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Abstract

We develop a new multiclass classification method that reduces the multiclass problem to a single binary classifier (SBC).
Our method constructs the binary problem by embedding smaller binary problems into a single space. A good embedding
will allow for large margin classification. We show that the construction of such an embedding can be reduced to the task of
learning linear combinations of kernels. We provide a bound on the generalization error of the multiclass classifier obtained
with our construction and outline the conditions for its consistency. Our empirical examination of the new method indicates that
it outperforms one-vs-all, all-pairs and the error-correcting output coding scheme at least when the number of classes is small.
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1. Introduction

The widespread practice of employing support vector
machines (SVMs) in applications provides a major in-
centive for the ongoing study of themulticlass-to-binary
reductionproblem to enable the use of binary SVMs for
multiclass problems. However, despite numerous ideas
on how SVMs can be applied to multiclass classifica-
tion, the understanding of multiclass reductions appears
to be somewhat limited, both theoretically and empiri-
cally. The confusion surrounding this problem has only
increased with the availability of increasingly clever
and sophisticated solutions, whose authors indicate that
there is much to gain by using their approaches, but of-
ten without providing sufficient comparisons to other
available methods.

Currently, the simplest multiclass-to-binary reduc-
tion method is the ‘one-vs-all’ (OVA). Two other
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well-known reductions are the ‘all-pairs’ approach [11]
(a.k.a. ‘one-vs-one’) and the ‘error-correcting output
coding’ (ECOC) framework pioneered by [20] and [8].
One of the first comprehensive comparisons of multi-
class reduction methods is reported in [13]. The authors
claimed that the all-pairs approach is superior to other
methods. Rifkin and Klautau’s prominent paper [19]
later presented an in-depth critical assessment of many
previous multiclass papers (including [13]). The authors
stated that OVA is not inferior to all-pairs and ECOC,
provided that adequate efforts are devoted to hyper-
parameter tuning. Despite the compelling arguments
made in [19] for OVA, there remains an ongoing debate
on the relative effectiveness of these three methods.

A lesser-known approach for solving multiclass prob-
lems via binary classification is thesingle binary clas-
sifier reduction (henceforth, SBC), which is any mul-
ticlass method that relies on a single, standardbinary
(soft) classifier. SBC reductions can be obtained by em-
bedding the original problem in a higher-dimensional
space consisting of the original features, as well as one
or more other dimensions determined by fixed vectors,
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termed hereextension features. This embedding is im-
plemented by replicating the training set points so that
a copy of the original point is concatenated with each of
the extension features’ vectors. Thebinary labels of the
replicated points are set to maintain a particular struc-
ture in the extended space. This construction results in
an instance of an artificial binary problem, which is fed
to a binary learning algorithm that outputs a single soft
binary classifier. To classify a new point, the point is
replicated and extended similarly and the resulting repli-
cas are fed to the soft binary classifier, which generates
a number ofsignals, one for each replica. The class is
determined as a function of these signals.

In this paper, we propose a new type of kernel SBC
(henceforthSBC-KERNEL) where, rather than using
explicit extensions in feature space, we utilize implicit
kernel transformations in Hilbert space. A different
transformation is used for each class and these transfor-
mations are constructed to increase the margin of the
resulting binary problem in which the entire multiclass
problem is embedded (see details below). ThisSBC-
KERNEL method is posed and derived as a kernel opti-
mization problem using the SVM objective function.

We present a comparative study of the proposed
SBC-KERNEL method, OVA, all-pairs, and ECOC,
as well as three previous SBC methods. These results
demonstrate impressive performance ofSBC-KERNEL

relative to the other algorithms. We also provide two
theoretical results about SBC reductions. We observe
that the recent risk bound for kernel machines with
‘learned kernels’ [21] can be extended to our setting,
showing thatSBC-KERNEL indeed generalizes well
in cases where both the number of classes and the
empirical error are small.

Consistency issues in the context of multiclass reduc-
tions have been raised by [16]. For example, most of
the multiclass loss functions are not necessarily consis-
tent (under empirical risk minimization strategy) unless
certain conditions on the learning problem are met [25].
We prove the informal claim, made by [25], that the
same conditions guarantee the consistency of the loss
function implied by the SBC reduction.

2. On Some Known multiclass to Binary Reductions

2.1. General Reductions

Let S = {(xi, yi)}m
i=1 be a training set ofm ex-

amples, wherexi are points in somed-dimensional
spaceX and eachyi is a label inY = {1, . . . , c}. A
multiclass classifierh is any functionh : X → Y.

Our goal in multiclass classification is to generateh so
as to minimize its 0/1-loss average error over out-of-
sample examples. We are concerned withmulticlass-to-
binary reductions, which are methods that solve mul-
ticlass classification through the use of binary classi-
fiers such as standard SVMs. Three well-known and
widely-used multiclass-to-binary reductions are one-vs-
all (OVA) [9], all-pairs [11] and the error-correcting
output coding (ECOC) framework [8]. These reduc-
tions decompose the multiclass problem to a number of
binary problems.

Another family of reductions is the following single
binary classification (SBC) reduction: LetM be ac ×
` matrix of feature extensions; the ith row of M is
denoted byMi. In the preprocessing stage, we construct
c different copies of each training examplexi, where
the rth copy of xi is zi,r = xi ◦ Mr, which is the
extension (or concatenation) of the row vectorxi with
the row vectorMr. The resulting instances,{zi,r}, i =
1, . . . , m, r = 1, . . . , c, are assigned binary labels as
follows: for eachi andr, the instancezi,r is labeled by
yi,r = +1 iff yi = r (i.e., the original labelyi of xi is r).
Otherwise,zi,r is labeled byyi,r = −1. The resulting
binary-labeled training setS′ = {(zi,r, yi,r)} is of size
cm and each instance (excluding the label) hasd + `
dimensions. In the second stage of binary learning, we
apply a standard learning algorithm (e.g., SVM) on the
training setS′ and the outcome is a soft binary classifier
h2. To determine a label (inY) of a new instancex,
we generatec copies ofx, where therth copy iszr =
x ◦ Mr. The label we predict isargmaxr h2(zr). As
far as we know, the first documented SBC reduction is
the Kessler construction[9] (Sec. 5.12.1), which was
developed for the linearly separable case.

The SBC reduction has the following interpretation.
Let Pj = {(zi,j , yi,j)}m

i=1 be the set of thejth copies
of each example. According to the definition of SBC,
yi,j = 1 if yi = j; otherwiseyi,j = −1. HencePj is
one of the binary problems solved by the one-vs-all re-
duction. SinceS′ = ∪jPj , SBC reduction tries to solve
all one-vs-all binary problems simultaneously, using a
single binary classifier. Using the feature extension ma-
trix M , we separate and align the binary problems in
a larger space to allow for their accurate simultaneous
solution by a single binary classifier.

Unlike the SBC approach,single-machineconstruc-
tions typically modify the standard SVM optimization
problem to includec separate soft classifiers simulta-
neously, one for each class. See Section 3.1 in [19] for
a survey of early approaches to single-machine SVM
construction. We note here that the recent approaches to
learning with structured outputs (e.g., see [23]) and the

2



exponential family formalism of [5] also fall into the
category of single machine SVM constructions. While
these papers do not include any in-depth treatment of the
multiclass to binary problem, the instantiations of these
approaches to multiclass problems have some similari-
ties to our developments. We discuss this issue further
in Section 3.

2.2. Specific SBC Reductions

A special case of the SBC reduction is the method
proposed in [2], where the matrixM is taken to be the
c×c identity matrix. We refer to this reduction asSBC-
IDENTITY.
Example 2.1 Suppose thatY = {1, 2, 3} and the train-
ing set consists of the following four labeled examples:
{(x1, 1), (x2, 2), (x3, 3), (x4, 2)}. Then, by the defini-
tion of SBC-IDENTITY, the feature extension matrix is

M =




1 0 0

0 1 0

0 0 1


 ,

and the resulting labeled training set for the binary
SBC-IDENTITY problem is

z1,1 = x1 ◦ (1, 0, 0), y1,1 = +1

z1,2 = x1 ◦ (0, 1, 0), y1,2 = −1

z1,3 = x1 ◦ (0, 0, 1), y1,3 = −1

z2,1 = x2 ◦ (1, 0, 0), y2,1 = −1

z2,2 = x2 ◦ (0, 1, 0), y2,2 = +1

z2,3 = x2 ◦ (0, 0, 1), y2,3 = −1

z3,1 = x3 ◦ (1, 0, 0), y3,1 = −1

z3,2 = x3 ◦ (0, 1, 0), y3,2 = −1

z3,3 = x3 ◦ (0, 0, 1), y3,3 = +1

z4,1 = x4 ◦ (1, 0, 0), y3,1 = −1

z4,2 = x4 ◦ (0, 1, 0), y3,2 = +1

z4,3 = x4 ◦ (0, 0, 1), y3,3 = −1 .

Another special case of the SBC reduction is the
SBC-SINGLE method, obtained by taking the column
(1, 2, . . . , c)T as the feature extensions matrix. In other
words, a single feature is concatenated to the data such
that therth “replication” of xi, is zi,r = xi ◦ r. Bi-
nary labels are assigned to this data exactly as described
above.

SBC-SINGLE is also a special case of the general
‘single-call’ SBC reduction of [1]. Here, given ac ×
` (ECOC) coding matrixM , each training example
(xi, yi) is replicated̀ times to creatè new training ex-
amples of the form((xi, s),M(yi, s)), whereM(yi, s),
1 ≤ s ≤ l, is a binary label. Using this training set,
one induces a binary classifier denoted byh2. To clas-
sify a new pointx, we similarly replicate it̀ times,
zi = x ◦ i, i = 1, . . . , `, and applyh2 on each of thè
instances. The resulting vector of (soft) classifications
(h2(z1), . . . , h2(z`)) is matched to the closest codeword
(row) in M to determine the label. The matching can
be done using a Euclidian norm (ifh2 is a soft classi-
fier) or a Hamming distance (ifh2 is a hard classifier).
We term this SBC reductionSBC-ECOC. Notice that
SBC-SINGLE is a special case ofSBC-ECOCapplied
with a matrixM that is thec×c identity matrix and thus
without error-correction properties. TheSBC-ECOC
construction adds a single attribute to each example and
replicates it` times. This is in contrast to the family
of SBC reductions we describe above, which also use
a (feature extension) matrix, extend each example by`
additional binary features, and replicate each example
c times.

3. Learning SBC Kernel Reductions

Rather than the explicit feature extensions in SBC re-
ductions described in Section 2, we propose a general
approach that utilizes arbitrary class mappings. Simi-
lar to ’standard’ SBC reductions, each training exam-
ple xi is replicatedc times and therth copy of xi is
zi,r = φr(xi), whereφr(·) is an arbitrary transforma-
tion corresponding to therth class. The new instances,
{zi,r}, are assigned binary labels as in standard SBC
reductions and a binary soft classifierh2(·) is trained.
To predict the label of a new instancex, we generatec
copies ofx, where therth copy iszr = φr(x). The la-
bel we predict isargmaxr h2(zr). In general, the trans-
formations{φr}c

r=1 can have any form. High quality
transformations should generate an easy binary prob-
lem such that the resulting binary classifierh2 allows
for accurate multiclass predictions. The binary, primal,
SVM generated by SBC reduction with transformation
functions{φr(·)}c

r=1 is

min
w,b

‖w‖22 + C

m∑

i=1

`SBC(xi,w, b) , (1)

where`SBC(xi,w, b) M=
∑c

j=1(1− yi,j(〈w, φj(xi)〉+
b))+, referred to as theSBC lossof xi, is a sum of the
hinge losses of all replications ofxi.
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Remark 3.1 The recent approaches for learning with
joint input-output spaces [23,5,26] reduce the multi-
class problem to the solution of (1) with̀′(xi,w, b) M=
(1 − minj:j 6=yi

{〈w, φyi
(xi)〉 − 〈w, φj(xi)〉})+. With

this loss function the optimization problem is not a stan-
dard SVM, and hence requires the specialized ad-hoc
optimization algorithms.

Relying on kernel methods, we considerimplicit
transformations given in terms of inner products
〈φr(xi), φs(xj)〉, between the transformed instances.
These products can be specified as entries of kernel
matrix K of size cm × cm whose(u, v) entry, where
u = (i − 1) · c + r and v = (j − 1) · c + s, is
K(zi,r, zj,s) = 〈φr(xi), φs(xj)〉. The resulting dual
formulation of SVM is

gd(K) M= max
α∈Rcm

2αT e−αT G(K)α (2)

such that αT ỹ = 0, 0 ≤ α ≤ C/(cm) , (3)

whereỹ is a1×cm vector whose((i−1)·c+r)th entry
is yi,r, G(K) is acm× cm matrix whose((i− 1) · c +
r, (j−1)·c+s)th entry isyi,ryj,sK(zi,r, zj,s), ande is a
1×cm vector whose entries are1’s. The binary classifier
hα(·), resulting from the optimization program (2)-(3)
has the following form. For any examplex, the soft
classification of itsrth copyzr is

hα(zr)
M=

m∑

j=1

c∑
s=1

yj,sα(j−1)·c+sK(zj,s, zr) + b. (4)

The value of the parameterb is determined using a stan-
dard SVM technique (see [24]).1

We define the kernelK(zi,r, zj,s) over the extended
example in the following way. LetM be ac× ` feature
extension matrix as described in Section 2 and denote its
rth row byMr. Using an RBF kernel2 , KRBF (a, b) =
exp

(−‖a− b‖22/(2σ2)
)
, we have

K(zi,r, zj,s)
M= KRBF (xi, xj)·exp

(−‖Mr −Ms‖22
2σ2

)
.

(5)
Algorithm 1 summarizes the SBC kernel reduction
method with a single kernel.

With this definition (5) of the kernel, the matrixK =
K(M) can be represented as a Kronecker product [10]

1 We setb as follows. LetB = {(i, r) | α(i−1)·c+r > 0}. Let

bi,r
M
= yi,r −

∑m

j=1

∑c

s=1
yj,sα(j−1)·c+sKRBF (zi,r, zj,s) if

(i, r) ∈ B and zero otherwise.b
M
=

∑m

i=1

∑c

r=1
bi,r/|B|.

2 Any kernel could be used in this framework, but henceforth we
discuss the RBF kernel because of its capacity and since an RBF
kernel is easier to analyze using the Kronecker product, as discussed
below.

Algorithm 1 SBC kernel reduction with a single kernel.

Input: Training set{(xi, yi)}m
i=1 , feature extension

c× ` matrix M , regularization constantC > 0.
Output: Dual coefficientsα.

1: Let Mi be theith row of M .
2: Generate a kernel matrixK of sizecm×cm whose

((i− 1) · c + r, (j− 1) · c + s) entry (1 ≤ i, j ≤ m,
1 ≤ r, s ≤ c) is K(zi,r, zj,s) = KRBF (xi, xj) ·
exp

(
−‖Mr−Ms‖22

2σ2

)
.

3: For 1 ≤ i ≤ m, 1 ≤ r ≤ c, let yi,r = 1, if yi = r
andyi,r = −1 otherwise.

4: Let ỹ be a1× cm vector whose((i− 1) · c + r)th
entry isyi,r.

5: Let G(K) be acm × cm matrix whose((i − 1) ·
c+r, (j−1) · c+s)th entry isyi,ryj,sK(zi,r, zj,s).

6: Let α be the solution of (2)-(3), applied with
m, c, C, G(K), ỹ.

of two smaller matrices. LetKx be anm × m ker-
nel matrix whose(i, j) entry is KRBF (xi, xj). Let
KM be a c × c kernel matrix whose(r, s) entry is
KRBF (Mr,Ms). From the definition ofK(M) and the
definition of the Kronecker product it follows that

K(M) = Kx ⊗KM . (6)

3.1. Learning Linear Combinations of Basis Kernels

Let αj,s
M= α(j−1)c+s andξi,r

M= ξ(i−1)c+r. The dual
optimization problem (2)-(3) has the following kernel-
ized primal formulation [18]:

gp(K) , min
α,ξ∈Rcm,b∈R

2C

m∑

i=1

c∑
r=1

ξi,r + αT Kα (7)

such that for alli = 1, . . . ,m andr = 1, . . . , c,

yi,r




m∑

j=1

c∑
s=1

αj,sK(xi,r, xj,s) + b


≥ 1− ξi,r,

ξi,r ≥ 0 .

Our goal is to find a kernel matrixK that mini-
mizes the SVM objective functiongp(K). Since the
strong duality property holds for the optimization prob-
lems (2) and (7),gp(K) = gd(K) and consequently,
minK{gp(K)} = minK{gd(K)}. As proved in [15,
see Proposition 15], the functiongd(K) with the con-
straint (3) is convex inK. Hence, if we restrictK to be
in a convex closed domain and optimize w.r.t.K, we
can find the global minimum ofgd(K) using gradient
descent methods.

4



However, a direct optimization overK can be com-
putationally expensive, since it involves solving semi-
definite (SDP) optimization problems. Hence our strat-
egy is to take a fixed matrixKx and n fixed feature
extension matricesM (1), . . . ,M (n), and to search for
the best linear combinationKµ =

∑n
i=1 µiK(M (i))

that optimizes the SVM objective function. Thus, the
desired kernel matrix isKµ =

∑n
i=1 µiK(i), where the

variables to be optimized areµ = (µ1, . . . , µn). The
optimization problem we face is related to extensive lit-
erature on learning the linear combinations of matrices.
Our solution, shown in Section 3.1, is similar to the one
presented in [4].

Algorithm 2 SBC-KERNEL algorithm for learning a
linear combination of basis kernels.
Input: Training set{(xi, yi)}m

i=1 , feature extension
c × ` matricesM (j) (1 ≤ j ≤ n), regularization
constantC > 0, optimization parameterR > 0.

Output: Dual coefficientsα, kernel coefficientsµ.
1: Let µ = µ0 ∈ (R+)n be an initial guess for the

kernel coefficients.
2: Let Mi be theith row of M .
3: Generate a kernel matrixK of sizecm×cm whose

((i− 1) · c + r, (j− 1) · c + s) entry (1 ≤ i, j ≤ m,
1 ≤ r, s ≤ c) is Kµ(zi,r, zj,s) = KRBF (xi, xj) ·∑n

k=1 µk exp
(
−‖M(k)

r −M(k)
s ‖22

2σ2

)
.

4: For 1 ≤ i ≤ m, 1 ≤ r ≤ c, let yi,r = 1, if yi = r
andyi,r = −1 otherwise.

5: Let ỹ be a1× cm vector whose((i− 1) · c + r)th
entry isyi,r.

6: Let G(Kµ) be acm× cm matrix whose((i− 1) ·
c+r, (j−1)·c+s)th entry isyi,ryj,sKµ(zi,r, zj,s).

7: Let α be the solution of (2)-(3), applied with
m, c, C, G(Kµ), ỹ.

8: Make a gradient step: for all1 ≤ j ≤ n, µj =
µj + αT G(Kµ̄j )α, whereµ̄j is an1 × n vector
with 1 in the jth entry and0 in other entries.

9: Enforce the constraint
∑n

j=1 µj ≤ R: If
∑

j µj >
R, then normalizeµ such that

∑
j µj = R.

10: Return to Step 7 unless the direction ofµ is not
changed by “much” (see the implementation details
in Section 5).

Using (6) and distributive and associative properties
of the Kronecker product3 , we obtain

3 For matricesA, B, C and a scalark, A ⊗ B + A ⊗ C =
A⊗ (B + C) andk(A⊗B) = A⊗ (kB).

Kµ =
n∑

i=1

µiK(M (i)) (8)

= Kx ⊗
(

n∑

i=1

µiKM(i)

)
M= Kx ⊗KMµ ,

whereKMµ

M=
∑n

i=1 µiKM(i) is a c × c kernel ma-
trix, and this matrix implicitly represents the feature ex-
tension matrix that optimizes the SVM objective func-

tion. LetV (r, s) M=
∑n

i=1 µi exp
(
−‖M(i)

r −M(i)
s ‖22

2σ2

)
. By

plugging in the kernel (8) in (4) we obtain that the re-
sulting binary classifierhα,µ(·) has the following form.
For any examplex, the soft classification of itsrth copy
zr is

hα,µ(zr)
M=

m∑

j=1

c∑
s=1

yj,sα(j−1)·c+sKRBF (xj , x)V (r, s) + b . (9)

Clearly, different sets of matrices{M (i)}n
i=1 may

lead to different realizations. In Section 5, we focus on
a particular choice of such matrices.

We find a vectorµ of kernel coefficients using sim-
ple gradient descent. The gradient ofgd(K) is ann×1
vector and itsith entry is ∂gd(Kµ)

∂µi
= −αT G(K(i))α.

SinceK(i) is a kernel matrix, it is positive semidefinite.
It can be verified that the matrixG(K(i)) is also positive
semidefinite. Hence, for any1 ≤ i ≤ n, ∂gd(Kµ)

∂µi
≤ 0.

Thus, if we start from positiveµi’s and proceed in the
direction opposite to the direction of the gradient, they
will remain positive throughout the optimization proce-
dure. The positiveness ofµi will ensure that the matrix
Kµ =

∑n
i=1 µiK(i) will always remain a valid kernel

matrix. We also impose the constraint
∑n

j=1 µj ≤ R,
for some (fixed)R to ensure that the feasible set of ker-
nels lies in a convex closed domain and to prevent pos-
sible overfitting. Thus, sincegd(K) is convex inK, we
can find the global minimum ofgd(Kµ), under the con-
straint

∑n
i=1 µi ≤ R, using gradient descent method

with an appropriate step size.
Following [4], who proposed a similar routine4 , we

use a simple gradient descent procedure for finding the
optimalK∗, which is summarized in Algorithm 2.

4 The difference between our procedure and the one of [4] is that
we don’t have the constraintµi ≥ 0. As we showed above, this
constraint is superfluous.
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Number of Size of each

binary problemsbinary problem

OVA c m

ALL -PAIRS c(c− 1)/2 ≈ 2m/c

ECOC ` m

SBC-ECOC 1 `m

SBC-SINGLE 1 cm

SBC-IDENTITY 1 cm

SBC-KERNEL 1 cm

Table 1
Complexity of several known and new multiclass-to-binary reduc-
tions in terms ofm =number of (multiclass) training examples,
c =number of classes,̀ =length of error-correcting code.

3.2. On the Complexity of Multiclass to Binary
Reductions

It is interesting to consider the complexity of SBC
reductions in terms of the number and the size of of the
binary problems involved. Table 3.2 compares the com-
plexity of the SBC reductions described in Section 2.2,
of our novelSBC-KERNEL reduction, and of several
widely used multiclass-to-binary reductions.

4. Theoretical Perspective

In this section we present two theoretical results pro-
viding further insight on the properties of SBC reduc-
tions. Our first result, presented in Section 4.1, is a risk
bound for the multiclass classifier obtained by an SBC
reduction. Our second result, presented in Section 4.2,
is concerned with the asymptotic analysis of the em-
pirical risk minimization method over the loss function
implied by the SBC reduction.

4.1. Risk Bound

Let `M (hα,µ, (x, y)) be the multiclass0/1 loss of
the SBC classifier, using the hypothesishα,µ for its
binary decisions, over a multiclass example(x, y).
Consider the setS2 consisting ofm independent repli-
cas by drawing uniformly at random one of thec
replicas of each example(x, y) ∈ S. Let ̂̀

γ(hα,µ) M=
|{i | yihα,µ(zi)<γ,〈zi,yi〉∈S2}|

m be the empiricalγ-margin

error of hα,µ on the setS2, and Q
M= 8

m (2 +
256 R

γ2 log γem

8
√

R
log 128mR

γ2 − log δ + n log 128em3R
γ2n ).

The following lemma bounds the multiclass0/1 error
in terms ofQ andγ-margin error on the setS2.

Lemma 4.1 For anyδ > 0 andγ > 0, with probability
of at least1 − δ over the random draw of the training
setS2,

`M (hα,µ) ≤ c · ̂̀γ(hα,µ) + c
√

Q . (10)

The proof of this lemma appears in Appendix A.
While bound (10) is certainly not tight in general, it

is useful when the number of classes and the empirical
margin binary error are small5 (in particular, in the
realizable case). Note also that the slack term in this
bound increases withR. However, with a largerR, the
search space for optimalµ also increases. Thus the
parameterR expresses a tradeoff between the size of
the search space and the value of the slack term in the
risk bound.

4.2. Properties of Empirical Risk Minimization

We refer to the method of empirical risk minimiza-
tion method over the loss function implied by the SBC
reduction asERM-SBC. Let f(x) be an1 × c vector
with the rth entry, referred to asfr(x), which is a
soft-classification given byERM-SBCto therth copy
of x. The SBC loss of the examplex is `SBC(f(x)) =∑c

r=1 (1− yrfr(x))+. ERM-SBC finds a mapping
f minimizing E(x,y)∼DM

{`SBC(f(x))} and classifies
eachx ∈ X as arg max1≤r≤c{fr(x)}. Let Dy|x be
the conditional distribution of the multiclass labely of
the examplex. The following lemma6 provides par-
tial theoretical justification for the use of the SBC loss
function.
Lemma 4.2 Let p

M= minx max1≤i≤c{Py∼Dy|x(y =
i|x)}. If p > 1

2 then ERM-SBC is consistent. Other-
wise,ERM-SBC is not consistent.
We conclude from this lemma thatERM-SBCis con-
sistent in easy problems, whenp > 1

2 . The proof of
lemma 4.2 is based on ideas from [16] and appears in
Appendix B. We note that the relevance of the lemma
to the practical settings is rather limited. In particular,
the actual learning algorithm does not perform empiri-
cal risk minimization, but incorporates a regularization
term.

5 If n = 1, meaning that we use only a single basis kernel, then the
tighter PAC-Bayesian bound [17] straightforwardly applies to our
setting. This bound has a logarithmic dependence on the number of
classes.
6 This result is also mentioned informally, without a proof, in [25]
(Section 4.3).
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5. Experiments

As discussed in Section 3, implementing ourSBC-
KERNEL approach requires that we select a set of fea-
ture extension matrices. We tookc matrices, each of
sizec× c, whereM (r) was taken to be an all-zeros ma-
trix except for a single unit entry,M (r)(r, r) = 1, r =
1, . . . , c.

We used ten UCI datasets. The computational load
associated with SBC reductions (due to replication),
compelled us to restrict our experiment to datasets with
a small number of classes and relatively few examples.
Nominal attributes witht values were replaced byt bi-
nary features, where theith binary feature was set to 1
iff the corresponding nominal attribute took theith pos-
sible value. For each feature, its average and standard
deviation over the training set was computed, and these
were used to normalize the data (training and testing)
by subtracting the average and dividing by the standard
deviation.

Ten-fold cross-validation (10xCV) was used; namely,
in each fold, the union of nine out of ten equally-sized
random subsets were used for training, and the tenth for
testing. In all our experiments, we used theSVMTorch
implementation of SVM [6] and applied it with an RBF
kernel. To optimize the parameters (σ andC), we fol-
lowed [19] and used a simple greedy search via 10xCV
over the training setas follows. Initial values ofσ and
C were set to 1. The value ofσ was then increased
or decreased by a factor of 2 until no improvements
were observed for three consecutive attempts. Then,σ
was fixed at the best value found and an identical opti-
mization was performed overC. 7 We operatedSBC-
KERNEL with R (arbitrarily) set to the square root of
the training set size. The termination criterion of the al-
gorithm was chosen to be‖µold−µnew‖2

‖µold‖2 ≤ 0.001, where
µold andµnew are the values ofµ at the previous and
at the current iteration, respectively.

In addition to ourSBC-KERNEL method, we experi-
mented with three other SBC reductions:SBC-SINGLE,
SBC-IDENTITY, andSBC-ECOC(using a BCH cod-
ing matrix). We also tested the three traditional reduc-
tions: OVA, ALL -PAIRS and ECOC (applied with the
same BCH coding matrix). Overall, we tested seven al-
gorithms. For all the algorithms tested, we used the same
parameter tuning strategy to search for a single best pair
of parameters (σ andC) for all the binary classifiers in-

7 One can consider various ways to improve the optimization routine
suggested by [19]. For example, it is possibly better to jointly
optimize overC and σ, but computationally, this would be rather
expensive.

volved in each multiclass application. While this method
may favor reductions that utilize a smaller number of
binary problems, we believe this is a fair comparison
that allocates similar search resources to each algorithm
while searching for effective hyper-parameters.

Table 2 presents the errors (%) obtained for each of
the seven methods. The best results (lowest errors) in
each row appear in boldface. The averageranksof the
various algorithms appear in the last row of the table.
These ranks were computed as averages of row ranks.8

The best performer in terms of ranks isSBC-KERNEL.
The worst performer isSBC-SINGLE. We conducted
a statistical test to assess the significance of the ranks.
Specifically we applied theFF test [7] with confidence
level 90% and found that the difference betweenSBC-
KERNEL and other algorithms is statistically significant.
Comparing our results to [19] (over the two common
datasetsCar andPage blocks ), we see that our re-
sults for OVA are slightly better, and our results for
ALL -PAIRS are similar.

Our results show that SBC without a learned kernel
(SBC-IDENTITY) is better than the standard multiclass
reduction (OVA, ALL -PAIRS, ECOC). Thus the sources
of the observed improvement over the standard mul-
ticlass reductions are both the SBC reductionand the
kernel learning.

During the course of our experiments with theSBC-
KERNEL method, we observed a significant correlation
in most cases between the class distribution of the train-
ing data and the finalµi weights reached after the op-
timization. These correlations indicate that the compu-
tational overhead might be reduced by directly using
these class distributions as the finalµi kernel weights,
thus solving a single SVM problem. We leave this di-
rection for future work.

6. Concluding Remarks

We introduced a powerful family of SBC reductions
based on large margin optimization. For multiclass
problems with a small number of classes, this approach
is well motivated by a generalization bound, which is
obtained as a corollary of a known bound for binary
classification. We tested our method and compared it
to six other known methods over UCI datasets with
a small number of classes. These tests indicate that
the proposed approach can yield superior performance
when the number of classes is small.

8 For each row, if the errors of all algorithms are distinct, they are
assigned the ranks in{1, . . . , 10}. When algorithms share exactly
the same error, they are all assigned the same average rank.
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STANDARD REDUCTIONS SBC REDUCTIONS

|Y| OVA ALL -PAIRS ECOC SBC-ECOC SBC-SINGLE SBC-IDENTITY SBC-KERNEL

Car 4 1.10 0.76 4.36 3.90 5.64 4.36 0.41

Page blocks 5 3.33 4.64 3.20 3.42 3.51 3.18 2.96

Iris 3 21.33 24.00 6.00 4.00 66.67 6.00 4.00

Wine 3 5.88 4.71 1.76 3.53 65.29 2.35 2.94

Vehicle 3 25.48 25.00 20.48 20.48 76.55 20.95 13.10

Scales 3 22.42 22.74 92.26 22.42 92.26 8.06 3.39

Lenses 3 40 55 80 40 80 40 40

New Thyroid 3 5.71 5.71 28.57 5.71 28.57 3.8 3.3

Postoperative 3 28.89 30 30 28.89 30 30 32.22

TAE 3 53.33 52 67.33 53.33 67.33 67.33 40

AVERAGE RANK 4 4.68 4.32 3.27 6.45 3.36 1.91

Table 2
Number of classes (|Y|), 10xCV average test errors (%), and average ranks of seven algorithms. Best results for the dataset are boldfaced.

Many questions remain open for future research. The
original Kessler construction relies on linear separabil-
ity of the training set. Extensions that can handle arbi-
trary problems were studied in [12]. It would be inter-
esting to compare these constructions to ours. In gen-
eral, it would be very interesting to explore other types
of feature extension matrices. A direct optimization of
these matrices can also be considered. But, as discussed
in Section 3.1, the resulting optimization problem will
no longer be easy to solve. It would also be interest-
ing to reverse-engineer the resulting kernel transforma-
tions and identify a single diagonal extension matrix
with good performance. While we believe that such a
matrix exists, finding it using the RBF kernel and our
optimization procedure is difficult since the objective
function becomes non-convex.

The main bottleneck in all SBC methods is the data
replication, which poses a true bottleneck for large
problems. For small problems, this computational load
is affordable, and as we show, beneficial. To handle
large problems, this bottleneck might be alleviated by
using fast approximation to SVM optimization (e.g.,
see [3], [22], [14]).
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Appendix A. Proof of Lemma 4.1

We relate the multiclass0/1 loss of the SBC reduc-
tion to the0/1 loss of the underlying binary classifier.
Let {(zr, yr)}c

r=1 be thec copies ofx, wherezr =
zr(x) is therth extension ofx andyr is its binary label.
Denote bỳ B(hα,µ, (zr, yr)) the binary0/1 loss ofw
on the replica(zr, yr). It is easy to see that

∀ (x, y), `M (hα,µ, (x, y)) ≤
c∑

r=1

`B(hα,µ, (zr, yr)) .

(A.1)
Assume thatP (x, y) is the (unknown) underlying distri-
bution of the data and let̀M (hα,µ) be the true average
0/1 multiclass error of the SBC classifier. LetdP (x, y)
be a probability mass of the multiclass example(x, y),
sampled from some distributionDM . We define the dis-
tributionD2 over the binary replications(zr, yr) in the
following way. For each example(x, y), the probabil-
ity mass of each of its replicas is1cdP (x, y). Then the
true average binary 0/1 loss ofhα,µ is `B(hα,µ) =∫

1
c

∑c
r=1 `B(hα,µ, (zr, yr))dP (x, y). Using (A.1) we

have

`M (hα,µ)≤
∫ c∑

r=1

`B(hα,µ, (zr, yr))dP (x, y)

= c · `B(hα,µ) .

We bound̀ B(hα,µ) using the recent bound of [21] for
‘learned kernels’. To apply this bound the training ex-
amples should be independent. However, the examples
in the setS′, containing all replicas of the training mul-
ticlass examples, are dependent. This is so because for

each example(x, y) ∈ S, all its replicas are included
in S′. To this end we consider the setS2 consisting of
m independent replicas by drawing uniformly at ran-
dom one of thec replicas of each example(x, y) ∈ S.
The proof is concluded by the application of Theorem
2 of [21] for the independent examples from the setS2.

Appendix B. Proof of Lemma 4.2

The proof is inspired by the proofs of consistency
and inconsistency in [16]. We have

E(x,y)∼D{`(f(x))} = Ex∼Dx
Ey∼Dy|x{`(f(x))|x} .

(B.1)
Therefore the right-hand side of (B.1) is minimized iff
the expectationEy∼Dy|x{`(f(x))|x} is minimized for

any x ∈ X . Let P(i|x) M= Py∼Dy|x(y = i|x). Using
the definition of the SBC loss we obtain

Ey∼Dy|x{`(f(x))|x} =

c∑

i=1




c∑

j=1
j 6=i

(1 + fj(x))+ + (1− fi(x))+


P(i|x)

=
c∑

i=1

(1−P(i|x)) (1 + fi(x))+ +

(1− fi(x))+P(i|x) . (B.2)

Suppose there existsx ∈ X such thatpmax(x) ≤
1
2 . Therefore for all1 ≤ i ≤ c, it holds that1 −
Py∼Dy|x(y = i|x) ≥ 1

2 and the minimum of (B.2) is
achieved when all components off(x) are−1. In this
case for the examplex the algorithmA can choose the
label which is not the most probable one. Hence the
algorithmA is inconsistent.

Suppose that for allx ∈ X it holds thatpmax(x) > 1
2 .

Let r(x) M= arg max1≤i≤c{P(x,y)∼D(y = i|x)}. For all
1 ≤ i ≤ c, such thati 6= r(x) it holds thatPy∼Dy|x(y =
i|x) < 1

2 . Therefore the minimum of (B.2) is achieved
when all components, except ther(x)th component, of
f(x) are−1 and ther(x)th component off(x) is 1. In
this case for the examplex the algorithmA chooses the
most probable label. Hence the algorithmA is consis-
tent.
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