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Abstract through the given point [15]. Others are recursive vot-
ing approaches, where every feature point votes according
The calculation of salient structures is one of the early to its own saliency [11, 16] and saliency is calculated us-
and basic ideas of perceptual organization in Computer Vi- ing eigenvector based clustering. Direct gure-ground dis
sion. Saliency algorithms typically mark edge-points with crimination approaches (e.g. [8, 2]) are related as they
some saliency measure, growing with the length and themay be considered as providing binary saliency mea-
smoothness of the curve on which this edge-point lies.sures. While the more recent algorithms are mathemati-
We consider a generalization [9] of the Ullman-Shaashua cally sound and often provide a nicer visual appearance,
saliency measure [12] and aim to analyze the saliency mea-it seems that only the SU method [12] (and its general-
sure in a probabilistic context: regarding the basic groogi ization [9]) provide the curves maximizing a pre-speci ed
information (grouping cues) as random variables, we use quality measure.
ergodicity and asymptotic analysis to derive the saliency = This paper aims to analyze the saliency measure sug-
distribution associated with the main curves (“ gure”) and gested in [9]. The method is based on estimating the length
with the rest of the image (“background”). We further con- of the curve on which a point lies, and specifying the
sider nite-length curves and analyze their saliency value saliency at that point depending on the estimated length
We observed several discrepancies between the observedistribution. Specifying the probability that two points-b
distributions and the predictions we supply, discuss their long to the same curve as (roughly) a function of the
sources and propose a way to account for them. Then, basedlifference in gradient directions and the saliency as the
on the derived distributions we show how to set threshold onmean of the length distribution, gives the original Shashua
the saliency for deciding optimally between gure and back- Ullman saliency [12] as a particular case of this generdlize
ground, how to choose cues which are usable for saliency,saliency. Besides giving a simple and quantitative inerpr
and how to estimate bounds on the saliency performance. tation of the saliency as the expected length of the curve,
this approach generalize the original saliency by enabling
different type of saliences based on different cues of any
] type such as gray level similarity.
1. Introduction The main goal of this paper is to nd an expression for
o ) ] the distribution of saliency values on image curves. Such a
The discrimination of the important part of images, jstribution when available is useful, for example, for-set
known as “ gure,” from the less important parts, known as  ting 3 mathematically justi ed threshold for deciding whic
“background” using general, non-model-based rules is cen-pat of the image is a gure. To estimate this distribution
tral to human image perception [14]. To account for this hoth asymptoticcally, where we give a very close analytic
phenomenon using a computational theory, Shashua angypproximation, and for nite length curves. We further use
Uliman proposed a measure denoting saliency, which quanthese distributions for setting an optimal threshold ard fo
ties the quality of image curves based on their length performance prediction.
and smoothness [12]. The properties of this saliency mea- e start by brie y explaining the probabilistic saliency
sure were considered in [1] and a generalization was pro-approach as described in [9] (section 2). The distribution
posed in [9]. Other saliency measures were suggested a3 saliency is derived in sections 3,4 for the asymptotic
well. Some are based on local voting schemes, either by tenyng non-asymptotic cases, respectively. The derived-distr
sor voting [7] or by counting the number of random paths ptions are used for setting a gure ground threshold and
for estimating the performance of the saliency based g-
email address:aer@cs.technion.ac.il ure ground discrimination (section 5) . Experiments using
y  email address:mic@cs.technion.ac.i real imagery are are described in section 7.




2. Generalized Probabilistic Saliency Note thatd’,' '(1) is not the expected length of the positive
extension length (which is scalar), but rather, an estichate
2.1. Length Distribution distribution, implied by the estimated probabilistic cues
A saliency measure may be de ned, at every point, as
In this section we describe the saliency framework devel- some scalar characteristic of the associated length -distri
oped in our previous work [9]. Let; be a directional fea-  bution. A local propagation of the distributions, based on
ture pointin the image (e.g. an edgel). Such a point may be-choosing the neighbax; leading to the “best” distribu-
long to some curve which extendls length units on one  tion, is described in [9]. The SU saliency is a particu-
side and length units on the other. Points belonging to lar case, obtained by choosing the neighbor maximizing
longer curves are considered as more important and moréhe expgcted value associated with the length distribution
salient and therefore, saliency may be evaluated by estimat-S[I] = 1D (1)dI. In this case, the computationally complex
ingl+ andl In[9], these lengths are considered as random distribution propagation may be substituted by the more ef-
variables associated with the featurg and described by  cient propagation of the expected value itself:
the distributionsD', (I) andD' (l), respectively. (The di-
rections, specifying the parts of the curve as positive and
negative extensions, are speci ed relative to the gradient

Sjn+1 =P (S"+1;)+(1 P;)S Pi (S"+1;); (3)

wherethe expected length of an isolated feature point

rection atx; ) S assumed to be zero.!
One advantage of this approach is the clear intuitive in-
2.2. Length Distribution Update Rule terpretation, that the saliency get: expected length of the
curve on which the point lies. Another advantage is the abil-
Consider two feature pointg andx; ; wherex; lies on ity to use different types of cues and not only the curvature
a positive extension of;: Suppose thab’, (1) is known. based cues prqposed in [12]. See, [9] for an example of gray
Then,D', (I) can be written as level based saliency.
DL()=D} 'y=DLa 1) 1) 3. The distribution of saliency — asymptotic
analysis
wherel; is the distance from; to x; (on the curve). This
follows by observing that a positive extension of lenigés- The saliency at every point is the result of an accumu-
sociated withx; implies that the length of the positive ex- lation process on the best curve that reaches it. The accu-
tension ofx; is| + Ij . The notatiorD' ' (1) explicitly em- mulated value depends on the distance from the curve's end

phasizes that this is an inference of the length distriloutio but also on the cueB;; , which we model as random vari-
associated with thieth feature from the known distribution ~ ablesx, associated with a xed distribution. Therefore, the
associated with the-th feature. saliency itself is also a random variable.

In real computer vision situations there is no certainty ~ Consider an isolated curve and¥gtbe the saliency at a
that two feature points belong to the same curve. In the point which isn-distant from its end. The random saliences
non-model-based context the evidence of such an event, deon a curve are related by the relation
noted “cue,” is some image-based measurement extracted _ )
from the local neighborhoods of the feature points (e.g. the Yo+ = X(¥n +1); 4)
difference in the gradient angles of the two feature points) which is a simpli ed version of eq. (3). For simplifying the
[10]. The distribution of this measurement is different for analysis we also assume that the distance between consec-
feature point pairs belonging to the same curve and thoseytjve feature points is uniform and equal 1. Note that

feature pointx; belongs to the curve(x; ), to which the  gifferent distributions.

feature pointx; belongs,P; = Prolx; 2 c(x;)], may Let fx;fy, :fy . be the distributions of;y, and
be inferred. This posterior probability is denotgroba- v . respectively. Using standard transformations of dis-
bilistic cue The (positive extension) length distribution in  tripytion for a function of random variables, yields

the pointx;; is given by (1) ifx; 2 c(x;); and is oth- 7

erwise some other distributiol (I), associated with an fy. ()= fy Fx () d | (5)

open-ended curve. The rst event is correct with probabil- +1 +1°
ity P; , implying that the expected distribution of the posi-
tive extension length is: 1 Changed

2 This case may be considered also as another saliency sdexs the

I3j+! i(l) — Pij |51+ ( |ij )+ (1 Pij PROENA expected number of feature points on the curve.




In this calculation we assume that y,, the saliency here, unless very restrictive conditions are imposed. &her

at the n-th point, and the cue x speci ed between vy, fore, another approach is sought.

and yn+1 , are independent random variables. To a rst First, we observe that the support of the asymptotic
order approximation, this assumption is justi ed be- distribution may be bounded. Consider the plausible case
cause y, depends only on cues and saliences asso- where the cuex = Pj never provides a full certainty,
ciated with the path to one direction, opposite of the whether or not the two features belong to the same cue.
point y,+1 . Note that no independence between yy .1 Then,x is restricted by

and yn, or between y,+1 and x is assumed as, by

eq. (3) above, y,+1 is deterministically specied by 0< x <L (8)

both y, and x. It seems however, that the cues values

form a non stationary process along the curve. That is, implying that the asymptotic saliency is nonzero and

a high cue in one location often implies that the adja- bounded:

cent cues and saliency are high as well. While this de- 1 Y1 1—1 9)
pendence seems to be of second order, we shall see

(in section 4.3) that it causes some inconsistency be- 3.2. The moments of asymptotic saliency distribu-
tween predictions and experimental results. 2 tion

When the distribution of the cues is given, this relation

may be used to calculate the distribution iteratively. Natu We shall now characterize the asymptotic saliency distri-
rally, the distribution depends on the distamcérom the  pytion by its moments. Raising both sides of eq. (4), to the
curve's end and thus the saliency process along the curve ig-th power and taking their expected value (with respect to
non-stationary and dif cult to estimate. the asymptotic distribution), yields

3.1. Constraints on the asymptotic distribution (yi) = x(a +D* = x* (v +D*
Consider the set of curve points which are substantially Using the binomial formula and the linearity of expectation
far from the curve's end. The saliency at such points, when (y1 )
the iteration process converges (see below) reaches s stati

tical steady state, which essentially does not depend on the

distance to this end. That s, the saliency at a point, sedlect Therefore,
at random from this set, is randomized according to a xed

P
= XN T )

= XK () xRt )

distribution. In this case the saliency process becomes er- i} xk K1 |

godic as the distribution in some point and a sample from O1) = T o) (10)
all the curve give are the same. The main goal of this sec- 1=0

tionis to nd this distribution. Evaluation of the rst moments of the distributidg in ex-

The random variable (or P;j ) is a probabilistic cue, and  pjicit form gives
therefore, satis es

0 x &L (6) Mi=tysi= ;s
.
This condition suf ces for the convergence of every mo- Mo= (y1)? = 12(—)('2' Rhyy i +1)
ment associated with the series of distributiéygg, im- b e
plying that under the common smoothness requirement, the T Th X Ihxi hei
sequence of distributions converges to a limit, dernygte Mz= (y1)® = ﬁ(s (y1)? +3hy; i +1)
For this asymptotic limit, we get a Fredholm integral equa- bGP mihe®i+2 he?i+2 i+l
tion, = Th x3i (T h xi)(T h x27)
z , _ (11)
! d (As the complexity of the moments increase very quickly,
fv, ()= o fx (v, 1 1 7 their calculation using the recursive formula (eq. (10)yma

be more convenient.)
The classical method to solve such equations is to repre-

sent their kernel as a sum of separable functions.It seem3 3 An explicit approximation of the asymptotic
that this approach would not lead to an analytical solution saliency distribution

3 In CVPR review was mentioned about independence assumsptio The moments provide all the information about the re-
— Changed to the newer version quired saliency distribution, and as we shall see below, jus



a few of them suf ce to approximate it well. To get this ap-
proximation we follow a complex but known procedure (see
[13] for details), which requires the calculation of the aum

fff

lants.

S VI VIE S (2) (b) © (d)
C; = M3 3M1M2+2M12 . L .

Ca = Ms 3M,2 4MiMs+12M:2M, 6M.* Figure 1. Four distributions of cues (a), the

corresponding asymptotic saliency distribu-
tions (b), and their approximation error as a
function of the number of cumulants taken

(12)
and yields the Edgeworth power series development of a
distribution [4, 3].

Lo h into account (c). The approximated distribu-
fy, ()= pzlfe L 1+ 3Hs My tion using two and three cumulant (dotted)
" M compared with the true distribution (solid) for
+ aHa4 =+ 5Hs t (13) the distribution associated with the highest
[
+ g+ %2 He —M1 400 approximation error. Note that thg three cu-
mulants approximation almost coincide with
where the coef cient (f—'l, depend on the cumulants, the true distribution.
Hi( )l =1;2;3;::: are thel™ modi ed Hermite polyno-
mials,
o I 3 4. 4 A D Points closer to the end get, on the average lower saliences.
Hi= iH2= LHs= 3iHa4= 6 74+3.:0 Quantitatively, th&k th moment ofy,, satis es:
M j =1;2;3;:::are the moments (¢f) and 2 is its vari- D E D E D E
ance. ) = X 1+D = X (ya 1+ D

While the Edgeworth series provides a closed form ex- _ _ _ _
pression for the distribution in terms of its moment, its us- This expression can be evaluated using binomial expres-
age may not be practical for all distributions. First, the-di ~ Sions, leading to complex recursive sums. The rst few mo-
tribution must be smooth enough. Otherwise, the power se-ments are relatively simple:
ries does not converge. Moreover, for getting a reasonable L . i P
approximation, the number of terms may be prohibitively byni =hxi (hyn 1i +1) = hxi" hyoi + Ixi ;" hxi

|arge :h)ll I + mln (WOI h yl I)

Fortunately, we found that for the saliency distribution D E D E _ (15)

i i n)* =% G )° 2y i

fy obeying (7) (for typlc_:al cue dlstr_lbutlons) only few n ] én [g n g E; E
terms are needed (see Figure 1). Taking only two terms (ap- = (»1 )2 + x2 " (yO)Z (y1 )2
proximating by a Gaussian) gives an approximation error _ _ hei™ h xi®
of 10-20 percents. Adding just a third term, based on the +2 hyoi hyr i X2 —mpsr
skewness cumulant, decreases the approximation error to 1- (16)

4 percent for all tested distributions. Thus, we propose to Recalling thatxi < 1 and hencéxi” ! 0, these expres-

use the following three Edgeworth series terms as an ap-sions show how the distributioys converge to the asymp-
proximation: totic distributiony; :
It turns out that the expected valty, i is the charac-

1 ( Mi)?
fv, () P—ﬁ— exp R i (14) teristic convergence parameter. To see thig\let= hy; i.
1+ Sy ¢ M1)® g My Then,hyn=n,i hyi i+ e Y(hyi h y;i); where we

_ _ _ o used(l 1=a2! e !.Thisis somewhat unfortunate be-
See Figure 1 for an illustration of the approximation accu- cause it means that with better cues, associated with higher

racy. hxi and highety; i, the convergence is slower.
o ) Sampling saliences from a nite length curve, we get an
4. The distribution of Saliency — Non-  average over all the distributions of f; y2; :::; yn,
asymptotic analysis
1N
. . fy = — fy a7
4.1. The effect of nite curve's length N

The approximation of saliency by its asymptotic distri- This distribution will be close to the asymptotic distribu-
bution is valid only for points far from the curve's end. tion only if the curve is long enough. See Figure 2 for an



example, showing how the true distribution on a curve of ~ _ 008 \
lengthN, depends oN. In newer version of the arti- | “’/\\\
cle [?] we developed nite length average saliency ap- 006, | 006 J
proximation and even that the cumulants does not pro-
vide good approximation for this case it is still useful I y
for saliency thresholding.* oozl 1} oc2fj g {
Naturally for real applications, the curve's length is not o~

known. We shall use a rough approximation and take halff ° * * * © % e o moe W
of the image size as the characteristic length.

| ‘
) it
0.04 :\“\ i 0.04 / |

Figure 3. Predicted distribution for Figure
(right) and Background (left), according to
1 the three models: asymptotic (light dashed),
| A

‘ Nk /\ o N " nite length (dashed), and interaction based
“‘A}M~ wlll ‘ WQ‘W \ oo j

(solid). The cue distributions as well as the
other parameters (gure size, background
density, etc. correspond to the real image we

Figure 2. Finite curve average saliency distri- experimented with (Figure 4).
bution (for hy; i = 15) for curves of length 30,
60, 90 and 1

4.3. Onthe accuracy of our model

Comparing the predicted distributions to the actual ones
(see section 7), we note that while the similarity is appar-
ent, there are also differences. Using the simplest, asymp-
totic predictions gives a reasonable estimate of the eggdect
saliency but underestimate the variance. Note also that the
So far, the distributions of gure and background were asymptotic prediction matches the background salieney dis

evaluated independently of each other. Such idealizasion i tripution much better than the gure saliency distribution
non accurate as already observed in [1], where backgroundone reason for this difference is that for backgrouvgjis
elements got high saliences due to the gure proximity. To mych lower and the asymptotic approximation is substan-
model this interaction, we assume that the rst element of tially better.

every gure curve starts with a salieng, distributed ac- One problem we did not address is cue mixture: Differ-
cording to the background distribution. Similarly, we as- ent gure curves in the image may have variations on the
sume that every background element belongs to some longe gistribution. Our predicted distribution rely on thadr
curve starting from the gure, and therefore, the saliency cymulated cue distribution and is narrower than the true
of the rst element of such a curve is distributed according sajiency distribution which is essentially a sum of several
to gure saliency distributions. The number of such curves gp-distributions. This effect is much stronger in the Fegu
and their length is estimated as follows: using uniformity gistribution because the saliency is much m,ore senstive t

assumption, the number of background elements which areg, 411 changes in high cue values becag%b = _ 1
direct neighbors of the gure iNfg g WhereNgg is g g ’ 1h xi

. . As mentioned above, cues along the curve tend to
the number of gure points andgy. This is the number . .
, . be locally corelated. In its extreme form this correla-
of background curves. The length of these curves is esti- : L
_ tion means that cues associated with different curves
mated adfNgy=(Nrig Bg). Note that for most background - ; .
. are distributed differently. Thus, the cue mixture may
elements which are far from any gure, the effect of the rst : o :
. . I be considered as a violation of the independence as-
saliency is negligible. -
Th t signi cant effect of the interaction is the ad sumption.
dit € :c’nosh S|gn|tc§1|nt ethec 'Oht e_dm eﬁ% 'OB 'Sk €a q Note that two nite length distributions associated with
ition ot-a heavy tail to the nght side ot the ackground. qigerent cues are very different, but their left tails ioai-
saliency distribution. A secondary effect is the croppifg o

4.2. The effect of gure-background interaction

. . RN ing the distribution of low saliences are not too different.
the left tail of the gure saliency distribution becausegrst (e.g. a change of the cue average fro195 to 0:975more
ing with ba(;kground d|.str.|but|on (and qot withp = 0), than doubles the expected length (fré@to 39), but the ex-
very low saliency are eliminated. (see Figure 3).

pected saliency of the 10th gure point changed only from

4 Changed 5 CVPR remarks



7:6 to 8:7.) This is fortunate because while the prediction 7. EXperiments

using one distribution gives a narrower, visually dissamil

gure distribution, it suf ce for setting the threshold armes-

timating the error, which depends only on the low saliency

part of the gure distribution.

7.1. Distribution simulations

To test our approximation (using Edgeworth series), to

Finally, we found that the accurate estimation of cue dis- get distributions of saliency in particular curve's poifits.

tribution is dif cult and usually biased to lower valueBhe
saliency process depends only on the cues connect-
ing the feature point to its best neighbor, which is usu-
ally the one from which its saliency is propagated.
Such cues may be called active. All other cues are ir-
relevant but still contribute to the estimated cue distri-
bution, is the later is done on all pairs of nearby fea-
tures. Therefore, in, [5], for example, the actual pairs of
feature points which are adjacent to each other along
the curve are manually marked. We used a somewhat
simpler procedure, evaluated the cues for all pairs of
nearby features, and then selected for every feature
point, the maximal cue connecting it with some other
feature. We found that estimating the distribution from
this set of maximal cues, gives a cue distribution which
is very close to the distribution of active cues. ®

5. Setting a threshold on saliency

non average distributions) and to observe the distribation

over long curves (as needed to get asymptotic distribu-
tions), we carried out simulations where cues were ran-
domly drawn according to xed distributions. Figures 1 and

2 were prepared using the simulations results.

7.2. Experiments with real images

Most of our experiments however, were done with real
images. Given an image, we extract the cue distributions
from labeled sets of gure and background. For the image
described in Figure 4, the estimated means of the cues were
0:975and0:78for the Figure and the Background, respec-
tively. For this imageMyg = 3185;Npg = 47885; 4 =
0:21. These numbers were used for estimating the interac-
tion based distribution.

We used the cue distributions to predict the saliency dis-
tribution as described above. We also ran the saliency pro-

Given the saliency at every point, we may want to thresh- cess until it converged and measured its empirical distribu

old it to get a binary image of the gure. Knowing that tion. In another experiment (denoted separate mode), we ran
the saliency come from two given distributions allows to the saliency process once with only gure points in the im-
use standard decision theoretic tools for setting the @dtim age and then with only the background points in the image.
threshold minimizing some penalty function (e.g. classi- See Figure 4 for a description of one image, its edge map, its
cation error) [6]. Denote the number of Figure elements by saliency map (thresholded for easier visualization), a&ve s
Nrig and the number of errors in Figure elements (misses)eral distributions:
by Nmiss . Similarly, letNgg andN¢, be the number of — a. Asymptotic predicted distribution
background elements and the number of errors in themb. Finite length, interaction based predicted distribution.
(false alarms). Then a reasonable penalty function would bec. Empirical distribution of saliency
the normalized error ratis— + m%ag (Choosing this sim-  d. Empirical distribution in separate mode.
ple penalty is equivalent to assuming equal priors and equal Note that as expected and discussed above, the asymp-
totic Figure distribution gives a very good prediction o th
As the true saliency distributions are usually not known, Mmean saliency: The predicted means of the Figure (Back-

importance of errors.)

we wish to use our models for setting the threshdlie -
nite length, interaction based model is the basis for
setting the threshold. It may be used it with the com-
mon decision theoretic tools.”

6. Performance estimation

8

6 Changed...
Changed
8 such was: Due to the underestimation of the variance, yrag@tstic

~

distributions cannot be used for performance estimati@n for esti-

mating the number errors when the image is classi ed as cqamd
background using a threshold on saliency). Using the madieod-

ground) was34 (3:56) vs. a true mean 082 (3:57). On
the other hand, it underestimate the variance substantiall
for the Figure distribution. The approximation of the back-
ground distribution is much better. Note also that the sepa-
rate saliencyd) is a better approximation of the real back-
ground distribution, demonstrating the substantial efédc
the interaction. Finally note that the interaction baseat pr
diction is a very good match of the real distribution, in the
region where they overlap.

See also Fig. 5 for another example.

els, however, provide good results. Actually, if we areries¢ed only
in misclassi cation of Figure elements, the nite length de would
suf ce. — This section is empty now and has to be removed ?



7.3. Setting the threshold

Considering Figure 4, we calculated the best threshold
from the true distributions and from the three methods pro-
posed in section 5. All values turned out to be rather sim-
ilar: 12:6 (true), 9:8 (asymptotic),10:9 (interaction based
model), andl1:1 (average correction). This implies that any
of the proposed methods is a reasonable approach.

7.4. Performance estimation

We set the threshold 11 obtained using both the interac-
tion based model and the average correction methods. The

predicted error rate, calculated using the interactiorethas
distribution wasl0:1 (misses) an®:7% (false alarms) and
was close to the true error rat® %% and12:7%).

Figure 4. Real Image Saliency. Original image
(a), Input edges (b), One-directed saliency
thresholded according to predictions (c),

and measured and predicted distributions
for the background (d) and for the gure(e).

The empirical distributions are solid curves,

when the darker is measured in separate
mode. The dashed curves are predictions:
the brighter is asymptotic and the darker is

interaction based nite-length.

8. Conclusion

In the present work we provide the probabilistic analysis
of SU-like saliency algorithm. We shows that the saliency

Figure 5. Real Image Saliency. Original image
(a), Input edges (b), One-directed saliency
thresholded according to predictions (c), and

measured and predicted distributions for the

background (d) and for the gure(e). The em-

pirical distribution is the solid curve. The

dashed curves are predictions: the brighter

is asymptotic and the darker is interaction

based nite-length.

distribution can be approximated according to statistics
gained from cues, and that the distribution is modeled well
in the important regions. The distributions were used for
setting an optimal threshold and for performance predictio
and gave reasonable results.
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