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Abstract

In transductive learning we are given a training set of labeled examples and a test
set of unlabeled examples. The goal is to guess an accurate labeling of the test
points. In this thesis we present several results for learning within transductive
setting, focusing on both theoretical and practical aspects. The guiding line of
the thesis is to connect the theoretical results with the practical and efficient
algorithm. The results of the thesis include the development of performance
guarantees for the existing algorithms. Also we develop a new learning algorithm
based on the existing generic performance guarantees.

We present two novel techniques for deriving explicit data-dependent error
bounds for transductive algorithms. The first technique is based on the trans-
ductive notion of uniform and weak stability of learning algorithm, and the sec-
ond technique is based on transductive Rademacher complexity. These bounding
techniques are applicable to many transductive algorithms and we demonstrate
their effectiveness by deriving bounds for several known ones.

We also consider a large volume learning principle for transduction that pri-
oritizes transductive equivalence classes according to the “volume” they occupy
in the hypothesis space. We approximate volume computation using a geomet-
ric interpretation of the hypothesis space. The resulting transductive learning
algorithm is a non-convex optimization problem that can be solved efficiently. A
comparison of our algorithm with large-margin methods (SVM and TSVM) over
large number of datasets demonstrates an overwhelming advantage in several
interesting domains but a clear disadvantage in others.
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AVR Approximate Volume Regularization
CM Consistency Method
EM Expectation Maximization
MST Minimal Spanning Tree
NN Nearest Neighbor
PAC Probably Approximate Correct
RBF Radial Basis Function
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SGT Spectral Graph Transducer
SVM Support Vector Machine
TSVM Transductive Support Vector Machine
TF-IDF Term Frequency-Inverse Document Frequency
ULR Unlabeled-Labeled Representation
X Space of unlabeled examples
Y Space of class labels
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x, xi Unlabeled example
〈x, y〉, 〈xi, yi〉 Labeled example
m Training set size
u Test set size
Sm Labeled training set
Xu Unlabeled test set
Su Labeled test set
Sm+u Labeled full sample
Xm+u Unlabeled full sample
Ym Labels of training examples
Yu Labels of test examples
Ym+u Full sample labels
A Transductive algorithm
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` 0/1 loss function
`γ γ-margin loss function
Lu(A) test error of A w.r.t. 0/1 loss
Lm(A) training error of A w.r.t. 0/1 loss
Lγ

u(A) test error of A w.r.t. γ-margin loss
Lm(A) training error of A w.r.t. γ-margin loss
H Hypothesis space
HA Actual hypothesis space of algorithm A
h Transductive hypothesis
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Chapter 1

Introduction

1.1 Background

Our era is characterized by vast amounts of data. The data is generated by
various sources and in different forms, for example, biological data, medical data,
financial data, customer data and surveillance data. Also, all of us are data
consumers that are required, on a daily basis, to filter a large amount of data
and to find the data most relevant to us at any given moment. The field of
machine learning is concerned with the intelligent analysis of the data. Such
analysis can potentially reveal hidden information and regularities, which may be
of high interest to data consumers. Also, the intelligent analysis may result in the
replacement of humans with automated systems. For example, due to machine
learning-based system that recognizes handwritten text, millions of checks that
are deposited through automatic teller machines in the USA are processed fully
automatically, without any intervention from a human teller (LeCun et al., 1998).

This thesis is concerned with a particular approach to machine learning, that
performs learning from examples. In this approach the data is represented as
a (possibly infinite) set of examples. A number of models for learning from
examples exist. The most widespread model is supervised learning. Recently,
also semi-supervised and transductive models have received significant attention.
The latter learning model is the topic of this thesis.

In the traditional supervised learning model the data space is a set of all con-
ceivable examples and each example consists of a finite set of attributes (called
features) and a target value. An example along with its target value is called a
labeled example. A finite set of labeled examples, called a training set, is sam-
pled from the data space and given to the learning algorithm as input. The
goal of the learning algorithm is to produce a hypothesis. The hypothesis should
be a function from data space examples to possible target values. The quality
of a hypothesis is measured via a loss function that quantifies the discrepancy
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between predicted targets and true target values. The average discrepancy be-
tween predicted and true target values, measured over the unknown distribution
of data space examples, is called a generalization error. The goal of the learning
algorithm is to select a hypothesis that minimizes the generalization error. This
learning model is called ‘supervised learning’ because only labeled examples are
used by the algorithm to generate a hypothesis.

While supervised learning has been the main concern of statistical learning
for many years, it turns out that in many practical applications the learner may
have access to unlabeled examples during training. In semi-supervised learning
the training set consists of both labeled and unlabeled examples. The goal in
semi-supervised learning is the same as in supervised learning, namely to pro-
duce a hypothesis with a small generalization error. Over the last few years
semi-supervised learning has become a very active research area. A partial list
of applications of semi-supervised learning includes text and web page classifica-
tion (Nigam et al., 2000; Blum & Mitchell, 1998), surveillance (Balcan et al.,
2005), intrusion detection and computer security (Lane, 2006), drug design (We-
ston et al., 2003), protein classification (Weston et al., 2005), cancer diagnos-
tics (Bair & Tibshirani, 2004) and ECG classification (Hughes et al., 2004). In
all these and many other practical scenarios, labeled examples are scarce and
hard to obtain, while unlabeled examples are abound. Useful semi-supervised
learning algorithms are, therefore, of great importance.

Both supervised and semi-supervised learning are inductive learning models.
In inductive learning the learning algorithm receives as input a training set and
should generate a hypothesis predicting the label of any example from the data
space. In contrast, in transductive learning the learner receives as input a sample
consisting of both a training and test sets and the goal is to predict only the
labels of examples in the test set.1 This sample, consisting of both labeled and
unlabeled examples, is called the full sample2. The transductive error is defined
via some loss function that measures the discrepancy between predicted and true
labels of examples in the test set. Note that the usage of unlabeled examples is
a common property of both transductive and semi-supervised learning3.

Clearly, any supervised learning algorithm can be straightforwardly applied
to solve the transductive learning problem: simply generate a hypothesis from

1An informal analogy can be made between transductive learning and a take-home exam,
and between inductive learning and a classroom exam.

2Existing transductive learning results assume a labeled training set and an unlabeled test
set, but in general the training set can include both labeled and unlabeled examples.

3In the machine learning community there still exists a confusion between the definitions
of transductive and semi-supervised learning. In particular, in a number of papers (see, for
example, Belkin & Niyogi, 2004; Belkin et al., 2004, 2006; Chapelle et al., 2003; Chapelle &
Zien, 2005; Zhu et al., 2003) transductive learning (as defined here) is called semi-supervised
learning and semi-supervised learning is called out-of-sample (or inductive) semi-supervised
learning. The definition of transductive learning, which we use, was introduced by Vapnik
(1982).
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the training set and use this hypothesis to label all test set examples. Since
one can utilize the available unlabeled examples in the test set for selecting a
hypothesis, a better solution may be obtained by using a semi-supervised learning
algorithm that may also exploit the unlabeled examples. The outcome in both
cases is a general hypothesis that can be applied to any example. However, in
transduction one is not interested in inferring a general rule, but rather only in
labeling the unlabeled set as accurately as possible. In this sense, transductive
learning appears at the outset to be the easier problem, and as pointed out
by Vapnik (1982, 1998), it makes little sense to solve what appears to be an easy
problem by ‘reducing’ it to a more difficult one. It is, therefore, sensible that an
efficient learning algorithm for transduction should not generate an hypothesis
but rather “transfer” the relevant information from the training set to the test
set.

1.2 Applications of Transductive Learning

In this section we show a number of applications of the transductive setting in
various domains. The common characteristic of the problems described below is
that they are of a ‘transductive nature’. Namely, in all these problems the entire
full sample is known to the learner prior to the learning process, and it is unlikely
that the learner will be asked to predict the labels of the points that are not in
the full sample.

1.2.1 Text classification

Suppose we need to organize a fixed collection of documents. The simplest or-
ganization would be to divide the documents into a number of categories. More
complicated ways of organization (e.g., hierarchy of categories) may also be con-
sidered. In this problem each document is an example. Since the collection
of documents is fixed, no other documents will appear and hence the problem
has a transductive nature. The experiments with transductive text classification
algorithms can be found in (Ifrim & Weikum, 2006; El-Yaniv et al., 2008).

1.2.2 Image processing

Each pixel in an image can be considered as an example. An entire image,
consisting of a finite set of pixels, represents a full sample. Since an image has
a constant number of pixels and they are known in advance, this setting has
a transductive nature. Hence the image processing field potentially contains a
large amount of transductive learning problems. The example of the transductive
problem in image processing is the following image colorization problem (Levin
et al., 2004). Suppose we have the gray-valued color of all pixels and, in addition,
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for a small number of pixels we know their RGB values. The problem is to find the
true RGB color of all gray pixels. In this problem the attributes of the example
are the location of the corresponding pixel and its gray color. The label of the
pixel is its RGB color.

Another transductive learning problem in image processing is user-guided im-
age segmentation (e.g., see Blake et al. (2004) and the references therein). Given
an image showing a number of objects, we would like to find pixels associated
with the same object. The additional input is the approximate (and probably
inaccurate) boundary between the objects. In this problem the positive examples
are the pixels that lie on the boundary and the negative examples, and the pixels
located within the objects. The attributes of each example are its RGB color,
the color of its neighbors, and the geometric location of the corresponding pixel.

1.2.3 Lossy compression

Suppose we have an object consisting of a finite number of discrete elements such
that each such element has a number attributes and a number of labels. We would
like to compress such an object, namely to find a small number of representative
elements such that based on their labels we will be able to infer the labels of other
elements. We now show two instantiations of this problem to particular domains.

The first domain is image compression (Cheng & Vishvanathan, 2007). In
this domain each element is a pixel and the labels are its RGB colors. The image
is represented by a neighborhood graph of pixels. Given the size of the image,
this graph is known to both encoder and decoder. The encoder finds the most
representative pixels of the image, such that given the color of these pixels, the
color of other pixels could be learned by some fixed transductive algorithm (that
is known to both encoder and decoder). The compressed image consists of the
location and the color of the representative pixels. The decoder receives these
pixels and runs transductive learning algorithm in order to learn the colors of
other pixels.

The second domain is the compression of 3D mesh models in computer graph-
ics (Mahadevan, 2007). In this domain the elements are mesh nodes, which are
interconnected by weighted edges. Hence the mesh nodes constitute a weighted
graph. The labels of the nodes are the 3D location and RGB colors of the nodes.
Unlike the domain of images, in the 3D mesh model domain, the graph of mesh
nodes is known to the encoder but is unknown to the decoder. The encoder
compresses the graph of the mesh nodes (e.g., using spectral techniques). This
compression is lossy and the decoder may only be able to obtain the approximate
version of the original graph of the mesh nodes. In addition, the encoder finds
in this approximate graph the most representative nodes such that given the 3D
coordinates and RGB color of these nodes the decoder would be able to learn,
using a fixed transductive algorithm, the 3D location and RGB colors of the rest
of the nodes.
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1.2.4 Graph reconstruction

Suppose we are given a graph G = (V,E) with vertices V and edges E ⊂ V × V .
We are also given a set of pairs of vertices D ⊂ V × V , D ∩E = ∅, such that for
any pair (v1, v2) ∈ D we know that the vertices v1 and v2 are not similar to each
other. We refer to D as a set of dissimilarity edges. The problem is to predict for
any pair (v1, v2) ∈ V × V \(E ∪D) if there is an edge between v1 and v2. In this
setting the positive examples are the edges in E and the negative examples are
the edges in D. The attributes of examples (edges) are the additional information
that we have about the adjacent vertices. The graph reconstruction problem has
a number of instantiations in several domains.

The graph examples in the bioinformatics domain (Vert & Yamanishi, 2005)
include protein interaction networks, gene regulatory networks and metabolic
networks. In these graphs the edges E and D represent the presence and absence
of the interaction between biological entities. In the social networks domain the
graph is a network of people. The edges E and D of this graph tell us about the
presence/absence of friendship between individuals. In the collaborative filtering
domain the graph is bipartite graph G = (V1, V2, E). The first set V1 of vertices
represents people and the second set V2 of vertices represents movies (or books).
In this graph the edges may appear only between V1 and V2, but not inside V1

or V2. The presence/absence of the edge between (v1, v2) ∈ V1 × V2 indicates
whether the user v1 liked/disliked the movie v2.

1.2.5 Natural language processing

There is a number of transductive learning problems in the natural language
processing field. These problems appear in particular when dealing with resource-
poor languages, for which there is a single or very small number of datasets. We
give examples for two such problems.

The first one is part-of-speech (POS) tagging of the corpus of documents (Duh
& Kirchhoff, 2006). In this problem the examples are the words, and their labels
are POS tags. Initially the learner is given the tags of a small fraction of the
words and the goal is to find the POS tags of the rest of the words.

The second problem is statistical machine translation (Ueffing et al., 2007).
In this problem we are given the set of documents in the source language. For a
small fraction of source documents we also know their translation into the target
language. The goal is to translate the rest of the documents from source into
target language. In this problem the examples are the individual words in the
source language and the labels are their translations in the target language.
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1.3 Thesis Structure

The thesis is organized in the following way. In Chapter 2 we give a formal de-
finition of transductive learning model and survey the existing theoretical and
empirical results in transductive learning. This survey includes the survey of our
own results appearing in Chapters 3-6 of the thesis. In Chapter 3 we develop
concentration inequalities for functions over random partitions of finite set of
elements. These concentration inequalities are the basis for the risk bounds de-
veloped in Chapters 4 and 5. In Chapter 4 we develop transductive risk bounds
that are based on the transductive notion of uniform and weak stability. We
also show stability bounds for several transductive algorithms. In Chapter 5 we
develop transductive risk bounds that are based on the transductive Rademacher
complexity. We also show a method of bounding Rademacher complexity of any
transductive algorithm. The results of Chapters 3-5 are surveyed in Section 2.1.2.
In Chapter 6 we develop a novel transductive algorithm that implements a large
volume learning principle. This algorithm is also surveyed in Section 2.2.4.

The results of Chapter 3 were published in (El-Yaniv & Pechyony, 2006, 2007).
The risk bounds of Chapters 4 and 5 were published in (El-Yaniv & Pechyony,
2006) and (El-Yaniv & Pechyony, 2007) respectfully. Finally, the results of Chap-
ter 6 were published in (El-Yaniv et al., 2008).
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Chapter 2

Survey of Transductive Learning

2.1 Theory of Transductive Learning

2.1.1 Two models of transductive learning

Let X be a space of unlabeled examples (e.g., d-dimensional vectors in Rd) and
Y be a space of class labels. We denote by 〈x, y〉 ∈ X × Y a tuple of unlabeled
example x along with its label y. Transductive learning algorithm accepts as
an input a labeled training set {〈xi, yi〉}m

i=1 and an unlabeled test set {xi}m+u
i=m+1.

We denote by A(xi) ∈ Y , 1 ≤ i ≤ m + u, the labeling given to example xi by
transductive learner A. Let ` : Y × Y → R be a fixed loss function. The goal
of A is to generate an accurate labeling of the unlabeled test examples so as to
minimize the test error

Lu(A)
M
=

1

u

m+u∑
i=m+1

`(A(xi), yi) ,

w.r.t. `. Unless otherwise stated we assume that ` is a 0/1 loss function. Two
commonly used settings for generating training and test sets are the ones defined
by Vapnik (1982).

Setting 1

(i) A full sample Sm+u
M
= {〈xi, yi〉}m+u

i=1 of m + u labeled examples is fixed.

(ii) Training examples are sampled uniformly without replacement from Sm+u.
We assume w.l.o.g. that the sampled training examples have indices from

1 to m, namely the training set is Sm
M
= {〈xi, yi〉}m

i=1. The induced labeled

test examples are Su
M
= Sm+u\Sm. The input of transductive learner is the

labeled training set Sm and the unlabeled test set Xu
M
= {xi}m+u

i=m+1.

Setting 2
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(i) Let D be a distribution over X × Y with probability density function

µ(x, y). Labeled training and test examples, Sm
M
= {〈xi, yi〉}m+u

i=1 and

Su
M
= {〈xi, yi〉}m+u

i=m+1, respectively, are sampled independently from Dm+u.

(ii) The learning algorithm is given the training set Sm and the test set Xu
M
=

{xi}m+u
i=m+1.

In both settings each example xi from the full sample Sm+u has a unique label
yi. However, both models allow the examples xi and xj, i 6= j, to be the same
but to have different labels yi and yj. Thus, without any assumption about the
full sample Sm+u (in Setting 1) and about the distribution D (in Setting 2), the
test error Lu(A) can be as large as 1/2 for any transductive learner A.

Settings 1 and 2 have a number of differences and similarities. In both settings
training and test sets are generated by sampling from some distribution. In
Setting 1 this distribution is a uniform distribution and thus is known to the
learner. In this regard Setting 2 is harder, since here the learner does not know
the underlying distribution. Another difference between the settings is in the
interdependence between examples. While in Setting 2 they are independent, in
Setting 1, because of the sampling without replacement, they are dependent.

Settings 1 and 2 are concerned with a passive offline model of learning. In
this model the learner has no influence on the contents of the training set, knows
the entire training set at the beginning of the learning process and needs only to
predict the labels of the unlabeled examples. Other transductive learning models,
with different mechanisms of training set generation and different learning goals,
are considered in Section 2.1.7.

The definitions of Settings 1 and 2 are very general and can be further instan-
tiated to obtain settings for particular models of passive transductive learning.
For example, if Y = {±1} and ` is a 0/1 loss, then we obtain a binary classifi-
cation setting. With Y ⊆ R and ` being a squared loss we obtain a setting of
regression. Finally, Y can be some (possibly infinite) set of objects, in which case
we obtain the setting of structured predictions. In this survey, unless otherwise
stated, we assume a binary classification setting. Occasionally we also mention
several results for the regression setting.

We now give examples for two applications, each one employing different
transductive settings. Suppose we want to classify a large collection of documents.
We may randomly choose a small subset of documents and give them to an expert
for manual classification. Using this classification we may attempt to classify the
rest of the documents. This application corresponds to Setting 1.

The example of application of Setting 2 is the following news classification
problem. Suppose we have labeled news messages that have arrived during the
last week and our goal is to label the messages that will arrive today. At the
end of the day, after accumulating today’s news, we may transductively classify
them.

12



The notable difference between these two examples is that in the first one the
learner observes the entire unlabeled full sample {xi}m+u

i=1 before obtaining the
actual training/test set partition. In contrast, in the second example the learner
has no idea about the test points before actually obtaining them. This difference
is crucial. The learner in Setting 2 can define its hypothesis space only in a data-
independent way, before observing any (even unlabeled) example from the full
sample Sm+u. On the other hand, due to the ability to observe the unlabeled full
sample before obtaining the actual training/test partition, the learner in Setting
1 is allowed to define its hypothesis space in a data-dependent way. Such a data-
dependent definition of hypothesis space can potentially tighten transductive risk
bounds. This feature of Setting 1 is considered further in Section 2.1.2.

2.1.2 Upper risk bounds

Upper risk bounds (or simply risk bounds) bound the test error of transductive
algorithms. These bounds can be used in two ways:

1. Risk bounds provide an estimate of the test error of existing transductive
algorithms. Hence by comparing the values of the risk bounds one can
choose which algorithm (or which hyperparameter) is preferable.

2. Risk bounds can guide the design of new learning algorithms. Commonly
these algorithms minimize the objective function that is related to the ex-
pressions appearing in the risk bound.

In later sections we give examples of these two ways of using risk bounds.
Risk bounds commonly depend on the probabilistic model (e.g., Setting 1 or

Setting 2) for generating training and test sets. The following lemma (proved
in Appendix 2.3), which is a slight generalization of Theorem 10.1 in (Vapnik,
1982), shows that many risk bounds for Setting 1 hold also in Setting 2.

Lemma 1 Let U(Sm+u) be a uniform distribution over partitions of Sm+u to
labeled training set Sm and unlabeled test set Xu.

1. Suppose we have a probabilistic risk bound for Setting 1, stating that for any
Sm+u and δ > 0,

P(Sm,Xu)∼U(Sm+u) {Lu(A) ≤ B1(δ)} ≥ 1− δ . (2.1)

Then, in Setting 2, for any δ > 0, the risk bound

P(Sm,Xu)∼Dm+u {Lu(A) ≤ B1(δ)} ≥ 1− δ (2.2)

holds true.
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2. Suppose we have an average risk bound for Setting 1, stating that for any
Sm+y,

E(Sm,Xu)∼U(Sm+u)Lu(A) ≤ B2 . (2.3)

Then, in Setting 2, the risk bound

E(Sm,Xu)∼Dm+uLu(A) ≤ B2

holds true.

We note that all known transductive risk bounds can be attributed to either the
first or the second part of Lemma 1.

The consequence of Lemma 1 is that in order to develop risk bounds for
both transductive settings it is sufficient to develop the bounds for Setting 1.
This argument guided the development of transductive risk bounds over the last
few years. As a result, all existing transductive risk bounds are first developed
for Setting 1 and then ‘automatically’ translated to Setting 2. The problem of
developing (potentially tighter) bounds for Setting 2 directly, without the use of
Lemma 1, is open. In the next sections we survey a number of approaches for
developing risk bounds for Setting 1.

The forthcoming risk bounds consider two types of transductive algorithms:

Type 1 The output of transductive algorithm A is a hard classification vector
h ∈ {±1}m+u. The ith component hi of h is a binary classification of xi.

Type 2 The output of transductive algorithm A is a soft classification vector
h ∈ [±1]m+u. The ith component hi ∈ [−1, 1] of h is a soft classification of
xi. The binary classification of xi is sign(hi).

Note that in our notation, if h is an output of A, then hi and A(xi) refer to the
same value. In later sections we use both these terms interchangeably.

We define the actual hypothesis space HA as a set of vectors h generated by A
when operated on all possible training/test set partitions. The prominent feature
of risk bounds in Setting 1 is that they allow the definition of HA to be dependent
on the unlabeled full sample Xm+u. However, the definition of HA should still
be independent of the actual training/test partition and the labels Ym+u. Hence,
unless we have very strong prior knowledge about the labels Ym+u, it is very hard
to identify the actual hypothesis space. To overcome this issue, the risk bounds
are commonly used with some superset of HA. We refer to this superset as the
hypothesis space H. The choice of H depends on the structure of A and reflects
our prior knowledge about the domain X × Y .

The development of many transductive risk bounds was inspired by the exis-
tence of the similar bounds in the inductive setting. For example, transductive
PAC-Bayesian bounds were inspired by (McAllester, 2003), transductive stability
bounds were inspired by (Bousquet & Elisseeff, 2002), and transductive bounds
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based on Rademacher complexity were inspired by (Bartlett & Mendelson, 2002)).
We note that there are a number of technical and conceptual differences between
transductive risk bounds (in Setting 1) and their inductive counterparts:

1. Inductive risk bounds assume that training examples are independent. This
assumption does not hold in Setting 1 and hence transductive risk bounds
assume that training examples are dependent.

2. Inductive risk bounds bound the generalization error, which is inductive
analogue of the full sample error 1

m+u

∑m+u
i=1 `(A(xi), yi). The generalization

error counts the errors over the training examples. In contrast, transductive
risk bounds bound the test error 1

u

∑m+u
i=u+1 `(A(xi), yi), which does not count

the errors over the test examples.

3. As indicated above, transductive risk bounds allow the hypothesis space to
be defined in a data-dependent way. This option is absent in the inductive
bounds.

Almost all forthcoming risk bounds have the following form: for any hypoth-
esis space H, any full sample Sm+u and any δ > 0, with probability of at least
1− δ over the random training/test set partition, for any h ∈ H,

Lu(h) ≤ Lm(h) + slack term(m,u, δ,H) , (2.4)

where the slack term depends on m, u, δ and H. In some risk bounds the slack
term also depends on Lm(h). In all risk bounds of the form (2.5), under some
conditions the slack term converges to zero as m and u increase. We refer to the
bounds of the form (2.5) as absolute risk bounds.

Since HA ⊆ H, the bound (2.4) implies that the bound

Lu(A) ≤ Lm(A) + slack term(m,u, δ,H) , (2.5)

holds under the same conditions as (2.4).
Without any assumption on the hypothesis space1 the rate of conver-

gence of the slack term in the bounds in this section is 1√
min(m,u)

or

max
(

1
min(m,u)

,
√

Lm(A)
min(m,u)

)
. Hence the rate of convergence is proportional to

min(m,u). At first sight, this fact seems to be surprising, at least for the case of
m À u. Indeed, in this case we have a lot of labeled information in the training
set and need to perform a very small number of predictions. Thus this setting
looks easy for the learner and it seems that the risk bound should converge very

1An example of such an assumption is that the hypothesis space contains an hypothesis
with a zero error on the full sample. We consider such a realizable case towards the end of this
section.
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quickly. On the other hand, the slack term in (2.5) can be considered as a confi-
dence interval in the estimation of the test error by the training error. If u ¿ m,
then the mean τ (i.e., the test error) of u elements, drawn from m + u elements,
has a large variance. Hence, in this case any high-confidence interval (and thus
the slack term) for the estimation of τ will be large.

The risk bounds can be largely divided into two groups: implicit and ex-
plicit. Implicit risk bounds contain terms that are given via a computational
procedure, while explicit bounds consist only of closed-form expressions. Hence
the ‘language’ of implicit bounds is more powerful than that of explicit bounds,
and consequently implicit bounds are tighter than explicit ones. We start with
surveying implicit bounds and then proceed to the various types of explicit ones.

Implicit bounds

The first transductive implicit bound was published by Vapnik (1982). This
bound is based on the following observation. Let A be a transductive algorithm
of Type 1 and h ∈ {±1}m+u be a fixed hard labeling of the full sample Xm+u.
Let em(h) be a number of errors made by h on the randomly chosen (without
replacement) m training examples, and eu(h) be a number of errors made by h
on the induced test examples. em(h) is a random variable with hypergeometric
distribution. Hence for any k > 0 we can compute directly the probability mass
of the event,

|em(h)− eu(h)| > k . (2.6)

The labeling vector h is the output transductive algorithm A when it is run
on a single training/test set partition. When run on all possible training/test
partitions, the algorithm A will generate a number of different h’s that constitute
the actual hypothesis space HA. Hence to obtain the risk bound for A we should
bound the probability mass of the event (2.6) uniformly for all h ∈ HA. The
resulting risk bound (which was stated explicitly by El-Yaniv and Gerzon (2005))
has the following form: for any δ > 0, with probability of at least 1− δ over the
random training/test set partitioning,

Lu(A) ≤ Lm(A) + εa , (2.7)

where εa is proportional to the size of hypothesis space H (such that HA ⊆ H)
and depends on the properties of the hypergeometric distribution of em(h). The
value of εa can be obtained by an efficient computational routine. The bound
(2.7) can be improved (see the analysis at the end of the next section) if instead
of the event of absolute deviation in (2.6) we consider the event of the relative
deviation:

|em(h)− eu(h)|√
em+u(h)

> k , (2.8)
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where em+u(h) is the number of errors made by h on the full sample Xm+u. In
this case the resulting risk bound states that for any δ > 0, with probability of
at least 1− δ over the random training/test set partitioning,

Lu(A) ≤ Lm(A) +
ε2

ru

2(m + u)
+ εr

√
Lm(A) +

(
uεr

2(m + u)

)2

, (2.9)

where εr is proportional to the size of hypothesis space H (such that HA ⊆ H)
and depends on the properties of the hypergeometric distribution of em(h). As
εr, the value of εr can be obtained by an efficient computational routine. Blum
and Langford (2003) derived a similar implicit bound that is slightly tighter than
(2.9).

The recent implicit risk bound of Bax and Callejas (2008) has a different form.
Let ỹ ∈ {±1}u be a possible labeling of test examples Xu. Let Sm+u(ỹ) be the
full sample Sm+u, with the original test labels Yu being replaced by ỹ. Moreover,
let Lu (A, (S ′m, X ′

u)) be the test error of A when operated on the training/test
set partition (S ′m, X ′

u) with the test labels ỹ. Note that the labels ỹ are of the
examples Xu. Under partition (S ′m, X ′

u), some of the examples in Xu will also
be in S ′m and for these examples the corresponding entries of ỹ will be taken as

training labels. For any δ > 0, let Ỹ be a set of labelings of Xu for which the test
error of A, when operated on (Sm, Xu), is smaller than the one when A operates
on many other training/test set partitions:

Ỹ =
{
ỹ ∈ {±1}u | P(S′m,X′

u)∼U(Sm+u(ey)) {Lu (A, (S ′m, X ′
u)) ≥ Lu (A, ỹ)} > δ

}
.

(2.10)
The bound of Bax and Callejas states that for any δ > 0, with probability of at
least 1− δ over training/test set partition,

Lu(A) ≤ maxey∈eY Lu(A, ỹ) . (2.11)

In general, the computation of the maximum in (2.11) takes exponential time,

since according to (2.10) the size of Ỹ is exponential in u. Bax and Callejas showed
an efficient procedure (having polynomial complexity) that computes the value of
the maximum in (2.11) when A is a 1-nearest neighbor classifier. The challenging
open question is to generalize this result to more powerful transductive learning
algorithms and then to compare (2.11) with the implicit bounds of Vapnik (1982)
and Blum and Langford (2003).

Bounds based on VC-dimension

As mentioned previously in the description of the implicit bound of Vapnik (1982),
the risk bound should hold uniformly for all hypotheses in the (actual) hypothesis
space. Consequently the resulting risk bounds (e.g., (2.9)) depend (either explic-
itly or implicitly) on the size of the hypothesis space. Several measures of the size
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of the hypothesis space have been developed during the last decades. The most
straightforward one, the number of hypotheses in the hypothesis space, is used
in (2.9). Unfortunately, in many applications it is hard to compute this number
exactly and one has to resort to some technique of upper bounding the size of
the hypothesis space. Examples of bounds on the size of various transductive hy-
pothesis spaces can be found in (Derbeko et al., 2004; Hanneke, 2006; Pelckmans
et al., 2007). The bounding methods used in these papers are ad-hoc and rely
heavily on the structure of the hypothesis space.

The first known general technique for bounding the size of the hypothesis space
is the one using the VC-dimension. This technique traces its roots to the seminal
paper of Vapnik and Chervonenkis (1971) and is also widely used in inductive risk
bounds. The definition of the VC-dimension that we give below is an adaptation
of the original definition of VC-dimension to the transductive setting. A similar,
but less general definition of the VC dimension in the transductive setting has
appeared in (Pelckmans et al., 2006) under the name ‘Kingdom capacity of
graph’.

The VC-dimension technique considers hard classification hypotheses2 h,
which potentially can be generated by transductive algorithms of Type 1. We say
that the set of examples x1, . . . , xn ∈ Xm+u is shattered by H if the hypotheses
in H label these examples in all possible 2n ways. The VC-dimension of H is
a maximal number n such that there exist n points x1, . . . , xn ∈ Xm+u that are
shattered by H. A remarkable result of Vapnik and Chervonenkis (1971), when
adapted to our setting, states that

|HA| ≤
(

(m + u)e

d

)d

. (2.12)

By using (2.12) and explicitly bounding εa in (2.7) and εr in (2.9), Cortes and
Mohri (2007) obtained3 that for any δ > 0, with probability of at least 1− δ over
the training/test set partition,

Lu(A) ≤ Lm(A) + O

(√(
1

m
+

1

u

)
d log(m + u) ln

1

δ

)
(2.13)

and

Lu(A) ≤ Lm(A) + O

((
1

m
+

1

u

)
d log(m + u) ln

1

δ

)

+O

(√
Lm(A)

(
1

m
+

1

u

)
d log(m + u) ln

1

δ

)
. (2.14)

2The definition of the VC-dimension can also be extended to soft classification vectors; see
Section 5.2.3 in (Vapnik, 1998).

3The bound (2.13) does not appear in (Cortes & Mohri, 2007) but can be immediately
obtained using the results of that paper.
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The weaker versions of (2.13) and (2.14), for the case of m = u, appeared in (Bot-
tou et al., 1994).

Let β
M
= d log(m+u)

min(m,u)
. If log(max(m,u)) < min(m,u), then as m and u increase,

the second summand in (2.13) converges to zero with the rate
√

β, and the second
and third summands in (2.14) converge to zero with the rates β and

√
Lm(A)β,

respectively. Hence the bound (2.13) converges with the rate
√

β. The rate of
convergence of (2.14) is controlled by the empirical error Lm(A). If Lm(A) is
very small (e.g., of the order of β), then (2.14) converges with the fast rate of
β. Otherwise it converges with the slower rate of

√
β. Consequently, for large m

and u the bound (2.14) is tighter than (2.13) if the empirical error Lm(A) is very
small.

Any transductive hypothesis space H can be represented in a functional form,
namely there exists a space of functions F from Xm+u to ±1 such that for any
h ∈ H there exists f ∈ F such that for any 1 ≤ i ≤ m + u, hi = f(xi). The
examples of F are hyperplanes and polynomials. The VC dimension of transduc-
tive hypothesis space H is the same as the one of its functional representation.
Hence if the functional representation F of H is known, then many of the results
(e.g., see Vapnik, 1998) from bounding the VC-dimension of the function spaces
can be applied to bound the VC-dimension of H in both explicit (with analytical
expressions) and implicit (with computational routine) ways. We refer to such
bounds on the VC-dimension of H as indirect VC bounds.

If the functional form of H is not known (or is very complicated), then one can
try to bound the VC-dimension of H directly. Pelckmans et al. (2006) showed an
implicit way of directly bounding the VC-dimension of the transductive hypoth-
esis space consisting of the ‘smooth’ labelings of the full sample. Currently, there
are no direct explicit bounds on the VC-dimension of transductive hypothesis
spaces.

PAC-Bayesian bounds

PAC-Bayesian (or Occam) risk bounds, introduced in the transductive context
by Blum and Langford (2003) and Derbeko et al. (2004), bound the test error of
the transductive algorithm in terms of its empirical error and the prior probability
p(h) of the hypothesis h ∈ HA generated by A. In this section, unless otherwise
stated, we assume that A is of Type 1. The definition of the prior probability can
depend on the unlabeled full sample Xm+u, but it should be independent of the
training/test set partition and the labels Ym+u. As stated previously, in general it
is very hard to identify the space HA precisely. Hence, instead of defining a prior
p(·) over the hypotheses in HA, it is common to define a prior over a superset H
of HA.

The derivation of implicit and explicit PAC-Bayesian bounds for general trans-
ductive algorithms is almost identical to the derivation of the bounds in (2.7),
(2.9), (2.13) and (2.14). The implicit PAC-Bayesian bounds state that for any
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δ > 0, with probability of at least 1− δ over the random training/test set parti-
tioning,

Lu(A) ≤ Lm(A) + εa , (2.15)

and

Lu(A) ≤ Lm(A) +
ε2

ru

2(m + u)
+ εr

√
Lm(A) +

(
uεr

2(m + u)

)2

, (2.16)

where both εa and εr are inversely proportional to the prior probability p(h) of the
hypothesis generated by A and depend on the properties of the hypergeometric
distribution of em(h). The bounds (2.15) and (2.16) were introduced by El-Yaniv
and Gerzon (2005) and Derbeko et al. (2004) respectively. Similarly, explicit
PAC-Bayesian bounds state that for any δ > 0, with probability of at least 1− δ
over the random training/test set partitioning,

Lu(A) ≤ Lm(A) + O

(√(
1

m
+

1

u

)
ln

1

p(h)δ

)
(2.17)

and

Lu(A) ≤ Lm(A)+O

((
1

m
+

1

u

)
ln

1

p(h)δ

)
+O

(√
Lm(A)

(
1

m
+

1

u

)
ln

1

p(h)δ

)
.

(2.18)
The bound (2.17) appeared in (Derbeko et al., 2004), while the bound (2.18) is
a novel one (although its derivation is almost the same as that of (2.14)).4

The tightness of the bounds (2.15)-(2.18) depends on the quality of the
prior p(h). If the prior is good, e.g. ln 1

p(h)
= O(1) for any h ∈ HA,

then the bounds (2.17) and (2.18) converge with the rates of 1√
min(m,u)

and

max
(

1
min(m,u)

,
√

Lm(A)
min(m,u)

)
, respectively. These rates improve by factor log(m+u)

the corresponding rates of the bounds (2.13) and (2.14), which are based on the
VC-dimension.

Several types of prior p(h)’s were introduced by Derbeko et al. (2004), El-
Yaniv and Gerzon (2005) and Hanneke (2006). The compression prior pcomp(h),
defined in (Derbeko et al., 2004), gives a larger prior to hypotheses that can
be obtained by operating A on small training sets. Formally, if h(1) is obtained
by operating A on partition (Sm1 , Xu1), and h(2) is obtained by operating A
on partition (Sm2 , Xu2) and m1 < m2, then pcomp

(
h(1)

)
> pcomp

(
h(1)

)
. The

clustering prior pclust(h), defined in (Derbeko et al., 2004) and (El-Yaniv &

4A bound similar to (2.18) appeared in (Derbeko et al., 2004). However, there it contains
a O(log(m + u)) factor in the second and third summands in (2.18) and thus is weaker than
(2.18).
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Gerzon, 2005), gives a larger prior to hypotheses that can be clustered into a
small number of clusters by some fixed clustering algorithm. This prior actually
implies the transductive learning algorithm that is described in Section 2.2.7.
Finally, the cut prior pcut(h), defined in (Hanneke, 2006), gives a larger prior to
the hypotheses that induce small cuts on some fixed graph G. This prior justifies
the cut-based transductive algorithms described in Section 2.2.2.

The bounds (2.15)-(2.18) are valid for any transductive algorithm A. We
now present two PAC-Bayesian bounds for transductive algorithms having some
particular structure. These bounds assume that A is of Type 2.

Let Q be a distribution over H with probability density q(·). If for the clas-
sification of example xi ∈ Xm+u, transductive algorithm A picks randomly, ac-
cording to Q, a hypothesis h ∈ H and classifies xi as hi, then we refer to A as
a Gibbs algorithm and denote it by A(G)

Q . The distribution Q can depend on all
available information, including the training/test partition and the training labels
Ym. Hence we refer to Q as a posterior distribution. Let P be a prior distribution

(with probability density p(·)) over H and KL(Q‖P )
M
=

∫
h∈H q(h) log q(h)

p(h)
dh be

a Kullback-Leibler divergence between Q and P . Derbeko et al. (2004) showed
that for any δ > 0, with probability of at least 1−δ over the random training/test
set partitioning,

Lu

(
A(G)

Q

)
≤ Lm

(
A(G)

Q

)
+ O

(
KL(Q‖P ) + log(m+u

δ
)

m

)
(2.19)

+O

(√
Lm

(
A(G)

Q

) (
1

m
+

1

u

)(
KL(Q‖P ) + log

(
m + u

δ

)))
.

If we set q(h) = 1 for some h ∈ H and q(h′) = 0 for all other hypotheses h′, then
KL(Q‖P ) = ln 1

p(h)
and (2.19) recovers (2.18) up to the factor of O(log(m + u)).

In general, the difference between (2.19) and (2.18) is that while (2.18) depends
of the prior probability of a single hypothesis h, the bound (2.19) depends on the
divergence between prior and posterior probability distributions. Thus (2.19) is
more robust than (2.18) in the sense that (2.19) is less sensitive to a bad prior
on a single hypothesis. However, the robustness of (2.19) comes at the price of
multiplicative factor O(log(m + u)) at the second and third summands of (2.19).

Since the posterior distribution Q can be dependent on the training/test set
partition and the training labels, we can choose Q minimizing (2.19). The näıve

choice of Q would be Q
M
= P . In this case KL(Q‖P ) = 0. However, if Q = P ,

then Q is independent of the actual training/test set partition and training labels.

As a result, the training error Lm

(
A(G)

Q

)
may be very large. Hence to minimize

(2.19) the posterior distribution Q should balance between minimization of the
divergence with the prior distribution P and minimization of the training error

Lm

(
A(G)

Q

)
.
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Let h̃
M
=

∫
h∈H q(h)hdh ∈ [−1, 1]m+u. If for any xi ∈ Xm+u, A(xi) = h̃i,

namely the label given by A to xi is the weighed sum of the ith components of all
hypotheses in H, then we refer to A as a Bayesian mixture algorithm and denote
it by A(B)

Q . The PAC-Bayesian risk bound for transductive Bayesian mixtures
was introduced by El-Yaniv and Pechyony (2007) and has the following form: for
any fixed δ > 0 and γ > 0, with probability of at least 1 − δ over the random
training/test set partitioning,

Lu

(
A(B)

Q

)
≤ Lγ

m

(
A(B)

Q

)
+

1

γ
O




√
KL(Q‖P ) · (suph∈H ‖h‖2

2) · ln 1
δ

min(m,u)


 , (2.20)

where Lγ
m

(
A(B)

Q

) M
= 1

m

∑m
i=1 `γ(h̃i, yi) is an empirical error w.r.t. to the γ-margin

loss function `γ(y1, y2) = min{1, 1 − y1y2/γ}. The derivation of this bound is
based on the technique of Rademacher complexity that is described at the next
section.

The parameter γ is related to other terms in the bound, in particular to

Lγ
m

(
A(B)

Q

)
and suph∈H ‖h‖2

2. As γ increases, the second summand in (2.20)

decreases, but the empirical error Lγ
m

(
A(B)

Q

)
increases. Moreover, if we scale

down all hypotheses in H such that suph∈H ‖h‖2
2 is small, then to obtain a small

empirical error Lγ
m

(
A(B)

Q

)
, the value of γ should also be very small. However,

the small value of γ will increase the second term of (2.20). Hence it is desirable
to choose the value of γ that minimizes (2.20). Using the technique of Bousquet
and Elisseeff (2002) it is possible to derive the variant of bound (2.20) that holds
uniformly for all possible γ’s. Then the optimal value of γ can be found by
minimizing the uniform bound.

If suph∈H ‖h‖2
2 remains constant when m and u increase, then the bound (2.20)

converges with the rate 1√
min(m,u)

. If the empirical error Lγ
m

(
A(B)

Q

)
is small,

then this rate is slower than the convergence rate max
(

1
min(m,u)

,
√

Lm(A)
min(m,u)

)
of

the bound (2.19) for a Gibbs distribution. The derivation of the PAC-Bayesian
bound for Bayesian mixtures having the latter rate is an open problem. Finally,
we note that algorithmic applications of the bounds (2.19) and (2.20) have yet to
be developed.

Bounds based on Rademacher complexity

Rademacher complexity measures the amount of correlation of hypotheses in H
with the random labeling hypotheses. As does the VC-dimension, Rademacher
complexity measures the size of the hypothesis space. Roughly, the hypothesis
space is large if any random labeling is highly correlated with some hypothesis in
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H. However, while the VC-dimension provides us with the upper bound (2.12)
on the size of the hypothesis space, Rademacher complexity is a rather indirect
measure of the size. The transductive variant of Rademacher complexity is defined
as follows:

Definition 1 (El-Yaniv & Pechyony, 2007) Let σ = (σ1, . . . , σm+u} be a
vector of i.i.d. random variables such that σi = 1 with probability mu

(m+u)2
, σi = −1

with probability mu
(m+u)2

and σi = 0 with probability 1 − 2mu
(m+u)2

. The transductive

Rademacher complexity is Rm+u(H)
M
=

(
1
m

+ 1
u

) · Eσ {suph∈H σ · h}.
While the definition of Rademacher complexity is independent of the type of
transductive algorithm A, in the forthcoming Rademacher-based bounds we as-
sume that H is of Type 2. El-Yaniv and Pechyony (2007) derived the following
Rademacher-based risk bound: for any δ > 0, with probability of at least 1 − δ
over the random training/test set partitioning,

Lu (A) ≤ Lγ
m (A) +

Rm+u(HA)

γ
+

1

γ
O




√
ln 1

δ

min(m,u)


 , (2.21)

where Lγ
m (A) is a γ-margin training error of the soft hypothesis ĥ generated by

A.
The rate of convergence of (2.21) depends largely on the value of transduc-

tive Rademacher complexity Rm+u(HA). El-Yaniv and Pechyony (2007) devel-
oped a technique for bounding the Rademacher complexity of any transductive
algorithm. This technique is based on the observation that the output of any
transductive algorithm can be represented as

h = Uα , (2.22)

where U is an (m + u) × r matrix depending only on Xm+u and α is an r × 1
vector that may depend on both Sm and Xu. We refer to (2.22) as an unlabeled-
labeled representation (ULR) of A. Note that since U depends only on Xm+u,
each hypothesis h ∈ HA is completely characterized by its α. Let Υ(HA) be
a set of all α’s that correspond to all h ∈ HA. Given ULR, the Rademacher
complexity of A can be bounded in terms of several properties of U and α. The
resulting risk bound states that for any fixed δ > 0 and γ > 0, with probability
of at least 1− δ over the random training/test set partitioning,

Lu (A) ≤ Lγ
m (A) +

supα∈Υ(HA) ‖α‖2

γ

√√√√ 2

mu

r∑
i=1

λ2
i +

1

γ
O




√
ln 1

δ

min(m,u)


 ,

(2.23)
where {λi}r

i=1 are the singular values of the matrix U . We note that the para-
meter γ is related (similarly to (2.20)) to other terms of (2.23). In particular,
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if supα∈Υ(HA) ‖α‖2 is small, then in order to make Lγ
m (A) small, the value of γ

should be also small.
Any transductive algorithm has an infinite number of ULRs. However, the

non-trivial ULRs are the ones minimizing the bound (2.23) or at least resulting
in a value of (2.23) less than 0.5. It is shown in (El-Yaniv & Pechyony, 2007) that
several graph-based transductive algorithms (discussed in Section 2.2.2) do have
nontrivial ULRs.

If supα∈Υ(HA) ‖α‖2 = O(
√

m + u) is of order of
√

m + u and
∑r

i=1 λ2
i = O(1)

(this is a common case in the algorithms considered in (El-Yaniv & Pechyony,
2007)), then the bound (2.23) converges with the rate 1

min(m,u)
. The derivation of

a Rademacher-based bound with a faster rate (e.g., max
(

1
min(m,u)

,
√

Lm(A)
min(m,u)

)
as

in (2.14)) is an open problem.

Bounds based on stability

Stability is another way of indirectly measuring the size of the hypothesis space.
As in previous sections, we assume that A is operated on training/test set parti-
tion (Sm, Xu). In this section we consider additional run of the algorithm, after
the ith example in the training set and the jth example in the test set are ex-
changed. As a result of this exchange the label of the ith example is hidden and
the one of the jth example is revealed. For the sake of brevity, we overload the
notation and denote the former run as A and the latter run as Aij. In this section
we assume that A is of Type 2. The uniform stability of A is

max
(Sm,Xu),1≤k≤m+u,1≤i≤m,m+1≤j≤m+u

|A(xk)−Aij(xk)| ; (2.24)

namely, the worst-case change of a soft classification of any example (from Xm+u)
when a pair of training/test examples is exchanged. We denote by β a bound on
the uniform stability. If β is small, then all soft hypotheses generated by A are
almost the same. In this case the effective number of dichotomies that can be
generated by A is very small.

Stability can be thought of as a ‘Lipschitz constant’ of A. Indeed, if we
consider A as a function of random training/test set partition (Sm, Xu) and of
the example x ∈ Xm+u, then (2.24) is a definition of the Lipschitz constant
of this function. There exits a large number of concentration inequalities (e.g.,
see Ledoux, 2001) showing that the difference between a function of random
variables and its expectation depends on the Lipschitz constant of this function.
The forthcoming stability-based risk bounds can be considered as an adaptation
of the above general concentration inequalities to the transductive setting.

The following risk bound of El-Yaniv and Pechyony (2006) bounds the 0/1-test
error of transductive classification algorithm A in terms of its uniform stability:
for any fixed δ > 0 and γ > 0, with probability of at least 1− δ over the random
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training/test set partitioning,

Lu (A) ≤ Lγ
m (A) +

1

γ
O


β

√
mu ln 1

δ

m + u


 + O

(√(
1

m
+

1

u

)
ln

1

δ

)
. (2.25)

A similar bound, for the setting of regression with a squared loss, has ap-
peared in (Cortes et al., 2008). In order for the bound (2.25) to converge
with the rate 1√

min(m,u)
(as Rademacher-based bounds), the value of β should

be O
(√(

1
m

+ 1
u

)
1

min(m,u)

)
. We show in Chapter 2 of this thesis that such a

small β value can be achieved for transductive algorithms performing regulariza-
tion in reproducing kernel Hilbert space (RKHS). Examples of such algorithms
can be found in Section 2.1.3.

The measure of the size of hypothesis space by uniform stability is rather
conservative, since it considers the worst case. Another measure of the size of the
hypothesis space is by means of transductive weak stability, which is defined as
follows:

Definition 2 The algorithm A has weak stability (β, β1, β2, δ
a
1 , δ

b
1, δ2) if its uni-

form stability is bounded by β and the following conditions hold:

P(Sm,Xu),i∼Im
1 ,j∼Im+u

m+1

{
Px∼Xm+u

{|A(x)−Aij(x)| ≤ β1

} ≥ 1− δa
1

} ≥ 1− δb
1 ,

P(Sm,Xu),i∼Im
1 ,j∼Im+u

m+1

{|A(x)−Aij(x)| ≤ β2

} ≥ 1− δ2 ,

where i ∼ Im
1 refers to the unform draw of i from {1, . . . ,m}, j ∼ Im+u

m+1 refers
to the unform draw of j from {m + 1, . . . ,m + u} and x ∼ Xm+u refers to the
unform draw of x from Xm+u.

The weak stability, as defined above, considers most of the changes of soft clas-
sifications of all examples (from Xm+u) when a pair of training/test examples is
exchanged. In opposition to uniform stability, weak stability does not consider
“outlier” exchanges of training/test examples that cause large changes in soft
classification. As such, the weak stability bounds β1 and β2 may be much smaller
than the uniform stability bound β.

The following improved version (derived in Chapter 2 of this thesis) of the
risk bound of El-Yaniv and Pechyony (2006) bounds the test error of A in terms
of its weak stability: for any fixed δ > 0, γ > 0 and 0 < θ < 1, with probability

of at least (1− δ)
(
1− δb

1m

θ

)
over the random training/test set partitioning,

Lu (A) ≤ Lγ
m (A)+

[
(1− δ2)

β2

γ
+ δ2

β

γ

]
+

√(
(1− θ)β̃1 + θβ̃

)2

·O
(

mu

m + u

)
· ln 1

δ
,

(2.26)

25



where β̃1 = O
(

β1

γ
+

δa
1 (m+u)

γ min(m,u)

)
and β̃ = O

(
1

min(m,u)
+ β

γ

)
.

If θ, β1, β2 and δ2 are all O

(
1√

min(m,u)

)
, δa

1 = O

(
1√

(m+u)max(m,u)

)
, δb

1 =

O
(

1
(min(m,u))2

)
and β = O(1), then the bound (2.26) holds with probability of at

least (1 − δ)

(
1− 1√

min(m,u)

)
and converges with the rate 1√

min(m,u)
. Note that

this rate of convergence is also achieved in the uniform stability bound (2.25),
but with much smaller β values.

El-Yaniv and Pechyony (2006) provided a computational routine for bounding
the weak stability of several graph-based transductive algorithms (which are de-
scribed in Section 2.2.2). Also, in Chapter 2 of this thesis we present an analytical
explicit bound on the weak stability of algorithms performing regularization in
RKHS. Examples of such algorithms can be found in Section 2.2.2.

We indicated above the conditions under which the bounds (2.25) and (2.26)
converge at a rate of 1√

min(m,u)
. An interesting open problem is to develop

stability-based bounds such that under the same conditions the convergence rate

is max

(
1√

min(m,u)
,
√

Lγ
m(A)

min(m,u)

)
.

Realizable case

The risk bounds that we showed in the previous sections converge with the rates
1√

min(m,u)
or max

(
1

min(m,u)
,
√

Lm(A)
min(m,u)

)
. In this section we show that, under some

assumption on the hypothesis space, faster convergence rates can be achieved.
Suppose that there exists a hypothesis h∗ ∈ H with zero error on the full

sample, namely, a zero error is realizable by H. We assume that A is of Type
1 and for any training/test set partition A outputs a hypothesis h ∈ HA ⊆ H
that is consistent with the training labels (i.e. Lm(A) = 0). Let p(·) be a prior
probability over H (as in PAC-Bayesian bounds). Blum and Langford (2003)
proved that for any δ > 0, with probability of at least 1− δ,

Lu(A) ≤ Lm(A) +
ln 1

p(h)
+ ln 1

δ

u ln
(
1 + m

u

) . (2.27)

Suppose that the prior p(·) is good, namely ln 1
p(h)

= O(1) for any h ∈ HA. If

u À m, then u ln
(
1 + m

u

) ≈ um
u

= m and the bound (2.27) converges at a rate
of 1

m
. This result is expected, since if u À m, then the transductive setting

resembles the inductive one with a training set of size m, and it is known (e.g.,
see Vapnik, 1998, Section 4.2) that in the realizable case inductive risk bounds
converge at a rate of 1

m
. Also the convergence rate of 1

m
is attained by (2.27)

if m = θ(u). However, if m À u, then the bound (2.27) converges at a rate of

26



1
u ln(m)

. Yet since m À u, we can assume that m is exponentially larger than u.

Under such an assumption the bound (2.27) converges with the rate 1
u
. Hence,

summarizing the three cases of m À u, m ¿ u and m = θ(u), we determine that
the bound (2.27) converges at a rate of 1

min(m,u)
.

2.1.3 Consistency

The risk bounds presented in Section 2.1.2 show that under some conditions, the
difference Lu(A) − Lm(A) between the test and training errors of A converges
to zero. However, in general, this convergence result does not indicate that the
test error of A converges to the minimal possible one as m and u increase. In
other words, it does not mean that A is consistent. The consistency of A could
be proved if we were able to show that the empirical error of A converges to zero
as m and u increase. Currently, however, no such results are known.

The study of the consistency of transductive learning algorithms is motivated
by the following example. Consider the problem of denoising the digital picture
of some fixed resolution. In this problem each pixel can be thought of as example
and the set of all pixels is a full sample Xm+u. Suppose that for some set of pixels
we know that they are ‘clean’ and their colors do not contain noise. These pixels
constitute the training set. Our goal is to find the true colors of the rest of the
pixels, based on their noisy colors and their geometric location in the picture.
These noisy pixels constitute the test set. Thus the denoising task can be stated
as a transductive learning problem. Given some transductive algorithm A we
would like to know if its test set’s accuracy will improve when the resolution of
the picture increases. Since the increase in resolution is equal to the increase in
the size of the full sample, the improvement of the test set’s accuracy is equal to
the algorithm’s consistency.

Formally, we define the consistency of transductive algorithm A as follows:

Definition 3 (Transductive consistency) Let r
M
= m

u
be fixed and D M

=
〈x1, y1〉, 〈x2, y2〉, . . . be an infinite sequence of labeled examples. Let Sm+u be the
first m + u examples in D and Π(Sm+u) be the uniform distribution over the par-
titions (Sm, Xu) of Sm+u into m labeled and u unlabeled examples. Transductive
algorithm A is consistent if for any such D,

lim
m+u→∞

E(Sm,Xu)∼Π(Sm+u) {Lu(A)− L∗u} = 0 , (2.28)

where L∗u is the minimal test set error that can be achieved by any hypothesis.5

Definition (3) is a transductive variant of the (inductive) definition of universal
consistency of Devroye et al. (1996, Definition 6.2).

To prove (2.28) it is sufficient to prove that

E(Sm,Xu)∼Π(Sm+u) {Lu(A)− L∗u} ≤ g(m,u,A) , (2.29)

5If the test set does not contain duplicate examples with opposite labels, then L∗u = 0.
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where limm+u→∞ g(m, u,A) = 0. We refer to the bounds of the form (2.29) as
excess risk bounds.

The important problem of the consistency of transductive algorithms has yet
only been considered by Johnson and Zhang (2007). Their paper considered a

transductive algorithm performing regularization in RKHS. The hypothesis ĥ
generated by this algorithm is defined as

ĥ = arg min
h∈Rm+u

Lm(h) + λhT Qh , (2.30)

where Q is an (m + u) × (m + u) positive definite matrix. We assume that Q
depends on the normalized Laplacian of the underlying graph G (see a detailed
description of graph-based algorithms in Section 2.2.2). The vertices of G are the
full sample examples and the weights of the edges between the vertices are set
according to some rule.6 The entire procedure for constructing G depends only
on Xm+u and is independent of the labels and of the training/test set partition.
The true labels of the full sample examples partition G into a number of disjoint
pure components. Pure components are connected subgraphs of G. Moreover, all
vertices in the same pure component have the same label. Let q be the number
of pure components. Note that we do not know this number, since it depends on
the unknown test labels. Johnson and Zhang proved that for some specific choice
of λ,

E(Sm,Xu)∼Π(Sm+u) {Lu(A)− L∗u} ≤ O

(√
q

m

)
. (2.31)

Hence the algorithm (2.30) is consistent and the convergence rate to the best
possible test error depends on the number of pure components of G. Nevertheless
we do not know the true test labels when constructing G. Hence we can only
utilize our prior knowledge about the true labels in order to build G with the
small number of pure components. Johnson and Zhang also proved that if the
number of pure components is very small and they are balanced and have roughly
the same size, then the faster convergence rate of O

(
1
m

)
can be proved in (2.31).

The disadvantage of the results of Johnson and Zhang is that they achieve the
above convergence rates by choosing λ in (2.30) to be dependent on the unknown
test labels. Clearly, such a choice for λ cannot happen in practice. The proof of
the consistency of (2.30) with λ being independent of the labels is a challenging
open problem.

2.1.4 Lower bounds

In the previous two sections we presented a number of the upper bounds on
the test error of transductive algorithms. We have seen that the typical rates

6The example of such a rule is to set the weights to be inversely proportional to the distances
between examples; see more examples in Section 2.2.2.
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of convergence are 1√
min(m,u)

and
√

Lu(A)
min(m,u)

. The natural question is if these

convergence rates are tight. This question can be answered by considering lower
bounds.

Transductive lower bounds may be of one of the following two types:

Lower absolute risk bounds These bounds provide an upper bound on the
confidence achieved by the bounds of the form (2.5). The lower absolute
risk bounds have the following form: For any full sample Sm+u, any hy-
pothesis space H and any δ > 0, with probability of at most 1− δ over the
training/test partition, for all h ∈ H,

Lu(h) ≤ Lm(h) + slack term(m,u, δ,H) , (2.32)

where the slack term depends on m, u, δ and H. The lower bound (2.32) is
equivalent to the statement that for any full sample Sm+u, any hypothesis
space H and any δ > 0,

P(Sm,Xu)∼Π(Sm+u) {∃h ∈ H : Lu(h) > g(Lu(h),m, u, δ,H)} ≥ δ , (2.33)

where g is a function of Lu(h), m, u, δ and H. Vapnik (1998, Section 14.7)
proved the existence of the bound (2.33) for the case of m = u, but did not
give an explicit expression for g(Lu(h), m, u, δ,H). The explicit derivation
of (2.33) for the case of m 6= u is an open problem.

We also note that the lower bound similar to (2.33) was published by Blum
and Langford (2003). However Blum and Langford proved (2.33) only for
some specific full sample and hypothesis space.7 As such, the result of Blum
and Langford does not satisfy our requirement for the lower bound to be
valid for any full sample and any hypothesis space.

Lower excess risk bounds These bounds provide a lower bound on the expec-
tation of the difference between the test error of any transductive algorithm
A and the best possible error L∗u. Formally, the lower bound has the fol-
lowing form:

Let r
M
= m

u
be fixed. There exists an infinite sequence D M

=
〈x1, y1〉, 〈x2, y2〉, . . . of labeled examples, such that for any transductive al-
gorithm A with hypothesis space H,

E(Sm,Xu)∼Π(Sm+u) {Lu(A)− L∗u} ≥ g(m,u,H) ,

7In particular, as it was acknowledged by the authors of (Blum & Langford, 2003), their
bound can be trivially proved by considering the hypothesis space containing a hypothesis with
error 1 on the full sample. For such a hypothesis space the bound (2.33) holds with confidence
δ = 1.
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where Sm+u are the first m + u examples in D and g is a function of m, u
and H.

Currently, there are no known lower excess risk bounds (as we noted above,
development of the upper excess risk bounds is also just beginning). Exam-
ples of the lower excess risk bounds for an inductive setting can be found
in (Devroye et al., 1996, Section 14).

2.1.5 Relation to other learning models

In this section we show how the transductive learning model is related, from the
theoretical point of view, to inductive learning models. We consider supervised
and semi-supervised inductive learning models, presented informally in Chapter
1. We present two results. The first one shows that an upper transductive risk
bound implies an upper inductive risk bound. The same holds also for lower
bounds. The second result shows that the combination of upper risk bounds for
supervised learning and transductive learning implies an upper risk bound for
semi-supervised learning.

Transductive risk bounds imply the bounds for supervised learning

In this section we consider Setting 2 of transductive learning, defined in Sec-
tion 2.1.1. We also assume that in the transductive setting the sizes of the
training and test sets are equal, namely u = m. Thus the training examples
have indices 1, . . . , 2m and the test examples have indices m + 1, . . . , 2m. We

abbreviate (X, Y )i
M
= 〈x1, y1〉, . . . , 〈xi, yi〉. We now formally define the supervised

learning model. Let F be a space of functions f : X → {±1}. As in the transduc-
tive definition, the training error of f is defined as Lm(f) = 1

m

∑m
i=1 `(f(xi), yi).

We define the generalization error of f as L(f) = E〈x,y〉∼D {`(f(x), y)}. The goal
of the supervised learning algorithm is, based on the training examples (X, Y )m,
to find a function f ∈ F with a low generalization error. The two-sided sym-
metrization lemma of Vapnik and Chervonenkis (1991) states that

P(X,Y )2m

{
sup
f∈F

|Lm(f)− Lu(f)| > 2ε

}
≤ P(X,Y )m

{
sup
f∈F

|L(f)− Lm(f)| > ε

}

≤ 2P(X,Y )2m

{
sup
f∈F

|Lm(f)− Lu(f)| > ε

2

}
.

These inequalities say that the uniform (over all functions in F) convergence
of the training error to the test error in transductive Setting 2 with m = u is
a necessary and sufficient condition for the uniform convergence of the training
error to the generalization error in the supervised setting. The function space F
can be a functional form of the transductive hypothesis space H. In this case
the two-sided symmetrization lemma states that upper (lower) transductive risk
bounds in Setting 2 for m = u imply upper (lower) inductive risk bounds.
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Transductive risk bounds + the bounds for supervised learning = the
bounds for semi-supervised learning

We consider the following semi-supervised learning setting. A training set
{〈xi, yi〉}m

i=1 ∪ {xi}m+u
i=m+1, consisting of m labeled and u unlabeled examples, is

given. Training examples are sampled i.i.d. from an (unknown) distribution D
over X×Y .8. A semi-supervised learning algorithm utilizes both labeled and unla-
beled training examples and produces a hypothesis f ∈ F . The goal is to generate

a hypothesis f with a small generalization error L(f)
M
= E〈x,y〉∼D{`(f(x), y)}. The

full sample training error of f is defined to be Lm+u(f)
M
= 1

m+u

∑m+u
i=1 `(f(xi), yi).

Note that since the labels {yi}m+u
i=m+1 are unknown, the training error cannot be

computed, but only bounded. The labeled training error of f is defined to be

Lm(f)
M
= 1

m

∑m
i=1 `(f(xi), yi) and the unlabeled training error is defined to be

Lu(f)
M
= 1

u

∑m+u
i=m+1 `(f(xi), yi).

Upper risk bounds for the semi-supervised setting can be derived using the
following high-level scheme:

1. Take any known probabilistic generalization bounds for supervised learn-
ing (e.g., see Boucheron et al., 2005) of the form L(f) ≤ Lm+u(f) +
the slack term.

2. Decompose Lm+u(f) into mLm(f)+uLu(f)
m+u

and bound Lu(f) using the known
transductive risk bounds for Setting 2.

By Lemma 1 any transductive risk bound in Setting 1 is also valid in Setting
2. Thus we can use any risk bound from Section 2.1.2 to bound Lu(f). Note
that in this case the transductive risk bounds are operated with the transductive
hypothesis space H whose functional representation is F .

2.1.6 When transduction is better than induction and on
the value of unlabeled examples

As noted in Chapter 1, transductive learning is aimed at improving the per-
formance of inductive learning by utilizing the known unlabeled test examples.
In some learning problems the training sets are sufficiently good for inductive
learning algorithms to exhibit excellent performance. Clearly, in such problems
we cannot hope to develop a transductive algorithm that will outperform an
inductive one. Moreover, as we demonstrate empirically in Chapter 5, there
are learning problems where the knowledge of the test set probably deteriorates
the algorithm’s performance. It would be interesting, from both a theoretical
and practical point of view, to characterize the problems where the transductive

8The unlabeled examples xm+1, . . . , xm+u are sampled from the marginal distribution over
X
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setting is provably better than the inductive one. In particular, it would be in-
teresting to characterize the full samples where the following two conditions will
hold:

• Most of the training/test set partitions are easy, in the sense that there
exists a transductive algorithm provably achieving a small test error on
them.

• The lower bounds on the error (over the test examples) of any inductive
(both supervised and semi-supervised) learning algorithm is larger than the
upper bound on the test error of the above transductive algorithm.

Currently this research direction is completely open. We note that there is a
large body of research (e.g., see Balcan & Blum, 2006; Ben-David et al., 2008;
Niyogi, 2008; Sinha & Belkin, 2008 and the references therein) about the use-
fulness of unlabeled examples in the semi-supervised setting. In this setting the
unlabeled examples are used mainly to estimate the density function of the mar-
ginal distribution over X . By assuming the spatial relatedness between examples
and labels (i.e., that p(y|x) 6= p(y)), such an estimate can potentially help in
generating function f ∈ F with a good generalization error. As noted in Chapter
1, in the transductive setting the unlabeled examples can be helpful when they
induce easy training and test sets. Thus, while the above results about the help-
fulness of the unlabeled examples in semi-supervised setting can be useful, they
cannot be directly applied to the transductive one.

2.1.7 Related learning models

In this section we survey a number of learning models that do not fit into the
framework of transductive Settings 1 and 2, but, nevertheless, have a transductive
nature.

Active transductive learning

In the transductive setting described in Section 2.1.1 the training set is drawn
uniformly at random among all possible training sets. As a result, the training
set may not be representative of the test examples. In this passive model the
learner has no control over the generation of the training set. In contrast, in the
active model the learner has full control over the contents of the training set. We
now give a formal definition of the active model within transductive Setting 1.

At the beginning of the learning process the active learner is given an unla-
beled full sample Xm+u and the budget m of the number of labeled examples.
Then the learner performs m iterations to build its training set. At the ith it-
eration the learner queries the label of some unlabeled example from the pool
of unlabeled ones and receives its label. Initially the pool of unlabeled examples
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is Xm+u and it is reduced by one example after each iteration. After the mth
iteration the learner has m labeled and u unlabeled examples. As in the passive
model, the labeled examples constitute the training set and the unlabeled exam-
ples constitute the test set. After constructing this training/test set partition
the goal of the active learning is the same as that of the passive one, namely the
active learner needs to find an accurate labeling of the test examples.

Note that in the active model within transductive Setting 1, when the active
learner constructs its training set, it also simultaneously constructs its test set.
Hence the goal of such an active learner is to construct a test set that is easy,
given the training set. Since the active learner has more ‘power’ than the passive
one, we would like the active learner to achieve better accuracy on the test set
than the passive learner.9

There is little theoretical research in the above active transductive model. The
only work whose setting resembles the one described above is done by Dasgupta
(2005). In the setting of Dasgupta the learner assumes that some hypothesis h∗ in
the hypothesis set10 H has a zero full sample error. Under such an assumption,
Dasgupta analyzed the size of the training set (i.e., the bound on the number
of labeled examples) that is needed in order to identify h∗. Note that once h∗

is identified, we find a perfect labeling (with zero error) of the test points.11

Dasgupta gave example of full sample Xm+u and hypothesis set H such that the
number of labeled examples needed by any query strategy to identify h∗ from H
is Ω(m + u). This example provides evidence that, in general, the active learner
cannot always be better than the passive one. On the positive side, Dasgupta
showed a querying strategy (for the identification of h∗) that for any full sample
Xm+u and any hypothesis set H performs a number of queries at most four times
the minimal number of queries needed to identify h∗.

In general, the above assumption that there exists an h∗ ∈ H with a zero full
sample error is very strong. The interesting research direction is to generalize the
results of (Dasgupta, 2005) to the case when the full sample error of h∗ is not
zero, but some ε > 0.

Transductive online learning

Transductive online learning is a variant of the standard online learning model in
which the learner knows in advance the unlabeled sequence of examples that it
will receive. The formal definition of the transductive online model is as follows.

9Note that the test sets of active and passive learners will probably be different.
10Here we intentionally refer to H as hypothesis set in order not to confuse it with the

hypothesis space of passive algorithms, defined in Section 2.1.2.
11In the context of transductive Setting 1 (with the known full sample Xm+u) the model of

(Dasgupta, 2005) is the same as the models of exact learning with membership queries (Angluin,
1988) and of self-directed learning (Yin, 1995). However, traditionally the last two models are
attributed to the learning of boolean functions and simple geometric concepts. In contrast, the
results of (Dasgupta, 2005) apply to more general domains.
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Initially the learner receives the unlabeled full sample Xn = {x1, . . . , xn}. Each
example in Xn has a unique label. The learning is done iteratively. At the ith
iteration (1 ≤ i ≤ n) the learner knows the labels of x1, . . . , xi−1 and predicts
the label of xi. This prediction can depend on both the past labeled examples
〈x1, y1〉, . . . , 〈xi−1, yi−1〉 and the future unlabeled ones xi+1, . . . , xn. Then the
true label of xi is revealed. The goal of the learner is to minimize the number of
mistakes made during n iterations.

Before surveying the existing results for transductive online learning we give
an example that uses this learning model. Suppose we are managers of a TV
channel transmitting Olympic games12 and we want to predict the size of the TV
audience for each competition. Such a prediction can be useful, for example, for
selling advertisements. Each competition is an unlabeled example and all Olympic
competitions constitute a full sample. The features of each competition are its
transmission time, type (athletics/swimming/etc.), stage (final/semi-final), the
types of competitions that are transmitted at the same time, the content of other
TV channels during the competition, etc. At the beginning of each competition
we predict the size of the audience. This prediction can be based both on the
past competition (the number of people who watched the previous competition)
and on the future ones. At the end of each competition we compute the loss,
which is a function of the predicted and the actual number of people watching.

Transductive online learning was introduced by Ben-David et al. (1997).
In their paper the authors quantified the gap between the number of mistakes
Mtrans made by any transductive online algorithm and the number of mistakes
Mind made using any standard online learning algorithm. In particular, it is
shown in (Ben-David et al., 1997) that there exists a full sample such that
Mtrans = Ω(

√
log Mind). This result provided an initial characterization of the

gap between transductive and the standard online learning models. It would
be interesting to find out if this result is tight, and to show, for some fixed
transductive online algorithm A, an upper bound on Mtrans(A) in terms of Mind.

A number of transductive online algorithms with a bounded number of mis-
takes has appeared in (Kakade & Kalai, 2006; Herbster et al., 2005; Herbster &
Pontil, 2007; Herbster, 2008). Kakade and Kalai (2006) showed a simple trans-
ductive online algorithm, denoted by A2, that uses as a component a supervised
learning algorithm. At the ith iteration A2 randomly labels the unlabeled ex-
amples xi, . . . , xm+u, replicates each one of these examples and runs a supervised
learning algorithm on the known labeled examples 〈x1, y1〉, . . . , 〈xi−1, yi−1〉 and
the replicated ones. The function f generated by the supervised learning al-
gorithm is used to label xi. Let F be the hypothesis space of the supervised
learning algorithm. Kalai and Kakade showed that under some conditions on the

12This survey was written during Beijing 2008 Olympic games.
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supervised learning algorithm,

E{#of mistakes(A2)} ≤ min
f∈F

#of mistakes(f) + O(n3/4
√

d log n) , (2.34)

where d is a VC-dimension of F and the expectation is taken over the ran-
dom draws made by A2. It would be interesting to know if the slack term
O(n3/4

√
d log n) in (2.34) is tight.

In a series of papers Herbster et al. (2005), Herbster and Pontil (2007),
Herbster (2008) showed a number of transductive online algorithms that operate
in the kernel space induced by the Laplacian of the graph that represents the
full sample Xm+u (see a detailed description of such graphs in Section 2.2.2). All
these algorithms have the same structure as the well-known perceptron algorithm
for online learning. Moreover, these algorithms benefit from the bounds on the
number of mistakes. These bounds depend on various properties of the underlying
graph, e.g graph diameter, resistance diameter, cut size induced by the true labels,
cluster structure etc.

Transductive Ranking

In transductive ranking the goal of the learner is to find an accurate ranking of
the full sample examples. Such ranking can be achieved by assigning real-valued
labels to full sample examples and sorting them according to the label’s values. As
in the classification setting, in ranking the learner is given a full sample containing
some labeled examples. Note that in transductive ranking the definition of the
test set is different from the one used in the classification setting. While in the
classification setting the test set is the set of all unlabeled examples, in ranking
the test set is the entire full sample, including all available labeled examples. In
the ranking setting the labels can have two forms. In the first one (Agarwal, 2008)
the label of each example is a real number that is proportional to the example’s
rank. In the second form (Agarwal & Chakrabarti, 2007) the labels are orderings
of pairs of examples. Each ordering indicates whether the first examples within
the pair should be ranked higher or lower than the second one.

Let fi be the real-valued label given to xi by the learning algorithm and yi be
the discrete true rank of xi. One of the loss functions used by ranking algorithms
is the absolute loss (Agarwal, 2008):

`(hi, hj, yi, yj) = |yi − yj|
(
I(yi−yj)(fi−fj)<0 +

1

2
Ifi=fj

)
, (2.35)

where IE is an indicator of the event E. The absolute loss has a non-zero value
if the ranking of a pair of examples xi and xi according to fi and fj is different
from their true ranking (according to yi and yj). A similar ranking loss function,
called the ranking hinge loss, is considered by Agarwal and Chakrabarti (2007).
The disadvantage of the absolute loss (and also the hinge loss) function is that it
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has the same values when the error occurs at the top and at the bottom of the
ranked list of examples. There exist variants of ranking loss functions that do
not suffer from this drawback (e.g., see Agarwal & Chakrabarti, 2007).

Agarwal and Chakrabarti (2007) and Agarwal (2008) developed explicit risk
bounds for a number of graph-based transductive ranking algorithms. These
bounds are based on the notion of the stability of ranking algorithms and are
similar to the stability bounds presented in Section 2.1.2. The only significant
difference is that while the bounds in Section 2.1.2 bound the error over unlabeled
examples, the ranking bounds bound the error over the entire full sample.

2.1.8 Summary

During the last five years transductive learning theory has advanced significantly.
In this survey we presented most of theoretical results in transductive learning
that have been published at the major conferences and in the top journals. As it
can be seen from the relative sizes of the sections, most of the recent research was
concentrated in the development of upper risk bounds for various transductive
learning models. While a large amount of research has already been done, even
larger areas of theoretical research in transductive learning remain relatively un-
explored. In the following list we summarize the main directions for the future
development of transductive learning theory:

1. Derivation of new transductive algorithms from the existing upper risk
bounds. Some results in this direction can be found in Sections 2.2.4
and 2.2.7. In particular, it would be interesting to derive new algorithms
from the risk bounds based on stability and on Rademacher complexity.

2. Development of the excess risk bounds and proof of the (in)consistency of
the existing transductive algorithms.

3. Development of lower risk bounds for the convergence rate of absolute and
excess risk bounds.

4. Characterization of the problems where transductive algorithms are prov-
ably better than the inductive ones; also, characterization of the problems
where transduction has no advantage over induction.

5. Development of other transductive learning models (e.g., transductive ac-
tive, transductive online and transductive ranking models).

2.2 Transductive Algorithms

Before actually describing transductive algorithms, we present their definition
and the scope of this section. A transductive algorithm is a learning algorithm
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that operates within a transductive model (either within Setting 1 or 2). Namely,
a transductive algorithm receives a labeled training set and an unlabeled test set.
The output of a transductive algorithm is a labeling of the test points.

The above definition is very broad. In fact, this definition applies to all super-
vised and semi-supervised algorithms. Indeed, we can run supervised algorithms
on the labeled training set and obtain a hypothesis that will label the unlabeled
examples. Also, we may run a semi-supervised algorithm on the labeled training
set and the unlabeled test set, obtain a hypothesis and with it label the unlabeled
test examples. Both supervised and semi-supervised algorithms generate a gen-
eral hypothesis that can label examples that do not appear in the input. We say
that a learning algorithm is purely transductive if it generates a hypothesis that
can only label the examples from the test set. In this section we survey learning al-
gorithms that explicitly utilize unlabeled examples in the learning process. Hence
we cover both semi-supervised and purely transductive learning algorithms. For
the remainder of this section, when we mention transductive algorithms we refer
to these two classes of algorithms.

During the last decade more than 100 transductive algorithms have been de-
veloped. It is almost infeasible to describe each one. In this section we present
the main families of transductive algorithms and describe the ideas behind them.
There exist several other surveys of transductive algorithms, e.g. (Zhu, 2008;
Seeger, 2000; Chapelle et al., 2006; Haffari, 2006). Our survey partially over-
laps with them. On the other hand, we present several families of transductive
algorithms that are not included in the existing surveys.

2.2.1 Large-margin methods

Large-margin is probably the first approach to incorporate unlabeled examples
into the learning process. This approach extended the highly successful super-
vised large-margin methods, in particular the Support Vector Machine (e.g., see
Vapnik, 1998), to input consisting of both labeled and unlabeled examples. In
large margin methods the hypothesis is a hyperplane. For simplicity we will as-
sume that this hyperplane lies in the same space as input examples. The margin
of the hyperplane is a minimum distance from it to any input example.

The most popular transductive large-margin method is the Transductive Sup-
port Vector Machine (TSVM) (Vapnik, 1998). TSVM tries to find the hyperplane
that has a low error on the labeled examples and a large margin. The underlying
assumption of TSVM is that the positive examples from the labeled full sample
can be separated from the negative examples by the hyperplane with a large mar-
gin. When this assumption does not hold, the performance of TSVM can be bad
(see an example in Zhang & Oles, 2000).

TSVM has a solid theoretical justification. As Vapnik (1998, Theorem 10.3)
showed, a VC dimension of a set of hyperplanes with a margin of at least γ is
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bounded by O
(

1
γ

)
. Hence if we find a hyperplane with a large margin, then it

belongs to a hypothesis space with a small VC dimension. Thus by minimizing the
training error and maximizing the margin, TSVM effectively finds a hyperplane
whose corresponding transductive hypothesis h = (h1, . . . , hm+u) has a low value
of the risk bound (2.14).

This hyperplane that is generated by TSVM is characterized by the normal
vector w and the offset b, and is a solution of the following optimization problem:

min
w,b,ym+1,...,ym+u

‖w‖2
2+c1

m∑
i=1

(1− yi (〈w, xi〉+ b))++c2

m+u∑
i=m+1

(1− yi (〈w, xi〉+ b))+ ,

(2.36)
where c1, c2 > 0 are regularization constants, and for any t ∈ R, (t)+ = t if t ≥ 0
and (t)+ = 0 otherwise. The full sample examples are then classified using the
hyperplane (w, b), namely for any x ∈ Xm+u its soft-classification is 〈w, x〉 + b.
The expression (1− yi (〈w, xi〉+ b))+ is a hinge loss of example xi. If the hinge
loss of all full sample examples is zero, then ‖w‖2

2 is inversely proportional to the
margin of the hyperplane characterized by (w, b).

The optimization problem (2.36) operates over the input space of the full sam-
ple examples Xm+u. It is also possible to obtain a kernelized version of (2.36) that
operates over a high-dimensional space to which the examples are transformed.
In fact, the kernelized version of (2.36) is one of the most popular transductive
algorithms.

When operating (2.36) in high-dimensional space, it is possible (Joachims,
1999) that there exists a hyperplane that gives the same hard classification for all
test examples, and has a large margin and low training error. Such an undesirable
effect can be prevented by adding a balancing constraint to (2.36), assuring that
the fraction of positive labels (found after solving (2.36)) in the test set is equal
to the fraction of positive labels in the training set.

The optimization problem (2.36) is defined over both continuous (w and b)
and discrete variables (ym+1, . . . , ym+u). Hence it cannot be solved using the
standard methods in continuous optimization and discrete optimization methods
should be employed. Note that when the labels ym+1, . . . , ym+u are fixed, the
optimization problem (2.36) is convex and we can easily find its global minimum.
Accordingly, we can pass through all possible fixed labelings ym+1, . . . , ym+u, for
each one solve (2.36) and then output the labeling, achieving the minimum of
(2.36). However, since the number of possible labelings is 2u, such an approach
is computationally infeasible. Bennett and Demiriz (1999) and Chapelle et al.
(2007) demonstrated global optimization techniques provably obtaining a global
minimum of (2.36). Nevertheless the worst case complexity of these techniques
is still exponential. For two small datasets of up to couple of hundred points
in size, Chapelle et al. showed that their optimization procedure is dramatic
improvement over many other known methods for solving (2.36). However, due
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to the exponential complexity, the techniques of (Chapelle et al., 2007) and
(Bennett & Demiriz, 1999) are infeasible for larger datasets.

The optimization problem (2.36) is equivalent to

min
w,b

‖w‖2
2 + c1

m∑
i=1

(1− yi (〈w, xi〉+ b))+ + c2

m+u∑
i=m+1

(1− |〈w, xi〉+ b|)+ . (2.37)

As in (2.36), there also exists a kernelized version of (2.37). While the opti-
mization problem (2.37) is defined over continuous variables, it is not convex. A
number of optimization methods (e.g., see Chapelle et al., 2008; Wang, 2007; Xu
et al., 2008; Zhao et al., 2008 and the references therein) for finding a good local
minimum of (2.37) exist. However there is no convincing evidence that one of
them is significantly better than the others and as Chapelle et al. (2007) showed,
most of them are significantly inferior to the global optimization methods. Cur-
rently, the fastest methods (Collobert et al., 2006; Sindhwani & Keerthi, 2006;
Zhao et al., 2008) for solving (2.37) are able to process up to tens of thousands
of examples.

An interesting variation of large-margin transductive methods is presented
by Wang and Shen (2007). Their algorithm finds two hyperplanes, the first one
separating training examples and the second one separating the test examples.
The second hyperplane must have a large margin w.r.t. test examples and these
two hyperplanes must not differ too much. The exact formulation of the algorithm
of (Wang & Shen, 2007) is

min
w,b,w′,b′,ym+1,...,ym+u

‖w′‖2
2 + c0‖w′ −w‖2

2 + c1

∑m
i=1 (1− yi (〈w, xi〉+ b))+

+c2

∑m+u
i=m+1 (1− yi (〈w′, xi〉+ b))+ , (2.38)

where c0, c1, c2 > 0 are regularization constants. The full sample examples are
then classified using the hyperplane (w′, b); namely, for any x ∈ Xm+u its soft-
classification is 〈w′, x〉 + b. Wang and Shen also presented a kernelized version
of (2.38). The approach of (Wang & Shen, 2007) with two hyperplanes can be
useful when the training set does not represent the test set well. In this case
by setting c0 to be small, the optimization problem (2.38) will find a hyperplane
with a large margin only w.r.t. unlabeled examples.

2.2.2 Graph-based methods

Transductive graph-based methods have their roots in the probabilistic model
of Markov random fields (Kindermann & Snell, 1980). The idea of a Markov
random field model is that the label of each example depends only on the labels
of the examples that lie in close proximity. The model of Markov random fields
is derived from the Ising model in statistical physics.
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Graph-based methods are probably the most popular approach for transduc-
tive learning. These methods consist of two steps. In the first step the graph
G = (V, E), representing the full sample, is constructed. Each vertex v ∈ V has
a one-to-one correspondence with an example x ∈ Xm+u and |V | = m+u.13 The
edges of G are set according to some rule. In this section we survey a number
of methods for constructing G. In the second step, based on G, graph-based
methods infer the labels of the test examples in Xm+u.

Constructing a graph

There are applications where a representation graph can be defined easily using
domain knowledge. Consider, for example, the task of Web page classification.
We can place an edge between two vertices if there is a link from one Web page
to another. However, in general, there is no obvious rule for graph construction
and some prior domain knowledge should be used.

In general, graph construction is guided by the following rule. There is an
edge between two vertices if one of them is similar to the other. The weight of this
edge is the similarity value between corresponding examples. Similarity functions
that are commonly used in transductive algorithms are cosine similarity, linear
kernel and RBF kernel. Other kernel functions (see Schölkopf & Smola, 2002
for more examples) may also be used. Thus once we have chosen the similarity
function, to construct the graph we need a rule for connecting the vertices by
edges.

The examples of possible ways of setting edges are listed below:

• A full weighted graph;

• An MST graph: obtained by building the minimum spanning tree of a
full weighted graph. Carreira-Perpiñán and Zemel (2005) presented several
variations of an MST graph;

• A k-NN graph: two examples are connected by the edge if one of them is
among the k most similar neighbors of the other;

• An ε-NN graph: two examples are connected by a (possibly weighted) edge
if the similarity between them is at least ε.

Wang et al. (2007) extended the above graph construction methods to trans-
ductive multi-task setting. Initially, for each task a graph is constructed using
the above methods. Then these graphs are connected based on the similarity of
examples from different tasks.

There is also a number of more complicated ways of constructing a graph.
Wu and Schölkopf (2007) and Wang and Zhang (2008) constructed k-NN graph

13Sometimes auxiliary nodes are also added to G and then |V | > m + u.
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and then set the weights wij of the edges between xi and xj in such a way that
for any 1 ≤ i ≤ m + u, xi ≈

∑
xj∈N (xi)

wijxj, where N (xi) is a set of neighbors of

xi in the graph. Hein and Maier (2007) found an approximate low-dimensional
manifold at which the full sample points are situated and utilized this manifold
in order to define similarity between the points.

The above methods of constructing a graph are independent of the learning
algorithms. There are also several methods for constructing a graph and learning
over the graph simultaneously. These methods are described in the next section.

Learning over graph

The first graph-based transductive algorithm was published by Blum and Chawla
(2001). This algorithm adds to G two vertices, v+ and v−. The vertex v+ is con-
nected to all positive training vertices with the edges of infinitely high weight.
Similarly, v− is connected to all negative training vertices with the edges of in-
finitely high weight. The size of the graph cut is the sum of the weights of the
edges that cross the cut. The algorithm of Blum and Chawla finds a minimal
size cut (i.e., minimal cut) of G that separates v+ from v−. The vertices that are
on the side of v+ are classified as positive and the vertices on the side of v− are
classified as negative. Note that since the weights of the edges adjacent to v+ and
v− are infinitely high, the algorithm of Blum and Chawla effectively separates all
positive training vertices from the negative ones. Hence the empirical error of the
hypothesis generated by this algorithm is zero.

The drawback of the minimal cut approach is that it frequently generates a
highly unbalanced cut, with one of the parts being much larger than the other. For
example, it is possible that the first part contains only labeled positive examples
and the second part contains both labeled negative examples and all the unlabeled
test examples. Blum et al. (2004) used randomization to partially overcome this
issue. Another way to overcome the issue of unbalanced partitions is to find
a cut of a minimal normalized size (i.e., minimal normalized cut). Let |C| be
the size of the cut C. The cut C divides V into two disjoint sets, V1 and V2.
The normalized size of C is |C|

|V1|·|V2| . Thus in general the minimal normalized
cut has a small cut size and partitions G into two roughly equal parts. The
problem of finding a minimal normalized cut is NP-hard. There exists several
relaxations of the minimal normalized cut problem. Two such relaxations have
been developed into transductive learning algorithms. The spectral relaxation of
the minimal normalized cut problem was implemented by Joachims (2003). The
resulting transductive algorithm, named the Spectral Graph Transducer (SGT), is
considered one of the most powerful transductive algorithms. Another relaxation
of the minimal normalized cut problem, called Semidefinite Programming (SDP)
relaxation, was implemented by Bie and Cristianini (2006).

The cut-based approach described above considers hard cuts. In the hard cut
each vertex is labeled +1 or −1 and the edges with differently labeled adjacent
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vertices constitute a cut. If the vertices have soft classification, e.g., in the range
of [−1, 1], then the resulting cut is a soft cut. The size of the soft cut induced by
the soft labeling h is

1

4

∑
wij∈E

wi,j(hi − hj)
2 = hT Lh , (2.39)

where wij is the weight of the edge connecting the ith and jth examples and L is
a normalized Laplacian of G. If there is no such edge then wij = 0. Thus in the
soft cut the edges that cross the cut are the ones with adjacent vertices having
different soft classifications. It can be verified that if h is a hard classification
vector in {±1}m+u, then (2.39) is the size of the hard cut induced by h. Hence
the notion of soft cut is a generalization of the notion of hard cut.

Another measure of the size of the soft cut induced by the soft labeling h is

1

4

∑
wij∈E

wi,j

(
hi

di

− hj

dj

)2

= hT LNh , (2.40)

where di =
∑m+u

k=1 wik is the sum of the weights of the edges that are adjacent to
the ith vertex and LN is a normalized Laplacian of G. The difference between
(2.40) and (2.39) is that in (2.40) the soft classification hi of the ith example is
normalized by the weight di of the ith vertex. We refer to (2.40) as a normalized
size of the soft cut. The idea of the normalization in (2.40) is as follows. We
assume that for any example xi ∈ Xm+u, most of its neighbors in G have the
same hard classification as xi. The soft classification hi of xi depends on the
soft classifications of the neighbors of xi in G. It is assumed (as in the Markov
random field model) that each such neighbor xj contributes to the value of hi.
The amount of contribution is proportional to wij. Thus, if di is large, then
xi will obtain a large number of such contributions from its neighbors in G.
As a result, if the neighbors of xi have similar soft classifications (and this is
definitely possible under the above assumption), then the value of |hi| will be
large. Hence by normalizing hi to hi

di
we bring all soft classification values to the

same scale. Another method of normalization, motivated by risk bounds, can be
found in (Johnson & Zhang, 2007).

There exist a number of transductive algorithms that find small (but not
necessary minimal) smooth cuts in order to label test examples. In this survey
we focus on one such algorithm, due to Wang and Zhang (2008), which in turn is
a slight modification of the algorithm of Zhou et al. (2004). Examples of other
algorithms that find smooth cuts of small normalized/unnormalized size can be
found in (Zhu et al., 2003; Belkin et al., 2004; Johnson & Zhang, 2007; Pelckmans
et al., 2007; Culp & Michailidis, 2008; Wang et al., 2008). The prominent feature
of the algorithm of Zhou et al. is that it can be interpreted in three different ways:
as the algorithm finding a small soft cut, as a label propagation algorithm and
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as a random walk algorithm. We start with the presentation of the algorithm of
Wang and Zhang (2008) as the one finding a small soft cut.

The algorithm of Wang and Zhang constructs an undirected graph14 such
that for any 1 ≤ i ≤ m + u,

∑m+u
i=j wij = 1. Then this algorithm finds a soft

classification vector ĥ minimizing

m+u∑
i=1

(hi − yi)
2 + c

∑
wij∈E

wi,j (hi − hj)
2 , (2.41)

where c > 0 is a regularization constant and the vector y ∈ {±1, 0}m+u has the
following structure. If xi is in the training set, then yi is the true label of xi.
Otherwise, if xi is in the test set, then yi = 0.

The first sum in (2.41) is an empirical error of h. Note this error depends on
both the training error of h on the labeled examples and on the error of h on the
unlabeled ones. While the dependence on the training error is common to many
learning algorithms, the dependence on the error over the unlabeled examples
is a unique feature of (2.41). Since for unlabeled examples yi = 0, the error of
unlabeled example xi is h2

i . By minimizing this error the algorithm of wang and
Zhang tries to find a soft classification of xi that is close to zero. Suppose that
‖hi‖ expresses our confidence in labeling xi with sign(hi). The rationale behind
the above error over unlabeled examples is that since xi is unlabeled, we should
not be too confident about its label. The second sum in (2.41) is the normalized
size of the soft cut induced by h. Thus the algorithm of Wang and Zhang finds
a soft classification vector h having low empirical error and a small normalized
size of the induced cut. The balance between the low empirical error and the
normalized size of the induced cut is controlled by the constant c.

Let α
M
= c

c+1
. The solution of (2.41) is the following closed-form expression:

ĥ = (1− α) (I − αW )−1 y , (2.42)

where D is a diagonal matrix with the ith entry being di and W is an adjacency
matrix of G with the (i, j)th entry being wij.

The computational complexity of inverting the matrix in (2.42) is Ω((m+u)3).
Such a large complexity prevents the algorithm (2.41) from being applied to large
full samples of at least tens of thousands of examples. In the last years a number
of methods have been published that reduced the complexity of (2.42). Galeano
and Herbster (2007) showed that if the underlying graph is a tree then the matrix
inversion in (2.42) can be done in the linear time O(m + u). Zhu and Lafferty
(2005) assumed that full sample points are samples from a mixture model (e.g.

14The algorithms (2.41) of Wang and Zhang (2008) and of Zhou et al. (2004) can be extended
to directed graphs (Zhou et al., 2005, 2005) and to hypergraphs (Agarwal et al., 2006; Zhou
et al., 2007). Also Wang et al. (2007) showed an extension of (2.41) to the transductive
multi-task setting.
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Gaussian mixtures). Under such an assumption, the complexity of the matrix
inversion in (2.42) is cubic in the number of mixtures.

Another approach to reducing the complexity of (2.42) was considered by De-
lalleau et al. (2005). In this paper, using k-farthest first search, the authors
found a small number of the most informative unlabeled examples. Then they
minimized the objective function (2.41) for the original training set and the re-
duced test set, consisting of the informative unlabeled examples. The original
training set and the reduced test set, along with the latter’s new labels, are used
to find the labels of unlabeled examples that are not in the reduced test set. This
is done using a very fast Nadaraya-Watson estimator.

The expression (2.42) allows two additional interpretations of the algorithm of
(Wang & Zhang, 2008). The first interpretation is in terms of label propagation.
Consider the following iterative process. Set h(0) = y and for any integer t > 0,

h(t + 1) = αWh(t) + (1− α)y . (2.43)

It can be verified that limt→∞ h(t) = ĥ. The equation (2.43) describes the fol-
lowing iterative label propagation process. At each iteration a vertex vi in G
propagates its current soft label to its neighbors. The soft label hi(t) of vi, when
propagated to vj through the edge with the weight wij, diminishes its value by
the factor wij. When the vertex vj receives the scaled soft labels from its neigh-
bors, it sums them to obtain a temporary soft classification h̃j. The final soft
classification hj(t + 1) of xj is a weighted average of hj(t + 1) and its initial label
yj. There exists a number of other label propagation mechanisms in graph-based
algorithms. For additional examples see (Zhu et al., 2003; Macskassy & Provost,
2007; Culp & Michailidis, 2008; Galstyan & Cohen, 2008).

The second interpretation of (2.42) is in terms of a random walk over G. By
Taylor expansion of (I − αW )−1 we obtain that (2.42) is equivalent to

ĥ = (1− α)

( ∞∑
i=0

(αW )i

)
y . (2.44)

Since for any 1 ≤ i ≤ m+u,
∑

j wij = 1, the matrix W is a transition probability
matrix of the random walk over G and wij is a probability of a random transition
from vi to vj. Hence the matrix αW corresponds to a lazy random walk, in
which at each step with probability (1 − α) we stay at the current vertex and
with probability α we move according to W . Therefore, for any i ≥ 0, the
(s, t)th entry of (αW )i is a probability of arriving from vs to vt in exactly i steps.
Consequently, the (s, t)th entry of

∑∞
i=0(αW )i is the probability of arriving from

vs to vt using the above lazy random walk. Finally, recalling the structure of y,
we obtain that sign(ĥi) = 1 if the probability of arriving from vi to any positive
training vertex is larger than the probability of arriving from vi to any negative
training vertex. Otherwise sign(ĥi) = −1. There exists a number of other graph-
based algorithms performing similar random walks. For additional examples see
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(Azran, 2007; Callut et al., 2008; Szummer & Jaakkola, 2002; Zhu et al., 2003;
Zhou & Burges, 2007; Kim & Choi, 2007).

The learning algorithms described above assume that the weights of graph
edges are proportional to the similarity between corresponding points. Tong and
Jin (2007) showed graph-based algorithm that considers two graphs. In the first
one the weights of the graph edges are proportional to the similarity between
corresponding points, as previously. But in the second one the weights of the
graph edges are inversely proportional to the similarity between corresponding
points. Hence unlike all other graph-based algorithms, the algorithm of Tong and
Jin is able to incorporate both similarity and dissimilarity information.

A useful method (Chapelle et al., 2003) to improve the performance of trans-
ductive algorithms is to modify the eigenvalues of Laplacians L and LN . The
modified Laplacian is substituted back into (2.39), (2.40) or (2.41) and is used
for learning over the graph. The example of the commonly used spectral transfor-
mation is to raise the Laplacian eigenvalues to some fixed power (e.g., 2). It can
be shown (e.g., see Johnson & Zhang, 2008) that such spectral transformation is
effectively equivalent to the projection of the full sample points into its principal
components and cleaning the noise in the coordinates of full sample points. For
more examples of empirically successful spectral transformations see (Joachims,
2003; Johnson & Zhang, 2008) and the references therein. These transforma-
tions are based solely on the unlabeled data. There are also methods (see Zhu
et al., 2006 and the references therein) that perform spectral transformations
that depend on training/test set partition and on the training labels.

Shin et al. (2006) and Szlam et al. (2008) considered a jointly minimization
of (2.41) over both h and the graph weights wij. The resulting optimization
problem is non-convex. Both these papers used heuristic methods for minimizing
(2.41) over both h and wij. Another approach for the joint minimization is to
construct a number of base Laplacians L(1), . . . , L(t) and to search for a good
linear combination

∑t
j=1 αjL

(j) of them. The joint optimization over both h and
αj is considered in (Lanckriet et al., 2004; Argyriou et al., 2006).

Belkin and Niyogi (2004) considered another method for learning over graphs,
which is motivated by spectral clustering (Ng et al., 2002). The method of
Belkin and Niyogi considers k eigenvectors that correspond to the k smallest
eigenvalues of Laplacian. Each example xi from the full sample is represented by
ith coordinates of k eigenvectors. Namely, full sample examples are embedded
into k-dimensional space generated by k leading eigenvectors. Then the algorithm
of Belkin and Niyogi finds a hyperplane in this space that minimizes the squared
error over the labeled examples. 15 This hyperplane is then used to classify the
test examples.

15Spectral clustering algorithms run k-means clustering in this space.
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2.2.3 Mixed large margin and graph-based methods

While large-margin methods consider a global geometry of the full sample, graph-
based methods mainly consider the local geometry. There exists a number of
methods that combine these approaches, thus attempting to consider both global
and local aspects of the full sample geometry. The first approach is to construct
the kernel that is based on the graph used in graph-based algorithms. Such a ker-
nel may then be used (e.g., see Chapelle & Zien, 2005; Dai & Yeung, 2007) in the
kernelized version of (2.37). Another approach is to add the regularization term
(2.39) to (2.37). The resulting algorithm, called Laplacian SVM, was introduced
by Belkin et al. (2006).

2.2.4 Volume regularization

The size of the equivalence class is defined as the number of soft hypotheses in
it. If this number is infinite (as in many hypothesis spaces), then we define the
size of equivalence class to be its volume. This volume is computed in the dual
space, with the soft hypotheses being points. The goal of volume regularization
methods is to find a soft hypothesis that has a low empirical error and belongs
to the equivalence class of large volume.

In general, the computation of the volume it very time-consuming.16 Hence
volume regularization methods actually try to approximate the volume of the
equivalence class. Currently, all the existing volume approximations are heuristic,
with no theoretical guarantees. The first approach for volume regularization was
published by Vapnik (1982, Section 10.5). Vapnik’s approach used a hypothesis
space of hyperplanes and approximated the volume of the equivalence class by the
minimal distance between positively and negatively classified examples.17 Based
on this approximation, Vapnik (1982, Section 10.5) constructed a structural risk
minimization scheme that attempts to find a hyperplane with small empirical
error and large margin. This scheme employs an empirical risk minimization
procedure and hence in general is NP-hard. However, it can be approximated by
the transductive SVM algorithm that is considered in Section 2.2.1.

Another attempt to approximate the volume of an equivalence class was made
by Graepel et al. (2000). As in (Vapnik, 1982), Graepel et al. used the hypoth-
esis space of hyperplanes. In addition, the algorithm of Graepel et al. assumes
that in the kernel space the training examples can be separated, with no empir-
ical error, by some hyperplane.18 Graepel et al. considered equivalence classes

16While for convex bodies there exist algorithms (e.g., see Lovász & Vempala, 2006) for the
computation of volume in polynomial time, their complexity it still too high for most machine
learning applications.

17This distance is exactly twice the margin of the hyperplane.
18This assumption is mild, since for any set of labeled points there exists a kernel space where

the training examples can be separated, with no empirical error, by some hyperplane.
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induced by only m training examples and a single test example. Their algorithm
has the following structure. The algorithm performs u iterations. At each iter-
ation two possible labelings of the ith unlabeled example xi are considered. If
the (approximated) volume of the equivalence class of hyperplanes that has zero
training error and label xi with +1 is larger that the one of the equivalence class
of hyperplanes that has zero training error and label xi with −1, then xi is la-
beled with +1, otherwise it is labeled with −1. The heuristic approximation of
the volume is done by the kernel billiard algorithm.

Recently, El-Yaniv et al. (2008) showed yet another way of approximating
the volume of an equivalence class for the hypothesis spaces defined as HQ =
{h : hT Qh ≤ 1}, where Q is an (m + u)× (m + u) positive definite matrix and
is a hyperparameter. Their approximation and the resulting learning algorithm
are based on the geometric interpretation of the space HQ. This algorithm is
described in details in Chapter 6 of this thesis.

2.2.5 Gaussian processes

We start with a brief introduction to Gaussian processes (see Rasmussen &
Williams, 2006 for more details) and then survey several approaches to incor-
porating unlabeled examples in them. Gaussian process (GP) is an infinite se-
quence of random variables such that each finite subset of them has multivariate
Gaussian distribution. Gaussian process is characterized by the mean function
m(·) and covariance function k(·, ·). A common assumption in learning with
Gaussian processes is that m(x) ≡ 0. Gaussian process regression assumes that
the real-valued label y(x) of example x may be decomposed as

y(x) = f(x) + ε, (2.45)

where f is a Gaussian process and ε is a Gaussian noise with mean 0 and variance
σ2. Let

Km+u =

(
Kmm Kmu

Kum Kuu

)

be an (m + u)× (m + u) matrix with the (i, j)th entry referred to as k(xi, xj). It
follows from (2.45) that given a full sample Xm+u, the vector of labels Ym+u has a
multivariate Gaussian distribution with mean 0 and covariance matrix Km+u+σI.
Using the standard derivation from probability theory we obtain that

Yu | Xm, Ym, Xu ∼ N (Kum

(
Kmm + σ2I

)−1
Ym,

Kuu + σ2I −Kum

(
Kmm + σ2I

)−1
Kmu) . (2.46)

Hence in Gaussian process regression, Yu = Kum (Kmm + σ2I)
−1

Ym. The ma-
trix inversion in the last expression is very expensive and takes O(m3) time. A
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number of approximate GP regression methods were developed (see Rasmussen
& Williams, 2006) that try to alleviate this issue.

Gaussian process classification assumes that the binary label y(x) of example
x can be decomposed as

y(x) = sign(f(x) + ε) , (2.47)

where f and ε are the same as in (2.45). Because of the sign function, in the
classification case the vector Ym+u does not have a multivariate Gaussian distrib-
ution and there is no closed form explicit expression for Yu | Xm, Ym, Xu. Instead,
several approximation techniques are used (see Rasmussen & Williams, 2006) to
compute Yu. Thus Gaussian process regression is much easier than Gaussian
process classification.

While the solution (2.46) is formulated for the transductive setting, its pre-
diction for each test example is based solely on training examples and is inde-
pendent of the unlabeled examples. Transduction GP regression methods try to
alleviate this issue so that the prediction for each test example would depend on
both labeled training examples (Xm, Ym) and the unlabeled test examples Xu.
Schwaighofer and Tresp (2003) showed a fast (and equivalent to (2.46)) way of
computing Yu, which is based on the knowledge of the entire test set. Zhu et al.
(2003), Sindhwani et al. (2007) and Yu et al. (2008) defined the covariance
function k(·, ·) such that its value k(xi, xj) for any two training examples also
depends on the entire set of Xu of the unlabeled examples. In addition, Gärtner
et al. (2006) and Le et al. (2006) showed how to find good values for the hyper-
parameters of covariance function k(·, ·) using the unlabeled examples. Lawrence
and Jordan (2006) modified (2.47) by replacing the binary-output sign function
with the ternary-output function. One the values of that function indicates that
the example is unlabeled. Based on this modification, Lawrence and Jordan
developed another transductive version of the GP classification algorithm.

2.2.6 Boosting

The idea of boosting is to combine a number of base hypotheses into an ensemble
such that the accuracy of the ensemble is much higher than the accuracy of
the individual hypotheses. There exist a number of boosting algorithms. In
this section we consider the AnyBoost family of boosting algorithms (Mason
et al., 2000) and survey its extensions that incorporate unlabeled examples.
The AnyBoost family is very large and in particular it includes the well-known
AdaBoost boosting algorithm (Freund & Schapire, 1997).

Let H ⊆ Rm+u be a space of base hypotheses and lin(H) ⊆ Rm+u be a
space of linear combinations of base hypotheses from H. Let h ∈ H be a base
hypothesis and h̃ ∈ lin(H) be an ensemble of base hypotheses. Let ` : R → R
be a differentiable loss function and L(h̃)

M
= 1

m

∑m
i=1 `(yih̃i) be a training error of
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Input: An algorithm A(h̃) that accepts h̃ ∈ lin(H) and returns h ∈ H such that〈
−∇L

(
h̃
)

,h
〉

> 0.

Output: An ensemble h̃ ∈ lin(H) of base hypotheses.
for i = 1 to T do

Let h(i) = A(h̃).

if
〈
−∇L

(
h̃
)

,h
〉
≤ 0 then

Return h̃.
end if
Choose weight αi.
Set h̃ = h̃ + αih(i).

end for

Figure 2.1: AnyBoost family of algorithms

h̃. The AnyBoost family of algorithms is depicted in Figure 2.1. The algorithms
in this family construct an ensemble h̃ by trying to minimize a loss L(h̃). The
minimization is done by using the gradient descent method. At each iteration we
would like to add to h̃ the negative gradient −∇L(h̃) of the current ensemble, in

order to to maximally reduce L(h̃). However, since −∇L(h̃) is not necessary in

H, we add to h̃ a base hypothesis h, which roughly has the same direction as the
negative gradient.

In the inductive setting the loss L(h̃) of the ensemble h̃ depends only on
the labeled training examples. The extension of AnyBoost to the transductive
setting is straightforward. Indeed, we only need to add to L(h̃) the term that

indicates the loss on the unlabeled examples. Two obvious extensions of L(h̃) are
the addition of the term that depends on the margin w.r.t. unlabeled examples
(e.g. see Bennett et al., 2002 and the references therein) and the addition of
the term that depends on the graph cut induced by the labeling of unlabeled
examples (e.g., see Loeff et al., 2008 and the references therein). The modified
loss function is then used to develop transductive instantiations of the AnyBoost
scheme.

2.2.7 Methods based on the minimization of risk bounds

One approach for transductive learning is to develop an algorithm directly mini-
mizing the risk bound. To date, all existing attempts to develop such algorithms
considered PAC-Bayesian bounds (described in Section 2.1.2). The first such
algorithm, developed by El-Yaniv and Gerzon (2005), is essentially a clustering
algorithm with the minimum of the risk bounds (2.16) and (2.15) used to se-
lect the number of clusters. In particular, the algorithm of El-Yaniv and Gerzon
constructs a prior over the hypothesis space of all possible clusterings with the
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number of clusters up to k (k is a predefined constant). In this construction the
hypotheses corresponding to clusterings with the small number of clusters have
larger priors than the hypotheses corresponding to clusterings with the large
number of clusters. For each number of clusters the algorithm of El-Yaniv and
Gerzon constructs (in the unsupervised way) a clustering and then labels the
points within each cluster according to the majority of the training labels that
appear in it. Finally, the algorithm of El-Yaniv and Gerzon chooses among k
clusterings the one that minimizes the minimum of (2.16) and (2.15) with the
prior p(h) as defined above.

Another algorithm, based on the minimization of implicit risk bound that is
similar to (2.16), was also developed by Banerjee and Langford (2004).

2.2.8 Statistical physics methods

One approach to labeling the test points is to represent the full sample as a system
of magnets. In this system each example is a spin. The upside orientation of the
spin corresponds to the positive label of the point and the downside orientation
corresponds to the negative label. The configuration of the spins is a full sample
hard labeling h ∈ {±1}m+u. In this section we refer to h as both a configuration
and the full sample hard labeling. The system in configuration h has an energy

E(h)
M
= −

m+u∑
i,j=1

Jijhihj −
m+u∑
i=1

θihi , (2.48)

where Jij is a symmetric interaction energy between spins i and j and θi is an
energy of spin i induced by the external field. In the transductive model we
assume that there is no external field over the unlabeled spins and hence θi = 0
for m + 1 ≤ i ≤ m + u. For the labeled spins we set θi to the value of the
corresponding label. The value Jij of the symmetrical interaction energy between
spins i and j may be set to the weight wij of the edge between xi and xj in
the underlying graph (see Section 2.2.2 for various methods of constructing such
graphs). With such choices of θi and Jij the energy (2.48) is very similar to the
objective function (2.41) used in graph-based transductive algorithms. However,
in the statistical physics approach we do not find the labeling h minimizing (2.48)
(as in graph-based algorithms). Instead, we find the labeling h in the following
way.

Let T > 0 be a hyperparameter, which is commonly interpreted as a temper-
ature. We assume that the configuration h is a random variable with Boltzmann
distribution. Namely, the probability that the spins have configuration h at tem-
perature T is

PT (h) = exp

(
−β

T
E(h)

)
, (2.49)
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where β is a Boltzmann constant. Then the marginal probability of the ith spin
to be in state yi is

PT (hi = yi) = (2.50)
1

2

∑

s∈{±1}m+u

PT (h1 = s1, . . . , hi−1 = si−1, hi = yi, hi+1 = si+1, . . . , hm+u = sm+u) ,

and the mean value of the state of the ith spin at temperature T is

〈hi〉T = PT (hi = 1)−PT (hi = −1) .

Statistical physics-motivated transductive algorithms aim to output a mean state
vector,

〈h〉T = (〈h1〉T , . . . , 〈hm+u〉T ) ,

of soft classifications of the full sample. However, the direct computation of 〈h〉T
is infeasible, since it involves the sum (2.50) over 2m+u elements. There are two
attempts to compute 〈h〉T approximately. Getz et al. (2005) approximated (2.50)
using Markov chain Monte-Carlo sampling. Wang et al. (2007) approximated
the Boltzmann probability distribution (2.49) by another distribution, for which
(2.50) is easy to compute.

2.2.9 Self-training methods

In self-training methods the learner learns in the iterative way. At each iteration
the learner labels the subset of the currently unlabeled data and adds it to the
training set that is used at the next iteration. Historically, self-training methods
were one of the first approaches to utilize the unlabeled data. Currently self-
training methods are largely divided into four groups, which are surveyed below.

EM methods

In the transductive context Expectation-Maximization (EM) methods have the
following high-level scheme. Suppose that transductive algorithm A depends on
some hyperparameter α. For example, α may be a hyperparameter of the distance
metric. Let P(α) be a prior probability distribution over all possible values of α.
We denote by S ′u the unlabeled test set Xu along with the test labels Y ′

u obtained
at the last run of A. Let P(Sm, S ′u | α) be the posterior probability distribution
of obtaining the full sample Sm ∪ S ′u, given α. The functional form of the both
prior and posterior probabilities should be specified after obtaining the unlabeled
full sample Xm+u but before obtaining the actual training/test set partition and
the labeling information.19 EM methods seek the test labeling Y ′

u and the value

19For examples, prior and posterior distributions may be two Gaussians depending on α, and
on both α and Sm ∪ S′u respectfully.
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of α that maximize

P(Sm, Xu ∪ Y ′
u | α)P(α) . (2.51)

Since this optimization problem is commonly non-convex, EM methods estimate
the correct value of α and find the labeling Y ′

u of unlabeled examples in two steps,
which are performed interchangeably. At the E-step the algorithm A is run with
the current value of α and labels all the unlabeled examples. At the M -step the
learner finds a value α̂ = arg maxα′ P(Sm, S ′u | α′)P(α′) maximizing the posterior

probability of obtaining the labeled full sample Sm ∪ S ′u, and sets α
M
= α̂. The

algorithm stops when there is no significant change in the value of α between two
consecutive M -steps. A number of instantiations of this scheme, with A being
a näıve Bayes classifier, can be found in (Nigam et al., 2000). The common
disadvantage of the EM methods is that the solutions Y ′

u and α that they find
are not guaranteed to be a global maximum of (2.51).

Bootstrapping

Bootstrapping (Yarovsky, 1995) is probably one of the simplest methods for the
usage of unlabeled examples. While originally bootstrapping was developed for
semi-supervised setting, it also can be easily applied to the transductive one. In
bootstrapping the labeling of unlabeled examples is done iteratively. At each it-
eration the learner runs a supervised learning algorithm A to label the unlabeled
examples. For each unlabeled example, along with the label, A should output its
confidence in this label. Then the learner adds to the training set the unlabeled
examples, along with their new labels, which are labeled with high confidence,
and proceeds to the next iteration. This iteration is repeated until there are
no unlabeled examples that are labeled with high confidence. At this stage the
algorithm A is run on the training set consisting of the original one and the unla-
beled examples that were labeled with high confidence. The resulting hypothesis
is used to label the remaining unlabeled examples.

The bootstrapping scheme has many instantiations to particular algorithms.
See, for example, (Taira & Haruno, 2001; Haffari & Sarkar, 2007) and the refer-
ences therein. There is a number of results (e.g., see Haffari & Sarkar, 2007 and
the references therein) showing when the bootstrapping scheme has an advantage,
in the semi-supervised setting, over the underlying supervised algorithm A. It
would be interesting to obtain similar results for the transductive setting.

Co-training with a single view

Co-training methods with a single view (Goldman & Zhou, 2000; Zhou & Li,
2007), originally motivated by bootstrapping, utilize two supervised learning al-
gorithms, A1 and A2. These algorithms are assumed to be different.20 A1 and

20If A1 = A2, then co-training with a single view reduces to the bootstrapping scheme.
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A2 operate mostly on different training sets. Initially, the training sets of A1 and
A2 are the same and consist of the labeled examples Sm. As other self-learning
algorithms, co-training operates in an iterative way. At each iteration both A1

and A2 are run on their training sets and label the unlabeled examples. Then
the examples that were labeled by A1 with high-confidence are added, along with
their new labels, to the training set of A2. Similarly, the examples that were
labeled by A2 with high-confidence are added, along with their new labels, to the
training set of A1. This iteration is repeated until there are no unlabeled exam-
ples that are labeled with high confidence. At this stage the remaining unlabeled
examples are labeled by a weighted average of A1 and A2.

Co-training with two views

Co-training with two views (Blum & Mitchell, 1998) is a generalization of co-
training with a single view to the setting when each example has two different
sets of features. Each such set is called a view. For example, suppose that the
examples are web pages. Then the first view contains the textual information
on the page and the second view contains the information about the hyperlinks
pointing from/to the page.

Historically, the first algorithm for co-training with two views (Blum &
Mitchell, 1998) was published two years before the first algorithm for co-training
with a single view (Goldman & Zhou, 2000). The difference between the single
view and the two views settings is that in the two views setting A1 operates on
the features from the first view and A2 operates on the features from the second
view.

Recently, co-training algorithms have been extended (Balcan & Blum, 2006;
Zhou et al., 2007) to deal with a training set consisting of a single labeled
example. It would be interesting to find out if similar extensions can be done
with other transductive algorithms.

There is a number of results (e.g., see Balcan & Blum, 2006 and the references
therein) showing when the co-training scheme with two views has an advantage,
in the semi-supervised setting, over the underlying supervised algorithm A. It
would be interesting to obtain similar results for the transductive setting.

2.2.10 Agreement-based methods

Agreement-based methods assume that there exist two hypothesis spaces H1 and
H2. These spaces may correspond to different views of the examples (as in co-
training with two views), or they may operate on the same view but be very
different. The example for the latter case is when both H1 and H2 are the spaces
of large-margin hyperplanes but rely on different metrics (e.g. H1 may use an
RBF kernel and H2 may use a polynomial kernel). Agreement-based methods,
introduced by de Sa (1994), find two hypotheses h(1) ∈ H1 and h(2) ∈ H2
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such that both these hypotheses have a low empirical error and also h(1) and
h(2) mostly agree in their labeling of unlabeled examples. For example, with the
squared error loss, h(1) and h(2) minimize the following objective function:

2∑
i=1

m∑
j=1

(
h

(i)
j − yj

)2

+ c ·
m+u∑

j=m+1

(
h

(1)
j − h

(2)
j

)2

, (2.52)

where c > 0 is a regularization constant. In practice, to achieve better empirical
results, it is common (e.g., see Brefeld et al., 2006) to set H1 and H2 to be
reproducing kernel Hilbert spaces (RKHS) and to add to (2.52) a regularization
term µ

∑2
i=1 ‖h‖Hi

, where µ > 0 is a regularization constant and ‖ · ‖Hi
is a norm

in the RKHS Hi:

(
h̃(1), h̃(2)

)
= arg min

h(1),h(2)

2∑
i=1

m∑
j=1

(
h

(i)
j − yj

)2

+c·
m+u∑

j=m+1

(
h

(1)
j − h

(2)
j

)2

+µ

2∑
i=1

‖h‖Hi
.

(2.53)
The final labeling generated by the agreement-based method of (2.53) is
1
2

(
h̃(1) + h̃(2)

)
. Recently Sindhwani and Rosenberg (2008) showed that there

exists a third RKHS H3 such that the agreement-based optimization problem
(2.53) is equivalent to the standard norm regularization in H3:

h̃ = arg min
h∈H3

m∑
j=1

(hj − yj)
2 + µ‖h‖H3 . (2.54)

The idea of the regularization by agreement on the unlabeled examples can also
be applied to boosting (Leskes & Torenvliet, 2008) and Gaussian processes (Yu
et al., 2008).

Agreement-based methods trace their roots to the co-training scheme. While
performing a theoretical analysis of co-training with two views, Dasgupta et al.
(2002) found that in the semi-supervised setting, under certain conditions, the
maximum of the generalization error of any two hypotheses is bounded by their
disagreement on the unlabeled data. The bound on the same nature has also
appeared in (Leskes & Torenvliet, 2008). We conjecture that similar bounds can
be also derived for the transductive setting.

2.2.11 Scalability issues

The common scenario of many applications of transductive learning is tens or
hundreds of labeled examples and a huge, up to a million, number of unlabeled
examples. We are aware of only two papers (Tsang & Kwok, 2007; Karlen et al.,
2008) that present algorithms that are capable of processing such amounts of
data. We also note that the scalability of most of the algorithms described in the
previous section is limited to thousands of examples.
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2.2.12 Empirical comparison of algorithms

As we showed in this survey, there is a large number of transductive algorithms.
It is almost impossible to perform their extensive comparison in some unified
setting of experiments. To our knowledge the largest comparison of a number of
transductive algorithms was done in (Chapelle et al., 2006). In that experiment
11 transductive algorithms were compared using eight datasets. In addition, the
experiment included the comparison with the inductive k-nearest neighbors and
SVM algorithms. Among eight datasets, seven were small-scale ones, with up to
1500 examples, and one dataset was medium-scale, with 83000 examples. Only
four out of 11 transductive algorithms were able to complete the experiment on
the medium-scale dataset.

The experiment was run in a distributed way by the algorithms’ authors. Then
the result of the experiments were reported to the authors of (Chapelle et al.,
2006). This distributed setting caused the differences between the computational
efforts invested by different authors in the experiment. In particular, the algo-
rithms were run on hyperparameter grids of different sizes. Also for some of the
algorithms, the authors did not do model selection and reported only the errors
for the best hyperparameters in hindsight. Ignoring these differences the best
performance in this experiment was achieved by the SGT algorithm of Joachims
(2003).

2.2.13 Summary

In this section we surveyed a number of algorithmic approaches for transductive
learning. While the number of transductive algorithms has grown tremendously
during the last five years, this field is still at its infancy and has yet to ma-
ture. Currently, there is no clear evidence which algorithms are the best ones
for particular domains and applications. Moreover, there is only a partial em-
pirical evidence about the domains where these algorithms are better than the
best algorithms in the inductive model (e.g., SVM, inductive boosting, inductive
Gaussian processes et al.). Finally, most of the described transductive algorithms
have little, if any, theoretical basis. An interesting research direction would be to
try to fill this gap.

2.3 Proof of Lemma 1

1. Let I(A) be an indicator random variable, having value 1 if Lu(A) > B1(δ)
and 0 otherwise. If the bound (2.1) holds, then for any full sample Sm+u,
E(Sm,Xu)∼U(Sm+u)I(A) < δ. In order to prove (2.2) it is sufficient to prove
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that E(Sm,Xu)∼Dm+uI(A) < δ. We have that

E(Sm,Xu)∼Dm+uI(A) = ESm+u∼Dm+uE(Sm,Xu)∼U(Sm+u)I(A)

< ESm+u∼Dm+uδ = δ .

2. The proof is very similar to the proof of the first part of the lemma. We
have that

E(Sm,Xu)∼Dm+uLu(A) = ESm+u∼Dm+uE(Sm,Xu)∼U(Sm+u)Lu(A)

< ESm+u∼Dm+uB2 = B2 .
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Chapter 3

Concentration Inequalities for
Functions over Partitions

In this chapter we develop novel concentration inequalities for functions over
partitions and compare them to the several known ones. Our concentration in-
equalities are utilized in the derivation of the risk bounds in Chapters 4 and 5.

Denote by Is
r the set of natural numbers {r, r + 1, . . . , s} (r < s). Let Z

M
=

Zm+u
1

M
= (Z1, . . . , Zm+u) be a random permutation vector where the variable Zk,

k ∈ Im+u
1 , is the kth component of a permutation of Im+u

1 that is chosen uniformly
at random. Any function f on permutations of Im+u

1 is called (m,u)-permutation

symmetric if f(Z)
M
= f(Z1, . . . , Zm+u) is symmetric on Z1, . . . , Zm as well as on

Zm+1, . . . , Zm+u. Since Z is a random permutation vector, f(Z) is a function over
dependent random variables.

In this chapter we present novel concentration inequalities for (m,u)-
permutation symmetric functions. Note that an (m,u)-permutation symmetric
function is essentially a function over the partition of m+u items into sets of sizes
m and u. Thus, the forthcoming concentration inequalities, while being stated
for (m,u)-permutation symmetric functions, also hold in exactly the same form
for functions over partitions. Conceptually it is more convenient to view our re-
sults as concentration inequalities for functions over partitions. However, from a
technical point of view we find it more convenient to consider (m,u)-permutation
symmetric functions.

Let Zij be a perturbed permutation vector obtained by exchanging the values
of Zi and Zj in Z. The concentration inequalities developed in this chapter
depend on the bound on the difference

∣∣f(Z)− f(Zij)
∣∣ . (3.1)

In Section 3.1 we develop concentration inequality depending on the bound on
(3.1) which holds uniformly for all possible random permutations Z and the
choices of i and j. We denote this bound strong permutation stability. In Sec-
tion 3.2 we relax this dependence and develop concentration inequality depending
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on the bound on (3.1) which holds for most (but not for all) choices of Z, i and
j. We denote this bound weak permutation stability.

The proofs of both inequalities utilize the martingale technique. This tech-
nique is in particular very convenient for the development of concentration in-
equalities for function of dependent random variables. We require the following

standard definitions and facts about martingales.1 Let Bn
1

M
= (B1, . . . , Bn) be a se-

quence of random variables and bn
1

M
= (b1, . . . , bn) be their respective values. The

sequence Wn
0

M
= (W0,W1, . . . , Wn) is called a martingale w.r.t. the underlying

sequence Bn
1 if for any i ∈ In

1 , Wi is a function of Bi
1 and EBi

{
Wi|Bi−1

1

}
= Wi−1.

The sequence of random variables dn
1 = (d1, d2, . . . , dn), where di

M
= Wi −Wi−1,

is called the martingale difference sequence of Wn. An elementary fact is that
EBi

{
di|Bi−1

1

}
= 0.

Let f(Xn
1 )

M
= f(X1, . . . , Xn) be an arbitrary function of n (possibly dependent)

random variables. Let W0
M
= EXn

1
{f(Xn

1 )} and Wi
M
= EXn

1
{f(Xn

1 )|Xi
1} for any

i ∈ In
1 . An elementary fact is that Wn

0 is a martingale w.r.t. the underlying
sequence Xn

1 . Thus we can obtain a martingale from any function of (possibly
dependent) random variables. This routine of obtaining a martingale from an
arbitrary function is called Doob’s martingale process. By the definition of Wn

we have Wn = EXn
1
{f(Xn

1 )|Xn
1} = f(Xn

1 ). Consequently, to bound the deviation
of f(Xn

1 ) from its mean it is sufficient to bound the difference Wn − W0. A
fundamental inequality, providing such a bound, is Azuma inequality:

Lemma 2 (Azuma (1967)) Let Wn
0 be a martingale w.r.t. Bn

1 and dn
1 be its

difference sequences. Suppose that for all i ∈ In
1 ,

|di| ≤ bi . (3.2)

Then

PBn
1
{Wn −W0 > ε} < exp

(
− ε2

2
∑n

i=1 b2
i

)
. (3.3)

A different version of Azuma inequality was developed by McDiarmid:

Lemma 3 (McDiarmid, 1989, Corollary 6.10) Let Wn
0 be a martingale

w.r.t. Bn
1 . Let bn

1 = (b1, . . . , bn) be the vector of possible values of the random
variables B1, . . . , Bn. Let

ri(b
i−1
1 )

M
= sup

bi

{
Wi : Bi−1

1 = bi−1
1 , Bi = bi

}−inf
bi

{
Wi : Bi−1

1 = bi−1
1 , Bi = bi

}
.

(3.4)

Let r2(bn
1 )

M
=

∑n
i=1(ri(b

i−1
1 ))2 and r̂2 M

= supbn
1
r2(bn

1 ). Then,

PBn
1
{Wn −W0 > ε} < exp

(
−2ε2

r̂2

)
. (3.5)

1See, e.g., Chapter 12 of Grimmett and Stirzaker (1995), and Section 9.1 of Devroye et al.
(1996) for more details.
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Lemmas 2 and 3 differ in their preconditions, (3.2) vs. (3.4). Another difference
is in constant 2, appearing in the exponent. We derive the weak permutation
stability-based concentration inequality using Azuma inequality. The strong per-
mutation stability-based concentration inequality may be derived using either
Azuma or McDiarmid inequality. The last derivation given slightly better re-
sults (in terms of constants) and is presented in this chapter. The derivation of
the weak permutation stability-based concentration inequality using McDiarmid
inequality is an open question.

3.1 Inequality based on strong permutation sta-

bility

We start with the definition of strong permutation stability.

Definition 4 (Strong Permutation Stability) Let Z be a random permuta-
tion vector. A function f(Z) has strong permutation stability β if for any per-
mutation Z, i ∈ Im

1 and j ∈ Im+u
m+1∣∣f(Z)− f(Zij)

∣∣ ≤ β . (3.6)

The following theorem, which is a main result of this section, expresses the con-
centration of (m,u)-permutation symmetric function in terms of its strong per-
mutation stability.

Theorem 1 Let Z be a random permutation vector over Im+u
1 . Let f(Z) be an

(m,u)-permutation symmetric function with strong permutation stability β. Then

PZ {f(Z)− EZ {f(Z)} ≥ ε} ≤ exp

(
−2ε2(m + u− 1/2)

muβ2

(
1− 1

2 max(m,u)

))
.

(3.7)

The proof of Theorem 1 is given in Section 3.4.1.

The right hand side of (3.7) is approximately exp
(
−2ε2

β2

(
1
m

+ 1
u

))
. There is

a number of previously published concentration inequalities that are comparable
with (3.7). These inequalities are valid for function classes that encompass the
class of (m,u)-permutation symmetric functions. In the rest of this section we
compare 1 with the previously published results.

A similar, but less tight inequality can be obtained by the reduction from
the drawing of the permutation to the drawing of min(m,u) independent ran-
dom variables and application of the bounded difference inequality of McDiarmid
(1989):

Lemma 4 Suppose that the conditions of Theorem 1 hold. Then

PZ {f(Z)− EZ {f(Z)} ≥ ε} ≤ exp

(
− 2ε2

β2 min(m,u)

)
. (3.8)
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The proof of Lemma 4 appears in Section 3.4.2.

Remark 1 The inequalities developed in Section 5 of Talagrand (1995) imply a
concentration inequality that is similar to (3.8), but with worse constants.

The inequality (3.7) is defined for any (m,u)-permutation symmetric function
f . By specializing f we obtain the following two concentration inequalities:

Remark 2 If g : Im+u
1 → {0, 1} and f(Z) = 1

u

∑m+u
i=m+1 g(Zi) − 1

m

∑m
i=1 g(Zi),

then EZ{f(Z)} = 0. Moreover, for any i ∈ Im
1 , j ∈ Im+u

m+1 , |f(Z)−f(Zij)| ≤ 1
m

+ 1
u
.

Therefore, by specializing (3.7) for such f we obtain

PZ

{
1
u

∑m+u
i=m+1 g(Zi)− 1

m

∑m
i=1 g(Zi) ≥ ε

} ≤
exp

(
−2ε2mu(m+u−1/2)

(m+u)2

(
1− 1

2max(m,u)

))
. (3.9)

The right hand side of (3.9) is approximately exp
(
−2ε2mu

m+u

)
. The inequality (3.9)

is an explicit (and looser) version of Vapnik’s absolute bound (see El-Yaniv &
Gerzon, 2005). We note that using (3.7) we were unable to obtain an explicit
version of Vapnik’s relative bound (inequality 10.14 of Vapnik, 1982).

Remark 3 If g : Im+u
1 → {0, 1} and f(Z) = 1

m

∑m
i=1 g(Zi), then EZ{f(Z)} =

1
m+u

∑m+u
i=1 g(Zi). Moreover, for any i ∈ Im

1 , j ∈ Im+u
m+1 , |f(Z) − f(Zij)| ≤ 1

m
.

Therefore, by specializing (3.7) for such f we obtain

PZ

{
1
m

∑m
i=1 g(Zi)− 1

m+u

∑m+u
i=1 g(Zi) ≥ ε

} ≤
exp

(
−2ε2(m+u−1/2)m

u

(
1− 1

2max(m,u)

))
. (3.10)

The right hand side of (3.10) is approximately exp
(
−2ε2(m+u)m

u

)
for sufficiently

large values of m and u. Hence for large m and u, (3.10) is slightly tighter than
the following inequality, which was developed by Serfling (1974):

PZ

{
1

m

m∑
i=1

g(Zi)− 1

m + u

m+u∑
i=1

g(Zi) ≥ ε

}
≤ exp

(
−2ε2(m + u)m

u + 1

)
.

However for small values of m and u Serfling’s inequality is slightly tighter than
ours.

3.2 Inequality based on weak permutation sta-

bility

We start with the definition of weak permutation stability:
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Definition 5 (Weak Permutation Stability) Let Z be a random permutation
vector. A function f(Z) has weak permutation stability (β, β1, δ1) if f has strong
permutation stability β and

PZ,i∼Im
1 ,j∼Im+u

m+1

{∣∣f(Z)− f(Zij)
∣∣ ≤ β1

} ≥ 1− δ1 , (3.11)

where i ∼ I denotes a choice of i ∈ I uniformly at random.

This weaker notion of stability only requires that |f(Z)−f(Zij)| be bounded with
respect to most exchanges, allowing for a δ1-fraction of outliers.

The following theorem, which is a main result of this section, expresses the
concentration of (m,u)-permutation symmetric function in terms of its weak per-
mutation stability.

Theorem 2 Let Z be a random permutation vector and f(Z) be an (m,u)-
symmetric permutation function. Suppose that f(Z) has weak permutation sta-
bility (β, β1, δ1). Let δ ∈ (0, 1) be given, and for i ∈ Im

1 , let θi ∈ (0, 1),

Ψ
M
= δ1

∑m
i=1 1/θi and bi

M
= ((1−θi)β1+θiβ)

(m+u−i+1)(1−Ψ)
. If Ψ < 1, then with probability at

least (1− δ) · (1−Ψ) over the choices of Z,

f(Z) ≤ EZ {f(Z)}+ u

√√√√1

2

m∑
i=1

b2
i ln

1

δ
. (3.12)

Note that the confidence level can be made arbitrarily small by selecting appropri-
ate θi and δ1 (thus trading-off β1).

It follows from Definition 5 that β1 depends on δ1. Hence, the bound (3.12)
depends on the following parameters: δ1, θi, i ∈ Im

1 . It can be shown that if
β1 = O(1/m), δ1 = O(1/m2) and θi = O(1/m) for all i ∈ Im

1 , then the slack term
in (3.12) is O(

√
ln(1/δ)/m) and the bound’s confidence can be made arbitrarily

close to 1.

3.3 Concluding Remarks

Concentration inequalities are the main building blocks in the development of
risk bounds. In this section we derived two new concentration inequalities for
(m,u)-permutation symmetric functions. These inequalities show that under some
conditions,

PZ {f(Z)− EZ{f(Z)} > ε} ≤ O(exp(−ε2)) . (3.13)

Very interesting and challenging direction for a future work is to find a tighter
upper bound on the left hand side of (3.13). In particular it is interesting to find
out if it is possible to obtain that under certain conditions,

PZ {f(Z)− EZ{f(Z)} > ε} ≤ O(exp(−ε)) . (3.14)

One possible approach to attacking this problem is to consider the variance in-
formation about the martingale difference sequences.
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3.4 Proofs

3.4.1 Proof of Theorem 1

The proof of Lemma 1 is inspired by McDiarmid’s proof of the bounded dif-
ference inequality for permutation graphs (McDiarmid, 1998, Section 3). Let
Wm+u

0 be a martingale obtained from f(Z) by Doob’s martingale process, namely

W0
M
= EZm+u

1

{
f(Zm+u

1 )
}

and Wi
M
= EZm+u

1

{
f(Zm+u

1 )|Zi
1

}
. We compute the upper

bound on r̂2 and apply Lemma 3.
Fix i, i ∈ Im

1 . Let πππm+u
1 = π1, . . . , πm+u be a specific permutation of Im+u

1

and π′i ∈ {πi+1, . . . , πm+u}. Let p1
M
= Pj∼Im+u

i+1

{
j ∈ Im

i+1

}
= m−i

m+u−i
and p2

M
=

Pj∼Im+u
i+1

{
j ∈ Im+u

m+1

}
= 1− p1 = u

m+u−i
. We have

ri(πππ
i−1
1 ) = sup

πi

{
Wi : Bi−1

1 = πππi−1
1 , Bi = πi

}− inf
πi

{
Wi : Bi−1

1 = πππi−1
1 , Bi = πi

}

(3.15)

= sup
πi,π′i

{
EZ

{
f(Z) | Zi−1

1 = πππi−1
1 , Zi = πi

}

− EZ

{
f(Z) | Zi−1

1 = πππi−1
1 , Zi = π′i

} }

= sup
πi,π′i

{
Ej∼Im+u

i+1
EZ

{
f(Z) | Zi−1

1 = πππi−1
1 , Zi = πi, Zj = π′i

}

− Ej∼Im+u
i+1

EZ

{
f(Zij) | Zi−1

1 = πππi−1
1 , Zi = πi, Zj = π′i

} }

= sup
πi,π′i

{
Ej∼Im+u

i+1
EZ

{
f(Z)− f(Zij) | Zi−1

1 = πππi−1
1 , Zi = πi, Zj = π′i

}}

(3.16)

= sup
πi,π′i

{
p1 · EZ,j∼Im

i+1

{
f(Z)− f(Zij) | Zi−1

1 = πππi−1
1 , Zi = πi, Zj = π′i

}

(3.17)

+ p2 · EZ,j∼Im+u
m+1

{
f(Z)− f(Zij) | Zi−1

1 = πππi−1
1 , Zi = πi, Zj = π′i

}}

Since f(Z) is (m,u)-permutation symmetric function, the expectation in (3.17)
is zero. Therefore,

ri(πππ
i−1
1 ) = sup

πi,π′i

{
p2 · EZ,j∼Im+u

m+1

{
f(Z)− f(Zij) | Zi−1

1 = πππi−1
1 , Zi = πi, Zj = π′i

} }

≤ uβ

m + u− i
.

Since f(Z) is (m,u)-permutation symmetric, it also follows from (3.16) that for

i ∈ Im+u
m+1 , ri(πππ

i−1
1 ) = 0. It can be verified that for any j > 1/2, 1

j2 ≤
∫ j+1/2

j−1/2
1
t2

dt,
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and therefore,

r̂2 = sup
πππm+u

1

m+u∑
i=1

(
ri(πππ

i−1
1 )

)2 ≤
m∑

i=1

(
uβ

m + u− i

)2

= u2β2

m+u−1∑
j=u

1

j2

≤ u2β2

∫ m+u−1/2

u−1/2

1

t2
dt =

mu2β2

(u− 1/2)(m + u− 1/2)
. (3.18)

By applying Lemma 3 with the bound (3.18) we obtain

PZ {f(Z)− EZ {f(Z)} ≥ ε} ≤ exp

(
−2ε2(u− 1/2)(m + u− 1/2)

mu2β2

)
. (3.19)

The entire derivation is symmetric in m and u. Therefore, we also have

PZ {f(Z)− EZ {f(Z)} ≥ ε} ≤ exp

(
−2ε2(m− 1/2)(m + u− 1/2)

m2uβ2

)
. (3.20)

By taking the tightest bound from (3.19) and (3.20) we obtain the statement of
the lemma.

3.4.2 Proof of Lemma 4

We consider the following algorithm2 (named RANDPERM) for drawing the first m
elements {Zi}m

i=1 of the random permutation Z of Im+u
1 :

Algorithm 1 RANDPERM - draw the first m elements of the random permutation
of m + u elements.

Let Zi = i for any i ∈ Im+u
1 .

for i = 1 to m do
Draw di uniformly from Im+u

i .
Swap the values of Zi and Zdi

.
end for

The algorithm RANDPERM is an abridged version of the procedure of drawing a
random permutation of n elements by drawing n− 1 non-identically distributed
independent random variables, presented in Section 5 of Talagrand (1995) (which
according to Talagrand is due to Maurey (1979)).

2Another algorithm for generating random permutation from independent draws was pre-
sented in Appendix B of Lanckriet et al. (2004). This algorithm draws a random permutation
by means of drawing m + u independent random variables. Since we only deal with (m, u)-
permutation symmetric functions, we are only interested in the first m elements of the random
permutation. The algorithm of Lanckriet et al. needs m + u draws of independent random
variables to define the above m elements. The algorithm RANDPERM, presented in this section,
needs only m draws. If we use the algorithm of Lanckriet et al. instead of RANDPERM, the
forthcoming bound (3.23) would have the term m+u instead of m. This change, in turn, would
result in a non-convergent risk bound being derived using our techniques.
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Lemma 5 The algorithm RANDPERM performs a uniform draw of the first m ele-
ments Z1, . . . , Zm of the random permutation Z.

Proof: The proof is by induction on m. If m = 1, then a single random variable
d1 is uniformly drawn among Im+u, and therefore, Z1 has a uniform distribution

over Im+u
1 . Let dm

1
M
= d1, . . . , dm. Suppose the claim holds for all m1 < m. For

any two possible values πππm
1

M
= π1, . . . , πm and πππ′m1

M
= π′1, . . . , π

′
m of Z1, . . . , Zm, we

have

Pdm
1
{Zm

1 = πππm
1 } = Pdm−1

1
{Zm−1

1 = πππm−1
1 } ·Pdm{Zm = πm | Zm−1

1 = πππm−1
1 }

= Pdm−1
1

{Zm−1
1 = πππ′m−1

1 } · 1

u + 1
(3.21)

= Pdm−1
1

{Zm−1
1 = πππ′m−1

1 } ·Pdm{Zm = π′m | Zm−1
1 = πππ′m−1

1 }
= Pdm

1
{Zm

1 = πππ′m1 } .

The equality (3.21) follows from the inductive assumption and the definition of
dm. ¤

Consider any (m, u)-permutation symmetric function f = f(Z) over random
permutations Z. Using the algorithm RANDPERM we can represent any random
permutation Z as a function g(d) of m independent random variables. The func-
tion g(d) can be considered as an operation of the algorithm RANDPERM with
the values of random draws given by d. The next lemma relates the Lipschitz
constant of the function f(g(d)) to the Lipschitz constant of f(Z):

Lemma 6 Let f(Z) be an (m,u)-permutation symmetric function of random per-
mutation Z. Suppose that for all i ∈ Im

1 , j ∈ Im+u
m+1 , |f(Z) − f(Zij)| ≤ β. Let d′i

be an independent draw of the random variable di. Then for any i ∈ Im
1 ,

|f(g(d1, . . . , di−1, di, di+1, . . . , dm))− f(g(d1, . . . , di−1, d
′
i, di+1, . . . , dm))| ≤ β .

(3.22)

Proof: The values of d
M
= (d1, . . . , di, . . . , dm) and d′ M

= (d1, . . . , d
′
i, . . . , dm)

induce, respectively, the first m values3 Zm
1 = {Z1, . . . , Zm} and Z′m1 =

{Z ′
1, . . . , Z

′
m} of the two dependent permutations of Im+u

1 . Since f is (m,u)-
permutation symmetric, its value is uniquely determined by the value of Zm

1 . We
prove that the change of di by d′i results in a change of a single element in Zm

1 .
Combined with the property of |f(Z)− f(Zij)| ≤ β, this will conclude the proof
of (3.22).

We refer to d and d′ as, respectively, ‘old’ and ‘new’ draws. Consider the
operation of RANDPERM with the draws d and d′. Let πi, πdi

and πd′i be the values

3For notational convenience in this section, we refer to Zm
1 as a set of values and not as a

vector of values (as is done in other sections).
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of, respectively, Zi, Zdi
and Zd′i just before the ith iteration of RANDPERM. Note

that di ≥ i and d′i ≥ i. In the old permutation, after the ith iteration Zi = πdi
,

Zdi
= πi and Zd′i = πd′i . In the new permutation, after the ith iteration Zi = πd′i ,

Zdi
= πdi

and Zd′i = πi. After the ith iteration of RANDPERM the value of Zi

remains intact. However the values of Zdi
and Zd′i may change. In particular

the values of πdi
and πi may be among Zi+1, . . . , Zm at the end of the run of

RANDPERM. We have four cases:

Case 1 If πd′i /∈ Zm
1 and πi /∈ Zm

1 then πdi
/∈ Z′m1 , πi /∈ Z′m1 and Z′m1 = Zm

1 \{πdi
}∪

{πd′i}.

Case 2 If πd′i ∈ Zm
1 and πi ∈ Zm

1 then πdi
∈ Z′m1 , πi ∈ Z′m1 and Z′m1 = Zm

1 .

Case 3 If πi ∈ Zm
1 and πd′i /∈ Zm

1 then πdi
∈ Z′m1 , πi /∈ Z′m1 and Z′m1 = Zm

1 \{πi}∪
{πd′i}.

Case 4 If πd′i ∈ Zm
1 and πi /∈ Zm

1 then πi ∈ Z′m1 , πdi
/∈ Z′m1 and Z′m1 = Zm

1 \{πdi
}∪

{πi}.

¤

We apply a bounded difference inequality of McDiarmid (1989) to f(g(d)) and
obtain

Pd {f(g(d))− Ed {f(g(d))} ≥ ε} ≤ exp

(
− 2ε2

β2m

)
. (3.23)

Since f(Z) is a (m,u)-permutation symmetric, it follows from (3.23) that

PZ {f(Z)− EZ {f(Z)} ≥ ε} ≤ exp

(
− 2ε2

β2m

)
. (3.24)

Since the entire derivation is symmetric in m and u we also have

PZ {f(Z)− EZ {f(Z)} ≥ ε} ≤ exp

(
− 2ε2

β2u

)
. (3.25)

The proof of Lemma 4 is completed by taking the minimum of the bounds (3.24)
and (3.25).

3.4.3 Proof of Theorem 2

Let Wm+u
0 be a martingale generated from f(Z) by Doob’s process. We derive

bounds on the martingale differences di, i ∈ Im+u
1 , and apply Lemma 3.

Let πππm+u
1 = π1, . . . , πm+u be a specific permutation of Im+u

1 . In the proof we
use the following shortcut: Zr

1 = πππr
1 abbreviates the r equalities Z1 = π1, . . . , Zr =
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πr. Let θi be given. For r ∈ Im
1 , we say that the prefix πππr

1 of a permutation πππm+u
1

is (r, θr)-admissible (w.r.t. a fixed β1) if it guarantees that

PZ,j∼Im+u
m+1

{∣∣f(Z)− f(Zrj)
∣∣ ≤ β1 | Zr

1 = πππr
1

} ≥ 1− θr . (3.26)

If the prefix πππr
1 does not satisfy (3.26), we say that it is not (r, θr)-admissible. Let

ζ(r, θr) be the probability that Zr
1 is not (r, θr)-admissible. Our goal is to bound

ζ(r, θr). For any fixed 1 ≤ r ≤ m we have,

t(r)
M
= PZ,j∼Im+u

m+1

{∣∣f(Z)− f(Zrj)
∣∣ > β1

}

=
∑

all possible
prefixes πππr

1

(
PZ,j∼Im+u

m+1

{∣∣f(Z)− f(Zrj)
∣∣ > β1 | Zr

1 = πππr
1

} ·PZ {Zr
1 = πππr

1}
)

≥
∑
non-

admissible
prefixes πππr

1

(
PZ,j∼Im+u

m+1

{∣∣f(Z)− f(Zrj)
∣∣ > β1 | Zr

1 = πππr
1

} ·PZ {Zr
1 = πππr

1}
)

≥ θr ·
∑

non-admissible
prefixes πππr

1

PZ {Zr
1 = πππr

1} = θrζ(r, θr) . (3.27)

Since f(Z) is (m, u)-permutation symmetric, t(r) = t is constant. Since f(Z) has
weak permutation stability (β, β1, δ1),

δ1 ≥ PZ,i∼Im
1 ,j∼Im+u

m+1

{∣∣f(Z)− f(Zij)
∣∣ > β1

}
=

m∑
r=1

1

m
· t(r) = t ≥ θrζ(r, θr) .

(3.28)
Consequently, ζ(r, θr) ≤ δ1/θr. Our next goal is to bound dr for (r, θr)-admissible
prefixes. For any 1 ≤ r ≤ m + u we have

|dr| = |Wr −Wr−1| =
∣∣EZ {f(Z) | Zr

1 = πππr
1} − EZ

{
f(Z) | Zr−1

1 = πππr−1
1

}∣∣
=

∣∣EZ

{
f(Zil(k))− f(Z) | Zr−1

1 = πππr−1
1

}∣∣
=

∣∣∣EZ,j∼Im+u
i

{
f(Z)− f(Zrj) | Zr

1 = πππr
1

}∣∣∣ (3.29)

≤ EZ,j∼Im+u
r

{∣∣f(Zrj)− f(Z)
∣∣ | Zr

1 = πππr
1

}

= Pj∼Im+u
r

{j ∈ Im
r } · EZ,j∼Im

r

{∣∣f(Zrj)− f(Z)
∣∣ | Zr

1 = πππr
1

}
(3.30)

+Pj∼Im+u
r

{j ∈ Im+u
m+1 } · EZ,j∼Im+u

m+1

{∣∣f(Zrj)− f(Z)
∣∣ | Zr

1 = πππr
1

}

= Pj∼Im+u
r

{j ∈ Im+u
m+1 } · EZ,j∼Im+u

m+1

{∣∣f(Zrj)− f(Z)
∣∣ | Zr

1 = πππr
1

}
. (3.31)

The equality (3.31) follows because the expectation in (3.30) is zero since f is
(m,u)-permutation symmetric. Since f(Z) is (m,u)-permutation symmetric, it
follows from (3.29) that for any r ∈ Im+u

m+1 , dr = 0. If r ∈ Im
1 and πππr

1 is (r, θr)-
admissible then the expectation in (3.31) is bounded by (1− θr)β1 + θrβ. Hence
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for all (r, θr)-admissible prefixes πππr
1, r ∈ Im

1 ,

|dr| ≤ u ((1− θr)β1 + θrβ)

m + u− r + 1
. (3.32)

A permutation πππm+u
1 is good if for all r ∈ Im

1 its r-prefixes, πππr
1, are admissible

(w.r.t. the corresponding θr). Since ζ(r, θr) ≤ δ1/θr, we have

PZ {Z not good} ≤
m∑

r=1

PZ {Zr
1 not admissible} =

m∑
r=1

ζ(r, θr) ≤
m∑

r=1

δ1

θr

= Ψ .

(3.33)
Thus, with probability at least 1 − Ψ, the random permutation Z is good, in
which case we have |dr| ≤ br for all r ∈ Im

1 .
Consider the space G of all good permutations. Let Vm+u

0 be a martingale
obtained by Doob’s process operated on f and G. Then, using (3.32) we bound
the martingale difference sequence d′m+u

1 of Vm+u
0 as follows.

|d′r| ≤ Pj∼Im+u
r

{j ∈ Im+u
m+1 } ×

EZ∈G,j∼Im+u
m+1

{∣∣f(Zrj)− f(Z)
∣∣ | Zr

1 = πππr
1, πππr

1 is admissible
}

(3.34)

≤ Pj∼Im+u
r

{j ∈ Im+u
m+1 } ×

EZ,j∼Im+u
m+1

{|f(Zrj)− f(Z)| | Zr
1 = πππr

1, πππr
1 is admissible}

PZ{Z ∈ G}
≤ u ((1− θr)β1 + θrβ)

(m + u− r + 1)(1−Ψ)
M
= br . (3.35)

Similarly to what we had showed previously, since f(Z) is (m,u)-permutation
symmetric, for any r ∈ Im+u

m+1 , d′r = 0. Therefore, we can apply Azuma’s inequality
(Lemma 2) to the martingale Vm+u

0 . We obtain a bound on the deviation of
Vm+u − V0 = f(Z) − EZ {f(Z)}. Our result (3.12) is completed by equating the
resulting bound to δ and isolating ε.
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Chapter 4

Transductive Stability

4.1 Introduction

In this chapter we present novel transductive error bounds that are based on
new notions of transductive stability. The uniform stability of a transductive
algorithm is its worst case sensitivity for an exchange of two points, one from the
labeled training set and one from the test set. Our uniform stability result is a
rather straightforward adaptation of the results of Bousquet and Elisseeff (2002)
for inductive learning. Unfortunately, this new bound is of limited practical merit
because the required stability rates, which enable a non-vacuous bound, are not
met by many transductive algorithms.

We, therefore, follow the approach taken by Kutin and Niyogi (2002) in in-
duction and define a notion of weak transductive stability that requires overall
stability ‘almost everywhere’ but still allows the algorithm to be sensitive to
some fraction of the possible input exchanges. To utilize this weak transductive
stability we develop a novel concentration inequality for symmetric functions of
permutations based on Azuma’s martingale bound. We show that for sufficiently
stable algorithms, their empirical error is concentrated near their transductive
error and the slack term is a function of their weak stability parameters. The
resulting error bound is potentially applicable to any transductive algorithm.

To apply our transductive error bound to a specific algorithm, it is necessary
to know a bound on the weak stability of the algorithm. To this end, we develop
a data-dependent estimation technique based on sampling that provides high
probability estimates of the algorithm’s weak stability parameters. We apply
this routine on the algorithm of Zhou et al. (2004).

4.2 Related Work

Exponential concentration bounds in terms of unform stability were first consid-
ered by Bousquet and Elisseeff (2002) in the context of induction. Quite a few
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variations of the inductive stability concept were defined and studied in (Bous-
quet & Elisseeff, 2002; Kutin & Niyogi, 2002; Mukherjee et al., 2004). It is
not clear, however, what is the precise relation between these definitions and the
associated error bounds. It is noted in (?; Mukherjee et al., 2004) that many im-
portant learning algorithms (e.g., SVM) are not stable under any of the stability
definitions, including the significantly relaxed notion of weak stability introduced
by Kutin (2002) and Kutin and Niyogi (2002). ? (?) attempted to remedy this
by considering ‘graphical algorithms’ and a new geometrical stability definition,
which captures a modified SVM (see also Bousquet & Elisseeff, 2002).

Stability was first considered in the context of transductive learning by Belkin
et al. (2004). There the authors applied uniform inductive stability notions and
results of Bousquet and Elisseeff (2002) to a specific graph-based transductive
learning algorithm.1

We present general bounds for transduction based on particularly designed
definitions of transductive stability, which we believe are better suited for cap-
turing practical algorithms. Our weak stability bounds have relatively “standard”
form of empirical error plus a slack term (unlike most weak stability bounds for
induction (Kutin & Niyogi, 2002; Mukherjee et al., 2004; Rakhlin et al., 2005)).
Kearns and Ron (1999) were the first to develop standard risk bounds based on
weak stability. Their bounds are “polynomial”, depending on 1/δ, unlike the
“exponential” bounds we develop here (depending on ln 1/δ).

4.3 Definitions

We consider the following transductive setting (Vapnik, 1982). A full sample
Xm+u = {xi}m+u

i=1 consisting of m + u unlabeled examples in some space X is
given. For each point xj ∈ Xm+u, let yj ∈ {±1} be its unknown deterministic
label. A training set Sm consisting of m labeled points is generated as follows.
Sample a subset of m points Xm ⊂ Xm+u uniformly at random from all m-subsets
of the full sample. For each point xi ∈ Xm, obtain its uniquely determined label yi

from the teacher. Then, Sm = (Xm, Ym) = (zi = 〈xi, yi〉)m
i=1. The set of remaining

u (unlabeled) points Xu = Xm+u \Xm is called the test set. We use the notation
Is
r for the set of (indices) {r, . . . , s} (for integers r < s). For simplicity we abuse

notation, and unless otherwise stated, the indices Im
1 are reserved for training set

points and the indices Im+u
m+1 for test set points.

The goal of the transductive learning algorithm A is to utilize both the la-
beled training points Sm and the unlabeled test points Xu and generate a soft
classification ASm,Xu(xi) ∈ [−1, 1] for each (test) point xi so as to minimize its

1There is still some disagreement between authors about the definitions of ‘semi-supervised’
and ‘transductive’ learning. Belkin et al. (2004) study a transductive setting (according to the
terminology presented here) but call it ‘semi-supervised’.
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transductive error with respect to some loss function `,

Ru(A)
M
= Ru(ASm,Xu)

M
=

1

u

m+u∑
i=m+1

`(ASm,Xu(xi), yi) .

The empirical error of A is R̂m(A)
M
= R̂m(ASm,Xu)

M
= 1

m

∑m
i=1 `(ASm,Xu(xi), yi).

We consider the standard 0/1-loss and margin-loss functions denoted by ` and
`γ, respectively.2 In applications of the 0/1 loss function we always apply the
sign function on the soft classification ASm,Xu(x). When using the margin loss

function we denote the training and transductive errors of A by R̂γ
m(A) and

Rγ
u(A), respectively.

Note that in this transductive setting there is no underlying distribution as in
(semi-supervised) inductive models.3 Also, training examples are dependent due
to the sampling without replacement of the training set from the full sample.

4.4 Uniform Stability Bound

Given a training set Sm and a test set Xu and two indices i ∈ Im
1 and j ∈ Im+u

m+1 ,

let Sij
m

M
= Sm \ {zi} ∪ {zj = 〈xj, yj〉} and X ij

u
M
= Xu \ {xj} ∪ {xi} (e.g., Sij

m

is Sm with the ith example (from the training set) and jth example (from the
test set) exchanged). The following definition of stability is a straightforward
adaptation of the uniform stability definition from (Bousquet & Elisseeff, 2002)
to our transductive setting.

Definition 6 (Uniform Transductive Stability) A transductive learning al-
gorithm A has uniform transductive stability β if for all choices of Sm ⊂ Sm+u,
for all i ∈ Im

1 , j ∈ Im+u
m+1 ,

max
1≤k≤m+u

∣∣∣ASm,Xu(xk)−ASij
m,Xij

u
(xk)

∣∣∣ ≤ β . (4.1)

Let ∆(i, j, s, t)
M
= `γ(ASij

m,Xij
u
(xt), yt)− `γ(ASm,Xu(xs), ys). For the proof of the

forthcoming error bound we need the following technical lemma.

Lemma 7 E(Sm,Xu)

{
Rγ

u(A)− R̂γ
m(A)

}
= E(Sm,Xu),i∼Im

1 ,j∼Im+u
m+1

{∆(i, j, i, i)}.

2For a positive real γ, `γ(y1, y2) = 0 if y1y2 ≥ γ and `γ(y1, y2) = min{1, 1 − y1y2/γ}
otherwise.

3As discussed earlier, Vapnik also considers a second transductive setting where examples
are drawn from some unknown distribution; see Chapter 8 in (Vapnik, 1998). Results in the
model we study here apply to the other model (Theorem 8.1 in (Vapnik, 1998)).
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Proof: Using the linearity of expectation we obtain

ESm

{
R̂γ

m(A)
}

=
1

m

m∑
i=1

ESm {`γ(ASm,Xu(xi), yi)} (4.2)

=
1

m

m∑
i=1

ESm,k∼Im+u
1

{
`γ(ASik

m ,Xik(xk), yk)
}

. (4.3)

The last equality holds since both expectations in (4.2) and (4.3) are the average
loss of the algorithm A on the i-th example and the average is taken over all
possible permutations. Since A is symmetric on the training set, the expectation
in (4.3) is the same for all i. Therefore, for all i ∈ Im

1 ,

E(Sm,Xu)

{
R̂γ

m(ASm,Xu)
}

= E(Sm,Xu),k∼Im+u
1

{
`γ(ASik

m ,Xik(xk), yk)
}

. (4.4)

Likewise for all j ∈ Im+u
m+1 :

E(Sm,Xu) {Rγ
u(ASm,Xu)} = E(Sm,Xu),k∼Im+u

1

{
`γ(ASkj

m ,Xkj(xk), yk)
}

. (4.5)

We abbreviate
Rdiff = Rγ

u(A)− R̂γ
m(A) . (4.6)

For any i ∈ Im
1 , j ∈ Im+u

m+1 , it follows from (4.4) and (4.5) that

E(Sm,Xu) {Rdiff} =

= E(Sm,Xu),k∼Im+u
1

{
`γ(ASkj

m ,Xkj
u

(xk), yk)− `γ(ASik
m ,Xik

u
(xk), yk)

}

= E(Sm,Xu),k∼Im+u
1

{
`γ(ASkj

m ,Xkj
u

(xk), yk)− `γ(ASm,Xu(xk), yk)
}

+E(Sm,Xu),k∼Im+u
1

{
`γ(ASm,Xu(xk), yk)− `γ(ASik

m ,Xik
u

(xk), yk)
}

.

Therefore, since A is symmetric on Xm and Xu,

E(Sm,Xu) {Rdiff} =

= E(Sm,Xu),j∼Im+u
m+1 ,k∼Im+u

1

{
`γ(ASkj

m ,Xkj
u

(xk), yk)− `γ(ASm,Xu(xk), yk)
}

+ E(Sm,Xu),i∼Im
1 ,k∼Im+u

1

{
`γ(ASm,Xu(xk), yk)− `γ(ASik

m ,Xik
u

(xk), yk)
}

=
m

m + u
E(Sm,Xu),i∼Im

1 ,j∼Im+u
m+1

{
`γ(ASij

m,Xij
u
(xi), yi)− `γ(ASm,Xu(xi), yi)

}

+
u

m + u
E(Sm,Xu),i∼Im

1 ,j∼Im+u
m+1

{
`γ(ASm,Xu(xj), yj)− `γ(ASij

m,Xij
u
(xj), yj)

}

= E(Sm,Xu),i∼Im
1 ,j∼Im+u

m+1
{∆(i, j, i, i)} .

¤
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Our first transductive error bound is obtained by applying Theorem 1 to the
function Rγ

u(A)− R̂γ
m(A) and bounding E{Rγ

u(A)− R̂γ
m(A)} using an adaptation

of Lemma 7 from (Bousquet & Elisseeff, 2002) to our setting.

Theorem 3 Let A be a transductive learning algorithm with transductive

uniform stability β. Let β̃
M
= (u−1)β

uγ
+ (m−1)β

mγ
+ 1

m
+ 1

u
and K

M
=

mu
2(m+u)−1

(
1− 1

2max(m,u)

)−1

. Then, for all γ > 0 and δ ∈ (0, 1), with probabil-

ity at least 1− δ over the draw of the training/test sets (Sm, Xu),

Ru(A) ≤ R̂γ
m(A) + β/γ + β̃

√
K(m,u) ln(1/δ) . (4.7)

Proof: We derive a bound on the strong permutation stability of the function

f(Sm, Xu)
M
= Rγ

u(A)− R̂γ
m(A) and its expected value. Then we apply Theorem 1.

Abbreviate Aij M
= ASij

m,Xij
u
. For i ∈ Im

1 , j ∈ Im+u
m+1 , we have (by expanding the risk

expressions),

∣∣∣Rγ
u(A)− R̂γ

m(A)−
(
Rγ

u(Aij)− R̂γ
m(Aij)

)∣∣∣ ≤
1

u

m+u∑

k=m+1,
k 6=j

|∆(i, j, k, k)|+ 1

u
|∆(i, j, i, j)|+ 1

m

m∑

k=1,
k 6=i

|∆(i, j, k, k)|+ 1

m
|∆(i, j, j, i)| .

(4.8)

Since `γ has Lipschitz constant γ, it follows from (4.1) that

max
1≤k≤m+u

|∆(i, j, k, k)| ≤ β

γ
. (4.9)

Hence (4.8) is bounded by β̃. Therefore the function f(Sm, Xu) has transductive
classification stability β̃. By applying Theorem 1 to f(Sm, Xu), equating the
resulting bound to δ and isolating ε we obtain that with probability at least
1− δ,

Rγ
u(A) ≤ R̂γ

m(A) + E(Sm,Xu)

{
Rγ

u(A)− R̂γ
m(A)

}
+ β̃

√
K(m,u) ln

1

δ
. (4.10)

It follows from (4.9) that the right hand side of the equality in Lemma 7 is
bounded by β/γ. By substituting this bound to (4.10) and using the inequality
Ru(A) ≤ Rγ

u(A), we obtain (4.7). ¤

The tightness of the bound (4.7) depends on the transductive uniform stability
β of algorithm A. If β = O(1/m) and u = Ω(m), then the slack terms in (4.7)
amount to O(

√
ln(1/δ)/m/γ). However, in our experience this stability rate is

never met by useful transductive algorithms.
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4.5 Weak Stability Bound

The impractical requirement of the uniform stability concept motivates a weaker
notion of stability that we develop here. In this section we derive an error bound
for transductive algorithms by utilizing the weak stability notion. To this end, we
now define weak transductive stability for algorithms. The following definition,
which contains three conditions and six parameters, is somewhat cumbersome
but we believe it facilitates tighter bounds than can possibly be achieved us-
ing a simpler definition (that only includes condition (4.12) below); see also the
discussion that follows this definition. For a fixed full sample, we abbreviate

Aij(x, (Sm, Xu))
M
= |ASm,Xu(x)−ASij

m,Xij
u
(x)|.

Definition 7 (Weak Transductive Stability) A transductive learning algo-
rithm A has weak transductive stability (β, β1, β2, δ

a
1 , δ

b
1, δ2) if it has uniform

transductive stability β and the following conditions (4.11) and (4.12) hold.

P(Sm,Xu),i∼Im
1 ,j∼Im+u

m+1

{
Px∼Xm+u

{Aij(x, (Sm, Xu)) ≤ β1

} ≥ 1− δa
1

} ≥ 1− δb
1 .

(4.11)

P(Sm,Xu),i∼Im
1 ,j∼Im+u

m+1

{Aij(xi, (Sm, Xu)) ≤ β2

} ≥ 1− δ2 . (4.12)

While in (4.11) we quantify the sensitivity of the algorithm w.r.t. all examples
in Xm+u, in (4.12) only the exchanged examples are considered. A number of
weak stability definitions for induction is given in (Kearns & Ron, 1999; Kutin &
Niyogi, 2002; Mukherjee et al., 2004). Ignoring the differences between induction
and transduction, our condition (4.11) poses a qualitatively weaker constraint
than the ‘weak hypothesis stability’ (Definition 3.5 in (Kutin & Niyogi, 2002)),
and a stronger constraint than the ‘weak error stability’ (Definition 3.8 in (Kutin
& Niyogi, 2002)). Our condition (4.12) is a straightforward adaptation of the
‘cross-validation stability’ (Definition 3.12 in (Kutin & Niyogi, 2002)) to our
transductive setting.

It should be possible to show, using a technique similar to the one used in the
proof of Theorem 3.16 in (Kutin & Niyogi, 2002), that (4.12) implies (4.11). In
this case a simpler weak stability definition may suffice but, using our techniques,
the resulting error bound would be looser.

Theorem 4 Let A be an algorithm with weak transductive classification stability
(β, β1, β2, δ

a
1 , δ

b
1, δ2). Suppose that u ≥ m and δa

1 < m
m+u

.4 Let γ > 0, δ ∈ (0, 1) be
given and set

β̃1
M
=

u− 1

u
· β1

γ
+

δa
1(m + u)β + [m− 1− δa

1(m + u)] β1

mγ
+

1

m
+

1

u
, (4.13)

4The proof for the cases δa
1 > m

m+u and m > u is very similar to the proof given below and
is omitted.
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β̃
M
=

u− 1

u
· β

γ
+

m− 1

m
· β

γ
+

1

m
+

1

u
. (4.14)

For any θi ∈ (0, 1), i ∈ Im
1 , set Ψ

M
=

∑m
i=1

δb
1

θi
and bi

M
=

u((1−θi)β̃1+θiβ̃)
(m+u−i+1)(1−Ψ)

. If Ψ < 1,

then with probability at least (1 − δ) · (1−Ψ) over the draw of the training/test
sets (Sm, Xu),

Ru(A) ≤ R̂γ
m(A) +

[
(1− δ2)

β2

γ
+ δ2

β

γ

]
+

√√√√2
m∑

i=1

b2
i ln

1

δ
. (4.15)

Proof: We derive bounds on the weak permutation stability of the function

f(Sm, Xu)
M
= Rγ

u(A) − R̂γ
m(A) and its expected value. Then we apply Lemma 2.

As in the proof of Theorem 3 we have (by expanding the risk expressions) that
for i ∈ Im

1 , j ∈ Im+u
m+1 ,

∣∣∣Rγ
u(A)− R̂γ

m(A)−
(
Rγ

u(ASij
m,Xij

u
)− R̂γ

m(ASij
m,Xij

u
)
)∣∣∣ ≤

1

u

m+u∑

k=m+1,
k 6=j

|∆(i, j, k, k)|+ 1

u
|∆(i, j, j, i)|+ 1

m

m∑

k=1,
k 6=i

|∆(i, j, k, k)|+ 1

m
|∆(i, j, i, j)| .

(4.16)

Since `γ has Lipschitz constant γ, it follows from (4.11) that

P(Sm,Xu),i∼Im
1 ,j∼Im+u

m+1

{
Pk∼Im+u

1
{|∆(i, j, k, k)| ≤ β1/γ} ≥ 1− δa

1

}
≥ 1− δb

1 .

(4.17)
We say that the example xk is bad if |∆(i, j, k, k)| > β1/γ. According to (4.17),
with probability at least 1−δb

1 over the choices of ((Sm, Xu), i, j), there are at most
(1− δa

1) (m + u) bad examples. If u ≥ m, the terms in the second summation in
(4.16) have greater weight (which is 1/m) than the terms in the first summation
(weighted by 1/u). In the worst case all bad examples appear in the second
summation in which case (4.16) is bounded by (4.13) with probability at least
1− δb

1 over the choices of ((Sm, Xu), i, j).
The right hand side of (4.16) is always bounded by β̃. Therefore, the function

f(Sm, Xu) has weak permutation stability (β̃, β̃1, δ
b
1). By applying Lemma 2 to

f(Sm, Xu), we obtain that with probability at least (1− δ) (1−Ψ),

Rγ
u(A) ≤ R̂γ

m(A) + E(Sm,Xu)

{
Rγ

u(A)− R̂γ
m(A)

}
+

√√√√2
m∑

i=1

b2
i ln

1

δ
. (4.18)

Since `γ has Lipschitz constant γ, it follows from (4.12) that

P(Sm,Xu),i∼Im
1 ,j∼Im+u

m+1
{|∆(i, j, i, i)| ≤ β2/γ} ≥ 1− δ2 . (4.19)
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Therefore, the right hand side of the equality in Lemma 7 is bounded from above
by β2(1 − δ2)/γ + βδ2/γ. By substituting this bound to (4.18) and using the
inequality Rγ

u(A) ≥ Ru(A), we obtain (4.15). ¤

It follows from Definition 7 that β1 depends on δa
1 and δb

1, and that β2 depends
on δ2. Hence the bound (4.15) depends on the parameters δa

1 , δ
b
1, δ2, θi, i ∈ Im

1 . It
is possible to show that if u = Ω(m), δa

1 = O(1/m+u), δb
1 = O(1/m2) and β1, β2,

δ2, θi are each O(1/m), then the slack term in (4.15) is O(
√

ln(1/δ)/m/γ) and
the bound’s confidence can be made arbitrarily close to 1.

4.6 High Confidence Stability Estimation

In this section we describe a routine that can generate useful upper bounds on
the weak stability parameters (Definition 7) of transductive algorithms. The
routine generates these estimates with arbitrarily high probability and is based
on a sampling-based quantile estimation technique. Given a particular learning
algorithm, our stability estimation routine relies on an “oracle” that bounds the
sensitivity of the transductive algorithm with respect to a small change in the
input. We present such an oracle for a familiar practical algorithm. In Sec. 4.6.1
we describe the quantile estimation method, which is similar to the one presented
in (Manku, Rajagopalan, & Lindsay, 1998); in Sec. 4.6.2 we present the bounding
algorithm, and in Sec. 4.6.3 we consider a known transductive algorithm and
present a few numerical examples of the application of these methods.

4.6.1 Quantile Estimation

Consider a very large set Ω of N numbers. Define the q-quantile of Ω to be the
dqNe-th smallest element of Ω (i.e., it is the dqNe-th element in an increasing
order sorted list of all elements in Ω). Our goal is to bound the q-quantile xq

from above as tightly as possible, with high confidence, by sampling a “small”
number k ¿ N of elements. For any ε ∈ (0, 1) we generate a bound β such that
P{xq ≤ β} ≥ 1− ε. The idea is to sample k = k(q, ε) elements from Ω uniformly

at random, compute their exact (q̄
M
= q + 1−q

2
)-quantile xq̄, and output β

M
= xq̄.

Denote by quantile(q, ε, Ω) the resulting routine whose output is β = xq̄.

Lemma 8 For any q, ε ∈ (0, 1). If k = k(q, ε) = 2 ln(1/ε)
(1−q)2

, then

P {xq ≤ quantile(q, ε, Ω)} ≥ 1− ε . (4.20)

Proof: For i ∈ Ik
1 let Xi be the indicator random variable obtaining 1 if the ith

drawn element (from Ω) is smaller than xq, and 0 otherwise. Set Q = 1
k

∑k
i=1 Xi.
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Clearly, EQ ≤ q. By Hoeffding’s inequality and using the definition of q̄, we get

P {Q > q̄} = P

{
Q− q >

1− q

2

}

≤ P

{
Q− EQ >

1− q

2

}
≤ exp

(
−k(1− q)2

2

)
. (4.21)

Therefore, with “high probability” the number kQ of sample points that are
smaller than xq is smaller than kq̄. Hence, at least (1− q̄)k points in the sample
are larger than xq. quantile returns the smallest of them. Equating the right
hand side of (4.21) to ε and solving for k yields the stated sample size. ¤

4.6.2 Stability Estimation Algorithm

Let A be a transductive learning algorithm. We assume that some (rough) bound
on A’s uniform stability β is known. If no tight bound is known, we take the
maximal default value, which is 2, as can be seen in Definition 6. Our goal is
to find useful bounds for the weak stability parameters of Definition 7. Let the
values of δa

1 , δb
1 and δ2 be given. We aim at finding upper bounds on β1 and β2.

Definition 8 (The diff Oracle) Consider a fixed labeled training set Sm =
(Xm, Ym) given to the learning algorithm. Let diff(X̃m, X̃u, i, j, r|Sm) be an “o-
racle” function defined for any possible partition (X̃m, X̃u) of the full sample and
indices i ∈ Im

1 , j ∈ Im+u
m+1 and r ∈ Im+u

1 . diff provides an upper bound on

∣∣∣AS̃m,X̃u
(xr)−AS̃ij

m,X̃ij
u
(xr)

∣∣∣ , (4.22)

where S̃m is any possible labeling of X̃m that “agrees” with Sm on points in Xm ∩
X̃m. Note that here we assume that Im

1 is the set indices of points in X̃m (and
indices in Xm are not specified and can be arbitrary indices in Im+u

1 ).

We assume that we have an accesses to a useful diff(X̃m, X̃u, i, j, r|Sm) function
that provides a tight upper bound on (4.22). We now describe our stability
estimation algorithm that applies diff.

Let K be the set of all possible quadruples (X̃m, X̃u, i, j) as in Definition 8.
Define Ω1 = {ω(t) : t ∈ K}, where ω(t) = ω(X̃m, X̃u, i, j) is a (1− δa

1)-quantile of
the set {

diff(X̃m, X̃u, i, j, r|Sm), r = 1, . . . ,m + u
}

.

It is not hard to see that for any ε ∈ (0, 1), with probability at least 1 − ε (over
random choices made by the quantile routine), quantile(1 − δb

1, ε, Ω1) is an
upper bound on the weak stability parameter β1 of Definition 7. Likewise, let
Ω2 = {ω(t) : t ∈ K}, but now ω(t) = ω(X̃m, X̃u, i, j) = diff(X̃m, X̃u, i, j, i). It is
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not hard to see that for any ε, with probability at least 1−ε, quantile(1−δ2, ε, Ω2)
is an upper bound on the weak stability parameter β2 of Definition 7.

Thus, our weak stability estimation algorithm simply applies quantile twice
with appropriate parameters. To actually draw the samples, quantile utilizes
the diff oracle. Let v be the time complexity of computing diff oracle. By
Lemma 8 the number of samples that should be drawn, in order to obtain with
probability at least 1−ε the bound on q-quantile, is O(ln(1/ε)/(1−q)2). It can be
verified that the complexity of our stability estimation algorithm is O(ln(1/ε)(m+
u)v/ min{(δb

1)
2, (δ2)

2}). As discussed after Theorem 4, δb
1 should be O(1/m2) to

ensure that the bound (4.15) has arbitrarily high confidence. This constraint
entails a time complexity of Ω(m4(m + u)). Therefore, at this stage our ability
to use the stability estimation routine in conjunction with the transductive error
bound is limited to very small values of m.

4.6.3 Stability Estimation Examples

In this section we consider the transductive learning algorithm of Zhou et
al. (Zhou et al., 2004) and demonstrate a data-dependent estimation of its weak
stability parameters using our method. While currently there is no compre-
hensive empirical comparison between all available transductive algorithms, this
algorithm appears to be among the more promising ones (Huang & Kecman,
2005). We chose this algorithm, denoted by CM (stands for ‘Consistency Method’;
see (Huang & Kecman, 2005)), because we could easily develop a useful diff
“oracle” for it. We were also able to efficiently implement diff “oracle” for the
algorithm of Zhu et al. (Zhu et al., 2003), which will be presented elsewhere.

We start with the brief description of the CM algorithm. Let W be a symmetric
(m+u)×(m+u) affinity matrix of the full sample Xm+u. We assume that Wii = 0.
In this paper we use RBF kernels, parameterized by σ, to construct W . Let D
be a diagonal matrix, whose (i, i)-element is the sum of the ith row in W . A
normalized Laplacian of W is L = D−1/2WD−1/2. Let α be a parameter in (0, 1).
Let Y be an (m + u)× 1 vector of available full sample labels, where the entries
corresponding to training examples are ±1 and entries of unlabeled examples
are 0. We assume w.l.o.g. that the first m entries in Y correspond to the m
labeled training examples. Let P = (I − αL)−1. The CM algorithm produces
soft-classification F = P · Y . In other words, if pij is the (i, j)th entry of P and
fi is the ith entry of F , the point xi receives the soft-classification

fi =
m∑

j=1

pijyj . (4.23)

To obtain useful bounds on the (weak) stability of CM we require the following
benign technical modifications of CM that would not change the hard classification
it generates over test set examples.
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1. We prevent over-fitting to the training set by setting pii = 0.

2. To enable a comparison between stability values corresponding to different
settings of the parameters α and σ, we ensure that the dynamic range of fi

is normalized w.r.t. different values of α and σ. That is, instead of using
(4.23) for prediction we use

fi =

∑m
j=1 pijyj∑m
j=1 pij

. (4.24)

The first modification prevents possible over-fitting to the training set since for
any i ∈ Im+u

1 , in the original CM the value of pii is much larger than any of the
other pij, j 6= i, and therefore, the soft classification of the training example xi is
almost completely determined by its given label yi. Hence by (4.23), when xi is
exchanged with some test set example xj, the soft classification change of xi will
probably be large. Therefore, the stability condition (4.12) cannot be satisfied
with small values of β2. By setting pii = 0 we prevent this problem and only
affect the soft and hard classification of training examples (and keep the soft
classifications of test points intact). The second modification clearly changes the
dynamic range of all soft classifications but does not alter any hard classification.

To use our stability estimation algorithm one should provide an implementa-
tion of diff. We show that for the CM algorithm diff(X̃m, X̃u, i, j, r|Sm) can be
effectively implemented as follows. For notational convenience we assume here
(see also Definition 8 where we use this convention) that examples in X̃m have
indices in Im

1 . Let τ(r) =
∑m

k=1,k 6=i prk and τy(r) =
∑m

k=1,k 6=i prkyk. It follows
from (4.24) that

∣∣∣AS̃m,X̃u
(xr)−AS̃ij

m,X̃ij
u
(xr)

∣∣∣ =

∣∣∣∣
τy(r) + priyi

τ(r) + pri

− τy(r) + prjyj

τ(r) + prj

∣∣∣∣

=

∣∣∣∣
τy(r) · (prj − pri) + τ(r) · (priyi − prjyj) + priprj(yi − yj)

(τ(r) + pri)(τ(r) + prj)

∣∣∣∣

=

∣∣∣∣∣
(prj − pri) ·

∑m
k=1,k 6=i,xk /∈Xm

prkyk + T

(τ(r) + pri)(τ(r) + prj)

∣∣∣∣∣ , (4.25)

where T
M
= (prj−pri) ·

∑m
k=1,k 6=i,xk∈Xm

prkyk + τ(r) · (priyi−prjyj)+priprj(yi−yj).

To implement diff(X̃m, X̃u, i, j, r|Sm) we should upper bound (4.25). Sup-
pose first that the values of yi and yj are known. Then, T is constant and the
only unknowns in (4.25) are the yk’s in the first summation. Observe that (4.25)
is maximal when all values of these yk’s are −1 or all of them are +1. Hence by
taking the maximum over these possibilities we obtain an upper bound on (4.25).
If yi (or yj) is unknown then, similarly, for each of its possible assignments we
compute (4.25) and take the maximum. In the worst case, when both yi and
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yj are unknown, we compute the maximum of (4.25) over the eight possible as-
signments for these two variables and the yk’s in the first summation. it can be
verified that the time complexity of the above diff oracle is O(m).

We now show two numerical examples of stability estimations for the CM algo-
rithm with respect to two UCI datasets. These results were obtained by imple-
menting the modified CM algorithm and the stability estimation routine applied
with the above implementation of diff. For each “experiment” we ran the mod-
ified CM algorithm with 21 different hyper-parameter settings for α and σ, each
resulting in a different application of the algorithm.5

We considered two UCI datasets, musk and mush. From each dataset we
generated 30 random full samples Xm+u each consisting of 400 points. We divided
each full sample instance to equally sized training and test sets uniformly at
random. The high confidence (95%) estimation of stability parameter β1 (see
Definition 7) w.r.t. δa

1 = δb
1 = 0.1, and the corresponding empirical and true risks

are shown in Fig. 4.1. The graphs for the β2 parameter are qualitatively similar
and are omitted here. Indices in the x-axis correspond to the 21 applications
of CM and are sorted in increasing order of true risk. Each stability and error
value depicted is an average over the 30 random full samples. We also depict
a high confidence (95%) true stability estimates, obtained in hindsight by using
the unknown labels in the computation of diff. The uniform stability graphs
correspond to lower bounds obtained by taking the maximal soft classification
change encountered while estimating the true weak stability.

It is evident that the (true) weak stability is often significantly lower than
the (lower bound on) the uniform stability. In cases where the weak and uniform
stabilities are similar, the CM algorithm performs poorly. The estimated weak
stability behaves qualitatively the same as the true weak stability. When the
uniform stability obtains lower values the algorithm performs very poorly. This
may indicate that a good uniform stability is correlated with degenerated be-
havior (similar phenomenon was observed in (Belkin et al., 2004)). In contrast,
we see that very good weak stability can coincide with very high performance.
Finally, we note that these graphs do not demonstrate that good weak stability
is proportional to low discrepancy between the empirical end true errors.

4.7 Concluding Remarks

This paper has presented new error bounds for transductive learning. The bounds
are based on novel definitions of uniform and weak transductive stability. We have
also shown that weak transductive stability can be bounded with high confidence
in a data-dependent manner and demonstrated the application of this estimation

5We naively took α ∈ {0.01, 0.5, 0.99} and σ ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 1, 2} and these were our
first and only choices.
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Figure 4.1: Stability estimates (left) and the corresponding empirical/true errors
(right) for musk and mush datasets.

routine on a known transductive algorithm. As far as we know this is the first at-
tempt to generate truly data-dependent high confidence stability estimates based
on all available information including the labeled samples.

We note that similar risk bounds based on weak stability can be obtained
for induction. However, the adaptation of Definition 7 to induction (see also
inductive definitions of weak stability in (Kearns & Ron, 1999; Kutin & Niyogi,
2002; Mukherjee et al., 2004)) depends on the probability space of training sets,
which is unknown in general. This prevents the estimation of weak stability using
our method.

As discussed, to derive stability bounds with sufficient confidence our stability
estimation routine is required to run in Ω(m4(m + u)) time, which precluded, at
this stage, an empirical evaluation of our bounds. In future work we will attempt
to overcome this obstacle by tightening our bound, perhaps using the techniques
from (Ledoux, 2001; Talagrand, 2005). A second direction would be to develop
a more suitable weak stability definition. We also plan to consider other known
transductive algorithms and develop for them a suitable implementation of the
diff oracle.
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Chapter 5

Transductive Rademacher
Complexity and its Applications

5.1 Introduction

In this paper we consider transductive classification. So far, several general er-
ror bounds for transductive classification have been developed (see, e.g., Vapnik,
1982; Blum & Langford, 2003; Derbeko et al., 2004; El-Yaniv & Pechyony, 2006).
We continue this fruitful line of research and develop a new technique for deriving
data-dependent error bounds. Our technique consists of two components. The
first component is a general error bound for transduction in terms of transduc-
tive Rademacher complexity. While this bound is syntactically similar to known
inductive Rademacher bounds (see, e.g., Bartlett & Mendelson, 2002), it is differ-
ent in the sense that the transductive Rademacher complexity is computed with
respect to the hypothesis space that can be chosen after observing unlabeled
training and test examples. This opportunity is unavailable in the inductive
setting where the hypothesis space must be fixed before any example is observed.

The second component of our bounding technique is a generic method for
bounding the Rademacher complexity of transductive algorithms using a special
representation that we term unlabeled-labeled representation (ULR). In this rep-
resentation the soft classification vector generated by the algorithm is a product
Uα, where U is a matrix that depends on the unlabeled data and α is an unre-
stricted vector (i.e., may depend on all available information, including the labeled
training set). Any transductive algorithm has infinitely many ULRs, including a
trivial ULR, with U being an identity matrix. We show that many state-of-the-
art algorithms have non-trivial ULR leading to non-trivial error bounds. Based
on ULR representations we bound the Rademacher complexity of transductive
algorithms in terms of the spectrum of the matrix U in their ULR. This bound
motivates spectral transformations that are commonly done to improve the per-
formance of transductive algorithms (e.g., see Chapelle et al., 2003; Joachims,
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2003; Johnson & Zhang, 2008). We apply our method and derive error bounds
for the “consistency method” of Zhou et al. (2004), the spectral graph transducer
(SGT) algorithm of Joachims (2003) and the Tikhonov regularization algorithm
of Belkin et al. (2004). The bounds obtained for these algorithms are explicit
and can be easily computed.

We also show a simple Monte-Carlo scheme for bounding the Rademacher
complexity of any transductive algorithm using its ULR. We demonstrate the
efficacy of this scheme for the “consistency method” of Zhou et al. (2004). Our
final contribution is a PAC-Bayesian bound for transductive mixture algorithms.
This result motivates the use of ensemble methods in transduction that are yet
to be explored in this setting.

The paper has the following structure. In Section 5.1.1 we survey the results
that are closely related to our work. In Section 5.2 we define our learning model
and the transductive Rademacher complexity. The inequality developed in Sec-
tion 3.1 and the transductive Rademacher complexity are used in Section 5.3 to
derive a uniform risk bound, which depends on the transductive Rademacher
complexity. In Section 5.4 we introduce a generic method for bounding the
Rademacher complexity of any transductive algorithm using its unlabeled-labeled
representation. In Section 5.5 we apply this technique to obtain explicit risk
bounds for several known transductive algorithms. Finally, in Section 5.6 we
instantiate our risk bound to transductive mixture algorithms. We discuss direc-
tions for future research in Section 5.7. The technical proofs of our results are
presented in Appendices 5.8.1-5.8.7.

5.1.1 Related Work

Vapnik (1982) presented the first general 0/1 loss bounds for transductive classi-
fication. His bounds are implicit in the sense that tail probabilities are specified
in the bound as the outcome of a computational routine. Vapnik’s bounds can
be refined to include prior “beliefs” as noted by Derbeko et al. (2004). Simi-
lar implicit but somewhat tighter bounds were developed by Blum and Langford
(2003) for the 0/1 loss case. Explicit PAC-Bayesian transductive bounds for any
bounded loss function were presented by Derbeko et al. (2004). Catoni (2004,
2007) and Audibert (2004) developed PAC-Bayesian and VC dimension-based
risk bounds for the special case when the size of the test set is a multiple of the
size of the training set. Unlike our PAC-Bayesian bound, the published trans-
ductive PAC-Bayesian bounds hold for deterministic hypotheses and for Gibbs
classifiers. The bounds of Balcan and Blum (2006) for semi-supervised learning
also hold in the transductive setting, making them conceptually similar to some
transductive PAC-Bayesian bounds. General error bounds based on stability were
developed by El-Yaniv and Pechyony (2006).

Effective applications of the general bounds mentioned above to particular

82



algorithms or “learning principles” is not automatic. In the case of the PAC-
Bayesian bounds several such successful applications were presented in terms of
appropriate “priors” that promote various structural properties of the data (see,
e.g., Derbeko et al., 2004; El-Yaniv & Gerzon, 2005; Hanneke, 2006). Ad-hoc
bounds for particular algorithms were developed by Belkin et al. (2004) and
Johnson and Zhang (2008, 2007).

Error bounds based on Rademacher complexity were introduced by Koltchin-
skii (2001) and are a well-established topic in induction (see Bartlett & Mendel-
son, 2002, and references therein). The first Rademacher transductive risk bound
was presented by Lanckriet et al. (2004, Theorem 24). This bound, which is
a straightforward extension of the inductive Rademacher techniques of Bartlett
and Mendelson (2002), is limited to the special case when training and test sets
are of equal size. The bound presented here overcomes this limitation.

5.2 Definitions

5.2.1 Learning Model

In this paper we use a distribution-free transductive model, as defined by Vapnik

(1982, Section 10.1). Consider a fixed set Sm+u
M
= {(xi, yi)}m+u

i=1 of m + u points
xi in some space together with their labels yi. The learner is provided with the

(unlabeled) full-sample Xm+u
M
= {xi}m+u

i=1 . A set consisting of m points is selected
from Xm+u uniformly at random among all subsets of size m. These m points
together with their labels are given to the learner as a training set. Re-numbering

the points we denote the unlabeled training set points by Xm
M
= {x1, . . . , xm}

and the labeled training set by Sm
M
= {〈xi, yi〉}m

i=1. The set of unlabeled points

Xu
M
= {xm+1, . . . , xm+u} = Xm+u \Xm is called the test set. The learner’s goal is

to predict the labels of the test points in Xu based on Sm ∪Xu.
The choice of the set of m points as described above can be viewed in three

equivalent ways:

1. Drawing m points from Xm+u uniformly without replacement. Due to this
draw, the points in the training and test sets are dependent.

2. Random permutation of the full sample Xm+u and choosing the first m
points as a training set.

3. Random partitioning of m + u points into two disjoint sets of m and u
points.

To emphasize different aspects of the transductive learning model, throughout the
paper we use interchangeably these three views on the generation of the training
and test sets.
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This paper focuses on binary learning problems where labels y ∈ {±1}.
The learning algorithms we consider generate “soft classification” vectors h =
(h(1), . . . h(m+u)) ∈ Rm+u, where h(i) (or h(xi)) is the soft, or confidence-rated,
label of example xi given by the “hypothesis” h. For actual (binary) classifica-
tion of xi the algorithm outputs sgn(h(i)). We denote by Hout ⊆ Rm+u the set of
all possible soft classification vectors (over all possible tranining/test partitions)
that are generated by the algorithm.

Based on the full-sample Xm+u, the algorithm selects an hypothesis space
H ⊆ Rm+u of soft classification hypotheses. Note that Hout ⊆ H. Then,
given the labels of training points the algorithm outputs one hypothesis h from

Hout ∩ H for classification. The goal is to minimize its test error Lu(h)
M
=

1
u

∑m+u
i=m+1 `(h(i), yi) w.r.t. the 0/1 loss function `. The empirical error of h

is L̂m(h)
M
= 1

m

∑m
i=1 `(h(i), yi) and the full sample error of h is Lm+u(h)

M
=

1
m+u

∑m+u
i=1 `(h(i), yi). In this work we also use the margin loss function `γ. For

a positive real γ, `γ(y1, y2) = 0 if y1y2 ≥ γ and `γ(y1, y2) = min{1, 1 − y1y2/γ}
otherwise. The empirical (margin) error of h is L̂γ

m(h)
M
= 1

m

∑m
i=1 `γ(h(i), yi). We

denote by Lγ
u(h) the margin error of the test set and by Lγ

m+u(h) the margin full
sample error.

5.2.2 Transductive Rademacher complexity

We adapt the inductive Rademacher complexity to our transductive setting but
generalize it a bit to also include “neutral” Rademacher values.

Definition 9 (Transductive Rademacher complexity) Let V ⊆ Rm+u and
p ∈ [0, 1/2]. Let σ = (σ1, . . . , σm+u) be a vector of i.i.d. random variables such
that

σi
M
=





1 with probability p;

−1 with probability p;

0 with probability 1− 2p.

(5.1)

The transductive Rademacher complexity with parameter p is

Rm+u(V , p)
M
=

(
1

m
+

1

u

)
· Eσ

{
sup
v∈V

σ · v
}

. (5.2)

The need for this novel definition of Rademacher complexity is technical. Two
main issues that lead to the new definition are:

1. The need to bound the test error Lu(h) = 1
u

∑m+u
i=m+1 `(h(i), yi). Notice that

in inductive risk bounds the standard definition of Rademacher complexity
(see Definition 10 below), with binary values of σi, is used to bound the
generalization error, which is an inductive analogue of the full sample error
Lm+u(h) = 1

m+u

∑m+u
i=1 `(h(i), yi).
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2. Different sizes (m and u respectively) of training and test set.

See Section 5.3.1 for more technical details that lead to the above definition of
Rademacher complexity.

For the sake of comparison we also state the inductive definition of
Rademacher complexity.

Definition 10 (Inductive Rademacher complexity, Koltchinskii, 2001)
Let D be a probability distribution over X . Suppose that the examples
Xn = {xi}n

i=1 are sampled independently from X according to D. Let F be
a class of functions mapping X to R. Let σ = {σi}n

i=1 be an independent
uniform {±1}-valued random variables, σi = 1 with probability 1/2 and
σi = −1 with the same probability. The empirical Rademacher complexity is1

R̂
(ind)
n (F)

M
= 2

n
Eσ

{
supf∈F

∑n
i=1 σif(xi)

}
and the Rademacher complexity of F

is R
(ind)
n (F)

M
= EXn∼Dn

{
R̂

(ind)
n (F)

}
.

For the case p = 1/2, m = u and n
M
= m + u we have that Rm+u(V) =

2R̂
(ind)
m+u(V). Whenever p < 1/2, some Rademacher variables will attain (neutral)

zero values and reduce the complexity (see Lemma 9). We use this property to
tighten our bounds.

Notice that the transductive complexity is an empirical quantity that does
not depend on any underlying distribution, including the one over the choices of
the training set. Since in distribution-free transductive model the unlabeled full
sample of training and test points is fixed, in transductive Rademacher complexity
we don’t need the outer expectation, which appears in the inductive definition.
Also, the transductive complexity depends on both the (unlabeled) training and
test points whereas the inductive complexity only depends only on the (unlabeled)
training points.

The following lemma, whose proof appears in Appendix 5.8.1, states that
Rm+u(V , p) is monotone increasing with p. The proof is based on the technique
used in the proof of Lemma 5 in Meir and Zhang (2003).

Lemma 9 For any V ⊆ Rm+u and 0 ≤ p1 < p2 ≤ 1/2, Rm+u(V , p1) <
Rm+u(V , p2).

In the forthcoming results we utilize the transductive Rademacher complexity

with p0
M
= mu

(m+u)2
. We abbreviate Rm+u(V)

M
= Rm+u(V , p0). By Lemma 9, all our

bounds also apply to Rm+u(V , p) for all p > p0. Since p0 < 1
2
, the Rademacher

complexity involved in our results is strictly smaller than the standard induc-
tive Rademacher complexity defined over Xm+u. If transduction approaches the

induction, namely m is fixed and u →∞, then R̂
(ind)
m+u(V) → 2Rm+u(V).

1The original definition of Rademacher complexity, as given by Koltchinskii (2001), is
slightly different from the one presented here, and contains supf∈F |

∑n
i=1 σif(xi)| instead of

supf∈F
∑n

i=1 σif(xi). However, from the conceptual point of view, Definition 10 and the one
given by Koltchinskii are equivalent.
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5.3 Uniform Rademacher error bound

In this section we develop a transductive risk bound, which is based on transduc-
tive Rademacher complexity (Definition 9). The derivation follows the standard
two-step scheme, as in induction2:

1. Derivation of a uniform concentration inequality for a set of vectors (or
functions). This inequality depends on the Rademacher complexity of the
set. After substituting to the vectors (or functions) the values of the loss
functions, we obtain an error bound depending on the Rademacher com-
plexity of the values of the loss function. This step is done in Section 5.3.1.

2. In order to bound the Rademacher complexity in terms of the properties of
the hypothesis space, the Rademacher complexity is ‘translated’, using its
contraction property (Ledoux & Talagrand, 1991, Theorem 4.12), from the
domain of loss function values to the domain of soft hypotheses from the
hypothesis space. This step is done in Section 5.3.2.

As we show in Sections 5.3.1 and 5.3.2, the adaptation of both these steps to
the transductive setting is not immediate and involves several novel ideas. In
Section 5.3.3 we combine the results of these two steps and obtain a transductive
Rademacher risk bound. We also provide a thorough comparison of our risk
bound with the corresponding inductive bound.

5.3.1 Uniform concentration inequality for a set of vectors

As in induction (Koltchinskii & Panchenko, 2002), our derivation of a uniform
concentration inequality for a set of vectors consists of three steps:

1. Introduction of the “ghost sample”.

2. Bounding the supremum suph∈H g(h), where g(h) is some random real-
valued function, with its expectation using a concentration inequality for
functions of random variables.

3. Bounding the expectation of the supremum using Rademacher variables.

While we follow these three steps as in induction, the establishment of each of
these steps can not be achieved using inductive techniques. Throughout this
section, after performing the derivation of each step in transductive context we
discuss its differences from its inductive counterpart.

Just before the derivation we make several new definitions. Let V be a set
of vectors in [B1, B2]

m+u, B1 ≤ 0, B2 ≥ 0 and set B
M
= B2 − B1, Bmax =

2This scheme was introduced by Koltchinskii and Panchenko (2002). The examples of other
uses of this technique can be found in (Bartlett & Mendelson, 2002) and (Meir & Zhang, 2003).
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max(|B1|, |B2|). Consider two independent permutations of Im+u
1 , Z and Z′ . For

any v ∈ V denote by

v(Z)
M
= (v(Z1), v(Z2), . . . , v(Zm+u)) ,

the vector v permuted according to Z. We use the following abbreviations

for averages of v over subsets of its components: Hk{v(Z)} M
= 1

m

∑k
i=1 v(Zi),

Tk{v(Z)} M
= 1

u

∑m+u
i=k+1 v(Zi) (note that H stands for ‘head’ and T, for

’tail’). In the special case where k = m we set H{v(Z)} M
= Hm{v(Z)},

and T{v(Z)} M
= Tm{v(Z)}. Finally, the average component of v is denoted

v̄
M
= 1

m+u

∑m+u
i=1 v(i).

Step 1: Introduction of the ghost sample.

For any v ∈ V and any permutation Z of Im+u
1 we have

T{v(Z)} = H{v(Z)}+ T{v(Z)} −H{v(Z)} (5.3)

≤ H{v(Z)}+ sup
v∈V

[
T{v(Z)} − v̄ + v̄ −H{v(Z)}

]

= H{v(Z)}+

sup
v∈V

[
T{v(Z)} − EZ′T{v(Z′)}+ EZ′H{v(Z′)} −H{v(Z)}

]

≤ H{v(Z)}+

EZ′ sup
v∈V

[
T{v(Z)} −T{v(Z′)}+ H{v(Z′)} −H{v(Z)}

]

︸ ︷︷ ︸
M
=g(Z)

.(5.4)

Remark 4 In this derivation the “ghost sample” is a permutation Z′ of m +
u elements drawn from the same distribution as Z. In inductive Rademacher-
based risk bounds the ghost sample is a new training set of size m, independently
drawn from the original one. Note that in our transductive setting the ghost
sample corresponds to the independent draw of training/test set partition, which
is equivalent to the independent draw of random permutation Z′.

Remark 5 In principle we could avoid the introduction of the ghost sample Z′

and consider m elements in H{v(Z)} as ghosts of u elements in T{v(Z)}. This
approach would lead to a new definition of Rademacher averages (with σi = −1/m
with probability m/(m + u) and 1/u with probability u/(m + u)). With this def-
inition we can obtain Corollary 1. However, since the distribution of alternative
Rademacher averages is not symmetric around zero, technically we do not know
how to prove the Lemma 5 (the contraction property).
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Step 2: Bounding the supremum with its expectation.

Let S
M
= m+u

(m+u−1/2)(1−1/(2max(m,u)))
. For sufficiently large m and u, the value of S

is almost 1. The function g(Z) is (m,u)-permutation symmetric in Z. It can be
verified that |g(Z) − g(Zij)| ≤ B

(
1
m

+ 1
u

)
. Therefore, we can apply Lemma 1

with β
M
= B

(
1
m

+ 1
u

)
to g(Z). We obtain, with probability of at least 1 − δ over

random permutation Z of Im+u
1 , for all v ∈ V :

T{v(Z)} ≤ H{v(Z)}+ EZ {g(Z)}+ B

√
S

2

(
1

m
+

1

u

)
ln

1

δ
. (5.5)

Remark 6 In induction this step is performed using an application of McDi-
armid’s bounded difference inequality (McDiarmid, 1989, Lemma 1.2). We can-
not apply this inequality in our setting since the function under the supremum
(i.e. g(Z)) is not a function over independent variables, but rather over permu-
tations. Our Lemma 1 is a substitute for the bounded difference inequality in this
step.

Step 3: Bounding the expectation over the supremum using Rademacher random
variables.

Our goal is to bound the expectation EZ {g(Z)}. This is done in the fol-
lowing lemma.

Lemma 10 Let Z be a random permutation of Im+u
1 . Let c0

M
=

√
32 ln(4e)

3
< 5.05.

Then

EZ {g(Z)} ≤ Rm+u(V) + c0Bmax

(
1

u
+

1

m

) √
min(m,u) . (5.6)

The (long) proof of this lemma appears in Appendix 5.8.2. The proof is based
on ideas from the proof of Lemma 3 from Bartlett and Mendelson (2002).

Remark 7 The technique we use to bound the expectation of the supremum is
more complicated than the one commonly used in induction (e.g., see Koltchinskii
& Panchenko, 2002). This is caused by the structure of the function under the
supremum (i.e., g(Z)). From a conceptual point of view, this step utilizes our
novel definition of transductive Rademacher complexity.

By combining (5.5) and Lemma 10 we obtain the next concentration inequal-
ity, which is the main result of this section.

Theorem 5 Let B1 ≤ 0, B2 ≥ 0 and V be a (possibly infinite) set of real-valued

vectors in [B1, B2]
m+u. Let B

M
= B2 − B1 and Bmax

M
= max(|B1|, |B2|). Let

Q
M
=

(
1
u

+ 1
m

)
, S

M
= m+u

(m+u−1/2)(1−1/2(max(m,u)))
and c0

M
=

√
32 ln(4e)

3
< 5.05. Then
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with probability of at least 1 − δ over random permutation Z of Im+u
1 , for all

v ∈ V,

T{v(Z)} ≤ H{v(Z)}+ Rm+u(V) + Bmaxc0Q
√

min(m,u) + B

√
S

2
Q ln

1

δ
. (5.7)

We defer the analysis of the slack terms Bmaxc0Q
√

min(m,u) and B
√

S
2
Q ln 1

δ

to Section 5.3.3. We now instantiate the inequality (5.7) to obtain our first risk
bound. The idea is to apply Theorem 5 with an appropriate instantiation of
the set V so that T{v(Z)} will correspond to the test error and H{v(Z)} to
the empirical error. For a true (unknown) labeling of the full-sample Y and any
h ∈ Hout we define

`Y (h)
M
= (`(h(1), y1), . . . , `(h(m + u), ym+u))

and set LH = {v : v = `Y (h), h ∈ Hout}. Thus `Y (h) is a vector of the
values of the 0/1 loss over all full sample examples, when transductive algorithm
is operated on some training/test partition. The set LH is the set of all possible
vectors `Y (h), over all possible training/test partitions. We apply Theorem 5

with V M
= LH, v

M
= `(h), Bmax = B = 1 and obtain the following corollary:

Corollary 1 Let Q, S and c0 be as defined in Theorem 5. For any δ > 0, with
probability of at least 1− δ over the choice of the training set from Xm+u, for all
h ∈ Hout,

Lu(h) ≤ L̂m(h) + Rm+u(LH) + Bmaxc0Q
√

min(m,u) +

√
S

2
Q ln

1

δ
. (5.8)

We defer the analysis of the slack terms Bmaxc0Q
√

min(m,u) and B
√

S
2
Q ln 1

δ
to

Section 5.3.3. While the bound (5.8) is obtained by a straightforward application
of the concentration inequality (5.7), it is not convenient to deal with. That’s
because it is not clear how to bound the Rademacher complexity Rm+u(LH) of
the 0/1 loss values in terms of the properties of transductive algorithm. In the
next sections we eliminate this deficiency by utilizing margin loss function.

5.3.2 Contraction of Rademacher complexity

The following lemma is a version of the well-known ‘contraction principle’ of the
theory of Rademacher averages (see Theorem 4.12 of Ledoux & Talagrand, 1991,
and Ambroladze et al., 2007). The lemma is an adaptation, which accommodates
the transductive Rademacher variables, of Lemma 5 of Meir and Zhang (2003).
The proof is provided in Appendix 5.8.3.

89



Lemma 11 Let V ⊆ Rm+u be a set of vectors. Let f and g be real-valued func-
tions. Let σ = {σi}m+u

i=1 be Rademacher variables, as defined in (5.1). If for all
1 ≤ i ≤ m + u and any v,v′ ∈ V, |f(vi)− f(v′i)| ≤ |g(vi)− g(v′i)|, then

Eσ sup
v∈V

[
m+u∑
i=1

σif(vi)

]
≤ Eσ sup

v∈V

[
m+u∑
i=1

σig(vi)

]
. (5.9)

Let Y ∈ {±1}m+u be a true (unknown) labeling of the full-sample. Similarly
to what was done in the derivation of Corollary 1, for any h ∈ Hout we define

`Y
γ (h(i))

M
= `γ(h(i), yi) and

`Y
γ (h)

M
= (`Y

γ (h(1)), . . . , `Y
γ (h(m + u)))

and set Lγ
H = {v : v = `Y

γ (h),h ∈ Hout}. Noting that `Y
γ satisfies the Lipschitz

condition |`Y
γ (h(i))−`Y

γ (h′(i))| ≤ 1
γ
|h(i)−h′(i)|, we apply Lemma 11 with V M

= Lγ
H,

f(vi)
M
= `Y

γ (h(i)) and g(vi)
M
= h(i)/γ, to get

Eσ

{
sup

h∈Hout

m+u∑
i=1

σi`
Y
γ (h(i))

}
≤ 1

γ
Eσ

{
sup

h∈Hout

m+u∑
i=1

σih(i)

}
. (5.10)

It follows from (5.10) that

Rm+u(L
γ
H) ≤ 1

γ
Rm+u(Hout) . (5.11)

5.3.3 Risk bound and comparison with related results

Applying Theorem 5 with V M
= Lγ

H, v
M
= `γ(h), Bmax = B = 1, and using the

inequality (5.11) we obtain3:

Theorem 6 Let Hout be the set of full-sample soft labelings of the algorithm,
generated by operating it on all possible training/test set partitions. The choice

of Hout can depend on the full-sample Xm+u. Let c0 =
√

32 ln(4e)
3

< 5.05, Q
M
=(

1
u

+ 1
m

)
and S

M
= m+u

(m+u−1/2)(1−1/(2max(m,u)))
. For any fixed γ, with probability of

at least 1− δ over the choice of the training set from Xm+u, for all h ∈ Hout,

Lu(h) ≤ Lγ
u(h) ≤ L̂γ

m(h)+
Rm+u(Hout)

γ
+ c0Q

√
min(m,u)+

√
SQ

2
ln

1

δ
. (5.12)

3This bound holds for any fixed margin parameter γ. Using the technique of the proof of
Theorem 18 of Bousquet and Elisseeff (2002), we can also obtain a bound that is uniform in γ.

90



For large enough values of m and u the value of S is close to 1. Therefore

the slack term c0Q
√

min(m,u) +
√

S
2
Q ln 1

δ
is of order O

(
1/

√
min(m,u)

)
. The

convergence rate of O
(
1/

√
min(m,u)

)
can be very slow if m is very small or

u ¿ m. Slow rate for small m is not surprising, but a latter case of u ¿ m
is somewhat surprising. However note that if u ¿ m then the mean µ of u
elements, drawn from m + u elements, has a large variance. Hence, in this case
any high-confidence interval for the estimation of µ will be large. This confidence
interval is reflected in the slack term of (5.12).

We now compare the bound (5.12) with the Rademacher-based inductive
risk bounds. We use the following variant of Rademacher-based inductive risk
bound (Meir & Zhang, 2003):

Theorem 7 Let D be a probability distribution over X . Suppose that a set
of examples Sm = {(xi, yi)}m

i=1 is sampled i.i.d. from X according to D. Let

F be a class of functions each maps X to R and R
(ind)
m (F) be the inductive

Rademacher complexity of F (Definition 10). Let L(f) = E(x,y)∼D{`(f(x), y)}
and L̂γ(f) = 1

m

∑m
i=1 `γ(f(xi), yi) be respectively the 0/1 generalization error and

empirical margin error of f . Then for any δ > 0 and γ > 0, with probability of
at least 1− δ over the random draw of Sm, for any f ∈ F ,

L(f) ≤ L̂γ(f) +
R

(ind)
m (F)

γ
+

√
ln(1/δ)

2m
. (5.13)

The slack term in the bound (5.13) is of order O(1/
√

m). The bounds (5.12)
and (5.13) are not quantitatively comparable. The inductive bound holds with
high probability over the random selection of m examples from some distribution
D. This bound is on average (generalization) error of some hypothesis over the
distribution D. The transductive bound holds with high probability over the
random selection of a training/test partition. This bound is on the test error of
some hypothesis over a particular set of u points.

A kind of meaningful comparison can be obtained as follows. Using the given
full (transductive) sample Xm+u, we define a corresponding inductive distribution
Dtrans as the uniform distribution over Xm+u; that is, a training set of size m
will be generated by sampling from Xm+u m times with replacements. Given
an inductive hypothesis space F = {f} of function we define the transductive
hypothesis space HF as a projection of F into the full sample Xm+u: HF = {h ∈
Rm+u : ∃f ∈ F , ∀1 ≤ i ≤ m + u, h(i) = f(xi)}. By such definition of HF ,
L(f) = Lm+u(h).

Our final step towards a meaningful comparison would be to translate a trans-
ductive bound of the form Lu(h) ≤ L̂γ

m(h)+slack to a bound on the average error
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of the hypothesis4 h:

Lm+u(h) ≤ Lγ
m+u(h) =

mL̂γ
m(h) + uLγ

u(h)

m + u
≤

mL̂γ
m(h) + u

(
L̂γ

m(h) + slack
)

m + u

= L̂γ
m(h) +

u

m + u
· slack (5.14)

We instantiate (5.14) to the bound (5.12) and obtain

Lm+u(h) ≤ L̂γ
m(h)+

u

m + u

Rm+u(HF)

γ
+

u

m + u

[
c0Q

√
min(m,u) +

√
SQ

2
ln

1

δ

]
.

(5.15)
Now given a transductive problem we consider the corresponding inductive bound
obtained from (5.13) under the distribution Dtrans and compare it to the bound
(5.15).

Note that in the inductive bound (5.13) the sampling of the training set is
done with replacement, while in the transductive bound (5.15) it is done without
replacement. Thus, in the inductive case the actual number of distinct training
examples may be smaller than m.

The bounds (5.13) and (5.15) consist of three terms: empirical error term
(first summand in (5.13) and (5.15)), the term depending on the Rademacher
complexity (second summand in (5.13) and (5.15)) and the slack term (third
summand in (5.13) and third and fourth summands in (5.15)). The empirical
error terms are the same in both bounds. It is hard to compare analytically the
Rademacher complexity terms. This is because the inductive bound is derived
for the setting of sampling with replacement and the transductive bound is de-
rived for the setting of sampling without replacement. Thus, in the transductive
Rademacher complexity each example xi ∈ Xm+u appears in Rm+u(Hout) only
once and is multiplied by σi. In contrast, due to the sampling with replacement,
in the inductive Rademacher term the example xi ∈ Xm+u can appear several

times in R
(ind)
m (F), multiplied by different values of the Rademacher variables.

Nevertheless, in transduction we have a full control over the Rademacher com-
plexity (since we can choose Hout after observing the full sample Xm+u) and can
choose an hypothesis space Hout with arbitrarily small Rademacher complexity.
In induction we choose F before observing any data. Hence, if we are lucky with
the full sample Xm+u then R

(ind)
m (F) is small, and if we are unlucky with Xm+u

4Alternatively, to compare (5.12) and (5.13), we could try to express the bound (5.13) as the
bound on the error of f on Xu (the randomly drawn subset of u examples). The bound (5.13)
holds for the setting of random draws with replacement. In this setting the number of unique
training examples can be smaller than m and thus the number of the remaining test examples
is larger than u. Hence the draw of m training examples with replacement does not imply the
draw of the subset of u test examples, as in transductive setting. Thus we cannot express the
bound (5.13) as the bound on the randomly drawn Xu
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then R
(ind)
m (F) can be large. Thus, under these provisions we can argue that the

transductive Rademacher term is not larger than the inductive counterpart.
Finally, we compare the slack terms in (5.13) and (5.15). If m ≈ u or m ¿ u

then the slack term of (5.15) is of order O (1/
√

m), which is the same as the
corresponding term in (5.13). But if m À u then the slack term of (5.15) is of
order O (1/(m

√
u)), which is much smaller than O(1/

√
m) of the slack term in

(5.13).
Based on the comparison of the corresponding terms in (5.13) and (5.15) our

conclusion is that in the regime of u ¿ m the transductive bound is significantly
tighter than the inductive one.

5.4 Unlabeled-Labeled Representation (ULR)

of transductive algorithms

Let r be any natural number and let U be an (m + u)× r matrix depending only
on Xm+u. Let α be an r × 1 vector that may depend on both Sm and Xu. The
soft classification output h of any transductive algorithm can be represented by

h = U ·α . (5.16)

We refer to (5.16) as an unlabeled-labeled representation (ULR). In this section
we develop bounds on the Rademacher complexity of algorithms based on their
ULRs. We note that any transductive algorithm has a trivial ULR, for example,
by taking r = m + u, setting U to be the identity matrix and assigning α to any
desired (soft) labels. We are interested in “non-trivial” ULRs and provide useful
bounds for such representations.5

In a “vanilla” ULR, U is an (m+u)× (m+u) matrix and α = (α1, . . . , αm+u)
simply specifies the given labels in Sm (where αi = yi for labeled points, and
αi = 0 otherwise). From our point of view any vanilla ULR is not trivial because
α does not encode the final classification of the algorithm. For example, the
algorithm of Zhou et al. (2004) straightforwardly admits a vanilla ULR. On the
other hand, the natural (non-trivial) ULR of the algorithms of Zhu et al. (2003)
and Belkin and Niyogi (2004) are not of the vanilla type. For some algorithms
it is not necessarily obvious how to find non-trivial ULRs. In Sections 5.5 we
consider two such cases – in particular, the algorithms of Joachims (2003) and
Belkin et al. (2004).

The rest of this section is organized as follows. In Section 5.4.1 we present a
generic bound on the Rademacher complexity of any transductive algorithm based
on its ULR. In Section 5.4.2 we consider a case when the matrix U is a kernel

5For the trivial representation where U is the identity matrix multiplied by constant we
show in Lemma 12 that the risk bound (5.12), combined with the forthcoming Rademacher
complexity bound (5.19), is greater than 1.
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matrix. For this case we develop another bound on the transductive Rademacher
complexity. Finally, in Section 5.4.3 we present a method of computing high-
confidence estimate of the transductive Rademacher complexity.

5.4.1 Generic bound on transductive Rademacher com-
plexity

We now present a bound on the transductive Rademacher complexity of any
transductive algorithm based on its ULR. Let {λi}r

i=1 be the singular values

of U . We use the well-known fact that ‖U‖Fro =
√∑r

i=1 λ2
i , where ‖U‖Fro

M
=√∑

i,j(U(i, j))2 is the Frobenius norm of U . Suppose that ‖α‖2 ≤ µ1 for some

µ1. Let Hout
M
= Hout(U) be the set of all possible outputs of the algorithm when

operated on all possible training/test set partitions of the full-sample Xm+u. Let

Q
M
= 1

m
+ 1

u
. Using the abbreviation U(i, ·) for the ith row of U and following the

proof idea of Lemma 22 of Bartlett and Mendelson (2002), we have that

Rm+u(Hout) = Q · Eσ

{
sup

h∈Hout

m+u∑
i=1

σih(xi)

}

= Q · Eσ

{
sup

α:‖α‖2≤µ1

m+u∑
i=1

σi〈α, U(i, ·)〉
}

= Q · Eσ

{
sup

α:‖α‖2≤µ1

〈α,

m+u∑
i=1

σiU(i, ·)〉
}

= Qµ1Eσ

{∥∥∥∥∥
m+u∑
i=1

σiU(i, ·)
∥∥∥∥∥

2

}
(5.17)

= Qµ1Eσ





√√√√
m+u∑
i,j=1

σiσj〈U(i, ·), U(j, ·)〉




≤ Qµ1

√√√√
m+u∑
i,j=1

Eσ {σiσj〈U(i, ·), U(j, ·)〉} (5.18)

= µ1

√√√√
m+u∑
i=1

2

mu
〈U(i, ·), U(i, ·)〉 = µ1

√
2

mu
‖U‖2

Fro

= µ1

√√√√ 2

mu

r∑
i=1

λ2
i . (5.19)

where (5.17) and (5.18) are obtained using, respectively, the Cauchy-Schwarz and
Jensen inequalities. Using the bound (5.19) in conjunction with Theorem 6 we
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immediately get a data-dependent error bound for any algorithm, which can be
computed once we derive an upper bound on the maximal length of possible values
of the α vector, appearing in its ULR. Notice that for any vanilla ULR (and thus
for the “consistency method” of Zhou et al. (2004)), µ1 =

√
m. In Section 5.5

we derive a tight bound on µ1 for non-trivial ULRs of SGT of Joachims (2003)
and of the Tikhonov regularization method of Belkin et al. (2004).

The bound (5.19) is syntactically similar in form to a corresponding inductive
Rademacher bound for kernel machines (Bartlett & Mendelson, 2002). However,
as noted above, the fundamental difference is that in induction, the choice of the
kernel (and therefore Hout) must be data-independent in the sense that it must be
selected before the training examples are observed. In our transductive setting,
U and Hout can be selected after the unlabeled full-sample is observed.

The Rademacher bound (5.19), as well as the forthcoming Rademacher bound
(5.23), depend on the spectrum of the matrix U . As we will see in Section 5.5, in
non-trivial ULRs of some transductive algorithms (e.g., the algorithms of Zhou
et al. (2004) and of Belkin et al. (2004)) the spectrum of U depends on the
spectrum of the Laplacian of the graph used by the algorithm. Thus by trans-
forming the spectrum of Laplacian we control the Rademacher complexity of the
hypothesis class. There exists strong empirical evidence (see Chapelle et al.,
2003; Joachims, 2003; Johnson & Zhang, 2008) that such spectral transforma-
tions improve the performance of the transductive algorithms.

The next lemma (proven in Appendix 5.8.4) shows that for “trivial” ULRs
the resulting risk bound is vacuous.

Lemma 12 Let α ∈ Rm+u be a vector depending on both Sm and Xu. Let c ∈ R,

U
M
= c · I and A be transductive algorithm generating soft-classification vector

h = U ·α. Let µ1 be an upper bound on ‖α‖2, and {λi}k
i=1 be singular values of

U . For the algorithm A the bound (5.19) in conjunction with the bound (5.12) is
vacuous; namely, for any γ ∈ (0, 1) and any h generated by A it holds that

L̂γ
m(h) +

µ1

γ

√√√√ 2

mu

k∑
i=1

λ2
i + c0Q

√
min(m,u) +

√
S

2
Q ln

1

δ
≥ 1 .

5.4.2 Kernel ULR

If r = m + u and the matrix U is a kernel matrix (this holds if U is positive
semidefinite), then we say that the decomposition is a kernel-ULR. Let G ⊆ Rm+u

be the reproducing kernel Hilbert space (RKHS), corresponding to U . We denote
by 〈·, ·〉G the inner product in G. Since U is a kernel matrix, by the reproducing
property6 of G, U(i, j) = 〈U(i, ·), U(j, ·)〉G. Suppose that the vector α satisfies

6This means that for all h ∈ G and i ∈ Im+u
1 , h(i) = 〈U(i, ·),h〉G .
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√
αT Uα ≤ µ2 for some µ2. Let {λi}m+u

i=1 be the eigenvalues of U . By similar
arguments used to derive (5.19) we have:

Rm+u(Hout) = Q · Eσ

{
sup

h∈Hout

m+u∑
i=1

σih(xi)

}

= Q · Eσ

{
sup

α

m+u∑
i=1

σi

m+u∑
j=1

αjU(i, j)

}

= Q · Eσ

{
sup

α

m+u∑
i=1

σi

m+u∑
j=1

αj〈U(i, ·), U(j, ·)〉G
}

= Q · Eσ



sup

α

〈
m+u∑
i=1

σiU(i, ·),
m+u∑
j=1

αjU(j, ·)
〉

G



 (5.20)

≤ Q · Eσ



sup

α

∥∥∥∥∥
m+u∑
i=1

σiU(i, ·)
∥∥∥∥∥
G
·
∥∥∥∥∥

m+u∑
j=1

αjU(j, ·)
∥∥∥∥∥
G



 (5.21)

= Qµ2Eσ

{∥∥∥∥∥
m+u∑
i=1

σiU(i, ·)
∥∥∥∥∥
G

}

= Qµ2Eσ





√√√√
〈

m+u∑
i=1

σiU(i, ·),
m+u∑
j=1

σjU(j, ·)
〉

G





= Qµ2Eσ





√√√√
m+u∑
i,j=1

σiσjU(i, j)





≤ Qµ2

√√√√
m+u∑
i,j=1

Eσ {σiσjU(i, j)} (5.22)

= µ2

√√√√
m+u∑
i=1

2

mu
U(i, i) = µ2

√
2 · trace(U)

mu

= µ2

√√√√ 2

mu

m+u∑
i=1

λi . (5.23)

The inequalities (5.21) and (5.22) are obtained using, respectively, Cauchy-
Schwarz and Jensen inequalities. Finally, the first equality in (5.23) follows from
the definition of Rademacher variables (see Definition 9).

If transductive algorithm has kernel-ULR then we can use both (5.23) and
(5.19) to bound its Rademacher complexity. The kernel bound (5.23) can be
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tighter than its non-kernel counterpart (5.19) when the kernel matrix has eigen-
values larger than one and/or µ2 < µ1. In Section 5.5 we derive a tight bound
on µ1 for non-trivial ULRs of “consistency method” of Zhou et al. (2004) and of
the Tikhonov regularization method of Belkin et al. (2004).

5.4.3 Monte-Carlo Rademacher bounds

We now show how to compute Monte-Carlo Rademacher bounds with high confi-
dence for any transductive algorithm using its ULR. Our empirical examination
of these bounds (see Section 5.5.3) shows that they are tighter than the analytical
bounds (5.19) and (5.23). The technique, which is based on a simple application
of Hoeffding’s inequality, is made particularly simple for vanilla ULRs.

Let V ⊆ Rm+u be a set of vectors, Q
M
= 1

m
+ 1

u
, σ ∈ Rm+u to be a Rademacher

vector (5.1), and g(σ) = supv∈V σT ·v. By Definition 9, Rm+u(V) = Q·Eσ{g(σ)}.
Let σ1, . . . , σn be an i.i.d. sample of Rademacher vectors. We estimate Rm+u(V)
with high confidence by applying the Hoeffding inequality on

∑n
i=1

1
n
g(σi). To

apply the Hoeffding inequality we need a bound on supσ |g(σ)|, which is derived
for the case where V = Hout. Namely we assume that V is a set of all possible
outputs of the algorithm (for a fixed Xm+u). Specifically, suppose that v ∈ V is
an output of the algorithm, v = Uα, and assume that ‖α‖2 ≤ µ1.

By Definition 9, for all σ, ‖σ‖2 ≤ b
M
=
√

m + u. Let λ1 ≤ . . . ≤ λk be
the singular values of U and u1, . . . ,uk and w1, . . . ,wk be their corresponding
unit-length right and left singular vectors7. We have that

sup
σ
|g(σ)| = sup

‖σ‖2≤b, ‖α‖2≤µ1

|σT Uα| = sup
‖σ‖2≤b, ‖α‖2≤µ1

∣∣∣∣∣σ
T

k∑
i=1

λiuiw
T
i α

∣∣∣∣∣ ≤ bµ1λk .

Applying the one-sided Hoeffding inequality on n samples of g(σ) we have, for
any given δ, that with probability of at least 1− δ over the random i.i.d. choice
of the vectors σ1, . . . , σn,

Rm+u(V) ≤
(

1

m
+

1

u

)
·

 1

n

n∑
i=1

sup
α:‖α‖2≤µ1

σT
i Uα + µ1λk

√
m + u

√
2 ln 1

δ

n


 .

(5.24)
To use the bound (5.24), the value of supα:‖α‖2≤µ1

σT
i Uα should be computed

for each randomly drawn σi. This computation is algorithm-dependent and in
Section 5.5.3 we show how to compute it for the algorithm of Zhou et al. (2004).8

In cases where we can compute the supremum exactly (as in vanilla ULRs; see
below) we can also get a lower bound using the symmetric Hoeffding inequality.

7These vectors can be found from the singular value decomposition of U .
8An application of this approach in induction seems to be very hard, if not impossible.

For example, in the case of RBF kernel machines we will need to optimize over (typically)
infinite-dimensional vectors in the feature space.
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5.5 Applications: Explicit bounds for specific

algorithms

In this section we exemplify the use of the Rademacher bounds (5.19), (5.23)
and (5.24) to particular transductive algorithms. In Section 5.5.1 we instantiate
the generic ULR bound (5.19) for the SGT algorithm of Joachims (2003). In
Section 5.5.2 we instantiate both the generic ULR bound (5.19) and kernel-ULR
bound (5.23) for the algorithm of Belkin et al. (2004). Finally, in Section 5.5.3
we instantiate all three bounds (5.19), (5.23) and (5.24) for the algorithm of Zhou
et al. (2004) and compare the resulting bounds numerically.

5.5.1 The Spectral Graph Transduction (SGT) algorithm
of Joachims (2003)

We start with a description of a simplified version of SGT that captures the
essence of the algorithm.9 Let W be a symmetric (m + u) × (m + u) similarity
matrix of the full-sample Xm+u. The (i, j)th entry of W represents the similarity
between xi and xj. The matrix W can be constructed in various ways, for exam-
ple, it can be a k-nearest neighbors graph. In such graph each vertex represents
example from the full sample Xm+u. There is an edge between a pair of vertices
if one of the corresponding examples is among k most similar examples to the
other. The weights of the edges are proportional to the similarity of the adjacent
vertices (points). The examples of commonly used measures of similarity are co-
sine similarity and RBF kernel. Let D be a diagonal matrix, whose (i, i)th entry
is the sum of the ith row in W . An unnormalized Laplacian of W is L = D−W .

Let τ = (τ1, . . . , τm+u) be a vector that specifies the given labels in Sm; that
is, τi ∈ {±1} for labeled points, and τi = 0 otherwise. Let c be a fixed constant
and 1 be an (m+u)×1 vector whose entries are 1 and let C be a diagonal matrix
such that C(i, i) = 1/m iff example i is in the training set (and zero otherwise).
The soft classification h∗ produced by the SGT algorithm is the solution of the
following optimization problem:

min
h∈Rm+u

hT Lh + c(h− ~τ)T C(h− ~τ) (5.25)

s.t. hT1 = 0, hTh = m + u. (5.26)

It is shown by Joachims (2003) that h∗ = Uα, where U is an (m + u) × r
matrix10 whose columns are orthonormal eigenvectors corresponding to non-zero
eigenvalues of the Laplacian L, and α is an r × 1 vector. While α depends on

9We omit a few heuristics that are optional in SGT. Their exclusion does not affect the error
bound we derive.

10r is the number of non-zero eigenvalues of L, after performing spectral transformations.
Joachims set the default r to 40.
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both the training and test sets, the matrix U depends only on the unlabeled full-
sample. Substituting h∗ = Uα for the second constraint in (5.26) and using the
orthonormality of the columns of U , we get m + u = h∗Th∗ = αT UT Uα = αT α.
Hence, ‖α‖2 =

√
m + u and we can take µ1 =

√
m + u. Since U is an (m+u)×r

matrix with orthonormal columns, ‖U‖2
Fro = r. We conclude from (5.19) the

following bound on transductive Rademacher complexity of SGT

Rm+u(Hout) ≤
√

2r

(
1

m
+

1

u

)
, (5.27)

where r is the number of non-zero eigenvalues of L. Notice that the bound (5.27)
is oblivious to the magnitude of these eigenvalues. With the small value of r the
bound (5.27) is small, but, as shown by Joachims (2003) the test error of SGT is
bad. If r increases then the bound (5.27) increases but the test error improves.
Joachims shows empirically that the smallest value of r achieving nearly optimal
test error is 40.

5.5.2 Kernel-ULR of the algorithm of Belkin et al. (2004)

By defining the RKHS induced by the graph (unnormalized) Laplacian, as it was
done by Herbster et al. (2005), and applying a generalized representer theorem
of Schölkopf et al. (2001), we show that the algorithm of Belkin et al. (2004)
has a kernel-ULR. Based on this kernel-ULR we derive an explicit risk bound
for this. We also derive an explicit risk bound based on generic ULR. We show
that the former (kernel) bound is tighter than the latter (generic) one. Finally,
we compare our kernel bound with the risk bound of Belkin et al. (2004). The
proofs of all lemmas in this section appear in Appendix 5.8.5.

The algorithm of Belkin et al. (2004) is similar to the SGT algorithm, de-
scribed in Section 5.5.1. Hence in this appendix we use the same notation as in
the description of SGT (see Section 5.5.1). The algorithm of Belkin et al. is
formulated as follows.

min
h∈Rm+u

hT Lh + c(h− ~τ)T C(h− ~τ) (5.28)

s.t. hT1 = 0 (5.29)

The difference between (5.28)-(5.29) and (5.25)-(5.26) is in the constraint (5.26),
which may change the resulting hard classification. Belkin et al. developed a
stability-based error bound for the algorithm based on a connected graph. In
the analysis that follows we also assume that the underlying graph is connected,
but as shown at the end of this section, the argument can be also extended to
unconnected graphs.

We represent a full-sample labeling as a vector in the Reproducing Kernel
Hilbert Space (RKHS) associated with the graph Laplacian (as described by
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Herbster et al., 2005) and derive a transductive version of the generalized rep-
resenter theorem of Schölkopf et al. (2001). Considering (5.28)-(5.29) we set
H = {h | hT1 = 0, h ∈ Rm+u}. Let h1,h2 ∈ H be two soft classification vectors.
We define their inner product as

〈h1,h2〉L M
= hT

1 Lh2 . (5.30)

We denote by HL the set H along with the inner product (5.30). Let λ1, . . . , λm+u

be the eigenvalues of L in the increasing order. Since L is a Laplacian of the
connected graph, λ1 = 0 and for all 2 ≤ i ≤ m + u, λi 6= 0. Let ui be an
eigenvector corresponding to λi. Since L is symmetric, the vectors {ui}m+u

i=1 are
orthogonal. We assume also w.l.o.g. that the vectors {ui}m+u

i=1 are orthonormal
and u1 = 1√

m+u
1. Let

U
M
=

m+u∑
i=2

1

λi

uiu
T
i . (5.31)

Note that the matrix U depends only on the unlabeled full-sample.

Lemma 13 (Herbster et al., 2005) The space HL is an RKHS with a repro-
ducing kernel matrix U .

A consequence of Lemma 13 is that the algorithm (5.28)-(5.29) performs the
regularization in the RKHS HL with the regularization term ‖h‖2

L = hT Lh (this
fact was also noted by Herbster et al., 2005). The following transductive variant
of the generalized representer theorem (Schölkopf et al., 2001) concludes the
derivation of the kernel-ULR of the algorithm of (Belkin et al., 2004).

Lemma 14 Let h∗ ∈ H be the solution of the optimization problem (5.28)-(5.29),
and let U be defined as above. Then, there exists α ∈ Rm+u such that h∗ = Uα.

Remark 8 We now consider the case of an unconnected graph. Let t be the num-
ber of connected components in the underlying graph. Then the zero eigenvalue of
the Laplacian L has multiplicity t. Let u1, . . . ,ut be the eigenvectors correspond-
ing to the zero eigenvalue of L. Let ut+1, . . . ,um+u be the eigenvectors correspond-
ing to non-zero eigenvalues λt+1, . . . , λm+u of L. We replace constraint (5.29) with

t constraints hTui = 0 and define the kernel matrix as U
M
=

∑m+u
i=t+1

1
λi

uiu
T
i . The

rest of the analysis is the same as for the case of the connected graph.

To obtain the explicit bounds on the transductive Rademacher complexity of
the algorithm of Belkin et al. it remains to bound

√
αT Uα and ‖α‖2. We start

with bounding
√

αT Uα.
We substitute h = Uα into (5.28)-(5.29). Since u2, . . . ,um+u are orthogonal

to u1 = 1√
m+u

1, we have that hT1 = αT UT1 = αT
∑m+u

i=2
1
λi

uiu
T
i 1 = 0. More-

over, we have that hT Lh = αT UT LUα = αT
(
I − 1

m+u
1 · 1T

)
Uα = αT Uα.

Thus (5.28)-(5.29) is equivalent to solving

min
α∈Rm+u

αT Uα + c(Uα− ~τ)T C(Uα− ~τ) (5.32)
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and outputting h∗ = Uαout, where αout is the solution of (5.32). Let 0 be the
(m + u)× 1 vector consisting of zeros. We have

αT
outUαout ≤ αT

outUαout + c(Uαout − ~τ)T C(Uαout − ~τ)

≤ 0T U0 + c(U0− ~τ)T C(U0− ~τ) = c .

Thus √
αT

outUαout ≤
√

c
M
= µ2 . (5.33)

We proceed with the bounding of ‖α‖2. Let λ1, . . . , λm+u be the eigenvalues
of U , sorted in the increasing order. It follows from (5.31) that λ1 = 0 and for
any 2 ≤ i ≤ m + u, λi = 1

λm+u−i+2
, where λ1, . . . , λm+u are the eigenvalues of L

sorted in the increasing order. By the Rayleigh-Ritz theorem (Horn & Johnson,
1990), since αT

out1 = 0 and 1 is an eigenvector corresponding to λ1, we have that
αT

outUαout

αT
outαout

≥ λ2. Therefore

√
αT

outαout ≤
√

αT
outUαout

λ2

≤
√

c

λ2

M
= µ1 . (5.34)

We substitute the bounds (5.34) and (5.33) into (5.19) and (5.23) respec-
tively, and obtain that the generic bound on the Rademacher complexity is√

2c
muλ2

∑m+u
i=2 λ

2

i =
√

2cλm+u

mu

∑m+u
i=2

1
λ2

i
and the kernel bound is

√
2c
mu

∑m+u
i=2 λi =√

2c
mu

∑m+u
i=2

1
λi

. It is easy to verify that the kernel bound is always tighter than

the non-kernel one.
Suppose that11

∑m+u
i=2

1
λi

= O(m + u). We substitute the kernel bound into
(5.12) and obtain that with probability at least 1−δ over the random training/test
partition,

Lu(h) ≤ L̂γ
m(h) + O

(
1√

min(m,u)

)
. (5.35)

We briefly compare this bound with the risk bound for the algorithm (5.28)-(5.29)
given by Belkin et al. (2004). Belkin et al. provide the following bound for their
algorithm12. With probability of at least 1−δ over the random draw of m training
examples from Xm+u,

Lm+u(h) ≤ L̂γ
m(h) + O

(
1√
m

)
. (5.36)

11This assumption is not restricting since we can define the matrix L and its spectrum after
observing the unlabeled full-sample. Thus we can set L in a way that this assumption will hold.

12The original bound of Belkin et al. is in terms of squared loss. The equivalent bound in
terms of 0/1 and margin loss can be obtained by the same derivation as in (Belkin et al., 2004).
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Similarly to what was done in Section 5.3.3, to bring the bounds to ‘common
denominator’, we rewrite the bound (5.35) as

Lu(h) ≤ L̂γ
m(h) +

u

m + u
O

(
1√

min(m,u)

)
. (5.37)

If m ¿ u or m ≈ u then the bounds (5.36) and (5.37) have the same conver-
gence rate. However if m À u then the convergence rate of (5.37) (which is
O(1/(m

√
u))) is much faster than the one of (5.36) (which is O(1/

√
m)).

5.5.3 The Consistency Method of Zhou et al. (2004)

In this section we instantiate the bounds (5.19), (5.23) and (5.24) to the “consis-
tency method” of Zhou et al. (2004) and provide their numerical comparison.

We start with a brief description of the Consistency Method (CM) algorithm
of Zhou et al. (2004). The algorithm has a natural vanilla ULR (see definition
at the beginning of Section 5.4), where the matrix U is computed as follows. Let

W and D be matrices as in SGT (see Section 5.5.1). Let L
M
= D−1/2WD−1/2

and β be a parameter in (0, 1). Then, U
M
= (1− β)(I − βL)−1 and the output of

CM is h = U · α, where α specifies the given labels. Consequently ‖α‖2 =
√

m.
The following lemma, proven in Appendix 5.8.6, provides a characterization of
the eigenvalues of U :

Lemma 15 Let λmax and λmin be, respectively, the largest and smallest eigenval-
ues of U . Then λmax = 1 and λmin > 0.

It follows from Lemma 15 that U is a positive definite matrix and hence
is also a kernel matrix. Therefore, the decomposition with the above U is a
kernel-ULR. To apply the kernel bound (5.23) we compute the bound µ2 on√

αT Uα. By the Rayleigh-Ritz theorem (Horn & Johnson, 1990), we have that
αT Uα
αT α

≤ λmax. Since by the definition of the vanilla ULR, αT α = m, we obtain

that
√

αT Uα ≤ √
λmaxαT α =

√
λmaxm.

We obtained that µ1 =
√

m and µ2 =
√

λmaxm, where λmax is the maximal
eigenvalue of U . Since by Lemma 15 λmax = 1, for the CM algorithm the bound
(5.19) is always tighter than (5.23).

It turns out that for CM, the exact value of the supremum in (5.24) can be
analytically derived. Recall that the vectors α, which induce the CM hypothesis
space for a particular U , have exactly m components with values in {±1}; the
rest of the components are zeros. Let Ψ be the set of all possible such α’s. Let

t(σi) = (t1, . . . , tm+u)
M
= σT

i U ∈ R1×(m+u) and |t(σi)| M
= (|t1|, . . . , |tm+u|). Then,

for any fixed σi, supα∈Ψ σT
i Uα is the sum of the m largest elements in |t(σi)|.

This derivation holds for any vanilla ULR.

102



0 50 100 150 200 250 300 350 400
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Number of Eigenvalues/Singular values

B
o

u
n

d
 o

n
 T

ra
n

s
d

u
c
ti

v
e
 R

a
d

e
m

a
c
h

e
r

Voting Dataset

Kernel ULR bound

Generic ULR bound

Upper Monte Carlo bound

Lower Monte Carlo

0 100 200 300 400 500 600 700
0

0.2

0.4

0.6

0.8

1

1.2

1.4

Number of Eigenvalues/Singular values

B
o

u
n

d
 o

n
 T

ra
n

s
d

u
c

ti
v

e
 R

a
d

e
m

a
c

h
e

r

Pima Dataset

Kernel ULR bound

Generic ULR bound

Upper Monte Carlo bound

Lower Monte Carlo

Figure 5.1: A comparison of transductive Rademacher bounds.

To demonstrate the Rademacher bounds discussed in this paper we present
an empirical comparison of the bounds over two datasets (Voting, Pima) from
the UCI repository13. For each dataset we took m+u to be the size of the dataset
(435 and 768 respectively) and we took m to be 1/3 of the full-sample size. The
matrix W is the 10-nearest neighbors graph computed with the cosine similarity
metric. We applied the CM algorithm with β = 0.5. The Monte-Carlo bounds
(both upper and lower) were computed with δ = 0.05 and n = 105.

We compared upper and lower Mote-Carlo bounds with the generic ULR

13We also obtained similar results for several other UCI datasets.
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bound (5.19) and the kernel-ULR bound (5.23). The graphs in Figure 5.1 com-
pare these four bounds for each of the datasets as a function of the number of
non-zero eigenvalues of U . Specifically, each point t on the x-axis corresponds to
bounds computed with a matrix Ut that approximates U using only the smallest
t eigenvalues of U . In both examples the lower and upper Monte-Carlo bounds
tightly “sandwich” the true Rademacher complexity. It is striking that generic-
ULR bound is very close to the true Rademacher complexity. In principle, with
our simple Monte-Carlo method we can approximate the true Rademacher com-
plexity up to any desired accuracy (with high confidence) at the cost of drawing
sufficiently many Rademacher vectors.

5.6 PAC-Bayesian bound for transductive mix-

tures

In this section we adapt part of the results of Meir and Zhang (2003) to transduc-
tion. The proofs of all results presented in this section appear in Appendix 5.8.7.

Let B = {hi}|B|i=1 be a finite set of base-hypotheses. The class B can be formed
after observing the full-sample Xm+u, but before obtaining the training/test set
partition and the labels. Let q = (q1, . . . , q|B|) ∈ R|B| be a probability vector, i.e.∑|B|

i=1 qi = 1 and qi ≥ 0 for all 1 ≤ i ≤ |B|. The vector q can be computed after
observing training/test partition and the training labels. Our goal is to find the

“posterior” vector q such that the mixture hypothesis, h̃q
M
=

∑|B|
i=1 qihi minimizing

Lu(h̃q) = 1
u

∑m+u
j=m+1 `

(∑|B|
i=1 qihi(j), yj

)
.

In this section we derive a uniform risk bound for a set of q’s. This bound de-
pends on the KL-divergence (see the definition below) between q and the “prior”
probability vector p ∈ R|B|, where the vector p is defined based only on the
unlabeled full-sample. Thus our forthcoming bound (see Theorem 8) belongs to
the family of PAC-Bayesian bounds (e.g., see McAllester, 2003; Derbeko et al.,
2004), which depend on prior and posterior information. Notice that our bound
is different from the PAC-Bayesian bounds for Gibbs classifiers that minimize
Eh∼B(q)Lu(h) = 1

u

∑m+u
j=m+1 Eh∼B(q)`(h(j), yj), where h ∼ B(q) is a random draw

of the base hypothesis from B according to distribution q.
We assume that q belongs to a domain Ωg,A = {q | g(q) ≤ A}, where g :

R|B| → R is a predefined function and A ∈ R is a constant. The domain Ωg,A

and the set B induce the class B̃g,A of all possible mixtures h̃q. Recalling that

Q
M
= (1/m + 1/u), S

M
= m+u

(m+u−0.5)(1−0.5/ max(m,u))
and c0 =

√
32 ln(4e)/3 < 5.05, we

apply Theorem 6 with Hout
M
= B̃g,A and obtain that with probability of at least

1− δ over the training/test partition of Xm+u, for all h̃q ∈ B̃g,A,

Lu(h̃q) ≤ L̂γ
m(h̃q) +

Rm+u(B̃g,A)

γ
+ c0Q

√
min(m,u) +

√
S

2
Q ln

1

δ
. (5.38)

104



Let Q1
M
=

√
S
2
Q (ln(1/δ) + 2 ln logs (sg̃(q)/g0)). It is straightforward to apply the

technique used in the proof of Theorem 10 of Meir and Zhang (2003) and obtain
the following bound, which eliminates the dependence on A.

Corollary 2 Let g0 > 0, s > 1 and g̃(q) = s max(g(q), g0). For any fixed g and
γ > 0, with probability of at least 1 − δ over the training/test set partition, for

all14 h̃q,

Lu(h̃q) ≤ L̂γ
m(h̃q) +

Rm+u(B̃g,g̃(q))

γ
+ c0Q

√
min(m,u) + Q1 . (5.39)

We now instantiate Corollary 2 for g(q) being the KL-divergence and derive a

PAC-Bayesian bound. Let g(q)
M
= D(q‖p) =

∑|B|
i=1 qi ln

(
qi

pi

)
be KL-divergence

between p and q. Adopting Lemma 11 of Meir and Zhang (2003) to the trans-
ductive Rademacher variables, defined in (5.1), we obtain the following bound.

Theorem 8 Let g0 > 0, s > 1, γ > 0. Let p and q be any prior and posterior

distribution over B, respectively. Set g(q)
M
= D(q‖p) and g̃(q)

M
= s max(g(q), g0).

Then, with probability of at least 1− δ over the training/test set partition, for all

h̃q,

Lu(h̃q) ≤ L̂γ
m(h̃q) +

Q

γ

√
2g̃(q) sup

h∈B
‖h‖2

2 + c0Q
√

min(m,u) + Q1 . (5.40)

Theorem 8 is a PAC-Bayesian result, where the prior p can depend on Xm+u

and the posterior can be optimized adaptively, based also on Sm. As our general
bound (5.12), the bound (5.40) has the convergence rate of O(1/

√
min(m,u)).

The bound (5.40) is syntactically similar to inductive PAC-Bayesian bound for
mixture hypothesis (see Theorem 10 and Lemma 11 in Meir & Zhang, 2003),
having similar convergence rate of O(1/

√
m). However the conceptual difference

between inductive and transductive bounds is that in transduction we can define
the prior vector p after observing the unlabeled full-sample and in induction we
should define p before observing any data.

5.7 Concluding remarks

We studied the use of Rademacher complexity analysis in the transductive setting.
Our results include the first general Rademacher bound for soft classification al-
gorithms, the unlabeled-labeled representation (ULR) technique for bounding the
Rademacher complexity of any transductive algorithm and a bound for Bayesian

14In the bound (5.39) the meaning of Rm+u(B̃g,eg(q)) is as follows: for any q, let A = g̃(q)
and Rm+u(B̃g,g̃(q))

M= Rm+u(B̃g,A).
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mixtures. We demonstrated the usefulness of these results and, in particular, the
effectiveness of our ULR framework for deriving error bounds for several advanced
transductive algorithms.

It would be nice to further improve our bounds using, for example, the local
Rademacher approach by Bartlett et al. (2005). However, we believe that the
main advantage of these transductive bounds is the possibility of selecting a
hypothesis space based on a full-sample. A clever data-dependent choice of this
space should provide sufficient flexibility to achieve a low training error with low
Rademacher complexity. In our opinion this opportunity can be explored and
exploited much further.

It would be interesting to optimize the matrix U in the ULR explicitly (to
fit the data) under a constraint of low Rademacher complexity. Also, it would
be nice to find “low-Rademacher” approximations of particular U matrices. The
PAC-Bayesian bound for mixture algorithms motivates the development and use
of transductive mixtures, an area that has yet to be investigated.

5.8 Proofs

5.8.1 Proof of Lemma 9

The proof is based on the technique used in the proof of Lemma 5 in Meir and
Zhang (2003). Let σ = (σ1, . . . , σm+u) be the Rademacher random variables
of Rm+u(V , p1) and τ = (τ1, . . . , τm+u) be the Rademacher random variables of
Rm+u(V , p2). Denote by Is

r the set of natural numbers {r, . . . , s} (r < s). For any
real-valued function g(v), for any n ∈ Im+u

1 and any v′ ∈ V ,

sup
v∈V

[g(v)] = Eτn

{
τnv′n + sup

v∈V
[g(v)]

∣∣∣∣∣ τn 6= 0

}
≤ Eτn

{
sup
v∈V

[τnvn + g(v)]

∣∣∣∣∣ τn 6= 0

}
.

(5.41)

We use the abbreviation τ s
1

M
= τ1, . . . , τs. We apply (5.41) with a fixed τn−1

1 and

g(v)
M
= f(v) +

∑n−1
i=1 τivi, and obtain that

sup
v∈V

[
n−1∑
i=1

τivi + f(v)

]
≤ Eτn

{
sup
v∈V

[
n∑

i=1

τivi + f(v)

] ∣∣∣∣∣ τn 6= 0

}
. (5.42)

To complete the proof of the lemma, we prove a more general claim: for any
real-valued function f(v), for any 0 ≤ n ≤ m + u,

Eσ

{
sup
v∈V

[
n∑

i=1

σivi + f(v)

]}
≤ Eτ

{
sup
v∈V

[
n∑

i=1

τivi + f(v)

]}
. (5.43)

The proof is by induction on n. The claim trivially holds for n = 0 (in this case
(5.43) holds with equality). Suppose the claim holds for all k < n. We use the
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abbreviation σs
1

M
= σ1, . . . , σs. We have

Eσn
1

sup
v∈V

[
n∑

i=1

σivi + f(v)

]

= 2p1

{
1

2
Eσn−1

1
sup
v∈V

[
n−1∑
i=1

σivi + vn + f(v)

]
+

1

2
Eσn−1

1
sup
v∈V

[
n−1∑
i=1

σivi − vn + f(v)

]}

+ (1− 2p1)Eσn−1
1

sup
v∈V

[
n−1∑
i=1

σivi + f(v)

]

≤ 2p1

{
1

2
Eτn−1

1
sup
v∈V

[
n−1∑
i=1

τivi + vn + f(v)

]
(5.44)

+
1

2
Eτn−1

1
sup
v∈V

[
n−1∑
i=1

τivi − vn + f(v)

]}
+ (1− 2p1)Eτn−1

1
sup
v∈V

[
n−1∑
i=1

τivi + f(v)

]

= Eτn−1
1

{
2p1Eτn

{
sup
v∈V

[
n∑

i=1

τivi + f(v)

] ∣∣∣∣∣ τn 6= 0

}
+ (1− 2p1) sup

v∈V

[
n−1∑
i=1

τivi + f(v)

]}

= Eτn−1
1

{
2p1

(
Eτn

{
sup
v∈V

[
n∑

i=1

τivi + f(v)

] ∣∣∣∣∣ τn 6= 0

}
− sup

v∈V

[
n−1∑
i=1

τivi + f(v)

])

+ sup
v∈V

[
n−1∑
i=1

τivi + f(v)

]}

≤ Eτn−1
1

{
2p2

(
Eτn

{
sup
v∈V

[
n∑

i=1

τivi + f(v)

] ∣∣∣∣∣ τn 6= 0

}
− sup

v∈V

[
n−1∑
i=1

τivi + f(v)

])

+ sup
v∈V

[
n−1∑
i=1

τivi + f(v)

]}
(5.45)

= Eτn−1
1

{
2p2Eτn

{
sup
v∈V

[
n∑

i=1

τivi + f(v)

] ∣∣∣∣∣ τn 6= 0

}

+ (1− 2p2) sup
v∈V

[
n−1∑
i=1

τivi + f(v)

]}

= Eτn
1

sup
v∈V

[
n∑

i=1

τivi + f(v)

]
.

The inequality (5.44) follow from the inductive hypothesis. The inequality (5.45)
follows from (5.42) and the fact that p1 < p2.
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5.8.2 Proof of Lemma 10

For technical convenience we use the following definition of pairwise Rademacher
variables.

Definition 11 (Pairwise Rademacher variables) Let v = (v(1), . . . , v(m +
u)) ∈ Rm+u. Let V be a set of vectors from Rm+u. Let σ̃ = {σ̃i}m+u

i=1 be a vector
of i.i.d. random variables defined as:

σ̃i = (σ̃i,1, σ̃i,2) =





(− 1
m

,− 1
u

)
with probability mu

(m+u)2
;(− 1

m
, 1

m

)
with probability m2

(m+u)2
;(

1
u
, 1

m

)
with probability mu

(m+u)2
;(

1
u
,− 1

u

)
with probability u2

(m+u)2
.

(5.46)

We obtain Definition 11 from Definition 9 (with p = mu
(m+u)2

) in the following

way. If the Rademacher variable σi = 1 then we split it to σ̃i =
(

1
u
, 1

m

)
. If

the Rademacher variable σi = −1 then we split it to σ̃i =
(− 1

m
,− 1

u

)
. If the

Rademacher variable σi = 0 then we split it randomly to
(− 1

m
, 1

m

)
or

(
1
u
,− 1

u

)
.

The first component of σ̃i indicates if the ith component of v is in the first
elements of v(Z) or in the last u elements of v(Z). If the former case the value
of σ̃i is − 1

m
and in the latter case the value of σ̃i is 1

u
. The second component of

σ̃i has the same meaning as the first one, but with Z replaced by Z′.
The values ± 1

m
and ± 1

u
are exactly the coefficients appearing inside T{v(Z)},

T{v(Z′)}, H{v(Z′)} and H{v(Z)} in (5.4). These coefficients are random and
their distribution is induced by the uniform distribution over permutations. In the
course of the proof we will establish the precise relation between the distribution
of ± 1

m
and ± 1

u
coefficients and the distribution (5.46) of pairwise Rademacher

variables.
It is easy to verify that

Rm+u(V) = Eσ̃

{
sup
v∈V

m+u∑
i=1

(σ̃i,1 + σ̃i,2)v(i)

}
. (5.47)

Let n1, n2 and n3 be the number of random variables σ̃i realizing the value(− 1
m

,− 1
u

)
,
(− 1

m
, 1

m

)
,
(

1
u
, 1

m

)
, respectively. Set N1

M
= n1 + n2 and N2

M
= n2 + n3.

Note that the ni’s and Ni’s are random variables. Denote by Rad the distribution
of σ̃ defined by (5.46) and by Rad(N1, N2), the distribution Rad conditioned on
the events n1 + n2 = N1 and n2 + n3 = N2. We define

s(N1, N2)
M
= Eσ̃∼Rad(N1,N2)

{
sup
v∈V

m+u∑
i=1

(σ̃i,1 + σ̃i,2) v(i)

}
. (5.48)

The rest of the proof is based on the following three claims:
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Claim 1. Rm+u(V) = EN1,N2{s(N1, N2)}.
Claim 2. EZ{g(Z)} = s (Eσ̃N1,Eσ̃N2).

Claim 3. s (Eσ̃N1,Eσ̃N2)− EN1,N2{s(N1, N2)} ≤ c0Bmax

(
1
u

+ 1
m

)√
m.

Having established these three claims we immediately obtain

EZ {g(Z)} ≤ R̃m+u(V) + c0Bmax

(
1

u
+

1

m

)√
m . (5.49)

The entire development is symmetric in m and u and, therefore, we also obtain
the same result but with

√
u instead of

√
m. By taking the minimum of (5.49)

and the symmetric bound (with
√

u) we establish the theorem. It remains to
prove the three claims.

Proof of Claim 1. Note that N1 and N2 are random variables whose
distribution is induced by the distribution of σ̃. We have by (5.47) that

R̃m+u(V) = EN1,N2Eσ̃∼Rad(N1,N2) sup
v∈V

m+u∑
i=1

(σ̃i,1 + σ̃i,2) v(i) = EN1,N2s(N1, N2) .

Proof of Claim 2. By the definitions of Hk and Tk (appearing at the start of
Section 5.3.1), for any N1, N2 ∈ Im+u

1 we have

EZ,Z′ sup
v∈V

[
TN1{v(Z)} −TN2{v(Z′)}+ HN2{v(Z′)} −HN1{v(Z)}

]
=

EZ,Z′ sup
v∈V

[
1

u

m+u∑
i=N1+1

v(Zi)− 1

u

m+u∑
i=N2+1

v(Z ′
i) +

1

m

N2∑
i=1

v(Z ′
i)−

1

m

N1∑
i=1

v(Zi)

︸ ︷︷ ︸
M
=r(v,Z,Z′,N1,N2)

]
.

(5.50)

The values of N1 and N2, and the distribution of Z and Z′, with respect to
which we take the expectation in (5.50), induce a distribution of assignments
of coefficients

{
1
m

,− 1
m

, 1
u
,− 1

u

}
to the components of v. For any N1, N2 and

realizations of Z and Z′, each component v(i), i ∈ Im+u
1 , is assigned to exactly

two coefficients, one for each of the two permutations (Z and Z′). Let a
M
=

(a1, . . . , am+u), where ai
M
= (ai,1, ai,2) is a pair of coefficients. For any i ∈ Im+u

1 ,
the pair (ai,1, ai,2) takes the values of the coefficients of v(i), where the first
component is induced by the realization Z (i.e., ai,1 is either − 1

m
or 1

u
) and the

second component by the realization of Z′ (i.e., ai,2 is either 1
m

or − 1
u
).

Let A(N1, N2) be the distribution of vectors a, induced by the distribution of
Z and Z′, for particular N1, N2. Using this definition we can write (5.50) as

Ea∼A(N1,N2) sup
v∈V

[
m+u∑
i=1

(ai,1 + ai,2)v(i)

]
. (5.51)
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Let Par(k) be the uniform distribution over partitions of m + u elements
into two subsets, of k and m + u − k elements, respectively. Clearly, Par(k) is

a uniform distribution over

(
m + u

k

)
elements. The distribution of the ran-

dom vector (a1,1, a2,1, . . . , am+u,1) of the first elements of pairs in a is equiva-
lent to Par(N1). That is, this vector is obtained by taking the first N1 in-
dices of the realization of Z and assigning − 1

m
to the corresponding compo-

nents. The other components are assigned to 1
u
. Similarly, the distribution

of the random vector (a1,2, a2,2, . . . , am+u,2) is equivalent to Par(N2). There-
fore, the distribution A(N1, N2) of the entire vector a is equivalent to the prod-
uct distribution of Par(N1) and Par(N2), which is a uniform distribution over(

m + u
N1

)
·
(

m + u
N2

)
elements, where each element is a pair of independent

permutations.

We show that the distributions Rad(N1, N2) and A(N1, N2) are identical. Given
N1 and N2 and setting ω = (m + u)2, the probability of drawing a specific
realization of σ̃ (satisfying n1 + n2 = N1 and n2 + n3 = N2) is

(
m2

ω

)n2 (mu

ω

)N1−n2
(mu

ω

)N2−n2
(

u2

ω

)m+u−N1−N2+n2

=
mN1+N2u2(m+u)−N1−N2

(m + u)2(m+u)
.

(5.52)

Since (5.52) is independent of the ni’s, the distribution Rad(N1, N2) is uniform
over all possible Rademacher assignments satisfying the constraints N1 and N2.
It is easy to see that the support size of Rad(N1, N2) is the same as the support
size of A(N1, N2). Moreover, the support sets of these distributions are identical;
hence these distributions are identical. Therefore, it follows from (5.51) that
(5.50) is equal to

Eσ̃∼Rad(N1,N2)

{
sup
v∈V

[
m+u∑
i=1

(σ̃i,1 + σ̃i,2)v(i)

]}
= s(N1, N2) . (5.53)

It is easy to see that Eσ̃N1 = Eσ̃{n1 +n2} = m and that Eσ̃N2 = Eσ̃{n2 +n3} =
m. Since EZ{g(Z)} is (5.50) with N1 = m and N2 = m, we have

EZ{g(Z)} = Eσ̃∼Rad(m,m)

{
sup
v∈V

[
m+u∑
i=1

(σ̃i,1 + σ̃i,2) v(i)

]}
= s (Eσ̃N1,Eσ̃N2) .

Proof of Claim 3.

We bound the differences |s(N1, N2)−s (N ′
1, N2) | and |s(N1, N2)−s (N1, N

′
2) |

for any 1 ≤ N1, N2, N
′
1, N

′
2 ≤ m + u. Suppose w.l.o.g. that N ′

1 ≤ N1. Recalling
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the definition of r(·) in (5.50) we have

s(N1, N2) = EZ,Z′ sup
v∈V

[
r(v,Z,Z′, N1, N2)

]
(5.54)

s(N ′
1, N2) = EZ,Z′ sup

v∈V

[
r(v,Z,Z′, N1, N2) +

(
1

u
+

1

m

) N1∑

i=N ′
1+1

v(Zi)

]
.(5.55)

The expressions under the supremums in s(N1, N2) and s(N ′
1, N2) differ only in

the two terms in (5.55). Therefore, for any N1 and N ′
1,

|s(N1, N2)− s(N ′
1, N2)| ≤ Bmax |N1 −N ′

1|
(

1

u
+

1

m

)
. (5.56)

Similarly we have that for any N2 and N ′
2,

|s(N1, N2)− s(N1, N
′
2)| ≤ Bmax |N2 −N ′

2|
(

1

u
+

1

m

)
. (5.57)

We use the following Bernstein-type concentration inequality (see Devroye
et al., 1996, Problem 8.3) for the binomial random variable X ∼ Bin(p, n):

PX {|X − EX| > t} < 2 exp
(
− 3t2

8np

)
. Abbreviate Q

M
= 1

m
+ 1

u
. Noting that

N1, N2 ∼ Bin
(

m
m+u

,m + u
)
, we use (5.56), (5.57) and the Bernstein-type in-

equality (applied with n
M
= m + u and p

M
= m

m+u
) to obtain

PN1,N2 {|s(N1, N2)− s(Eσ̃ {N1} ,Eσ̃ {N2})| ≥ ε}
≤ PN1,N2 {|s(N1, N2)− s(N1,Eσ̃N2)|+ |s(N1,Eσ̃N2)− s(Eσ̃N1,Eσ̃N2)| ≥ ε}
≤ PN1,N2

{
|s(N1, N2)− s(N1,Eσ̃N2)| ≥ ε

2

}

+PN1,N2

{
|s(N1,Eσ̃N2)− s(Eσ̃N1,Eσ̃N2)| ≥ ε

2

}

≤ PN2

{
|N2 − Eσ̃N2|BmaxQ ≥ ε

2

}
+ PN1

{
|N1 − Eσ̃N1|BmaxQ ≥ ε

2

}

≤ 4 exp

(
− 3ε2

32(m + u) m
m+u

B2
maxQ

2

)
= 4 exp

(
− 3ε2

32mB2
maxQ

2

)
.

Next we use the following fact (see Devroye et al., 1996, Problem 12.1): if
a nonnegative random variable X satisfies P{X > t} ≤ c · exp(−kt2) for c ≥ 1,

then EX ≤
√

ln(ce)/k. Using this fact, along with c
M
= 4 and k

M
= 3/(32mQ2),

we have

|EN1,N2 {s(N1, N2)} − s(Eσ̃N1,Eσ̃N2)| ≤ EN1,N2 |s(N1, N2)− s(Eσ̃N1,Eσ̃N2)|

≤
√

32 ln(4e)

3
mB2

max

(
1

u
+

1

m

)2

.(5.58)
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5.8.3 Proof of Lemma 11

The proof is a straightforward extension of the proof of Lemma 5 from Meir and
Zhang (2003) and is also similar to the proof of our Lemma 9 in Appendix 5.8.1.
We prove a stronger claim: if for all i ∈ Im+u

1 and v,v′ ∈ V , |f(vi) − f(v′i)| ≤
|g(vi)− g(v′i)|, then for any function c̃ : Rm+u → R.

Eσ sup
v∈V

[
m+u∑
i=1

σif(vi) + c̃(v)

]
≤ Eσ sup

v∈V

[
m+u∑
i=1

σig(vi) + c̃(v)

]
. (5.59)

We use the abbreviation σn
1

M
= σ1, . . . , σn. The proof is by induction on n,

such that 0 ≤ n ≤ m + u. The lemma trivially holds for n = 0. Suppose the
lemma holds for n− 1. In other words, for any function c̃(v),

Eσn−1
1

sup
v∈V

[
c̃(v) +

n−1∑
i=1

σif(vi)

]
≤ Eσn−1

1
sup
v∈V

[
c̃(v) +

n−1∑
i=1

σig(vi)

]
. (5.60)

Let p
M
= mu

(m+u)2
. We have

A
M
= Eσn

1
sup
v∈V

[
c(v) +

n∑
i=1

σif(vi)

]
= EσnEσn−1

1
sup
v∈V

[
c(v) +

n∑
i=1

σif(vi)

]
(5.61)

= pEσn−1
1

{
sup
v∈V

[
c(v) +

n−1∑
i=1

σif(vi) + f(vn)

]

+ sup
v∈V

[
c(v) +

n−1∑
i=1

σif(vi)− f(vn)

]}
(5.62)

+(1− 2p)Eσn−1
1

sup
v∈V

[
c(v) +

n−1∑
i=1

σif(vi)

]
. (5.63)

We apply the inductive hypothesis three times: on the first and second summands

in (5.62) with c̃(v)
M
= c(v) + f(vn) and c̃(v)

M
= c(v)− f(vn), respectively, and on

(5.63) with c̃(v)
M
= c(v). We obtain

A ≤ pEσn−1
1

{
sup
v∈V

[
c(v) +

n−1∑
i=1

σig(vi) + f(vn)

]
+ sup

v∈V

[
c(v) +

n−1∑
i=1

σig(vi)− f(vn)

]}

︸ ︷︷ ︸
M
=B

+ (1− 2p)Eσn−1
1

sup
v∈V

[
c(v) +

n−1∑
i=1

σig(vi)

]

︸ ︷︷ ︸
M
=C

.
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The expression B can be written as follows.

B = pEσn−1
1

{
sup
v∈V

[
c(v) +

n−1∑
i=1

σig(vi) + f(vn)

]
+ sup

v′∈V

[
c(v′) +

n−1∑
i=1

σig(v′i)− f(v′n)

]}

= pEσn−1
1

sup
v,v′∈V

[
c(v) + c(v′) +

n−1∑
i=1

[
σi(g(vi) + g(v′i))

]
+ (f(vn)− f(v′n))

]

= pEσn−1
1

sup
v,v′∈V

[
c(v) + c(v′) +

n−1∑
i=1

[
σi(g(vi) + g(v′i))

]
+ |f(vn)− f(v′n)|

]
. (5.64)

The equality (5.64) holds since the expression c(v)+ c(v′)+
∑n−1

i=1 σi(g(vi)+g(v′i)
is symmetric in v and v′. Thus, if f(v) < f(v′) then we can exchange the values
of v and v′ and this will increase the value of the expression under the supremum.
Since |f(vn)− f(v′n)| ≤ |g(vn)− g(v′n)| we have

B ≤ pEσn−1
1

sup
v,v′∈V

[
c(v) + c(v′) +

n−1∑
i=1

[
σi(g(vi) + g(v′i))

]
+ |g(vn)− g(v′n)|

]

= pEσn−1
1

sup
v,v′∈V

[
c(v) + c(v′) +

n−1∑
i=1

[
σi(g(vi) + g(v′i))

]
+ (g(vn)− g(v′n))

]

= pEσn−1
1

{
sup
v∈V

[
c(v) +

n−1∑
i=1

σig(vi) + g(vn)

]
+ sup

v∈V

[
c(v) +

n−1∑
i=1

σig(vi)− g(vn)

]}
M
= D.

Therefore, using the reverse argument of (5.61)-(5.63),

A ≤ C + D = Eσn
1

sup
v∈V

[
c(v) +

n∑
i=1

σig(vi)

]
.

5.8.4 Proof of Lemma 12

Let c ∈ R, U
M
= c · I. If c = 0, then the soft classification generated by A is a

constant zero. In this case, for any h generated by A, we have L̂γ
m(h) = 1 and

the lemma holds.
Suppose c 6= 0. Then

α =
1

c
· h . (5.65)

Since the (m + u) × (m + u) matrix U has m + u singular values, each one is
precisely c, by (5.19) the Rademacher complexity of the trivial ULR is bounded
by

µ1

√
2

mu
(m + u)c2 = cµ1

√
2

(
1

m
+

1

u

)
. (5.66)
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We assume w.l.o.g. that the training points have indices from 1 to m. Let
A = {i ∈ Im

1 | yih(i) > 0 and |h(i)| > γ} be a set of indices of training examples
with zero margin loss. Let B = {i ∈ Im

1 | |h(i)| ∈ [−γ, γ]} and C = {i ∈
Im
1 | yih(i) < 0 and |h(i)| > γ}. By (5.66) and the definition of the sets A, B

and C we obtain that the bound (5.66) is at least

c

√
(|A|+ |C|)γ

2

c2
+

∑
i∈B

h(i)2

c2

√
1

m
, (5.67)

where the left-hand square root is a lower bound on µ1. Therefore, the risk bound
(5.12) is bounded from below by

L̂γ
m(h) +

1

γ

√
(|A|+ |C|)γ2 +

∑
i∈B

h(i)2 ·
√

2

m
≥

∑
i∈B(1− |h(i)|/γ) + |C|

m
+

√
|A|+ |C|+

∑
i∈B

h(i)2

γ2
·
√

2

m
=

|B|+ |C| −∑
i∈B ri

m
+

√
|A|+ |C|+

∑
i∈B

r2
i ·

√
2

m
=

m− |A| −∑
i∈B ri

m
+

√
|A|+ |C|+

∑
i∈B

r2
i ·

√
2

m
M
= D , (5.68)

where ri = |h(i)|
γ

. We prove that D ≥ 1. Equivalently, it is sufficient to prove that

for ri1 , . . . , ri|B| ∈ [0, 1]|B| it holds that

f
(
ri1 , . . . , ri|B|

)
=

(|A|+ ∑
i∈B ri)

2

|A|+ |C|+ ∑
i∈B r2

i

≤ m . (5.69)

We claim that the stronger statement holds:

f
(
ri1 , . . . , ri|B|

)
=

(|A|+ |C|+ ∑
i∈B ri)

2

|A|+ |C|+ ∑
i∈B r2

i

≤ m . (5.70)

To prove (5.70) we use the Cauchy-Schwarz inequality, stating that for any two
vectors a,b ∈ Rm, 〈a,b〉 ≤ ‖a‖2 · ‖b‖2. We set bi = 1 for all i ∈ Im

1 . The vector

a is set as follows: ai
M
= ri if i ∈ B and ai = 1 otherwise. By this definition of a

and b, we have that 〈a,b〉 ≥ 0 and thus (〈a,b〉)2 ≤ ‖a‖2
2 · ‖b‖2

2. The application
of this inequality with the defined vectors a and b results in the inequality (5.70).

5.8.5 Proofs from Section 5.5.2

Proof of Lemma 13: Let ei be a 1 × (m + u) vector whose ith entry equals 1
and other entries are zero. According to the definition of RKHS, we need to show
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that for any 1 ≤ i ≤ m + u, h(i) = 〈U(i, ·),h〉L. We have

〈U(i, ·),h〉L = U(i, ·)Lh = eiULh

= ei

(
m+u∑
i=2

1

λi

uiu
T
i

)(
m+u∑
i=1

λiuiu
T
i

)
h = ei

(
m+u∑
i=2

uiu
T
i

)
h

= ei(I − u1u
T
1 )h = ei

(
I − 1

m + u
1 · 1T

)
h = h(i) . (5.71)

¤

Lemma 16 For any 1 ≤ i ≤ m + u, U(i, ·) ∈ HL.

Proof: Since L is a Laplacian matrix, u1 = 1. Since the vectors {ui}m+u
i=1 are

orthonormal and u1 = 1, we have U · 1 =
(∑m+u

i=2
1
λi

uiu
T
i

)
1 = 0. Therefore, for

any 1 ≤ i ≤ m + u, U(i, ·) · 1 = 0. ¤

Proof of Lemma 14: Let ‖h‖L =
√
〈h,h〉L M

=
√

hT Lh be a norm in GL. The
optimization problem (5.28)-(5.29) can be stated in the following form:

min
h∈HL

‖h‖2
L + c(h− ~τ)T C(h− ~τ) . (5.72)

Let U ⊆ HL be a vector space spanned by the vectors {U(i, ·)}m+u
i=1 . Let h‖

M
=∑m+u

i=1 αiU(i, ·) be a projection of h onto U . For any 1 ≤ i ≤ m+u, αi = 〈h,U(i,·)〉L
‖U(i,·)‖L

.
Let h⊥ = h−h‖ be a part of h that is perpendicular to U . It can be verified that
h⊥ ∈ HL and for any 1 ≤ i ≤ m + u, 〈h⊥, U(i, ·)〉L = 0. For any 1 ≤ i ≤ m + u
we have

h(i) = 〈h, U(i, ·)〉L = 〈
m+u∑
j=1

αjU(j, ·), U(i, ·)〉L + 〈h⊥, U(i, ·)〉L

=
m+u∑
j=1

αj〈U(j, ·), U(i, ·)〉L =
m+u∑
j=1

αjU(i, j) = h‖(i) . (5.73)

The second equation in (5.73) holds by Lemma 16. As a consequence of (5.73),
the empirical error (the second term in (5.72)) depends only on h‖. Furthermore,

hT Lh = 〈h,h〉L = ‖h‖2
L = ‖

m+u∑
i=1

αiU(i, ·)‖2
L + ‖h⊥‖2

L ≥ ‖
m+u∑
i=1

αiU(i, ·)‖2
L .

(5.74)
Therefore, for an h∗ ∈ H that minimizes (5.72), h∗⊥ = 0 and h∗ = h∗‖ =∑m+u

i=1 αiU(i, ·) = Uα. ¤

115



5.8.6 Proof of Lemma 15

Let LN
M
= I − L = I − D−1/2WD−1/2 be a normalized Laplacian of W . The

eigenvalues {λ′i}m+u
i=1 of LN are non-negative and the smallest eigenvalue of LN ,

denoted here by λ′min, is zero (Chung, 1997). The eigenvalues of the matrix
I − βL = (1 − β)I + βLN are {1 − β + βλ′i}m+u

i=1 . Since 0 < β < 1, all the
eigenvalues of I − βL are strictly positive. Hence the matrix I − βL is invertible

and its eigenvalues are
{

1
1−β+βλ′i

}m+u

i=1
. Finally, the eigenvalues of the matrix U

are
{

1−β
1−β+βλ′i

}m+u

i=1
. Since λ′min = 0, the largest eigenvalue of U is 1. Since all

eigenvalues of LN are non-negative, we have that λmin > 0.

5.8.7 Proofs from Section 5.6

Proof of Corollary 2: Let {Ai}∞i=1 and {pi}∞i=1 be a set of positive numbers
such that

∑∞
i=1 pi ≤ 1. By the weighted union bound argument we have from

(5.38) that with probability of at least 1− δ over the training/test set partitions,
for all Ai and q ∈ Ωg,Ai

,

Lu(h̃q) ≤ L̂γ
m(h̃q) +

Rm+u(B̃g,Ai
)

γ
+ c0Q

√
min(m,u) +

√
S

2
Q ln

1

piδ
. (5.75)

We set Ai
M
= g0s

i and pi
M
= 1

i(i+1)
. It can be verified that

∑∞
i=1 pi ≤ 1. For each q

let iq be the smallest index for which Aiq ≥ g(q). We have two cases:

Case 1 iq = 1. In this case iq = logs(g̃(q)/g0) = 1.

Case 2 iq ≥ 2. In this case Aiq−1 = g0s
iq−1 < g(q) ≤ g̃(q)s−1, and therefore,

iq ≤ logs(g̃(q)/g0).

Thus we always have that iq ≤ logs(g̃(q)/g0). It follows from the definition
of Aiq and g̃(q) that Aiq ≤ g̃(q). We have that ln(1/piq) ≤ 2 ln(iq + 1) ≤
2 ln logs(sg̃(q)/g0). Substituting these bounds into (5.75) and taking into account

the monotonicity of Rm+u(B̃g,Ai
) (in Ai), we have that with probability of at least

1− δ, for all q, the bound (5.39) holds. ¤

Proof of Theorem 8: We require several definitions and facts from the convex
analysis (Rockafellar, 1970). For any function f : Rn → R the conjugate function
f ∗ : Rn → R is defined as f ∗(z) = supx∈Rn (〈z,x〉 − f(x)). The domain of
f ∗ consists of all values of z for which the value of the supremum is finite. A
consequence of the definition of f ∗ is the so-called Fenchel inequality :

〈x, z〉 ≤ f(x) + f ∗(z) . (5.76)
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It can be verified that the conjugate function of g(q) = D(q‖p) is g∗(z) =

ln
∑|B|

j=1 pje
zj . Let h̃(i)

M
= (h1(i), . . . , h|B|(i)). In the derivation that follows we

use the following inequality (Hoeffding, 1963): if X is a random variable such
that a ≤ X ≤ b and c is a constant, then

EX exp(cX) ≤ exp

(
c2(b− a)2

8

)
. (5.77)

For any λ > 0 we have,

Rm+u(B̃g,A) = QEσ sup
q∈Ωg,A

〈σ, h̃q〉 = QEσ sup
q∈Ωg,A

〈
q,

m+u∑
i=1

σih̃(i)

〉

=
Q

λ
Eσ sup

q∈Ωg,A

〈
q, λ

m+u∑
i=1

σih̃(i)

〉

≤ Q

λ

(
sup

q∈Ωg,A

g(q) + Eσg∗
(

λ

m+u∑
i=1

σih̃(i)

))
(5.78)

≤ Q

λ


A + Eσ ln

|B|∑
j=1

pj exp

[
λ

m+u∑
i=1

σihj(i)

]
 (5.79)

≤ Q

λ

(
A + sup

h∈B
Eσ ln exp

[
λ

m+u∑
i=1

σih(i)

])

≤ Q

λ

(
A + sup

h∈B
lnEσ exp

[
λ

m+u∑
i=1

σih(i)

])
(5.80)

≤ Q

λ

(
A + sup

h∈B
ln exp

[
λ2

2

m+u∑
i=1

h(i)2

])
(5.81)

= Q

(
A

λ
+

λ

2
sup
h∈B

‖h‖2
2

)
. (5.82)

Inequality (5.78) is obtained by applying (5.76) with f
M
= g and f ∗ M

= g∗. Inequal-
ity (5.79) follows from the definition of g and g∗. Inequality (5.80) is obtained
by an application of the Jensen inequality and inequality (5.81) is obtained by
applying m + u times (5.77). By minimizing (5.82) w.r.t. λ we obtain

Rm+u(B̃g,A) ≤ Q
√

2A sup
h∈B

‖h‖2
2 .

Substituting this bound into (5.38) we get that for any fixed A, with probability
at least 1− δ, for all q ∈ Bg,A

Lu(h̃q) ≤ L̂γ
m(h̃q) +

Q

γ

√
2A sup

h∈B
‖h‖2

2 + c0Q
√

min(m,u) +

√
S

2
Q ln

1

δ
.
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Finally, by applying the weighted union bound technique, as in the proof of
Corollary 2, we obtain the statement of the theorem. ¤

118



Chapter 6

Large Margin versus Large
Volume in Transductive Learning

6.1 Introduction

In transductive binary classification, any hypothesis space (say, hyperplanes) is
reduced to a finite collection of equivalence classes, given the unlabeled data.
All hypotheses in the same class are identical in their binary classification of the
data. For example, consider Fig. 6.1, in which C1, . . . , C4 represent four “clouds”
of unlabeled data. In this case all the hyperplanes passing in between C3 and C4

(and, in general, between Ci and Ci+1) are in the same equivalence class (as well
as infinitely many other hyperplanes that are not shown). The extra advantage in
transduction is the possibility to prioritize these equivalence classes in accordance
with our prior beliefs about the goodness of hypotheses given the current data.
A classic principle for prioritizing equivalence classes is the large margin principle
introduced in (Vapnik, 1982). According to this principle, the priority (or prior)
of an equivalence class is proportional to the largest margin obtained by any of
its members. In our example in Fig. 6.1 we should prefer the equivalence classes
of h1 and h3 over the class of h2 because they achieve a larger margin. This
large margin consideration motivated the transductive support vector machine
(TSVM) (Vapnik, 1998) approach for transduction.

In this chapter we consider a different, large volume principle, whereby the
prior of an equivalence class is proportional to its “volume” in the hypothesis
space. For example, in the case of hyperplanes, in Fig. 6.1 we should prefer the
equivalence class of h2 because it has a much larger volume in the hyperplane
space. This is depicted in Fig. 6.1 by the number of dashed lines that pass between
the clouds.

The large volume transductive principle was briefly treated in (Vapnik, 1982)
for the case of hyperplanes. Here we further study this principle and instead
of hyperplane spaces we consider general soft classification vectors whose set of
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h h h1  2 3

Figure 6.1: Large-margin vs. large-volume prior

equivalence classes with respect to all data points (ignoring labels) contains all
possible dichotomies. Symmetry is broken by generating equivalence classes of
non-uniform volume, defined via a non axis aligned data-dependent ellipsoid.
Since exact or quantifiable volume approximation is computationally hard, we
resort to a cruder approach whereby we measure the angles between hypotheses
to the principal axes of the ellipsoid. This approach makes sense because long
principal axes lie in regions of large volume. This construction leads to a gen-
eral family of transductive algorithms and here we focus on one instantiation.
Although the resulting algorithm is defined in terms of a non-convex optimiza-
tion problem, we develop an efficient global optimum solution using a known
technique. We also derive a transductive data-dependent error bound for this
algorithm.

Our empirical evaluation of the new algorithm over a large number of datasets
shows its overwhelming advantage over TSVM (and SVM) in text categorization
and image classification problems. However, on a different set of UCI datasets,
TSVM and SVM are significantly superior to the new algorithm. In our analysis
of this finding, we identify some factors that influence the success and failure of
our algorithm. In particular we show that our algorithm has significant advantage
over TSVM when TSVM outperforms SVM.

6.2 The transductive setting

We consider the following distribution-free transductive model (Vapnik, 1998,
page 341, Setting 1). A fixed set Xm+u = {x1, . . . , xm+u} of m + u points from
some space X is given. The binary labels yi ∈ {±1} of these points are also
fixed but unknown to us. We uniformly at random pick a subset Xm ⊆ Xm+u of
size m (among all subsets of size m), and the labels of these points are provided.
Rearranging indices, we denote by Sm = {(xi, yi)}m

i=1 the given labeled points,
and by Xu = {xj}m+u

j=m+1, the remaining u unlabeled points. Using Sm and Xu,
our goal is to guess the labels of points in Xu as accurately as possible.
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Fixing m and u, we consider soft “hypotheses” that are vectors

h = (h1, . . . hm+u) ∈ Rm+u ,

where hi is the soft, or confidence-rated label of example xi given by “hypothesis”
h. The vector h can be also interpreted as a functional response vector w.r.t. some
underlying function f such that for any 1 ≤ i ≤ m + u, hi = f(xi). Based on
knowledge of the full-sample Xm+u, the learning algorithms we consider select an
hypothesis space H = H(Xm+u) of such soft classification vectors. Then, given
the labels of training points the algorithm selects one hypothesis h ∈ H. For
actual (binary) classification of xi the algorithm outputs sgn(hi).

Two quantities of interest, for an hypothesis h, are its transductive risk, or

test error, R`
u(h)

M
= 1

u

∑m+u
i=m+1 `(hi, yi), defined w.r.t. some loss function `, and

the training or empirical error (w.r.t. `), R`
m(h)

M
= 1

m

∑m
i=1 `(hi, yi). In this paper

` will be instantiated to the zero-one loss, the hinge loss, and linear loss functions.
Whenever we omit ` from R`

u and R`
m, we assume that the zero-one loss function

is used.

6.3 Transductive maximum power inference

Let H be any (soft) hypothesis space. A crucial observation, made by Vap-
nik (Vapnik, 1982) for a classification setting, is that after the introduction of the
unlabeled data Xm+u, the set H is partitioned into a finite number of equivalence
classes H1, . . . , HN , such that all hypotheses in Hk, k = 1, . . . , N , generate the
same dichotomy of Xm+u. Suppose that there exists some underlying distribution
P (h) over H such that one hypothesis is selected randomly according to P and
the selected hypothesis determines the labels of points in Xm+u. Vapnik (Vapnik,
1998, page 708) defined the power of an equivalence class Hk as the probability
mass (in terms of P ) of all the soft hypotheses in it,

Power(Hk)
M
=

∫

Hk

dP (h), k = 1, . . . , N. (6.1)

The power function provides a preference relation over all the dichotomies of
Xm+u that can be generated by H. So, for example, if we utilize an empirical
error minimization framework, then, among all equivalence classes that classify
the training set correctly, we should prefer one that has the largest power. We
term this principle (that was already proposed in (Vapnik, 1998, pages 707-708))
‘transductive maximum power inference’. The principle can also be extended to
structural risk minimization.

In practice, of course, we do not know the underlying hypothesis distribution
(and moreover, such a distribution may not exist) so in order to implement max-
imum power inference we must make a guess about some prior distribution P
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over H, or directly infer Power(Hk) for k = 1, . . . , N . Obviously, a good prior
distribution P should reflect auxiliary knowledge on the effectiveness of soft hy-
potheses.

If the power function is only dependent on the unlabeled data (and not on
the train/test partition and the labels), the following error bound, which is an
immediate consequence of Theorem 22 in (Derbeko et al., 2004), provides a
compelling motivation for maximum power inference: for any 0 < δ < 1, with
probability of at least 1− δ over choices of Sm, for all k = 1, . . . , N ,

Ru(Hk) ≤ Rm(Hk) +

√(
ln

1

Power(Hk)
+ ln

1

δ

)
·
(

1

m
+

1

u

)
, (6.2)

where Rm(Hk) (respectively Ru(Hk)) is the training (respectively test) error ob-
tained by any instance of Hk. The error bound (6.2) implies that if an equivalence
class Hk with a large power is empirically successful (over the training set), its
test error over Xu is guaranteed to be small, with high probability.

6.4 On priors and powers

The bound (6.2), which essentially provides a sufficient condition for transductive
learning, tells us that the power of the equivalence classes is a crucial quantity
that can directly affect the learning speed and accuracy. Power assignment can
be based on ‘low-level’ considerations, via prior assignment for hypotheses, as
in (6.1). However, this assignment can also be done directly on complete equiva-
lence classes, without defining a prior distribution P over soft hypotheses. In the
latter case, the power is simply a prior over equivalence classes.

Various approaches of defining prior directly over equivalence classes have been
considered in the past. The most well known approach is the maximum margin
principle given by (Vapnik, 1982). The margin of a hyperplane is its minimal
distance to any example in the full sample. By the maximum margin principle, the
prior of the equivalence class Hk is proportional to the maximal margin obtained
by any hyperplane h ∈ Hk. The maximal-margin principle motivated the well
known transductive SVM (TSVM) approach. Other prior assignment approaches
using compression, clustering and graph cuts are discussed in (Derbeko et al.,
2004) and (Hanneke, 2006).

Effective power assignments must rely on some specialized knowledge that
requires insight into the learning problem at hand. For some problems, priors
on soft hypotheses (or power of equivalence classes) can be difficult to identify
or quantify. Vapnik proposed an alternative prior encoding scheme through the
universum (Vapnik, 1998, page 707). The universum is a set of unlabeled ex-
amples belonging to the same domain X , but are known not to belong to any
one of the two classes. The power of an equivalence class should be taken as the
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number of dichotomies it obtains over the universum examples.1 Since counting
the number of dichotomies is computationally hard, it was proposed to approxi-
mate it with the number of contradictions. A universum example x contradicts
an equivalence class Hk if there exists a pair of soft hypotheses h,h′ ∈ Hk, such
that h(x) 6= h′(x). We term this approximation as the (universum) maximum
contradiction principle.

Although the universum approach as presented above is transductive, it can
also be motivated for induction. In fact, the first empirical study and validation
of the universum idea is within an inductive setting (Weston, Collobert, Sinz,
Bottou, & Vapnik, 2006), where an hypothesis class of hyperplanes is considered
and it is suggested to approximate the number of contradictions of an equivalence
class Hk by the minimum, over all h ∈ Hk, of the sum of `1-distances of h from
all universum examples. The intuition behind this approximation is that a very
close proximity of h to a universum example x implies that a slight perturbation
in the direction of h will generate a new h′ that classifies x differently. The
success of this approximated maximum contradictions principle depends on the
choice of universum examples and it was shown in (Weston et al., 2006) that
a combination of both the maximum margin and the maximum contradictions
principles can outperform the maximum margin principle alone, if the universum
is effectively selected.

In some domains universum examples arise naturally. For example, in a binary
recognition problem where we want to separate the digits ’1’ and ’2’, examples
of other digits can form an effective universum (Weston et al., 2006). But in
general, universum examples may be hard to generate, especially in problems
where we cannot easily perceive the membership of the universum examples to
the domain.

6.5 A large volume principle

Consider a transductive classification setting and assume for now that H (which
may depend on Xm+u) is finite. We consider the assignment of a prior measure
P over H. In the absence of any other knowledge, by the principle of insufficient
reason, the prior of any two soft hypotheses (not necessarily from the same equiv-
alence class) should be the same. This, of course, does not imply that the powers
of two equivalence classes are identical.2 According to (6.1), if P is uniform and
H is finite then the power of any equivalence class is proportional to its size.
A straightforward extension of this argument to a continuously infinite (soft) H

1In philosophical terms, the universum is used to measure falsifiability (or specificity) – the
more powerful equivalence classes are those that are more falsifiable by the universum points
(Vapnik, 1998).

2Note that whenever the number of equivalence classes is Ω(2m+u), if the power is uniform
over classes, we cannot bound the transductive test error.
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results in a power function that assigns to each equivalence class the geometric
volume of soft hypotheses contained in it. We term this application of the maxi-
mal power inference principle with a uniform prior (over the soft hypotheses) the
large volume principle.

There are a few previous works that explicitly or implicitly utilized a large vol-
ume principle for an hypothesis space of (kernelized) hyperplanes. Vapnik (Vap-
nik, 1982, Section 10.5) proposed to approximate the volume of an equivalence
class (of hyperplanes) by the distance between convex hulls of positive and neg-
ative examples. As shown by (Bennett & Bredensteiner, 2000), this distance is
precisely the margin.

Tong and Koller (Tong & Koller, 2001) exploited a duality between hyper-
planes and instance points, where hyperplanes are viewed as points on a sphere
and examples are viewed as hyperplanes passing through the sphere. They ap-
proximated the volume of an equivalence class (corresponding to the version
space) by the radius of the maximally inscribed ball within a conic section. This
radius is precisely the margin and the approximation can be arbitrarily poor
whenever the equivalence class is an elongated section.

Again for hyperplanes, Graepel et al. (Graepel, Herbrich, & Obermayer, 1999)
approximated the volume of hypothesis equivalence classes using a kernel billiard
algorithm. Their algorithm operates in a transductive setting, but considers
equivalence classes defined by training points and a single test point. In contrast,
we consider here equivalence classes defined by all training and test points.

Finally, we observe that one can approximate the volume using uniformly
drawn universum examples. In this case one can show that, asymptotically, the
equivalence classes with larger volume will have a larger number of contradic-
tions.3

The main difference between our contribution and the previous work described
above is that instead of hyperplane spaces we consider a much richer space of
general soft classification vectors. This space, unlike hyperplanes, generates all
possible 2m+u dichotomies.

6.6 Transductive learning using the large vol-

ume principle

We describe a transductive learning scheme that approximates the large volume
principle. This scheme motivates a family of new transductive algorithms. In

3Proof outline: consider a dual space of hyperplanes with the offset b = 0 (w.l.o.g.). This
space is a sphere and full sample points are hyperplanes passing through the origin and cutting
the sphere. Each equivalence class is a conical section of this sphere. In the dual space,
uniformly drawn universum examples are equivalent to uniformly drawn hyperplanes. Thus,
a universum example generates a contradiction in a conical section iff its hyperplane cuts the
section. If the conical section is large then it will be cut by many hyperplanes.
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Figure 6.2: Visualization of hypothesis space: (a) equivalence classes have different
volumes. (b) equivalence classes have the same volume.

this section we develop and analyze one instantiation of this scheme.

6.6.1 Volume approximation

Our approach for approximating the volume of the equivalence classes relies on
hypothesis spaces that can be represented as ellipsoids in Rm+u. Each soft hy-
pothesis in the hypothesis space is a point in the ellipsoid. We approximate the
volume of an equivalence class Hk by the angles between an (arbitrary) hypothesis
in Hk and the principal axes of the ellipsoid.

Let the full sample Xm+u be given and fixed. Let h ∈ Rm+u be a soft trans-
ductive hypothesis, and Q, a positive definite (m + u) × (m + u) matrix that
may depend on Xm+u. The matrix Q is considered as a hyperparameter and
in Section 6.9 we give an example for its instantiation. Consider a hypothe-
sis space HQ = {h | hT Qh ≤ 1}. Geometrically, HQ is an ellipsoid in Rm+u,
centered at zero. We denote it by E(HQ). Since Q is positive definite, the set
{sign(h) : h ∈ HQ} contains all 2m+u possible dichotomies of Xm+u.

The Cartesian coordinate system divides the space Rm+u into 2m+u quadrants.
Each quadrant corresponds to one equivalence class in terms of hard classification.
For any 1 ≤ k ≤ 2m+u, the volume of the equivalence class Hk is the volume of the
intersection of E(HQ) with the kth quadrant. For example, Fig. 6.2(a) shows four
equivalence classes, Hk, k = 1, . . . , 4, for the case m+u = 2. Ultimately, we would
like to compute the exact volume of these quadrant intersections. However, cur-
rently known algorithms for approximate volume computation of general convex
bodies seem to be too slow for practical purposes (Lovász & Vempala, 2006).

We resort to the following heuristic approximation. Let {(λi,vi)}m+u
i=1 be the

eigenvalues of Q along with their eigenvectors, such that for all 2 ≤ i ≤ m +
u, λi−1 ≤ λi. We assume w.l.o.g. that for any 1 ≤ i ≤ m + u, ‖vi‖2 = 1.
The direction and length of the ith principal axis of E(HQ) are, respectively,

vi and
√

1/λi. As shown in Fig. 6.2(a), the volume of Hk is proportional to
the length of the principal axes of the ellipsoid, which falls in its quadrant. In
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the extreme case of a perfect sphere (Fig. 6.2(b)), all equivalence classes are
of the same volume and cannot be differentiated. Therefore, we should prefer
skewed ellipsoids that ultimately reflect useful priors on hypothesis effectiveness.
In Section 6.9.1 we give example of such skewed ellipsoids that yield preference
for “smoother” hypotheses.

The number of principal axes is always m + u whereas the number of quad-
rants (and equivalent classes) is 2m+u. Hence, the vast majority of quadrants
do not contain any principal axis and, unlike the 2-dimensional case, we cannot
estimate the volume of an equivalence class using a corresponding principal axis.
We propose to estimate the volume using a weighted sum of axes’ lengths such
that the weights are determined by the polar proximity of an hypothesis to the
principal axes.

Fix i and j such that 1 ≤ i < j ≤ m + u and λi < λj. Then, the length
of the ith principal axis is larger than the length of the jth one. Hence, the
local neighborhood of vi has a larger volume than that of vj. A small angle
between an hypothesis h and some long principal axis is taken as an evidence
that its equivalence class has large volume. Conversely, a small angle to a short
principal axis is taken as an evidence of a small volume. Note that these two
opposing conditions cannot be satisfied simultaneously since the principal axes
are orthogonal. In Section 6.9 we briefly discuss the meaning of the eigenvectors
for a particular Q of interest.

Let 0 ≤ a1 ≤ a2 ≤ . . . ≤ am+u be an increasing sequence of weights. For any
soft hypothesis h let

V (h) =
m+u∑
i=1

ai

(
hTvi

)2

‖h‖2
2

. (6.3)

The expression
(
hTvi

)2
/‖h‖2

2 is the square of the cosine of the angle between
h and the unit-length vector vi. The monotone increasing sequence of ai’s cor-
responds to a monotone decreasing sequence of the lengths of vi’s. Thus, the
weighted sum (6.3) gives larger weight to the angular closeness to short principal
axes than to the long ones. Consequently, we expect (6.3) to be large when h lies
in the equivalence class of low volume and be small when h lies in the equivalence
class of high volume.

6.6.2 Approximate Volume Regularization (AVR) algo-
rithm

We propose the following natural instantiation of the {ai}m+u
i=1 such that they are

inversely proportional to the lengths of their corresponding principal axes. Let
di =

√
1/λi be the length of the ith largest principal axis of the ellipsoid and for
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any h ∈ Rm+u, set ai = 1/d2
i = λi. Then,

V (h) =
m+u∑
i=1

λi

(
hTvi

)2

‖h‖2
2

=
hT Qh

‖h‖2
2

.

This volume approximation motivates the following family of transductive algo-
rithms, which implements the large volume principle:

min
h∈HQ

Rm(h) + γ · h
T Qh

‖h‖2
2

, (6.4)

where γ > 0 is a regularization parameter.4

Instead of the 0/1 loss empirical error in (6.4), due to computational consid-
erations (see Remark 11 in Section 6.9), we instantiate the loss function to the

linear loss, `(hi, yi)
M
= −hiyi. Fixing t > 0 and constraining h to be of length t

we eliminate the denominator in (6.4). Also, we replace the constraint h ∈ HQ

with h ∈ Rm+u (see below). The resulting optimization problem is

minh∈Rm+u − 1

m

m∑
i=1

hiyi + γ · hT Qh (6.5)

s.t. ‖h‖2
2 = t2. (6.6)

We refer to the optimization problem (6.5)-(6.6) as the Approximate Volume
Regularization (AVR) algorithm. Due to constraint (6.6) the loss −hiyi of each
training example is lower bounded by −t. Notice that while the optimization
in (6.5) is done in Rm+u, the regularization is done relative to HQ. The reason
is that under the constraint (6.6) the complexity term hT Qh is a weighted sum
of the squares of cosines between h and the principal axes of E(HQ). Thus,
the optimization problem (6.5)-(6.6) is directly implied by (6.4) under the above
instantiations of the free parameters.

While the optimization problem (6.5)-(6.6) is not convex, it can be solved
efficiently and exactly (to obtain a global optimum) using the method of (Gander,
Golub, & von Matt, 1989). This solution is developed in Section 6.7.

6.7 Global optimum AVR optimization

Following (Gander et al., 1989), we solve (6.5)-(6.6) using Lagrange multipliers.
Set

Φ(h, ρ) = − 1

m

m∑
i=1

hiyi + γ · hT Qh− ρ(‖h‖2
2 − t2) ,

4Note that one deficiency of the above approximation is that for two hypotheses h and h′

from the same equivalence class, V (h) is not in general identical to V (h′).
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where ρ is a Lagrange multiplier. Then, h∗ = minh∈Rm+u,ρ∈RΦ(h, ρ) is a solution
of (6.5)-(6.6). The minimum of Φ(h, ρ) is achieved when its partial derivatives
are zero. Let y ∈ Rm+u be a vector of labels, with the first m entries being the
training labels and the last u entries being zeros. Differentiating Φ(h, ρ) w.r.t. h
and ρ, and equating both these derivatives to zero we get,

−y/m + 2γQh− 2ρh = 0; (6.7)

‖h‖2
2 − t2 = 0. (6.8)

It follows from (6.7) that5

h =
1

2m
(γQ− ρI)−1 y . (6.9)

is a solution of (6.5)-(6.6).
The expression (6.9) contains the unknown ρ, which we now determine. Let

VDVT be the spectral decomposition of Q, such that VDVT = Q, VTV =
VVT = I and D is a diagonal matrix with its diagonal elements λi being the
eigenvalues of Q. Then (6.7)-(6.8) can be rewritten as

−y/m + 2γVDVTh− 2ρVVTh = 0 (6.10)

hTVVTh− t2 = 0 . (6.11)

Letting u = VTh and d = VTy, (6.10)-(6.11) becomes

−d/m + 2γDu− 2ρu = 0 (6.12)

uTu− t2 = 0 . (6.13)

Isolating u at (6.12) and substituting it in (6.13) we get

1

(2m)2
dT (γD− ρI)−2 d− t2 = 0 . (6.14)

Let di be the ith component of d. Since the matrix D is diagonal, equation (6.14)
is equivalent to

1

(2m)2

m+u∑
i=1

d2
i

(γλi − ρ)2
− t2 = 0 . (6.15)

Equation (6.15) has multiple ρ solutions. As shown by (Forsythe & Golub, 1965,
Theorem 2.7), the smallest possible ρ that satisfies (6.15) also minimizes Φ(h, ρ).
Thus, our goal is to find the smallest ρ satisfying (6.15). Since the matrix Q is

5Here we assume that the value of ρ satisfying (6.7)-(6.8) is not an eigenvalue of γQ and
the inverse (γQ− ρI)−1 exists. If this assumption does not hold (this can be easily verified by
checking for each eigenvalue of γQ if it satisfies (6.7)-(6.8)), then we can slightly perturb the
hyperparameter γ to satisfy the assumption.
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Figure 6.3: Structure of the function f(ρ). k is the index of the smallest eigenvalue
λi such that di 6= 0.

positive definite, all λi’s are strictly positive. Therefore, the function

f(ρ) =
1

(2m)2

m+u∑
i=1

d2
i

(γλi − ρ)2
− t2 (6.16)

has the structure depicted in Fig. 6.3. Considering this structure, our algorithm
for finding the smallest ρ such that f(ρ) = 0 is as follows: Let λ̃ be the smallest

λi such that di 6= 0. We consider the interval [λ̃ − t1, λ̃ − t2] such that t1 > 0,

t2 > 0, f(λ̃− t1) < 0, f(λ̃− t2) > 0 and find the root of f in this domain using a
binary search.

6.8 A risk bound

In this section we derive a transductive risk bound for the AVR algorithm (6.5)-
(6.6). Our derivation relies on a known general transductive risk bound for
‘unlabeled/labeled (UL) decompositions’ of transductive algorithms as discussed
in (El-Yaniv & Pechyony, 2007).

The soft classification output h∗ of any transductive algorithm can always be
represented as h∗ = K · α, where K is an (m + u) × (m + u) matrix depending
only on the unlabeled full sample Xm+u, and α is an (m + u)× 1 vector that can
depend on both Sm and Xu. Such a decomposition is termed a UL (unlabeled-
labeled) decomposition (El-Yaniv & Pechyony, 2007). Let Kij be the (i, j)th
entry of K and ‖K‖2

Fro =
∑m+u

i,j=1 K2
ij, be the squared Frobenius norm of K. For

UL decompositions, the following holds.

Theorem 1 ((El-Yaniv & Pechyony, 2007)) Let A be a transductive algo-
rithm and h∗ = K · α be its UL decomposition. Suppose that ‖α‖2 ≤ µ1. Let

c0 =
√

(32 ln(4e))/3 < 5.05 and W
M
= 1/m + 1/u. Let H̃ be the set of soft
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hypotheses that can be generated by the algorithm when operated on any train-
ing/test partition. Then6, for any ν > 0 and δ > 0, with probability of at least

1− δ over the choice of the training set of size m from Xm+u, for all h ∈ H̃,

Ru(h) ≤ R`ν
m(h) +

µ1

ν

√
2

mu
‖K‖2

Fro + c0W
√

min(m,u) +
√

2W ln(1/δ) . (6.17)

Since the (m + u) × (m + u) matrix V (defined in Section 6.7) consists of
orthonormal columns, the solution h∗ of (6.5)-(6.6) can be represented as h∗ =
Vα. The matrix V depends only on the unlabeled examples. Hence the last

equation is a UL decomposition of the AVR algorithm, with K
M
= V. By (6.6)

we have that t2 = ‖h∗‖2
2 = αTVTVα = αT α. Since each column of V has unit

length, ‖K‖2
Fro = m + u. Substituting µ1 = t and ‖K‖2

Fro = m + u in (6.17), we
obtain7

Ru(h) ≤ R`ν
m(h) + (t/ν)

√
2W + c0W

√
min(m,u) +

√
2W ln(1/δ) . (6.18)

Notice that the matrix Q influences the bound (6.18) indirectly, through the
empirical error term. If t/ν is a constant then the bound (6.18) converges at rate
1/

√
min(m,u). In general, there is a trade-off between the values of t and ν. If

t is very small then, due to the constraint (6.6), all entries of the hypothesis h
generated by AVR are very close to zero. In this case, to achieve a small empirical
hinge-loss, the value of ν should also be small.

6.9 Experimental results

We tested the AVR algorithm over 31 binary problems including all 7 datasets
from (Chapelle et al., 2006) and all 8 datasets from (Blum & Chawla, 2001).
We also generated 6 datasets of image classification problems from the coil-
100 dataset (Nene, Nayar, & Murase, 1996), and took all 10 possible binary
problems from the comp.* “super-category” in the 20-newsgroups dataset. We
randomly subsampled large datasets to contain exactly 1500 examples and in all
experiments we used a training set of size 100. We represented text datasets
using word-based TF-IDF scores and normalized other datasets using a linear
transformation such that the dynamic range of their attributes is [0, 1].

We compared AVR with SVM and TSVM (Collobert et al., 2006).8 In all
problems, with the exception of the text datasets, SVM and TSVM were applied

6The loss function `ν used in the empirical error term is the hinge loss. For a positive real
ν, `ν(y1, y2) = 0 if y1y2 ≥ ν and `ν(y1, y2) = min{1, 1− y1y2/ν}.

7Using the standard technique of (Bousquet & Elisseeff, 2002) (see Theorem 18 there) it is
possible to extend (6.18) to be uniform in ν.

8We applied both SVM and TSVM using the UniverSVM package of F. Sinz, R. Col-
lobert, J. Weston and L. Bottou, available at http://www.kyb.tuebingen.mpg.de/bs/people/
fabee/universvm.html.
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with an RBF kernel. For the text problems, slightly better performance was ob-
tained with a linear kernel. All relevant hyperparameters of the SVM, TSVM and
the AVR algorithm were selected using 5-fold cross validation (over the training
set), from “reasonable” grids of possible values. For SVM/TSVM, the grid con-
tained 80 possible hyperparameter assignments9 and for AVR, 72 assignments (as
described below).

6.9.1 On the AVR hyperparameters

The AVR algorithm has a number of parameters. The main parameter, which is
left unspecified, is the matrix Q. One natural choice for Q is graph-based using
the unnormalized Laplacian.10 We constructed Q using the unlabeled data Xm+u

as follows. We computed an (m+u)× (m+u) similarity matrix S, whose (i, j)th
entry is the cosine of the angle between xi and xj. Then we built an undirected k-
nearest neighbors weighted graph, G = G(Xm+u), where there is an edge between
xi and xj iff xi is among the k most similar (according to S) neighbors of xj, or
vice versa. Edge weights were taken to be the corresponding entries from S.11

The value of k was selected using 5-fold cross validation from the set {5, 10, 100}.
Let M be the adjacency matrix of G, and let D be the diagonal matrix whose
(i, i)th entry is the sum of the ith row of M . Let L = D−M be the unnormalized
Laplacian of G.

Remark 9 (on the meaning of the eigenvectors of L) Let

G = {g | g ∈ Rm+u, ‖g‖2 = 1} .

For any g ∈ G, let gT Lg =
∑m+u

i,j=1(gi − gj)
2mij be its “soft smoothness”

w.r.t. the graph G(Xm+u), where mij is the (i, j)th entry of M . By the
Rayleigh-Ritz theorem (Horn & Johnson, 1990), the smallest eigenvalue of L
is λ1 = ming∈G gT Lg and its eigenvector is v1 = arg ming∈G gT Lg. Thus, the
first eigenvector v1 has the maximal smoothness (of value λ1). A generalization
of this theorem in (Horn & Johnson, 1990) implies that for any 1 ≤ r ≤ m + u,
λr = ming∈G,gT v1=0,...,gT vr−1=0 gT Lg, and the minimum is achieved by vr. Thus,

9The SVM hyperparameters are C (weight of errors of labeled examples) and σ (the “width”
of RBF kernel) and we considered all pairs (C, 1/σ2) ∈ {2−5, 2−3, 2−1, 21, 23, 25, 27, 29} ×
{2−15, 2−13, 2−11, 2−9, 2−7, 2−5, 2−3, 2−1, 21, 23}. TSVM has additional hyperparameter C∗

(weight of errors of unlabeled examples) and we considered all triples (C,C∗, 1/σ2) =
{2−3, 21, 25, 29} × {2−3, 21, 25, 29} × {2−13, 2−9, 2−5, 2−1, 23}. For text datasets the hyperpa-
rameter σ was not used.

10There are, of course, other possibilities for Q, such as a normalized Laplacian, linear mod-
els (Wu & Schölkopf, 2007) and RBF kernels. We have done preliminary experiments with each
one of these possibilities for Q and found that they result in roughly the same performance as
the choice of Q based on the unnormalized Laplacian.

11Our dataset normalization procedure (described above) implies that the entries of S are
non-negative and thus, edge weights in G are non-negative as well.
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the r-th largest eigenvector is the maximally smooth vector (with smoothness λr)
among all the vectors that are orthogonal to the r− 1 maximally smooth vectors.

By taking Q
M
= L, we therefore prioritize highly smooth equivalent classes.

Although we would like to assign Q
M
= L, it is well known that L is positive

semi -definite. We need Q to be positive-definite to ensure a finite volume.12

To this end, we truncate the larger eigenvectors of L using the following simple
heuristic. We fix two parameters: a threshold τ > 0 and 0 < c < 1, and truncate
the l = dc ·(m+u)e largest eigenvectors to length τ . Let µ be the “stretch factor”
of the lth largest vector (new length/old length). To preserve length proportions
among the m+u− l smallest eigenvectors we stretch (or shrink) them by a factor
µ. In our experiments we selected the values of the hyperparameters τ and c from
the sets {1, 10} and {0.05, 0.1, 0.9, 0.95}, respectively, and set t = 1. Finally, the
hyperparameter γ was selected from {0.01/m, 1/m, 100/m}.
Remark 10 (On the computational complexity of AVR) By our con-
struction of Q the computational complexity of AVR is dominated by the
eigendecomposition of the graph Laplacian13 L. In general the complexity of this
decomposition is O((m + u)3). For small k ¿ m + u, the matrix L is very sparse
and the eigendecomposition can be computed faster. In Section 6.10 we discuss a
fast method for constructing Q without performing costly eigendecompositions.

Remark 11 (On the choice of the loss function) The solution (6.9) of the
AVR optimization problem involves the inversion of the (m+u)× (m+u) matrix
γQ − ρI. This operation is computationally expensive and has time complexity
of O((m + u)2.376) (Coppersmith & Winograd, 1990). Let {(λi,vi)}m+u

i=1 be the
eigendecomposition of Q. Recall that by our method of constructing Q, we know
its eigendecomposition before computing (γQ− ρI)−1. Since

(γQ− ρI)−1 =
m+u∑
i=1

1

γλi − ρ
viv

T
i , (6.19)

given the eigendecomposition of Q, the inverse (γQ− ρI)−1 can be computed fast.
Note that the eigendecomposition of Q is independent of the training/test parti-
tion and the choice of the hyperparameters γ, τ and c. Thus, we can reuse the
eigendecomposition of Q for different values of γ, τ , c and different training/test
partitions and speed-up our experiments. This reuse would be impossible if in-
stead of the linear loss −yihi we took the commonly used squared loss14 (yi−hi)

2,

12If Q is semi-definite then its smallest eigenvalue λ1 is zero. In this case the length (1/
√

λ1)
of the principal vector v1 (corresponding to λ1) of the ellipse E(HQ) (see Fig. 6.2) is infinite.

13Recall that this eigendecomposition is required in order to make L positive definite.
14If we use the squared loss, then instead of (6.9) we would obtain h = 1

2m (γQ− ρI + I∗)−1 y,
where I∗ is a diagonal matrix whose (i, i)th entry equals 1, if the ith example is in the training
set, and zero otherwise. The inverse in the last expression cannot be computed using the
eigendecomposition of Q.
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Table 6.1: Results for three dataset collections.

Dataset SVM TSVM AVR
Datasets from (Chapelle et al., 2006)

g241c 23.07±0.44 18.62±1.09 20.21±1.40
g241n 25.26±0.40 23.29±0.87 12.1±0.87
digit 6.03±0.53 5.18±0.73 4.21±0.56
usps 9.07±0.45 8.11±0.95 6.23±0.46
coil 17.41±1.31 17.15±1.39 5.89±0.42
bci 31.75±1.21 32.92±0.47 48.94±0.99

text 25.47±0.74 24.05±0.88 24.73±0.47
Image datasets

coil1 12.35±0.45 12.21±0.39 11.63±0.37
coil2 9.37±0.23 8.25±0.34 2.07±0.52
coil3 20.04±0.56 18.44±0.61 12.17±0.71
coil4 12.35±0.67 9.73±0.35 5.46±0.56
coil5 25.75±1.46 24.69±1.89 15.62±0.87
coil6 24.46±1.07 23.13±0.90 8.50±1.39

Text (20 Newsgroups)
graphics/misc 19.79±1.46 17.54±1.09 14.76±0.34
graphics/pc 16.86±1.79 13.96±1.39 9.55±0.30

graphics/mac 12.85±1.68 10.39±1.28 7.64±0.54
graphics/X 20.99±2.12 16.42±1.17 14.36±0.76

misc/pc 21.25±1.79 19.40±1.30 16.12±0.68
misc/mac 13.74±1.70 11.83±1.24 10.90±0.35
misc/X 16.91±2.13 13.63±1.44 12.85±0.49
pc/mac 23.41±2.00 20.40±1.21 20.42±0.78
pc/X 9.79±2.27 8.76±1.38 5.74±0.21

mac/X 10.73±2.55 8.27±1.35 4.28±0.28

resulting in an order of magnitude slow-down.

6.9.2 Results

Our results for the 31 datasets appear in Tables 6.1 and 6.2. Each experiment
was performed 12 times with different random train/test partitions. In Tables 6.1
and 6.2, each entry is an average (± standard error of the mean) of these 12 ex-
periments. It is evident that AVR overwhelmingly outperforms SVM and TSVM
on the dataset collection of Table 6.1. In particular, AVR exhibits excellent
performance in text categorization and image classification. However, AVR is
significantly inferior to SVM/TSVM on the UCI datasets of Table 6.2.
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Table 6.2: UCI datasets taken from (Blum & Chawla, 2001).

Dataset SVM TSVM AVR
pima 27.96±1.06 27.97±1.07 36.78±0.83
bupa 34.52±0.86 32.99±1.09 36.63±1.20
mush 3.26±0.41 2.88±0.47 2.85±0.49
musk 12.44±0.70 11.75±0.59 15.62±0.78
monk 0.58±0.36 1.93±0.82 20.16±1.26

ionosphere 7.93±0.66 7.44±0.75 16.50±0.61
tae 26.96±1.73 29.08±1.67 37.75±2.05

voting 5.26±0.40 4.64±0.26 7.06±0.43

6.9.3 Analysis of results

We investigated further cases where the AVR succeeded and failed and found two
empirical characterizations of its performance.

Accuracy of eigenvectors

Let {λi,vi}m+u
i=1 be the eigenvectors and eigenvalues of Q, such that λ1 ≤ λ2 ≤

. . . ≤ λm+u. Since vi ∈ Rm+u, we consider it as a vector of soft classifications of
the full sample examples from Xm+u. In particular, we consider the jth entry of
vi as the soft classification of xj. For each 1 ≤ i ≤ m+u we computed the training
accuracy of vi and−vi and took the best accuracy among these two numbers. The
resulting graphs of eigenvector training accuracies, averaged over 12 training/test
partitions, are shown in Fig. 6.4 for 4 datasets. For each dataset we chose the
value of k yielding the best performance in hindsight. We truncated the graphs
to include the 400 smallest eigenvalues, since the accuracies of the eigenvectors
corresponding to larger eigenvalues are almost always as those obtained by the
eigenvectors corresponding to the eigenvalues with indices 200− 400.

Figure 6.4 shows that in two datasets where AVR succeeds (DIGIT and
MUSH) there are a few very accurate eigenvectors, which correspond to small
eigenvalues of Q. Moreover, in these datasets there is a large gap in the accuracy
of these eigenvectors and the others and there are no accurate eigenvectors cor-
responding to large eigenvalues. In contrast, in datasets where AVR failed (BCI
and MONK) the accuracy of the eigenvectors corresponding to small eigenvalues
is quite low. Qualitatively similar effects were observed in all the other datasets.

The above characterization in terms of the accuracies of the eigenvectors of Q
suggests the following heuristic to quickly assess whether we should use AVR or
large margin methods (SVM or TSVM). If the accuracy of the leading eigenvectors
of Q is high relative to the accuracy of the large-margin methods, then run AVR
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Figure 6.4: Accuracy of the eigenvectors of Q.
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Figure 6.5: Comparison of AVR versus TSVM: (a) TSVM looses to SVM; (b) TSVM
wins over SVM

with cross validation to determine its best parameters. Otherwise, use a large-
margin method.

Magnification of TSVM success and failure

Using the results of Tables 6.1 and 6.2 we divide all 31 datasets into two categories.
The first category consists of the datasets where SVM outperformed TSVM. The
second category consists of those where TSVM outperformed SVM. There are 4
datasets in the former category and 27 in the latter. Note that in this partition
we measure performance by considering only average errors and ignore standards
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error of the means.
A comparison of AVR and TSVM over datasets of these two categoreis is

depicted in Fig. 6.5 using scatter plots. In these plots each point represents a
comparison on a single dataset. If the point falls below the dashed line then AVR
outperformed TSVM, and vice versa. It is evident that that if SVM outperformed
TSVM then TSVM also outperformed AVR. Conversely, if TSVM outperformed
SVM, then in the significant majority of the datasets, AVR also outperformed
TSVM. Thus, in cases where transductive learning was effective (in the sense that
TSVM outperformed SVM), the AVR algorithm magnified the success of TSVM,
and vice versa,

6.10 Concluding remarks

We developed a new transductive technique based on a large volume principle.
The new technique is well motivated using the transductive maximal power infer-
ence. The resulting AVR algorithm that approximates this scheme is extremely
successful in three (out of the four) sets of problems we examined (in particular,
in text categorization and image classification problems) and fails in a set of UCI
problems. The main questions are: why does AVR fail in the last set? How can
we make a better data-dependent selection of the ellipsoid matrix Q?

One possible direction could be to explicitly design Q matrices by encoding
in eigenvectors and eigenvalues useful prior knowledge and information about
the given data. We note that such constructions can also be beneficial from
a computational complexity viewpoint since they would save the need for the
spectral decompositions we currently perform.

It would be very interesting to identify datasets’ characteristics that give an
advantage to either the large margin or the large volume principle. In this regard,
we note that in our comparison here these two principles were applied on different
hypothesis spaces, namely, (kernelized) hyperplanes in the case of large margin
and arbitrary soft response vectors in the case of large volume (which has much
larger capacity). It would be of interest to compare these two principles w.r.t.
the same space. We observed that the AVR algorithm magnified the success and
failure of TSVM. We plan to further investigate this interesting effect. further.
Finally, a technical interesting question is how to better approximate or provide
approximation guarantees for volume assessments in the context of our elliptic
hypothesis classes.
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xivwz

lr mixvein mipezpd .mipezp ly zenevr zeienk ici lr mipiite`n miipxcend miigd

mipezp ,mii`etx mipezp ,miibeleia mipezp lynl ,zepey zexevae mipey zexewn ici

miyxcpy ,mipezp ipkxv eplek ,ok enk .zeitvzn mipezpe zegewl lr mipezp ,miiqppit

.epl uegpy rcind z` `evnl ick mipezp ly zenevr zeienk opql inei qiqa lr

zelbl leki dfk gezip .mipezp ly mkg gezipa wqer zaygenn dcinl ly megzd

gezip ok enk .mipezpd ipkxvl mivegp ce`n zeidl milekiy ,zeiwege xzqen rcin

ly zehiya zynzyny zkxrnl zeced ,dnbecl .mixfeg mikildz oknl leki dfk

zevx`a mihnetqkl micwteny ,miw'v ipeilin ,ci azk zedfl ick zaygenn dcinl

.mc` ipa ly zeaxrzd mey ila oihelgl zihnehe` dxeva micaern ,zixad

dyiba .ze`nbecn dcinl ly dyiba hxta ,zaygenn dcinla zwqer z`f dfz

mpyi .iteqpi` zeidl leki dfd sqe`d .ze`nbec ly sqe`k mibvein mipezpd z`fd

.zgwetn dcinl lcen epid uetp ikd lcend .ze`nbecn dcinl ly milcen xtqn

jezn enbcp ze`nbecd .zebiezn ze`nbec ly oeni` zveaw lawn cneld dfd lcena

-i`d zveaw jnq lr ,`evnl `id cneld zxhn .cnell dreci `ly zebltzdd

.zebltzd dze` jezn enbciiy ze`nbecd z` zwiecn dxeva biizzy dfhetid ,oen

zepexg`d mipya ,dbydl mixwi ce`n zebiezn ze`nbec ly milecb mitqe`y oeeik

ipya .mivetp ce`n eidp ziaihwecqpxh dcinle dvignl zgwetn dcinl ly milcend

`l ze`nbec ly sqe`e zebiezn ze`nbec ly sqe` jezn cnel cneld elld milcend

ohw xzei daxd zebieznd ze`nbecd xtqn zeiyrn zeiraa llk jxca .zebiezn
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.zebiezn `ld ze`nbecd xtqnn

ly mipey mibeq mpid dvignl zgwetn dcinle zgwetn dcinl ly milcen

jezn zillk dfhetid xviil yxcp cneld ziaihwecpi` dcinla .ziaihwecpi` dcinl

xiardl yxcp cneld ziaihwecqpxh dcinla .)ze`nbec( miihxt mixwn ly sqe`

-ecqpxh dcinla ,ilnxet ote`a .ipy sqe`l miihxt mixwn ly cg` sqe`n rci

zebiezn zecewp ly oeni` zveawn akxend ,`ln mbcn hlwk lawn cneld ziaihw

-iecn mibeiz `evnl `id cneld ly dxhnd .zebiezn `l zecewp ly ogan zveawe

-ecqpxhd lcena ,ziaihwecpi` dcinl ly lcenl cebipa .ogand zecewp ly miw

dcinld jildz z` mi`zdl lekie ely ogand zveaw z` y`xn rcei cneld iaihw

-xh dcinl lcen .efd dveawd lr zitivtq miaeh xzei mirevia biydl liaya ely

.siknenovreh yexele kinpa rimidal ici lr 4791 zpya dpey`xl bved ziaihwecqp

-azd okn xg`l j` .oihelgl zihxe`iz dzid iaihwecqpxhd lcend ly divaihend

epiidc .iaihwecqpxh ite` ze`yep dcinl zeira ly ax xtqn miiw ze`ivnay xx

.dcinld alya xak cnell dreci ogand zveaw dl`d zeiraa

xvei cneld oey`x alya .d`ad dxeva lret cneldy migipn epgp` z`fd dfza

alya .sivx beiz `lnd mbcna dcewp lkl zpzepy ,dkx ziaihwecqpxh dfhetid

ly miix`pia mibeiz lawne mitivxd mibeizd lr ngis ziivwpet lirtn cneld ipy

`le hrnk `id iaihwecqpxh mzixebl` ly dceard zxev lr z`fd dgpdd .zecewpd

dxeva milret meik miniiwy miiaihwecqpxhd minzixebl`d lk hrnk ik ,dliabn

uxen `ed xy`k ,xviin cneldy zekxd zefhetidd lk ly sqe`l `xwp epgp` .z`fd

mya ,ogand zveawe oeni`d zveawl `lnd mbcn ly zeixyt`d zewelgd lk lr

dxeva xcben zeywd zefhetidd agxn .'mzixebl`d ly zekxd zefhetidd agxn'

.dnec

dfhetid zxfra ik z`f .ziaihwecqpxh dcinl rval lbeqn iaihwecpi` cnel lk

zveaw ly zecewpd z` mb biizl ozip iaihwecpi`d cneld ici l zxveiny zillk

zillk dfhetid ly cenil mdy mialy ipya ziyrp dcinld z`fd dxeva .ogand
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ziaihwecqpxhd dcinld lcen ly dxhnd .ogand zecewp biizl liaya dzlrtde

zecewpn mibeiz lr rci zxard ici lr cg` alya ogand zecewp z` biizl `id

.ogand zecewpl oeni`d

-nzdd xy`k ,ziaihwecqpxh dcinll ze`vez xtqn mibivn ep` z`fd dfza

ze`vez oia xagl `id dfzd ly dxhnd .ixitn`d ot mbe ihxe`izd ota mb `id zecw

ly ze`vezd .meik mivetpy miiyrnd minzixebl`d oial dcinl zxeza zeihxe`iz

-xebl` gezit mbe miniiw minzixebl`l mirevia zegha` ly gezit zellek dfzd

.zeillk mirevia zegha` jnq lr miycg minzi

-l`l miillk d`iby inqg migztn epgp` dfzd ly ihxe`izde oey`xd wlga

-xnd zhiya epynzyd elld minqgd z` gztl ick .miiaihwecqnxh minzixeb

ly iteq xtqn ly zewelg lrn zeivwpetl fekix zepeieey i` xtqn epgzite milbpih

.amuz oeieey i` lr miqqean dl`d fekix zepeieey i` .mixai`

-nzixebl`l miillk d`iby inqg migztn epgp` fekix zepeieey i` lr qqazda

ly zrvennd d`ibyd z` dlrnln minqeg dl`d minqgd .miiaihwecqpxh mi

-xebl` ly zrvenn d`iby ly llweyn mekq zxfra ogand zecewp lr mzixebl`

,oeni`d zveaw ly lceba ielz dxzid mxeb .dxzid mxebe oeni`d zecewp lr mzi

-nqga .mzixebl`d ly zekxd zefhetidd agxn ly lcebae ogand zveaw ly lceba

zeiaihwecqpxhd ze`qxbd ici lr ccnp zekxd zefhetidd agxn ly lcebd eply mi

-ecqpxh rehcameda zeikeaiq ici lr mb ok enke ,dylg zeaivie dcig` zeaivi ly

miphw miepiyl ely hltd ly zeyibxd z` zccen mzixebl` ly zeaivi .ziaihw

zccen dylg zeaivi .rexb ikd dxwna zeyibxd z` zccen dcig` zeaivi .hlwa

zccen rehcameda zeikeaiq .rexb ikd dxwna `l la` ,mixwnd aexa zeaivid z`

.i`xw` yrx mr zefhetidd zwlgn ly divlxewd z`

-iy .rehcameda zeikeaiqe zeaivid zniqgl zeillk zehiy xtqn mibivn epgp`

.miiaihwecqpxh minzixebl` ly zegtyn ly xtqnl zeniyi dl`d dniqg zeh

zhiy dpyi minzixebl` ly dgtyn lkl .diipyd z` zg` zenilyn zepey zehiy
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ze`nbec xtqn mibivn epgp` .zegep zegt zehiyd x`ye yeniyl dgepy zg` dniqg

miyxetn md milawzny minqgd .miitivtq minzixebl` xear minqg gezit ly

ly migpenae dylg zeaivi migpena eply minqgd ,epzrici ahinl .mipezp iielze

.mbeqn mipey`x minqg md ziaihwecqpxh rehcameda zeikeaiq

-ecqpxhd dcinla ycg oexwir z` mixweg epgp` dfzd ly iyrnde ipyd wlga

`lnd mbcnd ,zekx zefzetid ly sqe` ozpida .lecbd gtpd oexwr `xwpy ,ziaihw

zekxd zefhetidd lk .zeliwy zewlgn ly iteq sqe`l zefhetid zwlgn utpn

-ird .`lnd mbcna ze`nbecd lkl giyw beiz eze` zepzep zeliwy zwlgn dze`a

ody gtpd itl zeiaihwecqpxh zeliwy zewlgnl zeticr ozep lecbd gtpd ly oexw

-ne`ib yexit zxfra dyrp gtpd ly axewnd aeyigd .zefhetidd agxna zeqtez

epid lawzny ziaihwecqpxh dcinl mzixebl` .zekxd zefhetidd agxn ly ixh

liri oexzt miiw z`fd diral zexinw-i`d zexnl .dxenw `l divfinihte` ziira

-xebl`d len eply mzixebl`d z` mieeyn epgp` .xvw onfa ilaelb menipin `veny

`ed zeagx miiley ly oexwird .zeagx miiley ly dcinld oexwir z` ynnny mzi

mipezp itqe` ly lecb xtqn ipt lr ziyrp d`eeydd .meik uetp ikd dcinld oexwir

ly izernyn oexzi ze`xn d`eeydd ze`vez .zepenze mihqwh hxta milleky

izernyn oexqge )zepenze hqwh lynl enk( minieqn minegza eply mzixebl`d

.) ly xb`nd jezn mitqe` lynl enk( mixg` minegza

oiicr zx`ypy zifkxnd dl`yd .zegezt xwgn zel`y xtqn dxi`yn dfzd

dcinl xy`n dliri xzei ziaihwecqpxh dcinl mi`pz dfi`ae izn `id dgezt

ly gezit yxcp miwecd eply mipeilrd minqgd dnk cr `ceel ick .ziaihwecpi`

mda mixwn oiit`l zeqpl `id zpiiprn xwgn zl`y ,seqal .mipezgz d`iby inqg

ly oexwird itl dcinld xy`n dliri xzei `id lecbd gtpd oexwir itl dcinld

.zeagxd miileyd
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