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Partitioning of graphs has many practical applications namely in cluster analysis and in automated design of VLSI circuits. 

Using l-l correspondence between ultrametric partitions of a weighted complete graph K(w) on a finite set X and 

ultrametrics on X, the computational complexity of the approximation of w by means of an ultrametric u is investigated and 

systematized. As a main result. a polynomial algorithm that solves the problem under some ‘min-max’ criterion is developed. 
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1. Introduction 

Throughout this paper let K(w) = (X, ( f), w) be a complete graph on the n-vertex set X which is 
edge-weighted by w : XX X-, R,+ (positive rationals) such that Vx, y E X, w(x, y) = w( y, x) and 

w(x, Y) = 0 e x = y. By an ultrametric partition 7~ of K(w) we shall understand a sequence 

((PI), 10),..., (p,, l,)), where 
(i) Pa,. . . , P, are partitions of X, P,, is a partition of X into singletons and Pq = { X}; 

(ii) P, is a proper refinement of P,+ 1 (0 Q i d q - l), i.e., the partition P,+, arises from P, by joining 
some classes of Pi; 

(iii) 0 = I, < I, < . . . -c I, are rational numbers. 
Note that q < n - 1 and q = n - 1 exactly in the case when in (ii) the word ‘some’ is formally replaced by 

‘exactly two’. 
Let n be an ultrametric partition of K(w). We define the function u, : X x X + Rz as follows: 

11,(x, y) =min{!;; {x, y} is a subset of some class in P,}. 

It is known that u,, is an ultrametric on X, i.e., u, is a metric on X such that Vx, y, z E X, 
u,(x, y) Q max{ u,(x, z), u,( y, z)} (cf. [l]). On the other hand, having an ultrametric u on X, where 
R(u)= {1,,,..., 14} is the range of u and I, < . . . <I,, there is a unique ultrametric partition n” = 

((Pa, 0..., (P,, I,)) where each P, is a factor set corresponding to an equivalence relation e, on X 
defined as follows: 

(x, y)Eei * u(x, y)Bl,, i=O,l,..., q. 

Hence, there is a one-to-one correspondence between ultrametric partitions of K(w) and ultrametrics on 
X. Therefore, the quality of an ultrametric partition ?T of K(w) can be expressed as the approximation of a 
given weight function w by means of an ultrametric u on X. Since both w and u are determined by their 
n2 values, they can be considered as two points in some linear space of dimension n2. Thus, it is natural to 
use two objective functions u, p (cf. [4]): 

a(u, w) = c Iu(x, Y) = w(x, Y) I* p(r.4, w) = xma~xIu(xY Y) -w(x, Y) I? 
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mapping the Cartesian prod1 of the set of all i 
X into Rl. Note that u, ~1 a in fact two extra 

This approach will be im stigated in subset 
complexity. 

2. Problem formulation 

In what follows we shall be interested in the 
(P2), (P3), (P4), (PS), and (P6) defined as follov 

INSTANCE: A graph K(w), positive integer k; 
QUESTION: Is there an ultrametric u on X SW 

(PI) u<w and I.L(U, w)<k? 

09) u<w and u(u, w)ak? 

(P3) u>w andp(U, w)gk? 

( P4) u>w and u(u, w)<k? 

(P5) p(u, w) < k? 
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ametrics Q on X and the set of all weight functions on 
1 cases of an ‘ip metric’ (p = 1, cc). 
:nt sections from the point of view of computational 

tputational complexity of six decision problems (Pl), 

..d: 

0’6) b(~, w)<k respectively, where udwavx, YEX, U(X, Y)GW(X, Y)? 

3. Solutions 

Given K(w), an ultrametric u on X is said to be subdominant (respectively dominant) to w if for each 
ultrametric u’ on X the following condition is satisfied: u Q u’ Q w = u = u’ (respectively u 2 u’ 2 w 
au = u’). This definition implies a straightforward lemma. 

3.1. Lemma. Let ul, u2, u3, u4 be four ultrametrics on Xsuch that u, G u2 Q w d u3 Q u4. Then, 

(i) cL(u1, w) a4u21 w> and P(Q, w> > Y(u,, w), 

(3 +,, w) WJ(u2, w) and u(u4, w) 2 u(u3, w). 

By means of Lemma 3.1 we can restrict (without loss of generality) the set of all solutions of problems 
(Pl) and (P2) (respectively (P3) and (P4)) to the set of all subdominant (respectively dominant) 
ultrametrics to a given weight w. 

3.2. Lemma. There exists exactb one subdominant ultrametric u, to a given weight w while there are at most 
(n - l)! different dominant ultrametrics to w. 

Proof. Let u1 and u2 be two distinct ultrametrics on X subdominant to w. Let us put 

us(x, y) = max{ ut(x, Y), uz(x, Y>} for xv YE X. 

Since 

tfX, y, Z, Uj(X, y) G ma{ Ui(X, Z>9 ui(_Y, Z)}, i= 1,2, 
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we get 

us(x, y) (max{ ui(x, z), #2(X, z), Ui(Y, r>, Q(.Y, =)} 

=max{max{u,(x, I), u2(x, z)}, max{u,(y, =), uz(y, z)}} 

= max{ us(x, z), u,(y, z)}. 

Since further u, < u, d w and u2 Q u, < w and moreover ul, u2 are subdominant ultrametrics to w, it 
follows that u1 = u, = u2. a contradiction. Therefore, there is exactly one subdominant ultrametric u, to w 

and 

us(x, y)=max{u(x, y);u~%and u<w}, x, VEX. 

On the other hand, let us suppose that w is an injection on XX X such that 

w(x,, x,) > w(xk, xI) if max{ i, j} < max{ k, r}. 

Taking into account the triple xi, x2, xg there are exactly two possibilities how to construct a dominant 

ultrametric on this triple. Indeed, the triangle {xl, x2, x3 } induced by a dominant ultrametric should have 
two sides equal to w(x,, x2). This idea can easily be extended to the whole set X successively as follows: 
for xj there are j - 1 possibilities how to assign values of dominant ultrametric to edges { xj, x,}. 

i=l,2 ,*.-, j - 1. More precisely, let u be a dominant ultrametric to w on {x,, . . . , x,_ 1 }. The dominant 
ultrametrics ui (1 < i <j) to w on {xi,. . . , xi} are obtained by putting 

Ui(x/, xl)=w(xj, xi) and U,(x,, xk)=U(xi, x,>, l<k#i<j. 

As all these steps are mutually independent we can actually enumerate 2 X 3 X . * * X (n - 1) = (n - l)! 
different ultrametrics to w on X. 

This completes the proof of the lemma. 0 

Now, let us turn our attention to problems (Pl), (P3), and (PS). First, we have the follon-ing theorem. 

3.3. Theorem. Let T be a minimum spanning tree on K(w). Then it holds that 

2 xmy~~{u(X. y) -W(X, Y)} = E xm~~~{w(x~ y) -u(xl y)} 
. 3 . , 

3~~ X~~xl W(X, Y) - U(x, Y) I = ~m~+g&4xT y) - 
max w(e)). (1) 

e=qx. Y) 

where T( x, y) denotes the path from x to y in T and % is the set of all ultrametrics on X. 

Proof. Let T be a minimum spanning tree of K(w). In the sequel we shall use the well-knotvn ‘bottleneck’ 

equality [2] 

min maxw(e) = max r&w(e) = max w(e), (2) 
PEP(X, y) ecP CEC(X, y) e-SC eE T(x. y) 

where P(x, y) is theset of all paths from x to y in K(w), and C(x, y) is the set of all cutsets separating 
x and y in K(w). 

Note that the value max{ w(e); e E T(x, y)} in (2) is independent of the choice of the minimum 
spanning tree T of K(w). 

Now, let e, = {a, b}, e, E T(a, b) be two edges of K(w) such that 

w(el) - w(e2) = xmyyx(w(xv Y> - max 
eeqx. y) 

w(e))- (3) 
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Further, let u be an ultramc 

2*mYyx I w(x, Y 

Suppose that u(e,) = Ii f 

min{ w(x, v); 4x, y) > 1 
and b and w(ej) = min{ v 

u(ei) d u(eG 

we have 
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on vith the ordered range I, < I, < . . . < I,. We shall prove that 

A(.’ 1 I 2 w(e,) - w(e2). 

,om = 1, 2,..., q. Let e3 be an edge of K(w) such that w(e3) = 
is e to see that there exists a cutset C,, in K(w) such that it separates a 
eE ,}. Since 

ei) w(eA and w(e3)< 

(5) 

xmyzxl 4x, Y> - ~(2, Y> I 2 m={ I dell - w(el) If I44 - w(e3) I > 

z t(w(el) - w(+)> 2 i(w(el) - w<e2>). (4) 

In the case when we are dealing with u 2 w, this part of the proof can be done in an entirely analogous 
way and, moreover, the constant _t in (4) can be omitted. In the case when u Q w, the situation is also 

simple: 

myxw(x9 Y) - u(x, y> 2 w(ei) - u(ei) z w(ei) - w(e3) > w(ei) - w(ez>. 

On the other hand, using equality (2) we are able to construct an ultrametric u* on X such that 

2xyyxI u*(-v v) - w(x, Y) I G w(4 - ~(4. 

This can be carried out by the following procedure: 
Step 1. Compute the minimum spanning tree T of K(w). 
Step 2. Compute the valuation w’ : E(T) --, R,C such that 

w’(e)=max{w(x, y);w(e)=max{w(f);f~T(x, Y)}}. 

Siep 3. Compute u* (x, y) = fmax{ w( e) + w’(e) ; e E T(x, y)}. Clearly, this procedure produces an 
ultrametric u * on X. Since w (e,) is the edge value of some edge in any minimum spanning tree of KC w ), 
by virtue of (3) we get w’(ez) = w(ei) and inequality (5) is established. 

To prove the theorem it remains to examine the cases where u* G w, respectively u* 2 w.,For this sake. 
Step 3 in the procedure outlined above is replaced by: < 

Step 3. Compute 

u*(x, Y> = 
max{w(e>; eE T(x, Y>} if u*Gw, 

max{w’(e);eET(x, y)} if u*>w. 

Now, equality (1) is easily verified and the proof is completed. 0 

3.4. Corollary. Problems (Pl), (P3), and (PS) are polynomialIy solvable. 

Proof. Let us perform a time analysis of the procedure computing u * as described in the proof of Theorem 

3.3. Step 1 takes O(n’) time [6] and Step 3 requires O(n2) time, too. To analyze Step 2 we need the 
following refinement (cf. (2)): 

Step 2. for each {x, y} &E(T) do w/(x, y) + max.,+,, w(e); 
foreacheEE(T)do w’(e)+max{w’(f);f4E(T)&w’(f)=w(e)}; 
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Therefore, the extension of w’ on the set of edges of K(w) is computable in 0(n3) time. This concludes 

the proof. 0 

By virtue of Lemma 3.2 we have another corollary. 

3.5. Corollary. Problem (P2) is polynomial/y solvable. 

Proof. As in the proof of Theorem 3.3 we construct in polynomial time an ultrametric u on X such that 
Vx, y E X, u*(x, y) = max{ w(e) ; e E T(x, y)}. From (1) we know that u*(x, y) is determined by the 
minimum edge-weight in all cutsets separating x and y in K(w). Hence, u* is subdominant to w’. The 
corollary follows via Lemmas 3.1 and 3.2. •I 

Finally, we shall deal with the computational complexity of problems (P4) and (P6). Recently. the 
NP-completeness proof for (P6) has appeared in [5]. We shall show that the same result is valid for 

problem (P4). 

3.6. Theorem. Problem (P4) is NP-complete. 

Proof. Clearly, problem (P4) is in the class NP. Now we shall exhibit a polynomial transformation from 
the known NP-complete problem (A) [3]: 

(A) INSTANCE: A graph G, ] V(G) ] = 3 m m is a positive integer), without subgraphs isomorphic ( 
to K,; 

QUESTION: Is there a partition Vi.. . . , V, of I’(G) such that each class V; induces a triangle in 

G? 

Let G be an instance of (A). We put X= V(G), w(x, y) = 10 {x, y} E E(G), w(x, y) = 0 if I =y, 
and w(x, y) = 2 otherwise. Let k = ] E(G) ] - ] V(G) ]. Obviously, the instance of (P4) was constructed in 
polynomial time. Now the following equivalence is easily verified: 

(P4) has “yes’‘-solution, i.e., a(u, w) d k for some u on X0 (A) has “yes’‘-solution, i.e., V(G) = 

ViU *a. u V,, V; n 5 = 0 (i #j) and each t: induces a triangle in G. 
Let (A) have “yes’‘-solution. The ultrametric u on X defined as follows: 

u(x, x) =O, U(X, y) = 1 w {x, y} c y for some i and u(x, y) = 2 otherwise, 

yields the solution of (P4), since a( U, w) = ] E(G) ] - ] V(G) ] = k. 
Conversely, if (P4) has “yes’‘-solution, there are at least ] V(G) ] pairs of (x, y) E XX X (x < y) such 

that u(x, y) = 1. Since G contains no induced subgraphs isomorphic to K,, the classes of an equivalence 
relation e, (x, y) E e - u(x, y) = 1, induce triangles in G. This completes the proof of the theorem. 0 

4. Concluding remark 

In this article we have developed a new polynomial procedure of hierarchical clustering (see Theorem 
3.3) which, to our knowledge, has not yet been reported in available literature. This method was 
successfully used in the design of multichip layouts in the Research Institute of Mathematical Machines, 
Prague, by the present author. 
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