [10] for a (1 — e~!)-approximation.



any minimal set C' is a 2-approximation. Our generalized approach is to repeatedly subtract
from w a homogeneous weight, e.g., €- £, for some € > 0. So, implementing our algorithm for
the special case of min-knapsack gives a 2-approximation. It is, however, still interesting to
observe that the case Ag =1 (i.e. the min-knapsack) is known to have a full approximation
scheme (which is an ’almost 1-approximation’) and this is in accordance with our intuition

that a Ag-approximation should be available for all Ag > 1.

1.5 Overview

In section 2 we define the homogeneous weight function and prove its useful properties. In
section 3 we present the Ag-approximation algorithm. The main step of this algorithm is
a subtraction of homogeneous weight function from the given function weight. Using the

properties of the homogeneous function and the local ratio technique we prove its correctness.

2 The Homogeneous Weight Function

We are given a hypergraph H = (V. F), a length function ¢, and a covering bound (. Yor
every v € V we define the effective degree of v by: 6(v) = min{Z,E(E(v))}.

An l-cover C' is minimal if V,eyC' \ {v} is not an (-cover.

With respect to H,/, lz the weight function ¢ is called homogeneous. The main valuable
property of the homogeneous weight function is that any minimal cover is a "good” approx-
imation. In the next two lemmas we show this fact by proving that the total weight of any

minimal -cover is in the interval: [Z, AEZ]

Lemma 1 Let § be an homogeneous weight function with respect to H,/{, 3 If Cis any
{-cover of H then 5C) > ‘

Proof. If §(v) = { for some v € C then obviously § > /. Otherwise,

5C) = Yecd(v) by deﬁnltlon]
(v

[
= Yuec U(E(v)) [§ )<5]
> ((E(C)) [E(C) = Usec E(v)]
> ! [by definition of /-cover]

O

Lemma 2 Let § be an homogeneous weight function with respect to H,/, 3 If Cis any
minimal {-cover, then §(C) < Ag - /.

Proof. We distinguish between three cases:

Case 1: |C] < Ag:
If |C| < Ap then §(C) = ¥y 8(v) < |C] - maxyec 8(v) < |C] - £ < Ap - 1.
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Case 2: J,ecd(v) = I:
If 6(v) = { for some v € C' then minimality implies C' = {v} and therefore |C| = 1 <
Apg, which is case 1.

Case 3: |C| > Ag and V,ecd(v) < 7
Partition E(C') into two sets. The set of edges 'covered’ by exactly one endpoint
in C; By = {e:|enC|=1}, and the others that are 'covered’ by more endpoints:
FEy={e:|lenC|>1}.

Now,
5C) = ZUEC o(v) [by deﬁnitiorﬂ
= Yuecl(E(v)) Voecd(v) < /]
< Ag-l(Ey) +U(Ey) [by definition of E;, ]
— Ap (E(C)) — (Ap — 1) () ) )
= Ag- (€+€’) (Ag —1)-4(Fy) [define: ¢! ={(E(C)) —{]
< Ag- (ﬁ—l—f’)—E(El) [since Ap > 2]

Ap- 0+ (Ap -0 — ((Ey))

To complete the proof we have to show that ((F,) > Ag - 0. Let v € C, and let
Ey(v) = Ey 0 E(v). Since C' is a minimal /-cover, it follows that ¢(E(C\{v})) < f. The
contribution of F;(v) to the total length must therefore satisfy: ((E;(v)) > 7. The same is
true for all the vertices in C, and therefore ¢(F;) > |C] 0. Since |C| > Ag, it follows that
UE) > Ag - 1. O

Now, let us extend the definition to the e—homogeneous weight function. @ is e—homogeneous
for a given ¢ > 0 and with respect to H, ¢,/ if Voevw(v) = €-8(v). We conclude this section

with the following useful theorem:

Theorem 2.1 Lel @w be an e—homogeneous weight function with respect to H,K,Z. If C is
a minimal {-cover and C* is an optimal one, then w(C') < Agw(C™).

Proof. R
Ap-e-l [by lemma 2]
Ag-w(C*) [by lemma 1]

=(0) <
<

3 The Ag-approximation algorithm

Our algorithm is written in recursive fashion. It is based on iterative subtraction of an
e—homogeneous weight function, from the current weight function to obtain a new weight
function. The algorithm Cover (V, F,w,{,{) is described in Figure 1.

Lemma 3 Algorithm Cover has at most 2|V| ilerations.
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Algorithm Cover (V, E,w,l. ()
If7<0
return ¢
If £=¢
return 'no solution’
Vo ={v:d0(v)=0}
IMVy # 6
return Cover(V\Vy, E\E(Vp), w,{, 1)
Vo ={v:w(v) =0}
IMVy # 6
return VoU Cover(V\Vy, E\E(Vp), w,£,0 — [((E(Vp))])

/*At this point > 0, E # ¢, w(-) > 0, and §(-) > 0%/
/*we find an ¢—homogeneous weight function™/
€ = Min,cy %
for each v € V
wi(v) = €-§(v) /*the e—homogeneous weight function®/
wa(v) = w(v) — w1 (v) /*the residual weight function™/

/*Main recursion call*/
C'= Cover(V, E,wQ,E,Z)
/*Minimality loop™/
for each v € C
if C\{v} is a {-cover
C = C\{v}

return C

Figure 1: Algorithm Cover

Proof. Since in each of the first two recursive calls, at least one vertex is removed from V',
it follows that these two calls are performed at most |V| times. When ¢ is computed for all
v € V, we have w(v) > 0. Clearly, by the computation of €, wi(-), and wy(-), at least one
vertex v € V has the value wy(v) = 0. Thus, the third recursive call is performed at most

|V| times, and we have total of at most 2|V| iterations. O
Theorem 3.1 Algorithm Cowver is a Ag-approximation for the {-cover problem.

Proof. By lemma 3, we have at most 2|V iterations. The proof proceeds by induction on
the number of iterations.
Base: 0 iterations implies that, £ < 0, and the empty set which is returned by the algorithm

is an optimal /-cover.



Step: We assume (> 0, £ # ¢, w(-) >0, and 6(-) > 0, since, otherwise, the induction step
is trivial. Let C' be the minimal /-cover obtained after the minimality loop. Let C*, C7, and

C'5 be optimal {-covers with respect to w, wy, and ws.

w(C) = wi(C) 4+ we(C) [by definition]
< Ag-wi(CF) + Agwy(C3)  [by theorem 2.1 and induction hyp]
< Ag-wi(C*)+ Agwy(C*)  [Cf and Cf are {-cover of w, and wo)
< Ag-w(C7) [w = w; + wo]

Lemma 4 Algorithm Cover can be implemented in time O(|V|* + |H|).

Proof. To update the value of §, we have to update the value of £( F/(v)) for each non-deleted
vertex v € V. This value is changed only when a vertex is deleted, and all its adjacent edges
should be deleted. For each deleted edge e € E, {(e) is subtracted from all |e| vertices
contained in e. Therefore, the total time devoted to update § for all vertices is bounded by
O(Feerlel) = O(H])
By lemma 3 the total number of iterations is bounded by 2|V|. At each iteration we need
O(|V]) other operations, and the total time for all other operations is O(|V]?).
O

Corollary 1 For simple graphs the {-Vertex Cover problem has an O(|V|*) time 2-approzimation
algorithm.
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