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Abstract

We introduce a generalization of interval graphs, which
we call dotted interval graphs (DIG). A dotted interval
graph is an intersection graph of arithmetic progressions
(=dotted intervals). Coloring of dotted intervals graphs
naturally arises in the context of high throughput
genotyping. We study the properties of dotted interval
graphs, with a focus on coloring. We show that any
graph is a DIG but that DIG, graphs, i.e. DIGs in which
the arithmetic progressions have a jump of at most d,
form a strict hierarchy. We show that coloring DIGy
graphs is NP-complete even for d = 2. For any fixed d,
we provide a %d approximation for the coloring of DIG,
graphs.

1 Introduction

Overview. Interval graphs have been extensively stud-
ied and have many applications [5]. A graph is an inter-
val graph if the nodes correspond to intervals on the real
axis, and there is an edge between two nodes iff their
corresponding intervals overlap. We introduce a gen-
eralization of interval graphs, which we call Dotted In-
terval Graphs (DIG), in which instead of solid intervals
we consider “Dotted Intervals”, i.e. segments of a “dot-
ted line”. Formally, a Dotted Interval (DI) is an arith-
metic progression of integer values. Thus, the nodes of a
dotted interval graph correspond to arithmetic progres-
sions and there is an edge between two nodes iff their
respective arithmetic progressions share a point. Dot-
ted interval graphs naturally arise in the context of high
throughput genotyping, as explained in Section 1.1.

In this paper we study the properties of DIGs, with a
focus on coloring.

Summary of Result. First, we show that unlike
interval graphs, any (countable) graph is a dotted
interval graph:
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THEOREM 1.1. FEvery graph with a countable number of
nodes is a DIG.

Thus, we consider restricted DIGs where in each dotted
interval the jump (i.e. the distance between consecutive
points) is bounded by some constant d. We denote
the class of such graphs by DIG;. We show that these
graphs form a strict hierarchy:

THEOREM 1.2. For all d > 1, DIGg & DIGgy1.
addition, | J-, DIG; & DIG.

In

Next we consider the coloring of DIGs (which is the
problem arising in the genotyping application). Color-
ing general DIGs is as hard as coloring general graphs.
Thus, we consider the coloring of DIG, graphs, and seek
algorithms that are polynomial for a fixed d (i.e. Fixed
Parameter Tractable in d). We show that coloring re-
mains hard even for a fixed d:

THEOREM 1.3. Coloring DIGy graphs is NP-complete
for any d > 2.

Note that DIG; graphs are interval graphs, which are
polynomially colorable. Thus, there is a sharp gap in
the complexity of coloring between DIG; and DIG,.
Approximate coloring is also hard for general DIGs, but
for any fixed d, a constant approximation is possible:

THEOREM 1.4. For d = 2, there is a polynomial algo-
rithm that guarantees a % approzximation for the coloring
of DIGy graphs (given their DIGy representation). For
any fized d > 2, there is a polynomial algorithm that
guarantees a %d approzimation for the coloring of DIGy
graphs (given their DIGy representation).

Finding the maximum clique in DIGs, on the other
hand, is “easy”:

THEOREM 1.5. Finding the maximum clique in DIGy
graphs is fized parameter tractable in d (given their
DIGy representation,).

1.1 DIG Coloring and High Throughput Geno-
typing Genotyping is the process by which elements of
the genetic composition of individuals are determined.



Specifically, genotyping usually refers to the process of
determining the specific allele (genetic variant) present
in a particular DNA sample, out of a set of known poly-
morphisms (multiple possible variants). Genotyping is
routinely performed in thousands of laboratories around
the world every day, with applications ranging from pre-
natal disease detection to forensics, and from crop en-
hancements to evolutionary biology.

One common type of genetic variation is characterized
by multiple repeats of a fixed sequence of bases, within
an otherwise conserved genomic background. These
types of variations are called microsatellite polymor-
phisms. Different alleles differ in the number of times
the repeat sequence is repeated. High allelic variabil-
ity makes microsatellites powerful genetic markers, and
therefore an extremely valuable tool for genome map-
ping in a variety of organisms, including the human
[9, 14].

There are many different methods for microsatellite
genotyping. It is out of the scope of this paper to
describe these methods in detail (see [19] for a review
on microsatellite genotyping methods). However, the
general structure of many of the methods comprises
two main steps. In the first step, the microsatellite
together with some fixed flanking area is isolated. In the
second step, the length of the resulting DNA fragment
is measured. Let F' be the length of the fixed flanking
area, A be the length of the repeat sequence, and n the
number of the repeats of the repeat sequence. Then, the
total length of the isolated segment is F'+ nA. Thus, if
F and A are known, then n can be reconstructed from
the total length.

Since microsatellite genotyping is a costly procedure,
we seek to reduce the number of times the procedure
is applied. This can be done by assaying several sites
simultaneously, a process called multiplering. In this
case, however, we will get several measurements in each
assay, one for each of the sites. If this is the case, then
it is necessary to be able to uniquely determine what
measured length corresponds to which site. Specifically,
we must guarantee that in each assay all the possible
outcomes of one site are distinct from those of any other
site of the same assay. We are interested in minimizing
the total number of assays. We show that, given a set
of microsatellites, the problem of partitioning this set
into a minimal number of assays can be modelled as a
coloring problem in DIGs.

For any polymorphic microsatellite site p let F' be the
length of the flanking area for p and A the length of
the repeat sequence. Let £ and h be the minimum and
maximum number of repeats possible in p, respectively.
Then, the possible lengths of the DNA fragment corre-
sponding to p are: S, = {F +nA : ¢{ <n < h}, which

is an arithmetic progression, i.e. a dotted interval. Two
sites can be genotyped together iff their respective dot-
ted intervals do not share a point. Consider the DIG G
formed by the entire set of dotted intervals correspond-
ing to the set of sites to be genotyped. Any coloring of
G corresponds to a partition of the sites into sets that
can be jointly genotyped, and vice versa.

1.2 Related Work

Interval Graphs and Generalizations. Interval
graphs have been studied extensively (see [5]). There
are several known generalization for interval graphs.
Clircular arc graphs are a generalization in which the
nodes are arcs on a circle, instead of intervals on a line.
Circular arc graphs are a proper generalization of inter-
val graphs, but do not contain all graphs. It is known
that coloring of circular arc graphs is NP-Complete [4],
and there is a % approximation algorithm for their col-
oring [15]. See [5, 3, 11, 4] for additional properties of
circular arc graphs.

Another generalization of interval graphs are t-interval
graphs. In a t-interval graph each node corresponds to
t intervals, and there is an edge between two nodes iff
any of their corresponding intervals overlap. Clearly,
every finite graph is a t-interval graph for some t. For
a fixed t, [2] show how to color t-interval graph G in
2t(w(G") — 1) colors, where w(G’) is the clique number
of the underlying (simple) interval graph. See [6, 16, 17]
for additional results on t-interval graphs.

Another generalization of interval graphs are t-track
interval graphs (also called union graphs and separated t-
interval graphs). In a t-track interval graph we consider
t separate lines - tracks, and for each node there is a
corresponding interval in each of the tracks. There is
an edge between two nodes iff there exists a track in
which their corresponding intervals overlap. For any
t > 1, t-track interval graphs are a proper subset of
t-interval graphs. See [10, 7] for studies on t-track
intervals graphs.

Multiplexed Genotyping. Multiplexing is routinely
performed in many genotyping studies. However, choos-
ing what sites to jointly process is usually determined
based on ad-hoc heuristics. There is little theoretical
work on the algorithmic aspects of multiplexing.
Kivioja et al. [8] consider the problem of optimizing
multiplexed transcription profiling. In this case the
alm is to measure transcriptional expression level of
multiple genes, using hybridization probes. Kivioja
et al. provide a 2-approximation algorithm for this
optimization problem.

The relationship between microsatellite multiplexing
and graph coloring was established in the patent [18].
The patent applies general graph coloring methods and



does not provide specific coloring algorithms for DIGs.
The patent also provides a technique to establish a per-
instance lower bound on the coloring, based on the
maximal number of dotted intervals that are over any
point. We note that by using the maximal clique, as
described in Section 5 a tighter lower bound can be
established.

In [1] the authors consider the problem of multiplex-
ing in SNP genotyping (SNPs are another type of ge-
netic polymorphism). [1] provides theoretical hardness
results for this problem, as well as heuristic algorithms
that perform well in practice.

2 Definitions

In this Section we provide the formal definition for DIG
and DIGy graphs.

DEFINITION 2.1. Let F' = {S1,...,S,} be a family of
sets. G = (V,E) is the intersection graph of F, if
[V =1|F| and ¥ i,j (v;,v;) € E if and only if i # j and
SinsS; #0.

A dotted interval is a sequence of integers (dots)
such that the distance between any two consecutive
dots is some fixed k, called the dotted interval’s jump.
We denote by DI(z,y,k,0) (x < y; z,ymod k = o;
k € N\{0}; 0 < o < k), the dotted interval such that
m € DI(z,y,k,0) iff x < m <y and mmod k = o.
The parameter o is called the dotted interval’s offset.
x or y (or both) can be assigned the value —oo or oo
respectively, in either case the DI is an infinite countable
set of dots.

DEFINITION 2.2. A graph G = (V,E) is a dotted
interval graph (DIG) if it is an intersection graph
of a set D of dotted intervals.

A graph G = (V,E), is a dotted interval graph
with maximal jump d, denoted as DIGy, if it is an
intersection graph for a set of dotted intervals D, such
that for each DI(z,y,k,0) € D, k < d (i.e. all the
dotted intervals’ jumps are at most d).

By a slight abuse of notation we also denote by DIG
the set of all DIG graphs, and by DIGy, the set of
all DIG,; graphs. It is easy to see that for finite and
countable graphs, DIG; is exactly the class of interval
graphs. However, dotted interval graphs with higher
jumps reveal quite different properties. For instance,
DIGs graphs contain cycles of arbitrary lengths while
interval graphs are known to be chordal.

Consider a dotted interval I = DI(z,y,k,0). The
beginning of I (denoted begin(I)) is x, the ending of
I (denoted end(I)) is y. The span of I is the interval
[z, y]-

The overlap of a number of DIs is the intersection of
their spans. If this intersection is not empty, then they
are considered overlapping. A dotted interval is above
point p if its span includes p.

A dotted interval DI(x,y, k,0) where t = —oo and y =
oo is called an infinite dotted interval. Such a dotted
interval will be denoted as DI (k, o). It follows directly
from the DI definition that DI (k,0) = {kn + o}necz.

3 Properties of DIGs

3.1 Every Graph is a DIG The following claims
follow directly from the definitions of dotted intervals.
Their proofs are omitted.

ProrosiTION 3.1. Two infinite dotted intervals

DI (k1,01) and DIy (ka,02) meet iff
(01 — 02) mod ged(ky, k2) = 0

PROPOSITION 3.2. If (07 — 02) mod ged(ky,ks) = 0
then DI(ki,01) N Dlog(ka,02) = Dloo( ity 03)
(where N means intersection of sets).

We now prove Theorem 1.1 (which we restate):

THEOREM. Fwvery countable graph is a dotted interval
graph.

Proof. Given any countable graph G(V, F) where V =
{v1,...,0;,...} we construct a DIG representation
for G as follows. Denote the j** prime number
as p;. For every i assign v; the dotted interval
DI, (k;, 0;) which is constructed as a disjunction of pri-
mal jump DIs as follows: DIy (k;,0;) = DIso(pi,0) N
[DIoc(Pmyy 1) N DI (Prmy, 1) N ... N DIog(pm,, 1)] where
m € {mq,...,m} iff (vi,vm) ¢ E and m < i. Us-
ing proposition 3.2 it is easy to see that DI (k;,0;) =
DIo((pi - Pmy - -+ Dmy), f1), where fi is the resulting
offset. So every v; is assigned DI (k;,0;) where:

e The jump is: k; = p; - Hj:(vi,vmj)¢E,mj<ipmj
e The offset 0o; = f; has the following properties:

1. o, mod p; =0

2. 0; mod pp,; = 1 Vmy such that (vi,v,,) ¢ £
and m; <1

These properties directly follow from the fact that
0; is actually a dot in DI (k;,0;) and therefore
is also a common dot to all of the original primal
jump DIs.

Note that for every vertex v; with a finite index ¢, the
construction assigns a finite well-defined jump and offset
to the corresponding DI.



The following will show that the intersection graph of
the constructed DlIs is indeed the graph G.

o Yu;,v; (i < j) such that (’Ui,vj) ¢ E:

By the construction of the offsets:
(0j—0;) mod p; = (0; mod p;)—(0; mod p;) =1-0

and by the construction of the jumps: ged(k;, k;) =
p; - k, where k € N.
Thus (0; —0;) mod ged(k;, kj) # 0, and the respec-
tive DIs don’t meet by proposition 3.1

o Yu;,v; (¢ < j) such that (v;,v;) € E:

By the construction of the jumps:

II

L(vi,vn )EE,n <i

ged(ki, k) = Py

By the construction of the offsets Vny,
(0; — 0;) mod py,, = (0; mod py,,) — (0; mod py,,) =
1-1=0

Thus, (0; —0;) mod ged(k;, kj) = 0 and the respec-
tive DIs meet according to proposition 3.1 U

3.2 The DIG; Hierarchy

ProrosiTiON 3.3. Consider a graph G € DIG,. Let D
be a DIG, representation for G and S a set of dotted
intervals S C D, where |S| > d, and every two dotted
intervals in S overlap. There must exist at least two
dotted intervals in S that meet.

Proof. Let {DI,;};=1..4+1 denote d+1 dotted intervals in
S. Consider p = begin(DI;) such that Vi begin(DI;) <
begin(DI;). This point is the rightmost beginning in
all of these DIs in S. Vi end(DI;) > p, must hold in
order to satisfy the overlap assumption, and so p is in
the span of all of these DIs. Since the maximal jump
of all DIs is d, every one of the d + 1 DIs must have at
least one dot ¢ such that p < g < p+ d, but this means
that at least two of these DIs must have the same dot,
and so they meet. O

We are now ready to prove Theorem 1.2 (restated):

THEOREM. For all d > 1, DIGy & DIGgy1. In
addition, \J;-, DIG4 & DIG.
Proof. Consider the complete bipartite graph

Kit1,a+1 = (V,U, E) where d € N \ {0}.
Figure 1 illustrates a DIGg4y1 representation for
Kd+1,d+1 where V = {1}1, ey Ud+1} and U =
{ul, - ,ud+1}. So Kd+1,d+1 S DIGd+1.

Figure 1: DIG 441 representation of K; 1 411

We show that Kgi14+1 ¢ DIG4. Assume in contra-
diction that D is a DIGg representation of Kgyi1 qy1.
Let Dy C D be the representation of the vertices of
V. Let Dy C D be the representation of the vertices
of U. Since V is an independent set and |V| = d + 1,
then according to Proposition 3.3, there must be at least
two dotted intervals v;, v; € Dy that do not overlap.
In the same way there must be at least two dotted in-
tervals w;, u,, € Dy that do not overlap. But this
means it is not possible for both v; and v; to meet both
u; and u.,, which is in contradiction to the properties
of the graph Kgi1,44+1 that D is representing. Thus,
DIGy & DIGg41.

Consider the countable complete bipartite graph Ko .
According to Theorem 1.1, Ko oo € DIG. Assume, by
contradiction, that Ko o € Uzozl DIG,. This must
mean that Im € N such that K - € DIG,,. But,
as was demonstrated above Ky, 41.m+1 ¢ DIG,, and so
obviously Ko o ¢ DIG,,. Thus, U;ozl DIG; & DIG.
O

3.3 DIGs and Circular Arc Graphs The follow-
ing, which we state without proof, provides the relation-
ship between DIGs and circular arc graphs:

THEOREM 3.1. There is a DIGy graph that is not a
circular arc graph. For every d > 1, there is a circular
arc graph that is not a DIGy.

4 NP-Hardness of the Optimal Coloring of
DIG,; Graphs

The coloring of circular-arc graphs is known to be NP-
Complete [4]. We prove the NP-Hardness of coloring
DIGy graphs, using a polynomial reduction from the
coloring of circular-arc graphs.

Let G be a circular arc graph, and let k& be a natural
number. The following polynomial reduction constructs
a graph H € DIG4 such that G is k-colorable iff H is
k-colorable.

If & > |G| then G is clearly k-colorable. In this case
simply output the empty graph which is in DIG5 and
obviously k-colorable, and we’re done.



The beginning and ending of an arc a (also denoted as
begin(a) and end(a)) are the first point and the last
point of arc a counter-clockwise, respectively. An arc
a is regarded as above the point p if begin(a) < p <
end(a). The frequency of a point p (or frequency(p))
in a graph’s circular-arc representation, is the number
of arcs that are above this point.

If there is any point p on the circle of G’s CAG
representation such that frequency(p) > k, then G
contains a clique whose size is larger than k, and it
is clear that G is not k-colorable. In this case, simply
output the graph Ky,1 € DIG5. Since this k+ 1 clique
is also obviously not k-colorable, we are done with this
case.

For every arc a in G’s CAG representation which is a
complete circle let H’s DIG5 representation include an
infinite dotted interval DI, (1,0). Since f such arcs
and f such DIs always add exactly f distinct colors to
the coloring of G and H, respectively, then w.l.o.g. we
shall assume that there are no complete circle arcs in
G’s CAG representation.

Choose one of the points on G’s circle whose frequency
is maximal, and call it pep¢. Then, for some m > 0
frequency(pspiit) = k —m. Add to G’s circle, m new
arcs that are above pgp; and intersect only with the
k —m arcs above psp:. We call the resulting graph G,
and the k arcs above pgp+ split arcs.

ij}i (;1 s k-

PROPOSITION 4.1. G is k-colorable

colorable.

Proof.

(<) If Gy is k-colorable then it is obvious that G is also
k-colorable since G C G;.

(=) Assume that G is k-colorable. Use the same k-
coloring to color (G1’s arcs, except for the m additional
arcs above pgpis¢. Since this coloring uses only & — m
colors for the arcs above psp:, and the additional m
arcs intersect only with those arcs, then it is possible to
color the additional arcs with the m non-used colors at
Dsplit- S0 G is also k-colorable. O

Next we modify G1’s CAG representation in order that
no split arc (i.e. arc above psp¢) begins or ends at
the same point as another split arc, without changing
the represented graph. It is easy to see that such a
modification is always possible.

Next we split the circular-arc representation of graph
G open at pspi: turning it into the interval graph
representation of a new graph G, where every split arc
is represented by a corresponding pair of split intervals
- a left split interval and a right split interval, and every
other arc is represented by a single interval (see Figure
2). Clearly, G, is k-colorable iff G5 has a k-coloring

Pspit
left right
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Figure 2: Splitting G; to form G,

that assigns the same color to every corresponding pair
of split intervals.

Let I(x,y) denote the interval [z,y] on the real line.
I(x,y) is called an even interval if z,y € {2n},cz, i.e.
the interval’s endpoints have even integral values. It
is easy to see that every interval graph representation
with a countable number of intervals can be modified in
such a way that all intervals are even, without changing
the represented graph. Therefore, assume w.l.o.g. that
G9’s interval graph representation includes only such
even intervals.

From G, we construct the DIGy representation of
graph H as follows. For every left and right split
intervals, Ijef¢(x,y) and Iigne(x,y), in Go, include the
left and right split dotted interval, DI.s(x,y,1,0)
and DI,igni(x,y,1,0). For any other interval, I(z,y),
in Gs, include the dotted interval DI(z,y,2,0). For
every corresponding pair of left and right split dotted
intervals, DIjcs(2z,y,1,0) and DIyighe(s,t,1,0), where
s > y, include an additional binding dotted interval
DIyinging(y +1,s —1,2,1). These dotted intervals will
have a binding effect on the coloring of corresponding
pairs of split dotted intervals as will be shown. Figure
3 illustrates the above construction.

We denote with {l1,...,lx}, {r1,...s7k}, {b1, ..., b5}, the
left split, right split and binding dotted interval, re-
spectively, where [;, r; are a corresponding pair of split
dotted intervals, and b; is their binding dotted interval.
Note that without the binding dotted intervals, graph H
would represent the exact same graph as Go (G2 C H).
Also, the binding dotted intervals never meet the other
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Figure 3: An example for a constructed H graph
(k=4)

(non-split) dotted intervals because the first consist only
of odd points, while the latter only of even points.

PROPOSITION 4.2. G has a k-coloring that assigns the
same color to every pair of split intervals iff H is k-
colorable.

Proof.

(=) If G2 has a k-coloring that assigns the same color
to every corresponding pair of split intervals, then use
this coloring for H’s non-binding dotted intervals. Note
that {l1,...,l;} and {rq, ..., 7} are both cliques so every
corresponding split pair (I;,7;) was assigned a different
color x(l;) = x(r;) = 4. Assigning the binding dotted
intervals the same color as their corresponding split pair
x(b;) =1, gives a valid k-coloring, since the binding dot-
ted intervals neither intersect their corresponding split
pair intervals nor the other intervals, by construction.
So H is k-colorable.

(<) If H is k-colorable using the following lemma we
show that G5 has a k-coloring that assigns the same
color to every pair of split intervals.

LEMMA 4.1. For everyi € {1,..,k} there exists a clique
of size k — 1, K,i_l C H, such that b; and l; intersect
all of the vertices in Ki_,.

Proof. Consider any binding dotted interval b; in graph
H. We will show that for every j (j # i) there exists
a dotted interval a; € {l;,b;,7;} such that both dotted
intervals b; and [; intersect a;, and the beginning of b;
(denoted as begin(b;)) is always a dot of a;.

Since begin(b;) is an odd dot, and every odd dot on
graph H’s line is covered by exactly one of the dotted
intervals {l;,b;,7;}, then the following are all of the
possible cases for begin(b;):

1. begin(b;) € l;: this naturally means that b; inter-
sects [;. It is also easy to see that [; intersects [ ,
since [; covers all the dots to the left of begin(b;).
See example in Figure 3, where i = 1 and j = 4.

2. begin(b;) € b;: this naturally means that b;
intersects b;.  Since according to construction
begin(b;) # begin(b;), this must mean that
begin(b;) < begin(b;), and so l; also intersects b;.
See example in Figure 3, where ¢« = 1 and j = 3.

3. begin(b;) € r;: this naturally means that b; inter-
sects r;. Since begin(r;) is even while begin(b;) is
odd, this must mean that begin(r;) < begin(b;),
and so [; also intersects ;. See example in Figure
3, where i =1 and j = 2.

The above claim shows that Vi b; and [; intersect with
the same k — 1 dotted interval {a;};z;. Since Vj
begin(b;) € aj, {a;j};zi is the k — 1 clique K} ;| (e.g.
in Figure 3, l; and b; both meet all 3 vertices of the
Clique {’I"Q7 b3, 14}) O

(We now return to completing the proof of Proposition
4.2.) Since any coloring must use k — 1 colors in order
to color a k — 1 clique, then according to Lemma 4.1
any k-coloring of graph H will have to use the same k"
color for both I; and b; for every 1.

The conclusion is that Vi x(b;) = x(I;) must hold for any
k-coloring of H. A symmetric argument to the above
shows that Vi x(b;) = x(r;) must also hold. So if graph
H is k-colorable, all of its k-colorings fulfil the condition
Vi x(r;) = x(l;), i.e. the colors of every corresponding
pair of split dotted interval are bound to be the same.
Since Gy C H these k-colorings are obviously all valid k-
colorings for G5 too, and assign the same color to every
pair of split intervals. O

Putting it all together we get that the circular-arc graph
G is k-colorable iff a polynomial time constructed DIGo
graph H is k-colorable. This means that the decision
version of the coloring of DIG5 graphs is NP-Complete,
and the optimal coloring of DIG5 graphs is NP-Hard.
This completes the proof of Theorem 1.3.

5 Coloring Approximations

Following are approximation algorithms for the coloring
of DIG4 and DIG, graphs that establish Theorem 1.4.
The algorithms require the DIG representation of the
input graph. Let x(G) and w(G) denote the chromatic
number and the size of the maximum clique in graph G,
respectively.

5.1 Coloring DIG; Graphs Consider a graph G €
DIGs, |G| = n where Dg = {DI;}i=1.n is a DIGs
representation of G.



Let b; = begin(DI;) and assume w.l.o.g that if b; < b,
then ¢ < j, i.e. the DIs are sorted by their beginnings.
Let V; denote the vertices that are represented by the
DIs above the point b;. G; is a subgraph of G induced
by the vertices of V;. There are n such subgraphs in G.
Note that these subgraphs are not necessarily distinct.
The approximation coloring algorithm, Colors, for G is
as follows (see also Figure 4). Scan G’s subgraphs from
G1 to G,. For every GG; encountered, go over every
vertex v € G, that has not already been assigned a
color in previous steps of the algorithm, in an arbitrary
order, and assign a valid color to v. A valid color for a
vertex v is a color that has not been previously assigned
to any other vertex u which is adjacent to v in G. The
algorithm tries to minimize the usage of colors by trying
to reuse colors that have already been assigned. The
strategy is to first try to reuse one of the colors that
have been assigned to any of the vertices in G;, and
only if no such valid color is found, try colors from all
G. Clearly, this algorithm performs a valid coloring of G
in polynomial time. Let Colory(G) denote the number
of colors used by the Colory algorithm to color graph
G.

Colora(G)
Input: Graph G € DIG>
Output: A coloring of G

1 for i< 1tondo

2 foreach v € G; do

3 if v has no color

4 Try to assign a valid color from
the colors of G;’s vertices

5 if v still has no color

6 Try to assign a valid color from
the colors of G’s vertices

7 if v still has no color

8 Assign a new color to v

any of V;’s vertices, is a valid color for any vertex of V.
So the coloring of G; will always use all of the colors of
G before using a new color.

Consider a full coloring of graph G by algorithm Color,,
denoted Cg. Let Colora(G;) denote the number of dif-
ferent colors assigned in Cg to the vertices of subgraph
G;. Thus:

(5.1)

Consider dotted intervals in D¢ that contain only one
dot. It is easy to see that all such dotted interval are
in (J,e,{DI(22,22,2,0), DI(2x+1,22+1,2,1)}. This
means that we can assume w.l.o.g that all the dotted
intervals in D¢ that contain a single dot are represented
as DIs with a jump of 2.

Let Vki,o denote the vertices of GG; whose DIs’ jump is

Colora(G) = mazi—1.. ,{Colors(G;)}

k and offset is o. G}w is the subgraph induced by the
vertices of V,io. The distinct vertices sets V1i,07 V2i,0»
Vzi’l, contain all the vertices of G;. It is easy to observe
the following characteristics of G; (see illustration in
Figure 5). Gf,, Gb,, and Gj, are cliques. The
subgraph induced by Vf’o U Vzi,o and the subgraph
induced by Vi, U V4, are both cliques. G%, and G},
are distinct. It follows from the above that w(G;) =
max{|Vf’0 UVl |VioU Vs, ‘}

)

\V/

Figure 4: Approximated coloring algorithm for DIG,
graphs

THEOREM 5.1. For every G € DIGs (given G’s DIG,
representation), Colors(G) < 3w(G) < 3x(G).

Proof. Consider a graph G € DIGs, a DIG4 represen-
tation of G, denoted D¢, and G’s subgraphs {G;}i=1..n
as described above.

Before algorithm Colors colors G;, the uncolored ver-
tices of V; are exactly the vertices whose DIs begin at
b;. Any vertex v € (U;;ll V;) \ Vi, is represented by a
DI that ends before b; and so never meets the vertices
of G;. This means that any color previously assigned

to the vertices of (U;;ll V;)\ Vi and not yet assigned to

Figure 5: The composition of a subgraph G;

Let Colory(Gh o U G ;) denote the number of different
colors assigned in Cg to the vertices of subgraphs Gé,o
and G .

LEMMA 5.1. Vi Colory(Gh o UGh ;) < w(G).

Proof. The proof is by induction on .

1=1:
Let by mod 2 = §;. All vertices of G| are repre-
sented by DIs whose beginning is by, so v € Gy iff
v e Vil UVys . Therefore, Colory(G o UGS ) =

Colors (Gl 5,) = ‘1/2{61 < w(Gy) < w(G).




i=m:

Let b, mod 2 = §,,. The induction assumption
is Colorg(Gm71 Gmfl) < w(G). So before
Colory colors G, the vertices of G5’y U G5!y were
assigned less than w(G) different colors.  Also,
all the uncolored vertices in G,, are represented
by DIs whose beginning is b,,, so in this step
Colory colors only vertices in VT UVy's . Assume,
by contradiction, that Colors(Gy's UGH, 5 ) >
w(G). This means there had to be a stage where
the vertices of G35 U GY'_5 were previously
assigned exactly w(G) different colors, and then
Colory colored some vertex v € Gg?(;m with a
color ¥ which was not used in Gg’fém U Gg’}l_(sm
before.  Color ¥ cannot be a color of one of
the vertices in V)’ because v meets all of them.
Now, since Colory seeks to reuse the colors of
G, first, this necessarily means that there was
no color from Gy's UGy _; that was a valid
color for v. Gyy_; is a clique that was fully
colored at the beglnmng of this step and doesn’t
meet any of Gy's s vertices, so it must be that the
coloring of G2 5. already contained all the colors
of Gy _5, and therefore just before the coloring
of v, the colors assigned to the vertices of Gg'5

are also the colors assigned to Gy's U G35
which are w(G) different colors. But this means

that ‘ o5, \{v}| > w(G) or 2”}%" > w(G), which
is clearly impossible.

LEMMA 5.2. Vi Colors(G;) < 3w(G).

Proof. Consider the two possible cases for the size of
Vfo, where 0 < m < %w(G):

‘Vw} w(G) + m: _ .
|V1,0}+|V2,0| <w(@ 7|V12,0|+|V2Z,1| <w(G)
‘VQi,O‘ < %W(G) —m; |‘/51‘ < %W(G) -m

Since the number of colors used for G; is at most
the number of its vertices:

Colory(G;) < |Vio|+|Vio|+|Vi1| < 3w(G)—m <
S0 (@)

2. |Vig| = G)—m: ‘ 4 ‘
Colory(G |V1 0|+Col0r2(G’2’OUG§’1) < |Vf’0|—|—
w(G) (usmg Lemma 5.1) < 1w(G) —m +w(G) <
3w(G) O

By Lemma 5.2, Equation (5.1) and the fact that w(G) <
X(G) lead to Colory(G) < 3w(G) < 3x(G), which
completes the proof Theorem of 5.1. g

The % approximation factor guaranteed by Theorem 5.1
is tight (proof omitted).

Since x(G) < Colore(G) always holds, Theorem 5.1
also provides an upper bound on the ratio between the
chromatic number and maximum clique size of DIGo
graphs:

COROLLARY 5.1. For every G € DIG2, x(G) <
3

5.2 Coloring General DIG,; Graphs

Consider a graph G(V, FE) € DIG4. Let Dg be a DIG,
representation of G. Let Vi ,, k < d, o < k, denote
the set of vertices in G whose representation is a dotted
interval with a jump k and an offset o, and Gy, the
subgraph of G induced by the vertices of V} ,. It is easy
to see that Gy, is an interval graph.

Next, denote Vi, = U];;é Vk,0, and Gy, the subgraph of
G induced by the vertices of Vj,. Using Proposition 3.1
it is easy to see that for every o1 # 02, G0, and Gy o,
are distinct. Gy is a union of distinct interval graphs,
which is also an interval graph. As an interval graph, Gy,
has a polynomial algorithm for optimal coloring, where
X(Gr) = w(Gk).

Denote Vi3 o, = Vi,o U Vag o U Vag k40 Where 2k < d and
o < k, and let GY, ;. be the subgraph induced by the
vertices of V|3 5. Let D¢s ,, € Dg be the set of DIs
representing the subgraph G Suak- A new DIG represen-
tation for G, 5, denoted DGZ,% can be constructed by

_ for every DI(z,y,p,q) € Dgg ,, the

dotted interval DI(%32, Y22, 22 £2) It is easy to see
that Dg.
k,2k

is a DIG representation of Gf) )., and this

means that G 5. € DIGs.

Denote Vior = UI; éVku2k where 2k < d, and

Gpruor the subgraph induced by Viusr. Note that
Viuor contains all the vertices who are represented by
DIs with jumps of either k£ or 2k. Using Proposition
3.1 it is easy to see that for every o1 # 02, G}l
and Gyp,, are distinct. Gpruar is a union of distinct
DIGs graphs, which is also a DIG, graph. Using
algorithm Colors to color Gk gives Colora(Gruak) <
%X(Gkugk) according to Theorem 5.1.

Algorithm Color, is as follows (see also Figure 6). Scan
all possible jump sizes in the representation of G from
d down to 1. For every jump ¢, if subgraph G; was not
yet colored, then color it in the following way. If 4 is
even then match G; to G and use algorithm Colors to
color G;uw else use an optlmal interval graph coloring
to color G;. In every step the algorithm uses a different
set of colors for the coloring, so the resulting coloring of
G is clearly valid.

Denote m the number of matchings performed by
Colorg while coloring graph G € DIG,. This means:
Colory(G) = X7 ,Colora(Gr,u2k,) + E?;fmx(ij)

including in D’Gz ,




Colorq(G)

Input: Graph G € DIG4

Output: A coloring of G

1 C«90

2 for i «— d down to 1 do

3 if i ¢ C then

4 if i mod 2 = 0 then

5 color G%Ui with Colors
(with a new set of colors)

6 C—CuU{i,i}

7 if i mod 2 =1 then

8 color GG; with interval graph coloring
(with a new set of colors)

9 C—Ccu{i}

Figure 6: Approximated coloring algorithm for DIG,
graphs

< 37 30w(Grouzk,) + ZI27w(Gry) < BT 3w(G) +

S12M(G) < (d— bm) - w(@).

Assume d mod 4 = 0. Then algorithm Color, performs
at least ¢ matchings from {4 + 2}, 4 to {4 +
n}nzl___%, and then Colorg(G) < (%d) - w(G). For
arbitrary d, Colorg(G) < ({d + 3) - w(G). Since,
obviously, w(G) < x(G), it follows that:

THEOREM 5.2. For every G € DIG, (given G’s DIG
representation), Colory(G) < (%d—i— %)w(G) < (%d+
3 G)
s)X( .

Since x(G) < Colory(G) always holds, the following

upper bound on the ratio between the chromatic number

and maximum clique size of DIG, graphs is established:
7 3

X(G) < (5d+3) (@)

6 Maximum Clique

Due to lack of space the proofs of the propositions in
this section are omitted.

PrROPOSITION 6.1. Consider the two dotted inter-
vals DI1(x1, 41, k1, 01), DIa(x2,y2, ka,02), and another
two dotted intervals with the same jump and off-
set but modified beginning and end DIj(x),y}, k1, 01),
DI} (xh, yh, ka,02). If the lengths of overlap(DIy, DIs)
and overlap(DI}, DI) are both greater than d? where
k1,ka < d then DIy meets DIy iff DI{ meets DIJ.

Consider graph G € DIGy, |G| = n. The following will
show an algorithm for finding the maximal clique of G
in time which is fixed parameter tractable in d.

Let x; and y; be the leftmost and rightmost endpoint of
all DIs with finite endpoints in the DIG, representation

of G, respectively (if there are no finite endpoints, let
x; and y; be equall to zero). Replace any DI coordinate
x = —oo with £ = z; — d?> and any DI coordinate
y = oo with y = y; + d2. The outcome of this is a
new representation which contains only finite DIs. By
proposition 6.1 that the new representation represents
the same graph G, since this trimming of any dotted
interval a; into a; either does not change its overlap
with other DIs, or the overlap grows smaller but stays
at least d? long.

PROPOSITION 6.2. Consider a clique K. Let {DI;}
be a DIG representation of K. There is at least one
common point p such that p is the beginning point of
one of the DI;’s and p is in span(DI;) for all other i’s.

Denote by H,, the local subgraph of G induced by the
vertices that are represented by the DIs above the point
p. Applying proposition 6.2 to the maximal clique, we
get:

COROLLARY 6.1. w(G) = maxi{w(Hyegin(p1,))} where
{DI;} is a DIG, representation of G.

This means that in order to find the maximal clique of
G it is enough to go over the n different DIs’ beginnings,
find each local graph’s maximal clique, and return the
maximal of these maximal cliques.

The following will show how to find the maximal clique
of a local graph Hy:

e Trim all DIs in H), so their beginnings and ends
have a distance of at most d? from p. Again, accord-
ing to proposition 6.1, the new representation rep-
resents the same graph, since this trimming of any
dotted interval a; into a; either does not change its
overlap with other DIs, or the overlap grows smaller
but stays at least d2 long. In either case Vi a; meets
a; iff a; meets a’.

o Assign each DI(z,y,k,0) € H, to a group
g(z,y, k,0). Since for every DI:

Lp—d*<az<p
2. p<y<p+d
3. k,o<d

the number of different groups required is at most
d8, while each group may contain up to n identical
DIs.

e Since all DIs in the same group g have the exact
same dots, then g is a clique. Also, if any DI in g;
meets any DI in g; then all of the DIs in g; meet
all the DIs in g;. Therefore, any maximal clique of
H,, containing any single DI of g, contains all of the
DIs of g.



e Construct a group graph M, |M| < d°, where every
group g; is a vertex, and g; is adjacent to g; if the
DIs of these groups meet. The maximal clique of
H, can be found by going over all the maximal
complete subgraphs of M (meaning the complete
subgraphs which are maximal in the sense that
there is no other complete subgraph that properly
contains them), and picking the one that contains
the greatest sum of DIs in its groups.

The algorithm described above clearly finds the max-
imal clique of G in time which is fixed parameter
tractable in d.

7 Open Problems

Several open problems remain. The first is the recogni-
tion problem. Namely, for a given graph G and a fixed
d to determine whether G is in DIG4 or not. We do
not know if this problem is polynomial even for d = 2.
A related question is to find the smallest d such that
G € DIGy, or to approximate this d.

There are also several open problems with regards to
coloring. We have shown that exact coloring is NP-
complete even for DIG,. The question of hardness
of approximation remains open. In addition, better
approximations for both DIG3 and the general DIGy
are of interest, or proving that such approximation are
impossible.
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