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Abstract

We study a wide range of online covering and packing optimization problems. In an online
covering problem a linear cost function is known in advance, but the linear constraints that define
the feasible solution space are given one by one in an online fashion. In an online packing problem
the profit function as well as the exact packing constraints are not fully known in advance. In each
round additional information about the profit function and the constraints is revealed. We provide
general deterministic primal-dual schemes for onfiiaetional covering and packing problems. We
also provide deterministic algorithms for sevaraégral online covering and packing problems. Our
scheme is designed via a novel primal-dual technique that extends the scheme used for many offline
optimization problems. Recently, it was shown that this general primal-dual framework is useful
for capturing many more online problems. We list several of the later results that follow from this
approach.

1 Introduction

The primal-dual method is a powerful algorithmic technique that has proved to be extremely useful for a
wide variety of problems in the area of approximation algorithms. The method has its origins in the realm
of exact algorithms, e.g., for matching and network flow. In the area of approximation algorithms the
primal-dual method has emerged as an important unifying design methodology starting from the seminal
work of Goemans and Williamson [23].

The focus of this paper is on extending the primal-dual method to the setting of online algorithms.
We study a wide range of online covering and packing optimization problems and provide a unified
approach, based on a clean primal-dual method, for the design of online algorithms for these problems.
In particular, our analysis uses weak duality rather than a tailor made (i.e., problem specific) potential
function. Thus, we believe our results further our understanding of the applicability of the primal-dual
method to online algorithms.

In an online problem the input is revealed in parts and the main issue is obtaining good performance
in the face of uncertainty. A standard measure for evaluating the performance of an online algorithm
is the competitive ratiop which compares the performance of an online algorithm to that of an offline
algorithm which is given the whole input sequence beforehand. For a given input sequence, consider the
ratio between the cost of the solution of an online algorithm and the minimum (optimum) cost solution.
The maximum ratio, taken over all input sequences, is defined to be the competitive ratio of the online
algorithm.
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In an “offline” (fractional) covering problem the objective is to minimize the total cost given by a
linear cost functior ;" , ¢(i)x(i). The feasible solution space is defined by a set dihear constraints
of the form """, a(i,j)z(i) > b(j), where the entriea(:, j) andb(j) are non-negative. The general
online fractional covering probleris an online version of the covering problem, described as a game
between an algorithm and an adversary. In this setting the cost function is known in advance, but the
linear constraints that define the feasible solution space are given to the algorithm one by one in an online
fashion. In order to maintain a feasible solution to the current set of given constraints, the algorithm is
allowed to augment the variables:). It may not, however, decrease any previously augmented variable.
We also extend our study to cases where the value of each variable has an upper(bpueterred to as
abox constraint The box constraints are known to the online algorithm in advance. This captures online
settings in which the amount of resources is limited. The performance of the algorithm is measured with
respect to the minimum cost cover of the given problem instance.

We show that the online covering problem is closely related to a dual online packing problem. In an
offline packing problem we are givenpacking constraints of the typE;”:l a(g,1)y(j) < ¢(i). The
goal is to find a feasible solution that maximizes a profit funcholf , b(j)y(j). The generabnline
fractional packing problenis an online version of this problem. In the online setting the vatiés
(1 < i < n) are known in advance, but the profit function and the exact packing constraints are not
known in advance. In thg¢th round a new variablg(j) is introduced to the algorithm, along with its
set of coefficientsi(i, j) (1 < ¢ < n). Note that other variables that were not yet introduced may also
appear in the packing constraints. This means that each packing constraint is revealed to the algorithm
gradually. The algorithm may increase the value of a varigbj¢ only in the round where it is given
and may not decrease or increase the values of any previously given variables. The performance of the
algorithm is measured with respect to the maximum possible profit of the packing problem instance.
Although this online setting seems a bit unnatural, it generalizes many well known online problems that
we list in the following.

1.1 Our Results

We study the general online fractional covering problem with and without box constraints and the general
online fractional packing problem. We show that the two online problems are closely related and provide
general deterministic primal-dual schemes that compute near-optimal fractional solutions for each of the
problems.

For the general packing problem we design a scheme that gets the desired competitie>ratio

and produces a solution that violates the packing constraints by aOr(o(slbg n + log ‘; ((ﬁ?;‘)) ) / B),
wheren denotes the number of packing constraints in the instance, and

a;(max) = Iiliéi({a(a k)}, a;(min) = rgliilrll{a(i, k)la(i,j) # 0}.

In particular, when all coefficients(i, j) € {0,1}, we show anO(log n)-competitive algorithm that
does not violate any of the constraints. We show that in general these results are tightfor-abhy
The scheme for the covering problem is very similar. In fact, when each coeffigieny € {0, 1},
the same scheme is applicable for both problems. Unfortunately, the scheme designed for the packing
problem is not suitable for the general covering problem where the coeffieigngg > 0 are not limited
to {0, 1}. For this problem we need to design a more complicated scheme. Fa@ ang, our scheme
is O(l"g")—competitive and covers each constraint up to a factdr/éf (i.e. " | a(4, )z (i) > %).




A simple modification of the lower bounds in [2] proves that this result is tight as well. We also extend
the scheme to handle box constraints, where we are given an upper bound on the value of each variable.

The online fractional covering problem witl{i, j) € {0, 1} was previously studied in the context
of online graph optimization problems [1, 2]. The scheme we propose for this case is simpler than the
algorithms of [1, 2], since we do not need to guess the value of the optimum solution, and thus avoid the
need for phases. More importantly, our scheme is more precise, and thus improves on the competitive
ratio of the algorithm. Specifically, we get a competitive rati@xgfog d) instead ofO(log n), whered
is the maximum number of variables in each given constrdirt (»). This improvement immediately
reflects on the competitive ratio of the problems studied in [1, 2]. The competitive ratio for the online
set-cover improves for®(log m log n) to O(log d log n), thus replacingn, the total number of sets, by
d, the maximum number of sets that an element can belong to. In the connectivity problems studied in
[2], we improve theD(log m) factor, wheren is the number of edges, t@(log C'), whereC'is the size
of the maximum cut in the graph. Similarly, in the cut problems studied in [2] we improve tlug m)
factor toO(log L), whereL is the length of the longest simple path in the graph.

Finally, in Section 5 we show the applicability of our schemes for solving online integral versions
of covering and packing problems via randomized rounding. To do so, we use the fractional schemes
as a “black box”. We then focus on converting the randomized algorithm we obtain into a deterministic
algorithm. To this end, we suggest a method for rounding the fractional solution deterministically by
transforming an (offline) pessimistic estimator into an online potential function. We note that, in general,
the existence of an offline derandomization method does not necessarily yield an online deterministic
algorithm. In particular, while all randomized rounding methods in [2] can be derandomized offline, it is
an open question whether online deterministic algorithms for these problems exist. Still, the perspective
of deterministic rounding motivates us to consider derandomization methods that were previously sug-
gested for various offline problems, and these enable us to obtain better deterministic online algorithms.

We demonstrate our derandomization method on two online problems, a covering problem and a
packing problem. We first consider the online unweighted set-cover problem [1] in Section 5.1. For
this problem we provide a better deterministic algorithm in terms of the competitive ratio. We draw
on ideas from the improved offline randomized rounding and derandomization methods of [27] and
come up with an improved potential function for the online problem. This yields a competitive ratio of
O(log dlog &7 ) instead ofO(log dlogn), whereO PT is the optimal number of sets needed to cover
the requested elements. The improvement in the competitive ratio is significant when the number of sets
needed for the cover is large, and in particular when the sets are small.

We also consider the problem of throughput-competitive online routing of virtual circuits [5]. We
show that a deterministic algorithm equivalent to the one from [5] can be derived easily by combining
our scheme with the method of conditional expectations of the randomized rounding algorithm presented
in [25]. This is an interesting way of viewing the algorithm of [5], which also provides a systematic
method for deriving it. In particular, we note that our scheme produces in an online fashion a near-
optimalfractional solutionto the problem that does not violate the capacity constraints. Producing such
a fractional solution, unlike an integral solution, is independent of the values of edge capacities.

1.2 Related Work

Covering and packing optimization problems, as well as their online versions, have been studied exten-
sively. Examples of such online covering optimization problems are the online steiner problem that was
considered in [17] and the generalized steiner problem that was considered in [4, 7]. Recently, Alon et
al. [2] suggested a general two-phase approach for a wide class of online network optimization prob-



Primal (Covering) | Dual (Packing)

Minimize: o c(i)z(i) Maximize: > i1 y()

Subiject to: Subject to:
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Figure 1: Primal (covering) and dual (packing) problems

lems. First, a fractional solution to the online problem is generated. The solution is then rounded in
an online fashion in the second phase. The two phases, although separated, are run simultaneously. In
[2], the first phase is performed by a genépdlog n)-competitive method which is applicable to a wide
class of online graph optimization problems. The rounding phase, on the other hand, is problem depen-
dent. The approach was shown useful by the development of randomized algorithms for many interesting
integral graph optimization problems. Examples are the online group steiner problem and the online non-
metric facility location. The same approach was also implicity used in [1], where a deterministic online
O(log n log m)-competitive algorithm for the integral set cover problem was provided. Our methods for
generating fractional solutions for covering problems generalize and improve upon the methods of [2].
There is a long line of work on generating a near-optimal fractional solutiooffiime covering and
packing problems, e.g. [26, 28, 15, 13, 20]. Generating such a solution foifftime covering prob-
lem with upper bounds on the variables was considered in [12, 14]. All these methods take advantage
of the offline nature of the problems. We remark that several of these methods use primal-dual analy-
sis, therefore our approach can be viewed as an adaptation of these methods to the context of online
computation.
Finally, our online rounding methods are based on their corresponding offline randomized rounding
methods. In particular, our integral routing algorithm derives ideas from the rounding methods in [25,
24]. For the design of our online set cover algorithm we derive ideas from the offline rounding in [27].

2 Preliminaries

In this section we formally define our problems and discuss their dual nature. In an “offline” (fractional)
covering problem the objective is to minimize the total cost given by a linear cost fuictfonc(i)x(i).

The feasible solution space is defined by a set:dfnear constraints of the forfy_" ; a(i, j)x(i) >

b(7), where the entries(i, 7) andb(j) are non-negative. Given an instance of a covering problem we
can first normalize each constraint to the forfn};" , a(i, j)x(i) > 1. By the duality theorem, any
primal covering instance has a corresponding dual packing problem that provides a lower bound on any
feasible solution to the instance. A general form of a (normalized) primal covering problem along with
its (normalized) dual packing problem is given in Figure 1.

The generabnline fractional covering problens an online version of the covering problem. In this
setting the cost function is known in advance, but the linear constraints that define the feasible solution
space are given to the algorithm one-by-one. In order to maintain a feasible solution to the current set of
given constraints, the algorithm is allowed to augment the variafflgs It may not, however, decrease
any previously augmented variable. We also define an online version of the packing problem. In the
generalonline fractional packing problerthe values:(i) (1 < i < n) are known in advance. However,
the profit function and the exact packing constraints are not known in advance. jihtreand a new



variabley(j) is introduced to the algorithm, along with its set of coefficients j) (1 < i < n)'. Note

that other variables that were not yet introduced may also appear in the packing constraints. This means
that each packing constraint is revealed to the algorithm gradually. The algorithm may increase the value
of a variabley(j) only in the round where it is given, and may not decrease or increase the values of any
previously given variables.

We observe that these two online settings form a primal-dual pair in the following sense: At any
time an algorithm for the general online fractional covering problem maintains a subset of the final linear
constraints. This subset definesub-instancef a final covering instance. The dual packing problem of
this sub-instance is sub-instancef the final dual packing problem. In the dual packing sub-instance,
only part of the dual variables are known, along with their corresponding coefficients. The two sub-
instances form arimal-dual pair. In each round of the general online fractional covering problem a new
constraint on the feasible solution space is given. The primal covering sub-instance is updated by adding
the new constraint. To update the dual sub-instance we add a new dual variable to the profit function
along with its coefficients that are defined by the new primal constraint. Note that the dual update is the
same as in the setting of the online fractional packing problem.

The schemes we propose maintain at each step solutions for both the primal and dual sub-instances.
When a new constraint is given to the online fractional covering problem, our scheme also considers
the newcorrespondingdual variable and its coefficients. When the scheme for the online fractional
packing problem receives a new variable along with its coefficients, it also consideartbsponding
new constraint in the primal sub-instance. In the rest of the paper we use the notion of primal and dual
sub-instances and the notion of corresponding dual variable and primal constraint.

3 The General Online Fractional Packing Problem

In this section we describe an online scheme for computing a near-optimal fractional solution for the
general online fractional packing problem. The scheme gets the desired competitivB ratio and
returns a solution which is within a factor &f of the optimal, and which does not violate the packing
constraints by too much (to be made more precise shortly). We prove that the scheme is optimal up to
constant factors. Our scheme simultaneously maintains primal (covering) and dual (packing) solutions
for the primal and dual sub-instances.

Initially, each variabler(i) is initialized to zero. In each round a new variaplg) is introduced
along with its coefficienta (i, j) (1 < i < n). In the corresponding primal sub-instance a new constraint
is introduced of the forn) """, a(¢, j)z(i¢) > 1. This constraint is non empty, since otherwise, it means
that there is no bound on the valueydfj) and the profit function is unbounded. The algorithm increases
the value of the new variablg(j) and the values of the primal variable$i) until the new primal
constraint is satisfied. The augmentation method is described here in a continuous fashion, but it is
not hard to implement the augmentation in a discrete way in any desired accuracy. In our continuous
description the variables(i) behave according to a monotonically increasing functiory(@f. To
implement the scheme in a discrete fashion, one should find the migimasuch that the new primal
constraint is satisfied. Note that variablg) is being increased only in thagh round and the values of
the primal variables never decrease. In the following we describghihund. The performance of the
scheme is analyzed in Theorem 3.1.

We can always normalize the new variable such that its coefficient in the objective function is 1.



1. y(j) < 0; For eache(i): a;(max) « max)_, {a(i, k)}.
2. While}"" | a(i,j)z(i) < 1:

(@) Increase(j) continuously.
(b) Increase each variahigi) by the following increment function:

. o B - .
x(i) < max {x(z), s (ma) [exp (20(2’) Za(z,kz)y(k)) - 1] } :

k=1

Theorem 3.1. For any B > 0, the scheme i8—competitive algorithm for the general online fractional
packing problem. Also, for any constraint it holds:

a;(max)
a;(min)

logn + log
B

> ali k)y(k) = (i) - O
k=1
Wherea;(max) = maxj}" ;{a(i, k)} anda;(min) = min}* , {a(i, k)|a(i, j) # 0}.
The following is an immediate corollary in case the entriés j) all belong to{0, 1}.

Corollary 3.2. If the entriesa(i, ) € {0,1}, then there exists a®(log n)-competitive algorithm for
the fractional packing problem which does not violate the constraints.

Moreover, when all entrieg(i, j) € {0,1}, we do not need to update the valyg¢max) in lines 1
and 2(b), thus simplifying the scheme. In this case, if we know in advance that each primal constraint
consists of at mogtnon-zero coefficients, it is possible to improve the competitive factor toging n)
to O(log¢). This is done by replacing the valuein line 2(b) by /. In addition, the same scheme
is applicable to the online fractional covering problem (witfi, j) € {0,1}). The improvement of
the competitive ratio t@(log ¢) immediately reflects on the competitiveness of several corresponding
integral covering problems which are mentioned in Section 1.1.

Another useful property of our scheme is that it can handle an unbounded number of dual variables
in each iteration, in the following sense. In some cases, the new dual variables, or, alternatively, the new
constraints of the primal linear program do not appear explicitly. Instead, the scheme is given only an
oracle that either returns an unsatisfied primal constraint, or states that there is no such constraint. It can
be easily verified that such an oracle is enough in order to implement the online scheme.

Proof of theorem 3.1Let X (j) andY (j) be the values of the primal and dual solutions, respectively,
obtained in roung. We prove the following claims o (j) andY (j):

1. Ineachround: Y(j) > X(j)/B.
2. The primal solution produced by the scheme is feasible.

3. For any dual constraint:

’L( X) i X
2log (1 + n; (;nii) ) logn + log Zl((ﬁ?n))

> ali, k)y(k) < c(i) - 5 ' = c(i)- O

k=1

The proof of the theorem then follows directly from weak duality.
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Proof of (1): Note first that when the value af(max) increases, the value of the primal solution

does not change. Thus, the value of the primal solution only increases when the dual solution increases.
Initially, the values of the primal and dual solutions are zero. Considejttheound in whichy(j) is

being increased continuously. We prove tﬁéﬁtL < de((])) Therefore, we conclude thaf(j) <

B-Y(j).

dy(3) 7 dy(j)
n c(i)Ba(’L,]) 1 o B J »
= ; 2¢(i) na;(max) p (20(1') k:Z:l ( ,k)y(k:)> (1)
B 1 B j )
= 33009 [ (e (S 5 ) =)
< 2 ati) [m(i) 4 m(lmax)] <T(+1)=B=B Cclziy/((j)) @
i=1 7

Where, (1) follows from the derivative af(i), and (2) follows since: (i) " a(i,j)x(i) < 1, (ii)
x(i) > m [e p( 0] k La(i k)y (k)> ] and (i) L >, o mg{ < 1. The final equality
follows since the value of the dual J8_, y(k) and sow((j)) =1

Proof of (2): This claim is trivial since we increase the primal variables until the current primal con-
straint becomes feasible. We never decreaseréi)y so (feasible) constraints remain feasible.

Proof of (3): Consider theith dual constraint of the formy_," ; a(i, k)y(k) < c(i). Each time a
variabley(k) with coefficienta(i, k) > 0 is increased, the primal variabigi) is increased too. Let
a;(min) = ming’ ,{a(i, k)|a(i, j) # 0} anda;(max) = max}’ ,{a(i,k)} be as defined previously.
During the run of the algorithmz (i) < 1/a;(min), since if equality holds, then each primal constraint
(1 <j <m)witha(i,5) > 0is already feasible. Thus, we get the following equation:

naz(lmax) [exp <2c Za (i, k) (k)) - 1] < (i) < 1/a;(min).

k:l
Simplifying, we obtain:

m 2log (1 4 “esnay)
> ali, k)y(k) < < = ! ))-c(i).

k=1

3.1 Lower Bounds

In this section we prove two simple lower bounds showing that our scheme is optimal (up to constant
factors).



Lemma 3.3. There is an instance of the general fractional packing problem with a single constraint such
thatd ", a(i, j)y(j) > M for any onlineB—competitive algorithm. Denote By (n) the

nth harmonlc number, and(max)/a(min) is the ratio between the maximum and minimum entries in
the constraint.

Proof. Consider the following instance, for any
n
max Y y(j)
j=1
subject to the single constraint:

Y (n—i+Dy@) <1,
j=1

Note that for this instance(max)/a(min) = n. The variableg,(j) arrive one by one. After thgth
iteration (for eacly), the optimal offline value i$ /(n — j 4+ 1). Thus, the value of the objective function
given by aB-competitive algorithm must be at ledstB(n — j + 1). This yields the following sequence
of inequalities:

y(l) > 1/Bn
y(1)+y(2) = 1/B(n—1)
y(1) +y(2)+y(3) = 1/B(n-2)

Summing up alk inequalities we get the desired bound:

n

n
1 1 H(n)
1)y - .
;” i+ 1yi) = B&n—j+1 B

The proof of the next lemma is essentially the same as the proof of Leiminia[5].

Lemma 3.4. There is an instance of the general online fractional packing problem avitbnstraints
anda(i, j) € {0, 1}, such that for anyB—competitive online algorithm there exists a constraint such

that 37", ali, j)y(j) = e(i) - S

4 The General Online Fractional Covering Problem

In this section we describe our online scheme for computing a near-optimal fractional solution for the
online fractional covering problem. As stated in Section 3, if the coefficiefitsi)) € {0,1}, then

the scheme in Section 3 is also applicable to the online fractional covering problem. Unfortunately,
the scheme is not applicable to the general online fractional covering problem in case the coefficients
a(i,7) > 0 are not limited to{0,1}. This happens since the scheme described in Section 3 does not
always produce a feasible dual solution that can bound the primal solution efficiently. In this section we
design a more elaborate scheme for the general online fractional covering problem.



Our scheme for the general online fractional covering problem gets a parafeter). With
B > 0 the competitive ratio of the schemedﬂk’g”) and the following holds for each constraint:
Yoy ali, g)x(i) > %. The scheme works in phases: When the first constraint is introduced, the scheme
generates the first lower bound:

n

o(1) & -uinfe(i)/a(i, 1} < ZTT.
During therth phase, it is assumed that the lower bound on the optimumgsis as long as the total
primal cost does not exceedr). When the primal cost exceeds this value, the scheme “forgets” about
all the values given to the primal and dual variables so far, updates the value of the lower bound by
doubling it, and starts a new phase witfr + 1) < 2a(r). Nevertheless, the values of the “forgotten”
variables are accounted in the total cost of the solution. In the following we describe one round of our
scheme in theth phase. Le} ;" ; a(i, j)x(i) > 1 be the new primal constraint that was introduced. Let
y(j) be the new corresponding dual variable. The scheme increases the values of the primal and dual
variables as described by the following scheme. Note that during each pfiagmly increases. The
performance of the scheme is analyzed in Theorem 4.1.

1. y(j) ~—0

2. While>7 | a(i, j)z(i) < %:

(a) increase(j) continuously.
(b) Increase each variahigi) by the following increment function:

J
2(i) — 2O‘(T), exp (1°g 2>” Sl k:)y(k)) .

ne(i) c(i Pt

Theorem 4.1. For any B > 0, the scheme for the general online fractional covering problem achieves a

logn

competitive ratio of)(°%4"), such that for each constraidt"_; a(i, j)z(i) > +.

Proof. Let X (r) andY (r) be the values of the primal and dual solutions, respectively, generated during
therth phase. We prove the following claims éf(r) andY (r):

Ba(r)
2log2n "

1. For each finisheghaser: Y (r) >

2. The dual solution generated during ttta phase is feasible.

3. The total cost of the primal solutions generated from the first phase untitlighase is less than
2a(r).

4. For any primal constraint given to the algorithii,” ; a(i, j)z (i) > .

From the first three claims together with weak duality we conclude that the total cost of the primal
solutions in all phases is at most:

log 2n log 2n

2a(r) <4a(r—1) < 8- -OPT.

Y(r—1)<8-

Notice that if the scheme finishes in the first phase, then the total cost is atuMst %.

9



Proof of (1): Initially, z(i) = 2‘2(62) and soX (r) is initially at mosta(r)/2. The total profit of the
dual solution is initially zero. From then on, the primal cost increases only when some dual vafjgble

is increased. When the phase enti$;r) > «(r). Thus, it suffices to prove that during the phase

dX(r) < log2n dY (r)
dy(j) = B dy(j)

This follows since,

dX(r) " dx(i)
)~ 20

n

. c(i)log(2n)a(i,j) «a(r) o log 2n J »
- ; c(i) 2nc(i) p< <(3) > (7k)y(k)>

=1
- LN log2n  log2n dY(j)
= log2n a(i,7)x(t) < = . /7 3
g ;(J)() 5 5 dyl) 3)
Where (3) follows sinc&_7_, a(i, j)z(i) < . The final equality follows since the value of the dual
solution is>™7_, y(k) and thusf%g)) — 1.

Proof of (2): Consider theth dual constraint of the forth_,"; a(i, k)y(k) < ¢(i). Each time variable
y(k) with coefficienta(i, k) > 0 is increased, the corresponding primal variablé) is increased too.
During therth phase of the algorithmy; (i) < i((Z))’ since otherwise it would have contributed to the
cost of the primal solution more than(r), and the current phase would have ended. Thus, we get the
following equation:

) a(r) log 2n J . a(r)
= < .
x(1) 2nc(l) exp ( @ kzla(z,k:)y(k)> =0
Simplifying the equation we get the desired result:

> ali,k)y(k) < (i).

k=1

Proof of (3): We bound the total cost paid by the online algorithm. The total primal cost intthe
phase is at most(r). Since we multiply the value(r) at each phase b, we get that the total cost
until therth phase is at most, _, a(k) < 2a(r).

Proof of (4): The claim is trivial, since each round terminates only when the value of the left hand side
of the new primal constraint is at leastB. The value of each variable(i) never decreases, thus all
previous primal constraints remain feasible. O
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Primal (Covering) | Dual (Packing)

Minimize: Yo c(i)z(i) Maximize: Do y(g) — Doy uli)z (i)
Subiject to: Subject to:

Vitl<j<m: 3ia(i,jz() >1 | Vi:l<i<n 30 a(i,5)y(j) — 2(i) < c(i)
Vi:1<i<n: 0<zx()<ui) Vi, j: y(j),2(1) >0

Figure 2: Primal (covering) with box constraints and its dual (packing) problem.

4.1 Adding Box Constraints

In this section we extend our methods to handle upper bounds, or box constraints, on the vafiables

Let u(z) denote the upper bound on variabig). Note that upper bounds on the variables may result

in an infeasible instance of a covering problem. We next sketch the main ideas and changes that are
needed to deal with upper bounds. Adding box constraints to a covering problem results in new negative
variablesz (i) in the dual program. The primal covering with box constraints and the new corresponding
dual program are described in Figure 2. The performance of the scheme is analyzed in Theorem 4.2.
Theorem 4.2. For any B > 0, the scheme for the general online fractional covering problem with box
constraints achieves a competitive ratio@)(flogn), such that for each constraidt}_; a(i, j)z(i) >

and for each variable:(i) < %.

Our proposed scheme works in phases, similarly to Section 4, where each phase has an upper bound

on the total cost. When some variable reaches a valﬁgofwe start augmenting its corresponding dual
variablez(i). The augmentation of(i) stops the incrementing of primal variabi¢i). Let X be the

set oftight variableswith value%. If all variables in some unsatisfied constraint are tight, the scheme
returns that no feasible solution exists. A single round duringtin@hase is described in the following:

1. y(j) <0
2. While Y~ a(i, j)z(i) < &

(@) Increase(j) continuously.
(b) Foreach variable(i) € X (i.e. z(i) = %) increasez(:) with ratea(s, j)y(j).
(c) Augment each variable(i) by the following increment function:

z(i) — 1@[111[1{7”;(;)7 2?1(02) }exp (log 2n [c(lz) Z a(i, k)y(k) — Z@)]) .

k=1

a(r
2nc(

easy to verify that during the run of the algorithrty) < % (due to the augmentation ofi)). We next
provide the proof of Theorem 4.2.

. . . T o (i)
Note that during each phas¢i) can only increase and its initial valuerigin{ -,

2)}. Itis also

Proof of theorem 4.2The proof is essentially along the same lines as the proof of Theorem 4.1. We
prove that:

Ba(r)

1. For each finisheghaser: Y'(r) > 53557

2. The dual solution generated during tita phase is feasible.
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3. The total cost of the primal solutions generated from the first phase untithhghase is less than
2a(r).

4. For any primal constraint given to the algorithii,” ; a(i, j)z (i) > .

Proof of (1): The proof is the same as in Theorem 4.1. However, in this case we should consider

variables that are tight (i.ex(i) = %), and hence are not augmented anymore. The derivative of the
dual profit becomes:

dY(T)— — u(2)a(i, g
aG) ~ 1 X o)

Note that sinc&_}" , a(i, j)z(i) < 4, andz(i) < %, then th_e derivative is always non-negative.
If all the primal variables belong t&, it means thad ;" , a(i,j)% < %, and so there is no feasible
solution to the original instance. Otherwise, similar analysis of the primal cost results in:

dX(r) _ Z (z)da:(z)

() — ="ay()
. . J
_ C(l)loiégl“(l"])ﬁ(c% exp (locg(;nZa(i,k)y(k)—z(i)>
2(i) X k=1
= log2n Y a(i,j)z(i)
o(i)¢X
< logB2n (1 Z a(i,j)u(i)) _ log;B2ani§y/(gT)) @)
z(i)eX
Where, Inequality (4) follows since
S alidali) < 5 - 3 alii) =5 - Y ali) L,
z(i)g X z(i)eX z(i)eX

Proof of (2): Consider theith dual constraint of the formy "} | a(i, k)y(k) — z(i) < c(i). If the
corresponding primal variable is tight, then the value of the left hand side of the constraint remains the
same, since the variablgi) is augmented. Until that time, variahlgi) is increased in the same way

as in the case where there are no box constraints. In particular, each time,§onvéth coefficient

a(i, k) > 0 is increased, the corresponding primal variab(lé) is increased too. During theh phase

of the algorithmz (i) < ‘;((;")), since otherwise it contributes to the cost of the primal solution more than
a(r), and the current phase ends. Thus, we get the following equation:




Simplifying the equation we get the desired result:

> ali, k)y(k) — 2(i) < e(i).

k=1

The rest of the proof is essentially the same as the proof of Theorem 4.1. O

5 Integral Online Problems: Derandomization

In this section we show the applicability of our fractional schemes to the solution of online integral prob-
lems. To do so, we use the schemes as a “black box” and deterministically round the fractional solutions
obtained. The deterministic rounding is obtained by transforming an (offline) pessimistic estimator into
an online potential function. This idea appeared implicity in [1]. We note that the existence of an of-
fline derandomization method does not necessarily yield an online deterministic algorithm. For example,
finding deterministic algorithms for the problems considered in [2] is still an open problem. (They all
do have offline derandomizations.) Thus, we remark that the ability to transform a (offline) pessimistic
estimator into an online potential function is quite surprising.

We demonstrate our derandomization method on two online problems. We first consider the online
unweighted set-cover problem [1]. For this problem we provide a better deterministic algorithm in
terms of the competitive ratio. To do so, we draw on ideas from the improved offline rounding and
derandomization methods of [27] to generate an improved potential function. We then consider the online
problem of throughput-competitive routing of virtual circuits. We show that the algorithm presented in
[5] can be derived by a deterministic rounding of the fractional solution produced by our packing scheme.

This approach provides us with the following insight to the competitive factors obtained by [5]. The
O(logm) competitive factor follows from an online generation of a fractional solution. The minimum
edge capacity determines the scaling of the fractional solution that is needed in order to guarantee high
probability of success in the rounding phase. We note that producing a near-optimal fractional solu-
tion that does not violate the capacity constraints is applicable independently of the values of the edge
capacities.

5.1 Improved Competitive Ratio for Online Unweighted Set Cover

We define the online unweighted set cover problem as follows.XLet {ey,...,e,} be a ground set
of n elements, and lef be a family of subsets oX, |S| = m. A coveris a collection of sets such that
their union isX. In an online setting the elements are given one-by-one by an adversary. For each new
element given, the algorithm has to cover it by some sé& abntaining it. Denote by’ C X the set of
elements given by the adversary. Our assumption is that the set cover instanéé anel.S, is known
in advance. The objective is to minimize the total cost of the sets chosen by the algorithm. However,
the algorithm does not know in advance the set of elem&hgiven by the adversary, i.eX’ may be a
strict subset ofX in general. LeC denote the family of sets i that the algorithm chooses, and &t
denote the set of elements covered by sets belongig &g the end, the adversary also produces (off-
line) a family of sets of cardinality) PT that covers all the elements belonging¥6. The performance
of the online algorithm is defined to be the ratio between the cardinalifyaafd O PT. As usual, the
maximum ratio, taken over all input sequences, is defined to beoting@etitive raticof the algorithm.

We design a®)(log d log(n/OPT))-competitive algorithm with the assumption that the valueT
is known. We can make this assumption since we may guess the valueioby doubling up to a factor
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of 2. We start by guessin@ PT = 1, and then run the algorithm with this value of the optimal solution.

If it turns out that the cardinality of the optimal solution is already at least twice our current guess for
it, (that is, the cardinality of exceed®(OPT log dlog(n/OPT))), then we can “forget” about all the

sets chosen so far t§ update the value @b PT by doubling it, and keep going. It can be easily verified
that this can only change the competitive ratio by a constant factor. Next, we transform the pessimistic
estimator that appears in [27] into the following online potential function used by our algorithm:

For each element; (1 <i <n): f(e;) = min {1,exp <—a +a gees w(s))} .

o= |1- H (1— f(ei))| +exp (Z (In2xc(s) — aw(s)) — OPT) .

eile;¢C s€S

The functiony¢(s) = 1if s € C, andxc¢(s) = 0 otherwise. The parameter = O(log(n/OPT)
will determine our competitive ratio. The first term of the potential function ensures that each element
that was given to the algorithm is covered. The second term is used to bound the cardinality of the
solution.

Using the above potential function the online algorithm is simple: Run the algorithm presented in
Section 3 to produce a fractional solution. Note that since all coefficigntg) € {0, 1}, the simpler
scheme in section 3 is applicable. When the weight of a set is augmented 2idjria the algorithm,
add the set to the covérif its addition decreases the potential function. We now prove crucial properties
of the potential function in the next claim and then prove our main lemma (Lemma 5.2).

Claim 5.1. The potential functio satisfies the following properties:

1. Atstart® < 1, and at any time during the run of the algorithbn> 0.
2. When a set is augmented, then either taking & tor excluding it, does not increage

Proof. We prove the two claims:

Proof of (1): Since for each element, 0 < f(e;) < 1, then the product in the potential is at mast
Therefore, the first term of the potential function cannot be negative. The second term of the potential
function is trivially positive. Initially, for each sef, w(S) = 0. We choose

a:max{l,ln (O(ZLT)} 0 (1og (O%))

whered = eln(e/e — 1). Thus, the value of the potential function initially is:

® = 1-(1—-e"+exp(—OPT)
< 1 —exp(—dne *) +exp(—OPT) < 1. (5)

Where (5) follows sincex > 1 anda > ln(O%_Z}T).

Proof of (2): We use a probabilistic argument. Consider a point in time where somg isedug-
mented byd < §g < 1. Consider the probabilistic event of choosing s#t the cover with probability
1 — exp(—adg). We prove that choosing the set with such probability does not increase the potential
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function, thus, the claim follows. Consider first the second term of the potential functio®,Let and

®,(e) be the respective values of the second term of the potential function before and after the probabilis-
tic experiment. We bound the expected value of the potential function after the probabilistic experiment.
If Sis already inC then the potential function only decreases. Otherwise:

E[®o(e)] = Paofs) ([1 — exp(—ads)]exp (In2 — adg) + exp(—adg) exp(—adg))
= ®5(s) exp(—ads) ([1 — exp(—ads)] 2 + exp(—ads))
— By(s)exp(—ads) (2 — exp(~ads)) < B ()

Where the last inequality follows by the fact thatiK = < 1, thenz(2 — z) < 1.

Next consider the first term of the potential functionSIfs in C then the first term does not change.
Otherwise, letE/(S) be the elements that are covered$yand were augmented during this iteration).
Let f(e) and f’(e) be the contribution of elementto the potential function before and after the weight
augmentation step, respectively. I0e A < 1 be the product of the still uncovered elements that are
not covered bys. The contribution of these elements to the potential function before and after the weight
augmentation is the same. We prove that the potential function decreases, by induction on the number of
elements inE(S). If |[E(S) = 1| then:

E[®1(e)] = [1—exp(—ads)] (1 —A)+exp(—ads)(l—A(l - f'(e))
= 1—A(l —exp(—ads)f'(e)) <1—A(l - f(e)) = C1(s)

We next assume that the claim is holds ffBY.S)| = £ and prove it fol E(S)| = k + 1.

k+1
E[®i(e)] = [1—exp(—adg)] (1 —A)+exp(—ads)(l—A H(l — f(&))
i=1
k

= [1 —exp(—ads)] (1 — A) + exp(—ads)(1 — AJ[(1 - f'(e:))
=1

k
+A - exp(—adgs) f'(ex+1 H
=1

k k

< 1- AH(I — f(e))) + A - exp(—ads) f(ers1 H (6)
=1 =1

k

< 1—AH1— (e;)) + A- fekHH 7)
o

= 1-AJJ( = flen) = Tu(s). 8)
=1

Where Inequality (6) follows from the induction hypothesis and Inequality (7) follows from the properties
of the functionf (e). O

Lemma 5.2. The online algorithm satisfies the following:
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1. Each element that is given to the algorithm is covered.
2. The cardinality ofC is at mostO PT" - O(log dlog(n/OPT)).

Proof. To prove the first claim, note first that each elemegribat is given to the algorithm is fractionally
covered. Thus, by definitiofi(e;) = 1. This means that the first term of the potential functioh.i3he
second term of the potential function is strictly greater than zero, add>sd contradicting Claim 5.1.

To prove the second claim note that the first term of the potential function is always positive. Since
by Claim 5.1 the value of the potential function is at mbstve conclude that the second term of the
potential function is at modt. Thus, we get that:

exp (Z (In2xc(S) — aw(S)) — OPT> <1

Ses

Simplifying, we get that:

S;SXC — ; +m OPT = O(log dlog(n/OPT)) - OPT.

Where the inequality follows from the value afand the guarantee on the competitiveness of the frac-
tional algorithm. ]

5.2 Throughput-Competitive Online Routing of Virtual Circuits

The online problem of maximizing the throughput of scheduled virtual circuits was studied in [5]. In its
simplest version we are given in advance a graph with capacifigson the edges. A set of requests
r; = (si,t;) (1 < ¢ < n) arrive in an online fashion. To serve a request, the algorithm chooses a path
betweens; and¢; and allocates a bandwidth bfon this path. The total bandwidth allocated on any edge
may never exceed its capacity. The total profit of the algorithm is the number of requests served and
its performance is measured with respect to the maximum number of requests that could have received
service (offline).

In a fractional version of the problem the allocation is not restricted to an integral bandwidth of either
zero or one, instead we can allocate to each request a fractional bandwidth in th@rahda addition,
the bandwidth allocated to a request can be divided between several paths. This is an online version of
the maximum multi-commodity flow problem. We describe the problem as a packing problem in Figure
3. Forr; = (s;,ti), let P(r;) be the set of simple paths betwegnandt;. For eachP € P(r;), the
variablef(r;, P) corresponds to the amount of flow (service) given to request the pathP. The first
set of constraints guarantees that each client gets at most a fractional flow (bandwidtifhefsecond
set of constraints are the capacity constraints of the edges. In the primal problem we assign a variable
Z(r;) to each request; and a variable:(e) to each edge in the graph. The problem is a special case
of the general online fractional packing problem wiifi, j) € {0,1}. We note that our methods can
generate a fractional solution to an extension of the problem with any non-negative coefti¢ients
The extension can be viewed as giving each edge a different capacity with respect to the clients that are
using it. This models a more complex relationship between the clients and the network capacities.

An algorithm for the problem was proposed in [5]. We provide here an alternative equivalent algo-
rithm. We build our algorithm systematically by using our two phase approach. First, we use our scheme
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Primal | Dual

Minimize: Yeepule)z(e) + 32, Z(ri) | Maximize: >°. > pep(, f (i P)
Subiject to: Subiject to:
Vri € R,P € P(r;): Y epxle)+2Z(r) > 1 Vr; € R: > pepry f(ri, P) <1

Ve € E: ZT‘Z‘ER,PEP(WNGEP Zﬂ' f(ria P) < U(E)

Figure 3: The splittable routing problem (Maximize) and its corresponding primal problem.

to generate deasiblefractional solution which is a factor @ (log P(max)) away from the optimum,

where P(max) is the length of the longest path in the graph. Next, we convert the standard pessimistic
estimator designed for the offline version of the problem into an online potential function. A randomized
method to achieve a feasible integral solution is to scale down all the flows by someRBagtar. We

then choose to route the flow on a pdthcarrying a fractional flow of (P), with probability f (P)/B.

This can be done, for example, by mapping the valfig3) /B given to a request to the intervdl, 1],

and then choosing a random number that would determine which path to choose (or to reject the request
altogether).

WhenB is large enough, there is a positive probability that no edge capacity is violated, and the total
integral flow is large enough [25]. This algorithm was derandomized using the method of conditional
expectations via a pessimistic estimator [24]. We transform this pessimistic estimator into an online
potential function. When the flow corresponding to a request is increased, the algorithm serves the
request (integrally) on a path if by doing so the following potential function does not increase. In what
follows we prove that there is always a good choice of either a path, or a rejection of the request, that
would not increase the potential function. Our online potential functica ®; + ®- is the sum of the
following functions:

®, %exp Z Z fm, *1 2- ZX%

T PEP(T‘I)

= ﬁZexp (1 lem) Z Zf (ri, P

e€R PleeP 7

Where,x(r;) is the characteristic function of reques(i.e. x(r;) = 1iff itis serviced),x(e) is the total
number of paths that use the edge, ant the number of edges. ChoosiBg= exp{(1+ l?n%fr’j) -1,

whereu(min) is the minimum capacity of an edge, suffices to prove Claim 5.3, which in turn is used to
prove Lemma 5.4. Note also thBt> 1 always holds.

Claim 5.3. Initially, ® < 1, and throughout the algorithm® > 0. In addition, each time the flow for a

request is increased, then either serving the request on some flow path or rejecting the request altogether
does not increase the potential function.

Proof. It is easy to verify that initially the value of the potential function is exadtlyAlso, since the
potential function is a sum of exponential functions it is always positive.

To prove the second part of the claim we use a probabilistic argument. Specifically, we consider a
single iteration in which the flow to some requestis increased on several paths, such that) =
>_pep(r;) /(ri, P). Then we consider the following random trial: we map the valfies, P) /B to the
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interval [0, 1] and then choose a random numbejoint]. We choose to fully serve the requesthrough

the path that came up in the trial. If the random number we chose fell outside the flow values, we choose

to reject the requests. Note that the probability that we served the request is gXagtiy3. Also, for

each edge the probability that we use it to serve the request is exactly the amount of flow that is going

through the edge divided k. We prove that with this random trial the expected value of the potential

function does not increase. This means that either there exists a path such that serving the request on

this path does not increase the potential function, or rejecting the request does not increase the potential

function. By linearity of expectation we can analyze each term in the potential function separately.
Consider the first term of the potential function. l&f(s) and®;(e) be the respective start and

end values ofb,, before increasing the flow and after the random trial. By the above observation the

expected value 0P, (e) is:

E@y(e)] - f(rgp) . <CI)1(3) ~exp{f2(g) —ln2}> + <1 — W) : <<I>1(8) 'exp{‘l;(g)»
_ as). [ﬂg% P) .exp{fg} N <1 _ f(rgP)) .exp{fég H
= By(s)- e:cp{f(”)} : [1 - f(g;)] < Pq(s).

Where the last inequality follows since for amy> 0, 1 — x < e~ ”.

We next analyze the expected value of each terdinConsider a term corresponding to an edge
Let f(r;, e) be the total flow through the edgehat serves request. By the properties of the random
trial the probability that we serve requestthrough edge is exactly%. Thus, the expected value
of this term is:

pioae)] = 19 (wae)- e { (14 22— s |)
. (1 . f<BP>) (@a(s) - exp {~f (11, )})

= ®y(s)-exp{—f(ri,e)}- [f(rg 2 - OXp {1 + 12(267)71} * (1 - f(ge))]
= Dy(s) - oxp {—f(ri,e)} - [m};’e ‘<eXp{1+ 12?5} _1> “]

Do(s) - exp {=f(rise)} - [f(rise) + 1] < Pa(s).

~—

IN

The last inequalities follow sincB = exp {1 + An2m } —1>exp {1 + I Zm} — 1, and since for any

u(min) u(e)

x>0,1+z <exp(z). O

Lemma 5.4. The algorithm isO(log P(max) - [exp{(l + 3(1;{;}))} - 1} )-competitive and does not vi-
olate the capacity constraints.

We remark that when(min) > log n we get that the algorithm @ (log P(max))-competitive. The
competitiveness is exactly as in [5].
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Proof. To see that the algorithm does not violate the capacity constraints we consider the second part of
the potential function. From Claim 5.3 each term in the potential function is at moEterefore, for
each edge:

anexp{(lﬂnzm) S S P }

P‘EEP Ti
Since the fractional solution is feasible, we get thap,.cp >, f(ri, P) < u(e). Therefore, simplify-
ing the inequality we get that

In2m+ 3 pieep 2oy, f(ri, P)
In2m + u(e)

< wu(e).

x(e) < ule)-

To see that the algorithm is competitive we consider the first part of the potential function. By Claim
5.3 the first term of the potential function is at masiTherefore, we get that:

exp{lz Z fr“ 1n2-;><(ri)]}<l

T4 PEP 7'2

Simplifying we get that:

Z Z fn, ln2-2x(ri)§ln2,

ri PEP(r;) Ty

which means that:

;X(”)Z 231 32 2, JrP

Ti PeP(r;)

Since the fractional algorithm guarantees that

1
Z Z flri, P O(log P(max)) OPT,

T PG]P('I )

we get the desired bound. O

6 Conclusions and Further Results

We have developed in this paper a general recipe for the design and analysis of online algorithms, ap-
plicable to a wide range of interesting problems. The analysis of the competitive ratio analysis is direct
and without the use of a potential function appearing “out of nowhere”. Also, the competitiveness of our
online algorithms is shown to be with respect to an optimal fractional solution. We note that the use of a
linear program for online problems helps detecting the difficulties of the problem in hand.

Since the preliminary version of this paper appeared in [10], several new applications of the online
primal-dual method were discovered, establishing it as an important paradigm for the design of online
algorithms applicable to a wide variety of problems.
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Covering Problems: The online set-cover problem [1], along with the graph optimization problems

in [2], naturally fall within the framework of online covering problems. In fact, these problems moti-
vated our work and were the starting point for it. Following [10], it was shown [9] that classic online
problems such as the ski rental problem and the dynamic TCP-acknowledgement problem [18] can be
viewed as online covering problems. In particular, it was shown how to derive the well known compet-
itive algorithms for these problems via the more general primal-dual framework presented in this paper.
The parking permit problem studied by Meyerson [22] is also in fact an online covering problem. The
randomized algorithm presented by Meyerson can now be obtained using the two phase approach: First,
a fractional solution which has a logarithmic competitive factor is generated using the techniques of the
current paper. Then, by randomized rounding, an integral solution is obtained similarly to [22]. More
recently, an extension of the ideas that appear in our work were used to obtain a randofhigei)-
competitive algorithm for the weighted paging problem [6], whielie the cache size. This is the first
randomized(k)-algorithm for the problem. We note that weighted paging is a special case of the more
general-server problem (see [8] for more details).

Packing Problems: The problems of throughput-competitive online routing of virtual circuits and on-

line load balancing studied in [5, 3] can be viewed as online packing problems. In this work we showed
that an alternative routing algorithm, which is equivalent to the algorithm presented in [5], can be derived
systematically using our approach. A more delicate algorithm, also based on a primal-dual approach, was
recently used to derive improved routing goals in many settings [11]. In particular, [11] considered the
fairness goals studied previously by Goel et al. in [16]. Recently, it was shown in [9] that the online
(fractional) bipartite matching problem [19] and the more general problem of allocating ad-auctions [21]
can also be described within the online packing framework. This yields optimal as well as simple online
algorithms for these problems and their extensions .
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