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Abstract

Graph polynomials are powerful and well-developed tools to express graph
parameters. Usually graph polynomials are compared to each other by ad-
hoc means allowing to decide whether a newly defined graph polynomial
generalizes (or is generalized) by another one. We study their distinctive
power and introduce the notions of dp-completeness and universality of
graph polynomials in order to formalize dependencies between them.

Many known graph polynomials satisfy linear recurrence relations with
respect to some set of edge- or vertex-elimination operations. Inspired by
the work of Brylawski and Oxley on the Tutte polynomial, we define several
classes of graph polynomials according to their recurrence relations, and
prove dp-completeness and universality results for those classes. We also
extend the results above to classes of labeled graph polynomials.

We provide several observations regarding computational complexity of
the discussed dp-complete graph polynomials. Notably, we exploit defin-
ability properties of these polynomials to show that they can be computed
efficiently when input graphs are limited by certain parameter, and present
some explicit algorithms.



Abbreviations and Notations

FOL —  First Order Logic

MSOL  — Monadic Second Order Logic

PNGI — Parameterized Numeric Graph Invariant

a<y,b — a precedes b in order w

TCI(R) — The transitive closure of the relation R

G1~ Gy — Graphs G7 and Gy are isomorphic

G1 UGy — Disjoint Union of two graphs

G(A) — Spanning subgraph of G with edge set A

G[U] — Induced subgraph of G with vertex set U

k(Q) — Number of connected components of the graph G

keow(G)  — Number of connected components of the graph G covered
by edges, i.e. not singletons

r(G) — Rank of the graph G, defined as |V| — k(G)

s(G) — Nullity of the graph G, defined as |E| — r(G)

bridge — An edge e = {u,v} that connects between two vertices such

that there is no path between them if the edge e is removed
loop — An edge that connects a vertex to itself.



Chapter 1

Introduction

Let G be the class of all graphs. A graph invariant is a function f : G - R
which maps graphs into some range R such that for isomorphic graphs
G1 ~ G, [ gets the same value: f(G1) = f(G2). Graph invariants vary in
their range R. For example, when R is a two-elements set {0, 1}, we speak
of graph properties, e.g. being connected, planar, Eulerian, Hamiltonian,
etc. When R is either Z or R, such graph invariant is called a graph param-
eter, or a numeric graph invariant. Examples of numeric graph invariants
are number of vertices, number of edges, number of connected components,
number of proper 3-colorings etc. When R is a ring of polynomials, Z[X] or
R[X], over some set of indeterminates X, such graph invariants are called
graph polynomials. Graph polynomials encode an infinite number of graph
invariants in their evaluations, coefficients, degrees and zeros. Among other
graph invariants encoded by a graph polynomial, there are graph polyno-
mials too; they can be obtained, for example, by substitution of variables,
or by some transformation over set of coefficients. In such cases we speak
about one graph polynomial generalizing another.

Historically, graph polynomials emerged one by one, and they were com-
pared to each other by ad hoc means, mainly to make more or less precise
whether a new graph polynomial was or was not a generalization of some
graph polynomial previously defined in the literature.

To show that certain graph polynomial p does not generalize some graph
invariant ¢, authors usually show two graphs G; and G2, such that p(G1) =
p(Ga2), but ¢(G1) # q(G2). To show that p does generalize q, a different tech-
nique is usually applied: authors show a supposedly simple transformation



which uniformly produces g from p. These transformations vary in differ-
ent papers, using variable substitutions only, or allowing simple algebraic
operations in the polynomial ring, or simple graph transformations.

Many graph polynomials described in the literature satisfy linear recur-
rence relations with respect to certain edge- or vertex-elimination operations.
A catalogue of graph polynomials discussed in the thesis and the survey of
the literature is given in Chapter 2.

Let S be a class of graph polynomials that satisfies certain linear re-
currence relation. Is there a graph polynomial in S that generalizes all the
others graph polynomials of S7 In order to answer this, we use in this thesis
relations =g, and =5t between graph polynomials, which express respec-
tively the ability of graph polynomials to distinguish between graphs and
the power to encode other graph invariants by a variable substitution. Based
on those relations we define notions of universality and dp-completeness of
graph polynomials with respect to certain class of graph invariants. We
introduce several classes of graph invariants with respect to their satisfied
recurrence relations, and provide universality and dp-completeness results
for these classes.

The main part of this thesis (Chapters 2 - 4) is dedicated to this struc-
tural theory. We classify several known graph polynomials and state their
dp-completeness and universality features where applicable. Then, in Chap-
ter 3 we introduce new graph polynomials and show their dp-completeness
and, if possible, universality, with respect to their classes. Finally, in Chap-
ter 4 we extend our framework to labeled graphs and labeled graph in-
variants, providing results similar to those obtained in the Chapter 3 for
unlabeled graphs.

Our results in complexity theory are presented in Chapter 5. We use
definability features of the new graph polynomials we introduce, in order to
show that the general parameterized complexity results available in [19, 12,
41, 16, 45] are applicable. Then in Appendix A we show explicit efficient
algorithms for computing of new graph polynomials on graph classes of
bounded tree-width that significantly improve theoretical run time upper
bounds provided by the general theorems. Moreover, we show an explicit
algorithm for computing of bivariate matching polynomial on graph classes
of bounded clique-width. This result is completely new: it does not follow
from the general theorems above.



The rest of this chapter is organized as follows: we first provide the
necessary definitions and define notation (Section 1.1). Then we define our
tools for comparing graph invariants and introduce the classes of graph
invariants we want to study (Section 1.2). Finally, in Section 1.3 we give an

overview of obtained results.

1.1 Preliminaries

1.1.1 Used notation of graphs and graph-like structures

Undirected graphs

A simple graph G is a pair (V, E), where V is a (final) set of vertices,
and FE is a binary relation £ C V x V representing the edges of graph. In
multigraph instead, multiple edges are allowed, so, for every pair in V x V|
a multiplicity m. of the edge is given. The standard presentation of a graph
is its adjacency matriz, defined as

a1 a2 - Aig

a1 G2 -+ A2n
A= ,

Gn,1 Gn2 - Gpn

where a; ; € N represents the multiplicity m, of the edge e = {v;,v;} between
vertices v; and v; in graph G = (V, E) with vertex set V = {vi,v2,...,v,}.

Trivially, both the adjacency matrix and the edge relation ' of an undi-
rected graph are symmetric.

Alternatively, an undirected graph can be represented by a two-sorted
structure G = (V, E, R), where V is a vertex set, E is an edge set, and R is a
binary relation R C V x E that defines the incidence of vertices and edges.
Here, the relation R is limited such that any edge is incident to exactly
two vertices (or just one vertex in case of a loop). On the other hand, the

multiplicity of edges does not require any special representation.

The standard presentation of a graph G = (V, E, R) with vertex set is
V = {v1,v9,...,v,} and edge set is E = {e1,ea,...,e,} is its incidence



matriz, defined as

big bz - bin
bo1 bao - ban

B = ,
bm,l bm,2 o bm,n

where

b ‘:{ 1 if (vi,ej) €ER
" 0 otherwise
Directed graphs
A directed graph (or a digraph) is D is a pair (V, E), where V is a (final)
set of vertices, and FE is a binary relation £ C V x V representing the di-
rected arcs of the graph, not necessarily symmetric. The entry a;; of the
adjacency matrix of a digraph represents the number of arcs from v; to v;.

The incidence matrix of a digraph is defined by

—1 if e; leaves the vertex v;
bij = 1 if ej enters the vertex v; ,
0 otherwise

A digraph D is an orientation of an undirected graph G if bfj = |b£j| for
every i, j.

An oriented incidence matriz of an undirected graph G is the incidence
matrix, in the sense of directed graphs, of any orientation of G. That is, in
the column of edge e, there is a 41 in the row corresponding to one vertex of
e and a —1 in the row corresponding to the other vertex of e, and all other
rows have 0. All oriented incidence matrices of G differ only by negating
some set of columns.

Labeled graphs

A graph can be vertez-labeled and/or edge-labeled. This means that ad-
ditionally to V and F, there are sets of labels Ay and Ag, and respective
vertex and edge labeling functions laby : V — Ay and labg : E— Ag. We
intentionally use the term labeling instead of coloring, to prevent possible



confusion with colorings in context of chromatic and generalized chromatic
polynomials.

Special graphs
We use in the text the following special graphs:

Null graph: @ — a graph with no vertices and no edges;

Empty graph: E,, — a graph with n vertices and no edges;

Path: P, — a path graph with n vertices;

Star: S, — a tree with one root and n leaves adjacent to the root;

Cycle: C,, — a cycle graph with n vertices;

Clique: K, — a complete graph with n vertices such that every two
vertices are connected by an edge;

Definition 1 Rank and Nullity

Let G = (V,E) be an undirected graph. The rank ' of a graph r(G) is
defined based on the number of the connected components in the graph k(G)
(including the isolated vertices):

r(G) = V] = KG)
and the nullity of the graph s(G) is defined by s(G) = |E| — r(G).

Definition 2 Graph Isomorphism
Graphs G1 = (V1, E1) and Gy = (Va, E3) are isomorphic (denoted as
G1 ~ G3) if there is a bijection f: Vi U Ey — Vo U Ey such that

e={u,v} € By «— f(e) = {f(u), f(v)} € Ex

Definition 3 Subgraphs, Induced Subgraphs and Spanning Subgraphs
A graph G' = (U, F) is a subgraph of a graph G = (V, E) if

UCVand FC (U*NE)

'Historically, the rank of a graph denoted the rank of its oriented incidence matrix,
cf. for example [2].



A graph G' = (U, F) is an induced subgraph of a graph G = (V, E) if
UCV and F = (U*NE)

A graph G' = (U, F) is an spanning subgraph of a graph G = (V, E) if
U=V and FC (U*NE)

Definition 4 Disjoint Union
Given two graphs G1 = (V1, E1) and Go = (Va, Eo) with disjoint vertex sets,
the disjoint union G1 U Gy is defined by

G1UG2=<V1UV2,E1UE2>

Spanning trees and spanning forests

Definition 5 Let G = (V,E) be a connected graph. T = (V' E') is a
spanning tree of G if

o T is a tree;
o V' =V and E' CE'.

If the graph G is not connected, and consists of connected components G =
G1UG; ... Gy then a spanning forest S of G is defined as a disjoint union
of the spanning trees of its components 2 :

S=TiuTy...uTy

A total order <, over the edges of the graph uniquely defines a minimum
spanning tree T,,;, = (V,E’) of a connected graph (or respectively a
minimum spanning forest S,,;, = (V, E’) of a graph which is not con-
nected), in the following manner: for every edge e+ € E \ E’, the graph
(V,E"U{ecrt}) has a cycle (eq,ea, ... ek, €crt), such that V1 < i < k(e; <,

eext)-

2We shall use this definition of a spanning forest, instead of the graph-theoretical “S
is a forest and its vertex set is V7.



1.1.2 Vertex elimination

We define three basic vertex elimination operations on graphs 2 :

e Deletion. For a given vertex v € V (G), let G—wv be the graph obtained
from G by removal of v and all edges that are incident to v. We call
this operation vertex deletion:

G—-—v=V\{v}, E\{(v,z) :z € V})

e FExtraction. Similarly, let G — X be the graph obtained from G by
removal of all vertices of the set X C V. Let N (v) be the set of vertices
that are adjacent to v in G (the neighborhood of v, not including v).
We denote by N [v] the closed neighborhood of a vertex v in G, i.e.
the set of all vertices adjacent to v including v itself. The operation is

denoted by G v and called vertex extraction:

Gtv=G— N[

e Contraction: The graph G/v obtained from G by removal of v and
insertion of edges between all pairs of non-adjacent neighbor vertices
of v. Figure 1.1 shows an example graph and the graph obtained by

vertex contraction.

G/v=(V\v, E(G—-v)U{(z,y) :z,y € N(v)})

1.1.3 Edge elimination

We define three basic edge elimination operations on multigraphs:

e Deletion. For a given edge e € E (G), let G—e be the graph obtained
from G by removal of the edge e:

G—ec=(V.E \{e})

3The vertex elimination operations are defined on simple graphs. Extending this defi-
nition to multigraphs is straightforward; however, note that self-loops and multiple edges
do not affect graph decomposition. Note also that all the vertex elimination operations
preserve simplicity of the graph.



G G-v G/v G-N[v]
Figure 1.1: Vertex elimination operations

e FExtraction. For a given edge e € E (G), let Gfe be the subgraph of
G induced by V' \ {u, v} provided e = (u,v). Note that this operation

removes also all the edges adjacent to e.

Gte=G—{u,v}

e Contraction. For a given edge e = (u,v) € E (G), let G/e be the graph
obtained from G by unifying the endpoints v and v of e into a new
vertex w; the edge set of G is preserved, except for the edge e itself.
Note that this operation can produce multiple edges (if « and v have
common neighbors), and self loops (when the edge e has some parallel
edges).

V(G/e) = V\ {u, v} U {w},

E(G/e) = (E\A{e})[u— w,v — w).

Figure 1.2: Edge elimination operations

10



1.1.4 k-sum, join and complement of a graph

Let A = [k] be k distinct labels. Let U; C V; and Uy C V3 be subsets of size
k, respectively, of V; and V5, and let the vertices of U; and vertices of Uy be
labeled by 1...k.

Then k-sum of two graphs G1 L, G4 is obtained from G UG by unifying
vertices from U; and Uy having the same label. The edge sets are preserved
(may produce multiple edges).

The join of two graphs denoted G = G; <t G4 is defined as a union of
two graphs with disjoint vertex sets, and connecting every vertex of G to
every vertex of Go (the original edge sets are preserved):

G:<V1UV2,E1UE2U(‘/1 X‘/2)>

Given a simple loop-free graph G = (V, E), its complement denoted by
G is defined as

G=({V,(VxV)\E\{(v,v) :veV}

Note that if G; and G5 are two simple loop-free graphs, their join can be

obtained by complementing of the disjoint union of their complements:
Gix Gy = G_1 L G_2

Graph invariants and graph polynomials

Definition 6 A graph invariant is a function from the class of (finite)
graphs G into some range D such that isomorphic graphs have the same
picture:
f:G—D
such that
G1 ~ G2 — f(Gl) = f(GQ)

Definition 7 A graph polynomial is a graph invariant, which has a poly-
nomial ring Z, or, more generally, any commutative ring R, over some (not
necessarily finite) set of indeterminates X, as its range:

p:G— R[X]

11



While graph polynomials can in principle be defined over any polynomial
ring, many of the definitions and proofs in the sequel assume the underlying
ring to be a field such as R. We henceforth use this assumption unapologet-
ically.

Additive and multiplicative graph invariants

Definition 8 Let G = G1 U Go denote the disjoint union of two graphs. A
graph invariant p is additive if

p(G) = p(G1) + p(Ga)
Observation: for every additive graph invariant p,
p(@) =0.
Definition 9 A graph invariant q is multiplicative if
q(G) = q(G1) - q(G2)
Observation: for every multiplicative graph invariant g,

q(2)=1.

1.1.5 Line graph and source graph of a line graph

Given a graph G = (V, E), the line graph of G denoted as L(G) is L(G) =
(E, F), where

e The vertex set of L(G) is the edge set of G;

e Two vertices of L(G) are connected by an edge if the corresponding
edges of GG share a vertex.

The graph G is called the source graph of L(G). For every graph one can
build its line graph, but not for any graph there is a source graph *.

4Usually in the literature only simple source graphs are considered. However, a line
graph can be built for a multigraph too, using the same rules.

12



Any two non-isomorphic connected simple loop-free graphs G; and Gs
have non-isomorphic line graphs, with exception of the pair S3 and C5 (a
star and a cycle with 3 edges each), which share the same line graph Cs.

There are efficient algorithms, for example, [38], that can output the
simple source graph of an input graph if it is a line graph, or conclude that
the input graph is not a line graph of any simple source graph.

1.2 Background

1.2.1 Comparing graph invariants

We shall use the following notions for comparing graph invariants:

Definition 10 Distinctive power of graph invariants:

Letp: G — Ry and q : G — Rs be two graph invariants. We say that the
distinctive power of p does not exceed that of q, and write p =g, q iff for
every pair of graphs Gy and Go

q(G1) = q(G2) — p(G1) = p(Ga)

If p <4y ¢ and g <4, p we say that the graph invariants p and ¢ have the
same distinctive power and write p ~g, ¢. If neither p <4, ¢ nor ¢ <4, p, we
say that the graph invariants p and ¢ have incomparable distinctive power.

Definition 11 Substitution instance:

Letp : G — R[X] and q : G — R[Y] be two graph polynomials with sets
of indeterminates respectively X and Y. We say that p is a substitution
instance of ¢ and write p <supst q iff there is a variable substitution o : Y —
R[X] such that for all graphs G, q(G,Y) under o evaluates to p(G; X):

p(G; X) = a(q(G;Y))

1.2.2 DP-completeness and universality

Using the notions above, we can now define the “strongest” graph invariants

in the following manner:

Definition 12 Let S be a class of graph invariants.
We say that q is dp-complete for S iff ¢ € S and for everyp € S, p =ap q.

13



Definition 13 Let S be a class of graph invariants.
We say that q is universal for S iff ¢ € S and for every p € S, p Ssubst q-

As follows from the definitions of =g, and =s, @ universal invari-
ant is also dp-complete. However, a dp-complete invariant is not necessary
universal.

1.2.3 Edge elimination and vertex elimination

In this thesis we are interested in graph invariants which are multiplicative
with respect to disjoint unions, and which satisfy certain linear recurrence
relation with respect to some set of edge elimination or vertex elimination
operations, defined respectively in Subsections 1.1.2 and 1.1.3.

Definition 14 Classes of multiplicative graph invariants with respect to
their recurrence relations:

Let p: G — R, where R is either a field or a polynomial ring F[X]
with an underlying field F, be a multiplicative graph invariant. Recall that
for any multiplicative graph invariant the following boundary conditions are
satisfied:

p(&) =1 and p(Ey) = v for somev € R (1.2.1)

We say that the graph invariant p is a
e C-invariant (chromatic invariant) and write p € C iff

1. There are elements o, B € R such that for every graph G € G and
every edge e € E(Q),

p(G) = ap(G —e) + Bp(G/e)

2. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (1.2.1).

If a =1 we call p a spectal chromatic invariant and write p € sC.
o TG-invariant (Tutte-Grothendieck invariant) and write p € TG iff
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1. There are elements x,y,0, T € R such that for every graph G € G
and every edge e € E(G),

xzp(GJe) if e is a bridge,
p(G) =<4 yp(G —e) if e is a loop,
op(G —e) + mp(G/e) otherwise.

2. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (1.2.1).

e M-invariant (Matching invariant) and write p € M iff

1. There are elements a, 5 € R such that for every graph G € G and
for every edge e € E(G),

p(G) = ap(G —e) + Bp(G Te);

2. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (1.2.1).

If a =1 we call p a special matching invariant and write p € sM..
e EE-invariant (Edge Elimination invariant) and write p € EE iff

1. There are elements o, 3,7 € R such that for every graph G € G
and for every edge e € E(G),

p(G) = ap(G —e) + Bp(G/e) +vp(G te);

2. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (1.2.1).

If a =1 we call p a spectal EFE invariant and write p € sEE.
o VE-invariant (Vertex Elimination invariant) and write p € VE iff

1. There are elements o, 3,7 € R such that for every graph G € G
and for every vertex v € V(G),

p(G) = ap(G —v) + Bp(G/v) + vp(G t v);

15



2. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (1.2.1).

Note that the set of EE-invariants trivially includes the entire sets of C-
invariants and M-invariants. Additionally, we will show that the set of TG-
invariants includes the entire set of C-invariants °.

The main questions we study in this thesis:
Let X be the set of X-invariants (X € {C,TG,M,EE,VE}).

1. Does X have some dp-complete element Ux?

2. Does X have some universal element?
If not, for what largest subclass S of X can we define such a universal
element? Can we characterize X \ S7

3. In general, what is the relationship between =g, and =gyps: on X7

4. If Ux is dp-complete, how hard is it to describe? Can we obtain the
coefficients of Uy without resorting to the recurrence relation 6?

5. What can we say about the complexity of the polynomials in X?

In all the recurrence relations above, the coefficients are fixed for all
graphs. However, if labeled graphs are considered, the coefficients may de-
pend on the label of the edge or the vertex which is being eliminated. Such
cases have been studied in the literature: for labeled T'G invariants see
[14, 49], for labeled M invariants see [34]. In chapter 4 we address similar
questions with respect to the labeled graph invariants * .

1.3 Results

The presented research was partially supported by the Graph Polynomials
Project led by Prof. J.A. Makowsky. The project aims to conduct a wide

®C-invariants are special cases of TG-invariants. In the book [1] by M.Aigner for both
the term C-invariant is used. However, in most of the literature about Tutte polynomials
the notion “Tutte-Grothendieck invariant “ is is used.

In the case of TG-invariants, Urg has been determined and to be shown universal,
and it has various explicit definitions.

"The authors of [14] use a term edge-colorings rather than edge-labelings. As we also
discuss chromatic polynomials we prefer our terminology as it avoids confusions.
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fundamental comparative study of graph polynomials. This thesis presents
a part of results obtained in the framework of the project 8.

e We propose a general scheme that allows to compare graph invariants
and in particular graph polynomials.

e We define notions of “dp-completeness” and “universality” of graph
invariants within certain class.

e We use as a paradigm the universal Tutte polynomial and the class
of Tutte-Grothendieck invariants. We introduce three more classes of
graph invariants that include various existing graph polynomials. For
every such class we introduce a new graph polynomial that appears to
be dp-complete in this class. We also prove universality property of
the new polynomials if it is possible. Otherwise we define the subclass,
for which the new graph polynomial is universal, and describe the

(relatively small) exception set.

DP-completeness and universality theorems:

Theorem 1.3.1 The most distinctive matching polynomial
There is a graph polynomial Uy (G;x,y) which is dp-complete in the class
of M -invariants. It has subset expansion as follows:

Um(G;z,y) = Z yMlgIVI=21M] (1.3.1)

M C E,
M is a matching

Theorem 1.3.2 Uy (G;x,y) is universal in the class of sM-invariants The

exception subset of invariants M \ sM consists of invariants of the kind
p(G) = 2V @Iy EG)]

Theorem 1.3.3 The most distinctive edge elimination polynomial
There is a graph polynomial £(G;x,y, z) which is dp-complete in the class
of EE-invariants. It has subset expansion as follows:

G,y 2) = Z GFAUB)—keon(B) _ [AI+Bl=keon(B) keon(B) (1 3.9)
(AUB)CE

80nly structural theorems are stated here. Our results in the complexity theory are
presented in Chapter 5.
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where k and k.o, denote respectively the number of spanning and covered
connected components with certain edge set. For a more precise notation
please refer to Subsection 3.3.3.

Theorem 1.3.4 £(G;x,y,z) is universal in the class of sEE-invariants.
The exception subset EE\ sE'E consists of the chromatic invariants which
are not special.

Theorem 1.3.5 The most distinctive vertex elimination polynomzial
There is a graph polynomial Qo(G;x,y) which is dp-complete in the class of
V E-invariants. It has subset expansion as follows:

Uve(G;z,y) = Z gIVI=RGLUD (g 4 4p)R(GIUD) (1.3.3)
Ucv

where G[U] denotes the induced subgraph of G with vertex set U, and k(G[U])
denotes number of spanning connected components in G[U].

Theorem 1.3.6 Uy (G;x,y) is universal in the class of V E-invariants.
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Chapter 2

A catalogue of graph
polynomials and a survey of
the literature

There is a variety of graph polynomials discussed in the literature. A very
comprehensive (though, not exhaustive) survey of known graph polynomial
by J. Ellis-Monaghan and C. Merino can be found at [23, 24]. We present
here several graph polynomials and state to which class of graph invariants

(from {C, TG, M,EE,V E} defined in the Subsection 1.2.3) they belong.

2.1 Chromatic Invariants

2.1.1 Chromatic polynomial x(G;x)

Definition: Given a simple loop-free graph G = (V,E) and a natural
k, the graph parameter x(G;k) is defined as the number of proper vertex
colorings of G by k colors. G. Birkhoff, who introduced it in [9], proved that
X(G, k) is a polynomial in k. A survey monograph is [22].

Subset expansion formula: Birkhoff proved that if G = (V, E) has m;;
spanning subgraphs of rank ¢ and nullity j then

X(Gyx) =Y (=1) T myalVI,

i3
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This definition can be rewritten in terms of edge subset expansion, using
r(G) = |V| — k(G), and s(G) = |E| — |V| + k(G), where k(G) is a number

of spanning connected components:

X(Gsz) = 37 (=) A IVI=r() 2§ (L)lAlgh(d),
ACE ACE

where by slight abuse of notation k(A) denotes the number of connected
components of the spanning subgraph of G with edge set A.

Recurrence relations. The chromatic polynomial is multiplicative with
respect to disjoint union of graphs:

X(G1 UG ) = x(Grix) - x(Gas o)

It satisfies a linear recurrence relation with respect to edge deletion and edge
contraction operations:

X(G;z) = xX(G —e;2) — x(G/e;2),

with initial conditions x(@) = 1 and x(E;) = =.

Based on this recurrence relation, we can conclude:

Proposition 2.1.1 The chromatic polynomial is a special C-invariant.

Additional combinatorial interpretations.
(—=1)VIx(G; —1) counts the number of acyclic orientations, [50].

Corollary 2.1.2 The graph parameter “number of acyclic orientations” is
a special C-invariant.

Proof. Let a(G) denote the number of acyclic orientations of G. By the
results of [50], a(G) = (—=1)!VIx(G; —1). Applying the recurrence relation of
X(G; ), we have

(@) = (-G = &;-1) = x(G/e; 1)) = a(G — €) + a(G/e).
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2.1.2 Dichromatic polynomial Z(G;q,v)

Definition: Given a multigraph G = (V| E), Z(G; g, v) is the unique poly-
nomial in Z[q, v] defined recursively as follows ! :

Z(@;q,0) =1

Z(En;q,v) = q" for every n > 1
Z(Gl I—lGQ;q’U) = Z(Glaq,v) : Z(GQ;Qav)
Z(G;q,v) = Z(G —e;q,v) +v - Z(G/e;q,v) for any edge e € E

By definition, it is a multiplicative graph invariant satisfying a recurrence
relation with respect to edge deletion and edge contraction. We can con-
clude:

Proposition 2.1.3 The dichromatic polynomial Z(G;q,v) is a special C'-
mvariant.

Subset expansion formula: The dichromatic polynomial has edge sub-
set expansion:
Z(G;q,v) = Z Aol (2.1.1)
ACE

where k(A) denotes the number of spanning connected components of (V, A).

Now we provide two models from Statistical Mechanics that are strongly
related to the dichromatic polynomial [13]:

The partition function of the Potts ferromagnetic model with ¢
states and inverse temperature 3 relates to the dichromatic polynomial as
follows:

P(G;q,B) = e 1P Z(G;q,e” - 1)

Proposition 2.1.4 P(G;q, ) satisfies a linear recurrence relation as fol-
lows:
P(G;q,8) = ¢ PP(G —e;¢,8) + (1 — e P)P(G/e; q, B)

!The proof is available for example in [13].
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Proof. We observe that both G — e and G/e have exactly 1 edge less
than G. Therefore, in order to obtain factor of e #¥l we need to multiply
every summand in the recurrence relation of Z(G;q,e® — 1) by e~P. |

Corollary 2.1.5 The partition function of the Potts model P(G;q, ) is a
C-invariant (though, it is not special).

Note that P(G;q, 3) is not a polynomial in £.

The partition function of the random cluster model with parame-
ters p and ¢ relates to the dichromatic polynomial as follows:

P(G;q,p) = (1-p)\F12(G;q, %)

Proposition 2.1.6 P(G;q,p) satisfies a linear recurrence relation as fol-
lows:

P(G;q,p) = (1 —=p)P(G —¢;q,p) + pP(G/e;q,p)

Corollary 2.1.7 The partition function of the random cluster model P(G} q,p)
is a C-invariant (though, it is not special).

2.1.3 Bad Coloring Polynomial B(G;z,y)

The Bad Coloring Polynomial B(G;x,y) [23] is the generating function

B(G; A\, t) Zb (G; M\t

7>0

where b;(G; \) is the number of A-colorings of G with exactly j “bad” edges
(i.e. the edges that connect vertices colored by the same color). It can be

B(G;\t) = Z t\b(f)|7

f:V—=[A]

also written as

where b(f) denotes the set of “bad” edges in the coloring f.

Proposition 2.1.8 S. D. Noble (published in [23])

B(G; M\ t) Z MA@ — 1)l
ACFE
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Proof.

B(Giat) = Y =

V=[N

- Y Y o=

FiV [\ ACH(f)

= Z Z (t—l)w =

ACE f:V =
ACb(f)

ACE
= Z(G;\t—1).
|
Corollary 2.1.9 B(G;\,t) is a substitution instance of Z(G;q,v) and it is
a special C-invariant.
2.1.4 Universality and dp-completeness for C
Proposition 2.1.10 The following graph invariant is C-universal graph
polynomial:

v

UC(Ga w, q, ’U) = ’U)‘E‘Z(G, q, E),
Proof.

e Uc(G;w,q,v) is a C-polynomial:
It is multiplicative since both w!®l and Z (G;q,v) are multiplicative.
Moreover, it satisfies a linear recurrence relation

Uc(G;w,q,v) = wUc (G — e;w, q,v) + vUc(G/e; w, q,v)

by a similar argument as for Potts model partition function. Therefore
it is a C-invariant, and it is a graph polynomial.

e For every C-invariant p : G — R, p(G) Zsupst Uc(G;w, q,v)
Since p is multiplicative, there is some v € R such that p(FE,) = v".
Moreover, since p is a C-invariant, there are some «, 8 € R such that

p(G) = ap(G —e) + Bp(G/e)
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Therefore, under the substitution o = {¢ — v,w — a,v — [}
Uc(G;w, q,v) evaluates to p.

|
Corollary 2.1.11 Ux(G;w,q,v) is dp-complete in the class of C-invariants.

Proposition 2.1.12 The dichromatic polynomial Z(G;q,v) is dp-complete

in the class of C-invariants.

Proof. We use the fact that w®l is an evaluation of Z(G5q,v)
at ¢ = 1;v = (w —1). Indeed,

Z(G;l,w—1) = Z(w — 1)l = Pl
ACE

Hence, Uc(G;w,q,v) = Z(G;1,w — 1) - Z(G} q, ), therefore
Z(Gh1) = Z(G2) = Uc(Gr) = Uc(Ga). [

2.2 Tutte-Grothendieck invariants

2.2.1 Tutte polynomial

The dichromate, named later the Tutte polynomial, has been introduced by
W.T. Tutte [55] in 1954 ,building on H. Whitney’s work on coefficients of the
chromatic polynomial [56]. Monographs dealing with the Tutte polynomial
are [13, 30].

Definition. The original definition of the Tutte polynomial uses spanning
tree expansion. Let G = (V, E) be a connected graph, and let T'= (V, F) ,
F C FE be a spanning tree of G. For every edge e € E \ F, let cyc(T Ue)
denote the edges of the unique cycle in T' U e.For each edge f € F, let
cut(T — f) denote the the set of edges of G that connect components of
T — f. Finally, let ¢ : E— 1,2,3...|E| be an auxiliary total order over E.

An edge e € E'\ F is called externally active with respect to T under order
¢ if it is the smallest edge (under ¢) in the cyc(T — e). Otherwise, this edge

is called externally inactive.
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An edge f € F is called internally active with respect to T under order
¢ if it is the smallest edge (under ¢) in the cut(T — f). Otherwise, this edge
is called internally inactive.

The Tutte polynomial is defined by

T(Gyz,y) = Zti,jxiyj, (2.2.1)
0,

where #; ; denotes the number of spanning trees with exactly 7 internally
active and j externally active edges. Tutte proved that T(G;z,y) does not
depend on the used auxiliary order ¢.

This definition given for connected graphs, but it is naturally extended to
all graphs by a multiplication rule:

k
T(G;z,y) = H(Gi;x7y)7

i=1

where GG7 ... G}, are the connected components of G.

Subset expansion formula. The Tutte polynomial can be represented

by an edge subset expansion using notations of rank and nullity:

T(Giay) = 3 (x — 1y @7 (y — 1)), (22.2)
ACE

which can be simply rewritten in terms of spanning connected components:

T(Gia,y) = 3 (& — DHAHE) (y _ )ALk V] (2.2.3)
ACE

Recurrence relations. The Tutte polynomial is multiplicative with re-
spect to the disjoint union of two graphs and with respect to one-connection
of two graphs (in the latter case, G; and G share exactly one vertex).

T(Gy UGz, y) = T(Gy Ly Gosa,y) = T(Gys 2, y) - T(Gas 2, )
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Additionally, it satisfies a linear recurrence relation with respect to edge
deletion and edge contraction operations, with distinction between three
kinds of edges: a bridge, a loop and neither bridge or loop.

T (G/e;x,y) if e is a bridge,
T(Gyz,y) =< yT'(G—e;x,y) if eis a loop, , (2.2.4)
T(G/e;x,y) + T(G — e;x,y) otherwise

with initial conditions T'(@) = T'(E;) = 1.
Based on this recurrence relation, we can conclude:
Proposition 2.2.1 The Tutte polynomial is a TG-invariant.
2.2.2 Whitney’s rank generating polynomial, Whitney-Tutte
dichromatic polynomial and the flow polynomial
In the next few paragraphs we provide several graph polynomials which are

strongly related to the Tutte polynomial:

Whitney’s Rank Generating Polynomial R(G;z,y) [56] is defined
as follows:

R(Gia,y) = ) a" @7y,
ACE

and it relates to the Tutte polynomial via T'(G;x,y) = R(G;z — 1,y — 1),
and therefore it is a TG-invariant.

Whitney-Tutte Dichromatic Polynomial Q(G;t,z) is defined by

Q(Gst,z) = Y tHA ), (2.2.5)
ACE

and it relates to the Tutte polynomial as
T(Gsz,y) = (x = 1)MDQ(G; (x = 1), (y — 1))
. Q(G;t, z) satisfies the following recurrence relation (cf. [14]):

(z+1DQ(G —e;t, 2) if e is a loop,

Q(G;t, z) = { Q(G —e;t,2) + Q(G/e;t,z) otherwise.
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One can rewrite this recurrence relation as

(t+1)Q(G/est, 2) if e is a bridge,
Q(Git,z) =< (z4+1)Q(G —est, 2) if e is a loop,
Q(G —e;t,z) + Q(G/e;t,z) otherwise.

Indeed, if e is a bridge, according to the explicit definition 2.2.5,
Q(G—e;t,z) =tQ(G/e;t, z), as for any A C (E'\{e}), the rank r(A) and the
nullity s(A) are preserved, whereas the number of connected components
k(A) is increased by 1. Therefore, we can state that Q(G;t,2) is a TG-
invariant.

Flow Polynomial C*(G;u) (cf. [36] for survey) can be obtained from the
Tutte polynomial by

C*(Gsu) = (=D)EI="E7(G;0,1 — w)
Using the subset expansion (2.2.4) of T'(G; z,y) we have:

0 if e is a bridge,
C*(Gs;u) =< (u—1)C*(G —e;u) if e is a loop,
C*(G/e;u) — C*(G — e;u)  otherwise.

We can conclude that C*(G;u) is a TG-invariant.

2.2.3 Connection to C-invariants

The universal chromatic invariant Uc(G;w, q,v) discussed in Section

2.1, is defined as "
Uc(G;w,q,v) = w1 Z(G;q, ol

where

Z(Giq,v) = Y ¢" ol
ACE
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is a dichromatic polynomial. Recall that Uc(G;w, ¢, v) is uniquely defined
by its recurrence relation and initial conditions:

Uc(En;w,q,v) = q% (2.2.6)
Uc(Giw,q,v) = wUc(G —e;w,q,v) +vUc(G/e;w, q,v) (2.2.7)

One can rewrite this recurrence relation to the form of TG-invariants, using
two facts:

1. If e is a loop, then Uc(G/e;w,q,v) = Uc(G — e;w, q,v);
2. If e is a bridge, then Uc(G — e;w, q,v) = q - Uc(G/e;w, q,v).

These facts can be checked using the subset expansion of Z(G;q,v) (2.1.1).
Hence, we can rewrite the recurrence relation (2.2.7) as follows:

Uc(En) = q%
(wq +v)Uc(G/e) if e is a bridge,
Uc(G) = (w~+v)Uc(G —e) if e is a loop,
wUc(G —€) +vUc(G/e) otherwise.

This allows us to state:

Proposition 2.2.2 The universal chromatic invariant is also a TG-invariant.

Corollary 2.2.3 The entire class of C-invariants is included in the class of
TG-invariants.

2.2.4 Universality and dp-completeness for TG

The universal TG-invariant Urq(G;z,y, o, 0,T)

Theorem 2.2.4 Brylawski [15]
The universal TG-invariant is uniquely defined by

Urg(E,) = ao"
xUrq(G/e) if e is a bridge,
Ura(G) = yUra(G —e) if e is a loop, (2.2.8)
oUrq(G —e) + tUrq(G/e)  otherwise.
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Furthermore, Ozley and Welsh showed in [47] that

Urc(G) = oF@os@ @G, 2 Yy,
T T

where k(G), r(G) and s(G) are respectively the number of connected compo-
nents, rank and nullity of G.

Corollary 2.2.5 Urg(G;x,y,«,0,7) is a dp-complete TG-invariant.

Note that the Tutte polynomial T'(G; z,y) is not a dp-complete T G-invariant:
T(En;x,y) =1 whereas Urg(En;z,y,a,0,7) =a”

However, the following can be shown:

Proposition 2.2.6 The dichromatic polynomial Z(G;q,v) is dp-complete

in the class of TG-invariants.

Proof. We use the known connections: the first is due to the results of
[47], the others follow directly from the subset expansion of Z(G;q,v):

e Between T(G;x,y) and Upg(G;z,y)

Urc(G) = ¥ D@ @, 2 Yy,

T T

Between Z(G;q,v) and T(G;x,y):

T(G,z,y) = (z—1)*"E(y—1)"VIZ(G,(z - 1)y — 1),y — 1)

Between Z(G;q,v) and the number of vertices:

VI = Z(G; z,0)

Between Z(G;q,v) and the number of edges:

yfl=2(G1,y - 1)

Between Z(G;q;v) and the number of connected components:

. Z(G;q,v)
k(G) — _ A Y]
q Jmn Z(G;1,v—1)
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k(G) is the coefficient of the highest degree of v

For the last connection, ¢
in Z(G;q,v). The denominator equals v®l the numerator has only one
summand of the same degree of v. The equality follows by lim,_, % = 0.

Using the connections above, we get:

Z(Gh;q,v) = Z(Go;q,v) —  Urg(Gr;z,y) = Urg(Ga; z,y)

2.3 Matching invariants

2.3.1 Matching polynomial

The matching polynomial was introduced by C.J. Heilmann and E.H. Lieb
in 1972 [34] motivated by a monomer-dimer problem in statistical physics.
In combinatorics it was introduced by I. Gutman [32] and E.J.Farrell [25].
It is discussed in the monographs [40, 31]. It has appeared also in chemical
literature (so-called topological resonance energy [53, 7, 8]).

Definition. Let G(V, E) be a simple undirected loop-free graph with |V| =
n vertices. A k-matching in a graph G is a subset M C E of k edges, no
two of which have a vertex in common.

We denote by mg(G) the number of k-matchings of a graph G, when
we define mo(G) = 1 by convention. Of course, for k > § always my(G) =
0. We denote by V(M) the set of the vertices, which participate in the
matching.

The most common form of matching polynomial (known in literature as

acyclic or matching defect polynomial) was defined as:

n

2

p(Gs) = (=) mi(G)am
k=0

Another, may be a bit more natural form is called in the literature the
matching generating polynomial. It is defined by a simple generating func-
tion:

9(Gyz) = mk(G)wlC
k=0
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The two forms above are related:
M(G7 .%') = xng(G7 (_x_Q))

The matching polynomials are definable via subset expansion:

o) = Y L0 IT -

M C E, ec M vgV (M)

M is a matching

9(Giz) = > II=

M CE, eeM
M is a matching

Recurrence relations: Both u(G;z) and g(G;x) are multiplicative under
disjoint union and satisfy recurrence relations with respect to edge deletion
and edge extraction:

The matching defect polynomial:

w(Giz) = (G —e;z) — (G 1 ex)
The matching generating polynomial:

9(G;x) = g(G—e;x) + 2 - g(G T esx)
Hence, we can conclude:

Proposition 2.3.1 Both the matching defect polynomial p(G;x) and the

matching generating polynomial g(G;x) are M -invariants.

2.3.2 The Rook polynomial

The rook polynomial was introduced by J. Riordan in [48] as a generalization
of the Rook problem.

Definition:

A generalized chessboard is a square matrix of nxn cells, where part of the
cells are marked as “prohibited”, i.e. no figure can be placed there. Given
a generalized chessboard B, the rook polynomial is defined as a generating
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function:
| B

R(B,z) = Z (G,
k=0

where 7, denotes the number of possibilities to place k non-attacking rooks
on the chessboard B.

Recurrence relations:
First, the rook polynomial is multiplicative with respect to disjoint union:
let B; and Bs be two disjunct chessboards, then

R(By U Bg;x) = R(B1;x) - R(Ba;x).

Let a denote some cell of the chessboard B, and let r, and ¢, denote respec-
tively the row and the column of a. Then the rook polynomial is determined
by the following recurrence relation with initial conditions:

R(B;z) = R(B—a;z) + 2R(B — cq — T4} X);

where B — a denotes the chessboard B with removed cell a, and B — ¢, — 7
denotes the chessboard B with removed both column and row of a (cf. [44]).

Connection to the matching polynomial:
Let Gp = (V. U V., E) be a bipartite graph constructed from the chess-
board B by the following way:

e Each vertex of V,. corresponds to a row and each vertex of V. corre-
sponds to a column;

e Two vertices u € V. and v € V, are connected by an edge iff there is a

cell in B at the intersection of the corresponding row and column.

Proposition 2.3.2 (Farrell, [26]) The rook polynomial R(B;x) relates to
the matching generating polynomial as follows:

R(B;x) = g(Gp;x) = Y mi(Gp)a®,
k
where my, denotes the number of k-matchings in graph Gp.
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The proof is based on an observation that every k-matching in Gp corre-
sponds to a placement of k£ non-attacking rooks on the chessboard B.

The associated rook polynomial and the rook polynomial of a
graph:

Let r,(B) denote the number of possibilities to place k non-attacking
rooks on a chessboard B with n rows and n columns. Then the associated
rook polynomial is defined by

r(B;z) = Zrk(B)(—l)kx”*k = 2" R(B; —i)
k=0

In the book by L. Lovasz and M. D. Plummer [40] the authors use this version
of the rook polynomial. Furthermore, they define the rook polynomial on
graphs rather than on chessboards:

Definition 15 The rook polynomial of a graph from [40]
Let G = (Vi U Vo, E) be a bipartite graph with |Vi| = |Va| = n. Then the
rook polynomial is defined by

n

p(Giz) = my(G)(—1)Fa"F,

k=0
where my, is a number of k-matchings in G.

Proposition 2.3.3 The rook polynomial of [40] is multiplicative under dis-
joint union and satisfies a linear recurrence relation as follows:

p(Gsz) = p(G —e;x) — p(G 1 e;2)
Moreover, it is determined by this recurrence relation with initial conditions

p(2:7) = 1 and p(Er; ) = V7.

For the proof one can analyze the matchings that do not include the edge e
and therefore counted by p(G —e; x), and those that include it and therefore
counted by p(Gte;x). Note that p(G;x) is a graph invariant for every graph,
though, it is a graph polynomial iff the number of vertices is even.
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Corollary 2.3.4 Both the original rook polynomial of [48] (via its connec-
tion to g(G;x)) and the rook polynomial of a graph p(G;z) of [40] are M-
mvariants.

2.3.3 Universality and dp-completeness for M

The most distinctive matching polynomial Uy (G; 2z, y) subsumes both match-
ing generating polynomial and matching defect polynomial as its substitu-
tion instances:

Un(Gsa,y) = Y mp(G)a" = Fy"
k=0
The most distinctive matching polynomial is multiplicative under disjoint

union of graphs and satisfies a linear recurrence relation
Un(Gsz,y) = Un(Gia,y) +y - Un(Gsa,y)

Moreover, it is determined by this recurrence relation and the initial condi-

tions Upy(En;x,y) = ™.

In this thesis we prove that the most distinctive matching polynomial U (G z, y)
is dp-complete in the class of M-invariants. Moreover, it is universal in the
class of sM-invariants, when the exception subset of invariants M \ sM
consists of invariants of the kind p(G) = z!V(@IyF(&] (Theorems 1.3.1 and
1.3.2).

2.4 Edge Elimination invariants

In this section we introduce a new class of graph invariants. We start with
the bivariate chromatic polynomial of [20], which turns out to satisfy a linear
recurrence relation with respect to edge deletion, edge contraction and edge

extraction operations defined in Subsection 1.1.3.

2.4.1 The Bivariate Chromatic polynomial

The bivariate chromatic polynomial was introduced by K.Dohmen, A.Ponitz
and P.Tittmann in [20] as a natural extension of the chromatic polynomial.
The authors of [20] noticed that the distinctive power of this polynomial
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exceeds this of the chromatic polynomial, the matching polynomial and the
vertex cover polynomial.

Definition: Let G = (V, E) be a graph, and let Y and Z be two disjoint
sets of colors. We call X the union of the sets: X =Y U Z. Let ¢ : V — X
be a wvalid coloring of graph G if

V{u,v} € E ((p(u) €Y Ap(v) €Y) = p(u) # ¢(v))

In other words, two adjacent vertices can have the same color c only if ¢ € Z.
We call the colors from the set Y “proper”, and the colors from the set Z
“improper”.

The polynomial P(G;z,y) is defined as the number of valid colorings of
a graph G with total |X| = z colors, when exactly |Y| = y of them are
proper.

Note that this combinatorial definition is valid only for positive integers
x > y. Moreover, it is not trivial that it determines a polynomial in x and
y. The following solves this issue:

Connection to the chromatic polynomial x(G):
First, if all the colors are “proper”, the bivariate chromatic polynomial
evaluates to the “classical” chromatic polynomial:

P(G;z,x) = x(G; @).
Moreover, Theorem 1 of [20] states that

P(Giz,y) = Y (x—y)"IX(G-Usy),
UCcv

where G—U denotes the induced subgraph of G with vertex set V\U. There-
fore, P(G;z,y) is a polynomial in  and y and its value can be extrapolated
to any x,y € R.

Recurrence relations:

The authors of [20] state the multiplicativity of the bivariate chromatic
polynomial with respect to disjoint union. We prove in this thesis the fol-
lowing theorem (the proof appears in Subsection 3.3.1):
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Theorem 2.4.1 The bivariate chromatic polynomial satisfies a linear re-
currence relation with respect to edge deletion, edge contraction and edge
extraction operations:

and is determined by this recurrence relation together with initial conditions
P(Em x,y) =z".
From the theorem above we can conclude that

Corollary 2.4.2 The bivariate chromatic polynomial P(G;x,y) is an sEE-
mvariant.

2.4.2 The vertex cover polynomial

The vertex cover polynomial was introduced by F.M. Dong, M.D. Hendy,
K.L. Teo and C.H.C. Little in [21]. motivated by biological systematics and
theoretical chemistry.

Definition: Let vc(G, k) denote the number of vertex-covers of G of size
Ek, i.e. subsets U C V s.t. |U| = k and for every edge (u,v) € E, either
u€ U orwveU or both.

4
U(G,z) = Z ve(Gs k)ar.
k=0

Proposition 2.4.3 (Corollary 2 from [20]) % :
The vertex cover polynomial is a substitution instance of the bivariate chro-
matic polynomial P(G;z,y):

U(G,z) = P(G;z + 1;1)

Proof. P(G;z + 1;1) counts the number of valid colorings of G with
x improper colors and 1 proper color. Every vertex cover U C V of G

2The authors of [20] speak about the independent set polynomial instead of the vertex
cover polynomial. However, they use the definition of the independent set polynomial as
I(G;x) == 3" ai(G)z’, where a; is the number of independent sets of cardinality n — 1,
which is exactly the number of vertex covers of cardinality i.
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induces a class of such colorings: the vertices of U are colored by improper
colors, and the vertices of V' \ U, which produce an independent set, are

Ul The classes are

colored by the proper color. The size of the class is x
disjoint and they cover all the valid colorings of G. The proposition follows

by summation over all the vertex covers of size k, for every k. |

Corollary 2.4.4 The vertex cover polynomial is a sEE-invariant; it is mul-
tiplicative under disjoint union and it satisfies a linear recurrence relation
as follows:

U(G,z) =¥Y(G —e,x)—V(G/e,x)+x- V(G te,x)
with initial conditions V(E,,z) = (v + 1)™.

Proof. This follows from the Proposition 2.4.3 and the recurrence rela-
tion of the bivariate chromatic polynomial. |

2.4.3 Universality and dp-completeness for F'E

We introduce in this thesis a new graph polynomial: the most distinctive
edge elimination polynomial £(G;z,y, z) (A subset expansion of {(G;x,y, 2)
appears in Subsection 3.3.3.)

We prove that £(G;z,y, z) is dp-complete in the class of EE-invariants.
Moreover, we prove that £(G; z,y, z) is universal in the class of s E E-invariants,
when the exception set is C'\ sC (Theorems 1.3.3 and 1.3.4).

2.4.4 The covered components polynomial

Inspired by the edge-subset expansion presentation of {(G;x,y, z) published
in [3], M. Trinks have introduced a new graph polynomial with remarkable
combinatorial features [54]:

Definition:
Let G = (V, E) be a multigraph. The covered components polynomial
C(G;x,y,z) is defined as an ordinary generating function:

C(Ga x,Y, Z) = Z Ci,j,k(G)xiyjzk’

i7j7k
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where ¢; j (G) denotes the number of edge subsets A C E of size |A| = j,
such that the graph (V, A) has exactly ¢ components, from which k are
covered by edges, (i.e. not singletons).

Recurrence relations:

M. Trinks proves that the covered components polynomial is multiplica-
tive under disjoint union and that it satisfies a linear recurrence relation as
follows:

C(Gsm,y,2) = C(G—ew,y,2)+y-C(G/e;m,y, 2) +ay(z—1)-C(Ge x,y, 2)

with initial condition C(E,;x,y,z) = ™.
The following proposition immediately follows from the universality of
{(Gsz,y, 2):

Proposition 2.4.5 The covered components polynomial is an sEE invari-
ant, and it is a variable substitution of {(G;x,y,z):

C(Ga x,y, Z) = g(Ga $,y,$y(2 - 1))

M. Trinks provides a combinatorial proof of the proposition above in [54].

2.4.5 Connection to C-invariants, T'G-invariants and M-invariants

It follows immediately from the definitions of C, M and FE that C C FE
and M C FFE. Moreover, using our results for {(G;x,y, z) and Uy (G; x,y),
and the dp-completeness of Z(G;q,v), one can conclude that

Corollary 2.4.6 £(G;x,y,z) determines any C, M, or TG invariant.

Proof. We use dp-completeness of Uy (G; x,y) for M and Z(G;q,v) for
C-invariants. Those polynomials are evaluations of (G z,y, 2):

Um(Gsz,y) = &(G;2,0,y) and Z(G;q,v) = £(G;q,v,0).

The conclusion about T'G follows from dp-completeness for T'G of the dichro-
matic polynomial Z(G;q,v). 3. |

3We cannot state that &(G;z,y, z) is dp-complete for the classes M, C or TG, because
it does not belong to any of those classes.

38



2.5 Vertex Elimination Invariants

2.5.1 The Independent Set polynomial

Introduced by I. Gutman and F. Harary in [33]. as a generalization of the
matching polynomial.

Definition: Let in(G, k) denote the number of independent sets of size k
which are induced subgraphs of G.

VI
In(G,z) = Zin(G, k) - z®
k=0

Recurrence relations: In(G;z) satisfies a linear recurrence relation with
respect to vertex deletion and vertex extraction (as defined in 1.1.2). Recall
that G — v denotes the induced subgraph of G with vertex set V' \ {v}, and
G 1 v denotes the graph obtained from G by removing of v together with its
neighborhood.

Proposition 2.5.1 (Gutman and Harary, [33])
The independent set polynomial is multiplicative with respect to disjoint
union. Moreover, it satisfies a linear recurrence relation as follows:

In(Gyz) = In(G —v;z) + x - In(G t v; ),
and it is determined uniquely by the recurrence relation above and the initial
condition In(2;x) = 1.

Corollary 2.5.2 The independent set polynomial In(G; X) is a VE-invariant.

2.5.2 The subgraph component polynomial

The subgraph component polynomial Q(G;z,y) has been proposed by P.
Tittmann and further developed in collaboration with J. A. Makowsky and
the author in [51]. This graph polynomial arises from analyzing community

structures in social networks.
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Definition: Let G = (V, E) be a finite undirected graph with n vertices
and let & < n be a positive integer. For every vertex, decide with probability
q = 1 — p whether to remove that vertex or keep it. What is the probability
that a subgraph of G with exactly k components survives? The solution
of this problem leads to the enumeration of induced subgraphs of G with k
components.

For a given vertex subset U C V', let G [U] be the induced subgraph of
G with vertex set U. We denote by k (G) the number of components of G.
Let gi; (G) be the number of vertex subsets U C V' with ¢ vertices such that
G [U] has exactly j components:

4 (G) = {U SV : |U| =i Nk (GIU)) = 5}

The subgraph component polynomial of G is an ordinary generating function
for these numbers:

Q(Gsz,y) = Zz(hj (G) :Ciyj.

i=0 j=0

Note: loops or parallel edges do not affect connectivity properties of a graph.

e

Figure 2.1: The star Starz = K3

Example: The star K 3, presented in Figure 2.1, has the subgraph poly-
nomial

Q(Kizx,y) =1+4zy + 322y + 323y + aty + 322y + 235,

The term 3z2y? tell us that there are 3 possibilities to select two vertices of
G that are non-adjacent.

The empty set induces the null graph @ that we consider as being con-
nected by convention, which gives gy (G) = @ (G;0,0) = 1 for any graph.
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Substitution of 1 for y results in an univariate polynomial that is the ordi-
nary generating function for all subsets of V, i.e. Q(G;z,1) = (1+z)".

Recurrence relations:

In this thesis we prove that the subgraph component polynomial Q(G; x, y)
is multiplicative with respect to disjoint union of graphs. Moreover, it satis-
fies a linear recurrence relation with respect to vertex deletion, contraction
and extraction (as defined in 1.1.2). Recall that the vertex contraction is

removing vertex and connecting its neighborhood to a clique.

Q(G;z,y) = Q(G —v;m,y) + 2Q(G /vy w,y) + 2(y — 1)Q(G t v; 2, y),

Q(G; z,y) is uniquely determined by this recurrence relation and the initial
conditions Q(;z,y) = 1 and Q(F1;x,y) = 1 4+ xzy. The proof appears in
Section 3.4, Theorems 3.4.1 and 3.4.3.

We can immediately conclude that

Proposition 2.5.3 The subgraph component polynomial Q(G;x,y) is a VE-
mvariant.

2.5.3 Universality and dp-completeness for VE

We introduce in this thesis a new graph polynomial: the most distinctive

vertex elimination polynomial Uy g(G;x,y):

Uy p(Gsa,y) = 3 alVIHOUD (g 4y WEIUD),
ucv

where G[U] denotes the induced subgraph of G with vertex set U, and
k(G[U]) denotes number of spanning connected components in G[U].

We prove that Uy g(G; z,y) is dp-complete in the class of V E-invariants.
Moreover, we prove that Uy g(G; x, y) is universal in the class of V E-invariants
(Theorems 1.3.5 and 1.3.6).
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Chapter 3

DP-complete and Universal
Graph Polynomials for

Unlabeled Graphs

In this chapter we discuss dp-complete graph polynomials for the classes of
M, EE and V E invariants. Recall that the classes above are defined as the

classes of graph invariants which are
1. Multiplicative with respect to disjoint union of the input graphs;
2. Satisfying a linear recurrence relation according to its class;

3. Uniquely determined by its recurrence relation and initial conditions
defined for a null graph @ = (&, @) and for a singleton E; = ({v}, @).

First, we refer to the problem of unique definition .

3.1 Recurrence relations that uniquely define graph
invariants.
From now on, we consider linear recurrence relations without case distinc-

tion. Let the recurrence relation 7" = (9, W) be a set of graph transfor-
mations ¢ = {T1,...,T;}, provided with their weight coefficients W :=

IThe first paper to study general conditions under which linear recurrence relations
define a graph invariant is D.N.Yetter [57]
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{Wh,..., Wy}, which are elements of a target ring R independent of the
graph GG. We say that a graph invariant p satisfies the recurrence relation

T, if
k
p(G) =Y Wip(Ti(G)). (3.1.1)
i=1

The recurrence relation should satisfy two important conditions:

o Well-foundedness: The set of graph transformations should provide
well-founded graph decomposition. In other words, any legal sequence
of those transformations should lead, after a finite number of steps, to
one of the initial conditions.

e Order invariance: Let {2 denote the set of all possible orders of decom-
position of the graph G using transformations from J. Given an input
graph G, a well-founded linear recurrence relation " = (¢, W), a set of
initial conditions 9y and some auxiliary order w € € of graph decom-
position, one can obtain a map p: G X  — R. The map p is a graph
invariant if for every two orders wi,ws € € of graph decomposition,

p(G,w1) = p(G,wa)

We use and generalize the ideas of [47, 14] in order to define the most distinc-
tive graph polynomial in the class Y € {M, EE,V E} of graph invariants
defined with respect to some set of decomposition transformations 9 and
initial conditions ¥g:

e First, we make sure that the set ¥ of graph transformations is well-
founded, i.e. for any graph G and for any order w € 2 of decomposition
steps from 1, a graph satisfying some condition of ¥ is obtained after
applying a finite number of decomposition steps on Gj

e Then, we substitute the weight coefficients W € W by indeterminates.
At this point, we have defined a map

p: G xQ— RX],

where G is a class of graphs, Q is the set of all possible orders of graph
decompositions using transductions from ¥, and X is the set of the
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introduced indeterminates.

e We regard the introduced indeterminates as unresolved polynomi-
als q1,q2,...qx € R[X]. We look for the minimal set of equations
©(q1,q2, - .. qx) that the polynomials q;(Z), g2(Z), . .. qx(Z) should sat-

isfy to make p : G x Q — R[X] independent of the order, i.e. for any
graph G and any two orders wi,ws € €2,

p|<p(Ga Wi; f) = p|¢(G, w23 f) = p|¢(G, f)

It is possible that there are several solutions of ©(q1(Z), g2(Z), ... qr(Z)) that
make the resulting map order-independent. In this case, we look for a so-
lution that makes the map p|,(G,Z) dp-complete in Y. This solution de-
termines the subclass sY which we call “special Y-invariants” for which
p|o(G; ) is universal.

Now we provide our results regarding dp-completeness and universality
of M, EE and V F invariants.

3.2 The most distinctive matching polynomial

Our first example is the most distinctive matching polynomial. We look
for the "most general” matching polynomial, which subsumes all the types
of matching polynomials discussed above (as well as many others), as its
particular cases.

3.2.1 The recurrence relation
Recall the definition of M-invariant:
p(G) : G — R is an M-invariant if

e p(G) is multiplicative with respect to disjoint union of graphs: for all
graphs G1, Ga,
p(G1 U Ga) = p(Gr) - p(Ga);

e There are a, f € R such that for every graph G = (V, E) and every
edge e € E,

p(G) = ap(G —e) + Bp(G Te), (3.2.1)
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where G — e and G } e denote graphs obtained from G by respectively
deletion and extraction (i.e. deletion together with endpoints) of the
edge e.

e p(@) is uniquely defined by the recurrence relation (3.2.1) together
with the initial conditions

p(@)=1,  p(E)=v, (3.2.2)

where v € R is some element 2 of the ring R that does not depend on
the graph G.

The most general recursive definition of P(G,w;X) is obtained by
introducing indeterminates where possible. Any graph decomposition se-
quence consists of edge removal steps and non-empty disjoint subgraph de-
composition steps. Let w € €) denote an auxiliary order of decomposition

steps.
PG) = yP(G —e)+ zP(G te); for every edge removal step
- P(Gy) - P(Ga); for every decomposition step
P(E)) = umz
P(@) = 1 (3.2.3)

Proposition 3.2.1 The reduction of P(G,w; X) is well-founded.

Proof. Indeed, every step of the decomposition reduces either the num-
ber of edges or the number of vertices. Hence, after a final number of steps,
only singletons and empty sets appear in the decomposition parse tree. M

Currently, P(G,w; X) is defined recursively for unlabeled graphs and set of
indeterminates X = {z,v, z} onto the ring R[X] and its result depends on
the order w of graph decomposition steps.

Theorem 3.2.2 Let z(Z),y(Z), 2() € R[z] be unresolved polynomials, and
let p(G,w;f) be obtained from P(G,w;X) by substitution of respective in-

2Recall that we assume that R is a polynomial ring with underlying field R or Q.
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determinates:
P(Gwi) = P(Gyws D = a(@), yrs (@), 2o 2(2)]

Then p(G,wl;f) = P(G,wg;a’c) for all graphs G and all pairs of orders wy
and wo, if and only if

y(@)2(x)=2() or P(G) =)

Proof. We are looking for conditions ¢ (z(Z),y(z), z(Z)) such that if ¢
is satisfied, then P(G,w; ) is independent of the order.

We apply the order-invariance restriction to the family of graphs shown
at Fig. 3.1: G consists of two disjoint graphs H; and Hs connected by a
bridge of two edges e; = (u,v) and ey = (v, w).

Figure 3.1: Graph G for applying order-invariance restriction

In order to be a unique graph invariant, P(G) must return the same
value when the edge reduction rule is applied first on the edge e; and then
on the edge e, as well as when it is applied first on the edge es and then
on the edge e;.

P(G,{1 —=2}) y-P(G—e1)+2z-P(GTey)

= y-(y-P(G—e1—e2)+2-P(Gtea))+
z-P(Gter)

= ay®- P(H,)P(Hy) +
yz - P(H1)P(Hy — w) +
2P (H, — u)P(H>)
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On the other hand,

PG, {2 —=1}) = y-P(G—e3)+z-P(Gter)
= Yy PG-ea—e))+z-P(Gie)) +
z-P(Gteg)
= o’z P(H,)P(H,) +
yzP(Hy — u)P(Hs) +
zP(H,)P(Hy — w)

Applying P(G,{2 — 1}) = P(G,{2 — 1}), we have:

yzP(H,)P(Hy — w) + zP(H; —u)P(Hs) =
= yzP(Hy —u)P(Hs2) + zP(H1)P(Hs — w)

and hence
(yz — 2)P(H1)P(Hy — w) = (yz — 2)P(H1 — u)P(H>),

which leads to yz = z, or P(Hy —u)P(Hy) = P(H1)P(Hy—w) for all graphs
Hy, Hy and all vertices u € V(H;) and w € V(Hsy). In the latter case we
get a trivial polynomial P(H) = 2!V, Indeed, if H; is a singleton, we get
1-P(Hy) = x- P(Hy—w) for any w € V(Hs), which leads to P(H) = !Vl

So far, we proved that the condition of the theorem is necessary. In or-
der to prove that they are also sufficient, it is enough to show that any two
steps of graph decomposition are exchangeable. Then we can use induction
on the tree of graph deconstruction to prove the order-invariance.

First, we observe that any step of disjoint decomposition is interchange-
able with any step of edge removal. This follows by distributivity of multi-
plication. Therefore, we can assume that we first perform all the possible
edge removal steps, and then do the disjoint decomposition of remaining
singletons.

Second, we observe that an order over edges uniquely determines the
order of graph decomposition. We just skip the steps of removing edges
that have been already removed by the preceding steps.
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Therefore, it is enough to prove that any two edges can be removed in
either order, and this does not affect the result. If the edges of interest do
not have any common vertices, then we get:

PG {1 —=2})=y-P(G—e1)+z-P(GTer)
=y-(y-P(G—e1—ea)+2z-P(G—e1Tez))+
z-(y-P(Gteg —ea)+2z-P(Gtertes)) =
= P(G,{2 > 1})

otherwise, if the edges of interest have a vertex or two in common, we have

PG,{1—2}) = y-P(G—e1)+z-P(GTey)
= y-(y-P(G-e1—e) +2-P(GTez)) +
z-P(Gter)
whereas
PG,{2—1}) = y-P(G—e3)+z-P(GTea)
= y-(y-P(G-ea—e1)+2z-P(Gter))+
z-P(Gte)
which are equal if yz = z.
Hence, the conditions of the theorem are necessary and sufficient. |

Analyzing the conditions ¢, we get:

Corollary 3.2.3 Every M-polynomial p : G — R[X] of a graph G = (V, E)
is either of the form
p(G) = zVlylPl, (3.24)

or it satisfies a linear recurrence relation as follows:
p(G) = p(G—e)+yp(GTe); (3.2.5)
where x and y are elements of R[X] independent of G.

Proof. The condition yz = z has two solutions: y = 1 and z = 0.
Under the latter root the polynomial (3.2.4) is obtained. This also includes
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the exception case p(G) = z!VI. The first root gives a rise to the recurrence
relation (3.2.5). [

Corollary 3.2.4 There is a map Uy : G — Rlx,y], which is uniquely de-
fined by the recurrence relation and initial conditions:

Um(GiUGoizy) = Un(Gisz,y) Un(Gas,y);
Um(Giz,y) = Unm(G—e,y) +yUn(GTew,y);
Um(Ers2,y) = o
Uvu(@;z,y) = 1L (3.2.6)

Corollary 3.2.5 The map Uy (G;x,y) from Corollary 3.2.4 is universal in
the class of sM -invariants and dp-complete in the class of M -invariants.

Proof. The universality property follows directly from the Corollary
3.2.4, for the dp-completeness we need also prove that Uy (G;x,y) deter-
mines the number of edges |F| and the number of vertices |V|. This can be
shown for example by

UM (G)

Un(G;2,0) =2V and 3

= ‘E’7
z=1,y=0

The latter follows by counting paths in the graph decomposition tree with
exactly one edge extraction step. |

3.2.2 The subset expansion form of Uy(G;z,y)

We proved so far that there is a unique map Ujps(G;x,y) which is defined
recursively by initial conditions and linear recurrence relation 3.2.6 with
respect to edge deletion and edge extraction operations.

Additionally, by multiple application of the edge reduction rule, we can
obtain the vertex reduction rule. Let N(v) = {uy,us,...,uq} be the neigh-
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borhood of v, and e; = u;,v be the edges incident to v. Then,

UM(G) = UM(G—el)‘FyUM(GTel):
= UM(G—€1 — 62) + yUM(GTeg) + yUM(G T 61) =...

d
= Un(G-vUE)+> yUnu(Gte)=

=1

d
= x-UM(G—v)—l—yZUM(GTei) (3.2.7)

i=1

Theorem 3.2.6 The unique map Uy : G — Rz, y] satisfying the recursive
definition 3.2.6 has an explicit subset expansion definition as follows:

Um(G;z,y) = Z y Ml lVI=21M] (3.2.8)

M CE,
M is a matching

Proof. The proof is by induction on the size of the graph G.
Base: for graphs of size n < 2 we have:

e Uy(@)=1
o UM(El):x
[ ] UM(E2)2$2

o Un(P) =Un(G—e) +y - Um(9) = 2" +y
In all those cases the equation 3.2.8 holds.

Closure: we assume the equation 3.2.8 holds for all the graphs with at most
n vertices, and proof that it holds also for the graphs with n + 1 vertices.

Let G be a graph with n + 1 vertices and v any its vertex. Then we
apply the vertex reduction rule 3.2.7 and obtain:

d
Um(G) =x-Un(G—v)+y-> Un(Gte;)

i=1
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By the induction assumption we have:

Un(@) = - S yMigvi-i-a

M C E(G —wv),
M is a matching

d
+ y- Z Z y\Mlx\Vl—Z—ZlM\
i=1

M C E(G1e;),

M is a matching
The first part of the equation describes all the matchings which do not
include the vertex v, the second part - all the matchings which include the
vertex v. In the latter case the matching M can be extended to include the
vertex v by adding exactly one of the edges e, ..., eq. By summation of the
two parts, we get exactly the equation 3.2.8. |
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3.3 The most distinctive edge elimination
polynomial (G z,y, 2)

The class of EFE invariants includes both classes of matching and chromatic
invariants.

We looked for graph polynomial that subsumes both the Tutte poly-
nomial and and the matching polynomial. The Tutte polynomial satisfies
linear recurrence relation with respect to edge deletion and edge contraction
operations, the matching polynomial - with respect to edge deletion and
edge extraction, i.e. deletion of the edge together with its endpoints. The
formal definitions of the edge elimination operations appears in subsection
(1.1.3).

We first proved that the bivariate chromatic polynomial of K.Dohmen,
A.Ponitz and P.Tittmann [20] satisfies a linear recurrence relation with re-
spect to the three operations above. Then a question arose: is there a most
general multiplicative graph polynomial, which is most distinctive or even
universal with respect to the three edge elimination operations?

3.3.1 The bivariate chromatic polynomial

Recall the definition of the bivariate chromatic polynomial P(G;z,y) of
K.Dohmen, A.Pénitz and P.Tittmann [20]:

Given two disjoint sets of colors Y and Z; a generalized coloring of a graph
G = (V,E)isamap ¢ : V — (Y U Z) such that for all (u,v) € E, if
¢(u) € Y and ¢(v) € Y, then ¢(u) # ¢(v) (The set Y is called therefore
”proper colors”, the set Z — ”improper colors”, and the entire set of colors
is X =Y U Z). For two positive integers x > y, the value of the polynomial
is the number of generalized colorings by x colors, exactly y of which are
proper. To make this definition meaningful for graphs with multiple edges
and self-loops, we require that a vertex with a self-loop can be colored only
by an “improper” color ¢ € Z and that multiple edges do not affect colorings.

Proposition 3.3.1 The polynomial P(G,z,y) satisfies the initial condi-
tions P(E1) = x and P(&) = 1, and the following recurrence relation:
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P(G,xz,y) = P(G-e,x,y)— P(G/e,z,y) +
P(G1UGy,z,y) = P(Gi,z,y) - P(Ga,x,y) (3.3.2)

Proof. The authors of [20] state that P(G,z,y) is multiplicative, since
each connected component can be colored independently. We prove here
the recurrence relation (3.3.1). Let G = (V, E) be a graph, and P(G;z,y)
be the number of generalized colorings defined above. Let v € V be any
vertex. We denote by PY(G;x,y) the number of generalized colorings of G,
when v is colored by an improper color, i.e. ¢(v) € Z.

Lemma 3.3.2 P'(G,z,y) = (x —y) - P(G — v,x,y), where G — v denotes
the subgraph of G induced by V' \ {v}.

Proof. By inspection: the vertex v can have any color in Z, and the
coloring of the remainder does not depend on it. |

Now we can prove the Proposition 3.3.1:
Let e = (u,v) € E be any edge of G, which is not a self-loop and not a
multiple edge. Consider the number of colorings of G—e. Any such coloring
is either a coloring of G, or a coloring of G/e, when the vertex w, which
is produced by the contraction of u and v, is colored by a proper color.
Together with Lemma 3.3.2, that raises:

PG —-e,x,y) = P(G,z,y)+[P(G/e,z,y) — PY(G/e,x,y)] =
= P(G,I‘,y) + [P(G/ew%'?y) - (.%' _y) -P(GTe,x,y)],

and therefore
P(G’x,y) = P(G—B,.I,y) - P(G/B,.I,y) + ('I - y) ’ P(GTe,x,y) (333)

One can easily check that this equation is satisfied also for loops and multiple
edges. Together with the multiplicativity and the fact that a singleton can
be colored by any color, this proves Proposition 3.3.1. |
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3.3.2 The recurrence relation

Recall the definition of E E-invariant:
p(G) : G — R is an EE-invariant if

e p(G) is multiplicative with respect to disjoint union of graphs: for all
graphs G1, G,
p(G1UGz) = p(G1) - p(G2);

e There are a, 3,7 € R such that for every graph G = (V, E) and every
edge e € E,

p(G) = ap(G —e) + Bp(G/e) +vp(G te), (3.3.4)

where G — e, G/e and G f e denote graphs obtained from G by respec-
tively deletion, contraction and extraction (i.e. deletion together with
endpoints) of the edge e.

e p(G) is uniquely defined by the recurrence relation (3.3.4) together
with the initial conditions

p(@)=1  p(E1)=v, (3.3.5)

where v € R is some element of the ring R that does not depend on
the graph G.

The most general recursive definition of P(G,w;X) is obtained by
introducing indeterminates where possible. Any graph decomposition se-
quence consists of edge removal steps and non-empty disjoint subgraph de-
composition steps. Let w € () denote an auxiliary order of decomposition

steps.
PG — sP(G—e)+yP(G/e) + zP(G te); (edge removal step)
@) = P(Gh1) - P(G9); (decomposition step)
P(El) = I
P(@) = 1; (3.3.6)

Proposition 3.3.3 The reduction of P(G,w; X) is well-founded.
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Proof. Indeed, every step of the decomposition reduces either the num-
ber of edges or the number of vertices. Hence, after a final number of steps,

only singletons and empty sets appear in the decomposition parse tree. W

Currently, P(G,w; X) is defined recursively for unlabeled graphs and set of
indeterminates X = {s, z,v, z} onto the ring R[X] and its result depends on
the order w of graph decomposition steps.

Theorem 3.3.4 Let s(z),z(Z),y(Z), 2(z) € R[Z] be unresolved polynomials,
and let P(G,w;f) be obtained from P(G,w; X) by substitution of respective
indeterminates:

P(G,w;&) = P(G,w; X)[s = s(Z), x> z(Z), y— y(&), 2z 2(T)].

Then P(G,w1;) = P(G,wo; T)

x) for all graphs G and all pairs of orders wy
and way, if and only if  s(Z)z(z) =

2(z) or P(GQ)=z(z)Vl

Proof. We are looking for conditions ¢(s(z),z(Z),y(z), 2(Z)) such that
if ¢ is satisfied, then P(G,w; Z) is independent of the order.

We apply the order-invariance restriction to the same family of graphs we
have used for the universal matching polynomial (Fig. 3.1). In order to be
a unique graph invariant, P(G) must return the same result in both cases:
when the edge reduction rule is applied first on the edge e; and then on the
edge eo, and when it is applied first on the edge eo and then on the edge e;.

P(G,{1—=2})= (3.3.7)
s-P(G—e1)+y-P(G/e1) + z- P(Gtey) =

s-P(Hy) [x-s-P(Hy)+y-P(Hs)+z-P(Hy—w)| +
y-ls-P(H))P(Hy)+y-P(G/ei/es) + z- P(Hy —u)P(Hy —w)] +

2 P(Hy — u)P(H,)
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On the other hand,

PG, {2 —>1}) = (3.3.8)
s P(G—ez) +y-P(G/ez) + z- P(Gtez) =

s-P(Hy) - [x-s-P(H))+y-P(Hy)+z-P(H —u)|+
y-|s-P(H)P(Hs)+vy-P(GJei/es) + z- P(Hy — u)P(Hy —w)] +

2 P(Hy — w)P(Hy)

Solving the equation P(G,{l — 2}) = P(G,{2 — 1}), we get:
szP(H,)P(Hy—w)+2zP(H1—u)P(Hs) = szP(Hy—u)P(H3)+2zP(H,)P(Ho—w)

Hence, we have the following necessary conditions: either sz = z or
P(H,)P(Hy—w) = P(H,—u)P(H>) for any H; and Hs. In the latter case we
get a trivial polynomial Py(H) = 2!V, Indeed, if H; is a singleton, we get

x-P(Hy—w) = 1-P(H,) for any w € V(H,), which leads to P(G) = V().

So far, we proved that the condition the theorem is necessary. In order
to prove that they are also sufficient, it is enough to prove that any two
steps of graph decomposition are exchangeable. This includes two parts,

e Edge elimination and disjoint union.

e Decomposition of a graph by elimination of any two edges in different
order;

The proof of the first part is simple. Let G be a disjoint union of two graphs:
G = H; U Hy. Without loss of generality, assume that the edge e, which is
being eliminated, is in E(H7). Then use the distributivity of multiplication
to show that

P(G) = [sP(Hi—e)+y-P(Hi/e)+z P(HyTe)]- P(Hz) =

= sP(Hy—e) - P(H2)+y-P(Hi/e) - P(H2) + z- P(Hi fe) - P(Ha)
We henceforth may assume, without loss of generality, that the disjoint
decomposition steps are applied only on singletons.

For the second part, we shall consider order over edges rather than order
over edge-removal steps: such an order uniquely determines the decompo-
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sition process, if by convention, we just skip the steps of removing edges
that have been already removed by the preceding steps. Since we now speak
about a linear order over the edges, it is enough to show that any two con-
sequent pieces can be swapped.

We analyze three possible cases (Fig. 3.2):

e Case 1: The two edges have no common vertices (graphs G, Ga, G3);

e Case 2: The two edges have one common vertex, and at least one
exclusive vertex (graphs Gy, G5);

e Case 3: The two edges have no exclusive vertices (graphs Gg, G7).

Case 1: Case 2: Case 3:

Figure 3.2: Different cases to check order invariance of edge elimination

In the first case, the edge elimination operations are independent and com-
mutative, e.g. G—el/e2 = G/e2 — el and Giel/e2 = G/e2tel. Thus, if
we first eliminate e; and then es, we have:

P(G,{1=2}) = sP(G—e1)+yP(G/e1)+ 2P(Gter) =
= $2P(G—e; — e3) + syP(G—e1/es) + s2P(G—e1 1 e2) +
+ syP(G/er — ea) +y*P(Ge1/e2) +yzP(G/er 1 e2) +
+  52P(Gtey — e3) + yzP(Gtei/es) + 2°P(Gtey T es)

On the other hand, if we first eliminate e; and then eq, we have:

P(G,{2 = 1}) sP(G — e3) + yP(G/e2) + zP(Gtea) =
s2P(G—ey — e1) + syP(G—ea/e1) + szP(G—ey T e1) +
syP(G /ey —e1) + yQP(G/eg/el) +yzP(G/ea ter) +

s2P(Gteg — e1) + yzP(Gtea/ey) + 22P(Gtey 1 e1)

-
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It is simple to see that the two expressions are equal.

The second case is slightly more confusing, since the edge extraction
operation is not commutative with others: indeed, if we have extracted for
example the edge e; in Gy, there is no more ey to eliminate, and vice versa.
The other operations, deletion and contraction, are still commutative with
each other. Therefore we should check only the following three sequences of
non-commutative edge elimination operations:

e Extraction of the first edge eliminates also the second;

e Contraction of the first edge and then extraction of the second gives a
graph with the two edges extracted;

e Deletion of the first edge and then extraction of the second is equivalent
to simply extraction of the second edge.

Thus, if we first eliminate e; and then ey, we have:

P(G,{1 = 2}) = sP(G—e1)+yP(G/e1)+ 2P (Gter) =
= $2P(G—e; — e3) + syP(G—ei/es) + s2P(Gten) +
+ syP(G/ey — ex) + y*P(G /ey /es) + yzP(Gt(er and e3)) +
+ 2P(Gtey)

On the other hand, if we first eliminate es and then e, we have:

P(G,{2 = 1}) = sP(G—e2)+yP(G/e3) + 2P (Gtes) =
= $2P(G—ey —e1) + syP(G—ez/ey) + s2P(Gter) +
+ syP(G/es —e1) + y*P(G/es/e1) + yzP(Gt(ey and es)) +
+ 2P(Gte2)

These two expressions are equal provided sz = z.
In the third case, the edge elimination steps are symmetric in their trans-
formations of G with respect to the order among e; and es. |
Analyzing the conditions ¢, we get:

Corollary 3.3.5 Every EE-polynomial p : G — R[X] of a graph G = (V, E)
satisfies either recurrence relation

p(G) = yp(G —€) + 2p(G/e) (3.3.9)
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or recurrence relation:
p(G) = p(G—e)+yp(G/e) + zp(G T e); (3.3.10)
where y and z are elements of R[X] independent of G.

Proof. The condition sz = z has two roots: s =1 and z = 0. Under the
latter root the recurrence relation (3.3.9) is obtained. Recall that this is the
recurrence relation of C- invariants. This also includes the exception case
p(G) = z!Vl. The first root gives a rise to the recurrence relation (3.3.10).
[

Corollary 3.3.6 There is a map & : G — Rlx,y, 2], which is uniquely de-
fined by the recurrence relation and initial conditions:

{G1UGyz,y,2) = &Gy, z) - &(Gaa,y,2);
(Gizy) = §(G—en,y,2) +y€(Glesx,y, 2) + 28(G T ex,y, 2);
§(By;m,y,2) =
£ z,y,2) = 1 (3.3.11)

Corollary 3.3.7 The map £(G;z,y,2) from Corollary 3.5.6 is universal in
the class of sEE-invariants and dp-complete in the class of EE-invariants.

Proof. The universality property follows directly from the Corollary
3.3.6, for the dp-completeness we need also prove that {(G;z,y,z) deter-
mines every C-invariant. Recall that the dichromatic polynomial Z(G;q,v)
is dp-complete in C. On the other hand, Z(G;q,v) € sEE (by definition of
sEE). |

3.3.3 The subset expansion form of £(G;z,vy, 2)

We now give an explicit form of the polynomial {(G, z,y, z) using 3-partition

edge expansion?:

3 A more precise name would be a “Pair of disjoint subsets expansion”. We chose the
name 3-partition expansion, as any two disjoint subsets induce a partition into three sets.
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Theorem 3.3.8 Let G = (V, E) be a (multi)graph. Then the most distinc-
tive edge elimination polynomial £(G;x,y,z) can be calculated as

€(Gya,y,2) = Z PHAUB)—keou(B) | |AI+Bl=Fkeon(B) . keon(B) (3.3 12)
(AUB)CE

where by abuse of notation we use (AU B) C E for summation over subsets
A,B C E, such that the subsets of vertices V(A) and V(B), covered by
respective subset of edges, are disjoint: V(A)NV(B) = &; k(A) denotes the
number of spanning connected components in (V, A), and keo,(B) denotes
the number of covered connected components, i.e. the connected components
of the graph (V(B), B).

Proof. We need to show that

e The expression (3.3.12) satisfies the initial conditions of (3.3.11);

e The expression (3.3.12) is multiplicative;

e The expression (3.3.12) satisfies the edge elimination rule of (3.3.11).

Then by induction on the number of edges in G the theorem holds. The
first statement follows by inspection: indeed, a null graph @ = (&, &) has
no edges and no components, so its only summand is 1; a singleton has no
edges and no covered components, so its only summand is x.

The second statement, multiplicativity, can be easily checked too: In-
deed, the summation over subsets of edges of (V, E) = (V1, E1) U (Va, E9)
can be regarded as a summation over the subsets of Ey, multiplied by an
independent summation over the subsets of Fs.

Therefore, we just need to prove the third statement:

Let G = (V, E) be the (multi)graph of interest. Let N(G) be defined as in
(3.3.12):

N(G, x,Y, Z) = Z xk(AUB)_kCOU(B) . y‘AI—HB‘_kCOU(B) . Zk'cov(B) (3313)
(AI_IB)QE

Let e be the edge we have chosen to reduce. Any particular choice of A
and B can be regarded as a vertex-disjoint edge coloring in 2 colors A and
B, when part of the edges remains uncolored. We separate all the possible
colorings to three disjoint cases:

60



e Case 1: e is uncolored;

e Case 2: e is colored by B, and it is the only edge of a colored connected
component;

e Case 3: All the rest. That means, e is colored by A, or e is colored by
B but it is not the only edge of a colored connected component.

In case 1, we just sum over colorings of G—e:

MG = Y kAR ko) JAIBkenlB) . keon(B) = N(G—e)
(AUB)E Case 1
(3.3.14)

In case 2, the edge e is a connected component of (V(B), B). Therefore, if
we analyze now N(Gte), we will get

e The number of edges colored by A is the same;
e The number of edges colored by B is reduced by one;
e The total number of colored connected components is reduced by one;

e The number of covered connected components colored B is reduced by
one;

This gives us

NG = Y kAIB) e (B)  ANIBIkeoB) hean(B) N (Ge)
(AUB)E Case 2
(3.3.15)

And finally, in case 3, e is a part of a bigger colored connected component,
or it is alone a connected component colored by A. In this case, we analyze
the colorings of G/e:

e Either |A| or |B| is reduced by 1, the other remained the same;

e The total number of colored connected components remained the same
(in case when e € A is the only edge of a connected component, this
component is contracted to one vertex);

e The number of covered connected components colored B remained the
same.
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According to the above,

Ny(@)= Y RSBk (B) AIBIKaon(B) ke (B) — . N (G fe)
(AUB)l= Case 3
(3.3.16)

On the other hand, three the cases above are disjoint and cover all the
possibilities, and therefore N(G) = N1(G) + Na2(G) + N3(G). Hence, we
have:

N(Gsz,y,2) = &(G;m,y, 2),

which completes the proof of the theorem. |

3.4 The most distinctive vertex elimination
polynomial Uy g(G;z,y)

The last class of graph invariants we discuss in this thesis is the class of
the vertex elimination invariants. We start with the subgraph component
polynomial Q(G;z,y), which has been proposed by P. Tittmann and further
developed in collaboration with J. A. Makowsky and the author in [51].
This graph polynomial arises from analyzing community structures in social
networks.

It turned out that Q(G;z,y) satisfies a linear recurrence relation with
respect to three vertex elimination operations. We look for the most dis-
tinctive graph polynomial in the class of V E-invariants.

3.4.1 The subgraph component polynomial Q(G;x,y)

Recall the definition of Q(G;x,y) given in Section 2.5: Let G = (V, E) be
a finite undirected graph with |V| = n vertices and let i, j < n be positive
integers. Let g;; (G) be the number of vertex subsets X C V' with i vertices
such that G [X] has exactly j components:

i (G) = {X SV : [ X[ =i Ak (G [X]) = j}

Then the subgraph component polynomial is defined as

ny ZZQ@]

=0 j=0
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We can rewrite this definition in a subset expansion form; instead of

summation over ¢ and j, we can sum over subsets of vertices:

Q(Giz,y) = Y alllyHEh
UCcv

3.4.2 The recurrence relation of Q(G;z,y)

We first investigate the recurrence relation of the subgraph polynomial. The
first statement concerns the multiplicativity with respect to disjoint union.

Theorem 3.4.1 (Multiplicativity) Let G = G1UG; be the disjoint union
of the graphs G1 and Go. Then

Q(G;x,y) = Q(G1;2,y) - Q(Ga; 1, y).

Proof. Each subset U C V is a disjoint union of two subsets Uy C V (G1)
that induces k(G1[U;]) connected components and Uy C V (G2) that induces
k(G2[Us]) connected components. Moreover, since the graphs G and G are
disjoint, k(G[U]) = k(G1[U1]) + k(G2[U2]).

We obtain

Q(Gsz,y) = Z 2Vl RGIVD) = Z Z g U102 k(GA[U])+R(G2[U2])

UcCv U1CV1 U2C Ve
(3.4.1)

Thus for a disjoint union of two graphs, the subgraph polynomial satisfies

Q(G;r,y) = Q(Gr;7,y) Q (Gos 2, y) L

Corollary 3.4.2 If G = (V,E) consists of ¢ components G1,...,G. then
the subgraph polynomial satisfies

[

Q(Gsz,y) = [[Q(Gsiz,y).

J=1

Proof. We obtain the statement of the theorem by induction on the
number of components. |

Next, we prove that the subgraph component polynomial Q(G;z,y) sat-
isfies a linear recurrence relation with respect to three vertex elimination
operations: vertex deletion, vertex contraction and vertex extraction.
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Theorem 3.4.3 Let G = (V, E) be a graph and v € V.. Then the subgraph
polynomial satisfies the decomposition formula

Proof. Let us first consider all vertex induced subgraphs of G that do
not contain vertex v. These subgraphs are also vertex induced subgraphs of
G — v. Consequently,

Q(G —v;2,y)

enumerates all induced subgraphs not including the vertex v.

In a second step we count all vertex induced subgraphs that contain
vertex v but none of its neighbors in G. In this case, the vertex v forms a
connected component consisting of v only. The rest of the induced subgraph
is a subgraph of of G { v. All these subgraphs are enumerated by Q(G T
v;x,y). However, the component built by v contributes one vertex and one
component to the polynomial. Thus we obtain the contribution

ryQ (G fv;m,y).

In our enumeration so far we missed exactly those vertex induced sub-
graphs that contain v and at least one of its neighbors together in one
component. We include v in the corresponding candidate set, remove it
from G, and multiply the generating function by x (not by xy because we
do not increase the number of components). In order to trace the compo-
nents, we have to simulate the paths using v in G. These paths are no longer
present in G —v. This task is best performed by using G /v instead of G —v.
Thus we obtain the contribution =@ (G/v;x,y) to the generating function.
Unfortunately, this polynomial enumerates induced subgraphs that do not
contain any vertices from N (v), too. We can fix this problem by subtraction

of z@Q (G 1 v;z,y), which gives

2Q (G/v;z,y) —2Q (G 1 v;2,y)

as final contribution. [ |
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3.4.3 The Universal V E-invariant

Recall the definition of V E invariants:
p(G) : G — R is a V E-invariant if

e p(G) is multiplicative with respect to disjoint union of graphs: for all
graphs Gy, Go,
p(G1 U G2) = p(G1) - p(G2);

e There are «a, 3,7 € R such that for every graph G = (V| E) and every
vertex v € V,

p(G) = ap(G —v) + Bp(G/v) + vp(G T v), (3.4.2)

where G — v, G/v and G {v denote graphs obtained from G by respec-
tively deletion, contraction and extraction of the vertex v.

e p(G) is uniquely defined by the recurrence relation (3.4.2) together
with the initial conditions

p(@)=1,  p(E)=v, (3.4.3)

where v € R is some element of the ring R that does not depend on
the graph G.

The most general recursive definition of P(G,w;X) is obtained by
introducing indeterminates where possible. Any graph decomposition se-
quence consists of vertexr removal steps and non-empty disjoint subgraph
decomposition steps. Let w € ) denote an auxiliary order of decomposition

steps.
P@G) = sP(G —v) +yP(G/v) + zP(G tv); (vertex removal step)
B P(Gy) - P(G9); (decomposition step)
P(E)) = ux
P(@) = 1 (3.4.4)

Proposition 3.4.4 The reduction of P(G,w; X) is well-founded.
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Proof. Indeed, every step of the decomposition reduces the number of
vertices. Hence, after a final number of steps, only singletons and empty
sets appear in the decomposition parse tree. |

Currently, P(G,w; X) is defined recursively for unlabeled graphs and set of
indeterminates X = {s,z,y, 2} onto the ring R[X] and its result depends on
the order w of graph decomposition steps.

Theorem 3.4.5 Let s(z),z(Z),y(Z), 2(z) € R[Z] be unresolved polynomials,
and let P(G,w;f) be obtained from P(G,w; X) by substitution of respective
indeterminates:

P(G,w;) = P(G,w; X)[s — s(Z), =+ x(Z), y—y(@), 2z 2(z).

Then p(G,wl;f) = P(G,wg;a’c) for all graphs G and all pairs of orders wy
and wo, if and only if

(s=1andz=s+y+2z) or P(G;X) =2V or P(G; X) = 1.

Proof. We are looking for conditions ¢(s(z), z(Z),y(Z), 2(Z)) such that
if ¢ is satisfied, then P(G,w; z) is independent of the order.

First, from F1 —v = FE; fv = Fj/v =& we obtain x = (s + y + 2).

Second, we apply the recurrence relation (3.4.4) to compute P(Ps,w;) and
P(Ps,ws), where under wy we first eliminate a vertex of degree 1 from Pis,
whereas under wy we first eliminate vertex of degree 2.

P(P3,wl) = SP(P2)+yP(P2)+ZP(E1):
= (s+y[s+y)s+y+z)+z]+z(s+y+z) =
= (s+y)’(s+y+2)+(s+yz+z(s+y+2)

P(Pg,(,dg) = SP(EQ) + yP(PQ) + 2z =
= s(s+y+z2)?+yls+y)(s+ty+2)+z+z=
= s(s+y+2)’+yls+y)s+y+z) +yz+2
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Solving P(Ps,w;) = P(P3,wz) we get:
z=0 or s=1 or s+y+z=1

In case of z = 0, we get the polynomial P = (s + )Vl = zIVl. In case
of w4+ y+ z = 1, the result is P = 1. The only remaining choice, s = 1,
completes the conditions of the theorem. |

Theorem 3.4.6 V E-universality:

1. Every V E-invariant p : G — R of a graph G = (V, E) satisfies the
recurrence relation

p(G) =p(G —v) 4+ ap(G/v) + bp(G t E), (3.4.5)

where a and b are elements of the target ring R that do not depend on
the graph G.

2. There is a map Uyg : G — Rz, y|, which is uniquely defined by this
recurrence relation and initial conditions:

Uve(GiUG2) = Uyvg(Gi)-Uyve(G2);

UVE(G) = UVE(G—U)—FxUVE(G/U) +yUVE(G]Lv);
Uve(E1) = 1+z+uy;
UVE(Q) = 1. (3.4.6)

Proof. Analyzing the conditions ¢, we obtain that all V E invariants
satisfy the recurrence relation (3.4.5), including the exceptional polynomi-
als P(G) = 2!Vl and P(G) = 1 (with a — 2 — 1,b + 0 and a +— 0,b — 0
respectively).

In order to prove that the map Uy g(G;z,y) is well-defined, we will use

the connection to the subgraph component polynomial and to the indepen-
dent set polynomial:
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Assuming z # 0, Uy g(G) is a substitution instance of Q(G;z,y):
. _ . g _ |U‘ g k(G[UD
Uve(G;z,y) = Q(G; x, . +1) UZC;/JU <:c + 1)

Otherwise, it turns a substitution instance of the independent set polynomial
Uve(G;0,y) = In(G;y)

Both those statements can be proven by induction using the recurrence re-
lations satisfied by the respective graph polynomials. Both Q(G;x,y) and
In(G;y) are well-defined graph polynomials. Therefore, the map Uy g(G; z,y)
is well-defined. |

Corollary 3.4.7 Uyg(G;z,y) is a V E-universal and dp-complete graph in-
variant.

Corollary 3.4.8 The subgraph component polynomial Q(G;x,y) is a dp-
complete V E-invariant.

Proof. For z # 0, the universal V E-invariant Uy g(G;x,y) can be
obtained as a substitution instance of Q(G;z,y):

Uve(Giz.y) = Q(Gia, 2 +1)

The only exception is the independent set polynomial, which, in turn, can
be read out of Q(G;x,y) as a subset of its coefficients:

in(G;i) = i = [2'y")Q(G; ., y).
Therefore, for any two graphs Gy and Gs,

Q(Griz,y) = Q(Gosx,y) = Uve(Griz,y) = Uyp(Ga; ,y),

which completes the proof. |

Corollary 3.4.9 The subset-expansion definition of Uy g(G;z,y) is as fol-
lows:

Uys(Gsay) = 3 alVI-HEWD (g 4 yR(GI0D), (3.4.7)
UCcv
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where G[U] denotes the induced subgraph of G with vertex set U, and k(G[U])

denotes number of spanning connected components in G[U].

Proof. Like the fact that Uy g(G; z,y) is well-defined, its subset expan-
sion form can be derived from its connection to the subgraph component
polynomial Q(G;x,y) and to the independent set polynomial In(G;y). In-
deed, if z # 0, then the equation (3.4.7) can be rewritten as

o {4\ FED y
Uvploro(Gia,y) = > <T> = Q(Giz, — +1).
Uucv

Otherwise, if x = 0, the only summands that contribute to the result are
those with U independent set, and therefore,

UvEle=o(Gi@,y) = Z Yl = In(Gsy).

ucv
Uis indep. set

3.4.4 Vertex Eliminations vs Edge Elimination
In this section we will show the connection of Q(G; z,y) to the most distinc-

tive edge elimination polynomial {(G;x, vy, 2).
We rewrite the decomposition of Q(G;z,y) using Theorem 3.4.3:

Q(Giz,y) = QG —viz,y) + 2Q(G/viz,y) + z(y — 1)Q(G T vs 2, y)
Q(G1UGy;z,y) = Q(Gr;2,y)Q(G; 2, y)
Q(E;z, ’y) =xy+1

(@) = (3.4.8)

O

Theorem 3.4.10 Let G = (V, E) be a graph. Let L(G) = (Ve, E.) denote
the line graph of G. Then the following equation holds:

(G Lz, 2(y — 1)) = Q(L(G); 2, y)

Proof. First, let us analyze the correspondence of the edge elimination
operations in a graph to the vertex elimination operations in its line graph.
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Let v € V, be the vertex in the line graph that corresponds to the edge e € E
of the original graph. By the definition of the edge and vertex elimination

operations:
L(G —e¢) = L(G) — ve (3.4.9)
L(G/e) = L(G) /v, (3.4.10)
L(Gte)=L(G) tve (3.4.11)

First let us check the connected graphs with up to one edge:

If Ge{o,E}, L(G) =2,
The equivalence £(G;1,z,z(y — 1)) = 1 = Q(2) holds.

If G is a single point with a loop, or G = P5, L(G) is a singleton, The
equivalence {(G;1,z,2(y — 1)) =1+ x4+ 2(y — 1) =1+ 2y = Q(E;) holds.

Next, we note that L(G1 U G2) = L(G1) U L(G3). Therefore, if the the-
orem holds for graphs G; and Gs, then it holds also for Gy U G5. Finally,
the theorem follows by induction on the number of edges, using the decom-
position formulae (3.4.8) and (3.3.11) and the correspondence of edge and
vertex elimination operations. |
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Chapter 4

DP-complete and Universal
Graph Polynomials for
Labeled Graphs

In this chapter we extend our results presented so far to labeled graph invari-
ants. First, we define classes of labeled graph invariants, with respect to edge
elimination and vertex elimination, in parallel to the classes C, TG, M, EE
and V E discussed above.

4.1 Extending definitions to labeled graphs

Let £G be the class of labeled graphs. Recall that labeled graph G =
(V, E,laby,labg) is provided with the labeling functions laby : V +— Ay and
labg : E +— Ag, which map the vertices ant the edges, respectively, to sets
of vertex and edge labels Ay and Ag. Two labeled graphs are isomorphic if
there is an isomorphism that preserves both vertex and edge labelings. We
define also subclasses of £G: we denote by LGg the class of edge-labeled
graphs and by LGy — the class of vertex-labeled graphs.

Labeled graph invariant is a function f : LG — R which maps labeled
graphs into a ring R such that isomorphic labeled graphs G; ~ G2 get the
same image: f(G1) = f(G2).

Labeled graph polynomials have as their domains polynomial ring R[X],
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where the set of indeterminates X is labeled:
X = {XV X Av,XE X AE},

where XV = {2} ,2},...} is the set of vertex-labeled indeterminates, and
XF = {xgj , X 1E ,...} is the set of edge-labeled indeterminates.

4.1.1 Comparing labeled graph invariants

Like the unlabeled graph invariants, we use the following notions for com-

paring labeled graph invariants:

Definition 16 Distinctive power of labeled graph invariants:

Letp: LG — R1 and q : LG — Ra be two labeled graph invariants. We say
that the distinctive power of p does not exceed that of q, and write p 24y q
iff for every pair of labeled graphs G1 and Go

q(G1) = q(Ga) —  p(G1) = p(Ga)

If p 4p q and g =4, p we say that the graph invariants p and ¢ have the
same distinctive power and write p ~g, ¢. If neither p <4, ¢ nor ¢ =g, p, we
say that the graph invariants p and ¢ have incomparable distinctive power.

Definition 17 Substitution instance:

Let p: G — R[X] and q : G — R[Y] be two labeled graph polynomials with
sets of indeterminates respectively X and Y. We say that p is a substitu-
tion instance of q and write p <guwst q iff there is a variable substitution
oY — R[X] such that for all labeled graphs G € LG, q(G,Y) under o
evaluates to p(G; X):

Based on the notions above, we can use the same definitions of dp-
completeness and universality as for unlabeled graph invariants.

4.1.2 Classes of labeled graph invariants with respect to edge
elimination and vertex elimination

Definition 18 Letp: G — R, where R is either a field or a polynomial ring

FI[X] with an underlying field F, be a multiplicative labeled graph invariant
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that satisfies boundary conditions as follows:
p(&) =1 and p({{v}, 2, {v — c}, D)) = v, for some v. € R (4.1.1)

Note that if vertez-labeling exists, the value of p({v}) depends on the label
c. If there is no vertex labeling, the initial conditions are like the unlabeled

case:

p(2) =1 and p({v}) = v for some v € R (4.1.2)

We say that a graph invariant p is a
e labeled C-invariant and write p € LC iff

1. 1t is defined on the class of edge-labeled ' graphs: p : LGr — R;

2. For every edge-label d € Ag there are elements ag, Bqg € R such
that for every graph G € LG and every edge e € E(G) with
labg(e) = d the following equation holds:

p(G) = aqp(G —e) + Bip(G/e)

3. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (4.1.2).

If ag =1 foralld € Ag, we call p a special LC-invariant and write
p € sLC.

e labeled TG-invariant and write p € LTG iff

1. It is defined on the class of edge-labeled graphs: p: LG — R;

2. For every edge-label d € Ag there are elements xq,yq,04,74 € R
such that for every graph G € LG and every edge e € E(G) with

! Allowing vertex labeling would make the definition of the edge contraction operation
unclear: it is not clear which label should be given to a vertex produced by a contraction
of an edge (u,v) with different labels.

73



labg(e) = d the following holds:

rqp(G —e) if e is a bridge,
p(G) =< yap(G —e) if e is a loop,
oip(G — e) + 14p(G/e)  otherwise.

3. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (4.1.2).

e labeled M-invariant and write p € LM iff

1. It is defined on the entire class of labeled graphs: p: LG — R;

2. For every edge-label d € Ap there are elements ag, Bqg € R such
that for every graph G € LG and for every edge e € E(G) with
labg(e) = d the following holds:

p(G) = agp(G —e) + Bap(G T e);

8. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (4.1.1).

If ag =1 for alld € Ag, we call p a special LM-invariant and write
pesLM.

e labeled EE-invariant and write p € LEE iff

1. It is defined on the class of edge-labeled graphs: p: LGg — R;

2. For every edge-label d € Ap there are elements aq,Bq,74 € R
such that for every graph G € LG and for every edge e € E(Q)
with labg(e) = d the following holds:

p(G) = agp(G —e) + Bap(G/e) +vap(G 1 €);

8. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (4.1.2).

If ag =1 for all d € Ag, we call p a special LEE invariant and
write p € SLEE.

e labeled VE-invariant and write p € LVE iff
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1. It is defined on the class of vertex-labeled % graphs: p : LGy — R;

2. For every vertex-label ¢ € Ay there are elements e, Be, Ve € R
such that for every graph G € LG and for every vertez v € V(Q)
with laby (v) = ¢ the following holds:

P(G) = acp(G —v) + Bep(G/v) + 7ep(G T v);

3. The invariant p is uniquely defined by this recurrence relation and
the initial conditions (4.1.1).

Note that the set of LEE-invariants trivially includes the entire set of LC-
invariants. However, in contrast to the unlabeled case, it does not include
the class of LM-invariants, because it is not defined for vertex-labeled graphs.

In the remainder of this chapter we present some examples of known labeled
graph polynomials, and then provide our results regarding dp-completeness
and universality of LM, LEFE and LV FE invariants.

4.2 Examples of known labeled graph polynomials

In this section we provide some examples of labeled graph polynomials from
the literature.

4.2.1 The Sokal polynomial

A. Sokal defines in [49] a weighted generalization of the dichromatic poly-
nomial:

Z(G;q,0) = Y " ] ve,

A€eE e€A

where ve denotes a weight defined per edge, and k(A) denotes the number
of connected components in (V, A).

2Similarly, the vertex contraction operation would become unclear if edge labeling were
allowed, because it is not clear what label should be given to the new edges produced by
this operation.
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This graph polynomial satisfies a linear recurrence relation:

Z(G1UGs) = Z(G1)-Z(Gy),
2(G) = Z(G—e)+u. - Z(Ge); (4.2.1)

The Sokal polynomial is uniquely defined by the recurrence relation
(4.2.1) and initial conditions Z(@) = 1 and Z({v}) = ¢. From here we
can conclude:

Proposition 4.2.1 The Sokal polynomial Z(G;q,v) is an LC-invariant®.
Moreover, it is dp-complete in the class of LC' graph invariants and universal

in the class of sLC graph invariants.

Proof. Let Urc(G;q,w,v) be defined as the most general map satisfying

the conditions of LC-invariants:

Urc(G1UG2) = Urc(Gr) - Urc(Ga),
Urc(G) = welUre(G —e) +vUrc(G/e);
Uc({v}) = ¢
Uro(@) = 1. (4.2.2)

Analyzing the paths of graph decomposition, one can conclude that, inde-
pendently of the decomposition order, each path contains either contraction
or deletion of each edge. Hence, the recurrence relation (4.2.2) can be rewrit-
ten as

Ve
Urc(G) = we - (Urc(G —e) + - =Urc(G/e)),
and therefore, by induction on the number of edges,
—— . v
ULC(Ga q,w,v) - <IE_£MS> Z (Ga q, (ZU)) .

The factor (H ccE we) can be derived, in turn, as the highest-degree term of
Z(G;1,w). ]

3Here every edge gets its own label. This fits our definition of labeled graphs provided
Ag can be infinite.
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4.2.2 The Bollobas-Riordan polynomial

The labeled Tutte polynomial, widely known as the Bollobas-Riordan poly-
nomial [14] is defined as follows:

Let G = (V, E) be a connected graph, and let ¢ : E — A be an edge
labeling function, with some set of labels A. Let T'= (V,F) , FF C E be
a spanning tree of G. For every edge e € E'\ F, let cyc(T U e) denote the
edges of the unique cycle in T'U e. For each edge f € F, let cut(T — f)
denote the the set of edges of G that connect components of T'— f. Finally,
let $: E— 1,2,3...|E| be an auxiliary total order over E.

An edge e € E'\ F is called externally active with respect to T under order
¢ if it is the smallest edge (under ¢) in the cyc(T Ue). Otherwise, this edge
is called externally inactive.

An edge f € F is called internally active with respect to T under order
¢ if it is the smallest edge (under ¢) in the cut(T — f). Otherwise, this edge
is called internally inactive.

The weight of an edge e with respect to labeling ¢, order ¢ and spanning
tree T' is denoted by w(G,c, ¢, T, e) and defined by

Xee) if eisinternally active,
Yoey if eisexternally active,

w(G’ C? ¢? T’ e) =

Toe) if eis internally inactive,
Ye(e) S €is externally inactive,

The weight of the spanning tree T is

w(G,c,¢,T) = H w(G,c, ¢, T,e)

eck

The labeled Tutte polynomial is defined as

Wo(G,e,¢) = > w(G,e,9,T), (4.2.3)

TeTq

where 7T is a set of all the spanning trees of G. For the disconnected graphs
the Bollobas-Riordan polynomial is defined as a product over the connected
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components of the graph, with prefactor that depends on their number:

k
WO(G7 Cy ¢) = Op(@) H WO(Gi7 2 ¢)

=1

Note: the above does not actually define a graph polynomial, since its final
value may depend on the order ¢. To become a well defined graph poly-
nomial, it must take its values from the polynomial ring modulo the ideal
generated by the following identities:

Xy — i Xp = 20\Y, — YT, = 22y — YaTp, (4.2.4)
holds for any labels A and u, or
XA =Y,=0 (4.2.5)

holds for any label A (see [14] for the proof). For the multiplicativity, one
must assume () = o) for some o

Recurrence relations. The Bollobas-Riordan polynomial, when it is well-
defined, satisfies the following recurrence relation:

X)W (G/e;c) if e is a bridge,
W(G5c) =< YZWW(G —e;0) if e is a loop,
AW (G/e;e) + yaW (G — e;¢) otherwise;

with initial condition W (E,; ¢, ¢) = an,.
The recurrence relation above leads to the conclusion:

Proposition 4.2.2 The (multiplicative) Bollobas-Riordan polynomial is an
LTG-invariant.

Moreover, according to the results of [14], this polynomial subsumes all the
other known labeled versions of the Tutte polynomial, cf. [14, 52, 27, 49],
which allows us to conclude:

Proposition 4.2.3 The Bollobas-Riordan polynomial is a dp-complete LT G-
variant.
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4.3 The most distinctive labeled matching
polynomial Uy (G; z,y)

Like in the unlabeled case, we first approach the most distinctive labeled
matching polynomial.

4.3.1 The recurrence relation

Recall the definition of L M-invariant:
p(G) : LG — R is an LM-invariant if

e p(G) is multiplicative with respect to disjoint union: for all labeled
graphs Gy, Go,
p(G1UGz) = p(G1) - p(Ga);

e For every edge-label d € Ag there are oy, 83 € R such that for ev-
ery labeled graph G = (V, E,laby,labg) and every edge e € E with
labg(e) = d,

p(G) = aap(G —€) + Bap(G T e), (4.3.1)
where G — e and G } e denote graphs obtained from G by respectively

deletion and extraction (i.e. deletion together with endpoints) of the
edge e.

e p(@) is uniquely defined by the recurrence relation (4.3.1) together
with the initial conditions

p(@) =1 p({v}) =ve, (4.3.2)

where v, € R is some element of the ring R that depends on the label
¢ of the singleton {v}, but does not depend on the graph G.

The most general recursive definition of P(G,w;X) is obtained by
introducing indeterminates where possible. Any graph decomposition se-
quence consists of edge removal steps and non-empty disjoint subgraph de-
composition steps. Let w € €) denote an auxiliary order of decomposition
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Yy P(G —e) + 2,P(GTe); edge removal step

P(G) = (provided labg(e) = p)
P(G1) - P(G2); decomposition step
P({v}) = =z, provided laby(v) =;
P(@) = 1; (4.3.3)

Proposition 4.3.1 The reduction of P(G,w; X) is well-founded.

Proof. Indeed, every step of the decomposition reduces either the num-
ber of edges or the number of vertices. Hence, after a final number of steps,

only singletons and empty sets appear in the decomposition parse tree. W

P(G,w; X) is defined recursively for labeled graphs and set of indeterminates
X ={z,yr 2x : 7 € Av, A € Ap} onto the ring Z[X| and its result depends
on the order w of graph decomposition steps.

Theorem 4.3.2 Let P(G,w;Z) be obtained from P(G,w;X) by substitu-
tion of every respective indeterminate by an unresolved polynomial. Then
]5(G, w1 T) = IS(G, wo; ) for all graphs G and all pairs of orders wy and
wo, if and only if

ynzy = 2, for all \,p € A, or P(G) = 2V @I

Proof. We are looking for a minimal set of conditions ¢ over the intro-
duced unresolved polynomials, such that if ¢ is satisfied, then P (G,w; ) is
independent of the order.

We apply the order-invariance restriction to the family of graphs shown
at Fig. 4.1: G consists of two disjoint graphs H; and Hs connected by a
bridge of two edges e; = (u,v) and ey = (v,w). Let the edges e; and ey be
labeled respectively by labg(e1) = A and labg(ez) = u, and the vertex v be
labeled laby (v) = . In order to be a unique graph invariant, P(G) must
return the same result when the edge reduction rule is applied first on the
edge e; and then on the edge ey, as well as when it is applied first on the
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Figure 4.1: Graph G for applying order-invariance of edge elimination

edge ey and then on the edge e;.

P(G,{1 =2}) = yn-P(G—e1)+2\-P(Gter)
= (Y P(G—e1—e2) +
zu - P(G Tez)) +
zx - P(GTep)
= y\Yux,P(H1)P(Hs2) +
yazuP(H1)P(Hy — w) +
2 P(Hy — u)P(H3)

On the other hand,

PG, {2—=1}) = yu -P(G—e2)+2,-P(GTer)
= Yu-(Ur P(G—e2—e1) +
2 P(G1er)) +
zy - P(G Ter)
= YuyrzyP(H1)P(H2) +
YunP(Hy — u)P(Hs) +
2, P(Hy)P(Hy — w)

Applying P(G,{2 — 1}) = P(G,{2 — 1}), we obtain:

Yz P(H1)P(Hy — w) + 2\ P(H1 — u)P(Hz2) =
= yuz)\P(Hl — u)P(HQ) + ZMP(Hl)P(HQ — w)
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Analyzing the case labg(e1) = labg(e2) = X leads to yyzy = =z for all
A € Ag, or P(H; —u)P(H2) = P(H,)P(Hy — w) for all graphs Hy, Ho
and all vertices u € V(H;) and w € V(Hz). In the latter case we get
a trivial polynomial P(H) = z!VUDI  Indeed, if H, is a singleton, we
get 1- P(Ha) = () - P(H2 — w) for any w € V(Hz), which leads to
P(H) = 2V where Tiaby (u) = 2 for any w € V(H).

On the other hand, if u # X, we get either yyz, = z, for all \,u € Ag, or
P(H; —u)P(H2) = 0 for all graphs H; and Hj, which requires P(H) = 0.
So far, we proved that the condition of the theorem is necessary. In order
to prove that they are also sufficient, it is enough to prove that any two
steps of graph decomposition are exchangeable. Then we use induction on
the depth of graph deconstruction tree to prove the uniqueness of P(G).
First, we observe that any step of disjoint decomposition is interchangeable
with any step of edge removal. This follows by distributivity of multiplica-
tion. Therefore, we can assume that we first perform all the possible edge
removal steps, and then do the disjoint decomposition of remaining single-
tons.

Second, we observe that an order over edges uniquely determines the order
of graph decomposition. We just skip the steps of removing edges that have
been already removed by the preceding steps. Therefore, it is enough to
prove that any two edges can be removed in either order, and this does not
affect the result. Let G = (V| E,laby,labg) be any labeled graph, and let e;
and eg be any two edges, labeled respectively labg(e1) = A and labg(e2) = p.
If the edges of interest do not have any common vertices, then we get:

PG {1 = 2}) = yr- P(G—e1) + 2 - P(G T er)
=yn (W P(G—e1—e2) + 2, P(G—e1Te2)) +
2 (Y- P(Gier—ex)+z,- P(Gierfer)) =
= P(G,{2 —1})

otherwise, if the edges of interest have a vertex or two in common, we have

P(G Al —2}) = yr-P(G—e1)+2n-P(GTer)
= Yn (Wu- P(G—e1—e2) + 2, P(GTe2)) +
zy - P(GTep)
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whereas

PG, {2 1)) = yu-P(G—e)+ 2 P(G1e)
= yu-(yr - P(G—e2—e1)+2x-P(GTer)) +
zu - P(G 1e2)

which are equivalent provided yxz, = 2, for all A\, u € Ag.

Hence, the conditions of the theorem are necessary and sufficient. |
Analyzing the conditions ¢, we get:

Corollary 4.3.3 Every LM-polynomial p : LG — R[X] of a graph G =
(V, E,laby,labg) is either of the form

p(G) = <H xlaby(v)) (H ylabg(e)) ) (434)

veV ecl

or it satisfies a linear recurrence relation as follows:

p(G) = p(G—e)+ 2apy(e)P(G T e); (4.3.5)

where for every v € Ay and A € Ag, z, and y\ are elements of R[X]
independent of G.

Proof. The condition {yxz, — 2, : A\, u € Ag} has two solutions: y) =1
for any A € Ag, and 2z, = 0 for any p € Ag. Under the latter solution
the polynomial (4.3.4) is obtained. This also includes the exception case
p(G) = z!Vl. The first solution gives a rise to the recurrence relation (4.3.5).

Corollary 4.3.4 There is a map Ury + LG — R[X], with X = (z,yx :
v € Ay, A € Ag), which is uniquely defined by the recurrence relation and
initial conditions:

Um(G1UG2) = Urm(Gi) - Urn(Ga);
Urm(G) = Urm(G —e)+y\Urm(GTe), provided labp(e) = X;
Urmv({v}) = =z, provided laby(v) = v;
Urm(@) = 1. (4.3.6)
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Corollary 4.3.5 The map Urp(G) from Corollary 4.3.4 is universal in the
class of sLM -invariants and dp-complete in the class of LM -invariants.

Proof. The universality property follows directly from the Corollary
4.3.4, for the dp-completeness we need also prove that Urp(G) determines
the following invariants:

e |E)\(G)| = number of edges labeled A for every A € Ag;
e The product py(G; X) = [Tycv Ziaby (0)-

The latter can be obtained as a substitution instance of Uy (G) as follows:

pV(G§ X) = ULM(G§ X)’yA:O for each A€Ap

For the number of edges labeled A we need to determine the coefficient of y
in Upp. The paths in the graph decomposition tree that contribute to this
summand contain exactly one step of extraction (of some edge labeled ).
Number of such paths is exactly Ey. In order to determine this coefficient,
we will use partial derivatives:

_ UL (G)

YA xy=1,y,=0 for each yEAy ,u€EAE

4.3.2 The subset expansion form of Uy /(G z,7)

We proved so far that there is a unique map Upp(G;x,y) which is defined
recursively by initial conditions and linear recurrence relation 4.3.6 with
respect to edge deletion and edge extraction operations.

Additionally, by multiple application of the edge reduction rule, we can
obtain a vertex reduction rule. Let N(v) = {ui,u,...,uq} be the neigh-
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borhood of v, and e; = {u;,v} be the edges incident to v. Then,

Urm(G) = Urm(G—e€1) + Yiaby(er)ULm (G T e1) =
= Urm(G—e1 — €2) + Yiabp(en)ULm (G T €e2) +

Yiabg(e)ULm (G ter) = ... (4.3.7)
d
= Urn(G@=vU{0D) + D Yiabg(enUrm (G Te;) =
i—1
d

= Ziaby (o) - UL (G —=0) + Y tabp(enUar(G T ei) (4.3.8)
i=1
Theorem 4.3.6 The unique map Ury : G — R[X], with X = (z,,yr: 7 €
Av, X € Ag), satisfying the recursive definition 4.3.6 has an explicit subset
expansion definition as follows:

ULM(G; X) = Z ( H ylabE(e)) H Llaby (v)

MCE, eeM veV\V (M)

M is a matching

(4.3.9)

Proof. The proof is by induction on the size of the graph G.

Base: for graphs of size n < 2 we have:

e Ury(@)=1

ULM(EI) = Liaby (v)

Urm (E2) = Tiaby () Tiaby (v) (vertices u and v)

Upm(P2) = Urm(G—e) T Yiabg(e) * Urm(9) = Tlaby (u) Llaby (v) T Yiabg (e)
(vertices u and v and edge e)

In all those cases the equation 4.3.9 holds.

Closure: we assume that the equation 4.3.9 holds for all the graphs with
at most n vertices, and prove that it holds also for the graphs with n + 1
vertices.

Let G be a graph with n 4+ 1 vertices and let v be any its vertex. Then
we apply the vertex reduction rule 4.3.7 and obtain:
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d
Urm(G) = Tiapy (v) - ULm (G —v) + Z Yiabp(es) - UL (G 1 €i)
i1

By the induction assumption we have:

P(G) = Liaby (v) Z <H ylabE(e)> H Llaby (v) +

M C E(G—v), eeM veV\V (M)

M is a matching

d
+ Z Yiabg (e;) Z ( H yzabE(e)> H Llaby (v)
i=1 veV\(

M C E(Gte;), eeM V(M)U{u;,0})
M is a matching
The first part of the equation describes all the matchings which do not
include the vertex v, hence, x4, (1) can be inserted into its second product.
The second part of the equation describes all the matchings which include
the vertex v. Those are the matchings, which include exactly one of the edges

€1, ... ,€dq, o the corresponding variable y;,p,, (¢,) can be inserted into the first
product. By summation of the two parts, we get exactly the equation 4.3.9.
|

4.4 The most distinctive labeled edge elimination

polynomial &.,(G;z,y, 2,1)

In this section we extend the most distinctive EFE graph polynomial de-
scribed in Section 3.3 to edge-labeled graphs.

4.4.1 The recurrence relation

Recall the definition of LE E-invariant:
p(G) : LGr — R is an LE E-invariant if

e p(@G) is multiplicative with respect to disjoint union of graphs: for all
labeled graphs G1, Go,

p(G1 U Ga) = p(Gr) - p(Ga);
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e For every edge-label d € Ap there are oy, 84,74 € R such that for
every edge-labeled graph G = (V, E, labg) and every edge e € E,

p(G) = aqp(G — €) + Bap(G/e) +vap(G te), (4.4.1)

where G — e, G/e and G t e denote graphs obtained from G by respec-
tively deletion, contraction and extraction (i.e. deletion together with
endpoints) of the edge e.

e p(G) is uniquely defined by the recurrence relation (4.4.1) together
with the initial conditions

p(@) =1,  p(E)=v, (4.4.2)

where v € R is some element of the ring R that does not depend on
the graph G.

The most general recursive definition of P(G,w;X) is obtained by
introducing indeterminates where possible. Any graph deconstruction se-
quence consists of edge removal steps and non-empty disjoint subgraph de-
composition steps. Let w € €) denote an auxiliary order of deconstruction

steps.
suP(G —e) +y,P(G/e) + z,P(G fe); (edge removal step)
P(G) = (provided labg(e) = p)
P(Gh1) - P(G2); (decomposition step)
P(E)) = x;
P(@) = 1; (4.4.3)

Proposition 4.4.1 The reduction of P(G,w; X) is well-founded.

Proof. Indeed, every step of the deconstruction reduces either the num-
ber of edges or the number of vertices. Hence, after a final number of steps,
only singletons and empty sets appear in the deconstruction parse tree. W

Currently, P(G,w; X) is defined recursively for edge-labeled graphs and set
of indeterminates X = {z,5,,yu, 2, : 4 € Ap} onto the ring Ry, = R[X]

and its result depends on the order w of graph deconstruction steps.
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Theorem 4.4.2 Let P(G,w; Z) be obtained from P(G,w; X) by substitution
of every respective indeterminate by an unresolved polynomial.

Then p(G,wl;a’c) = P(G,wg;a’c) for all graphs G and all pairs of orders
wy and ws, if and only if

Sxzy =2y and  Yxz, = Yz
for all \,u € A, or if

P(G) = Py(G) = 2!V

Proof. We are looking for a minimal set of conditions ¢ over the intro-
duced unresolved polynomials, such that if ¢ is satisfied, then ZS(G,w; z) is
independent of the order.

We use the same family of graphs as for LM-invariants (Fig. 4.1): G
consists of two disjoint graphs Hy and Hs connected by a bridge of two
edges e; = (u,v) and ez = (v, w), labeled respectively by labg(e;) = A and
labg(e2) = p (unlike the LM case, vertices are not labeled). In order to be
a unique graph invariant, P(G) must give the same result when the edge
reduction rule is applied first on the edge e; and then on the edge es, as well
as when it is applied first on the edge es and then on the edge e;.

P(G,{1—=2}) = sx-P(G—e1)+uyr-P(GJ/er)+2zx-P(Gter)
= Sy (sy-P(G—e1—ez)+
Yu - P(G —er/er) +
z, - P(G — ey te)) +
Y- (su- P(G/er —e2) +
yu - P(Glei/es) +
zu - P(Gler 1 e2)) +
zy - P(G1er)
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= sx-(Sy-x-P(H)P(Hs)+
Yu - P(H1)P(H2) +
2y - P(H1)P(Hz —w)) +
Ya - (su - P(H1)P(H2) +
y, - P(Hy Uy Ho) +
2, P(Hy — u)P(Hy — w)) +
2y - P(Hy — u)P(Hy)

On the other hand,

PG, {1 =2}) = s, -P(G—e3)+y, P(G/ea)+ 2, - P(GTea)

= s,-(sx-P(G—ex—eq)+
yr - P(G —ez/er) +
2y P(G—eater))+
Y+ (sxn-P(Glez —e1) +
yr - P(G/ea/er) +
2 P(Glex ter)) +
2 P(G 1 e2)

= s, (sx-x- P(Hy)P(Hs)+
yx - P(Hy)P(H2) +
zy - P(Hy —u)P(H2)) +
Yu - (sx - P(H)P(Hy) +
yx - P(Hy Uy Ho) +
zy+ P(Hy —u)P(Hy — w)) +
2, - P(H)P(Hy — w)

Applying P(G,{2 — 1}) = P(G,{2 — 1}), we obtain:

P(Hl - U)P(HZ - w) : [y)\zu - yuz)\] +
P(Hy)P(Hy — w) - [sxzy — 2] +
P(H1 - U)P(HQ) . [Z)\ - SMZ)\] =0
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Analyzing the case labg(e1) = labg(e2) = A leads to
wyzy = 2y for all \ € AE, (4.4.5)

despite P(H, — u)P(H2) = P(H;)P(H2 — w) for all graphs H;, Hy and
all vertices u € V(H;) and w € V(Hz). In the latter case we get a trivial
polynomial Py(H) = VU by the same argument as for the universal
matching polynomial.

Assume there are two labels A and p such that syz, # z,, then by (4.4.5)
s, =1 and z), = 0, and by (4.4.4) we get

(1= sx)P(H) = yxP(H —u)

for all labeled graphs H and all vertices u, and therefore we get a trivial poly-
nomial Py(H; $£2-). Hence, for P(G) # Py(G), sazu, = z, for all A\, p € Ag

’ 1—s)
is a necessary condition. Then, from 4.4.4 we get that also yyz, = y,2) for

all \, u € Ap.

So far, we proved that the condition the theorem is necessary. In order
to prove that they are also sufficient, it is enough to prove that any two
steps of graph deconstruction are exchangeable. Then we use induction on
the depth of graph deconstruction tree to prove uniqueness of P(G) if ¢ is
satisfied.

The proof of the sufficiency is identical to the unlabeled case (Theorem
3.3.4). |

Analyzing the conditions ¢, we get:

Corollary 4.4.3 Every LEE-polynomial p : LGr — R[X] of a graph G =
(V,E,labg) satisfies one of the following linear recurrence relations:

p(G) = SlabE(e)p(G - 6) + ylabE(e)p(G/e); (446)
p(G) = p(G =€)+ Y tapyeP(G/e) + 2 tiape)p(G Te); (4.4.7)

where, for every A € Ag, in the former case, sy and y) are elements of
R[X] independent of G, and in the latter case, ty is and element of R[X]

independent of G, and y,z € R[X] do not depend neither on G nor on .
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Proof. The conditions ¢ obtained in Theorem 4.4.2, have two cases:

(1) zx=0forany A € Ag (4.4.8)
(i) sx=1, yx=y-tx, and z) = z -t for any A € Ap,

where y, z € R[X] do not depend on the label A.  (4.4.9)

In the first case, we obtain the recurrence relation (4.4.6), which we called
previously “the universal LC-invariant Urc(G;q,S,y)” (4.2.2); it also in-
cludes the exceptional case Py(G) = 2!V = Urc(G;x,1,0). The second case
gives a rise to the recurrence relation (4.4.7). [

From Theorem 4.4.2 we conclude:

Corollary 4.4.4 Thereis a map &qp : LG — Rz, y, 2, t], which is uniquely
defined by the recurrence relation and initial conditions:

§ab(G1UG2) = §ap(G1) - &ab(G2);
§ab(G) = &ab(G =€) +y - ta§ap(G/e) + 2 - ta&ab(G T e),
provided labg(e) = X;
Gan(E1) = z;
Eap(2) = L (4.4.10)

Corollary 4.4.5 The map &q,(G) from Corollary 4.4.4 is universal in the
class of sLEFE-invariants and dp-complete in the class of LEE-invariants.

Proof. The universality property follows directly from the Corollary
4.3.4, for the dp-completeness we observe that

e Non-special labeled EE invariants are LEE \ sLEFE = LC' \ sLC, and

e The Sokal polynomial Z(G; ¢, v), which is dp-complete for the class of
LC invariants, is determined by &4:

Z(G5q,9) = §ap(Gs¢,1,0,0).

The latter fact follows by induction on the depth of graph decomposition
tree, and the first one follows directly from the Corollary 4.4.3. |
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4.4.2 Subset expansion form of &,,(G;x, vy, 2,t)

We are looking for an explicit subset expansion form &,;(G; z,y, 2, 0).

Theorem 4.4.6 The following expression defines the same graph polyno-
mial as the recurrence relation (4.4.10):

é‘lab(G;x’y’ Z"E) = Z(AHB)QE xk(AuB)ikCO'U(B) . y'A‘Jr'B'*kCO’U(B) . zkcov(B) .

( 11 tlabE(e)>7 (4.4.11)

ec ALUB

where by abuse of notation we use (AU B) C E for summation over subsets
A,B C E, such that the subsets of vertices V(A) and V(B), covered by
respective subset of edges, are disjoint: V(A) NV (B) = @; k(A) denotes
the number of spanning connected components in (V, A, Ag), and keon(B)
denotes the number of covered connected components, i.e. the connected
components of the graph (V(B), B, Ag).

Proof. The proof is similar to the unlabeled version. We need to show
that

e The expression (4.4.11) satisfies the initial conditions of (4.4.10);
e The expression (4.4.11) is multiplicative;
e The expression (4.4.11) satisfies the edge elimination rule of (4.4.10).

Then by induction on the number of edges in G the theorem holds. The
first statement follows by inspection: indeed, a null graph @ = (&, &) has
no edges and no components, so its only summand is 1, whereas a singleton
has no edges and just one component, so its contribution is x.

The second statement, multiplicativity, can be easily checked too: In-
deed, the summation over subsets of edges of G = G1 LI G5 can be regarded
as a summation over the subsets of G1, multiplied by an independent sum-
mation over the subsets of Gs.

Therefore, we just need to prove the third statement:

Let G = (V,E,Ag) be the labeled (multi)graph of interest. Let N(G) be
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defined as in (4.4.11):

N(G2y ) = Yaugep " AD HeorlB) L ylAIBlkeo(B) . heon(E)

( H tlabg(e))a
ec AUB

Let e be the edge we have chosen to reduce. Any particular choice of A
and B can be regarded as a vertex-disjoint edge coloring in 2 colors A and
B, when part of the edges remains uncolored. We separate all the possible

colorings to three disjoint cases:
e Case 1: e is uncolored;

e Case 2: e is colored by B, and it is the only edge of a colored connected
component;

e Case 3: All the rest. That means, e is colored by A, or e is colored by
B but it is not the only edge of a colored connected component.

In case 1, we just sum over colorings of G—e: Ni(G) = N(G—e);

In case 2, the edge e is a connected component of (V(B), B, Ag). Therefore,
if we analyze now N(Gte), we get No(G) = z - tigp )N (GTe);

Finally, in case 3, if we analyze N(G/e), we get N3(G) =y - tiap )N (G/e).

The cases above are disjoint and cover all the possibilities, and therefore
N(G) = N1(G) + N2(G) + N3(G). Hence, we have:

N(G;x,y,2,t) = (G2, y, 2,1),

which completes the proof. |

4.5 The most distinctive labeled vertex elimina-
tion polynomial Upyg(G;y, z,t)

In this section we extend the most distinctive V E graph polynomial de-
scribed in Section 3.4 to vertex-labeled graphs.
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4.5.1 The recurrence relation

Recall the definition of LV E-invariant:
p(G) : LGy — R is an LV E-invariant if

e p(G) is multiplicative with respect to disjoint union of graphs: for all
labeled graphs Gy, G,

p(G1UG2) = p(G1) - p(Ga);

e For every vertex-label d € Ay there are ay, 84,74 € R such that for
every vertex-labeled graph G = (V| E,laby) and every vertex v € V,

p(G) = agp(G — v) + Bap(G/v) + vap(G T v), (4.5.1)

where G — v, G/v and G v denote graphs obtained from G by respec-
tively deletion, contraction and extraction of the vertex v (defined in
Section 1.1.2).

e p(G) is uniquely defined by the recurrence relation (4.5.1) together
with the initial conditions

p(2) =1; p({v}) = vq4, provided laby (v) =d (4.5.2)

where vy € R is some element of the ring R that does not depend on
the graph G.

The most general recursive definition of P(G,w;X) is obtained by
introducing indeterminates where possible. Any graph deconstruction se-
quence consists of verter removal steps and non-empty disjoint subgraph

decomposition steps. Let w € ) denote an auxiliary order of deconstruction

steps.
w,P(G —v) +y,P(G/v) + 2,P(G fv); (vertex removal step)
P(G) = (provided laby (v) = )
P(Gy) - P(Ga); (decomposition step)
P(Ey) = x4
P@) = 1 (4.5.3)
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Proposition 4.5.1 The reduction of P(G,w; X) is well-founded.

Proof. Indeed, every step of the deconstruction reduces the number of
vertices. Hence, after a final number of steps, only singletons and empty
sets appear in the deconstruction parse tree. |

Currently, P(G,w; X) is defined recursively on vertex-labeled graphs and set
of indeterminates X = {x,, su,Yu, 2, : 1t € Ay} onto the ring Ry, = R[X]
and its result depends on the order w of graph deconstruction steps.

Theorem 4.5.2 Let P(G,w; %) be obtained from P(G,w; X) by substitution
of every respective indeterminate by an unresolved polynomial.

Then P(G,wl;f) = P(G,wg;f) for all graphs G and all pairs of orders
w1 and ws, if and only if

Tx=8\+yx+z2n and sy z, =z, and Yz, = Yu2x
for all A, € Ay, or if

P(G) = Py(G) = z!V

Figure 4.2: Graph G for applying order-invariance of vertex elimination

Proof. We are looking for a minimal set of conditions ¢ over the intro-
duced unresolved polynomials, such that if ¢ is satisfied, then P (G,w; T) is
independent of the order.

First, from E; —v = E; tv = E1/v = & we obtain

x\ = (sx +yx+ 2)) for every A € Ay.

95



Second, we use the family of graphs shown on Fig. 4.2: G consists of two
disjoint graphs Hy and Hs connected by a bridge of three edges e; = (u,v1),
es = (v1,v2) and e3 = (ve,w). The vertices v; and ve labeled respectively
by laby (v1) = A and laby (v2) = p. In order to be a unique graph invariant,
P(G) must give the same result when the vertex reduction rule is applied
first on the vertex v; and then on the vertex vo, as well as when it is applied
first on the vertex vy and then on the vertex v;. We look on the case
laby (v1) = laby (vy) = laby(u) = A\, Hy = {u} and Hy = &. By applying
the same argument as in the proof of Theorem 3.4.5, we get:

=0 or sx=1 or sy+uyx+zy=1 (4.5.4)
Back to the general case:

P(G,{1 = 2}) = sx-P(G—v1) +yr- P(G/v1) +2x- P(G {v1)
= sy (su-P(G—vi—v2)+
Yu - P(G —v1/v2) +
zy - P(G —v1 tu)) +
Ya - (su - P(Glvr —v2) +
Yu - P(G/vr/v2) +
zu - P(G/vy tv2)) +
2 P(G 1)

= s)-(su- P(H1)P(H) +
Y- P(H1)P(Hz) +
zu - P(H1)P(Hz — w)) +
Ya - (su - P(H1)P(Hz) +
Y - P(H1 Ugyuy H2) +
zp - P(Hy —u)P(Hy — w)) +
zy- P(Hy)P(Hy — w) (4.5.5)
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On the other hand,

PG {1 —=2}) = s, -P(G-v2)+y,-P(GJva) + 2, P(GTuvg)
= s, (sx-P(G—v2—v1)+

yx - P(G — vy /v1) +
zy - P(G—v9Tuv1)) +

Yu - (sx-P(G/vg —v1) +
yx - P(G/va/v1) +
zx - P(G/va tv1)) +

zu - P(G T v2)

= sy (sx- P(H)P(H2) +
yx - P(Hy)P(H2) +
z) - P(Hy —u)P(H3)) +
Y- (sx - P(H1)P(Hz) +
yx - P(Hy Ugyuy H2) +
ox- P(Hy — u)P(Hs — w)) +
z, - P(Hy — u)P(H>) (4.5.6)

Applying P(G,{2 — 1}) = P(G,{2 — 1}), we obtain:

P(Hy —u)P(Hy — w) - [ynzy — ypza] +
P(Hy)P(Hy — w) - [sxzy — 2] +
P(Hy —u)P(H3) - [2y — su2)] =0 (4.5.7)

If there is a label A such that syz) # z), then, using laby (v1) = laby (vy) = A,
we have

P(Hl)P(HQ - w) = P(H1 - U)P(HQ)

for all graphs Hy and Hs, and all vertices u € V/(Hp) and w € V(Hs). Let Hy
be a singleton labeled A. Then, by (4.5.4), we have P(Hy) = P(Hy—w) = 1,
and therefore P(H;) =1 for any graph H;.

Now, assume that there are labels A, u € Ay, such that syz, # z,. Then,
if P(G) is not constant 0 or 1, then by the previous analysis s, = 1 and
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zy = 0. By equation (4.5.7) we have
yaP(H1 —u) = (1 — sx)P(Hy),

and therefore,

V()|
P(H,) = <1 ?s) (4.5.8)

The last possible case is that for all A\, u € Ay, syz, = z,. In this case, by
(4.5.7) we have:
YrZu = Yuzx-

Hence, with exception of a trivial polynomial Py(G) = z!Vl, the unspecified

polynomials must satisfy
sxzy = 2z and yrz, = yuzy for all A, p € Ay

So far, we proved that the condition the theorem is necessary. In order to
prove that they are also sufficient, it is enough to prove that any two steps of
graph deconstruction are exchangeable. Then we use induction on the depth
of graph deconstruction tree to prove uniqueness of P(G).

Any disjoint subgraph decomposition step is exchangeable with any other
step of graph deconstruction by commutativity of multiplication. Therefore,
we can assume without loss of generality that they are applied only on
singletons. In such case a linear order over the edges uniquely determines the
decomposition tree. Hence, we only have to show that any two consequent
vertex removal steps are exchangeable. Let v; and vy be two vertices of
interest, labeled respectively laby (v1) = A and laby (vy) = u. We observe
that if v; and vy are not adjacent, then any two vertex elimination operation
applied consequently on v; and v9 in any order produces the same graph,
so the result of recursive computation of Pr(G) is preserved. The case of
adjacent v1 and v is a bit more complicated, because the contraction and
extraction operations applied to one vertex affect another.

In order to show that P(G) is still preserved, we’ll observe:

e Two vertex deletion operations are commutative;
e Two vertex contraction operations are commutative;

e Vertex deletion and vertex contraction operations are commutative;
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e Deletion of v; and then extraction of vy is equivalent to extraction of

V23
e Contraction of v1 and then extraction of vy is equivalent to contraction
of v9 and then extraction of vy.

If we analyze result of the two possible sequences of vertex elimination,
we get exactly the equations (4.5.5) and (4.5.6). Combining those equations
with the conditions ¢, we get

Pl1(G, {1 = 2}) — P|;(G,{2 = 1}) =

w w, P(G —v1 —v2) + wyy, P(G — v1/v2) + wr2, P(G — vy Tva) +
ywu P(G/v1 — v2) + yay P(G /v /v2) + yrz, P(G/vr T v2) +
2P(Gtvr) —

wwAP(G —va —v1) —wuyaP(G — v2/v1) — wuzyP(G — w2 fv1) —
YuwrP (G /va — v1) — yuynP(G/va /v1) — yu2aP(G /o2 f v1) —
2, P(G f ) =

(wAZM - zM)P(G Tv2) 4+ (2a — wuzA)P(G for) +
(Urzu — Yuza) P(G /v T v1) = 0

[
Analyzing the conditions ¢ obtained in the theorem above, we get:

Corollary 4.5.3 Every LV E-polynomial p : LGy — R[X] of a graph G =
(V,E,laby) is either of the form

P(G@) = T (Staby ) + Yiaby ) = | %taby )+ (4.5.9)

veV veV

or it satisfies the following linear recurrence relation:

P(G) = p(G = 0) + Y - tiaby (0)P(G/V) + 2 tiaby (0)P(G T V) (4.5.10)

where, for every A € Ay, in the former case, sy and y) are elements of
R[X] independent of G, and in the latter case, ty is an element of R[X]

independent of G, and y,z € R[X] do not depend on X either.
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Proof. The conditions ¢ obtained in the Theorem 4.5.2 include two
cases:

(1) 2y =0for any A € Ay (4.5.11)
(i) sx=1, yx=1y-ty, and zy = z -t for any \ € Ay,

where y, z € R[X] do not depend on the label A. (4.5.12)

In the first case, we obtain the exceptional case (4.5.9). The second case
gives a rise to the recurrence relation (4.5.10). [ |

From Theorem 4.5.2 we conclude:

Corollary 4.5.4 Thereis amap Upyg : LGy — Ry, z,t], which is uniquely
defined by the recurrence relation and initial conditions:

Uve(GiUGy) = Urve(Gr) - Urve(Ge);
UL\/E(G) = ULVE(G—U)—Fy't)\ULVE(G/U)+Z't)\ULVE(GTU),
provided laby (v) = ;

Uwve({v}) = 1+y-trx+z-ty;
provided laby (v) = ;
ULVE(Q) = 1. (4.5.13)

Corollary 4.5.5 The map Uryge(G) from Corollary 4.5.4 is universal in
the class of LV E-invariants.

Proof. We observe that the exceptional case (4.5.9) is a substitution
instance of Uryg(G):

ULVE(G; 17 07 w + g - I) = H (wlabv(v) + ylabv(v))'
veV

This follows by induction on the depth of graph decomposition tree. The
rest follows directly from the Corollary 4.5.3. |

4.5.2 Subset expansion form of Uryg(G;y, 2, 1)

We are looking for an explicit subset expansion form ULy g(G;v, z,1).
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Theorem 4.5.6 The following expression defines the same graph polyno-
mial as the recurrence relation (4.5.13):

ULVE(G§Z/7 Zat-) = Z yIU‘_k(G[U]) : (y + z)k(G[U]) : <H tlaby(v)) )

Ucv vel

where k(G[U]) denotes the number of connected component in the induced
subgraph of G with vertex set U.

Proof. The proof is similar to the most distinctive FE polynomial. We
need to show that

e The expression (4.5.14) satisfies the initial conditions of (4.5.13);
e The expression (4.5.14) is multiplicative;
e The expression (4.5.14) satisfies the vertex elimination rule of (4.5.14).

Then by induction on the number of vertices in G the theorem holds. The
first statement follows by inspection: indeed, a null graph @ = (&, &) has no
vertices and no components, so its only summand is 1, whereas a singleton
has one vertex and just one component, so its contribution is 1+ (y + 2)t.

The second statement, multiplicativity, can be easily checked too: In-
deed, the summation over subsets of vertices of G = G1 UG can be regarded
as a summation over the subsets of Gy, multiplied by an independent sum-
mation over the subsets of Gs.

Therefore, we just need to prove the third statement:
Let G = (V,E,Ay) be the labeled (multi)graph of interest. Let N(G) be
defined as in (4.5.14):

N(Giyozt) = 3 ylUITHEUD (4 20D <H tlabv(m) ,

Ucv velU

Let v be the vertex we have chosen to reduce. There are three disjoint

options to choose U:
e Case 1: v & U;

e Case 2: v € U but it is not adjacent to any other vertex in U;
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e Case 3: v € U and it is adjacent to some other vertex in U.

In case 1, we just sum over subsets of G—v: Ni(G) = N(G—v);

In case 2, the neighborhood of v does not participate in any component of
G[U], so if we analyze N(Gtv), we get Na(G) = (y + 2) - tapy, () N(GT0);
In case 3, the neighborhood of v participates in the components of G[U] as
if it was a clique. Therefore, we need N(G/v). However, this summation
includes the cases that we have already counted, the subsets U that do not

include any of neighbors of v. Hence, we will reduce those cases by subtract-

ing N(Gtv). Finally, we get N3(3) =y - tap,, () IV (G/v — N(GTv).

The cases above are disjoint and cover all the possibilities, and therefore
N(G) = N1(G) + N2(G) + N3(G). Hence, we have:

N(G7 Y, Z,E) = ULVE(G7 Y, 275)7

which completes the proof. |
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Chapter 5

Some remarks on complexity

5.1 MSOL-definability of graph polynomials

Recall that simple graphs have two presentations: as a pair (V, E), where
V is a set of vertices, and E is a binary relation £ C V X V representing
the edges of graph, or as a two-sorted structure G = (V, E, R), where V is
a vertex set, F/ is an edge set, and R is a binary relation R C V x E that
defines the incidence of vertices and edges.

The two presentations of finite graphs discussed here can be regarded
as relational structures. In the first case G = (V, E), the universe of the
relational structure is the vertex set V', and its vocabulary, denoted by 7,
consists of a binary edge relation E and possibly (for vertex-labeled graphs)
unary predicates Uj . .. Uy, indicating the available labels Ay = [k]. For edge-
labeled graphs, several binary relations Ej ... Ey are defined for Ap = [{]
available labels.

In the second case G = (V, E, R), the universe of the relational structure
is V U E, and its vocabulary denoted by 7o, consists of a binary relation R,
two disjoint unary predicates Py and Pg (distinguishing between vertices
and edges), and possibly two sets of unary predicates U} ... U, ,y for vertex
labeling and U ... U, ZE for edge labeling respectively.

Monadic Second Order Logic (M SOL) is an extension of FOL, while in
addition to the first-order operators, quantification over sets is allowed. In
the case of 71, quantification is allowed over sets of vertices (M .SOL;), and
in the case of 7 quantification is allowed over both sets of vertices and sets
of edges (M SOLs). An auziliary order over the vertices or over the edges
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may expand the expressive power of certain logic. In this work we allow an
auxiliary order if the result is order-invariant.

MSOL-definable graph polynomials.
We say that graph polynomial p is M SO L-definable, if its subset-expansion
presentation can be written as

p(G:X)= Al I ]

(G,A1,....Am)E a€A1 a€An

where the summation ranges over tuples Aq,..., A,, of subsets of the uni-
verse (in particular, vertex subsets in case of M SOL1, or vertex and edge
subsets in case of M SOLs), (G, A, ..., An) is in Monadic Second Order
Logic, and f;(X) are polynomials in R[X] that do not depend on the graph
G.

5.1.1 Examples of M SOL definitions of graph polynomials

The chromatic polynomial is definable in M SOLs with an auxiliary
order over vertices:

x(G;m>:Z<H<—1>> 1],
ACE \ecA vEFY

where F)4 denotes the set of minimal (under the used auxiliary order) vertices
of each connected component of (V, A):

Fy ={v eV :Vyzpev(conn(u,v) = v <, u)},

conn(u,v) = Yycy [(u eUNveV\U)— Elu’eU,U'e\/\U({ulaU,} € E)]

The most distinctive matching polynomial Uy (G;z,y) is definable
in MSOLs:

Un(GX)= ) (Hy) I =

M CE, eeM veVA\V (M)
matching(M)
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where matching(M) is satisfied if M is a matching:
matching(M) = Ve, coemVoev (v € €1 VU € €3),

and
V(M) ={veV:3eem(vee)}

The Tutte polynomial is definable in M SOLs with an auxiliary order
over vertices and edges:

TGy =S | [ @-v]| I w-v].

ACFE eGFA\FE GGA\SA

where F)4 denotes the set of minimal (under the used auxiliary order) vertices
of each connected component of (V, A), and S4 denotes the minimal (under
the used auxiliary order) spanning forest of (V, A).

The subgraph component polynomial is definable in MSOL; with
an auxiliary order over vertices:

Q(&%@DZZ(H%’) II1v].

ACV \veA u€Fy

where F)4 denotes the set of minimal (under the used auxiliary order) vertices
of each connected component of (V, A).

Note that in all the examples above the result does not depend on the
used auxiliary order.

5.2 Computational complexity of graph polynomi-
als

Generally, most of the known graph polynomials are hard to compute. When
we speak about computing of graph polynomials, it can have different mean-
ings: it can mean computing of the integer coefficients of the polynomial,
or evaluation of the polynomial value in some particular point Xy. Note
that considering the second case, Turing computational model is not always
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applicable, since the polynomial can have arbitrary values in the polyno-
mial ring. For complexity issues, in this case, the BSS unit-cost model for
Real computations can be used (cf. L.Blum, F.Cucker, M.Shub and S.Smale
11]).

We will further denote the first problem by the computation, and the
second - by the evaluation of graph polynomial.

Most graph polynomials have ”easy” points such that it is possible to
efficiently evaluate the graph polynomial in these points for arbitrary input
graph. We say that the polynomial has “Difficult Point Property” if it is
easy (P-time) to evaluate at any point, or it is fP-hard at almost all the
points, with possible semi-algebraic exception set of lower dimension.

It is proven that the chromatic polynomial [39], the Tutte polynomial
[37], the interlace polynomial [10], and many others have the DPP. It is
conjectured in [42] that all the M SO L-definable polynomials have DPP.

5.2.1 Parameterized complexity classes

In this section we consider the problem of computation of the integer coef-
ficients of graph polynomial. It happens that for certain classes of graphs,
restricted by some parameter k, the coefficients are computable in polyno-
mial time. T'wo such parametric classes are widely studied: graph classes of
bounded tree-width and of bounded clique-width. Precise definitions of those
graph classes appear in the appendix.

We distinguish between the following upper bounds for the running time
of algorithms with input graphs of size n, restricted by some parameter k:

e Fixed parameter exponential time (FPEXP). Runtime less than
21 with ¢ (k) > 1;

e Fixed parameter sub-exponential time (FPSUBEXP). Run-

time less than 2c2(k)n! =<,

e Fixed parameter polynomial time (FPPT). Runtime less than
ncg(k);

e Fixed parameter tractable (FPT). Runtime less than cy(k) - n%;

e Polynomial time (P). Runtime less than O(n?).

Here d is independent of k, whereas the other constants may depend on k.
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General theorems.

We cite here several general theorems regarding complexity of computa-
tion of graph properties and graph parameters on graph classes of bounded
tree with or bounded clique width:

Theorem 5.2.1 Courcelle, 1990, [19]
Let G be a graph of tree-width k. Then any M SO La-definable graph property
can be tested efficiently on G.

Theorem 5.2.2 Bodlaender, 1996, [12]

For any graph G and constant k, it is possible to efficiently find k-tree-
decomposition of G, if it exists, or provide a negative answer if it does not
exist.

Theorem 5.2.3 Courcelle-Makowsky-Rotics, 2000, [41, 17]

Let G be a graph and let t be the corresponding parse term of constant clique-
width k, determining G. Then any M SO Lq-definable graph property can be
tested efficiently on G.

Theorem 5.2.4 Oum, 2005, [45]

For any graph G and constant k, it is possible to efficiently distinguish be-
tween graphs of clique-width at most k and graphs of clique width > 2F,
Moreover, if the graph has clique-width at most k, a clique parse term of
width 2% can be efficiently found.

5.3 Complexity aspects of the new graph polyno-
mials

We discuss here complexity aspects of three graph polynomials: The most
distinctive matching polynomial Ups (G x, y), the most distinctive edge elim-
ination polynomial (G;z,y, 2), and the subgraph component polynomial

Q(G;z,y).
For each of these graph polynomials we discuss the following questions:

1. Can we use the parameterized complexity results of the general theo-
rems [19, 12, 41, 16, 45], based on M SOL definability of certain graph
polynomial?
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2. The algorithms provided by the general theorems suffer from huge
hidden constants. Is there an explicit algorithm for computing the
graph polynomial of interest that improves the constants?

3. And finally, does the graph polynomial have Difficult Point Property?

The following table presents the results in short. The DPP-related result
are taken from C.Hoffmann’s thesis [35]. The precise M SOL definitions and
the explicit algorithms appear in Appendix A.

Complexity Um(G;z,y) {(Giz,y,2) | Q(Gi,y)
aspect
MSOL definable | MSOL MSOL, MSOL,

(with order) | (with order)

Bounded tree-
width (General FPT FPT FPT
theorems)

Bounded clique-
width (General No promise W{1]-hard FPT
theorems)

Explicit algorithm
for bounded Exists Exists Exists
tree-width
Explicit algorithm
for bounded Exists (FPPT) | No still open
clique-width
DPP
(results by Yes, if multiple | Yes Yes, by reduction
C. Hoffmann) edges allowed to &(Gyx,y, 2)

Table 5.1: Complexity aspects of the new graph polynomials.
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Chapter 6

Conclusions and open
questions

6.1 Conclusions

Inspired by the work of Brylawski [15], Oxley and Welsh [46], Bollobas
and Riordan [14], on the Tutte polynomial, we studied classes of graph
invariants satisfying linear recurrence relations with respect to edge and
vertex elimination operations. We defined notions of dp-complete (most
distinctive) and wuniversal (most general) graph invariants in the classes
above.

The Tutte polynomial satisfies recurrence relation with respect to edge
deletion and edge contraction. In the case of edge elimination, we added
an operation of edge extraction, which is deletion of an edge together with
its end points. In the case of vertex elimination, we used vertex deletion,
vertex contraction (deletion of a vertex and connecting its neighborhood
to a clique), and vertex extraction (deletion of a vertex together with its
neighborhood). The choice of these three operations was suggested by P.
Tittmann.

We proposed five classes of graph invariants, according to operations
used by the recurrence relations:

e (C-invariants: edge deletion and contraction, no case distinction,

e T'G-invariants: edge deletion and contraction, with distinction be-
tween loops, bridges and ordinary edges,
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e M-invariants: edge deletion and extraction,
e EF-invariants: edge deletion, contraction and extraction,
e V E-invariants: vertex deletion, contraction and extraction.

For each of these classes, we proved a universality theorem, identifying a dp-
complete, and if possible, universal graph polynomial . We used previous
work related to C' and T'G graph invariants as a paradigm, and provided
such a graph polynomial for M, EE and V E classes, in both recursive and
explicit subset-expansion forms (Theorems 3.2.2, 3.2.6, 3.3.4, 3.3.8, 3.4.5,
and 3.4.6).

We extended the results above to labeled graphs. Using the approach
of Bollobas and Riordan [14], we identified dp-complete and, if possibly,
universal graph polynomials for the following classes

e [ M-invariants: edge deletion and extraction, edge- and vertex-labeled
graphs,

e L F FE-invariants: edge deletion, contraction and extraction, edge-labeled
graphs,

e LV E-invariants: vertex deletion, contraction and extraction, vertex-
labeled graphs,

and provided such graph polynomials in both recursive and subset-expansion
forms.

The explicit subset expansion form of the new graph polynomials (from
Theorems 3.2.6, 3.3.8 and 3.4.6) shows that they the most distinctive M, EE
and V E-invariants, respectively Uy (G;z,y), £(G;x,y, z), and Q(G;z,y),
are definable in M SOL. In case of Uy (G;x,y) and £(G;z,y, 2), allowing
quantification over sets of edges, and in case of Q(G;x,y), quantification is
over sets of vertices. Based on fundamental theorems of [19, 12, 41, 16, 45],
this allows us to conclude that Uy (G;z,y) and &(G;z,y, 2) are fixed- pa-
rameter tractable on graph classes of bounded tree-width, and Q(G;z,y)
is fixed-parameter tractable on graph classes of bounded clique-width. In
Appendix A we provide explicit algorithms for computing Uy, (G;z,y) and
¢(G;x,y, z) on graphs of tree-width at most k, and a fixed-parameter P-time
algorithm for computing U/ (G;x,y) on graphs of clique-width at most k.
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The results that appear in this thesis have been presented in the follow-
ing publications:

EFE graph invariants:

3] I Averbouch, B. Godlin, and J.A. Makowsky.
An extension of the bivariate chromatic polynomial.
European Journal of Combinatorics, 31.1:1-17, 2010.

[4]  Ilya Averbouch, Benny Godlin, and Johann A. Makowsky.
A most general edge elimination polynomial.
In Hajo Broersma, Thomas Erlebach, Tom Friedetzky, and Daniél
Paulusma, editors, WG, volume 5344 of
Lecture Notes in Computer Science, pages 31-42, 2008.
V E graph invariants:

[51] P. Tittmann, I. Averbouch, and J.A. Makowsky.
The enumeration of vertex induced subgraphs with respect to
number of components.
European Journal of Combinatorics, 3x.x:xx—yy, 2010.

[5]  Ilya Averbouch, Johann A. Makowsky, and Peter Tittmann.
A graph polynomial arising from community structure (extended abstract).
In Christophe Paul and Michel Habib, editors, WG, volume 5911 of
Lecture Notes in Computer Science, pages 33—43, 2009.
Complexity of Matching polynomial:

[43] Johann A. Makowsky, Udi Rotics, Ilya Averbouch, and Benny Godlin.
Computing graph polynomials on graphs of bounded clique-width.
In Fedor V. Fomin, editor, WG, volume 4271 of
Lecture Notes in Computer Science, pages 191-204. Springer, 2006.

6.2 Further research

B. Godlin, E. Katz and J. A. Makowsky introduce in [28] a general frame-
work of recurrence relations of graph polynomials, which generalizes edge
elimination and vertex elimination to other graph deconstructions. They
show that, under suitable conditions, each graph polynomial which is well-
defined using a recurrence over such deconstruction, has a SOL subset ex-
pansion.
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The classes of graph invariants C', M, TG, EFE, and V E, introduced
in this thesis, as well as their labeled counterparts, fit into this framework.
It is natural to ask, what conditions are required to prove in the general
framework the following properties of a graph polynomial:

(i) Universality property;
(ii) dp-completeness property;

(iii) MSOL definability of the subset expansion.
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Appendix A

Explicit efficient algorithms

In this chapter we provide explicit algorithms developed for computing graph
polynomials on graphs of tree-width or clique-width at most k. Although the
existence of such algorithms is promised by general theorems, the algorithms
provided by the general methods suffer from huge hidden constants.

The appendix is organized as follows: We first provide the definitions
of tree-width and clique-width. Then, for each particular case, we show
the partitioning of specific graph polynomial to auxiliary polynomials, de-
scribe the dynamic algorithm and provide a brief proof of correctness and

complexity analysis.

A.1 Tree-width and Clique-width of graphs

A.1.1 Tree-width

A tree of decomposition of the graph G = (V, E) is defined as a pair (S,7T),
where T' = (W, F') is a rooted tree and S = {S,, | w € W} is a collection of
subsets of V' such that

i UwEW Sw =V
e For all e = (u,v) € E, there exists w € W with u,v € Sy,.

e Foreveryv € V, W, ={w € W | v € S} induces a connected subtree
of T
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The width of a tree decomposition (S ={S, | we W}, T = (W, F)) is
maxyew |Sw| — 1. The tree-width of a graph G, denoted as tw(G) is the
minimum width over all the tree decompositions of G.

Proposition A.1.1 For every graph G = (V, E) with |V| = n vertices and
tw(G) = k, there exists a tree of decomposition (S,T) of width k with |W| <
n.

Proof. Let (S,T) be any tree of decomposition of G of width k. Every
child subset S,, includes at least one vertex v € V that does not belong
to its father subset (otherwise it could be unified with its father subset
without increasing of the decomposition width). Let us call such a vertex
?exclusive”. According to the decomposition rules, it cannot happen that
two subsets 5,1 and Sy2, have the same ”exclusive” vertex. |

Proposition A.1.2 For every tree of decomposition (S = {Sy |w € W}, T =
(W, F)) of width k, such that |W| = M, there exists tree of decomposi-
tion (8" = {S., | w e W'}T = (W' F')) of the same width k, such that
|[W| <2M and T' is binary.

Proof. It can be obtained, for example, by replacing each node with
m > 2 children by a path of m nodes, each one with one additional child.
The number of added nodes is not more than the number of edges in the
original tree of decomposition. |
The above propositions allow us to assume in our algorithms that for an
input graph G(V, E) with n vertices and tree-width at most k we are given
a binary tree of decomposition (S,T) defining it, where T' = (W, F') has at
most |W| < 2|V| nodes.

Subgraph defined by subtree of T'.

Let w € W be a tree node with children [ and r, and father f. We
denote by T, = (W', F’) the induced subtree of T" with root w, including
all the descendants of w. The subgraph defined by T, is denoted by
Glw = (V|w, E|w) and defined inductively:

o if w is a leaf:
V0w = Sw, and
Ely =Ey = {{u,v} € E: ((u,v € Sy) A(u,v € Sf))}
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e if w is an internal vertex:
Ve =V[UV],USy, and
E|, = E|;U E|, U E,, where
Ey={{u,v} € E: ((u,v € Sy) A(u,v € S¢))}

By definition of tree decomposition, we have

Proposition A.1.3 if w is a root of T, then G|, = (Vl|w, El|y) is isomor-
phic to G = (V, E).

A.1.2 Clique-width

For a vertex labeled graph H = (V, E, ¢) with label set A = {1,2,...,k} we
denote by P, the set of vertices labeled by o, when 1 < a < k.

P,={veV:cw) =a}

The clique-width of a graph G, denoted by cw(G), is defined as the minimum
number of labels needed to construct G, using the four graph operations:

1. i(v) — creation of a new vertex v with label i

H = (V,E) =i(v) means V = {v}, E = @ and v is labeled by i;

2. U — disjoint union of graphs;
H = <V, E> =H{UH; = <V1,E1> (] <V2,E2> means
V =ViuV,, E = FE;UFE,, and labels on the vertices are preserved;

3. m;,; — only for 7 # j, connecting all vertices with label ¢ to all vertices
with label j;
H =(V,E) = n;;(H1) = n;,;((V1, E1)) means
V=W, E=FEU{{u,v}u,v € V,u € P,,v € P;}, labels are pre-
served;

4. pi—; — only for i # j, renaming labels 7 as j.
H =(V,E) = pi~;(H1) = pi-;((V1, E1))means
V=W,E=E, P=PFUP, P =2

A parse term built from the above four operations using k labels is
called k-construction. For the set of labels C' we denote by T'(C) all the
possible constructions over this set of labels. In our notation the labels
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(colors) are integers 1, ..., k. Each k-construction ¢t € T'(C') uniquely defines
a labeled graph val(t) where the labels are integers 1, ...,k associated with
the vertices and each vertex has exactly one label. We say that k-expression ¢
defines a graph G if G is isomorphic to the graph obtained from the labeled
graph val(t) after removing the labels. The clique-width of a graph G is
equal to the minimum k such that there exists a k-construction defining G.

Irredundant k-construction: We say that k-construction ¢ € T(C) is
irredundant if and only if for every sub-expression 7;;(t') of ¢ no vertex
labeled 4 in val(t') is adjacent to a vertex labeled j in val(t') (i.e. all the
edges that could be added by n; j(t') are actually added by this operation).
Courcelle and Olariu have introduced this definition in [18]. They also have
proven that if there exists a k-construction ¢t € T'(C') defining the graph G,
then there is also ¢’ € T(C) equivalent to ¢, which is irredundant.

In our algorithms we will assume that for input graph G = (V, E) of
clique-width at most k£ we are given an irredundant k-construction.

A.1.3 General remarks

The algorithms presented in this chapter elaborate the ideas of L. Traldi [52],
that work for both graphs of bounded tree-width and bounded clique-width:

e The input graph is presented by a tree of construction, which is a tree
of decomposition for graph classes of bounded tree-width, or a parse-
tree of a k-construction for graph classes of bounded clique-width.

e The graph polynomial in question is presented as a sum of auxiliary
polynomials that carry all the information needed for further graph
construction.

e A dynamic algorithm traverses the tree of construction of the input
graph bottom-up, computing at every node the set of auxiliary poly-

nomials based on those of its children nodes.

e The final result is obtained by summation of the auxiliary polynomials
at the root.
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A.2 Computing of the most distinctive matching
polynomial U,; on graph classes of bounded
tree-width

We introduce an explicit algorithm for computation of the most distinctive
matching polynomial Uy (G;x,y) on graph classes of bounded tree-width.
Although the general theorem of [19] provides an F'PT algorithm for this

4 our algorithm significantly improves

class of graphs with runtime c(k) - n
the parameter c(k) compared to the general one.

Compared to the Transfer Matrix method, introduced by D. Babic at al.
for polygraphs in [6], our method seems to be more powerful, since it works

on bigger class of graphs.

A.2.1 The algorithm

The graphs we consider in this section are simple, undirected and loop-free.
We assume in our algorithm that we are given an input graph G = (V, E)
together with a binary tree of decomposition (S,T') of width &k defining it,
where T' = (W, F') has at most |W| < 2|V| nodes.

The algorithm traverses the tree of decomposition (S,7") bottom-up,
while constructing the subgraphs G|,, defined by subtrees T'|,,, and keeping
the auxiliary polynomials corresponding to G|, denoted by R(G|,). When
the scan of (S,T) is finished, we will obtain the graph G, and the corre-
sponding set of auxiliary polynomials R(G). The final graph polynomial is
obtained from R(G).

The set of auxiliary polynomials.

Given a graph G = (V. E), ACV and B C V, such that AN B = &. Let
M C FE be a matching in G and let V(M) denote the set of vertices covered
by this matching. We say that M is a fit for A and B on G if the following
predicate is satisfied:

Yas(M)=(ACVM))AN(BNV(M)=29).

In the other words, we enforce the matchings to use vertices of A, and not
to use the vertices of B.
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Recall that we aim to compute the most distinctive matching polynomial

U (G5 x,y), which is defined as

Un(Gmy)= 3 alViveniym

M CE
M is a matching

We define the following constrained polynomials:

Umlap(Giz,y) = Z V=V M),

M CE
M is a matching
M =Yg

We observe that Uy (G; x, y) is a special case of such constrained polynomial:
UM(G;%y) = UM‘@,@(GNUJ/)

Let G|, be a subgraph defined by subtree T, = (W', F'), when w is
not the root of T'. Let f be the father of w in the tree of decomposition. We
denote by Sy, the vertices shared by Sy and S,,: Sy, = Sy N Sy
Let Ay, run over all the subsets of Sy,. We define the set of auxiliary

polynomials as follows:

R(Glw) ={Q%,, = Umla;,,s;,\Ap, (Glwi ,y) : Apw © Spo}

If w is a root, we will compute only one auxiliary polynomial:

R(Glw) ={Q5 = Unlz 2 (Glw; 2,9)},

which equals to Uy (G, y).

Note that at every node of T' we need at most 2F+1

auxiliary polynomials.
Base: auxiliary polynomials of leaves Let w be a leaf of T', and f be
its father. Let G|, be a subgraph defined by w. This graph has at most
k 4+ 1 vertices. Let M, be the set of all the matchings of this subgraph. For
every Ay € Stw,

Q%,, = Uil spap Glimg) = 30 alVel V@l

p € My,
V(p) N Spw = Afuw
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Step: auxiliary polynomials of an internal node Let w be an internal
node of T, I and r - its children, and f — its father. We need to compute
the auxiliary polynomials

R(Glw) = {Q%fw : Afw - wa}
given the auxiliary polynomials of the subgraphs defined by w’s children:
R(G)) ={QY,, - Auwi C Suwi}

R(G‘r) = {QTAMT : Awr - Swr}

Let M,, denote the set of all the matchings, including only edges added by
w, i.e. My, ={p C E, : p is a matching}.

Proposition A.2.1 Auziliary polynomials for subgraph G|, can be com-
puted as follows:

Y r)|— r Y ‘p‘
Q,, =SS 5Tl oy, (5)" (a2
(Awl 7Awr7p€Mw) ):go

Awl N Aw?’ = I
Y= V(p) € (Sw \ (Awr U Ayp))A
Afw = (Awl @] Awr U V(p)) N Sf

A.2.2 Proof of correctness

We use induction on the structure of the tree decomposition. Since the
base equations are computed by definition, we should only prove that the
proposition A.2.1 is correct.

First, we observe that the degree of x in every auxiliary polynomial Q%fw
equals to the number of vertices that are not covered by matchings. This
holds in the leaves; if we assume that it holds in the auxiliary polynomials
produced by the children nodes, QlAwl and Q' ., then the equation A.2.1
just adds an x for every new vertex, and reduces an x for every vertex that
appears in both S; and S, and therefore, added twice by Q%wl and Q7 .

Therefore, it is enough to prove that the number of matchings is reflected
correctly in the degree of y. We shall find 1 — 1 and onto mapping between
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the matchings of G|, and the summands at the right side of the equation
A.2.1, i.e. for every matching of G|,, we should find the corresponding
summand, and show that for every two different matchings there are different
summands. The second direction is the opposite: for every summand on
the right side of the equation, we should find the corresponding matching
on the left side, and show that different summands correspond to different
matchings.

Let M],, be set of all the matchings of G|, M|; be the set of all the
matchings of G|; and M|, be the set of all the matchings of G|,.

Direction 1
Let pl, be a matching of G|, which is counted by ijw. Every matching
of G|y, consists of disjoint parts: a matching of G|;, p|; € M|;, a matching
of G|, plr € M|, and a matching p,, € M, that consists only of the
edges from E,,. The matching p|; uses certain subset A,; of Sy, and it
is counted in QZAM. The matching pl|, uses certain subset A, of Sy, and
it is counted in Q7 . The matching p, uses only the vertices of S, and
adds the y!P»l. Moreover, since p|;, p|, and p,, are disjoint, and p|,, uses
exactly the subset Ay, of Sy, the components A, A, and p,, satisfy the
formula ¢. If two matchings pl|,, and p'|, of G|, are different, without loss
of generality, p|,, includes some edge p'|,, doesn’t include. Since every edge
is added only once during the graph construction, it can belong to exactly
one of the components: G|;, G|, or Ey, so the corresponding components of
the summand of the right side of equation are different too.

Direction 2
For every triple of matchings p|; € M|, p|, € M|, and p,, € M,, if they are
disjoint, and include together some subset Ay, of Sy, they can be combined
into a matching of G|,,, which would be counted by Qﬁfw. Otherwise, if they
are not disjoint, the only vertices that can be common are the vertices of
w. In that case, the formula ¢ will not be satisfied. Since E|;, E|, and E,,
are disjoint, two combinations, in which at least one component is different,
will correspond to different matchings of G|,. O

A.2.3 Complexity analysis

In our algorithm we need calculate the number of matchings of small graphs
(with up to k + 1 vertices). This procedure requires generally the time of
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O(2k2). But we can instead pre-calculate the number of matchings for every
graph with up to k+ 1 vertices, and the algorithm will only find in the table
the required number, which takes only O(k?) (scarching in the table of 2+

entries).

In the most naive way, the operation on the polynomials of degree up to
2 have the time cost O(n?).

The tree of decomposition includes up to 2n = O(n) vertices.

Each step of algorithm requires:

e Compute up to 271 = O(2F) auxiliary polynomials
e For each polynomial, run over all the partitions of S, to four parts

(Awi, Awr, V(p) and the rest of S,,). This takes up to 481 = O(22F).

e Find the number of possible matchings V' (p) provides, and check that
the combination of Ay, A, and V(p) satisfies the formula ¢. This
takes up to (O(k?)).

Total time complexity: O(n?) - O(k? - 23%)

A.3 Computing of the most distinctive matching
polynomial U,; on graph classes of bounded
clique-width

We introduce an explicit algorithm for computation of the most distinctive
matching polynomial Uy (G;z,y) on graph classes of bounded clique-width.
This result is new, since the theorems of [41, 17] do not hold for the case
of M SO Lo-definable polynomials, such as the matching polynomial. This
algorithm was developed in joint work with B.Godlin. It develops further
an idea of B.Godlin for computing the permanent of adjacency matrices of
graphs of fixed clique-width, cf. [29].

A.3.1 The algorithm

The graphs we consider in this section are simple, undirected and loop-free.
For a vertex-labeled graph H = (V, E,c) with labels {1,2,...,k} we denote
by P, the set of vertices labeled by «, when 1 < a < k.

121



We assume in our algorithm that we are given an input graph G = (V, E)
together with an irredundant k-construction ¢ defining it. We denote by
tree(t) the parse tree of t. The leaves of this tree are the vertices of G with
their initial labels, and the internal nodes correspond to the operations of ¢,
which can be either binary (corresponding to LI), or unary (corresponding
to n or p).

The algorithm traverses tree(t) from bottom to top while constructing
at each step the labeled graph H corresponding to a subtree of tree(t),
scanned so far, and keeping the set of auxiliary polynomials corresponding
to H denoted by R(H). When the scan of tree(t) is finished, we will ob-
tain a labeled copy of the graph G, and the corresponding set of auxiliary
polynomials R(G). The final graph polynomial is obtained by summation
of R(G).

The set of auxiliary polynomials Let H(V,E c) be a labeled graph
with labels 1,..., k. Let F = (f1, fo,..., fx) be a vector of k integers. Let
|F'| denote the sum of fields of F.

Let M C E be a matching in H and let V(M) denote the set of vertices
covered by this matching. We say that M is a fit for I on H if the following
predicate is satisfied:

Yr(M) =Va e [k (|Po \ V(M)| = fa) -
We observe that the set of vectors F' such that ¢ can be satisfied is
F={F=(fi,fas-- . Ji) :Va:1<a<k0< fo <n)}.

Recall that we aim to compute the most distinctive matching polynomial
Uni(G;z,y), which is defined as

Un(Hiwy)= 3 alVIVODi M

MCE
M is a matching

Every matching leaves certain number of vertices of each color unused.
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Therefore, we define the following set of auxiliary polynomials

M CE

M is a matching
M=4p

such that Upr(H;2,y) = > per Um|p(H; z,y). Note that it has total of n*
auxiliary polynomials to keep.

Additionally, we observe that

UM‘F(H7$,Z/) — x‘F|y‘V‘—|F‘ ‘{M g E . M is a matching and }‘ ) (A31)

MEYp

Base: auxiliary polynomials of leaves.

7

Every leaf of tree(t) is of type "i(v)” and corresponds to a single vertex
v colored by 4. This single vertex has only one matching (empty), leaving

exactly one vertex of color ¢ unused. So, for the leaf H = i(v) we have:

x when F' = (0,...,0,1,0,...,0) with 1 at i-th position
0 otherwise.

Umlr(H;z,y) = {

Handling of the LI operator: H = H; U Hs.

We need to compute R(H) given R(H;) and R(Hs). Since the graphs H;
and Hs are disjoint, the number of free vertices of each color in H is a sum
of those of H; and Hs:

Um|r(H;2,y) = Z Umlp (Hi;2,y) - Unm|(p—ry (H2s2,y) - (A3.2)
P <F

Handling of the p operator: H = p; j(H1),i # j.
We need to compute R(H) given R(H7). The p operator only changes the
labels of the vertices previously labeled by ¢ to j. Therefore,

0 if fi#0

A.3.
ZF’):go Unt|p(Hy;x,y)  otherwise (A-33)

Um|r(H;2,y) = {

123



where
fa g if 0=
o= |Vei<<k: fo=4 0 if £=i (A.3.4)
Il otherwise

Handling of the 7 operator: H =, j(H1),i # j.

We need to compute R(H) given R(H;). The n operator adds edges
between all the vertices labeled ¢ to all the vertices labeled j. Moreover
since t is an irredundant k-construction, all these edges are new, they did
not appear in Hi. Any matching of H consists of a matching of H; and
some new edges. If there are f/ free vertices labeled i and fj’ free vertices
labeled j, and the matching includes ¢ new edges, it chooses:

1. q of f; free vertices colored i
2. q of f; free vertices colored j

3. 1-1 mapping between two previous sets of vertices

Figure A.1: Possible matching after 7; ; operation

According to the mentioned above,

Umlpr(H;z,y) = Z <%>q'UM|F/(H1;:U,y)-< fi )( ‘};j/ )-q! (A.3.5)

.F'Ee 4
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where

fi—a if t=i
o= |Veizu<k: fe=19 fi—q if L= (A.3.6)
I otherwise

Computation of Uy/(G;z,y) out of R(val(t)):

When the scan of tree(t) is finished, we obtain the set of auxiliary poly-
nomials R(H), where H = val(t) is a colored copy of G. We need now to
derive the matching polynomial of the graph G. As we already observed,

Uni(H;w,y) = Y Unlr(H;2,y) (A.3.7)
FeF

A.3.2 Proof of correctness

We use induction on the structure of the clique-width k-construction. We
should prove that the equations A.3.2, A.3.3, A.3.5 and A.3.7 are correct.
For every equation we will show that the set of summands on both sides is
equal.

Given a matching w of size k, we will say that its weight is (%)k

Equation A.3.2 - handling of U operation Each matching w on the
left side of the equation corresponds to union of two matchings wy in Hj
and wy in Hy. The sum of the numbers of unused vertices of each color by
wy (which is Fy) and wy (which is F' — Fy) is F. Hence, w; is counted by
Un|r (Hy;z,y), and wy is counted by Uns|p—p, (Ho;2,y). The product of
their weights appears as a summand on the right side of the equation.

In the other direction, any two matchings wy (in Ups|m (Hy;x,y)) and wo
(in Upr|p—py (H2;,y)) can be combined to a matching w in Uys|p(H;z,y).

Equation A.3.3 - handling of p operation Any matching of the right
side is also the matching of the left side, with F' and F’ count the same
unused vertices under the colorings of H and H.
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Equation A.3.5 - handling of 1 operation We can rewrite the equation
A.3.5 to the following form:

Umlr(H;z,y) =
= X (32) Unle (i) ( /i ) - ( 4 ) dl
q.F' e * 4 1

= Z Z (x—%)q'UMF'(Hl;%y)

a.F'=p 1

= > > <%>|S‘ Unm|p (Hys 2, y)

¢, F'=e S C P; x Py,
S is q¢ — matching
Any matching w on the left side contains some ¢ edges between P; and P;.
The rest of the edges of w form a matching in H; when the numbers of
unused vertices of each color are F’, which satisfies A.3.6.

In the other direction, if F’ and ¢ satisfy A.3.6, any matching w; in
Uni|pr(Hy; 2, y) can be extended by any combination of g edges between the
f! free vertices labeled i and f]/ free vertices labeled j to form matching w
with unused vertices as in F'.

A.3.3 Complexity analysis

First of all, we will evaluate the complexity of every step of our algorithm.
As we have already shown in A.3.1, every auxiliary polynomial we keep is
actually monomial. Thus, we can consider every operation on those mono-
mials as cost of 1.

1. Creation of the vertex.
We should initialize up to (n*) auxiliary monomials by 0 or 1. Time
complexity is O(n*)

2. U operation.
The calculation of single monomial Ups|p(H; x,y) requires summation
over all possible Fy, which is O(n*). This calculation should be done
for all the (n*) auxiliary monomials. Total complexity is O(n?*).
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3. p operation.
Although the summation is over F}, there are only up to n vectors
which can fit the formula (. The only free value is the j’th field of the
vector. Thus, the calculation of a single monomial Uys|r(H;x,y) has
the time cost of O(n). Total complexity is O(n¥*1)

4. n operation.
The summation is over ¢, which uniquely defines F’. All the arith-

q q
time cost of 1. The calculation of a single monomial Ups|r(H;x,y)

has the time cost of O(n). Total complexity is O(n¥*1)

/ /
metical operations, such as < 5 ), < f] ) and ¢!, are considered as

5. Summation of all the auxiliary monomials. Time cost of O(n¥).

The number of times each operation can be applied depends on the term
t. But we can see, that the most expensive operation (I_I) can appear at most
n times in ¢, because every time the number of vertices in val(t) grows at
least by 1. Also, n operation cannot be applied more than n? times, because
it adds edges every time. p operation can appear at most n-k times. Finally,
the summation of all the monomials is performed once.

Total time complexity of the algorithm (for & > 1):

O(’I’L . (nk) +n- (an) + ’I’L2 . (nk—I—l) +n-k- (nk—I—l) + (nk)) — O(n2k+1)

A.4 Computing of the most distinctive edge elimi-
nation polynomial {(G;x,y, z) on graph classes
of bounded tree-width

In this section we provide an explicit algorithm which computes the edge
elimination polynomial on graphs of tree-width at most k£ in polynomial
time. The graphs we consider in this section are unlabeled and undirected.
Self-loops and multiple edges are allowed.

Constrained edge elimination polynomial
Recall that the edge elimination polynomial of the graph G = (V, E) is
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defined by

§(G, v, Z) _ Z xk(AuB)—kcov(B)y|A\+|B|—kCOU(B)zkcov(B)
AUB

)

where A and B are subsets of edges, such that V4 = {v : Ju|(u,v) € A} and
Ve = {v : Ju|(u,v) € B} are disjoint, and k., (A) denotes the number of
connected components in (Va, A).

We use variable substitution p = z/y. Additionally, we denote by I(AU
B) = V' \ (V4 U Vp) is the set of vertices that are not adjacent to any of
edges of A or B. We get after the substitution:

é(G;x’y’p) = Z xkcov(A)JFU(AUB”y‘A|+‘B‘pkcov(B)_ (A41)
AUB

Let C4 CV, Cp CV and Cy C V be disjoint subsets of vertices, and
M C (CaU C’B)2 be some subset of pairs of vertices among C4 and Cp. We
denote by ¢(A, B,Cy4,Cp,Cy, M) the following predicate:

(A, B,Cs,Cp,Co, M) = (CaCVa)A
(Cp S VB) A
(CoSI)A
(M =TCI(AUB)N (C4UCg)?)

(A.4.2)

Informally, p(A, B,Ca,Cp,Cy, M) is satisfied if all the vertices of C4 are
incident to one of the edges of A, all the vertices of C'p are incident to one of
the edges of B, all the vertices of Cy are not incident to any of the edges of
A or B, and a pair of vertices (u,v) € M if and only if u and v are connected
through the edges of A or B. Using this notation, we define the constrained
edge elimination polynomial:

£Ca,Cp,Co,M (G52, Y, p) = > heor(AHIAIB) [A[H B peon (5)

(AUB) CE,
»(A,B,C4,Cp,Co, M)

(A.4.3)
Note that the edge elimination polynomial is a special case of the constrained
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edge elimination polynomial:

€0,0,0,0(G2,y,p) = £(G; 2, Y, p) (A.4.4)

A.4.1 The algorithm

The algorithm traverses the tree of decomposition T from bottom to top,
while constructing the subgraphs G|, defined by subtrees T'|,,, and keeping
the auxiliary polynomials R(G|,).The final polynomial is derived from the
set R(G).

Let G = (V,E) be a graph with |V| = n vertices and bounded tree-
width. We suppose we are given a binary tree decomposition 7' = (W, F),
defining the graph G. We need to compute its edge elimination polynomial

g(G? x? y?p)'

The input graph can have multiple edges. Therefore, the edge set |E|
can be larger than |V|?, which makes the time complexity of counting edge
subsets unclear. To prevent this, we will use a notion of ”thickness” of an
edge, i.e. for the edge e = (u,v), te denotes the number of edges connecting
the vertices v and v. In other words, we will compute the polynomial over
a simple graph G = (V,E), where E = {(u,v) € V?: (u,v) € E}. In the
sequel of this section, G and E denote correspondingly such a simplified
graph and a simplified edge set.

Set of auxiliary polynomials to keep.

Let G|y be a subgraph defined by subtree T'|,, = (W', F’), when w is not
the root of T'. Let f be the father of w in the tree decomposition. We denote
by Sy, the vertices shared between Sy and Sy: Spy = Sy NSy
Let Ca,,, Cp,, and Cp,, run over all the tri-partitions of Sy, and My,
run over all the subsets of (Sy,,)?. We define the set of auxiliary polynomials
as follows:
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Q. Coyy CopMpu = ECa s, O,y Copy My (Glui ,95p) -
Ca, UChpy UCo,, = Stu,
My C (Sfw)?

} (A.4.5)

If w is a root, we will compute only one auxiliary polynomial:

R(G’w) = {Qg&&@ = §®,®,®,®(G§ x,y,p)},

which equals to the edge elimination polynomial. Note that there are at
most 38+1 x 2(k+1)* auxiliary polynomials. For sake of compactness, we
shall use the index Zy,, instead of {C4,,,CB;,: Co;,s Mfw}-

Base: auxiliary polynomials of leaves

Let w be a leaf of T, and f be its father. Let G|, be a subgraph defined
by w. This graph has at most k + 1 vertices. For every tripartition Cy,,, U
Cg,, U Co,,, = Sfw, and every subset My, C (wa)Q, by the definition of
constrained edge elimination polynomial:

Q%fw = ngw(G‘w;x7y7p) =

_ Z mkmm)HI(AUBn.( 11 y> . pheon(B) _

(AU B) C E|w, ecAUB
(A, B, Zfy,) F

— Z kaOU(A)+|I(AUB)| X < H ((y_|_ 1)te _ 1)) _pkcov(B)

(AUB) C El|w, e€c AUB
(A, B, Tpy) E @

Step: auxiliary polynomials of an internal node

Let w be an internal node of T, [ and r - its children nodes, and f — its

father. We need to compute the auxiliary polynomials
R(G‘w) = { Q%fw : CAfw l—chfw UCwa = wa , Mfw - (wa)2}
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given the auxiliary polynomials of the subgraphs defined by w’s children:

RGl) = { Q% ,:Ca, UCs, UCoy = Sui, My C (Sw)’}

R(G|T) = { Q;,'wr : CAwT U CBwT U COwT = Swr 5 er c (Swr)2}

Recall that F,, is a set of edges added by w, and E,, is its simplified copy.
Let A, C Ew and B, C Ew be vertex-disjoint subsets of Ew, covering cor-
respondingly vertex sets Va,, and Vp,,. We define auxiliary graphs over the
vertex set S, with edge sets defined as follows:

Hpwl = (Sw7FAwl)a where Fyu; = My N Ciwl,
H pwr = (Sw, Fawr), where Fayy = My, NC3
Hpy = (Sw, FBwl)a where Fpy = My N C%wl’
Hpyr = (Sw, Fpuwr), where Fpyy = My N C%W,
Hpy = (Sw,FAw), where Fyy = Faw U Fawr,
Hp, = (SwaFBw), where Fpy = Fwi U FBwr,
H'., = (Sw, Fly,), where Fly = Fa,y U Ay,

(Sw, F,,), whereFy, = Fpy U By,
H], = (Sw, F},), where F}, = F), UFp .

’
/
w

Finally, the contribution function of A, and B, with child indexes Z,,
and Z,,; is defined as follows:

C(AwanaIwrale) =

g (Feov(H o, )+ (H) )= (Keow (H awi )+ Cowt [+ Eeov (H Awr )+ Cowr|)

< 11 (y+1)t6—1>

e€AywUBy
(A.4.6)
,pk‘cov(H/Bw)_(kcov(HBwl)+kcov(HBwr))
Here keop(H) and I(H) denotes correspondingly the number of covered con-
nected components and the number of isolated nodes in certain auxiliary
graph.
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Proposition A.4.1 Auziliary polynomials for subgraph G|, can be com-
puted by the following formula:

Q%,, = > Q% - Q% -C(Aw, Bu,Tur, Tut),  (AAT)
(Ifw 7I’Ll)l 7I’LU7‘ 7Aw By ) ':1/1

where

(Ca,, UCa,, UVay)N(Cp,, UCR,, UVpy) =9,
CAfw = (Ca,, UCa,, UVay) NSty
WS CBfw :(CBwlUCBwTUVBw)mew
Cofw :wa\(CAwaCBfw)
My, = (Cifw ucgfw) NTCIl[ My U My, U Ay U By

A.4.2 Proof of correctness

We use induction on the structure of the tree decomposition. Since the
base equations are computed by definition, we should only prove that the
proposition A.4.1 is correct.

We shall find 1 — 1 and onto mapping between the consistent choices
of A and B in G|, and the summands at the right side of the equation
A.4.7, i.e. for every consistent choice of A and B in G/, we should find
the corresponding summand, and show that for every two different choices
there are different summands. The second direction is the opposite: for every
summand on the right side of the equation, we should find the corresponding
choice of A and B in G, on the left side, and show that different summands
correspond to different choices.

Let Chl,, be set of all the consistent choices of A and B in G|, Ch|; be
the same in G|;, and Ch|, be the same in G|,.

Direction 1
Let chl|, be a particular choice of A and B in G|, which is counted by
Q7.

Every choice of A and B in G|, consists of six disjoint parts:

Subset A consists of disjoint subset A; of G|;, subset A, of G|, and a subset
of Ew, which we call A,;

Subset B consists of disjoint subset B; of G|;, subset B, of G|, and a subset
of Ew, which we call B,;

The choices A; and By are determined by ch|;, and A, and B, are determined
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by chl;.

The choice ch|; uses some subsets C'4,, and Cp,, of Sy, and it is counted
by Qlle (induction hypothesis). Moreover, under this choice, the vertices of
Ca,, and Cp,, are connected or not connected (via chosen edges) according
to the matrix M,,;. The same holds for ch|,.

The contribution of the node w to Q‘I”fw is counted as follows:

e The degree of x is affected by the number of covered connected com-
ponents marked A, and number of unmarked vertices. The previ-
ously counted contributions of lewl and @7, , which are respectively
gheovHaw)+|Coutl and gheov(Hawr)+Courl gre subtracted from the cur-
rent contribution gFeor (Haw)HI(HL)I,

e The degree of y is affected by the number of edges added by the node
w.

e The degree of p is affected by the number of covered connected com-
ponents marked B. The previously counted contributions of Qlle
and Q7 , which are respectively gheov(Hpuwt) and gheov(HBuwr)  are sub-
tracted from the current contribution zFeer(Hpw),

Moreover, if ch|;, ch|,, Ay, and B, are consistent, and chl,, fits the index
T, the predicate 1 is satisfied.

If two choices ch|,, and ch'|,, of A and B in G|,, are different, without loss
of generality, A or B under ch|,, includes some edge ch’|,, doesn’t include.
Since every edge is added only once during the graph construction, it can
belong to exactly one of the components: chl;, ch|., A, or By, so the
corresponding components of the summand of the right side of equation are
different too.

Direction 2
For every set of choices ch|; € Ch|;, ch|, € Chl,, and Ay, By C Ey, if they
are consistent and fit together some index Zy,,, they can be combined into
a choice of A and B in G/, which would be counted by Q%fw. Otherwise, if
they are not consistent, the formula ¢ will not be satisfied. Since ch|; € Ch|;,
ch|. € Chl|,, and A, B,, C E, are disjoint, two combinations, in which at
least one component is different, will correspond to different choices of A
and B in G|,. O
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A.4.3 Complexity analysis

Each step of algorithm requires:
e Compute up to 351 x ok+1)?* — 0(2(1+0(1))k2) auxiliary polynomials

e For each polynomial, run over all the pairs of possible child indexes.
This takes up to = O(22+*).

e Check that 1 is satisfied. This takes up to (O(k?)).

Total time complexity: O(n3) - O(k? - 2(3+0(1))k‘2)

A.5 Computing of the subgraph component poly-
nomial Q(G;z,y) on graph classes of bounded
tree-width

In this section we provide an explicit algorithm which computes the subgraph
component polynomial on graphs of tree-width at most k in polynomial time.
The graphs we consider in this section are unlabeled and undirected, without
multiple edges and self-loops.

Constrained subgraph component polynomial
Recall that the subgraph component polynomial of the graph G = (V| E)

is defined by
Q(Gsz,y) = Y alVlyHEllD),
Ucv

where U runs over the subsets of vertices of G, and k(G[U]) denotes the
number of connected components in the subgraph of G induced by U.

Let A, B C V be subsets of vertices of G and let M C A? be a symmetric
binary relation on A. We denote by (U, A, B, M) the following predicate:

e(U,A,B,M) = (M= (TCI(ENU?)N A% A
(ACU)A(BNU = @) (A.5.1)

Informally, (U, A, B, M) is satisfied if all the vertices of A are in U, none of
the vertices of B are in U, and a pair {u,v} € M iff u and v are connected in
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G[U]. Using this notation, we define the constrained subgraph component
polynomial:

Qapu(Giay) = Y,  alVlyHevD, (A.5.2)

UCV,
o(U, A, B, M)

Note that the subgraph component polynomial is a special case of the con-
strained polynomial:

Qo,2,0(G;z,y) = Q(G; 2, y) (A.5.3)

A.5.1 The algorithm

The algorithm traverses the tree of decomposition T from bottom to top,
while constructing the subgraphs G|,, defined by subtrees T'|,,, and keeping
the auxiliary polynomials R(G|,).The final polynomial is derived from the
set R(G).

Let G = (V, E) be a graph with |V| = n vertices and bounded tree-width.
We suppose we are given a binary tree decomposition 7' = (W, F'), defining

the graph G. We need to compute its subgraph component polynomial
Q(Gsz,y).

Set of auxiliary polynomials to keep.

Let G|y be a subgraph defined by subtree T'|,, = (W', F’), when w is not
the root of T'. Let f be the father of w in the tree decomposition. We denote
by Sy, the vertices shared between Sy and Sy: Spy = Sy NSy
Let Ajf, run over all subsets of S, and My, run over all the subsets of
(Sfw)?. We define the set of auxiliary polynomials as follows:

R(G|w) = {Q%fvafw = QAfw7wa\Afw7Mfw(G|wvl"y) :
Afw C Spu s Mpw S (Sf0)?}

If w is a root, we will compute only one auxiliary polynomial:

R(Gly) = {Qg,g,g = Q@,@,@(G§ z,y)},

which equals to the subgraph component polynomial. Note that there are
at most 281 x 2k+D? auxiliary polynomials.
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Base: auxiliary polynomials of leaves

Let w be a leaf of T', and f be its father. Let G|, be a subgraph defined
by w. This graph has at most k + 1 vertices. For every subset Ag,, C Sy,
and every subset My, C (S fw)Q, by the definition of constrained subgraph
component polynomial:

Q%fuanw = QAfvafw(G’M%y):
= Z x\U|yk‘(G[U}).

UC V0w,
(U, Afws Sfw \ Afws Mypy) E ¢

Step: auxiliary polynomials of an internal node

Let w be an internal node of T, [ and r - its children nodes, and f — its

father. We need to compute the auxiliary polynomials
R(Glw) = { QA .y, F Afw € Spw s Mypw © (Sw)?}
given the auxiliary polynomials of the subgraphs defined by w’s children:

R(G‘l) - { Q{Awlval : Awl - Swl ) Mwl - (Swl)Q}

R(G|T) = { QlAUthwr : Awr - Swr s My, C (Swr)Q}

Recall that E,, is a set of edges added by w. Let A,, C S,, be a subset of
S We denote by E 4, the edges between vertices of Ay,: Fay = B, N A2,

We define auxiliary graphs over the vertex sets and edge sets defined as
follows:

le = (SWl7le)7 where le = Mwh
Hyr = (Swn er), where F,, = My,
Hw = (Su”Fw), where Fw = TCl(le U er U EAw)

The contribution function of A,, C S, with children indexes A,,;, M,,; and
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Ay, My, is defined as follows:

C(AwaAthwlaAmewr) — x‘Aw‘_(‘Awl|+‘AwrDyk(Hw)_(k(le)'f‘k(er))
(A.5.4)

Proposition A.5.1 Auziliary polynomials for subgraph G|, can be com-
puted as follows:

Q%fw,Mfw = Z Qi‘wlval 'ngmeT 'C(Aun Awty Myt Awr, er)a
Afus Mfy, i
( Al v S )Fw
Aw
(A.5.5)
where
Aw N Swl = Awh
w _ Aw N Swr = Awm
Afw = Ay N waa

My = A%, NTCU My, U My, U Eay)

A.5.2 Proof of correctness

We use induction on the structure of the tree decomposition. Since the
base equations are computed by definition, we should only prove that the
proposition A.5.1 is correct.

We shall find 1 — 1 and onto mapping between the consistent choices
of U in G|, and the summands at the right side of the equation A.5.5, i.e.
for every consistent choice of U in G|, we should find the corresponding
summand, and show that for every two different choices there are different
summands. The second direction is the opposite: for every summand on
the right side of the equation, we should find the corresponding choice of
U in G|, on the left side, and show that different summands correspond to
different choices.

Let Chl, be set of all the consistent choices of U in G|, Ch|; be the
same in G|, and Ch|, be the same in G|,.

Direction 1
Let U|,, be a particular choice of U in G|, which is counted by QU oMo
Every choice of U in G|, consists of three parts that coincide on the shared

vertices:

137



subset U|; of G|, subset U|, of G|, and A, that consists of vertices of S,,.
By the induction hypothesis, QZAW M, and QTAW, M, count the choices of
Ul;, and U|,. Moreover, connectedness of vertices of A,,; and A, are ac-
cording to the matrices M,,; and M,y,..

The contribution of the node w to Q%fw M is counted as follows:

e The degree of x is affected by the number of vertices added by A,,. The
previously counted contributions of Q%wh m,, and Q) -y which are
respectively |Ay;| and |A,.|, are subtracted from the current contri-
bution |A,|.

e The degree of y is affected by the number of connected components
added by A,. The previously counted contributions of QZAW My, and
Qo Ma,» Which are respectively k(Hyy) and k(H,y) are subtracted
from the current contribution k(H,,).

Moreover, if U|;, U|,, and A,, are consistent, and U|,, is a fit for the index
A, My, the predicate ¢ is satisfied.

If two choices Ul,, and U’|,, of U in G|, are different, without loss of
generality, U under Ul,, includes some vertex U’|,, doesn’t include. Since
all the components Ul;, Ul,, and A, coincide on the shared vertices, the
corresponding components of the summand of the right side of equation are
different too.

Direction 2
For every set of choices U|; € Ch|;, Ul|, € Ch|,, and A, C Sy, if they are
consistent, they can be combined into a choice of U in G|,,, which would be
counted by Q%fw Mo Otherwise, if they are not consistent, the predicate
will not be satisfied. Since U|; € Ch|;, U|, € Ch|,, and A, C S,, must coin-
cide on shared vertices, two combinations, in which at least one component
is different, will correspond to different choices of U in G/,,. O

A.5.3 Complexity analysis
Each step of algorithm requires:
e Compute up to 28+1 x 2:-+1)* — O(20+e(W)F*) guxiliary polynomials

e For each polynomial, run over all the pairs of possible child indexes.
This takes up to = O(227).
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e Check that ¢ is satisfied. This takes up to (O(k?)).

Total time complexity: O(n3) - O(k? - 2(3+0(1))k2).
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