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The Performance of Neighbor-Joining Methods of
Phylogenetic Reconstruction1

K. Atteson2

Abstract. We analyze the performance of the popular class of neighbor-joining methods of phylogeny
reconstruction. In particular, we find conditions under which these methods will determine the correct tree
topology and show that these perform as well as possible in a certain sense. We also give indications of
the performance of these methods when the conditions necessary to show that they determine the entire tree
topology correctly, do not hold. We use these results to demonstrate an upper bound on the amount of data
necessary to reconstruct the topology with high confidence.
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1. Introduction. The phylogenetic reconstruction problem is to determine the evo-
lutionary relationships between a set of species typically from information contained
in biomolecular sequence data. These evolutionary relationships may be represented
by a phylogenetic tree, that is, a tree in which the leaves represent extant species and
the internal nodes represent possibly extinct common ancestors of the extant species.
Besides being of scientific interest, methods of phylogenetic reconstruction can have
important applications to human health as, for instance, in the choice of drugs for target-
ing particular parasites [KDD+]. Particular evolutionary relationships are often debated
among biologists and different relationships can be obtained by the multitude of different
phylogenetic reconstruction methods. In recent years, the growth of large-scale DNA
sequencing has begun to provide a wealth of data for phylogenetic reconstruction.

While over the last several decades, many methods for phylogenetic reconstruction
have been proposed, there have been few proven performance guarantees for these meth-
ods until recently. One such performance guarantee is given in [ABF+], which demon-
strates a method which outputs an additive distance matrix (tree distance) which is within
a factor of 3 of the additive distance matrix which is closest under thel∞ norm on distance
matrices (see Section 3.1 for definitions of these terms). Assuming the Cavender–Farris
stochastic model of evolution, Farach and Kannan [FK] demonstrate sample-size bounds
for obtaining a tree which is nearby the true model tree with respect to the variational dis-
tance between distributions defined by these trees. However, the performance guarantees
of these works are difficult to interpret in terms of finding the tree which represents the
actual evolutionary relationship between the species. Here, as in [ESSW], we take the
view, prevalent among biologists, that the primary goal of phylogenetic reconstruction

1 This work was supported by NSF Grant Number BIR 9413215 while the author was at the University of
Pennsylvania.
2 Yale University, Ecology and Evolutionary Biology, New Haven, CT 06520, USA. atteson@
peaplant.biology.yale.edu.

Received June 1, 1997; revised March 16, 1998. Communicated by D. Gusfield and M.-Y. Kao.



252 K. Atteson

is to reconstruct all or some of the edges of the true tree. We give conditions under which
the neighbor-joining methods, some of the most popular of computationally efficient
methods, will do so. In particular, we find the radius around the true tree, for a certain
metric, in which the observed distances must be in order to guarantee that these methods
reconstruct all or some of the edges of the tree. These conditions yield upper bounds on
the sequence length needed for these methods to reconstruct all or some of the edges of
the tree. In fact, these methods do the best possible at reconstructing the entire tree, that
is, no method can be guaranteed to reconstruct the tree for observed distance matrices
in a larger radius around the true tree. When the observed distance matrix is not within
the radius mentioned above, so that we cannot show that the topology can be determined
completely, a slight modification of one of the neighbor-joining methods can be shown
to do the best possible at reconstructing some of the edges of the true tree.

In the next section we introduce some notation. In Section 3 we discuss the details
of the results of the paper and their significance. The subsequent sections of the paper
present the proofs of these results.

2. Some Notation. As mentioned previously, we represent evolutionary relationships
by trees, which we now define. We assume the reader is familiar with the basic concepts
of graph theory, see, e.g., [Bo]. Since we are trying to determine the topology of the
tree relative to the extant species which are represented as leaves, evolutionary trees
are leaf-labeled trees, that is, two evolutionary trees are the same if they have the same
topology relative to the leaves.

DEFINITION 1. A tree is a connected acyclic graph. We writeV(T) andE(T) for the
vertex set and edge set, respectively, of a treeT . A leaf of a tree is a node of degree 1. We
write L(T) for the set of leaves of treeT . When the treeT is implicitly understood, we
write V , E, andL for the vertex, edge, and leaf sets ofT , respectively. Two treesT andT ′

are (leaf-labeled) isomorphic, writtenT ∼ T ′ if there is a bijectionf : V(T)→ V(T ′)
which preserves adjacency, that is,E(T ′) = {( f (v), f (v′)): (v, v′) ∈ E(T)}, and
which preserves leaves, that is,f (v) = v for all leavesv ∈ L(T). Isomorphism is an
equivalence relation and we define thetopologyof a tree as the equivalence class of trees
isomorphic to it. Isomorphic trees are trees which are the same for our purposes and so
we sometimes blur the distinction between isomorphic trees and trees which are equal.
A rooted treeis a tree along with a special node called the root. Abinary treeis a tree
in which every internal node has degree 3. Arooted binary treeis a tree having a single
node of degree 2, called theroot, and such that every other internal node has degree 3.

For a treeT and an edgee∈ E(T), the graphT−e is the graph obtained by removing
e from T , that is, ifT − e= (V, E− {e}). Note thatT − e has exactly two components
and so partitions the set of leaves into two components. Fork ∈ V , we use the notation
Lk(T − e), or just Lk(e) if the treeT is implicitly understood, for the set of leaves
in the component ofT − e containingk (see Figure 1). Lets(T − e) = {Lk(T − e),
L − Lk(T − e)} which we refer to as thesplit of T generated bye. Let S(T) denote the
set of all splits ofT , that is,S(T) = {s(T − e): e ∈ E(T)}. Note thatS(T) = S(T ′) if
and only ifT ∼ T ′ (see, e.g., [BD]).
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Fig. 1. An illustration of the notation “Lk(e).” “ Lk(e)” denotes the set of leaves in the component ofT − e
containing the leafk.

For i , j , k, andl in L(T), the treeT induces the quartet{{i, j }, {k, l }} if there is an
edgee ∈ E(T) such thati and j are separated fromk andl by e. We denote the set of
quartets induced by the treeT by Q(T). Note that the topology of a tree is determined
by the quartets that it induces, that is, theT ∼ T ′ if and only if Q(T) = Q(T ′) (see,
e.g., [BD]).

We now introduce some definitions for distance matrices which are the inputs for the
methods which we will discuss.

DEFINITION 2. A distance matrix, D̂, is a symmetric nonnegative matrix, indexed by a
set of taxaL, and having 0 diagonal. Note that the terminologydistance matrixis standard
in the systematic biology literature even though we do not assume that a distance matrix
defines a metric or distance (nor a pseudometric) on the set of species since we do not
require the triangle inequality. If̂D is the set of distance matrices andT is the set of trees,
a distance-based methodfor phylogenetic reconstruction3 is a function f : D̂ → T . A
weighted treeτ is a treeTτ along with a functionl : E(Tτ )→ [0,∞), from the edges of
the tree into the positive real numbers. Similarly, aweighted binary treeis a weighted
treeτ whereTτ is binary. For any nodesx and y of a weighted treeτ , we define the
distancebetweenx andy as

Dτ
xy =

∑
e∈Px,y

l (e),

wherePi, j denotes the set of edges on the unique path betweeni and j in Tτ . We use
the symbolDτ for the distance matrix on the leaves ofTτ . An additive distance matrix
is a distance matrix̂D for which there is a weighted treeτ such thatD̂ = Dτ . Note that
the weighted tree corresponding to an additive distance matrix is unique.

The following result is a local characterization of additive distance matrices which
will be useful.

3 While most methods output a weighted tree, we do not consider the weights of the output here. Also, we
are avoiding reference to a computational model since it is not required here. Finally, note that there are many
methods, known assequence-based method, which use sequences as input rather than distances.
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LEMMA 1 (Four Point Condition). Let D be a distance matrix. Any four taxa can be
labeled as i, j , k, and l in a way such that

Di j + Dkl ≤ Dik + Djl = Dil + Djk(1)

if and only if D is an additive distance matrix. If D corresponds with a weighted binary
treeτ , then there is an edge e which separates i and j from k and l, that is, such that i
and j are in a different component of Tτ − e than k and l, and the difference between
the right-hand side and left-hand side of the above inequality is at least2l (e).

For the history and proof of this important result, see, e.g., [BG].

3. Discussion

3.1. Finding the True Tree. Intuitively, the distance matrix̂D, which is given as input
into a distance-based method for phylogenetic reconstruction, represents an estimate of
the amount of evolutionary divergence between speciesi and j . We imagine that there
is a “true” additive distance matrixD = Dτ of which the observed distance matrixD̂ is
a noisy or corrupted version. A reasonable distance-based method should return the tree
Tτ when givenDτ or a distance matrix sufficiently close toDτ as input, that is, if the
noise is sufficiently small. We now demonstrate that if the observed distance matrix is
too far from the actual distance matrix, then no method can be guaranteed to reconstruct
the true tree correctly. First we define our notion of closeness:

DEFINITION 3. The l∞ norm or error between distance matriceŝD and D̂′, written
‖D̂ − D̂′‖∞, is defined as

‖D̂ − D̂′‖∞ = max
i, j
|D̂i j − D̂′i j |.

We say that a methodf hasl∞ radiusα if, for every weighted binary treeτ and every
distance matrixD̂ such that

‖Dτ − D̂‖∞ < α min
e∈E(T)

l (e),

the method reconstructsTτ , that is, f (D̂) = Tτ .

Thel∞ radius of a method is the radius of the largest ball (in thel∞ metric space on
distance matrices), in multiples of the length of the shortest edge, around a true weighted
binary tree, within which the method is guaranteed to reconstruct the true tree. In fact,
we can show that no method hasl∞ radius more than12 using the following fact:

LEMMA 2. For every additive distance matrix D= Dτ , there is an additive distance
matrix D′ = Dτ ′ and a distance matrix̂D such that S(Tτ ′) 6= S(Tτ ) and

‖D − D̂‖∞ = min
e∈E(Tτ )

l (e)

2
,(2)

‖D′ − D̂‖∞ = min
e∈E(Tτ ′ )

l (e)

2
.(3)
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Fig. 2.A graphical representation of two “nearest” distinct tree topologies.

PROOF. In fact, D′ is formed fromD by rearranging the subtrees around an edgee of
smallest length inTτ as demonstrated in Figure 2. Similarly,D̂ is constructed as shown
by the weighted graph in the figure. In particular,

D̂i j =


Di j if i, j,∈ Ak for somek,
1
2(Di j + D′i j ) if i ∈ Ak and j ∈ Al and|k− l | is odd,

Di j − l (e)

2
if i ∈ Ak and j ∈ Al and|k− l | = 2.

We leave the details of this construction to the reader. See [ESSW] for a similar con-
struction.

This implies that no method can havel∞ radius larger than12:

LEMMA 3. No method has l∞ radius larger than1
2.

PROOF. Suppose a methodf hasl∞ radius larger than12. Choose any additive distance

matrix Dτ and letD′ = Dτ ′ and D̂ be, respectively, an additive distance matrix and
distance matrix satisfying the properties of Lemma 2. Since the method hasl∞ radius
larger than1

2 and (2) holds,f reconstructsTτ on D̂, that is f (D̂) = Tτ . However, it

must also reconstructTτ ′ on D̂ because of (3) and sof (D̂) = Tτ ′ . However,Tτ and
Tτ ′ are not isomorphic sinceS(Tτ ) 6= S(Tτ ′) and so, in particular,Tτ 6= Tτ ′ which is a
contradiction.4

4 A subtlety here is that for sequence-based methods, that is, methods which use sequences as input, we must
also show the existence of sequences which correspond to the distancesD̂. However, this can be done in many
cases.
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The larger thel∞ radius of a given method, the larger the set on which we can
guarantee that method will correctly reconstruct the true tree. In this paper we show
that the neighbor-joining methods have the optimall∞ radius of 1

2. In particular, we
demonstrate this for the ADDTREE method of Sattah and Tversky [ST]:

THEOREM2. ADDTREE has l∞ radius 1
2.

PROOF. See Section 5.1.

Also, we demonstrate this for the popular NJ method of Saitou and Nei [SN]:

THEOREM4. NJ has l∞ radius 1
2.

PROOF. See Section 6.1.

The later result also holds for the UNJ and BIONJ methods of Gascuel [G2], [G3]
which are modifications of NJ. Note that methods described in [ESSW] and the Buneman
tree method [Bu] are also known to have this property but known algorithms implement-
ing these methods have higher computational complexity than some of the neighbor-
joining methods. A method which finds the closest additive distance matrix to the input
distance matrix under thel∞ norm would havel∞ at least14 (see [ESSW]). However, this
problem is NP-hard to approximate within a factor of9

8 [ABF+]. A 3-approximation to
this problem is known [ABF+] which hasl∞ radius between18 and 1

6 (see [ESSW]).
Motivated by Lemma 3, we now give a name to a distance matrix which is near enough

to a weighted binary tree so that it can be guaranteed to be correctly reconstructed by a
method with optimall∞ radius:

DEFINITION 4. A distance matrix̂D isnearly additivewith respect to a weighted binary
treeτ if

‖D̂ − Dτ‖∞ < min
e∈E(Tτ )

l (e)

2
.(4)

A distance matrixD is nearly additiveif there is a weighted binary treeτ such thatD is
nearly additive with repect toτ .

In fact, the binary tree (but not the edge weights) corresponding to a nearly additive
distance matrix is unique:

LEMMA 4. The binary tree corresponding to a nearly additive distance matrix is unique.

PROOF. Let D̂ be a nearly additive distance matrix. Suppose there are weighted binary
treesτ andτ ′ such that formula (4) holds for bothτ andτ ′. Let e ande′ be edges of
minimal length inτ andτ ′, respectively. For any{{i, j }, {k, l }} ∈ Q(Tτ ), we have

Dτ ′
i j + Dτ ′

kl < D̂i j + D̂kl + l (e′) < Dτ
i j + Dτ

kl + l (e′)+ l (e)(5)
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≤ Dτ
ik + Dτ

j l + l (e′)− l (e) < D̂ik + D̂jl + l (e′)

< Dτ ′
ik + Dτ ′

j l + 2l (e′),

where the third inequality is from the four point condition. Lemma 1, and the others
from formula (4). Now suppose that{{i, k}, { j, l }} ∈ Q(Tτ ′). By the four point condition,
Lemma 1, there is an edgee′′ such that

Dτ ′
ik + Dτ ′

j l ≤ Dτ ′
i j + Dτ ′

j l − 2l (e′′)

< Dτ ′
ik + Dτ ′

j l + 2l (e′)− 2l (e′′) ≤ Dτ ′
ik + Dτ ′

j l ,

where the second inequality is formula (5) and the last from the fact thatl (e′) ≤ l (e′′).
This is a contradiction and so{{i, k}, { j, l }} /∈ Q(Tτ ′). Similarly,{{i, l }, { j, k}} /∈ Q(Tτ ′)
and so, by the four point condition,{{i, j }, {k, l }} ∈ Q(Tτ ′). Hence,Q(Tτ ) ⊆ Q(Tτ ′)
and so, by symmetry,Q(Tτ ) = Q(Tτ ′) andTτ ∼ Tτ ′ .

Because of this uniqueness, we sometimes say thatD̂ is nearly additive with respect to
a treeT . The concept of nearly additive distance matrices was introduced in [ESSW]
(without the name).

Finally, we would like to make some comments about the tightness of the results in
this paper. Lettingf −1(T) denote the set of distance matrices for which methodf yields
tree T and N(T) the set of distance matrices which are nearly additive with respect
to T , we will show here thatN(T) ⊂ f −1(T) for certain methods. In fact, there are
many distance matrices which are not inN(T) for any treeT and so, in fact,f −1(T) is
generally substantially larger. All we can say is thatf −1(T) contains no otherl∞ balls
centered at an additive distance matrix as previously noted.

3.2. Finding Long Edges. Let ε = ‖D − D̂‖∞ whereD = Dτ and D̂ are the true
and observed distances, respectively. As discussed in the preceding sections, we can
guarantee that the neighbor-joining methods will correctly reconstruct the topology of
the true tree ifε is less than mine∈E(Tτ )(l (e)/2), that is, if all edges are longer than 2ε. In
many cases of interest, only some of the edges of the actual tree will be of this length.
In such cases, although the methods would not be guaranteed to reconstruct the entire
tree correctly, they might correctly reconstruct the edges which are longer than 2ε. In
particular, we associate an edge with the split that it generates and define the edgel∞
radius analogously to thel∞ radius:

DEFINITION 5. For a weighted treeτ , we say that the distance-based methodf correctly
reconstructs edgee∈ E(Tτ ) on input distance matrix̂D if there is some edgee′ ∈ f (D̂)
such that the split generated bye in Tτ is the same as the split generated bye′ in f (D̂),
that is, if s(Tτ − e) ∈ S( f (D̂)). We say that a methodf hasedge l∞ radiusα if, for
every weighted binary treeτ , every edgee∈ Tτ , and every distance matrix̂D such that

‖Dτ − D̂‖∞ < αl (e),

the method correctly reconstructs edgee on inputD̂. Note that if a method has edgel∞
radius larger thanα, then it hasl∞ radius at leastα.
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Just as thel∞ radius gives us conditions under which a method will correctly recon-
struct the true tree, the edgel∞ radius gives us conditions under which a method will
correctly reconstruct sufficiently large edges of the true tree. Similarly, since no method
hasl∞ radius larger than12, no method has edgel∞ radius larger than12.

LEMMA 5. No method has edge l∞ radius larger than1
2.

PROOF. If f has edgel∞ radius larger than12, then it hasl∞ radius larger than12 which
contradicts Lemma 3.

In this paper we will show that Sattah and Tversky’s method has edgel∞ radius 0.

LEMMA 9. ADDTREE has edge l∞ radius0.

PROOF. See Section 5.2.

However, this negative result only occurs if a pathological condition which we refer to
as a tie in the four point condition (see Section 5.2) occurs. If ties are excluded, either
because they occur with negligible probability or by minor modifications to the method,
the method obtains edgel∞ radius 1

2 and so again performs as well as possible. See
Theorem 3 of Section 5.2 for a precise statement and proof of this result. Note that
the Buneman tree method [Bu] also has edgel∞ radius 1

2 (Tandy Warnow, personal
communication). However, Saitou and Nei’s NJ method does not do best possible:

LEMMA 13. NJ has edge l∞ radius at most14.

PROOF. See Section 6.2.

We conjecture that NJ has edgel∞ equal to1
4. By comparison, the 3-approximation of the

closestl∞ additive distance matrix has edgel∞ radius between18 and 1
6 (see [ESSW]).

3.3. A Probabilistic Interpretation. By introducing a specific model of the evolution
of biomolecular sequences, we can determine an upper bound on the sample-size com-
plexity, that is, the number of samples required so that the neighbor-joining methods will
correctly reconstruct either the entire topology (or edges above a certain length) with
high probability. This is done by choosing the number of samples so that the error will be
within the l∞ radius (edgel∞ radius) with high probability. The model we introduce is
the Cavender–Farris model [F], [C]. Under this model, there is a true rooted treeT with
n leaves corresponding to extant observed species and internal nodes corresponding to
ancestral species. For any speciesi (extant or ancestral), there is a sequence ofk binary
random variables (with only the random variables corresponding to the leaf sequences
being observed). The sequence at the root is generated by fair coin flips (i.i.d. uniform).
With each edgee∈ E, we associate a probabilityp(e), the probability that a given site of
the sequence will change along that edge. Each site of the sequence is assumed to change
in a Markovian fashion with respect to other species, that is, any species is dependent
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upon any ancestral species (more precisely, any nondescendant species) only through
its most recent ancestral species. Each site is assumed to be i.i.d. (this is perhaps the
biologically most unrealistic assumption of the model). The model generates a sequence
of k i.i.d. binary vectors, each having one element for each extant species.

Given the Cavender–Farris model, letpi, j be the probability that random variables
corresponding to extant speciesi and j at a given site will differ. Assuming maxi, j pi, j <
1
2, the distance matrix given by

Di j = − 1
2 ln(1− 2pi, j )

is additive. Note thatDi j is the expected number of mutations between speciesi and
j . Letting p̂i, j denote the number of observed mutations per site which occur between
speciesi and j , we can estimateDi j by

D̂i j = − 1
2 ln(1− 2p̂i, j ).

In fact, using the Azuma–Hoeffding inequality [GS], we can guarantee that‖D− D̂‖∞ <
ε with probability at least 1− δ if (see [Be] for a proof)

k ≥ 8 ln(n2/δ)

(1− exp(−ε))2 exp

(
max

i, j
4Di j

)
,

wheren is the number of species andk is the required number of observed potential
mutation sites. Hence, if we allowε to equal mine∈E(l (e)/2), we can guarantee that
the neighbor-joining method will find the true tree with probability at least 1− δ if at
leastk sites are observed. Note, however, that the number of samples needed for these
guaranteed performance rates would often not be practical in many situations of interest.
Similarly, if we letε = 1

2, then the modification of ADDTREE discussed in Section 5.2
can be guaranteed to reconstruct every edge of length at leastl correctly with probability
1− δ if at leastk sites are observed.

4. Neighbor-Joining Methods

4.1. The Methods. The neighbor-joining methods are agglomerative clustering algo-
rithms, that is, they produce a tree in a bottom-up fashion, by iteratively combining taxa.
For the purpose of this paper, we say that two taxai, j ∈ L areneighborsin a treeT
if and only if |Pi, j | = 2, that is, if there are exactly two edges on the path in the tree
between the taxai and j . Every tree with at least three vertices has a pair of neighbors.
The basic idea behind the neighbor-joining methods is to attempt to find a pair of species
i and j which are neighbors in the tree, modify the distances so as to combinei and j
into a new speciesu, and repeat. The pair of taxa to be combined is chosen to optimize
a criterion which we refer to as theneighbor selection criterion(or sometimes simply
as thescore) which is a function of the observed distancesD̂ and the pair of taxa,i
and j , under consideration. We denote the neighbor selection criterion for taxai and j
by Xi, j (D). The particular neighbor selection criterion used differs between different
neighbor-joining methods. For the specific neighbor selection criteria for the methods
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which are analyzed in this paper, see Sections 5.1 and 6.1. After finding a pairi and j
to combine into a new speciesu, the distances are updated in the following manner:

Duk = λu Dik + (1− λu)Djk(6)

with distances between all other taxa remaining unchanged. The most popular methods
useλu = 1

2 for all u but we consider the general case here where 0≤ λu ≤ 1 in
order to be able to apply the results more generally. We summarize the workings of the
neighbor-joining methods and introduce some notation in the following:

Let L1 = L, D̂1 = D̂, andLi = {i } for all i ∈ L.
For m= 1, . . . ,n− 2:

1. Choosei m and j m which optimizeXi m, j m(D̂m).
2. Fixing some new taxonum (e.g.,um = {i m, j m}), let Lm+1 = Lm −
{i m, j m} ∪ {um} andLum = Li m ∪ L j m and

D̂m+1
kl =

{
D̂m

kl if k, l 6= um,

λum D̂m
il + (1− λum)D̂m

jl if k = um,

Output a treeT such thatS(T) = {{Lu, L − Lu}: u ∈⋃n−1
m=1 Lm}.

Here, the setLm denotes the set of species andD̂m denotes the distances which are input
into themth iteration of the method. Foru ∈ ⋃n−1

m=1 Lm, the setLu is the subset ofL
which has been combined to formu which we refer to as therepresentativesof u.

4.2. Finding the True Tree. In this section we derive a result about conditions under
which a general neighbor-joining method can be guaranteed to find the true tree. In
particular, we show that any neighbor-joining algorithm which correctly chooses a pair
of neighbors in the first iteration, has the optimall∞ radius1

2. Our first lemma says that
if, when given additive distances as input, we combine a pair which are neighbors in the
corresponding tree during the updating step of the method, then the result is the distances
of the original tree with the pair of neighbors replaced by a single leaf hanging off of the
node adjacent to the pair of neighbors. Note that similar results were proved by Bandelt
and Dress [BD] but we present them here in the form we require.

LEMMA 6. Let D = Dτ be an additive distance matrix with corresponding weighted
binary treeτ . Fix neighbors i and j in Tτ . Let u′ denote the internal vertex adjacent to
i and j. The distance matrix on the set of taxa(L − {i, j }) ∪ {u′} with distances given
by formula(6) is additive and corresponds to a weighted binary treeτ ′. In particular,
we can choose Tτ ′ to be the tree formed from Tτ by removing i and j. Furthermore, the
edge lengths, l ′(e) for edges e∈ E(τ ′), are given by

l ′(x, y) =
{

l (x, y) if u′ /∈ {x, y},
l (x, y)+ λul (i,u′)+ (1− λu)l ({ j,u′}) otherwise.

(7)
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PROOF. Let D denote the distances given by formula (6). We must show thatDτ ′ = D.
Clearly, if neitherk nor l is u′, we have thatDτ ′

kl = Dkl since the construction ofτ ′ does
not affect the path betweenk andl . Otherwise, we have

Dτ ′
ku′ = Dτ

ku′ + λul (i,u′)+ (1− λu)l ( j,u′)
= λu(Dku′ + l (i,u′))+ (1− λu)(Dku′ + l ( j,u′))
= λu Dik + (1− λu)Djk .

Hence,Dτ
ku = Dku and so the lemma holds.

In practice, the method is not given the “actual” distancesD but the approximate
distancesD̂ which we will eventually assume are sufficiently close toD. It is important
that, in applying the update formula (6), the “actual” distances of the tree with taxa
combined and the distances used by the method do not grow further apart. We demonstrate
that this is so after introducing some notation. In analogy to the observed distances used
as input for themth iteration,D̂m, we let Dm denote the “actual” distances at themth
iteration, when the pair which is chosen usingD̂ are combined. In other words,D1 = D
and

Dm+1
kl =

{
Dm

kl if k, l 6= um,

λum Dm
i ml + (1− λum)Dm

j ml if k = um.

It is important to keep in mind that it is the pair,i m and j m, chosen by the method using
D̂m (and notDm) which is used in calculatingDm+1. The following lemma demonstrates
that the approximate and actual distances do not grow further apart.

LEMMA 7. For any m, we have

‖D̂m − Dm‖∞ ≤ ‖D̂ − D‖∞.

PROOF. The proof is by induction. The result holds form = 1 by definition. Now
suppose that the result holds form. If k, l 6= um, then the distances are unchanged and
so|D̂m+1

kl − Dm+1
kl | = |D̂m

kl − Dm
kl |. Otherwise∣∣∣D̂m+1

umk − Dm+1
umk

∣∣∣ = ∣∣∣(λum D̂m
i mk + (1− λum)D̂m

j mk

)
−
(
λum D̂m

i mk + (1− λum)Dm
j mk

)∣∣∣
=
∣∣∣λum

(
D̂m

i mk − Dm
i mk

)
+ (1− λum)

(
D̂m

j mk − Dm
j mk

)∣∣∣
≤ λum

∣∣∣D̂m
i mk − Dm

i mk

∣∣∣+ (1− λum)

∣∣∣D̂m
j mk − Dm

j mk

∣∣∣
≤ λum‖D̂m − Dm‖∞ + (1− λum)‖D̂m − Dm‖∞
= ‖D̂m − Dm‖∞

Hence, the result holds.

The previous two lemmas allow us to characterize the performance of an arbitrary
neighbor-joining method in terms of its performance on the first iteration:
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THEOREM1. Fix a neighbor-joining method such that:

1. Given a nearly additive distance matrix̂D with respect to a tree T, any pair which
optimizes the neighbor selection criterion are neighbors in T.

2. The update formula is given by(6).

For any nearly additive distance matrix̂D with respect to T, the neighbor-joining method
outputs T, that is, the method has the optimal l∞ radius 1

2.

PROOF. We assume that̂D is nearly additive and letD = Dτ 1
be an additive distance

matrix which is nearby (any one of which has the same topology by Lemma 4). Let
E1 = E(Tτ 1) and l 1: E1 → [0,∞) denote the edge weights ofτ 1. First we show
that Dm is additive andi m and j m are neighbors. We prove this by using the induction
hypothesis that the following three conditions hold simultaneously:

(a) Dm = Dτm
for some weighted binary treeτm with edge setEm and edge weights

l m: Em→ [0,∞).
(b) mine∈Em l m(e) ≥ mine∈E1 l 1(e).
(c) i m and j m are neighbors inTτm.

The base case,m= 1, follows directly from the assumptions of the lemma. Now suppose
by induction thatDm is additive and that item (b) holds. We use the notationTm = Tτm.
We have

‖D̂m − Dm‖∞ ≤ ‖D̂ − D‖∞ < min
e∈E1

l (e)

2
≤ min

e∈Em

l (e)

2
,

where the first inequality is from Lemma 7, the second is assumed for proof of the
lemma, and the third is by the induction hypothesis. Hence, sinceDm is additive for
the weighted binary treeτm, we have thatD̂m is nearly additive and so, by assumption
of the lemma, any pair,i m and j m, optimizing the neighbor selection criterion is a
pair of neighbors inTm which verifies item (c). Hence, by Lemma 6,Dm+1 is additive
andTm+1 is binary which verifies item (a). Also from Lemma 6, mine∈Em+1 l m+1(e) ≥
mine∈Em l m(e) since, ife = (x, y), then eithere ∈ Em or u′ ∈ {x, y}, in which case
l m+1(e) ≥ l m(e). Hence, by the induction hypothesis, mine∈Em+1 l m+1(e) ≥ mine∈E1 l 1(e)
verifying item (b) and completing the induction. Hence, the neighbor-joining method
chooses a pair of neighbors at every iteration.

For e ∈ Em and an arbitraryk ∈ Lm, let S = Lk(Tm − e). Defines′(Tm − e) =
{⋃u∈S Lu, L −⋃u∈S Lu}, that is,s′(Tm − e) is the split generated bye considered as
sets ofL by using the representatives of verticesu ∈ Lm. We will now show that{

{Lu, L − Lu}: u ∈
m⋃

l=1

Ll

}
∪ {s′(Tm − e): e∈ Em} = S(T1)(8)

holds for everym. The proof is by induction onm. For the base case, we have that⋃
u∈S Lu =

⋃
u∈S{u} = S for any S⊆ L1 and sos′(T1 − e) = s(T1 − e). This means

that {s′(Tm − e): e ∈ Em} = S(T) and so (8) holds in the base case. We now prove
the induction step. As in Lemma 6, letum′ be the vertex adjacent toi m and j m. For
anye ∈ Em − {(um′, i m), (um′, j m)}, we have thatLi m(Tm − e) = Lum(Tm+1 − e) −
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{i m, j m}∪{um}. LettingS= Lum(Tm+1−e), we have that
⋃

u∈S Lu =
⋃

u∈Li m(Tm−e) Lu−
(Li m ∪ L j m) ∪ Lum = ⋃

u∈Li m(Tm−e) Lu. Hence,s′(Tm − e) = s′(Tm+1 − e) for e ∈
Em− {(um′, i m), (um′, i m)}. Note that the first term of the union on the left-hand side of
(8) is strictly increasing. Hence, we need only show thats′(Tm− (i m,um′)) is contained
in the first term of the union and similarly withi m replaced byj m. However, we have
thats′(Tm − (i m,um′)) = {Li m, L − Li m} and similarly for j m and so (8) holds in the
induction case. Hence, we have that{{Lu, L − Lu}: u ∈⋃n−1

l=1 Ll } ∪ {s′(Tn−1− e): e∈
En−1} = S(T1). However, since we decrease the number of leaves by one in each
iteration, we have thatEn−1 = {(u,u′)} for someu,u′ ∈ Ln−1. Hence,{Lu, L −
Lu} ∈ {{Lu, L − Lu}: u ∈ ⋃n−1

l=1 Ll } and so{{Lu, L − Lu}: u ∈ ⋃n−1
l=1 Ll } = S(T1).

This means that the neighbor-joining method correctly reconstructs the topology of the
tree.

5. Sattah and Tversky’s Method

5.1. Finding the True Tree. The first neighbor-joining method that we study was intro-
duced by Sattah and Tversky [ST] and is often called ADDTREE. Before defining the
neighbor selection criterion of this method, we first introduce a useful terminology. We
say that a pair of taxai and j win the four point conditionfor a quartet{i, j, k, l } (under
D̂) if

D̂i j + D̂kl < min(D̂ik + D̂jl , D̂il + D̂jk).

In other words,i and j win the four point condition for the quartet{i, j, k, l } if the
inequality of the four point condition holds strictly. Note that of the six (unordered) pairs
of any quartet, either none or two pairs win the four point condition for the quartet.

Sattah and Tversky’s method maximizes the neighbor selection criterionXi, j (D) =
Ci, j defined as follows:

Ci, j = |{(k, l ): Di j + Dkl < min(Dik + Djl , Dil + Djk)}|,(9)

where we assumei, j, k, l are all distinct. This is the number of pairs{k, l } such thati
and j win the four point condition for the quartet{i, j, k, l }. Furthermore, ADDTREE
usesλu = 1

2 for all u in the updating formula (6).
In this section we prove that Sattah and Tversky’s method has an optimall∞ radius

for determining the true topology. In order to show that ADDTREE outputs the tree
corresponding to a nearly additive distance matrix given it as input, it only remains to
show that (1) of Lemma 1 holds. While this is a simple matter, we present it here in the
form of a more general lemma for later use.

LEMMA 8. Let ε = ‖D̂ − Dτ‖∞ for actual distance matrix D= Dτ and observed
distance matrixD̂. Suppose i, j, k, l ∈ Lm are such that there is an edge e in the binary
tree Tτ such that l(e) > 2ε and such that Li and Lj are contained in the same component
of T− e and Lk and Ll are contained in the other component, then i and j win the four
point condition for the quartet{i, j, k, l } underD̂m for any m.
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PROOF. We prove by induction that̂Dm
i j + D̂m

kl < D̂m
ik + D̂m

jl . A symmetric argument

shows thatD̂m
i j + D̂m

kl < D̂m
il + D̂m

jk . For the base case, fixi, j, k, l ∈ L such thate with
l (e) > 2ε separatesi and j from k andl (note thatLi = {i }, etc.). By the four point
condition, Lemma 1, we have

Di j + Dkl < Dik + Djl − 4ε

Hence,

D̂i j + D̂kl ≤ Di j + Dkl + 2ε

< Dik + Djl − 2ε ≤ D̂ik + D̂jl ,

where the first and last inequalities are by assumption of the lemma and the middle from
above. Hence, the result holds for the base case. Now suppose that the result holds form.
SinceLm+1 = (Lm−{i m, j m})∪{um}, the result will hold by induction ifum 6∈ {i, j, k, l }.
Hence, we may assume without loss of generality thati = um. Note thatLum = Li m∪L j m

and so we have thate separatesi ′ ∈ Li m and j ′ ∈ L j m from k′ ∈ Lk andl ′ ∈ Ll . By the
induction hypothesiŝDm

i m j + D̂m
kl < D̂m

i mk + D̂m
jl andD̂m

j m j + D̂m
kl < D̂m

j mk + D̂m
jl . Hence,

D̂m
i j + D̂m

kl = 1
2

(
D̂m

i m j + D̂m
kl + D̂m

j m j + D̂m
kl

)
< 1

2

(
D̂m

i mk + D̂m
jl + D̂m

j mk + D̂m
jl

)
= D̂m

ik + D̂m
jl ,

which demonstrates the lemma.

Now we can demonstrate that the method of Sattah and Tversky has an optimall∞
radius.

THEOREM2. ADDTREE has l∞ radius 1
2.

PROOF. From Lemma 1, we need only show that, for any nearly additive distance matrix
D̂ with respect toτ , every maximizing pair of the neighbor selection criterion given by
formula (9) is a pair of neighbors ofTτ . Fix a pair of neighborsi and j . The pair of taxa
i and j are separated from any other pair of taxak andl by some internal edgee. Since
all edges are length at least 2ε by assumption, we have by Lemma 8 thati and j win the
four point condition for the quartet{i, j, k, l }. Hence,Ci, j = ((n− 2)(n− 3))/2, which
is its maximal value. We must now demonstrate that no nonneighbors achieve this value.
Fix a pair of nonneighborsk andl . Sincek andl are nonneighbors, they are separated by
an internal edgee. Let i be a member of the component ofT − e containingk and let j
be a member of the component containingl (these must exist since otherwisee is not an
internal edge). Sincee separatesi andk from j andl , we see, again by Lemma 8, thatk
andl do not win the four point condition for the quartet{i, j, k, l } (sincei andk as well as
j andl do). Hence,Ck,l cannot achieve the maximal value ofCi, j = ((n−2)(n−3))/2.
Hence, the neighbor selection criterion is only maximized at pairs of neighbors and so
the method outputs the topology ofTτ .
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5.2. Finding Long Edges. In the previous section we have shown that Sattah and
Tversky’s neighbor-joining method performs well when all edges have length at least
2ε whereε = ‖D − D̂‖∞ for actual and observed distancesD and D̂. In this section
we examine what happens when this assumption is violated. First we introduce some
terminology. We say that a pair of taxai and j tie the four point condition for a quartet
{i, j, k′, l ′} if there is a labeling ofk′ andl ′ ask andl such that

Di j + Dkl = Dik + Djl ≤ Dil + Djk .

If the inequality in the above expression is strict, then four pairs tie the four point condition
for that quartet and we call this atwo-way tie. If equality holds, then all six pairs tie the
four point condition for that quartet and we call this athree-way tie. For any quartet,
there is a pair which either wins or ties the four point condition for that quartet and there
are never pairs which win and tie simultaneously. Note, however, that no “points” are
assigned for ties in Sattah and Tversky’s method (that is, the neighbor selection criterion
is not directly dependent of how many quartets for which a pair of taxa ties the four point
condition). This fact allows us to construct a counterexample demonstrating arbitrarily
bad performance of the method when there are short edges:

LEMMA 9. ADDTREE has edge l∞ radius0.

PROOF. We must show that, for any sufficiently large numberM and anyε > 0, there is
an additive distance matrixD with treeτ which has an edge of lengthMε and there is a
distance matrixD̂ such that‖D− D̂‖∞ ≤ ε and such that Sattah and Tversky’s method
will not correctly reconstruct the edge of lengthMε. We present a counterexample
which works for all suchM below. First we provide some of the intuition behind the
counterexample and subsequently the details, many of which are tedious and left to the
reader to verify. Note that the amount by which the inequality of the four point condition,
Lemma 1, is satisfied is at least twice the length of any edge which separates the two pairs
of neighbors. The intuition is that we will choose a tree with a single long edge and make
all remaining edges short so that we can force pairs which do not span the long edge to
have ties. Fix two taxa on opposite sides of the long edge,k∗ andl ∗. We wish to force
the method to choosek∗ andl ∗ in the first iteration. There are three types of quartets:

1. Quartets with pairs on both sides of the long edge.
2. Quartets with a triplet on one side of the long edge and a single taxa on the other.
3. Quartets with all taxa on one side of the long edge.

We (judiciously) choose an equal number of taxa on either side of the long edge, namely,
m = n/2 taxa on each side. The outcome (win or tie and for which pairs) for quartets
of type 1 cannot be changed because we assume that the long edge is at least length 2ε.
Each pair on one side of the long edge wins the four point condition for

(m
2

)
of these pairs

(once for each pair on the other side). We can, however, make it so thatk∗ andl ∗ win all
quartets of type 2 in which they are involved. There are 2

(m−1
2

)
such quartets. For each

of these, a pair on one side or the other will win as well and so, assuming that we can
split these up evenly, there will be approximately

(m−1
2

)
/
(m−1

2

)
such quartets for which
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Fig. 3. The actual weighted tree for the counterexample for Lemma 9. All edges have lengthε/8 except for
the single long edge which has lengthMε.

each pair on a single side of the long edge will win. We can arrange all other quartets
(namely, those of type 3) to have ties. The resulting score for pairs{i, j } on the same
side of the long edge will be at mostCi, j ≤

(m
2

) + 1 andCk∗,l ∗ = 2
(m−1

2

)
. For m = 5,

i.e., 10 leaves total, we can see thatk∗ andl ∗ will be chosen on the first iteration, thereby
incorrectly reconstructing the long edge. Now we present the details of the construction.

The actual weighted binary tree used in the construction of the counterexample is
shown in Figure 3. We choose all edges to be lengthε/8 except for the long edge,
which we choose to be lengthMε. Table 1 presents the observed distancesD̂ of the
counterexample in multiples ofε. It can be verified that thel∞ distance between this
distance matrix and the weighted binary tree given in Figure 3 isε. Finally, Table 2
shows the neighbor selection criterion,Ci, j for each pair of leavesi and j . This table
can be validated from the previous table assuming thatM is sufficiently large so that a
sum of distances will always be larger than another if it contains a higher multiple of
M . It can be seen that 5 and 6 maximize the neighbor selection criterion and so will be
chosen asi 1 and j 1. Also note that{5,6} = Lu1 andLu1 ⊆ Lum or Lu1 ⊆ L − Lum for
all m. Hence, it is not possible that the method finds the splits(T − e) wheree is the
long edge, since 5 and 6 are in different components ofT − e.

The above demonstration is unsatisfying in that it is dependent upon the occurrence
of ties, which should not occur often and, furthermore, can be handled correctly by
modifying the method slightly. For instance, if we modify the neighbor selection criterion
so as to assign points for ties, the above counterexample no longer holds. In fact, we
demonstrate below that if ties do not occur, or if they are assigned large enough scores,

Table 1.The approximate distances of the counterexample for Lemma 9 in multiples ofε. The diagonal
entries are 0 and other blank entries can be filled in by symmetry.

Leaf no. 2 3 4 5 6 7 8 9 10

1 1
2

1
2

1
2 1 M + 1

2 M M M M

2 1
2

1
2 1 M + 1

2 M M M M

3 1
2 1 M + 1

2 M M M M

4 1 M + 1
2 M M M M

5 M + 1
2 M + 1

2 M + 1
2 M + 1

2 M + 1
2

6 1 1 1 1

7 1
2

1
2

1
2

8 1
2

1
2

9 1
2
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Table 2.The neighbor selection criterion,Ci, j , of the counterexample for Lemma 9
in multiples ofε. The diagonal entries are irrelevant and other blank entries can be

filled in by symmetry.

Leaf no. 2 3 4 5 6 7 8 9 10

1 11 11 11 10 0 0 0 0 0
2 11 11 10 0 0 0 0 0
3 11 10 0 0 0 0 0
4 10 0 0 0 0 0
5 12 0 0 0 0
6 10 10 10 10
7 11 11 11
8 11 11
9 11

then Sattah and Tversky’s method will work optimally and correctly reconstruct every
edge of length at least 2ε.

THEOREM3. Suppose one of the following conditions hold:

1. There are no ties.
2. Ties are scored so that the total contribution of a quartet in which there is a tie at

least equals the total contribution of a quartet in which there is a win, i.e., each pair
in a two-way tie scores at least1

2 point and each pair in a three-way tie scores at
least 1

3 point.

Then the resulting neighbor-joining method has edge l∞ radius 1
2.

PROOF. Fix an input distance matrix̂D which is nearly additive with respect to some
weighted binary treeτ and assume that there is an edgee ∈ E(Tτ ) of length at least 2ε
that the method will not correctly reconstruct. Lets(Tτ −e) = {L ′, L− L ′}. The method
does not correctly reconstruct edgee if and only if {Lu, L − Lu} 6= {L ′, L − L ′} for all
u ∈⋃n−1

m=1 Lm. Hence, for everyu ∈⋃n Lm, one of the following must hold:

(a) Lu is strictly contained inL ′ or L − L ′.
(b) Lu strictly containsL ′ or L − L ′.
(c) Each of the four intersections,Lu∩ L ′, Lu∩ (L− L ′), (L− Lu)∩ L ′ and(L− Lu)∩

(L − L ′), are nonempty.

Note that for allu ∈ L, item (a) holds. LetLn−1 = {u,u′} (by this iteration, there are only
two remaining taxa). Item (a) cannot hold for bothu andu′ because, sinceLu = L−Lu′ ,
this would imply eitherLu = L ′ or Lu′ = L ′. Hence, item (b) or item (c) holds for either
u or u′. Let m + 1 be the smallest number such that there is au ∈ Lm+1 for which
either item (b) or item (c) holds. SinceLm+1 = (Lm− {i m, j m}) ∪ {um}, it must be that
item (b) or item (c) holds foru = um. However, since item (a) holds fori m and j m and
Lum = Li m ∪ L j m, it cannot be that item (b) holds foru = um. Hence, item (c) holds
for u = um. We summarize this situation by saying that the edgee is broken at iteration
m. We have just shown that every edge which is not correctly reconstructed is broken at
some iteration.
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Now assume, without loss of generality, thatm is the earliest iteration at which an
edge of length at least 2ε is broken. Lete1,e2, . . . ,ep denote all edges of length at least
2ε which are broken at iterationm. It follows from the previous paragraph that, for
everyu ∈ Lm, the setLu will be contained in a single component ofT − {e1, . . . ,ep}.
Let Li m ⊆ Lm denote set of allu such thatLu is contained in the same component
of Tτ − {e1, . . . ,ep} asLi m. We proceed to bound the values ofCi, j for i, j ∈ Lm. In
order to do this, we determine, when possible, which pairs win the four point condition
for various quartets. From the previous paragraph, it can be seen thatLi m

andL j m
are

disjoint. Hence,i m and j m can only win the four point condition for quartets of the form
{i m, j m, k, l } such thatk andl are both in eitherLi m

, L j m
, or Lm− Li m − L j m

. There are
at most the following number of such quartets, lettingx1 = |Li m| andx2 = |L j m| and
x3 = |L − Li m − L j m|: (

x1− 1
2

)
+
(

x2− 1
2

)
+
(

x3

2

)
.(10)

Now consider a pairi, j ∈ Li m
and assume without loss of generality thatx1 ≤ x2.

The pairi and j wins the four point condition for any quartet of the form{i, j, k, l },
wherek, l ∈ Lm − Li m

by Lemma 8 since some edge from{e1, . . . ,ep} separatesLi

andL j from Lk andLl . There are
(x2+x3

2

)
pairs of this form. Also, if there are no ties as

assumed in one of the alternatives in the statement of the theorem, then, for any quartets
i, j, k, l ∈ Li m

, there are two pairs inLi m
which win the four point condition for that

quartet. Alternatively, if ties are scored as mentioned in the lemma, then the total score
for each pair inLi m

from a quartet of the kind mentioned is 2. Hence, in either of these
cases, the total contribution to the sum of scores of pairs inLi m

from quartets of this form
is at least twice the number of such quartets,

(x1

4

)
. For quartets of the formi, j, k ∈ Li m

andl ∈ Lm − Li m
, at least one pair inLi m

wins the four point condition for that quartet
(e.g., ifi andl win the four point condition for the quartet, then so doj andk). Similarly,
if ties are scored as mentioned, then the total score from ties for pairs inLi m

will be
1 since each tying pair is either inLi m

or its complement in the quartet is. The total
contribution to the sum of scores of pairs inLi m

from quartets of this form is at least the
number of such quartets,

(x1

3

)
(x2 + x3). Summing the contributions from various types

of quartets, there must be a pair,i ∗, j ∗ ∈ Lm, whose score exceeds the average:(
x2+ x3

2

)
+ 2

(x1

4

)+ (x1

3

)
(x2+ x3)(x1

2

) .(11)

We will demonstrate that (11) exceeds (10). Subtracting (10) from (11), expanding
and simplifying yields

1
6(−2x2

1 + 2x1x2+ 2x1x3+ 6x2x3+ 4x1+ 2x2− 4x3− 6)

= 1
3(x1(x2− x1)+ (x1+ 3x2− 2)x3+ (2x1+ x2− 3))

≥ 1
3((x1+ 3x2− 2)x3+ (2x1+ x1− 3)) > 0,

where we have used the fact thatx2 ≥ x1 for the second inequality and the facts that
x1 ≥ 1 andx2 ≥ 1 and the fact that eitherx1 > 1, x2 > 1, or x3 > 0 (since we can
assume that there are at least three leaves) for the third. Hence,Ci ∗, j ∗ > Ci m, j m which is
a contradiction, since the method choosesi m, j m ∈ Lm to maximizeCi m, j m.
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The above result is somewhat counterintuitive in light of the previous result. Since a tie
would seem to provide no evidence, it is more intuitive to throw away ties than to score
them. However, throwing them away gives an advantage to pairs which are not involved
in quartets with ties.

6. Saitou and Nei’s Method

6.1. Finding the True Tree. In this section we demonstrate that the neighbor-joining
method of Saitou and Nei [SN] has the optimall∞ radius of 1

2. In Saitou and Nei’s
method, the neighbor selection criterion [SK] is given byXi, j (D) = Si, j :

Si, j = (n− 2)Di j −
∑

k

Dik −
∑

k

Djk,(12)

which is minimized to choose a pair to combine at each iteration. Another version of
the method is given in [SK] but these versions are proved equivalent in [G1]. Saitou and
Nei [SN] suggest using update formula (6) withλu = 1

2 but the results presented in this
section also apply to variants of the method which use other choices forλu, such as the
methods presented in [G2], [G3]. Note that the neighbor selection criterion, formula (12),
is linear in the distances which are linear in the edge weights whenD is additive. We
now present a lemma which determines the weights of this formula for each edge.

LEMMA 10. Suppose that the additive distances D correspond with the weighted tree
τ , with edge set E. We have

Si, j =
∑
e∈E

we(i, j )l (e),(13)

where

we(i, j ) =
{−2 if e ∈ Pi, j ,

−2|L − Li (e)| otherwise,
(14)

where Pi, j denotes the set of edges on the path between i and j and L denotes the set of
taxa.

Note thatwe(i, j ) is symmetric ini and j since, fore ∈ E − Pi, j , we have that|L −
Li (e)| = |L − L j (e)|.

PROOF. First note that for taxak andl , the distanceDkl is the sum of the branch lengths
of the edges inPk,l :

Dkl =
∑

e∈Pk,l

l (e).

Hence,

Si, j = (n− 2)Di j −
∑

k

Dik −
∑

k

Djk(15)

=
∑

e∈Pi, j

(n− 2)l (e)−
∑

k

∑
e∈Pi,k

l (e)−
∑

k

∑
e∈Pj,k

l (e).
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Note thate∈ Pi,k if and only if k ∈ L − Li (e). Hence,∑
k

∑
e∈Pi,k

l (e) =
∑
e∈E

∑
k∈L−Li (e)

l (e) =
∑
e∈E

|L − Li (e)|l (e).

Incorporating this into (15) yields

Si, j =
∑

e∈Pi, j

(n− 2)l (e)−
∑

k

∑
e∈Pi,k

l (e)−
∑

k

∑
e∈Pj,k

l (e)

=
∑

e∈Pi, j

(n− 2)l (e)−
∑
e∈E

(|L − Li (e)| + |L − L j (e)|)l (e)

=
∑

e∈Pi, j

((n− 2)− (|L − Li (e)| + |L − L j (e)|))l (e)

−
∑

e∈E−Pi, j

(|L − Li (e)| + |L − L j (e)|)l (e).

However, fore∈ Pi, j , we have that|L−Li (e)|+|L−L j (e)| = n. Also, fore∈ E−Pi, j ,
we have that|L − Li (e)| = |L − L j (e)|. Hence,

Si, j = −2
∑

e∈Pi, j

l (e)− 2
∑

e∈E−Pi, j

|L − Li (e)|l (e),

which was to be shown.

We now find the difference in the neighbor selection criterion,Si, j , for nonneighbors
and neighbors when calculated from the actual distances. LetN be the set of pairs ofL
which are neighbors. It would be desirable to determine a lower bound on

min
{k,l }⊆N

Sk,l − min
{i, j }⊆N

Si, j

so that when we considerSk,l calculated using approximate distances, we will know the
tolerance within which the distances can vary. However, it turns out to be easier to bound

min
{k,l }⊆N

(Sk,l − Si, j ),

wherei and j are neighbors chosen to depend uponk andl . In fact, there is no loss in
the tightness of the overall results using this less strict bound.

LEMMA 11. Let D = Dτ for a weighted binary treeτ . Let S denote the results of
formula(12)applied to the distance D. If k, l ∈ L are not neighbors, then there is a pair
of neighbors i, j ∈ L such that either

Sk,l − Si, j ≥ 3(n− 4)min
e

l (e)
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and{i, j } ∩ {k, l } = ∅ or

Sk,l − Si, j ≥ 2(n− 3)min
e

l (e)

and|{i, j } ∩ {k, l }| = 1.

PROOF. We first summarize the proof. We consider the subtrees hanging off of the path
from k to l and choosei and j to be any pair of neighbors in one of these subtrees
which does not uniquely contain a maximal number of leaves. The proof then follows
by case analysis. Using Lemma 10, for eache ∈ E, the weight onl (e) in Sk,l can be
shown to be at least that inSi, j . In particular, for edges which separatei and j from
k and l , the weight inSi, j will be substantially less than the weight inSk,l since the
component containingi and j will be smaller than the component containingk andl .
Summing bounds on the differences in the weights on various edges leads to the desired
result.

We now proceed with the details. LetT = Tτ . Fix any taxa,k, l ∈ L which are
not neighbors as in the statement of the lemma. Choose an edgee∗ ∈ E − Pk,l which
minimizes|Lk(e∗)|. Note that the component ofT−e∗ which containsk andl has at least
three leaves (k, l , and at least one other which must come off ofPk,l sincek andl are not
neighbors and only one edgee∗ has been deleted). Hence, there are a pair of neighbors,
say i and j in this component, which must also be neighbors inT (see Figure 4). We
show thatwe(i, j ) ≤ we(k, l ) and by how much via case analysis one:

1. Suppose thate ∈ Pk,l . We have thatwe(i, j ) = −2|L − Li (e)| ≤ −2 = we(k, l )
since|L − Li (e)| ≥ 1 for all e. We now determine a lower bound on the quantity∑

e∈Pk,l−Pi, j
(we(k, l )−we(i, j )) for the case in which{k, l } ∩ {i, j } = ∅. From what

we have just shown, this quantity is nonnegative. LetPk,l = {k, v1, . . . , vm, l } with
m≥ 2 sincek andl are not neighbors. Note that eachvp, for 1≤ p ≤ m, has an edge
ep incident on it which is not inPk,l since the tree is binary and every internal node is
incident with three edges. For someep∗ (see Figure 5), we have{i, j } ∈ L − Lk(ep∗)

since i and j are neighbors and neither equalsk or l . Note that it must be that
Li (ep∗) ⊆ Lk(e∗) sinceep∗ ∈ Pi,k ⊆ Lk(e∗). Also, by the minimality of|Lk(e∗)|, we
have|Lk(e∗)| ≤ |Lk(ep∗)|and so|L−Lk(ep∗)| = |Li (ep∗)| ≤ |Lk(e∗)| ≤ |Lk(ep∗)|or
|Lk(ep∗)| ≥ n/2. Now lettinge′ = (vp∗−1, vp∗) ande′′ = (vp∗ , vp∗+1) (see Figure 5),
we havewe′(i, j )+we′′(i, j ) = −2(|L−Li (e′)|+|L−Li (e′′)|) = −2|Lk(ep∗)| ≤ −n.
Hence, for this pair of edges,we′(k, l )+ we′′(k, l )− we′(i, j )− we′′(i, j ) ≥ n− 4.

2. Supposee∈ Pi,k − Pk,l . First we show thate∗ is the component ofT − e containing
k. OtherwiseLk(e) ⊆ L K (e∗) strictly (sincei ∈ Lk(e∗) − Lk(e)). Since|Lk(e∗)| is
minimal among|Lk(e)| for all e /∈ Pk,l , it must be thate∗ is in the component ofT−e
containingk.

Hence,e∗ is in the component ofT − e containingk. In this case we have that
L−Lk(e∗) ⊂ Lk(e), strictly, sincek ∈ Lk(e)andk /∈ L−Lk(e∗). By the minimality of
|Lk(e∗)|among{|Lk(e)|: e∈ E−Pk,l }, we have thatn−|Lk(e∗)| ≥ n−|Lk(e)|and so
we(k, l ) = −2(n−|Lk(e)|) ≥ −2(n−|Lk(e∗)|) > −2|Lk(e)| = −2(n−|Li (e)|) =
we(i, j ). We now determine a lower bound on the sum ofwe(k, l ) − we(i, j ) over
edges for which this case occurs, which we have already shown is positive (assuming
there is at least one such edge). Note that sincei and j are neighbors andk and
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Fig. 4.An illustration of the choice of neighbors in Lemma 11. The neighbors are chosen in any nonmaximal
component coming off ofPk,l , the path betweenk andl .

l are not, we can assume without loss of generality thatk /∈ {i, j } (by choosing
l ∈ {i, j } if necessary). Hence, there is an edgee′′′ ∈ Pi,k which separatesi and j
from the remaining taxa. For this edge, we have thatwe′′′(i, j ) = −2(n − 2) and
we′′′(k, l ) = −2 if l ∈ {i, j } andwe′′′(k, l ) = −2|L − Lk(e′′′)| = −4 if l /∈ {i, j }.

3. Supposee ∈ Pj,l − Pk,l . If l /∈ {i, j }, this case is subsumed by case 2 sincei and j
are symmetric. Otherwise, we assume without loss of generality thatl = j and so
there are no edges inPj,k.

4. Supposee∈ E−Pk,l−Pi,k−Pj,l . In this case,{i, j, k, l } ⊆ Lk(e). Hence,we(i, j ) =
−2(n− |Li (e)|) = −2(n− |Lk(e)|) = we(k, l ).

Hence, assuming{i, j }∩{k, l } = ∅ and using the differences in weights found in cases 1
and 2:

Sk,l − Si, j =
∑
e∈E

(we(k, l )− we(i, j ))l (e)

≥
(∑

e∈E

we(k, l )− we(i, j )

)
min

e
l (e)
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Fig. 5. Illustration of case 1 of the proof of Lemma 11.

≥
( ∑

e∈{e′,e′′,e′′′}
we(k, l )− we(i, j )

)
min

e
l (e)

= (we′(k, l )+ we′′(k, l )− we′(i, j )− we′′(i, j )

+ we′′′(k, l )− we′′′(i, j ))min
e

l (e)

≥ (n− 4+−4−−2(n− 2))min
e

l (e) = 3(n− 4)min
e

l (e).

Similarly, assuming|{i, j } ∩ {k, l }| = 1 and using the difference in weights found in
case 2,

Sk,l − Si, j =
∑
e∈E

(we(k, l )− we(i, j ))l (e)

≥ (we′′′(k, l )− we′′′(i, j ))l (e′′′)
≥ (−2−−2(n− 2))min

e
l (e) = 2(n− 3)min

e
l (e)

Hence, the theorem is proved.

Now let Ŝdenote the results of formula (12) applied to distancesD̂. We wish to show
that, for any nonneighborsk, l , there are neighborsi , j such thatŜk,l > Ŝi, j . First we
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decompose

Ŝk,l − Ŝi, j = Ŝk,l − Sk,l + Sk,l − Si, j + Si, j − Ŝi, j .

Lemma 11 bounds the middle pair of terms of the above and so it would be natural to
seek a bound for|Ŝk,l −Sk,l | for any pairk, l in order to bound the outer terms. However,
this does not lead to the tightest results and so we instead boundŜk,l − Sk,l + Si, j − Ŝi, j

directly which, due to a cancelation of terms, yields a tighter bound:

LEMMA 12. Let D andD̂ denote two distance matrices. We have

Ŝk,l − Sk,l + Si, j − Ŝi, j ≥ −6(n− 4)‖D − D̂‖∞
when{i, j } ∩ {k, l } = ∅ and

Ŝk,l − Sk,l + Si, j − Ŝi, j ≥ −4(n− 3)‖D − D̂‖∞
when|{i, j } ∩ {k, l }| = 1.

PROOF. Let εi, j = D̂i j − Di j . We have, from (12),

Ŝk,l − Sk,l + Si, j − Ŝi, j(16)

= (n− 2)(εk,l − εi, j )+
∑

m

(εi,m + εj,m − εk,m − εl ,m).

Considering the two cases of the lemma separately:

1. Suppose{i, j } ∩ {k, l } = ∅ and so

Ŝk,l − Sk,l + Si, j − Ŝi, j

= (n− 4)(εk,l − εi, j )+
∑

m/∈{i, j,k,l }
(εi,m + εj,m − εk,m − εl ,m)

≥ −6(n− 4)‖D − D̂‖∞
and so the result holds in this case.

2. Suppose|{i, j } ∩ {k, l }| = 1. Assume without loss of generality thati = k. In this
case, (16) reduces to

Ŝk,l − Sk,l + Si, j − Ŝi, j

= (n− 2)(εk,l − εi, j )+
∑

m

(εj,m − εl ,m)

= (n− 3)(εk,l − εi, j )+
∑

m/∈{ j,k,l }
εj,m −

∑
m/∈{i, j,l }

εl ,m

≥ −4(n− 3)‖D − D̂‖∞

Hence, the result holds in this case.
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Finally, we are in the position to show our main result for Saitou and Nei’s neighbor-
joining method, that it has the optimall∞ radius of1

2:

THEOREM4. NJ has l∞ radius 1
2.

PROOF. Let D be an additive distance matrix corresponding to the weighted binary tree
τ . Let D̂ be an observed distance matrix and suppose that‖D− D̂‖∞ < mine∈E(l (e)/2),
that is,D̂ is nearly additive. We must show that NJ yieldsTτ on inputD̂. From Lemma 1,
we need only show that the method chooses a pair which are neighbors in the first
iteration when given a nearly additive distance matrix as input. Fix nonneighborsk andl
and leti and j be the neighbors whose existence is demonstrated in Lemma 11. Suppose
first that{k, l } ∩ {i, j } = ∅:

Ŝk,l − Ŝi, j = Ŝk,l − Sk,l + Si, j − Ŝi, j + Sk,l − Si, j

≥ Ŝk,l − Sk,l + Si, j − Ŝi, j + 3(n− 4)min
e∈E

l (e)

≥ −6(n− 4)‖D − D̂‖∞ + 3(n− 4)min
e∈E

l (e)

> 0,

where we have used Lemma 11 for the first inequality, Lemma 12 for the second, and
the assumption that̂D is nearly additive for the third. Similarly, if|{k, l } ∩ {i, j }| = 1,
we have

Ŝk,l − Ŝi, j = Ŝk,l − Sk,l + Si, j − Ŝi, j + Sk,l − Si, j

≥ Ŝk,l − Sk,l + Si, j − Ŝi, j + 2(n− 3)min
e∈E

l (e)

≥ −4(n− 3)‖D − D̂‖∞ + 2(n− 3)min
e∈E

l (e)

> 0.

Hence, the method must choose a pair of neighbors at the first iteration and so, by
Lemma 1, outputs a tree with topologyT .

6.2. Finding Long Edges. In Section 5.2 we showed that a variant of Sattah and Tver-
sky’s ADDTREE method has optimal edgel∞ radius 1

2. Here we discuss this problem
for the method of Saitou and Nei’s NJ method. We show that the edgel∞ radius of NJ is
at most1

4. To demonstrate an upper bound of 1/M , we must provide a distance matrix
which is within ε of the distance matrix for a weighted binary tree with an edgee of
length at leastMε such that NJ does not correctly reconstructegiven the distance matrix
as input. In order for this to happen, NJ must combine a pair on opposite sides ofebefore
combining a pair on each side ofe (for further details on this, see the proof of Theo-
rem 3). In fact, we can use linear programming to help the search for counterexamples by
allowing the edge lengths and errors to become variables. Given a particular topology, a
particular edge to be broken, and a particular sequence of pairs to combine, the longest
that the edge can be such that it can be broken can be found by a linear program. We have
experimented with numerous such possibilities, including many which seem likely to be
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Fig. 6.The actual weighted tree for the counterexample for Lemma 13. All edges are chosen to be short except
for the long edge of lengthMε and the two edges of length((m− 1)/(m+ 1))ε wherem= (n− 2)/2.

counterexamples and we were unable to come up with a counterexample containing an
edge of length 4ε or more which could be broken. Hence, we conjecture that Saitou and
Nei’s neighbor-joining method will correctly reconstruct any edge of length at least 4ε.
Here, we show that NJ cannot be guaranteed to do so for any lower number.

LEMMA 13. NJ has edge l∞ radius at most14.

PROOF. Unlike in Lemma 9, the number of leaves of the counterexample must grow
in order to approach 4ε. We fix a numberm, which we will eventually constrain to be
sufficiently large, and construct a weighted binary treeτ containingn = 2m+ 2 taxa.
The counterexample is illustrated in Figure 6. The tree will contain an internal edge,e,
with endpointsu andv, and have lengthMε which separates the set of all taxa into two
groups of equal size. There will be two special leaves, which we labelk andl , hanging
directly off of u andv, respectively. Besidese and the branch leading tok, there will
be an internal branch of length((m− 1)/(m+ 1))ε hanging off ofu which separates
k from them remaining species on that side ofe and similarly forv. Let Lu denote the
set of leaves on the same side ofe ask but not includingk, i.e., Lu = Lk(e) − {k} and
similarly for Lv. We leave the topology and branch lengths on the remaining species
open, subject to the constraint that the longest edge in these subtrees is at most length
γ ε whereγ will eventually be chosen sufficiently small. We now chooseD̂ by choosing
εi, j = D̂i j − Dτ

i j as follows:

εi, j =
{−ε if i ∈ Lu and j ∈ Lv or if i ∈ Lv and j ∈ Lu or if {i, j } = {k, l },
ε otherwise.

We demonstrate that̂Sk,l < Ŝi, j for every pairi, j ∈ Lu ∪ {k} and every pairi, j ∈
Lv∪{l }. These two cases are symmetric and so we assumei, j ∈ Lu∪{k}. First consider
i, j ∈ Lu. Using Lemma 10, it can be seen that

Sk,l − Si, j ≤ 2mMε + 4
m− 1

m+ 1
ε + c(m)γ ε

for some functionc(n). Now using case 1 from the proof of Lemma 12 and simplifying,
it can be seen that

Ŝk,l − Ŝi, j ≤ 2mMε + 4
m− 1

m+ 1
ε + c(m)γ ε − 8mε + 4ε.

SinceM < 4, it can be seen that ifn is sufficiently large (so that 2mM− 8m+ 8< 0),
we can chooseγ sufficiently small so that the above expression will be negative. Now
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suppose thati = k and j ∈ Lu. Again, using Lemma 10, it can be seen that

Sk,l − Si, j ≤ 2mMε − (2m− 2)
m− 1

m+ 1
ε + c(m)γ ε

for some functionc(n). Using case 2 from the proof of Lemma 12 and simplifying, it
can be seen that

Ŝk,l − Ŝi, j ≤ 2mMε − (2m− 2)
m− 1

m+ 1
ε + c(m)γ ε − 6mε + 2ε.

Again, sinceM < 4, it can be seen that ifm is sufficiently large, we can chooseγ
sufficiently small so that the above expression will be negative. Putting these results all
together, Saitou and Nei’s method will choosek andl as neighbors on the first iteration,
thereby breaking the edgee.
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[BG] J.-P. Barthélemy and A. Gu´enoche.Trees and Proximity Representations. Wiley, New York, 1991.
[Bo] B. Bollobás.Graph Theory. Springer-Verlag, New York, 1979.
[Bu] P. Buneman. The recovery of trees from measures of dissimilarity. InMathematics in the Arche-

ological and Historical Sciences(F. R. Hodson, D. G. Kendall, and P. Tautu, eds.). Edinburgh
University Press, Edinburgh, 1971.

[C] J. A. Cavender. Taxonomy with confidence.Mathematical Biosciences, 40:271–280, 1978.
[ESSW] P. L. Erd˝os, M. A. Steel, L. A. Sz´ekely, and T. J. Warnow. A few logs suffice to build (almost) all

trees (ii). Technical Report 97-72, DIMACS, 1997.
[F] J. S. Farris. A probability model for inferring evolutionary trees.Systematic Zoology, 22:250–256,

1973.
[FK] M. Farach and S. Kannan. Efficient algorithms for inverting evolution. InProceedings of the

Twenty-Eighth Annual ACM Symposium on the Theory of Computing, pages 230–235, 1996.
[G1] O. Gascuel. A note on Sattah and Tversky’s, Saitou and Nei’s, and Studier and Keppler’s algo-

rithms for inferring phylogenies from evolutionary distances.Molecular Biology and Evolution,
11(6):961–963, 1994.

[G2] O. Gascuel. BIONJ: an improved version of the NJ algorithm based on a simple model of sequence
data.Molecular Biology and Evolution, 14(7):685–695, 1997.

[G3] O. Gascuel. Concerning the NJ algorithm and its unweighted version, UNJ. InMathematical
Hierarchies and Biology, pages 149–170, American Mathematical Society, Providence, RI, 1997.



278 K. Atteson

[GS] G. R. Grimmett and D. R. Stirzaker.Probability and Random Processes. Oxford University Press,
Oxford, 1992.
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