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Abstract

Graph polynomials are powerful and well-developed tools to express graph

parameters. Usually graph polynomials are compared to each other by ad-

hoc means allowing to decide whether a newly defined graph polynomial

generalizes (or is generalized) by another one. We study their distinctive

power and introduce the notions of dp-completeness and universality of

graph polynomials in order to formalize dependencies between them.

Many known graph polynomials satisfy linear recurrence relations with

respect to some set of edge- or vertex-elimination operations. Inspired by

the work of Brylawski and Oxley on the Tutte polynomial, we define several

classes of graph polynomials according to their recurrence relations, and

prove dp-completeness and universality results for those classes. We also

extend the results above to classes of labeled graph polynomials.

We provide several observations regarding computational complexity of

the discussed dp-complete graph polynomials. Notably, we exploit defin-

ability properties of these polynomials to show that they can be computed

efficiently when input graphs are limited by certain parameter, and present

some explicit algorithms.
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Abbreviations and Notations

FOL — First Order Logic

MSOL — Monadic Second Order Logic

PNGI — Parameterized Numeric Graph Invariant

a ≺ω b — a precedes b in order ω

TCl(R) — The transitive closure of the relation R

G1 ≃ G2 — Graphs G1 and G2 are isomorphic

G1 ⊔G2 — Disjoint Union of two graphs

G(A) — Spanning subgraph of G with edge set A

G[U ] — Induced subgraph of G with vertex set U

k(G) — Number of connected components of the graph G

kcov(G) — Number of connected components of the graph G covered

by edges, i.e. not singletons

r(G) — Rank of the graph G, defined as |V | − k(G)
s(G) — Nullity of the graph G, defined as |E| − r(G)
bridge — An edge e = {u, v} that connects between two vertices such

that there is no path between them if the edge e is removed

loop — An edge that connects a vertex to itself.
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Chapter 1

Introduction

Let G be the class of all graphs. A graph invariant is a function f : G → R
which maps graphs into some range R such that for isomorphic graphs

G1 ≃ G2, f gets the same value: f(G1) = f(G2). Graph invariants vary in

their range R. For example, when R is a two-elements set {0, 1}, we speak

of graph properties, e.g. being connected, planar, Eulerian, Hamiltonian,

etc. When R is either Z or R, such graph invariant is called a graph param-

eter, or a numeric graph invariant. Examples of numeric graph invariants

are number of vertices, number of edges, number of connected components,

number of proper 3-colorings etc. When R is a ring of polynomials, Z[X̄] or

R[X̄], over some set of indeterminates X̄ , such graph invariants are called

graph polynomials. Graph polynomials encode an infinite number of graph

invariants in their evaluations, coefficients, degrees and zeros. Among other

graph invariants encoded by a graph polynomial, there are graph polyno-

mials too; they can be obtained, for example, by substitution of variables,

or by some transformation over set of coefficients. In such cases we speak

about one graph polynomial generalizing another.

Historically, graph polynomials emerged one by one, and they were com-

pared to each other by ad hoc means, mainly to make more or less precise

whether a new graph polynomial was or was not a generalization of some

graph polynomial previously defined in the literature.

To show that certain graph polynomial p does not generalize some graph

invariant q, authors usually show two graphs G1 and G2, such that p(G1) =

p(G2), but q(G1) 6= q(G2). To show that p does generalize q, a different tech-

nique is usually applied: authors show a supposedly simple transformation

3



which uniformly produces q from p. These transformations vary in differ-

ent papers, using variable substitutions only, or allowing simple algebraic

operations in the polynomial ring, or simple graph transformations.

Many graph polynomials described in the literature satisfy linear recur-

rence relations with respect to certain edge- or vertex-elimination operations.

A catalogue of graph polynomials discussed in the thesis and the survey of

the literature is given in Chapter 2.

Let S be a class of graph polynomials that satisfies certain linear re-

currence relation. Is there a graph polynomial in S that generalizes all the

others graph polynomials of S? In order to answer this, we use in this thesis

relations �dp and �subst between graph polynomials, which express respec-

tively the ability of graph polynomials to distinguish between graphs and

the power to encode other graph invariants by a variable substitution. Based

on those relations we define notions of universality and dp-completeness of

graph polynomials with respect to certain class of graph invariants. We

introduce several classes of graph invariants with respect to their satisfied

recurrence relations, and provide universality and dp-completeness results

for these classes.

The main part of this thesis (Chapters 2 - 4) is dedicated to this struc-

tural theory. We classify several known graph polynomials and state their

dp-completeness and universality features where applicable. Then, in Chap-

ter 3 we introduce new graph polynomials and show their dp-completeness

and, if possible, universality, with respect to their classes. Finally, in Chap-

ter 4 we extend our framework to labeled graphs and labeled graph in-

variants, providing results similar to those obtained in the Chapter 3 for

unlabeled graphs.

Our results in complexity theory are presented in Chapter 5. We use

definability features of the new graph polynomials we introduce, in order to

show that the general parameterized complexity results available in [19, 12,

41, 16, 45] are applicable. Then in Appendix A we show explicit efficient

algorithms for computing of new graph polynomials on graph classes of

bounded tree-width that significantly improve theoretical run time upper

bounds provided by the general theorems. Moreover, we show an explicit

algorithm for computing of bivariate matching polynomial on graph classes

of bounded clique-width. This result is completely new: it does not follow

from the general theorems above.
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The rest of this chapter is organized as follows: we first provide the

necessary definitions and define notation (Section 1.1). Then we define our

tools for comparing graph invariants and introduce the classes of graph

invariants we want to study (Section 1.2). Finally, in Section 1.3 we give an

overview of obtained results.

1.1 Preliminaries

1.1.1 Used notation of graphs and graph-like structures

Undirected graphs

A simple graph G is a pair 〈V,E〉, where V is a (final) set of vertices,

and E is a binary relation E ⊆ V × V representing the edges of graph. In

multigraph instead, multiple edges are allowed, so, for every pair in V × V ,

a multiplicity me of the edge is given. The standard presentation of a graph

is its adjacency matrix, defined as

A =




a1,1 a1,2 · · · a1,n
a2,1 a2,2 · · · a2,n
...

...
. . .

...

an,1 an,2 · · · an,n



,

where ai,j ∈ N represents the multiplicityme of the edge e = {vi, vj} between
vertices vi and vj in graph G = 〈V,E〉 with vertex set V = {v1, v2, . . . , vn}.

Trivially, both the adjacency matrix and the edge relation E of an undi-

rected graph are symmetric.

Alternatively, an undirected graph can be represented by a two-sorted

structure G = 〈V,E,R〉, where V is a vertex set, E is an edge set, and R is a

binary relation R ⊆ V × E that defines the incidence of vertices and edges.

Here, the relation R is limited such that any edge is incident to exactly

two vertices (or just one vertex in case of a loop). On the other hand, the

multiplicity of edges does not require any special representation.

The standard presentation of a graph G = 〈V,E,R〉 with vertex set is

V = {v1, v2, . . . , vn} and edge set is E = {e1, e2, . . . , em} is its incidence
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matrix, defined as

B =




b1,1 b1,2 · · · b1,n
b2,1 b2,2 · · · b2,n
...

...
. . .

...

bm,1 bm,2 · · · bm,n



,

where

bi,j =

{
1 if (vi, ej) ∈ R
0 otherwise

.

Directed graphs

A directed graph (or a digraph) is D is a pair 〈V,E〉, where V is a (final)

set of vertices, and E is a binary relation E ⊆ V × V representing the di-

rected arcs of the graph, not necessarily symmetric. The entry ai,j of the

adjacency matrix of a digraph represents the number of arcs from vi to vj.

The incidence matrix of a digraph is defined by

bi,j =





−1 if ej leaves the vertex vi
1 if ej enters the vertex vi
0 otherwise

,

A digraph D is an orientation of an undirected graph G if bGi,j = |bDi,j | for
every i, j.

An oriented incidence matrix of an undirected graph G is the incidence

matrix, in the sense of directed graphs, of any orientation of G. That is, in

the column of edge e, there is a +1 in the row corresponding to one vertex of

e and a −1 in the row corresponding to the other vertex of e, and all other

rows have 0. All oriented incidence matrices of G differ only by negating

some set of columns.

Labeled graphs

A graph can be vertex-labeled and/or edge-labeled. This means that ad-

ditionally to V and E, there are sets of labels ΛV and ΛE , and respective

vertex and edge labeling functions labV : V 7→ ΛV and labE : E 7→ ΛE . We

intentionally use the term labeling instead of coloring, to prevent possible

6



confusion with colorings in context of chromatic and generalized chromatic

polynomials.

Special graphs

We use in the text the following special graphs:

• Null graph: ∅ – a graph with no vertices and no edges;

• Empty graph: En – a graph with n vertices and no edges;

• Path: Pn – a path graph with n vertices;

• Star: Sn – a tree with one root and n leaves adjacent to the root;

• Cycle: Cn – a cycle graph with n vertices;

• Clique: Kn – a complete graph with n vertices such that every two

vertices are connected by an edge;

Definition 1 Rank and Nullity

Let G = 〈V,E〉 be an undirected graph. The rank 1 of a graph r(G) is

defined based on the number of the connected components in the graph k(G)

(including the isolated vertices):

r(G) = |V | − k(G)

and the nullity of the graph s(G) is defined by s(G) = |E| − r(G).

Definition 2 Graph Isomorphism

Graphs G1 = 〈V1, E1〉 and G2 = 〈V2, E2〉 are isomorphic (denoted as

G1 ≃ G2) if there is a bijection f : V1 ∪ E1 → V2 ∪ E2 such that

e = {u, v} ∈ E1 ←→ f(e) = {f(u), f(v)} ∈ E2

Definition 3 Subgraphs, Induced Subgraphs and Spanning Subgraphs

A graph G′ = 〈U,F 〉 is a subgraph of a graph G = 〈V,E〉 if

U ⊆ V and F ⊆ (U2 ∩ E)

1Historically, the rank of a graph denoted the rank of its oriented incidence matrix,
cf. for example [2].
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A graph G′ = 〈U,F 〉 is an induced subgraph of a graph G = 〈V,E〉 if

U ⊆ V and F = (U2 ∩ E)

A graph G′ = 〈U,F 〉 is an spanning subgraph of a graph G = 〈V,E〉 if

U = V and F ⊆ (U2 ∩ E)

Definition 4 Disjoint Union

Given two graphs G1 = 〈V1, E1〉 and G2 = 〈V2, E2〉 with disjoint vertex sets,

the disjoint union G1 ⊔G2 is defined by

G1 ⊔G2 = 〈V1 ∪ V2, E1 ∪ E2〉

Spanning trees and spanning forests

Definition 5 Let G = 〈V,E〉 be a connected graph. T = 〈V ′, E′〉 is a

spanning tree of G if

• T is a tree;

• V ′ = V and E′ ⊆ E′.

If the graph G is not connected, and consists of connected components G =

G1⊔G2 . . . Gk then a spanning forest S of G is defined as a disjoint union

of the spanning trees of its components 2:

S = T1 ⊔ T2 ⊔ . . . ⊔ Tk

A total order ≺ω over the edges of the graph uniquely defines a minimum

spanning tree Tmin = 〈V,E′〉 of a connected graph (or respectively a

minimum spanning forest Smin = 〈V,E′〉 of a graph which is not con-

nected), in the following manner: for every edge eext ∈ E \ E′, the graph

〈V,E′ ∪ {eext}〉 has a cycle (e1, e2, . . . ek, eext), such that ∀1 ≤ i ≤ k(ei ≺ω
eext).

2We shall use this definition of a spanning forest, instead of the graph-theoretical “S
is a forest and its vertex set is V ”.
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1.1.2 Vertex elimination

We define three basic vertex elimination operations on graphs 3 :

• Deletion. For a given vertex v ∈ V (G), let G−v be the graph obtained

from G by removal of v and all edges that are incident to v. We call

this operation vertex deletion:

G− v = 〈V \ {v}, E \ {(v, x) : x ∈ V }〉

• Extraction. Similarly, let G − X be the graph obtained from G by

removal of all vertices of the set X ⊆ V . LetN (v) be the set of vertices

that are adjacent to v in G (the neighborhood of v, not including v).

We denote by N [v] the closed neighborhood of a vertex v in G, i.e.

the set of all vertices adjacent to v including v itself. The operation is

denoted by G † v and called vertex extraction:

G † v = G−N [v]

• Contraction: The graph G/v obtained from G by removal of v and

insertion of edges between all pairs of non-adjacent neighbor vertices

of v. Figure 1.1 shows an example graph and the graph obtained by

vertex contraction.

G/v = 〈V \ v,E(G − v) ∪ {(x, y) : x, y ∈ N(v)}〉

1.1.3 Edge elimination

We define three basic edge elimination operations on multigraphs:

• Deletion. For a given edge e ∈ E (G), let G−e be the graph obtained

from G by removal of the edge e:

G− e = 〈V,E \ {e}〉
3The vertex elimination operations are defined on simple graphs. Extending this defi-

nition to multigraphs is straightforward; however, note that self-loops and multiple edges
do not affect graph decomposition. Note also that all the vertex elimination operations
preserve simplicity of the graph.

9



Figure 1.1: Vertex elimination operations

• Extraction. For a given edge e ∈ E (G), let G†e be the subgraph of

G induced by V \ {u, v} provided e = (u, v). Note that this operation

removes also all the edges adjacent to e.

G † e = G− {u, v}

• Contraction. For a given edge e = (u, v) ∈ E (G), let G/e be the graph

obtained from G by unifying the endpoints u and v of e into a new

vertex w; the edge set of G is preserved, except for the edge e itself.

Note that this operation can produce multiple edges (if u and v have

common neighbors), and self loops (when the edge e has some parallel

edges).

V (G/e) = V \ {u, v} ∪ {w},

E(G/e) = (E \ {e})[u 7→ w, v 7→ w].

Figure 1.2: Edge elimination operations
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1.1.4 k-sum, join and complement of a graph

Let Λ = [k] be k distinct labels. Let U1 ⊆ V1 and U2 ⊆ V2 be subsets of size

k, respectively, of V1 and V2, and let the vertices of U1 and vertices of U2 be

labeled by 1 . . . k.

Then k-sum of two graphs G1⊔kG2 is obtained from G1⊔G2 by unifying

vertices from U1 and U2 having the same label. The edge sets are preserved

(may produce multiple edges).

The join of two graphs denoted G = G1 ⊲⊳ G2 is defined as a union of

two graphs with disjoint vertex sets, and connecting every vertex of G1 to

every vertex of G2 (the original edge sets are preserved):

G = 〈V1 ⊔ V2, E1 ⊔ E2 ⊔ (V1 × V2)〉

Given a simple loop-free graph G = 〈V,E〉, its complement denoted by

G is defined as

G = 〈V, (V × V ) \ E \ {(v, v) : v ∈ V }〉

Note that if G1 and G2 are two simple loop-free graphs, their join can be

obtained by complementing of the disjoint union of their complements:

G1 ⊲⊳ G2 = G1 ⊔G2

Graph invariants and graph polynomials

Definition 6 A graph invariant is a function from the class of (finite)

graphs G into some range D such that isomorphic graphs have the same

picture:

f : G 7→ D

such that

G1 ≃ G2 → f(G1) = f(G2)

Definition 7 A graph polynomial is a graph invariant, which has a poly-

nomial ring Z, or, more generally, any commutative ring R, over some (not

necessarily finite) set of indeterminates X, as its range:

p : G 7→ R[X ]

11



While graph polynomials can in principle be defined over any polynomial

ring, many of the definitions and proofs in the sequel assume the underlying

ring to be a field such as R. We henceforth use this assumption unapologet-

ically.

Additive and multiplicative graph invariants

Definition 8 Let G = G1 ⊔G2 denote the disjoint union of two graphs. A

graph invariant p is additive if

p(G) = p(G1) + p(G2)

Observation: for every additive graph invariant p,

p(∅) = 0.

Definition 9 A graph invariant q is multiplicative if

q(G) = q(G1) · q(G2)

Observation: for every multiplicative graph invariant q,

q(∅) = 1.

1.1.5 Line graph and source graph of a line graph

Given a graph G = 〈V,E〉, the line graph of G denoted as L(G) is L(G) =

〈E,F 〉, where

• The vertex set of L(G) is the edge set of G;

• Two vertices of L(G) are connected by an edge if the corresponding

edges of G share a vertex.

The graph G is called the source graph of L(G). For every graph one can

build its line graph, but not for any graph there is a source graph 4.

4Usually in the literature only simple source graphs are considered. However, a line
graph can be built for a multigraph too, using the same rules.
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Any two non-isomorphic connected simple loop-free graphs G1 and G2

have non-isomorphic line graphs, with exception of the pair S3 and C3 (a

star and a cycle with 3 edges each), which share the same line graph C3.

There are efficient algorithms, for example, [38], that can output the

simple source graph of an input graph if it is a line graph, or conclude that

the input graph is not a line graph of any simple source graph.

1.2 Background

1.2.1 Comparing graph invariants

We shall use the following notions for comparing graph invariants:

Definition 10 Distinctive power of graph invariants:

Let p : G → R1 and q : G → R2 be two graph invariants. We say that the

distinctive power of p does not exceed that of q, and write p �dp q iff for

every pair of graphs G1 and G2

q(G1) = q(G2) → p(G1) = p(G2)

If p �dp q and q �dp p we say that the graph invariants p and q have the

same distinctive power and write p ≃dp q. If neither p �dp q nor q �dp p, we
say that the graph invariants p and q have incomparable distinctive power.

Definition 11 Substitution instance:

Let p : G → R[X̄] and q : G → R[Ȳ ] be two graph polynomials with sets

of indeterminates respectively X̄ and Ȳ . We say that p is a substitution

instance of q and write p �subst q iff there is a variable substitution σ : Ȳ →
R[X̄ ] such that for all graphs G, q(G, Ȳ ) under σ evaluates to p(G; X̄):

p(G; X̄) = σ(q(G; Ȳ ))

1.2.2 DP -completeness and universality

Using the notions above, we can now define the “strongest” graph invariants

in the following manner:

Definition 12 Let S be a class of graph invariants.

We say that q is dp-complete for S iff q ∈ S and for every p ∈ S, p �dp q.

13



Definition 13 Let S be a class of graph invariants.

We say that q is universal for S iff q ∈ S and for every p ∈ S, p �subst q.

As follows from the definitions of �dp and �subst, a universal invari-

ant is also dp-complete. However, a dp-complete invariant is not necessary

universal.

1.2.3 Edge elimination and vertex elimination

In this thesis we are interested in graph invariants which are multiplicative

with respect to disjoint unions, and which satisfy certain linear recurrence

relation with respect to some set of edge elimination or vertex elimination

operations, defined respectively in Subsections 1.1.2 and 1.1.3.

Definition 14 Classes of multiplicative graph invariants with respect to

their recurrence relations:

Let p : G → R, where R is either a field or a polynomial ring F [X̄ ]

with an underlying field F , be a multiplicative graph invariant. Recall that

for any multiplicative graph invariant the following boundary conditions are

satisfied:

p(∅) = 1 and p(E1) = ν for some ν ∈ R (1.2.1)

We say that the graph invariant p is a

• C-invariant (chromatic invariant) and write p ∈ C iff

1. There are elements α, β ∈ R such that for every graph G ∈ G and

every edge e ∈ E(G),

p(G) = αp(G − e) + βp(G/e)

2. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (1.2.1).

If α = 1 we call p a special chromatic invariant and write p ∈ sC.

• TG-invariant (Tutte-Grothendieck invariant) and write p ∈ TG iff

14



1. There are elements x, y, σ, τ ∈ R such that for every graph G ∈ G
and every edge e ∈ E(G),

p(G) =





xp(G/e) if e is a bridge,

yp(G− e) if e is a loop,

σp(G− e) + τp(G/e) otherwise.

2. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (1.2.1).

• M-invariant (Matching invariant) and write p ∈M iff

1. There are elements α, β ∈ R such that for every graph G ∈ G and

for every edge e ∈ E(G),

p(G) = αp(G− e) + βp(G † e);

2. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (1.2.1).

If α = 1 we call p a special matching invariant and write p ∈ sM .

• EE-invariant (Edge Elimination invariant) and write p ∈ EE iff

1. There are elements α, β, γ ∈ R such that for every graph G ∈ G
and for every edge e ∈ E(G),

p(G) = αp(G− e) + βp(G/e) + γp(G † e);

2. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (1.2.1).

If α = 1 we call p a special EE invariant and write p ∈ sEE.

• VE-invariant (Vertex Elimination invariant) and write p ∈ V E iff

1. There are elements α, β, γ ∈ R such that for every graph G ∈ G
and for every vertex v ∈ V (G),

p(G) = αp(G− v) + βp(G/v) + γp(G † v);
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2. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (1.2.1).

Note that the set of EE-invariants trivially includes the entire sets of C-

invariants and M-invariants. Additionally, we will show that the set of TG-

invariants includes the entire set of C-invariants 5.

The main questions we study in this thesis:

Let X be the set of X-invariants (X ∈ {C, TG,M,EE, V E}).

1. Does X have some dp-complete element UX?

2. Does X have some universal element?

If not, for what largest subclass S of X can we define such a universal

element? Can we characterize X \ S?

3. In general, what is the relationship between �dp and �subst on X?

4. If UX is dp-complete, how hard is it to describe? Can we obtain the

coefficients of UX without resorting to the recurrence relation 6?

5. What can we say about the complexity of the polynomials in X?

In all the recurrence relations above, the coefficients are fixed for all

graphs. However, if labeled graphs are considered, the coefficients may de-

pend on the label of the edge or the vertex which is being eliminated. Such

cases have been studied in the literature: for labeled TG invariants see

[14, 49], for labeled M invariants see [34]. In chapter 4 we address similar

questions with respect to the labeled graph invariants 7 .

1.3 Results

The presented research was partially supported by the Graph Polynomials

Project led by Prof. J.A. Makowsky. The project aims to conduct a wide

5C-invariants are special cases of TG-invariants. In the book [1] by M.Aigner for both
the term C-invariant is used. However, in most of the literature about Tutte polynomials
the notion “Tutte-Grothendieck invariant“ is is used.

6In the case of TG-invariants, UTG has been determined and to be shown universal,
and it has various explicit definitions.

7The authors of [14] use a term edge-colorings rather than edge-labelings. As we also
discuss chromatic polynomials we prefer our terminology as it avoids confusions.
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fundamental comparative study of graph polynomials. This thesis presents

a part of results obtained in the framework of the project 8.

• We propose a general scheme that allows to compare graph invariants

and in particular graph polynomials.

• We define notions of “dp-completeness” and “universality” of graph

invariants within certain class.

• We use as a paradigm the universal Tutte polynomial and the class

of Tutte-Grothendieck invariants. We introduce three more classes of

graph invariants that include various existing graph polynomials. For

every such class we introduce a new graph polynomial that appears to

be dp-complete in this class. We also prove universality property of

the new polynomials if it is possible. Otherwise we define the subclass,

for which the new graph polynomial is universal, and describe the

(relatively small) exception set.

DP-completeness and universality theorems:

Theorem 1.3.1 The most distinctive matching polynomial

There is a graph polynomial UM (G;x, y) which is dp-complete in the class

of M -invariants. It has subset expansion as follows:

UM (G;x, y) =
∑

M ⊆ E,

M is a matching

y|M |x|V |−2|M | (1.3.1)

Theorem 1.3.2 UM (G;x, y) is universal in the class of sM -invariants The

exception subset of invariants M \ sM consists of invariants of the kind

p(G) = x|V (G)|y|E(G)|.

Theorem 1.3.3 The most distinctive edge elimination polynomial

There is a graph polynomial ξ(G;x, y, z) which is dp-complete in the class

of EE-invariants. It has subset expansion as follows:

ξ(G;x, y, z) =
∑

(A⊔B)⊆E

xk(A⊔B)−kcov(B) · y|A|+|B|−kcov(B) · zkcov(B). (1.3.2)

8Only structural theorems are stated here. Our results in the complexity theory are
presented in Chapter 5.
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where k and kcov denote respectively the number of spanning and covered

connected components with certain edge set. For a more precise notation

please refer to Subsection 3.3.3.

Theorem 1.3.4 ξ(G;x, y, z) is universal in the class of sEE-invariants.

The exception subset EE \sEE consists of the chromatic invariants which

are not special.

Theorem 1.3.5 The most distinctive vertex elimination polynomial

There is a graph polynomial Q0(G;x, y) which is dp-complete in the class of

V E-invariants. It has subset expansion as follows:

UV E(G;x, y) =
∑

U⊆V

x|U |−k(G[U ])(x+ y)k(G[U ]), (1.3.3)

where G[U ] denotes the induced subgraph of G with vertex set U , and k(G[U ])

denotes number of spanning connected components in G[U ].

Theorem 1.3.6 UV E(G;x, y) is universal in the class of V E-invariants.
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Chapter 2

A catalogue of graph

polynomials and a survey of

the literature

There is a variety of graph polynomials discussed in the literature. A very

comprehensive (though, not exhaustive) survey of known graph polynomial

by J. Ellis-Monaghan and C. Merino can be found at [23, 24]. We present

here several graph polynomials and state to which class of graph invariants

(from {C, TG,M,EE, V E} defined in the Subsection 1.2.3) they belong.

2.1 Chromatic Invariants

2.1.1 Chromatic polynomial χ(G; x)

Definition: Given a simple loop-free graph G = 〈V,E〉 and a natural

k, the graph parameter χ(G; k) is defined as the number of proper vertex

colorings of G by k colors. G. Birkhoff, who introduced it in [9], proved that

χ(G, k) is a polynomial in k. A survey monograph is [22].

Subset expansion formula: Birkhoff proved that if G = 〈V,E〉 has mij

spanning subgraphs of rank i and nullity j then

χ(G;x) =
∑

i,j

(−1)i+jmijx
|V |−i,
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This definition can be rewritten in terms of edge subset expansion, using

r(G) = |V | − k(G), and s(G) = |E| − |V | + k(G), where k(G) is a number

of spanning connected components:

χ(G;x) =
∑

A⊆E

(−1)r(A)+s(A)x|V |−r(A) =
∑

A⊆E

(−1)|A|xk(A),

where by slight abuse of notation k(A) denotes the number of connected

components of the spanning subgraph of G with edge set A.

Recurrence relations. The chromatic polynomial is multiplicative with

respect to disjoint union of graphs:

χ(G1 ⊔G2;x) = χ(G1;x) · χ(G2;x)

It satisfies a linear recurrence relation with respect to edge deletion and edge

contraction operations:

χ(G;x) = χ(G− e;x) − χ(G/e;x),

with initial conditions χ(∅) = 1 and χ(E1) = x.

Based on this recurrence relation, we can conclude:

Proposition 2.1.1 The chromatic polynomial is a special C-invariant.

Additional combinatorial interpretations.

(−1)|V |χ(G;−1) counts the number of acyclic orientations, [50].

Corollary 2.1.2 The graph parameter “number of acyclic orientations” is

a special C-invariant.

Proof. Let a(G) denote the number of acyclic orientations of G. By the

results of [50], a(G) = (−1)|V |χ(G;−1). Applying the recurrence relation of

χ(G;x), we have

a(G) = (−1)|V |(χ(G− e;−1) − χ(G/e;−1)) = a(G− e) + a(G/e).

�
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2.1.2 Dichromatic polynomial Z(G; q, v)

Definition: Given a multigraph G = 〈V,E〉, Z(G; q, v) is the unique poly-
nomial in Z[q, v] defined recursively as follows 1 :

Z(∅; q, v) = 1

Z(En; q, v) = qn for every n ≥ 1

Z(G1 ⊔G2; q, v) = Z(G1; q, v) · Z(G2; q, v)

Z(G; q, v) = Z(G− e; q, v) + v · Z(G/e; q, v) for any edge e ∈ E

By definition, it is a multiplicative graph invariant satisfying a recurrence

relation with respect to edge deletion and edge contraction. We can con-

clude:

Proposition 2.1.3 The dichromatic polynomial Z(G; q, v) is a special C-

invariant.

Subset expansion formula: The dichromatic polynomial has edge sub-

set expansion:

Z(G; q, v) =
∑

A⊆E

qk(A)v|A|, (2.1.1)

where k(A) denotes the number of spanning connected components of 〈V,A〉.

Now we provide two models from Statistical Mechanics that are strongly

related to the dichromatic polynomial [13]:

The partition function of the Potts ferromagnetic model with q

states and inverse temperature β relates to the dichromatic polynomial as

follows:

P (G; q, β) = e−β|E|Z(G; q, eβ − 1)

Proposition 2.1.4 P (G; q, β) satisfies a linear recurrence relation as fol-

lows:

P (G; q, β) = e−βP (G− e; q, β) + (1− e−β)P (G/e; q, β)
1The proof is available for example in [13].
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Proof. We observe that both G − e and G/e have exactly 1 edge less

than G. Therefore, in order to obtain factor of e−β|E|, we need to multiply

every summand in the recurrence relation of Z(G; q, eβ − 1) by e−β. �

Corollary 2.1.5 The partition function of the Potts model P (G; q, β) is a

C-invariant (though, it is not special).

Note that P (G; q, β) is not a polynomial in β.

The partition function of the random cluster model with parame-

ters p and q relates to the dichromatic polynomial as follows:

P (G; q, p) = (1− p)|E|Z(G; q,
p

1− p)

Proposition 2.1.6 P (G; q, p) satisfies a linear recurrence relation as fol-

lows:

P (G; q, p) = (1− p)P (G− e; q, p) + pP (G/e; q, p)

Corollary 2.1.7 The partition function of the random cluster model P (G; q, p)

is a C-invariant (though, it is not special).

2.1.3 Bad Coloring Polynomial B(G; x, y)

The Bad Coloring Polynomial B(G;x, y) [23] is the generating function

B(G;λ, t) =
∑

j≥0

bj(G;λ)t
j ,

where bj(G;λ) is the number of λ-colorings of G with exactly j “bad” edges

(i.e. the edges that connect vertices colored by the same color). It can be

also written as

B(G;λ, t) =
∑

f :V→[λ]

t|b(f)|,

where b(f) denotes the set of “bad” edges in the coloring f .

Proposition 2.1.8 S. D. Noble (published in [23])

B(G;λ, t) =
∑

A⊆E

λk(A)(t− 1)|A|
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Proof.

B(G;λ, t) =
∑

f :V→[λ]

t|b(f)| =

=
∑

f :V→[λ]

∑

A⊆b(f)

(t− 1)|A| =

=
∑

A⊆E

∑

f : V → [λ]

A ⊆ b(f)

(t− 1)|A| =

=
∑

A⊆E

λk(A)(t− 1)|A| =

= Z(G;λ, t − 1).

�

Corollary 2.1.9 B(G;λ, t) is a substitution instance of Z(G; q, v) and it is

a special C-invariant.

2.1.4 Universality and dp-completeness for C

Proposition 2.1.10 The following graph invariant is C-universal graph

polynomial:

UC(G;w, q, v) = w|E|Z(G; q,
v

w
),

Proof.

• UC(G;w, q, v) is a C-polynomial:

It is multiplicative since both w|E| and Z(G; q, v) are multiplicative.

Moreover, it satisfies a linear recurrence relation

UC(G;w, q, v) = wUC(G− e;w, q, v) + vUC(G/e;w, q, v)

by a similar argument as for Potts model partition function. Therefore

it is a C-invariant, and it is a graph polynomial.

• For every C-invariant p : G → R, p(G) �subst UC(G;w, q, v)
Since p is multiplicative, there is some ν ∈ R such that p(En) = νn.

Moreover, since p is a C-invariant, there are some α, β ∈ R such that

p(G) = αp(G− e) + βp(G/e)
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Therefore, under the substitution σ = {q 7→ ν,w 7→ α, v 7→ β}
UC(G;w, q, v) evaluates to p.

�

Corollary 2.1.11 UC(G;w, q, v) is dp-complete in the class of C-invariants.

Proposition 2.1.12 The dichromatic polynomial Z(G; q, v) is dp-complete

in the class of C-invariants.

Proof. We use the fact that w|E| is an evaluation of Z(G; q, v)

at q = 1; v = (w − 1). Indeed,

Z(G; 1, w − 1) =
∑

A⊆E

(w − 1)|A| = w|E|

Hence, UC(G;w, q, v) = Z(G; 1, w − 1) · Z(G; q, v
w
), therefore

Z(G1) = Z(G2)→ UC(G1) = UC(G2). �

2.2 Tutte-Grothendieck invariants

2.2.1 Tutte polynomial

The dichromate, named later the Tutte polynomial, has been introduced by

W.T. Tutte [55] in 1954 ,building on H. Whitney’s work on coefficients of the

chromatic polynomial [56]. Monographs dealing with the Tutte polynomial

are [13, 30].

Definition. The original definition of the Tutte polynomial uses spanning

tree expansion. Let G = (V,E) be a connected graph, and let T = (V, F ) ,

F ⊆ E be a spanning tree of G. For every edge e ∈ E \ F , let cyc(T ∪ e)
denote the edges of the unique cycle in T ∪ e.For each edge f ∈ F , let

cut(T − f) denote the the set of edges of G that connect components of

T − f . Finally, let φ : E → 1, 2, 3 . . . |E| be an auxiliary total order over E.

An edge e ∈ E \ F is called externally active with respect to T under order

φ if it is the smallest edge (under φ) in the cyc(T − e). Otherwise, this edge

is called externally inactive.

24



An edge f ∈ F is called internally active with respect to T under order

φ if it is the smallest edge (under φ) in the cut(T − f). Otherwise, this edge

is called internally inactive.

The Tutte polynomial is defined by

T (G;x, y) =
∑

i,j

ti,jx
iyj, (2.2.1)

where ti,j denotes the number of spanning trees with exactly i internally

active and j externally active edges. Tutte proved that T (G;x, y) does not

depend on the used auxiliary order φ.

This definition given for connected graphs, but it is naturally extended to

all graphs by a multiplication rule:

T (G;x, y) =

k∏

i=1

(Gi;x, y),

where G1 . . . Gk are the connected components of G.

Subset expansion formula. The Tutte polynomial can be represented

by an edge subset expansion using notations of rank and nullity:

T (G;x, y) =
∑

A⊆E

(x− 1)r(G)−r(A)(y − 1)s(A), (2.2.2)

which can be simply rewritten in terms of spanning connected components:

T (G;x, y) =
∑

A⊆E

(x− 1)k(A)−k(E)(y − 1)|A|+k(A)−|V | (2.2.3)

Recurrence relations. The Tutte polynomial is multiplicative with re-

spect to the disjoint union of two graphs and with respect to one-connection

of two graphs (in the latter case, G1 and G2 share exactly one vertex).

T (G1 ⊔G2;x, y) = T (G1 ⊔1 G2;x, y) = T (G1;x, y) · T (G2;x, y)
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Additionally, it satisfies a linear recurrence relation with respect to edge

deletion and edge contraction operations, with distinction between three

kinds of edges: a bridge, a loop and neither bridge or loop.

T (G;x, y) =





xT (G/e;x, y) if e is a bridge,

yT (G− e;x, y) if e is a loop,

T (G/e;x, y) + T (G− e;x, y) otherwise

, (2.2.4)

with initial conditions T (∅) = T (E1) = 1.

Based on this recurrence relation, we can conclude:

Proposition 2.2.1 The Tutte polynomial is a TG-invariant.

2.2.2 Whitney’s rank generating polynomial, Whitney-Tutte

dichromatic polynomial and the flow polynomial

In the next few paragraphs we provide several graph polynomials which are

strongly related to the Tutte polynomial:

Whitney’s Rank Generating Polynomial R(G;x, y) [56] is defined

as follows:

R(G;x, y) =
∑

A⊆E

xr(G)−r(A)ys(A),

and it relates to the Tutte polynomial via T (G;x, y) = R(G;x − 1, y − 1),

and therefore it is a TG-invariant.

Whitney-Tutte Dichromatic Polynomial Q(G; t, z) is defined by

Q(G; t, z) =
∑

A⊆E

tk(A)zs(A), (2.2.5)

and it relates to the Tutte polynomial as

T (G;x, y) = (x− 1)−k(G)Q(G; (x − 1), (y − 1))

. Q(G; t, z) satisfies the following recurrence relation (cf. [14]):

Q(G; t, z) =

{
(z + 1)Q(G − e; t, z) if e is a loop,

Q(G− e; t, z) +Q(G/e; t, z) otherwise.
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One can rewrite this recurrence relation as

Q(G; t, z) =





(t+ 1)Q(G/e; t, z) if e is a bridge,

(z + 1)Q(G − e; t, z) if e is a loop,

Q(G− e; t, z) +Q(G/e; t, z) otherwise.

Indeed, if e is a bridge, according to the explicit definition 2.2.5,

Q(G−e; t, z) = tQ(G/e; t, z), as for any A ⊆ (E\{e}), the rank r(A) and the

nullity s(A) are preserved, whereas the number of connected components

k(A) is increased by 1. Therefore, we can state that Q(G; t, z) is a TG-

invariant.

Flow Polynomial C∗(G;u) (cf. [36] for survey) can be obtained from the

Tutte polynomial by

C∗(G;u) = (−1)|E|−r(G)T (G; 0, 1 − u)

Using the subset expansion (2.2.4) of T (G;x, y) we have:

C∗(G;u) =





0 if e is a bridge,

(u− 1)C∗(G− e;u) if e is a loop,

C∗(G/e;u) − C∗(G− e;u) otherwise.

We can conclude that C∗(G;u) is a TG-invariant.

2.2.3 Connection to C-invariants

The universal chromatic invariant UC(G;w, q, v) discussed in Section

2.1, is defined as

UC(G;w, q, v) = w|E|Z(G; q,
v

w
),

where

Z(G; q, v) =
∑

A⊆E

qk(A)v|A|
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is a dichromatic polynomial. Recall that UC(G;w, q, v) is uniquely defined

by its recurrence relation and initial conditions:

UC(En;w, q, v) = qn; (2.2.6)

UC(G;w, q, v) = wUC(G− e;w, q, v) + vUC(G/e;w, q, v) (2.2.7)

One can rewrite this recurrence relation to the form of TG-invariants, using

two facts:

1. If e is a loop, then UC(G/e;w, q, v) = UC(G − e;w, q, v);

2. If e is a bridge, then UC(G− e;w, q, v) = q · UC(G/e;w, q, v).

These facts can be checked using the subset expansion of Z(G; q, v) (2.1.1).

Hence, we can rewrite the recurrence relation (2.2.7) as follows:

UC(En) = qn;

UC(G) =





(wq + v)UC(G/e) if e is a bridge,

(w + v)UC(G− e) if e is a loop,

wUC(G− e) + vUC(G/e) otherwise.

This allows us to state:

Proposition 2.2.2 The universal chromatic invariant is also a TG-invariant.

Corollary 2.2.3 The entire class of C-invariants is included in the class of

TG-invariants.

2.2.4 Universality and dp-completeness for TG

The universal TG-invariant UTG(G;x, y, α, σ, τ)

Theorem 2.2.4 Brylawski [15]

The universal TG-invariant is uniquely defined by

UTG(En) = αn

UTG(G) =





xUTG(G/e) if e is a bridge,

yUTG(G− e) if e is a loop,

σUTG(G− e) + τUTG(G/e) otherwise.

(2.2.8)

28



Furthermore, Oxley and Welsh showed in [47] that

UTG(G) = αk(G)σs(G)τ r(G)T (G;
x

τ
,
y

τ
),

where k(G), r(G) and s(G) are respectively the number of connected compo-

nents, rank and nullity of G.

Corollary 2.2.5 UTG(G;x, y, α, σ, τ) is a dp-complete TG-invariant.

Note that the Tutte polynomial T (G;x, y) is not a dp-complete TG-invariant:

T (En;x, y) = 1 whereas UTG(En;x, y, α, σ, τ) = αn

However, the following can be shown:

Proposition 2.2.6 The dichromatic polynomial Z(G; q, v) is dp-complete

in the class of TG-invariants.

Proof. We use the known connections: the first is due to the results of

[47], the others follow directly from the subset expansion of Z(G; q, v):

• Between T (G;x, y) and UTG(G;x, y)

UTG(G) = αk(G)σs(G)τ r(G)T (G;
x

τ
,
y

τ
),

• Between Z(G; q, v) and T (G;x, y):

T (G,x, y) = (x− 1)−k(E)(y − 1)−|V |Z(G, (x− 1)(y − 1), y − 1)

• Between Z(G; q, v) and the number of vertices:

x|V | = Z(G;x, 0)

• Between Z(G; q, v) and the number of edges:

y|E| = Z(G; 1, y − 1)

• Between Z(G; q; v) and the number of connected components:

qk(G) = lim
v→∞

Z(G; q, v)

Z(G; 1, v − 1)
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For the last connection, qk(G) is the coefficient of the highest degree of v

in Z(G; q, v). The denominator equals v|E|, the numerator has only one

summand of the same degree of v. The equality follows by limx→∞
1
x
= 0.

Using the connections above, we get:

Z(G1; q, v) = Z(G2; q, v) −→ UTG(G1;x, y) = UTG(G2;x, y)

�

2.3 Matching invariants

2.3.1 Matching polynomial

The matching polynomial was introduced by C.J. Heilmann and E.H. Lieb

in 1972 [34] motivated by a monomer-dimer problem in statistical physics.

In combinatorics it was introduced by I. Gutman [32] and E.J.Farrell [25].

It is discussed in the monographs [40, 31]. It has appeared also in chemical

literature (so-called topological resonance energy [53, 7, 8]).

Definition. Let G(V,E) be a simple undirected loop-free graph with |V | =
n vertices. A k-matching in a graph G is a subset M ⊆ E of k edges, no

two of which have a vertex in common.

We denote by mk(G) the number of k-matchings of a graph G, when

we define m0(G) = 1 by convention. Of course, for k > n
2 always mk(G) =

0. We denote by V (M) the set of the vertices, which participate in the

matching.

The most common form of matching polynomial (known in literature as

acyclic or matching defect polynomial) was defined as:

µ(G;x) =

n
2∑

k=0

(−1)kmk(G)x
n−2k

Another, may be a bit more natural form is called in the literature the

matching generating polynomial. It is defined by a simple generating func-

tion:

g(G;x) =

n
2∑

k=0

mk(G)x
k
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The two forms above are related:

µ(G,x) = xng(G, (−x−2))

The matching polynomials are definable via subset expansion:

µ(G;x) =
∑

M ⊆ E,

M is a matching

∏

e∈M

(−1)
∏

v 6∈V (M)

x

g(G;x) =
∑

M ⊆ E,

M is a matching

∏

e∈M

x

Recurrence relations: Both µ(G;x) and g(G;x) are multiplicative under

disjoint union and satisfy recurrence relations with respect to edge deletion

and edge extraction:

The matching defect polynomial:

µ(G;x) = µ(G− e;x)− µ(G † e;x)

The matching generating polynomial:

g(G;x) = g(G−e;x) + x · g(G † e;x)

Hence, we can conclude:

Proposition 2.3.1 Both the matching defect polynomial µ(G;x) and the

matching generating polynomial g(G;x) are M -invariants.

2.3.2 The Rook polynomial

The rook polynomial was introduced by J. Riordan in [48] as a generalization

of the Rook problem.

Definition:

A generalized chessboard is a square matrix of n×n cells, where part of the

cells are marked as “prohibited”, i.e. no figure can be placed there. Given

a generalized chessboard B, the rook polynomial is defined as a generating
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function:

R(B,x) =

|B|∑

k=0

rk(G)x
k,

where rk denotes the number of possibilities to place k non-attacking rooks

on the chessboard B.

Recurrence relations:

First, the rook polynomial is multiplicative with respect to disjoint union:

let B1 and B2 be two disjunct chessboards, then

R(B1 ⊔B2;x) = R(B1;x) · R(B2;x).

Let a denote some cell of the chessboard B, and let ra and ca denote respec-

tively the row and the column of a. Then the rook polynomial is determined

by the following recurrence relation with initial conditions:

R(B;x) = R(B − a;x) + xR(B − ca − ra;x);
R(∅;x) = 1;

where B− a denotes the chessboard B with removed cell a, and B− ca− ra
denotes the chessboard B with removed both column and row of a (cf. [44]).

Connection to the matching polynomial:

Let GB = 〈Vr ⊔ Vc, E〉 be a bipartite graph constructed from the chess-

board B by the following way:

• Each vertex of Vr corresponds to a row and each vertex of Vc corre-

sponds to a column;

• Two vertices u ∈ Vr and v ∈ Vc are connected by an edge iff there is a

cell in B at the intersection of the corresponding row and column.

Proposition 2.3.2 (Farrell, [26]) The rook polynomial R(B;x) relates to

the matching generating polynomial as follows:

R(B;x) = g(GB ;x) =
∑

k

mk(GB)x
k,

where mk denotes the number of k-matchings in graph GB.
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The proof is based on an observation that every k-matching in GB corre-

sponds to a placement of k non-attacking rooks on the chessboard B.

The associated rook polynomial and the rook polynomial of a

graph:

Let rk(B) denote the number of possibilities to place k non-attacking

rooks on a chessboard B with n rows and n columns. Then the associated

rook polynomial is defined by

r(B;x) =
n∑

k=0

rk(B)(−1)kxn−k = xnR(B;−1

x
)

In the book by L. Lovasz and M. D. Plummer [40] the authors use this version

of the rook polynomial. Furthermore, they define the rook polynomial on

graphs rather than on chessboards:

Definition 15 The rook polynomial of a graph from [40]

Let G = 〈V1 ⊔ V2, E〉 be a bipartite graph with |V1| = |V2| = n. Then the

rook polynomial is defined by

ρ(G;x) =

n∑

k=0

mk(G)(−1)kxn−k,

where mk is a number of k-matchings in G.

Proposition 2.3.3 The rook polynomial of [40] is multiplicative under dis-

joint union and satisfies a linear recurrence relation as follows:

ρ(G;x) = ρ(G− e;x)− ρ(G † e;x)

Moreover, it is determined by this recurrence relation with initial conditions

ρ(∅;x) = 1 and ρ(E1;x) =
√
x.

For the proof one can analyze the matchings that do not include the edge e

and therefore counted by ρ(G−e;x), and those that include it and therefore

counted by ρ(G†e;x). Note that ρ(G;x) is a graph invariant for every graph,

though, it is a graph polynomial iff the number of vertices is even.
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Corollary 2.3.4 Both the original rook polynomial of [48] (via its connec-

tion to g(G;x)) and the rook polynomial of a graph ρ(G;x) of [40] are M-

invariants.

2.3.3 Universality and dp-completeness for M

Themost distinctive matching polynomial UM (G;x, y) subsumes both match-

ing generating polynomial and matching defect polynomial as its substitu-

tion instances:

UM (G;x, y) =

n
2∑

k=0

mk(G)x
n−2kyk

The most distinctive matching polynomial is multiplicative under disjoint

union of graphs and satisfies a linear recurrence relation

UM (G;x, y) = UM (G;x, y) + y · UM (G;x, y)

Moreover, it is determined by this recurrence relation and the initial condi-

tions UM (En;x, y) = xn.

In this thesis we prove that the most distinctive matching polynomial UM (G;x, y)

is dp-complete in the class of M-invariants. Moreover, it is universal in the

class of sM -invariants, when the exception subset of invariants M \ sM
consists of invariants of the kind p(G) = x|V (G)|y|E(G)| (Theorems 1.3.1 and

1.3.2).

2.4 Edge Elimination invariants

In this section we introduce a new class of graph invariants. We start with

the bivariate chromatic polynomial of [20], which turns out to satisfy a linear

recurrence relation with respect to edge deletion, edge contraction and edge

extraction operations defined in Subsection 1.1.3.

2.4.1 The Bivariate Chromatic polynomial

The bivariate chromatic polynomial was introduced by K.Dohmen, A.Pönitz

and P.Tittmann in [20] as a natural extension of the chromatic polynomial.

The authors of [20] noticed that the distinctive power of this polynomial
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exceeds this of the chromatic polynomial, the matching polynomial and the

vertex cover polynomial.

Definition: Let G = 〈V,E〉 be a graph, and let Y and Z be two disjoint

sets of colors. We call X the union of the sets: X = Y ⊔Z. Let ϕ : V 7→ X

be a valid coloring of graph G if

∀{u, v} ∈ E ((ϕ(u) ∈ Y ∧ ϕ(v) ∈ Y )→ ϕ(u) 6= ϕ(v))

In other words, two adjacent vertices can have the same color c only if c ∈ Z.
We call the colors from the set Y “proper”, and the colors from the set Z

“improper”.

The polynomial P (G;x, y) is defined as the number of valid colorings of

a graph G with total |X| = x colors, when exactly |Y | = y of them are

proper.

Note that this combinatorial definition is valid only for positive integers

x ≥ y. Moreover, it is not trivial that it determines a polynomial in x and

y. The following solves this issue:

Connection to the chromatic polynomial χ(G):

First, if all the colors are “proper”, the bivariate chromatic polynomial

evaluates to the “classical” chromatic polynomial:

P (G;x, x) = χ(G;x).

Moreover, Theorem 1 of [20] states that

P (G;x, y) =
∑

U⊆V

(x− y)|U |χ(G− U ; y),

whereG−U denotes the induced subgraph of G with vertex set V \U . There-

fore, P (G;x, y) is a polynomial in x and y and its value can be extrapolated

to any x, y ∈ R.

Recurrence relations:

The authors of [20] state the multiplicativity of the bivariate chromatic

polynomial with respect to disjoint union. We prove in this thesis the fol-

lowing theorem (the proof appears in Subsection 3.3.1):
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Theorem 2.4.1 The bivariate chromatic polynomial satisfies a linear re-

currence relation with respect to edge deletion, edge contraction and edge

extraction operations:

P (G;x, y) = P (G− e;x, y)− P (G/e;x, y) + (x− y)P (G † e;x, y),

and is determined by this recurrence relation together with initial conditions

P (En;x, y) = xn.

From the theorem above we can conclude that

Corollary 2.4.2 The bivariate chromatic polynomial P (G;x, y) is an sEE-

invariant.

2.4.2 The vertex cover polynomial

The vertex cover polynomial was introduced by F.M. Dong, M.D. Hendy,

K.L. Teo and C.H.C. Little in [21]. motivated by biological systematics and

theoretical chemistry.

Definition: Let vc(G, k) denote the number of vertex-covers of G of size

k, i.e. subsets U ⊆ V s.t. |U | = k and for every edge (u, v) ∈ E, either

u ∈ U or v ∈ U or both.

Ψ(G,x) =

|V |∑

k=0

vc(G; k)xk .

Proposition 2.4.3 (Corollary 2 from [20]) 2 :

The vertex cover polynomial is a substitution instance of the bivariate chro-

matic polynomial P (G;x, y):

Ψ(G,x) = P (G;x+ 1; 1)

Proof. P (G;x + 1; 1) counts the number of valid colorings of G with

x improper colors and 1 proper color. Every vertex cover U ⊆ V of G

2The authors of [20] speak about the independent set polynomial instead of the vertex
cover polynomial. However, they use the definition of the independent set polynomial as
I(G;x) :=

∑n

i=0 ai(G)xi, where ai is the number of independent sets of cardinality n− i,
which is exactly the number of vertex covers of cardinality i.
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induces a class of such colorings: the vertices of U are colored by improper

colors, and the vertices of V \ U , which produce an independent set, are

colored by the proper color. The size of the class is x|U |. The classes are

disjoint and they cover all the valid colorings of G. The proposition follows

by summation over all the vertex covers of size k, for every k. �

Corollary 2.4.4 The vertex cover polynomial is a sEE-invariant; it is mul-

tiplicative under disjoint union and it satisfies a linear recurrence relation

as follows:

Ψ(G,x) = Ψ(G− e, x)−Ψ(G/e, x) + x ·Ψ(G † e, x)

with initial conditions Ψ(En, x) = (x+ 1)n.

Proof. This follows from the Proposition 2.4.3 and the recurrence rela-

tion of the bivariate chromatic polynomial. �

2.4.3 Universality and dp-completeness for EE

We introduce in this thesis a new graph polynomial: the most distinctive

edge elimination polynomial ξ(G;x, y, z) (A subset expansion of ξ(G;x, y, z)

appears in Subsection 3.3.3.)

We prove that ξ(G;x, y, z) is dp-complete in the class of EE-invariants.

Moreover, we prove that ξ(G;x, y, z) is universal in the class of sEE-invariants,

when the exception set is C \ sC (Theorems 1.3.3 and 1.3.4).

2.4.4 The covered components polynomial

Inspired by the edge-subset expansion presentation of ξ(G;x, y, z) published

in [3], M. Trinks have introduced a new graph polynomial with remarkable

combinatorial features [54]:

Definition:

Let G = 〈V,E〉 be a multigraph. The covered components polynomial

C(G;x, y, z) is defined as an ordinary generating function:

C(G;x, y, z) =
∑

i,j,k

ci,j,k(G)x
iyjzk,
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where ci,j,k(G) denotes the number of edge subsets A ⊆ E of size |A| = j,

such that the graph 〈V,A〉 has exactly i components, from which k are

covered by edges, (i.e. not singletons).

Recurrence relations:

M. Trinks proves that the covered components polynomial is multiplica-

tive under disjoint union and that it satisfies a linear recurrence relation as

follows:

C(G;x, y, z) = C(G−e;x, y, z)+y ·C(G/e;x, y, z)+xy(z−1)·C(G†e; x, y, z)

with initial condition C(En;x, y, z) = xn.

The following proposition immediately follows from the universality of

ξ(G;x, y, z):

Proposition 2.4.5 The covered components polynomial is an sEE invari-

ant, and it is a variable substitution of ξ(G;x, y, z):

C(G;x, y, z) = ξ(G;x, y, xy(z − 1)).

M. Trinks provides a combinatorial proof of the proposition above in [54].

2.4.5 Connection to C-invariants, TG-invariants and M-invariants

It follows immediately from the definitions of C, M and EE that C ⊆ EE

and M ⊆ EE. Moreover, using our results for ξ(G;x, y, z) and UM (G;x, y),

and the dp-completeness of Z(G; q, v), one can conclude that

Corollary 2.4.6 ξ(G;x, y, z) determines any C, M , or TG invariant.

Proof. We use dp-completeness of UM (G;x, y) for M and Z(G; q, v) for

C-invariants. Those polynomials are evaluations of ξ(G;x, y, z):

UM (G;x, y) = ξ(G;x, 0, y) and Z(G; q, v) = ξ(G; q, v, 0).

The conclusion about TG follows from dp-completeness for TG of the dichro-

matic polynomial Z(G; q, v). 3. �

3We cannot state that ξ(G;x, y, z) is dp-complete for the classes M , C or TG, because
it does not belong to any of those classes.
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2.5 Vertex Elimination Invariants

2.5.1 The Independent Set polynomial

Introduced by I. Gutman and F. Harary in [33]. as a generalization of the

matching polynomial.

Definition: Let in(G, k) denote the number of independent sets of size k

which are induced subgraphs of G.

In(G,x) =

|V |∑

k=0

in(G, k) · xk

Recurrence relations: In(G;x) satisfies a linear recurrence relation with

respect to vertex deletion and vertex extraction (as defined in 1.1.2). Recall

that G− v denotes the induced subgraph of G with vertex set V \ {v}, and
G † v denotes the graph obtained from G by removing of v together with its

neighborhood.

Proposition 2.5.1 (Gutman and Harary, [33])

The independent set polynomial is multiplicative with respect to disjoint

union. Moreover, it satisfies a linear recurrence relation as follows:

In(G;x) = In(G− v;x) + x · In(G † v;x),

and it is determined uniquely by the recurrence relation above and the initial

condition In(∅;x) = 1.

Corollary 2.5.2 The independent set polynomial In(G;X) is a VE-invariant.

2.5.2 The subgraph component polynomial

The subgraph component polynomial Q(G;x, y) has been proposed by P.

Tittmann and further developed in collaboration with J. A. Makowsky and

the author in [51]. This graph polynomial arises from analyzing community

structures in social networks.
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Definition: Let G = 〈V,E〉 be a finite undirected graph with n vertices

and let k ≤ n be a positive integer. For every vertex, decide with probability

q = 1− p whether to remove that vertex or keep it. What is the probability

that a subgraph of G with exactly k components survives? The solution

of this problem leads to the enumeration of induced subgraphs of G with k

components.

For a given vertex subset U ⊆ V , let G [U ] be the induced subgraph of

G with vertex set U . We denote by k (G) the number of components of G.

Let qij (G) be the number of vertex subsets U ⊆ V with i vertices such that

G [U ] has exactly j components:

qij (G) = |{U ⊆ V : |U | = i ∧ k (G [U ]) = j}|

The subgraph component polynomial of G is an ordinary generating function

for these numbers:

Q (G;x, y) =

n∑

i=0

n∑

j=0

qij (G) x
iyj.

Note: loops or parallel edges do not affect connectivity properties of a graph.

Figure 2.1: The star Star3 = K1,3

Example: The star K1,3, presented in Figure 2.1, has the subgraph poly-

nomial

Q (K1,3;x, y) = 1 + 4xy + 3x2y + 3x3y + x4y + 3x2y2 + x3y3.

The term 3x2y2 tell us that there are 3 possibilities to select two vertices of

G that are non-adjacent.

The empty set induces the null graph ∅ that we consider as being con-

nected by convention, which gives q00 (G) = Q (G; 0, 0) = 1 for any graph.
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Substitution of 1 for y results in an univariate polynomial that is the ordi-

nary generating function for all subsets of V , i.e. Q(G;x, 1) = (1 + x)n.

Recurrence relations:

In this thesis we prove that the subgraph component polynomialQ(G;x, y)

is multiplicative with respect to disjoint union of graphs. Moreover, it satis-

fies a linear recurrence relation with respect to vertex deletion, contraction

and extraction (as defined in 1.1.2). Recall that the vertex contraction is

removing vertex and connecting its neighborhood to a clique.

Q(G;x, y) = Q(G− v;x, y) + xQ(G/v;x, y) + x(y − 1)Q(G † v;x, y),

Q(G;x, y) is uniquely determined by this recurrence relation and the initial

conditions Q(∅;x, y) = 1 and Q(E1;x, y) = 1 + xy. The proof appears in

Section 3.4, Theorems 3.4.1 and 3.4.3.

We can immediately conclude that

Proposition 2.5.3 The subgraph component polynomial Q(G;x, y) is a V E-

invariant.

2.5.3 Universality and dp-completeness for VE

We introduce in this thesis a new graph polynomial: the most distinctive

vertex elimination polynomial UV E(G;x, y):

UV E(G;x, y) =
∑

U⊆V

x|U |−k(G[U ])(x+ y)k(G[U ]),

where G[U ] denotes the induced subgraph of G with vertex set U , and

k(G[U ]) denotes number of spanning connected components in G[U ].

We prove that UV E(G;x, y) is dp-complete in the class of V E-invariants.

Moreover, we prove that UV E(G;x, y) is universal in the class of V E-invariants

(Theorems 1.3.5 and 1.3.6).
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Chapter 3

DP-complete and Universal

Graph Polynomials for

Unlabeled Graphs

In this chapter we discuss dp-complete graph polynomials for the classes of

M , EE and V E invariants. Recall that the classes above are defined as the

classes of graph invariants which are

1. Multiplicative with respect to disjoint union of the input graphs;

2. Satisfying a linear recurrence relation according to its class;

3. Uniquely determined by its recurrence relation and initial conditions

defined for a null graph ∅ = 〈∅,∅〉 and for a singleton E1 = 〈{v},∅〉.

First, we refer to the problem of unique definition 1.

3.1 Recurrence relations that uniquely define graph

invariants.

From now on, we consider linear recurrence relations without case distinc-

tion. Let the recurrence relation Υ = (ϑ,W) be a set of graph transfor-

mations ϑ = {T1, . . . , Tk}, provided with their weight coefficients W :=

1The first paper to study general conditions under which linear recurrence relations
define a graph invariant is D.N.Yetter [57]
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{W1, . . . ,Wk}, which are elements of a target ring R independent of the

graph G. We say that a graph invariant p satisfies the recurrence relation

Υ , if

p(G) =

k∑

i=1

Wip(Ti(G)). (3.1.1)

The recurrence relation should satisfy two important conditions:

• Well-foundedness: The set of graph transformations should provide

well-founded graph decomposition. In other words, any legal sequence

of those transformations should lead, after a finite number of steps, to

one of the initial conditions.

• Order invariance: Let Ω denote the set of all possible orders of decom-

position of the graph G using transformations from ϑ. Given an input

graph G, a well-founded linear recurrence relation Υ = (ϑ,W), a set of

initial conditions ϑ0 and some auxiliary order ω ∈ Ω of graph decom-

position, one can obtain a map p : G ×Ω→R. The map p is a graph

invariant if for every two orders ω1, ω2 ∈ Ω of graph decomposition,

p(G,ω1) = p(G,ω2)

We use and generalize the ideas of [47, 14] in order to define the most distinc-

tive graph polynomial in the class Y ∈ {M,EE, V E} of graph invariants

defined with respect to some set of decomposition transformations ϑ and

initial conditions ϑ0:

• First, we make sure that the set ϑ of graph transformations is well-

founded, i.e. for any graph G and for any order ω ∈ Ω of decomposition

steps from ϑ, a graph satisfying some condition of ϑ0 is obtained after

applying a finite number of decomposition steps on G;

• Then, we substitute the weight coefficients W ∈ W by indeterminates.

At this point, we have defined a map

p : G × Ω→ R[X̄ ],

where G is a class of graphs, Ω is the set of all possible orders of graph

decompositions using transductions from ϑ, and X̄ is the set of the
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introduced indeterminates.

• We regard the introduced indeterminates as unresolved polynomi-

als q1, q2, . . . qk ∈ R[X̄]. We look for the minimal set of equations

ϕ(q1, q2, . . . qk) that the polynomials q1(x̄), q2(x̄), . . . qk(x̄) should sat-

isfy to make p : G × Ω → R[X̄ ] independent of the order, i.e. for any

graph G and any two orders ω1, ω2 ∈ Ω,

p|ϕ(G,ω1; x̄) = p|ϕ(G,ω2; x̄) = p|ϕ(G, x̄)

It is possible that there are several solutions of ϕ(q1(x̄), q2(x̄), . . . qk(x̄)) that

make the resulting map order-independent. In this case, we look for a so-

lution that makes the map p|ϕ(G, x̄) dp-complete in Y . This solution de-

termines the subclass sY which we call “special Y -invariants” for which

p|ϕ(G; x̄) is universal.
Now we provide our results regarding dp-completeness and universality

of M , EE and V E invariants.

3.2 The most distinctive matching polynomial

UM(G; x, y)

Our first example is the most distinctive matching polynomial. We look

for the ”most general” matching polynomial, which subsumes all the types

of matching polynomials discussed above (as well as many others), as its

particular cases.

3.2.1 The recurrence relation

Recall the definition of M -invariant:

p(G) : G → R is an M -invariant if

• p(G) is multiplicative with respect to disjoint union of graphs: for all

graphs G1, G2,

p(G1 ⊔G2) = p(G1) · p(G2);

• There are α, β ∈ R such that for every graph G = 〈V,E〉 and every

edge e ∈ E,

p(G) = αp(G− e) + βp(G † e), (3.2.1)
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where G− e and G † e denote graphs obtained from G by respectively

deletion and extraction (i.e. deletion together with endpoints) of the

edge e.

• p(G) is uniquely defined by the recurrence relation (3.2.1) together

with the initial conditions

p(∅) = 1; p(E1) = ν, (3.2.2)

where ν ∈ R is some element 2 of the ring R that does not depend on

the graph G.

The most general recursive definition of P (G,ω; X̄) is obtained by

introducing indeterminates where possible. Any graph decomposition se-

quence consists of edge removal steps and non-empty disjoint subgraph de-

composition steps. Let ω ∈ Ω denote an auxiliary order of decomposition

steps.

P (G) =

{
yP (G− e) + zP (G † e); for every edge removal step

P (G1) · P (G2); for every decomposition step

P (E1) = x;

P (∅) = 1; (3.2.3)

Proposition 3.2.1 The reduction of P (G,ω; X̄) is well-founded.

Proof. Indeed, every step of the decomposition reduces either the num-

ber of edges or the number of vertices. Hence, after a final number of steps,

only singletons and empty sets appear in the decomposition parse tree. �

Currently, P (G,ω; X̄) is defined recursively for unlabeled graphs and set of

indeterminates X̄ = {x, y, z} onto the ring R[X̄] and its result depends on

the order ω of graph decomposition steps.

Theorem 3.2.2 Let x(x̄), y(x̄), z(x̄) ∈ R[x̄] be unresolved polynomials, and

let P̂ (G,ω; x̄) be obtained from P (G,ω; X̄) by substitution of respective in-

2Recall that we assume that R is a polynomial ring with underlying field R or Q.
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determinates:

P̂ (G,ω; x̄) = P (G,ω; X̄)[x 7→ x(x̄), y 7→ y(x̄), z 7→ z(x̄)].

Then P̂ (G,ω1; x̄) = P̂ (G,ω2; x̄) for all graphs G and all pairs of orders ω1

and ω2, if and only if

y(x̄)z(x̄) = z(x̄) or P (G) = x(x̄)|V |

Proof. We are looking for conditions ϕ(x(x̄), y(x̄), z(x̄)) such that if ϕ

is satisfied, then P̂ (G,ω; x̄) is independent of the order.

We apply the order-invariance restriction to the family of graphs shown

at Fig. 3.1: G consists of two disjoint graphs H1 and H2 connected by a

bridge of two edges e1 = (u, v) and e2 = (v,w).

Figure 3.1: Graph G for applying order-invariance restriction

In order to be a unique graph invariant, P (G) must return the same

value when the edge reduction rule is applied first on the edge e1 and then

on the edge e2, as well as when it is applied first on the edge e2 and then

on the edge e1.

P (G, {1→ 2}) = y · P (G−e1) + z · P (G † e1)
= y · (y · P (G− e1 − e2) + z · P (G † e2)) +

z · P (G † e1)
= xy2 · P (H1)P (H2) +

yz · P (H1)P (H2 − w) +
zP (H1 − u)P (H2)
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On the other hand,

P (G, {2 → 1}) = y · P (G−e2) + z · P (G † e2)
= y · (y · P (G− e2 − e1) + z · P (G † e1)) +

z · P (G † e2)
= y2x · P (H1)P (H2) +

yzP (H1 − u)P (H2) +

zP (H1)P (H2 − w)

Applying P (G, {2→ 1}) = P (G, {2→ 1}), we have:

yzP (H1)P (H2 − w) + zP (H1 − u)P (H2) =

= yzP (H1 − u)P (H2) + zP (H1)P (H2 − w)

and hence

(yz − z)P (H1)P (H2 − w) = (yz − z)P (H1 − u)P (H2),

which leads to yz = z, or P (H1−u)P (H2) = P (H1)P (H2−w) for all graphs
H1, H2 and all vertices u ∈ V (H1) and w ∈ V (H2). In the latter case we

get a trivial polynomial P (H) = x|V (H)|. Indeed, if H1 is a singleton, we get

1·P (H2) = x·P (H2−w) for any w ∈ V (H2), which leads to P (H) = x|V (H)|.

So far, we proved that the condition of the theorem is necessary. In or-

der to prove that they are also sufficient, it is enough to show that any two

steps of graph decomposition are exchangeable. Then we can use induction

on the tree of graph deconstruction to prove the order-invariance.

First, we observe that any step of disjoint decomposition is interchange-

able with any step of edge removal. This follows by distributivity of multi-

plication. Therefore, we can assume that we first perform all the possible

edge removal steps, and then do the disjoint decomposition of remaining

singletons.

Second, we observe that an order over edges uniquely determines the

order of graph decomposition. We just skip the steps of removing edges

that have been already removed by the preceding steps.
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Therefore, it is enough to prove that any two edges can be removed in

either order, and this does not affect the result. If the edges of interest do

not have any common vertices, then we get:

P (G, {1→ 2}) = y · P (G− e1) + z · P (G † e1)
= y · (y · P (G− e1 − e2) + z · P (G− e1 † e2)) +
z · (y · P (G † e1 − e2) + z · P (G † e1 † e2)) =

= P (G, {2 → 1})

otherwise, if the edges of interest have a vertex or two in common, we have

P (G, {1→ 2}) = y · P (G− e1) + z · P (G † e1)
= y · (y · P (G− e1 − e2) + z · P (G † e2)) +

z · P (G † e1)

whereas

P (G, {2→ 1}) = y · P (G− e2) + z · P (G † e2)
= y · (y · P (G− e2 − e1) + z · P (G † e1)) +

z · P (G † e2)

which are equal if yz = z.

Hence, the conditions of the theorem are necessary and sufficient. �

Analyzing the conditions ϕ, we get:

Corollary 3.2.3 Every M -polynomial p : G → R[X̄] of a graph G = 〈V,E〉
is either of the form

p(G) = x|V |y|E|, (3.2.4)

or it satisfies a linear recurrence relation as follows:

p(G) = p(G− e) + yp(G † e); (3.2.5)

where x and y are elements of R[X̄] independent of G.

Proof. The condition yz = z has two solutions: y = 1 and z = 0.

Under the latter root the polynomial (3.2.4) is obtained. This also includes
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the exception case p(G) = x|V |. The first root gives a rise to the recurrence

relation (3.2.5). �

Corollary 3.2.4 There is a map UM : G → R[x, y], which is uniquely de-

fined by the recurrence relation and initial conditions:

UM (G1 ⊔G2;x, y) = UM (G1;x, y) · UM (G2;x, y);

UM (G;x, y) = UM (G− e;x, y) + yUM (G † e;x, y);
UM (E1;x, y) = x;

UM (∅;x, y) = 1. (3.2.6)

Corollary 3.2.5 The map UM (G;x, y) from Corollary 3.2.4 is universal in

the class of sM -invariants and dp-complete in the class of M -invariants.

Proof. The universality property follows directly from the Corollary

3.2.4, for the dp-completeness we need also prove that UM (G;x, y) deter-

mines the number of edges |E| and the number of vertices |V |. This can be

shown for example by

UM (G; 2, 0) = 2|V | and
∂UM (G)

∂y

∣∣∣∣
x=1,y=0

= |E|,

The latter follows by counting paths in the graph decomposition tree with

exactly one edge extraction step. �

3.2.2 The subset expansion form of UM(G; x, y)

We proved so far that there is a unique map UM (G;x, y) which is defined

recursively by initial conditions and linear recurrence relation 3.2.6 with

respect to edge deletion and edge extraction operations.

Additionally, by multiple application of the edge reduction rule, we can

obtain the vertex reduction rule. Let N(v) = {u1, u2, . . . , ud} be the neigh-
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borhood of v, and ei = ui, v be the edges incident to v. Then,

UM (G) = UM (G−e1) + yUM (G † e1) =
= UM (G−e1 − e2) + yUM (G † e2) + yUM (G † e1) = . . .

= UM (G− v ⊔ E1) +
d∑

i=1

yUM (G † ei) =

= x · UM (G− v) + y

d∑

i=1

UM (G † ei) (3.2.7)

Theorem 3.2.6 The unique map UM : G → R[x, y] satisfying the recursive

definition 3.2.6 has an explicit subset expansion definition as follows:

UM (G;x, y) =
∑

M ⊆ E,

M is a matching

y|M |x|V |−2|M | (3.2.8)

Proof. The proof is by induction on the size of the graph G.

Base: for graphs of size n ≤ 2 we have:

• UM (∅) = 1

• UM (E1) = x

• UM (E2) = x2

• UM (P2) = UM (G−e) + y · UM (∅) = x2 + y

In all those cases the equation 3.2.8 holds.

Closure: we assume the equation 3.2.8 holds for all the graphs with at most

n vertices, and proof that it holds also for the graphs with n+ 1 vertices.

Let G be a graph with n + 1 vertices and v any its vertex. Then we

apply the vertex reduction rule 3.2.7 and obtain:

UM (G) = x · UM (G− v) + y ·
d∑

i=1

UM (G † ei)
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By the induction assumption we have:

UM (G) = x ·
∑

M ⊆ E(G− v),

M is a matching

y|M |x|V |−1−2|M | +

+ y ·
d∑

i=1

∑

M ⊆ E(G † ei),

M is a matching

y|M |x|V |−2−2|M |

The first part of the equation describes all the matchings which do not

include the vertex v, the second part - all the matchings which include the

vertex v. In the latter case the matching M can be extended to include the

vertex v by adding exactly one of the edges e1, . . . , ed. By summation of the

two parts, we get exactly the equation 3.2.8. �
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3.3 The most distinctive edge elimination

polynomial ξ(G; x, y, z)

The class of EE invariants includes both classes of matching and chromatic

invariants.

We looked for graph polynomial that subsumes both the Tutte poly-

nomial and and the matching polynomial. The Tutte polynomial satisfies

linear recurrence relation with respect to edge deletion and edge contraction

operations, the matching polynomial - with respect to edge deletion and

edge extraction, i.e. deletion of the edge together with its endpoints. The

formal definitions of the edge elimination operations appears in subsection

(1.1.3).

We first proved that the bivariate chromatic polynomial of K.Dohmen,

A.Pönitz and P.Tittmann [20] satisfies a linear recurrence relation with re-

spect to the three operations above. Then a question arose: is there a most

general multiplicative graph polynomial, which is most distinctive or even

universal with respect to the three edge elimination operations?

3.3.1 The bivariate chromatic polynomial

Recall the definition of the bivariate chromatic polynomial P (G;x, y) of

K.Dohmen, A.Pönitz and P.Tittmann [20]:

Given two disjoint sets of colors Y and Z; a generalized coloring of a graph

G = 〈V,E〉 is a map φ : V 7→ (Y ⊔ Z) such that for all (u, v) ∈ E, if

φ(u) ∈ Y and φ(v) ∈ Y , then φ(u) 6= φ(v) (The set Y is called therefore

”proper colors”, the set Z – ”improper colors”, and the entire set of colors

is X = Y ⊔Z). For two positive integers x > y, the value of the polynomial

is the number of generalized colorings by x colors, exactly y of which are

proper. To make this definition meaningful for graphs with multiple edges

and self-loops, we require that a vertex with a self-loop can be colored only

by an “improper” color c ∈ Z and that multiple edges do not affect colorings.

Proposition 3.3.1 The polynomial P (G,x, y) satisfies the initial condi-

tions P (E1) = x and P (∅) = 1, and the following recurrence relation:
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P (G,x, y) = P (G− e, x, y)− P (G/e, x, y) +
+(x− y) · P (G † e, x, y) (3.3.1)

P (G1 ⊔G2, x, y) = P (G1, x, y) · P (G2, x, y) (3.3.2)

Proof. The authors of [20] state that P (G,x, y) is multiplicative, since

each connected component can be colored independently. We prove here

the recurrence relation (3.3.1). Let G = 〈V,E〉 be a graph, and P (G;x, y)

be the number of generalized colorings defined above. Let v ∈ V be any

vertex. We denote by P v(G;x, y) the number of generalized colorings of G,

when v is colored by an improper color, i.e. φ(v) ∈ Z.

Lemma 3.3.2 P v(G,x, y) = (x − y) · P (G − v, x, y), where G − v denotes

the subgraph of G induced by V \ {v}.

Proof. By inspection: the vertex v can have any color in Z, and the

coloring of the remainder does not depend on it. �

Now we can prove the Proposition 3.3.1:

Let e = (u, v) ∈ E be any edge of G, which is not a self-loop and not a

multiple edge. Consider the number of colorings of G−e. Any such coloring

is either a coloring of G, or a coloring of G/e, when the vertex w, which

is produced by the contraction of u and v, is colored by a proper color.

Together with Lemma 3.3.2, that raises:

P (G− e, x, y) = P (G,x, y) + [P (G/e, x, y)− Pw(G/e, x, y)] =
= P (G,x, y) + [P (G/e, x, y)− (x− y) · P (G†e, x, y)] ,

and therefore

P (G,x, y) = P (G−e, x, y)− P (G/e, x, y) + (x− y) · P (G†e, x, y) (3.3.3)

One can easily check that this equation is satisfied also for loops and multiple

edges. Together with the multiplicativity and the fact that a singleton can

be colored by any color, this proves Proposition 3.3.1. �
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3.3.2 The recurrence relation

Recall the definition of EE-invariant:

p(G) : G → R is an EE-invariant if

• p(G) is multiplicative with respect to disjoint union of graphs: for all

graphs G1, G2,

p(G1 ⊔G2) = p(G1) · p(G2);

• There are α, β, γ ∈ R such that for every graph G = 〈V,E〉 and every

edge e ∈ E,

p(G) = αp(G− e) + βp(G/e) + γp(G † e), (3.3.4)

where G− e, G/e and G † e denote graphs obtained from G by respec-

tively deletion, contraction and extraction (i.e. deletion together with

endpoints) of the edge e.

• p(G) is uniquely defined by the recurrence relation (3.3.4) together

with the initial conditions

p(∅) = 1; p(E1) = ν, (3.3.5)

where ν ∈ R is some element of the ring R that does not depend on

the graph G.

The most general recursive definition of P (G,ω; X̄) is obtained by

introducing indeterminates where possible. Any graph decomposition se-

quence consists of edge removal steps and non-empty disjoint subgraph de-

composition steps. Let ω ∈ Ω denote an auxiliary order of decomposition

steps.

P (G) =

{
sP (G− e) + yP (G/e) + zP (G † e); (edge removal step)

P (G1) · P (G2); (decomposition step)

P (E1) = x;

P (∅) = 1; (3.3.6)

Proposition 3.3.3 The reduction of P (G,ω; X̄) is well-founded.
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Proof. Indeed, every step of the decomposition reduces either the num-

ber of edges or the number of vertices. Hence, after a final number of steps,

only singletons and empty sets appear in the decomposition parse tree. �

Currently, P (G,ω; X̄) is defined recursively for unlabeled graphs and set of

indeterminates X̄ = {s, x, y, z} onto the ring R[X̄] and its result depends on

the order ω of graph decomposition steps.

Theorem 3.3.4 Let s(x̄), x(x̄), y(x̄), z(x̄) ∈ R[x̄] be unresolved polynomials,

and let P̂ (G,ω; x̄) be obtained from P (G,ω; X̄) by substitution of respective

indeterminates:

P̂ (G,ω; x̄) = P (G,ω; X̄)[s 7→ s(x̄), x 7→ x(x̄), y 7→ y(x̄), z 7→ z(x̄)].

Then P̂ (G,ω1; x̄) = P̂ (G,ω2; x̄) for all graphs G and all pairs of orders ω1

and ω2, if and only if s(x̄)z(x̄) = z(x̄) or P (G) = x(x̄)|V |

Proof. We are looking for conditions ϕ(s(x̄), x(x̄), y(x̄), z(x̄)) such that

if ϕ is satisfied, then P̂ (G,ω; x̄) is independent of the order.

We apply the order-invariance restriction to the same family of graphs we

have used for the universal matching polynomial (Fig. 3.1). In order to be

a unique graph invariant, P (G) must return the same result in both cases:

when the edge reduction rule is applied first on the edge e1 and then on the

edge e2, and when it is applied first on the edge e2 and then on the edge e1.

P (G, {1→ 2}) = (3.3.7)

s · P (G−e1) + y · P (G/e1) + z · P (G†e1) =
s · P (H1) · [x · s · P (H2) + y · P (H2) + z · P (H2 − w)] +
y · [s · P (H1)P (H2) + y · P (G/e1/e2) + z · P (H1 − u)P (H2 − w)] +
z · P (H1 − u)P (H2)
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On the other hand,

P (G, {2→ 1}) = (3.3.8)

s · P (G−e2) + y · P (G/e2) + z · P (G†e2) =
s · P (H2) · [x · s · P (H1) + y · P (H1) + z · P (H1 − u)] +
y · [s · P (H1)P (H2) + y · P (G/e1/e2) + z · P (H1 − u)P (H2 − w)] +
z · P (H2 − w)P (H1)

Solving the equation P (G, {1→ 2}) = P (G, {2→ 1}), we get:

szP (H1)P (H2−w)+zP (H1−u)P (H2) = szP (H1−u)P (H2)+zP (H1)P (H2−w)

Hence, we have the following necessary conditions: either sz = z or

P (H1)P (H2−w) = P (H1−u)P (H2) for anyH1 andH2. In the latter case we

get a trivial polynomial P0(H) = x|V (H)|. Indeed, if H1 is a singleton, we get

x ·P (H2−w) = 1 ·P (H2) for any w ∈ V (H2), which leads to P (G) = x|V (G)|.

So far, we proved that the condition the theorem is necessary. In order

to prove that they are also sufficient, it is enough to prove that any two

steps of graph decomposition are exchangeable. This includes two parts,

• Edge elimination and disjoint union.

• Decomposition of a graph by elimination of any two edges in different

order;

The proof of the first part is simple. Let G be a disjoint union of two graphs:

G = H1 ⊔H2. Without loss of generality, assume that the edge e, which is

being eliminated, is in E(H1). Then use the distributivity of multiplication

to show that

P (G) = [sP (H1 − e) + y · P (H1/e) + z · P (H1 † e)] · P (H2) =

= sP (H1 − e) · P (H2) + y · P (H1/e) · P (H2) + z · P (H1 † e) · P (H2)

We henceforth may assume, without loss of generality, that the disjoint

decomposition steps are applied only on singletons.

For the second part, we shall consider order over edges rather than order

over edge-removal steps: such an order uniquely determines the decompo-
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sition process, if by convention, we just skip the steps of removing edges

that have been already removed by the preceding steps. Since we now speak

about a linear order over the edges, it is enough to show that any two con-

sequent pieces can be swapped.

We analyze three possible cases (Fig. 3.2):

• Case 1: The two edges have no common vertices (graphs G1, G2, G3);

• Case 2: The two edges have one common vertex, and at least one

exclusive vertex (graphs G4, G5);

• Case 3: The two edges have no exclusive vertices (graphs G6, G7).

Figure 3.2: Different cases to check order invariance of edge elimination

In the first case, the edge elimination operations are independent and com-

mutative, e.g. G−e1/e2 ∼= G/e2− e1 and G†e1/e2 ∼= G/e2 † e1. Thus, if

we first eliminate e1 and then e2, we have:

P (G, {1 → 2}) = sP (G−e1) + yP (G/e1) + zP (G†e1) =
= s2P (G−e1 − e2) + syP (G−e1/e2) + szP (G−e1 † e2) +
+ syP (G/e1 − e2) + y2P (G/e1/e2) + yzP (G/e1 † e2) +
+ szP (G†e1 − e2) + yzP (G†e1/e2) + z2P (G†e1 † e2)

On the other hand, if we first eliminate e2 and then e1, we have:

P (G, {2 → 1}) = sP (G− e2) + yP (G/e2) + zP (G†e2) =
= s2P (G−e2 − e1) + syP (G−e2/e1) + szP (G−e2 † e1) +
+ syP (G/e2 − e1) + y2P (G/e2/e1) + yzP (G/e2 † e1) +
+ szP (G†e2 − e1) + yzP (G†e2/e1) + z2P (G†e2 † e1)
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It is simple to see that the two expressions are equal.

The second case is slightly more confusing, since the edge extraction

operation is not commutative with others: indeed, if we have extracted for

example the edge e1 in G4, there is no more e2 to eliminate, and vice versa.

The other operations, deletion and contraction, are still commutative with

each other. Therefore we should check only the following three sequences of

non-commutative edge elimination operations:

• Extraction of the first edge eliminates also the second;

• Contraction of the first edge and then extraction of the second gives a

graph with the two edges extracted;

• Deletion of the first edge and then extraction of the second is equivalent

to simply extraction of the second edge.

Thus, if we first eliminate e1 and then e2, we have:

P (G, {1 → 2}) = sP (G−e1) + yP (G/e1) + zP (G†e1) =
= s2P (G−e1 − e2) + syP (G−e1/e2) + szP (G†e2) +
+ syP (G/e1 − e2) + y2P (G/e1/e2) + yzP (G†(e1 and e2)) +
+ zP (G†e1)

On the other hand, if we first eliminate e2 and then e1, we have:

P (G, {2 → 1}) = sP (G−e2) + yP (G/e2) + zP (G†e2) =
= s2P (G−e2 − e1) + syP (G−e2/e1) + szP (G†e1) +
+ syP (G/e2 − e1) + y2P (G/e2/e1) + yzP (G†(e1 and e2)) +
+ zP (G†e2)

These two expressions are equal provided sz = z.

In the third case, the edge elimination steps are symmetric in their trans-

formations of G with respect to the order among e1 and e2. �

Analyzing the conditions ϕ, we get:

Corollary 3.3.5 Every EE-polynomial p : G → R[X̄] of a graph G = 〈V,E〉
satisfies either recurrence relation

p(G) = yp(G− e) + zp(G/e) (3.3.9)
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or recurrence relation:

p(G) = p(G− e) + yp(G/e) + zp(G † e); (3.3.10)

where y and z are elements of R[X̄] independent of G.

Proof. The condition sz = z has two roots: s = 1 and z = 0. Under the

latter root the recurrence relation (3.3.9) is obtained. Recall that this is the

recurrence relation of C- invariants. This also includes the exception case

p(G) = x|V |. The first root gives a rise to the recurrence relation (3.3.10).

�

Corollary 3.3.6 There is a map ξ : G → R[x, y, z], which is uniquely de-

fined by the recurrence relation and initial conditions:

ξ(G1 ⊔G2;x, y, z) = ξ(G1;x, y, z) · ξ(G2;x, y, z);

ξ(G;x, y) = ξ(G− e;x, y, z) + yξ(G/e;x, y, z) + zξ(G † e;x, y, z);
ξ(E1;x, y, z) = x;

ξ(∅;x, y, z) = 1. (3.3.11)

Corollary 3.3.7 The map ξ(G;x, y, z) from Corollary 3.3.6 is universal in

the class of sEE-invariants and dp-complete in the class of EE-invariants.

Proof. The universality property follows directly from the Corollary

3.3.6, for the dp-completeness we need also prove that ξ(G;x, y, z) deter-

mines every C-invariant. Recall that the dichromatic polynomial Z(G; q, v)

is dp-complete in C. On the other hand, Z(G; q, v) ∈ sEE (by definition of

sEE). �

3.3.3 The subset expansion form of ξ(G; x, y, z)

We now give an explicit form of the polynomial ξ(G,x, y, z) using 3-partition

edge expansion3:

3A more precise name would be a “Pair of disjoint subsets expansion”. We chose the
name 3-partition expansion, as any two disjoint subsets induce a partition into three sets.
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Theorem 3.3.8 Let G = 〈V,E〉 be a (multi)graph. Then the most distinc-

tive edge elimination polynomial ξ(G;x, y, z) can be calculated as

ξ(G,x, y, z) =
∑

(A⊔B)⊆E

xk(A⊔B)−kcov(B) · y|A|+|B|−kcov(B) · zkcov(B) (3.3.12)

where by abuse of notation we use (A⊔B) ⊆ E for summation over subsets

A,B ⊆ E, such that the subsets of vertices V (A) and V (B), covered by

respective subset of edges, are disjoint: V (A)∩V (B) = ∅; k(A) denotes the

number of spanning connected components in 〈V,A〉, and kcov(B) denotes

the number of covered connected components, i.e. the connected components

of the graph 〈V (B), B〉.

Proof. We need to show that

• The expression (3.3.12) satisfies the initial conditions of (3.3.11);

• The expression (3.3.12) is multiplicative;

• The expression (3.3.12) satisfies the edge elimination rule of (3.3.11).

Then by induction on the number of edges in G the theorem holds. The

first statement follows by inspection: indeed, a null graph ∅ = 〈∅,∅〉 has
no edges and no components, so its only summand is 1; a singleton has no

edges and no covered components, so its only summand is x.

The second statement, multiplicativity, can be easily checked too: In-

deed, the summation over subsets of edges of 〈V,E〉 = 〈V1, E1〉 ⊔ 〈V2, E2〉
can be regarded as a summation over the subsets of E1, multiplied by an

independent summation over the subsets of E2.

Therefore, we just need to prove the third statement:

Let G = 〈V,E〉 be the (multi)graph of interest. Let N(G) be defined as in

(3.3.12):

N(G,x, y, z) =
∑

(A⊔B)⊆E

xk(A⊔B)−kcov(B) · y|A|+|B|−kcov(B) · zkcov(B) (3.3.13)

Let e be the edge we have chosen to reduce. Any particular choice of A

and B can be regarded as a vertex-disjoint edge coloring in 2 colors A and

B, when part of the edges remains uncolored. We separate all the possible

colorings to three disjoint cases:
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• Case 1: e is uncolored;

• Case 2: e is colored by B, and it is the only edge of a colored connected

component;

• Case 3: All the rest. That means, e is colored by A, or e is colored by

B but it is not the only edge of a colored connected component.

In case 1, we just sum over colorings of G−e:

N1(G) =
∑

(A⊔B)|= Case 1

xk(A⊔B)−kcov(B) · y|A|+|B|−kcov(B) · zkcov(B) = N(G−e)

(3.3.14)

In case 2, the edge e is a connected component of 〈V (B), B〉. Therefore, if

we analyze now N(G†e), we will get

• The number of edges colored by A is the same;

• The number of edges colored by B is reduced by one;

• The total number of colored connected components is reduced by one;

• The number of covered connected components colored B is reduced by

one;

This gives us

N2(G) =
∑

(A⊔B)|= Case 2

xk(A⊔B)−kcov(B) ·y|A|+|B|−kcov(B) ·zkcov(B) = z ·N(G†e)

(3.3.15)

And finally, in case 3, e is a part of a bigger colored connected component,

or it is alone a connected component colored by A. In this case, we analyze

the colorings of G/e:

• Either |A| or |B| is reduced by 1, the other remained the same;

• The total number of colored connected components remained the same

(in case when e ∈ A is the only edge of a connected component, this

component is contracted to one vertex);

• The number of covered connected components colored B remained the

same.
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According to the above,

N3(G) =
∑

(A⊔B)|= Case 3

xk(A⊔B)−kcov(B) ·y|A|+|B|−kcov(B) ·zkcov(B) = y·N(G/e)

(3.3.16)

On the other hand, three the cases above are disjoint and cover all the

possibilities, and therefore N(G) = N1(G) + N2(G) + N3(G). Hence, we

have:

N(G;x, y, z) = ξ(G;x, y, z),

which completes the proof of the theorem. �

3.4 The most distinctive vertex elimination

polynomial UV E(G; x, y)

The last class of graph invariants we discuss in this thesis is the class of

the vertex elimination invariants. We start with the subgraph component

polynomial Q(G;x, y), which has been proposed by P. Tittmann and further

developed in collaboration with J. A. Makowsky and the author in [51].

This graph polynomial arises from analyzing community structures in social

networks.

It turned out that Q(G;x, y) satisfies a linear recurrence relation with

respect to three vertex elimination operations. We look for the most dis-

tinctive graph polynomial in the class of V E-invariants.

3.4.1 The subgraph component polynomial Q(G; x, y)

Recall the definition of Q(G;x, y) given in Section 2.5: Let G = 〈V,E〉 be
a finite undirected graph with |V | = n vertices and let i, j ≤ n be positive

integers. Let qij (G) be the number of vertex subsets X ⊆ V with i vertices

such that G [X] has exactly j components:

qij (G) = |{X ⊆ V : |X| = i ∧ k (G [X]) = j}|

Then the subgraph component polynomial is defined as

Q (G;x, y) =

n∑

i=0

n∑

j=0

qij (G) x
iyj.
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We can rewrite this definition in a subset expansion form; instead of

summation over i and j, we can sum over subsets of vertices:

Q (G;x, y) =
∑

U⊆V

x|U |yk(G[U ])

3.4.2 The recurrence relation of Q(G; x, y)

We first investigate the recurrence relation of the subgraph polynomial. The

first statement concerns the multiplicativity with respect to disjoint union.

Theorem 3.4.1 (Multiplicativity) Let G = G1⊔G1 be the disjoint union

of the graphs G1 and G2. Then

Q(G;x, y) = Q(G1;x, y) ·Q(G2;x, y).

Proof. Each subset U ⊆ V is a disjoint union of two subsets U1 ⊆ V (G1)

that induces k(G1[U1]) connected components and U2 ⊆ V (G2) that induces

k(G2[U2]) connected components. Moreover, since the graphs G1 and G2 are

disjoint, k(G[U ]) = k(G1[U1]) + k(G2[U2]).

We obtain

Q (G;x, y) =
∑

U⊆V

x|U |yk(G[V ]) =
∑

U1⊆V1

∑

U2⊆V2

x|U1|+|U2|yk(G1[U1])+k(G2[U2]).

(3.4.1)

Thus for a disjoint union of two graphs, the subgraph polynomial satisfies

Q (G;x, y) = Q (G1;x, y)Q (G2;x, y) �

Corollary 3.4.2 If G = (V,E) consists of c components G1, . . . , Gc then

the subgraph polynomial satisfies

Q (G;x, y) =

c∏

j=1

Q (Gj ;x, y) .

Proof. We obtain the statement of the theorem by induction on the

number of components. �

Next, we prove that the subgraph component polynomial Q(G;x, y) sat-

isfies a linear recurrence relation with respect to three vertex elimination

operations: vertex deletion, vertex contraction and vertex extraction.
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Theorem 3.4.3 Let G = (V,E) be a graph and v ∈ V . Then the subgraph

polynomial satisfies the decomposition formula

Q (G;x, y) = Q(G− v;x, y) + xQ(G/v;x, y) + x(y − 1)Q(G † v;x, y).

Proof. Let us first consider all vertex induced subgraphs of G that do

not contain vertex v. These subgraphs are also vertex induced subgraphs of

G− v. Consequently,
Q (G− v;x, y)

enumerates all induced subgraphs not including the vertex v.

In a second step we count all vertex induced subgraphs that contain

vertex v but none of its neighbors in G. In this case, the vertex v forms a

connected component consisting of v only. The rest of the induced subgraph

is a subgraph of of G † v. All these subgraphs are enumerated by Q(G †
v;x, y). However, the component built by v contributes one vertex and one

component to the polynomial. Thus we obtain the contribution

xyQ (G † v;x, y) .

In our enumeration so far we missed exactly those vertex induced sub-

graphs that contain v and at least one of its neighbors together in one

component. We include v in the corresponding candidate set, remove it

from G, and multiply the generating function by x (not by xy because we

do not increase the number of components). In order to trace the compo-

nents, we have to simulate the paths using v in G. These paths are no longer

present in G−v. This task is best performed by using G/v instead of G−v.
Thus we obtain the contribution xQ (G/v;x, y) to the generating function.

Unfortunately, this polynomial enumerates induced subgraphs that do not

contain any vertices from N (v), too. We can fix this problem by subtraction

of xQ (G † v;x, y), which gives

xQ (G/v;x, y) − xQ (G † v;x, y)

as final contribution. �
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3.4.3 The Universal V E-invariant

Recall the definition of V E invariants:

p(G) : G → R is a V E-invariant if

• p(G) is multiplicative with respect to disjoint union of graphs: for all

graphs G1, G2,

p(G1 ⊔G2) = p(G1) · p(G2);

• There are α, β, γ ∈ R such that for every graph G = 〈V,E〉 and every

vertex v ∈ V ,

p(G) = αp(G− v) + βp(G/v) + γp(G † v), (3.4.2)

where G− v, G/v and G †v denote graphs obtained from G by respec-

tively deletion, contraction and extraction of the vertex v.

• p(G) is uniquely defined by the recurrence relation (3.4.2) together

with the initial conditions

p(∅) = 1; p(E1) = ν, (3.4.3)

where ν ∈ R is some element of the ring R that does not depend on

the graph G.

The most general recursive definition of P (G,ω; X̄) is obtained by

introducing indeterminates where possible. Any graph decomposition se-

quence consists of vertex removal steps and non-empty disjoint subgraph

decomposition steps. Let ω ∈ Ω denote an auxiliary order of decomposition

steps.

P (G) =

{
sP (G− v) + yP (G/v) + zP (G † v); (vertex removal step)

P (G1) · P (G2); (decomposition step)

P (E1) = x;

P (∅) = 1; (3.4.4)

Proposition 3.4.4 The reduction of P (G,ω; X̄) is well-founded.
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Proof. Indeed, every step of the decomposition reduces the number of

vertices. Hence, after a final number of steps, only singletons and empty

sets appear in the decomposition parse tree. �

Currently, P (G,ω; X̄) is defined recursively for unlabeled graphs and set of

indeterminates X̄ = {s, x, y, z} onto the ring R[X̄] and its result depends on

the order ω of graph decomposition steps.

Theorem 3.4.5 Let s(x̄), x(x̄), y(x̄), z(x̄) ∈ R[x̄] be unresolved polynomials,

and let P̂ (G,ω; x̄) be obtained from P (G,ω; X̄) by substitution of respective

indeterminates:

P̂ (G,ω; x̄) = P (G,ω; X̄)[s 7→ s(x̄), x 7→ x(x̄), y 7→ y(x̄), z 7→ z(x̄)].

Then P̂ (G,ω1; x̄) = P̂ (G,ω2; x̄) for all graphs G and all pairs of orders ω1

and ω2, if and only if

(s = 1 and x = s+ y + z) or P (G; X̄) = x|V (G)| or P (G; X̄) = 1.

Proof. We are looking for conditions ϕ(s(x̄), x(x̄), y(x̄), z(x̄)) such that

if ϕ is satisfied, then P̂ (G,ω; x̄) is independent of the order.

First, from E1 − v = E1 † v = E1/v = ∅ we obtain x = (s+ y + z).

Second, we apply the recurrence relation (3.4.4) to compute P (P3, ω1) and

P (P3, ω2), where under ω1 we first eliminate a vertex of degree 1 from P3,

whereas under ω2 we first eliminate vertex of degree 2.

P (P3, ω1) = sP (P2) + yP (P2) + zP (E1) =

= (s+ y)[(s+ y)(s + y + z) + z] + z(s+ y + z) =

= (s+ y)2(s + y + z) + (s+ y)z + z(s+ y + z)

P (P3, ω2) = sP (E2) + yP (P2) + z =

= s(s+ y + z)2 + y[(s+ y)(s + y + z) + z] + z =

= s(s+ y + z)2 + y(s+ y)(s+ y + z) + yz + z
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Solving P (P3, ω1) = P (P3, ω2) we get:

z = 0 or s = 1 or s+ y + z = 1

In case of z = 0, we get the polynomial P = (s + y)|V | = x|V |. In case

of w + y + z = 1, the result is P = 1. The only remaining choice, s = 1,

completes the conditions of the theorem. �

Theorem 3.4.6 V E-universality:

1. Every V E-invariant p : G → R of a graph G = 〈V,E〉 satisfies the

recurrence relation

p(G) = p(G− v) + ap(G/v) + bp(G † E), (3.4.5)

where a and b are elements of the target ring R that do not depend on

the graph G.

2. There is a map UV E : G → R[x, y], which is uniquely defined by this

recurrence relation and initial conditions:

UV E(G1 ⊔G2) = UV E(G1) · UV E(G2);

UV E(G) = UV E(G− v) + xUV E(G/v) + yUV E(G † v);
UV E(E1) = 1 + x+ y;

UV E(∅) = 1. (3.4.6)

Proof. Analyzing the conditions ϕ, we obtain that all V E invariants

satisfy the recurrence relation (3.4.5), including the exceptional polynomi-

als P (G) = x|V | and P (G) = 1 (with a 7→ x − 1, b 7→ 0 and a 7→ 0, b 7→ 0

respectively).

In order to prove that the map UV E(G;x, y) is well-defined, we will use

the connection to the subgraph component polynomial and to the indepen-

dent set polynomial:
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Assuming x 6= 0, UV E(G) is a substitution instance of Q(G;x, y):

UV E(G;x, y) = Q(G;x,
y

x
+ 1) =

∑

U⊆V

x|U |
(y
x
+ 1
)k(G[U ])

Otherwise, it turns a substitution instance of the independent set polynomial

UV E(G; 0, y) = In(G; y)

Both those statements can be proven by induction using the recurrence re-

lations satisfied by the respective graph polynomials. Both Q(G;x, y) and

In(G; y) are well-defined graph polynomials. Therefore, the map UV E(G;x, y)

is well-defined. �

Corollary 3.4.7 UV E(G;x, y) is a V E-universal and dp-complete graph in-

variant.

Corollary 3.4.8 The subgraph component polynomial Q(G;x, y) is a dp-

complete V E-invariant.

Proof. For x 6= 0, the universal V E-invariant UV E(G;x, y) can be

obtained as a substitution instance of Q(G;x, y):

UV E(G;x, y) = Q(G;x,
y

x
+ 1)

The only exception is the independent set polynomial, which, in turn, can

be read out of Q(G;x,y) as a subset of its coefficients:

in(G; i) = qii = [xiyi]Q(G;x, y).

Therefore, for any two graphs G1 and G2,

Q(G1;x, y) = Q(G2;x, y)→ UV E(G1;x, y) = UV E(G2;x, y),

which completes the proof. �

Corollary 3.4.9 The subset-expansion definition of UV E(G;x, y) is as fol-

lows:

UV E(G;x, y) =
∑

U⊆V

x|U |−k(G[U ])(x+ y)k(G[U ]), (3.4.7)
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where G[U ] denotes the induced subgraph of G with vertex set U , and k(G[U ])

denotes number of spanning connected components in G[U ].

Proof. Like the fact that UV E(G;x, y) is well-defined, its subset expan-

sion form can be derived from its connection to the subgraph component

polynomial Q(G;x, y) and to the independent set polynomial In(G; y). In-

deed, if x 6= 0, then the equation (3.4.7) can be rewritten as

UV E |x 6=0(G;x, y) =
∑

U⊆V

x|U |

(
x+ y

x

)k(G[U ])

= Q(G;x,
y

x
+ 1).

Otherwise, if x = 0, the only summands that contribute to the result are

those with U independent set, and therefore,

UV E |x=0(G;x, y) =
∑

U ⊆ V

U is indep. set

y|U | = In(G; y).

�

3.4.4 Vertex Eliminations vs Edge Elimination

In this section we will show the connection of Q(G;x, y) to the most distinc-

tive edge elimination polynomial ξ(G;x, y, z).

We rewrite the decomposition of Q(G;x, y) using Theorem 3.4.3:

Q(G;x, y) = Q(G− v;x, y) + xQ(G/v;x, y) + x(y − 1)Q(G † v;x, y)
Q(G1 ⊔G2;x, y) = Q(G1;x, y)Q(G2;x, y)

Q(E1;x, y) = xy + 1

Q(∅) = 1 (3.4.8)

Theorem 3.4.10 Let G = 〈V,E〉 be a graph. Let L(G) = 〈Ve, Ee〉 denote
the line graph of G. Then the following equation holds:

ξ(G; 1, x, x(y − 1)) = Q(L(G);x, y)

Proof. First, let us analyze the correspondence of the edge elimination

operations in a graph to the vertex elimination operations in its line graph.
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Let ve ∈ Ve be the vertex in the line graph that corresponds to the edge e ∈ E
of the original graph. By the definition of the edge and vertex elimination

operations:

L(G− e) = L(G)− ve (3.4.9)

L(G/e) = L(G)/ve (3.4.10)

L(G † e) = L(G) † ve (3.4.11)

First let us check the connected graphs with up to one edge:

If G ∈ {∅, E1}, L(G) = ∅,

The equivalence ξ(G; 1, x, x(y − 1)) = 1 = Q(∅) holds.

If G is a single point with a loop, or G = P2, L(G) is a singleton, The

equivalence ξ(G; 1, x, x(y − 1)) = 1 + x+ x(y − 1) = 1 + xy = Q(E1) holds.

Next, we note that L(G1 ⊔G2) = L(G1) ⊔ L(G2). Therefore, if the the-

orem holds for graphs G1 and G2, then it holds also for G1 ⊔ G2. Finally,

the theorem follows by induction on the number of edges, using the decom-

position formulae (3.4.8) and (3.3.11) and the correspondence of edge and

vertex elimination operations. �
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Chapter 4

DP-complete and Universal

Graph Polynomials for

Labeled Graphs

In this chapter we extend our results presented so far to labeled graph invari-

ants. First, we define classes of labeled graph invariants, with respect to edge

elimination and vertex elimination, in parallel to the classes C, TG,M,EE

and V E discussed above.

4.1 Extending definitions to labeled graphs

Let LG be the class of labeled graphs. Recall that labeled graph G =

〈V,E, labV , labE〉 is provided with the labeling functions labV : V 7→ ΛV and

labE : E 7→ ΛE , which map the vertices ant the edges, respectively, to sets

of vertex and edge labels ΛV and ΛE . Two labeled graphs are isomorphic if

there is an isomorphism that preserves both vertex and edge labelings. We

define also subclasses of LG: we denote by LGE the class of edge-labeled

graphs and by LGV – the class of vertex-labeled graphs.

Labeled graph invariant is a function f : LG → R which maps labeled

graphs into a ring R such that isomorphic labeled graphs G1 ≃ G2 get the

same image: f(G1) = f(G2).

Labeled graph polynomials have as their domains polynomial ring R[X̄ ],
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where the set of indeterminates X̄ is labeled:

X̄ = {XV × ΛV ,X
E × ΛE},

where XV = {xV0 , xV1 , . . .} is the set of vertex-labeled indeterminates, and

XE = {xE0 ,XE
1 , . . .} is the set of edge-labeled indeterminates.

4.1.1 Comparing labeled graph invariants

Like the unlabeled graph invariants, we use the following notions for com-

paring labeled graph invariants:

Definition 16 Distinctive power of labeled graph invariants:

Let p : LG → R1 and q : LG → R2 be two labeled graph invariants. We say

that the distinctive power of p does not exceed that of q, and write p �dp q
iff for every pair of labeled graphs G1 and G2

q(G1) = q(G2) → p(G1) = p(G2)

If p �dp q and q �dp p we say that the graph invariants p and q have the

same distinctive power and write p ≃dp q. If neither p �dp q nor q �dp p, we
say that the graph invariants p and q have incomparable distinctive power.

Definition 17 Substitution instance:

Let p : G → R[X̄] and q : G → R[Ȳ ] be two labeled graph polynomials with

sets of indeterminates respectively X̄ and Ȳ . We say that p is a substitu-

tion instance of q and write p �subst q iff there is a variable substitution

σ : Ȳ → R[X̄] such that for all labeled graphs G ∈ LG, q(G, Ȳ ) under σ

evaluates to p(G; X̄):

p(G; X̄) = σ(q(G; Ȳ ))

Based on the notions above, we can use the same definitions of dp-

completeness and universality as for unlabeled graph invariants.

4.1.2 Classes of labeled graph invariants with respect to edge

elimination and vertex elimination

Definition 18 Let p : G → R, where R is either a field or a polynomial ring

F [X̄ ] with an underlying field F , be a multiplicative labeled graph invariant
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that satisfies boundary conditions as follows:

p(∅) = 1 and p(〈{v},∅, {v 7→ c},∅〉) = νc for some νc ∈ R (4.1.1)

Note that if vertex-labeling exists, the value of p({v}) depends on the label

c. If there is no vertex labeling, the initial conditions are like the unlabeled

case:

p(∅) = 1 and p({v}) = ν for some ν ∈ R (4.1.2)

We say that a graph invariant p is a

• labeled C-invariant and write p ∈ LC iff

1. It is defined on the class of edge-labeled 1 graphs: p : LGE →R;

2. For every edge-label d ∈ ΛE there are elements αd, βd ∈ R such

that for every graph G ∈ LG and every edge e ∈ E(G) with

labE(e) = d the following equation holds:

p(G) = αdp(G− e) + βdp(G/e)

3. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (4.1.2).

If αd = 1 for all d ∈ ΛE, we call p a special LC-invariant and write

p ∈ sLC.

• labeled TG-invariant and write p ∈ LTG iff

1. It is defined on the class of edge-labeled graphs: p : LGE →R;

2. For every edge-label d ∈ ΛE there are elements xd, yd, σd, τd ∈ R
such that for every graph G ∈ LG and every edge e ∈ E(G) with

1Allowing vertex labeling would make the definition of the edge contraction operation
unclear: it is not clear which label should be given to a vertex produced by a contraction
of an edge (u, v) with different labels.
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labE(e) = d the following holds:

p(G) =





xdp(G− e) if e is a bridge,

ydp(G− e) if e is a loop,

σdp(G− e) + τdp(G/e) otherwise.

3. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (4.1.2).

• labeled M-invariant and write p ∈ LM iff

1. It is defined on the entire class of labeled graphs: p : LG → R;
2. For every edge-label d ∈ ΛE there are elements αd, βd ∈ R such

that for every graph G ∈ LG and for every edge e ∈ E(G) with

labE(e) = d the following holds:

p(G) = αdp(G− e) + βdp(G † e);

3. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (4.1.1).

If αd = 1 for all d ∈ ΛE, we call p a special LM-invariant and write

p ∈ sLM .

• labeled EE-invariant and write p ∈ LEE iff

1. It is defined on the class of edge-labeled graphs: p : LGE →R;
2. For every edge-label d ∈ ΛE there are elements αd, βd, γd ∈ R

such that for every graph G ∈ LG and for every edge e ∈ E(G)

with labE(e) = d the following holds:

p(G) = αdp(G− e) + βdp(G/e) + γdp(G † e);

3. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (4.1.2).

If αd = 1 for all d ∈ ΛE, we call p a special LEE invariant and

write p ∈ sLEE.

• labeled VE-invariant and write p ∈ LV E iff
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1. It is defined on the class of vertex-labeled 2 graphs: p : LGV → R;

2. For every vertex-label c ∈ ΛV there are elements αc, βc, γc ∈ R
such that for every graph G ∈ LG and for every vertex v ∈ V (G)

with labV (v) = c the following holds:

p(G) = αcp(G− v) + βcp(G/v) + γcp(G † v);

3. The invariant p is uniquely defined by this recurrence relation and

the initial conditions (4.1.1).

Note that the set of LEE-invariants trivially includes the entire set of LC-

invariants. However, in contrast to the unlabeled case, it does not include

the class of LM-invariants, because it is not defined for vertex-labeled graphs.

In the remainder of this chapter we present some examples of known labeled

graph polynomials, and then provide our results regarding dp-completeness

and universality of LM , LEE and LV E invariants.

4.2 Examples of known labeled graph polynomials

In this section we provide some examples of labeled graph polynomials from

the literature.

4.2.1 The Sokal polynomial

A. Sokal defines in [49] a weighted generalization of the dichromatic poly-

nomial:

Z(G; q, v̄) =
∑

A∈E

qk(A)
∏

e∈A

ve,

where ve denotes a weight defined per edge, and k(A) denotes the number

of connected components in 〈V,A〉.

2Similarly, the vertex contraction operation would become unclear if edge labeling were
allowed, because it is not clear what label should be given to the new edges produced by
this operation.
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This graph polynomial satisfies a linear recurrence relation:

Z(G1 ⊔G2) = Z(G1) · Z(G2),

Z(G) = Z(G− e) + ve · Z(G/e); (4.2.1)

The Sokal polynomial is uniquely defined by the recurrence relation

(4.2.1) and initial conditions Z(∅) = 1 and Z({v}) = q. From here we

can conclude:

Proposition 4.2.1 The Sokal polynomial Z(G; q, v̄) is an LC-invariant3.

Moreover, it is dp-complete in the class of LC graph invariants and universal

in the class of sLC graph invariants.

Proof. Let ULC(G; q, w̄, v̄) be defined as the most general map satisfying

the conditions of LC-invariants:

ULC(G1 ⊔G2) = ULC(G1) · ULC(G2),

ULC(G) = weULC(G− e) + veULC(G/e);

ULC({v}) = q;

ULC(∅) = 1. (4.2.2)

Analyzing the paths of graph decomposition, one can conclude that, inde-

pendently of the decomposition order, each path contains either contraction

or deletion of each edge. Hence, the recurrence relation (4.2.2) can be rewrit-

ten as

ULC(G) = we · (ULC(G− e) +
ve
we
ULC(G/e)),

and therefore, by induction on the number of edges,

ULC(G; q; w̄, v̄) =

(
∏

e∈E

we

)
Z

(
G; q,

( v
w

))
.

The factor
(∏

e∈E we
)
can be derived, in turn, as the highest-degree term of

Z(G; 1, w̄). �

3Here every edge gets its own label. This fits our definition of labeled graphs provided
ΛE can be infinite.
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4.2.2 The Bollobas-Riordan polynomial

The labeled Tutte polynomial, widely known as the Bollobas-Riordan poly-

nomial [14] is defined as follows:

Let G = (V,E) be a connected graph, and let c : E → Λ be an edge

labeling function, with some set of labels Λ. Let T = (V, F ) , F ⊆ E be

a spanning tree of G. For every edge e ∈ E \ F , let cyc(T ∪ e) denote the

edges of the unique cycle in T ∪ e. For each edge f ∈ F , let cut(T − f)
denote the the set of edges of G that connect components of T − f . Finally,
let φ : E → 1, 2, 3 . . . |E| be an auxiliary total order over E.

An edge e ∈ E \ F is called externally active with respect to T under order

φ if it is the smallest edge (under φ) in the cyc(T ∪ e). Otherwise, this edge

is called externally inactive.

An edge f ∈ F is called internally active with respect to T under order

φ if it is the smallest edge (under φ) in the cut(T − f). Otherwise, this edge

is called internally inactive.

The weight of an edge e with respect to labeling c, order φ and spanning

tree T is denoted by w(G, c, φ, T, e) and defined by

w(G, c, φ, T, e) =





Xc(e) if e is internally active,

Yc(e) if e is externally active,

xc(e) if e is internally inactive,

yc(e) if e is externally inactive,

The weight of the spanning tree T is

w(G, c, φ, T ) =
∏

e∈E

w(G, c, φ, T, e)

The labeled Tutte polynomial is defined as

W0(G, c, φ) =
∑

T∈TG

w(G, c, φ, T ), (4.2.3)

where TG is a set of all the spanning trees of G. For the disconnected graphs

the Bollobas-Riordan polynomial is defined as a product over the connected
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components of the graph, with prefactor that depends on their number:

W0(G, c, φ) = αk(G)

k∏

i=1

Wo(Gi, c, φ)

Note: the above does not actually define a graph polynomial, since its final

value may depend on the order φ. To become a well defined graph poly-

nomial, it must take its values from the polynomial ring modulo the ideal

generated by the following identities:

Xλyµ − yλXµ = xλYµ − Yλxµ = xλyµ − yλxµ, (4.2.4)

holds for any labels λ and µ, or

Xλ = Yλ = 0 (4.2.5)

holds for any label λ (see [14] for the proof). For the multiplicativity, one

must assume αk(G) = αk(G) for some α.

Recurrence relations. The Bollobas-Riordan polynomial, when it is well-

defined, satisfies the following recurrence relation:

W (G; c) =





XλW (G/e; c) if e is a bridge,

YλW (G− e; c) if e is a loop,

xλW (G/e; c) + yλW (G− e; c) otherwise;

with initial condition W (En; c, φ) = αn.

The recurrence relation above leads to the conclusion:

Proposition 4.2.2 The (multiplicative) Bollobas-Riordan polynomial is an

LTG-invariant.

Moreover, according to the results of [14], this polynomial subsumes all the

other known labeled versions of the Tutte polynomial, cf. [14, 52, 27, 49],

which allows us to conclude:

Proposition 4.2.3 The Bollobas-Riordan polynomial is a dp-complete LTG-

invariant.
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4.3 The most distinctive labeled matching

polynomial ULM(G; x̄, y)

Like in the unlabeled case, we first approach the most distinctive labeled

matching polynomial.

4.3.1 The recurrence relation

Recall the definition of LM -invariant:

p(G) : LG → R is an LM -invariant if

• p(G) is multiplicative with respect to disjoint union: for all labeled

graphs G1, G2,

p(G1 ⊔G2) = p(G1) · p(G2);

• For every edge-label d ∈ ΛE there are αd, βd ∈ R such that for ev-

ery labeled graph G = 〈V,E, labV , labE〉 and every edge e ∈ E with

labE(e) = d,

p(G) = αdp(G− e) + βdp(G † e), (4.3.1)

where G− e and G † e denote graphs obtained from G by respectively

deletion and extraction (i.e. deletion together with endpoints) of the

edge e.

• p(G) is uniquely defined by the recurrence relation (4.3.1) together

with the initial conditions

p(∅) = 1; p({v}) = νc, (4.3.2)

where νc ∈ R is some element of the ring R that depends on the label

c of the singleton {v}, but does not depend on the graph G.

The most general recursive definition of P (G,ω; X̄) is obtained by

introducing indeterminates where possible. Any graph decomposition se-

quence consists of edge removal steps and non-empty disjoint subgraph de-

composition steps. Let ω ∈ Ω denote an auxiliary order of decomposition
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steps.

P (G) =





yµP (G− e) + zµP (G † e); edge removal step

(provided labE(e) = µ)

P (G1) · P (G2); decomposition step

P ({v}) = xγ provided labV (v) = γ;

P (∅) = 1; (4.3.3)

Proposition 4.3.1 The reduction of P (G,ω; X̄) is well-founded.

Proof. Indeed, every step of the decomposition reduces either the num-

ber of edges or the number of vertices. Hence, after a final number of steps,

only singletons and empty sets appear in the decomposition parse tree. �

P (G,ω; X̄) is defined recursively for labeled graphs and set of indeterminates

X̄ = {xγ , yλ, zλ : γ ∈ ΛV , λ ∈ ΛE} onto the ring Z[X̄] and its result depends

on the order ω of graph decomposition steps.

Theorem 4.3.2 Let P̂ (G,ω; x̄) be obtained from P (G,ω; X̄) by substitu-

tion of every respective indeterminate by an unresolved polynomial. Then

P̂ (G,ω1; x̄) = P̂ (G,ω2; x̄) for all graphs G and all pairs of orders ω1 and

ω2, if and only if

yλzµ = zµ for all λ, µ ∈ ΛE , or P (G) = x|V (G)|.

Proof. We are looking for a minimal set of conditions ϕ over the intro-

duced unresolved polynomials, such that if ϕ is satisfied, then P̂ (G,ω; x̄) is

independent of the order.

We apply the order-invariance restriction to the family of graphs shown

at Fig. 4.1: G consists of two disjoint graphs H1 and H2 connected by a

bridge of two edges e1 = (u, v) and e2 = (v,w). Let the edges e1 and e2 be

labeled respectively by labE(e1) = λ and labE(e2) = µ, and the vertex v be

labeled labV (v) = γ. In order to be a unique graph invariant, P (G) must

return the same result when the edge reduction rule is applied first on the

edge e1 and then on the edge e2, as well as when it is applied first on the
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Figure 4.1: Graph G for applying order-invariance of edge elimination

edge e2 and then on the edge e1.

P (G, {1→ 2}) = yλ · P (G−e1) + zλ · P (G † e1)
= yλ · (yµ · P (G− e1 − e2) +

zµ · P (G † e2)) +
zλ · P (G † e1)

= yλyµxγP (H1)P (H2) +

yλzµP (H1)P (H2 − w) +
zλP (H1 − u)P (H2)

On the other hand,

P (G, {2 → 1}) = yµ · P (G−e2) + zµ · P (G † e2)
= yµ · (yλ · P (G− e2 − e1) +

zλ · P (G † e1)) +
zµ · P (G † e2)

= yµyλxγP (H1)P (H2) +

yµzλP (H1 − u)P (H2) +

zµP (H1)P (H2 − w)

Applying P (G, {2→ 1}) = P (G, {2→ 1}), we obtain:

yλzµP (H1)P (H2 − w) + zλP (H1 − u)P (H2) =

= yµzλP (H1 − u)P (H2) + zµP (H1)P (H2 − w)
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Analyzing the case labE(e1) = labE(e2) = λ leads to yλzλ = zλ for all

λ ∈ ΛE , or P (H1 − u)P (H2) = P (H1)P (H2 − w) for all graphs H1, H2

and all vertices u ∈ V (H1) and w ∈ V (H2). In the latter case we get

a trivial polynomial P (H) = x|V (H)|. Indeed, if H1 is a singleton, we

get 1 · P (H2) = xlabV (u) · P (H2 − w) for any w ∈ V (H2), which leads to

P (H) = x|V (H)|, where xlabV (u) = x for any w ∈ V (H).

On the other hand, if µ 6= λ, we get either yλzµ = zµ for all λ, µ ∈ ΛE, or

P (H1 − u)P (H2) = 0 for all graphs H1 and H2, which requires P (H) = 0.

So far, we proved that the condition of the theorem is necessary. In order

to prove that they are also sufficient, it is enough to prove that any two

steps of graph decomposition are exchangeable. Then we use induction on

the depth of graph deconstruction tree to prove the uniqueness of P (G).

First, we observe that any step of disjoint decomposition is interchangeable

with any step of edge removal. This follows by distributivity of multiplica-

tion. Therefore, we can assume that we first perform all the possible edge

removal steps, and then do the disjoint decomposition of remaining single-

tons.

Second, we observe that an order over edges uniquely determines the order

of graph decomposition. We just skip the steps of removing edges that have

been already removed by the preceding steps. Therefore, it is enough to

prove that any two edges can be removed in either order, and this does not

affect the result. Let G = 〈V,E, labV , labE〉 be any labeled graph, and let e1
and e2 be any two edges, labeled respectively labE(e1) = λ and labE(e2) = µ.

If the edges of interest do not have any common vertices, then we get:

P (G, {1→ 2}) = yλ · P (G− e1) + zλ · P (G † e1)
= yλ · (yµ · P (G− e1 − e2) + zµ · P (G− e1 † e2)) +
zλ · (yµ · P (G † e1 − e2) + zµ · P (G † e1 † e2)) =

= P (G, {2 → 1})

otherwise, if the edges of interest have a vertex or two in common, we have

P (G, {1→ 2}) = yλ · P (G− e1) + zλ · P (G † e1)
= yλ · (yµ · P (G− e1 − e2) + zµ · P (G † e2)) +

zλ · P (G † e1)
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whereas

P (G, {2→ 1}) = yµ · P (G− e2) + zµ · P (G † e2)
= yµ · (yλ · P (G− e2 − e1) + zλ · P (G † e1)) +

zµ · P (G † e2)

which are equivalent provided yλzµ = zµ for all λ, µ ∈ ΛE .

Hence, the conditions of the theorem are necessary and sufficient. �

Analyzing the conditions ϕ, we get:

Corollary 4.3.3 Every LM -polynomial p : LG → R[X̄ ] of a graph G =

〈V,E, labV , labE〉 is either of the form

p(G) =

(
∏

v∈V

xlabV (v)

)(
∏

e∈E

ylabE(e)

)
, (4.3.4)

or it satisfies a linear recurrence relation as follows:

p(G) = p(G− e) + zlabE(e)p(G † e); (4.3.5)

where for every γ ∈ ΛV and λ ∈ ΛE, xγ and yλ are elements of R[X̄]

independent of G.

Proof. The condition {yλzµ− zµ : λ, µ ∈ ΛE} has two solutions: yλ = 1

for any λ ∈ ΛE , and zµ = 0 for any µ ∈ ΛE . Under the latter solution

the polynomial (4.3.4) is obtained. This also includes the exception case

p(G) = x|V |. The first solution gives a rise to the recurrence relation (4.3.5).

�

Corollary 4.3.4 There is a map ULM : LG → R[X̄ ], with X̄ = (xγ , yλ :

γ ∈ ΛV , λ ∈ ΛE), which is uniquely defined by the recurrence relation and

initial conditions:

ULM (G1 ⊔G2) = ULM (G1) · ULM (G2);

ULM (G) = ULM (G− e) + yλULM (G † e), provided labE(e) = λ;

ULM ({v}) = xγ , provided labV (v) = γ;

ULM (∅) = 1. (4.3.6)
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Corollary 4.3.5 The map ULM (G) from Corollary 4.3.4 is universal in the

class of sLM -invariants and dp-complete in the class of LM -invariants.

Proof. The universality property follows directly from the Corollary

4.3.4, for the dp-completeness we need also prove that ULM (G) determines

the following invariants:

• |Eλ(G)| = number of edges labeled λ for every λ ∈ ΛE ;

• The product pV (G; X̄) =
∏
v∈V xlabV (v).

The latter can be obtained as a substitution instance of ULM (G) as follows:

pV (G; X̄) = ULM (G; X̄)|yλ=0 for each λ∈ΛE

For the number of edges labeled λ we need to determine the coefficient of yλ
in ULM . The paths in the graph decomposition tree that contribute to this

summand contain exactly one step of extraction (of some edge labeled λ).

Number of such paths is exactly Eλ. In order to determine this coefficient,

we will use partial derivatives:

|Eλ(G)| =
∂ULM (G)

∂yλ

∣∣∣∣
xγ=1,yµ=0 for each γ∈ΛV ,µ∈ΛE

�

4.3.2 The subset expansion form of ULM(G; x̄, ȳ)

We proved so far that there is a unique map ULM (G;x, y) which is defined

recursively by initial conditions and linear recurrence relation 4.3.6 with

respect to edge deletion and edge extraction operations.

Additionally, by multiple application of the edge reduction rule, we can

obtain a vertex reduction rule. Let N(v) = {u1, u2, . . . , ud} be the neigh-
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borhood of v, and ei = {ui, v} be the edges incident to v. Then,

ULM (G) = ULM (G−e1) + ylabE(e1)ULM (G † e1) =
= ULM (G−e1 − e2) + ylabE(e2)ULM (G † e2) +

+ylabE(e1)ULM (G † e1) = . . . (4.3.7)

= ULM (G− v ⊔ {v}) +
d∑

i=1

ylabE(ei)ULM (G † ei) =

= xlabV (v) · ULM (G − v) +
d∑

i=1

ylabE(ei)ULM (G † ei)(4.3.8)

Theorem 4.3.6 The unique map ULM : G → R[X̄ ], with X̄ = (xγ , yλ : γ ∈
ΛV , λ ∈ ΛE), satisfying the recursive definition 4.3.6 has an explicit subset

expansion definition as follows:

ULM (G; X̄) =
∑

M ⊆ E,

M is a matching



(
∏

e∈M

ylabE(e)

)


∏

v∈V \V (M)

xlabV (v)






(4.3.9)

Proof. The proof is by induction on the size of the graph G.

Base: for graphs of size n ≤ 2 we have:

• ULM (∅) = 1

• ULM (E1) = xlabV (v)

• ULM (E2) = xlabV (u)xlabV (v) (vertices u and v)

• ULM (P2) = ULM (G−e)+ylabE(e) ·ULM (∅) = xlabV (u)xlabV (v)+ylabE(e)

(vertices u and v and edge e)

In all those cases the equation 4.3.9 holds.

Closure: we assume that the equation 4.3.9 holds for all the graphs with

at most n vertices, and prove that it holds also for the graphs with n + 1

vertices.

Let G be a graph with n + 1 vertices and let v be any its vertex. Then

we apply the vertex reduction rule 4.3.7 and obtain:
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ULM (G) = xlabV (v) · ULM (G− v) +
d∑

i=1

ylabE(ei) · ULM (G † ei)

By the induction assumption we have:

P (G) = xlabV (v) ·
∑

M ⊆ E(G−v),

M is a matching



(
∏

e∈M

ylabE(e)

)


∏

v∈V \V (M)

xlabV (v)




+

+

d∑

i=1

ylabE(ei) ·
∑

M ⊆ E(G † ei),

M is a matching



(
∏

e∈M

ylabE(e)

)


∏

v∈V \(V (M)∪{ui,v})

xlabV (v)






The first part of the equation describes all the matchings which do not

include the vertex v, hence, xlabV (v) can be inserted into its second product.

The second part of the equation describes all the matchings which include

the vertex v. Those are the matchings, which include exactly one of the edges

e1, . . . , ed, so the corresponding variable ylabE(ei) can be inserted into the first

product. By summation of the two parts, we get exactly the equation 4.3.9.

�

4.4 The most distinctive labeled edge elimination

polynomial ξlab(G; x, y, z, t̄)

In this section we extend the most distinctive EE graph polynomial de-

scribed in Section 3.3 to edge-labeled graphs.

4.4.1 The recurrence relation

Recall the definition of LEE-invariant:

p(G) : LGE →R is an LEE-invariant if

• p(G) is multiplicative with respect to disjoint union of graphs: for all

labeled graphs G1, G2,

p(G1 ⊔G2) = p(G1) · p(G2);
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• For every edge-label d ∈ ΛE there are αd, βd, γd ∈ R such that for

every edge-labeled graph G = 〈V,E, labE〉 and every edge e ∈ E,

p(G) = αdp(G− e) + βdp(G/e) + γdp(G † e), (4.4.1)

where G− e, G/e and G † e denote graphs obtained from G by respec-

tively deletion, contraction and extraction (i.e. deletion together with

endpoints) of the edge e.

• p(G) is uniquely defined by the recurrence relation (4.4.1) together

with the initial conditions

p(∅) = 1; p(E1) = ν, (4.4.2)

where ν ∈ R is some element of the ring R that does not depend on

the graph G.

The most general recursive definition of P (G,ω; X̄) is obtained by

introducing indeterminates where possible. Any graph deconstruction se-

quence consists of edge removal steps and non-empty disjoint subgraph de-

composition steps. Let ω ∈ Ω denote an auxiliary order of deconstruction

steps.

P (G) =





sµP (G− e) + yµP (G/e) + zµP (G † e); (edge removal step)

(provided labE(e) = µ)

P (G1) · P (G2); (decomposition step)

P (E1) = x;

P (∅) = 1; (4.4.3)

Proposition 4.4.1 The reduction of P (G,ω; X̄) is well-founded.

Proof. Indeed, every step of the deconstruction reduces either the num-

ber of edges or the number of vertices. Hence, after a final number of steps,

only singletons and empty sets appear in the deconstruction parse tree. �

Currently, P (G,ω; X̄) is defined recursively for edge-labeled graphs and set

of indeterminates X̄ = {x, sµ, yµ, zµ : µ ∈ ΛE} onto the ring RΛE = R[X̄]

and its result depends on the order ω of graph deconstruction steps.
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Theorem 4.4.2 Let P̂ (G,ω; x̄) be obtained from P (G,ω; X̄) by substitution

of every respective indeterminate by an unresolved polynomial.

Then P̂ (G,ω1; x̄) = P̂ (G,ω2; x̄) for all graphs G and all pairs of orders

ω1 and ω2, if and only if

sλzµ = zµ and yλzµ = yµzλ

for all λ, µ ∈ ΛE, or if

P (G) = P0(G) = x|V (G)|

.

Proof. We are looking for a minimal set of conditions ϕ over the intro-

duced unresolved polynomials, such that if ϕ is satisfied, then P̂ (G,ω; x̄) is

independent of the order.

We use the same family of graphs as for LM-invariants (Fig. 4.1): G

consists of two disjoint graphs H1 and H2 connected by a bridge of two

edges e1 = (u, v) and e2 = (v,w), labeled respectively by labE(e1) = λ and

labE(e2) = µ (unlike the LM case, vertices are not labeled). In order to be

a unique graph invariant, P (G) must give the same result when the edge

reduction rule is applied first on the edge e1 and then on the edge e2, as well

as when it is applied first on the edge e2 and then on the edge e1.

P (G, {1→ 2}) = sλ · P (G−e1) + yλ · P (G/e1) + zλ · P (G † e1)
= sλ · (sµ · P (G− e1 − e2) +

yµ · P (G− e1/e2) +
zµ · P (G− e1 † e2)) +

yλ · (sµ · P (G/e1 − e2) +
yµ · P (G/e1/e2) +
zµ · P (G/e1 † e2)) +

zλ · P (G † e1)
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= sλ · (sµ · x · P (H1)P (H2) +

yµ · P (H1)P (H2) +

zµ · P (H1)P (H2 − w)) +
yλ · (sµ · P (H1)P (H2) +

yµ · P (H1 ⊔1 H2) +

zµ · P (H1 − u)P (H2 −w)) +
zλ · P (H1 − u)P (H2)

On the other hand,

P (G, {1 → 2}) = sµ · P (G−e2) + yµ · P (G/e2) + zµ · P (G † e2)
= sµ · (sλ · P (G− e2 − e1) +

yλ · P (G− e2/e1) +
zλ · P (G − e2 † e1)) +

yµ · (sλ · P (G/e2 − e1) +
yλ · P (G/e2/e1) +
zλ · P (G/e2 † e1)) +

zµ · P (G † e2)

= sµ · (sλ · x · P (H1)P (H2) +

yλ · P (H1)P (H2) +

zλ · P (H1 − u)P (H2)) +

yµ · (sλ · P (H1)P (H2) +

yλ · P (H1 ⊔1 H2) +

zλ · P (H1 − u)P (H2 − w)) +
zµ · P (H1)P (H2 − w)

Applying P (G, {2→ 1}) = P (G, {2→ 1}), we obtain:

P (H1 − u)P (H2 − w) · [yλzµ − yµzλ] +
P (H1)P (H2 − w) · [sλzµ − zµ] +
P (H1 − u)P (H2) · [zλ − sµzλ] = 0 (4.4.4)
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Analyzing the case labE(e1) = labE(e2) = λ leads to

wλzλ = zλ for all λ ∈ ΛE , (4.4.5)

despite P (H1 − u)P (H2) = P (H1)P (H2 − w) for all graphs H1, H2 and

all vertices u ∈ V (H1) and w ∈ V (H2). In the latter case we get a trivial

polynomial P0(H) = x|V (H)|, by the same argument as for the universal

matching polynomial.

Assume there are two labels λ and µ such that sλzµ 6= zµ, then by (4.4.5)

sµ = 1 and zλ = 0, and by (4.4.4) we get

(1− sλ)P (H) = yλP (H − u)

for all labeled graphsH and all vertices u, and therefore we get a trivial poly-

nomial P0(H; yλ
1−sλ

). Hence, for P (G) 6= P0(G), sλzµ = zµ for all λ, µ ∈ ΛE
is a necessary condition. Then, from 4.4.4 we get that also yλzµ = yµzλ for

all λ, µ ∈ ΛE.

So far, we proved that the condition the theorem is necessary. In order

to prove that they are also sufficient, it is enough to prove that any two

steps of graph deconstruction are exchangeable. Then we use induction on

the depth of graph deconstruction tree to prove uniqueness of P (G) if ϕ is

satisfied.

The proof of the sufficiency is identical to the unlabeled case (Theorem

3.3.4). �

Analyzing the conditions ϕ, we get:

Corollary 4.4.3 Every LEE-polynomial p : LGE → R[X̄] of a graph G =

〈V,E, labE〉 satisfies one of the following linear recurrence relations:

p(G) = slabE(e)p(G− e) + ylabE(e)p(G/e); (4.4.6)

p(G) = p(G− e) + y · tlabE(e)p(G/e) + z · tlabE(e)p(G † e); (4.4.7)

where, for every λ ∈ ΛE, in the former case, sλ and yλ are elements of

R[X̄ ] independent of G, and in the latter case, tλ is and element of R[X̄ ]

independent of G, and y, z ∈ R[X̄ ] do not depend neither on G nor on λ.
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Proof. The conditions ϕ obtained in Theorem 4.4.2, have two cases:

(i) zλ = 0 for any λ ∈ ΛE (4.4.8)

(ii) sλ = 1, yλ = y · tλ, and zλ = z · tλ for any λ ∈ ΛE ,

where y, z ∈ R[X̄] do not depend on the label λ. (4.4.9)

In the first case, we obtain the recurrence relation (4.4.6), which we called

previously “the universal LC-invariant ULC(G; q, s̄, ȳ)” (4.2.2); it also in-

cludes the exceptional case P0(G) = x|V | = ULC(G;x, 1̄, 0̄). The second case

gives a rise to the recurrence relation (4.4.7). �

From Theorem 4.4.2 we conclude:

Corollary 4.4.4 There is a map ξlab : LGE → R[x, y, z, t̄], which is uniquely

defined by the recurrence relation and initial conditions:

ξlab(G1 ⊔G2) = ξlab(G1) · ξlab(G2);

ξlab(G) = ξlab(G− e) + y · tλξlab(G/e) + z · tλξlab(G † e),
provided labE(e) = λ;

ξlab(E1) = x;

ξlab(∅) = 1. (4.4.10)

Corollary 4.4.5 The map ξlab(G) from Corollary 4.4.4 is universal in the

class of sLEE-invariants and dp-complete in the class of LEE-invariants.

Proof. The universality property follows directly from the Corollary

4.3.4, for the dp-completeness we observe that

• Non-special labeled EE invariants are LEE \ sLEE = LC \ sLC, and

• The Sokal polynomial Z(G; q, v̄), which is dp-complete for the class of

LC invariants, is determined by ξlab:

Z(G; q, v̄) = ξlab(G; q, 1, 0, v̄).

The latter fact follows by induction on the depth of graph decomposition

tree, and the first one follows directly from the Corollary 4.4.3. �
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4.4.2 Subset expansion form of ξlab(G; x, y, z, t̄)

We are looking for an explicit subset expansion form ξlab(G;x, y, z, v̄).

Theorem 4.4.6 The following expression defines the same graph polyno-

mial as the recurrence relation (4.4.10):

ξlab(G;x, y, z, t̄) =
∑

(A⊔B)⊆E xk(A⊔B)−kcov(B) · y|A|+|B|−kcov(B) · zkcov(B) ·

·
(
∏

e∈A⊔B

tlabE(e)

)
, (4.4.11)

where by abuse of notation we use (A⊔B) ⊆ E for summation over subsets

A,B ⊆ E, such that the subsets of vertices V (A) and V (B), covered by

respective subset of edges, are disjoint: V (A) ∩ V (B) = ∅; k(A) denotes

the number of spanning connected components in 〈V,A,ΛE〉, and kcov(B)

denotes the number of covered connected components, i.e. the connected

components of the graph 〈V (B), B,ΛE〉.

Proof. The proof is similar to the unlabeled version. We need to show

that

• The expression (4.4.11) satisfies the initial conditions of (4.4.10);

• The expression (4.4.11) is multiplicative;

• The expression (4.4.11) satisfies the edge elimination rule of (4.4.10).

Then by induction on the number of edges in G the theorem holds. The

first statement follows by inspection: indeed, a null graph ∅ = 〈∅,∅〉 has
no edges and no components, so its only summand is 1, whereas a singleton

has no edges and just one component, so its contribution is x.

The second statement, multiplicativity, can be easily checked too: In-

deed, the summation over subsets of edges of G = G1 ⊔G2 can be regarded

as a summation over the subsets of G1, multiplied by an independent sum-

mation over the subsets of G2.

Therefore, we just need to prove the third statement:

Let G = 〈V,E,ΛE〉 be the labeled (multi)graph of interest. Let N(G) be
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defined as in (4.4.11):

N(G;x, y, z, t̄) =
∑

(A⊔B)⊆E xk(A⊔B)−kcov(B) · y|A|+|B|−kcov(B) · zkcov(B) ·

·
(
∏

e∈A⊔B

tlabE(e)

)
,

Let e be the edge we have chosen to reduce. Any particular choice of A

and B can be regarded as a vertex-disjoint edge coloring in 2 colors A and

B, when part of the edges remains uncolored. We separate all the possible

colorings to three disjoint cases:

• Case 1: e is uncolored;

• Case 2: e is colored by B, and it is the only edge of a colored connected

component;

• Case 3: All the rest. That means, e is colored by A, or e is colored by

B but it is not the only edge of a colored connected component.

In case 1, we just sum over colorings of G−e: N1(G) = N(G−e);
In case 2, the edge e is a connected component of 〈V (B), B,ΛE〉. Therefore,
if we analyze now N(G†e), we get N2(G) = z · tlabE(e)N(G†e);
Finally, in case 3, if we analyze N(G/e), we get N3(G) = y · tlabE(e)N(G/e).

The cases above are disjoint and cover all the possibilities, and therefore

N(G) = N1(G) +N2(G) +N3(G). Hence, we have:

N(G;x, y, z, t̄) = ξ(G;x, y, z, t̄),

which completes the proof. �

4.5 The most distinctive labeled vertex elimina-

tion polynomial ULVE(G; y, z, t̄)

In this section we extend the most distinctive V E graph polynomial de-

scribed in Section 3.4 to vertex-labeled graphs.

93



4.5.1 The recurrence relation

Recall the definition of LV E-invariant:

p(G) : LGV →R is an LV E-invariant if

• p(G) is multiplicative with respect to disjoint union of graphs: for all

labeled graphs G1, G2,

p(G1 ⊔G2) = p(G1) · p(G2);

• For every vertex-label d ∈ ΛV there are αd, βd, γd ∈ R such that for

every vertex-labeled graph G = 〈V,E, labV 〉 and every vertex v ∈ V ,

p(G) = αdp(G− v) + βdp(G/v) + γdp(G † v), (4.5.1)

where G− v, G/v and G †v denote graphs obtained from G by respec-

tively deletion, contraction and extraction of the vertex v (defined in

Section 1.1.2).

• p(G) is uniquely defined by the recurrence relation (4.5.1) together

with the initial conditions

p(∅) = 1; p({v}) = νd, provided labV (v) = d (4.5.2)

where νd ∈ R is some element of the ring R that does not depend on

the graph G.

The most general recursive definition of P (G,ω; X̄) is obtained by

introducing indeterminates where possible. Any graph deconstruction se-

quence consists of vertex removal steps and non-empty disjoint subgraph

decomposition steps. Let ω ∈ Ω denote an auxiliary order of deconstruction

steps.

P (G) =





wµP (G− v) + yµP (G/v) + zµP (G † v); (vertex removal step)

(provided labV (v) = µ)

P (G1) · P (G2); (decomposition step)

P (E1) = xµ;

P (∅) = 1; (4.5.3)
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Proposition 4.5.1 The reduction of P (G,ω; X̄) is well-founded.

Proof. Indeed, every step of the deconstruction reduces the number of

vertices. Hence, after a final number of steps, only singletons and empty

sets appear in the deconstruction parse tree. �

Currently, P (G,ω; X̄) is defined recursively on vertex-labeled graphs and set

of indeterminates X̄ = {xµ, sµ, yµ, zµ : µ ∈ ΛV } onto the ring RΛV = R[X̄]

and its result depends on the order ω of graph deconstruction steps.

Theorem 4.5.2 Let P̂ (G,ω; x̄) be obtained from P (G,ω; X̄) by substitution

of every respective indeterminate by an unresolved polynomial.

Then P̂ (G,ω1; x̄) = P̂ (G,ω2; x̄) for all graphs G and all pairs of orders

ω1 and ω2, if and only if

xλ = sλ + yλ + zλ and sλzµ = zµ and yλzµ = yµzλ

for all λ, µ ∈ ΛV , or if

P (G) = P0(G) = x|V |

.

Figure 4.2: Graph G for applying order-invariance of vertex elimination

Proof. We are looking for a minimal set of conditions ϕ over the intro-

duced unresolved polynomials, such that if ϕ is satisfied, then P̂ (G,ω; x̄) is

independent of the order.

First, from E1 − v = E1 † v = E1/v = ∅ we obtain

xλ = (sλ + yλ + zλ) for every λ ∈ ΛV .
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Second, we use the family of graphs shown on Fig. 4.2: G consists of two

disjoint graphs H1 and H2 connected by a bridge of three edges e1 = (u, v1),

e2 = (v1, v2) and e3 = (v2, w). The vertices v1 and v2 labeled respectively

by labV (v1) = λ and labV (v2) = µ. In order to be a unique graph invariant,

P (G) must give the same result when the vertex reduction rule is applied

first on the vertex v1 and then on the vertex v2, as well as when it is applied

first on the vertex v2 and then on the vertex v1. We look on the case

labV (v1) = labV (v2) = labV (u) = λ, H1 = {u} and H2 = ∅. By applying

the same argument as in the proof of Theorem 3.4.5, we get:

zλ = 0 or sλ = 1 or sλ + yλ + zλ = 1 (4.5.4)

Back to the general case:

P (G, {1→ 2}) = sλ · P (G−v1) + yλ · P (G/v1) + zλ · P (G † v1)
= sλ · (sµ · P (G− v1 − v2) +

yµ · P (G− v1/v2) +
zµ · P (G− v1 † v2)) +

yλ · (sµ · P (G/v1 − v2) +
yµ · P (G/v1/v2) +
zµ · P (G/v1 † v2)) +

zλ · P (G † v1)

= sλ · (sµ · P (H1)P (H2) +

yµ · P (H1)P (H2) +

zµ · P (H1)P (H2 − w)) +
yλ · (sµ · P (H1)P (H2) +

yµ · P (H1 ⊔{uw} H2) +

zµ · P (H1 − u)P (H2 − w)) +
zλ · P (H1)P (H2 − w) (4.5.5)
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On the other hand,

P (G, {1→ 2}) = sµ · P (G−v2) + yµ · P (G/v2) + zµ · P (G † v2)
= sµ · (sλ · P (G− v2 − v1) +

yλ · P (G− v2/v1) +
zλ · P (G− v2 † v1)) +

yµ · (sλ · P (G/v2 − v1) +
yλ · P (G/v2/v1) +
zλ · P (G/v2 † v1)) +

zµ · P (G † v2)

= sµ · (sλ · P (H1)P (H2) +

yλ · P (H1)P (H2) +

zλ · P (H1 − u)P (H2)) +

yµ · (sλ · P (H1)P (H2) +

yλ · P (H1 ⊔{uw} H2) +

zλ · P (H1 − u)P (H2 − w)) +
zµ · P (H1 − u)P (H2) (4.5.6)

Applying P (G, {2→ 1}) = P (G, {2→ 1}), we obtain:

P (H1 − u)P (H2 − w) · [yλzµ − yµzλ] +
P (H1)P (H2 − w) · [sλzµ − zµ] +
P (H1 − u)P (H2) · [zλ − sµzλ] = 0 (4.5.7)

If there is a label λ such that sλzλ 6= zλ, then, using labV (v1) = labV (v2) = λ,

we have

P (H1)P (H2 −w) = P (H1 − u)P (H2)

for all graphsH1 andH2, and all vertices u ∈ V (H1) and w ∈ V (H2). Let H2

be a singleton labeled λ. Then, by (4.5.4), we have P (H2) = P (H2−w) = 1,

and therefore P (H1) = 1 for any graph H1.

Now, assume that there are labels λ, µ ∈ ΛV , such that sλzµ 6= zµ. Then,

if P (G) is not constant 0 or 1, then by the previous analysis sµ = 1 and
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zλ = 0. By equation (4.5.7) we have

yλP (H1 − u) = (1− sλ)P (H1),

and therefore,

P (H1) =

(
yλ

1− sλ

)|V (H1)|

(4.5.8)

The last possible case is that for all λ, µ ∈ ΛV , sλzµ = zµ. In this case, by

(4.5.7) we have:

yλzµ = yµzλ.

Hence, with exception of a trivial polynomial P0(G) = x|V |, the unspecified

polynomials must satisfy

sλzµ = zµ and yλzµ = yµzλ for all λ, µ ∈ ΛV

So far, we proved that the condition the theorem is necessary. In order to

prove that they are also sufficient, it is enough to prove that any two steps of

graph deconstruction are exchangeable. Then we use induction on the depth

of graph deconstruction tree to prove uniqueness of P (G).

Any disjoint subgraph decomposition step is exchangeable with any other

step of graph deconstruction by commutativity of multiplication. Therefore,

we can assume without loss of generality that they are applied only on

singletons. In such case a linear order over the edges uniquely determines the

decomposition tree. Hence, we only have to show that any two consequent

vertex removal steps are exchangeable. Let v1 and v2 be two vertices of

interest, labeled respectively labV (v1) = λ and labV (v2) = µ. We observe

that if v1 and v2 are not adjacent, then any two vertex elimination operation

applied consequently on v1 and v2 in any order produces the same graph,

so the result of recursive computation of PI(G) is preserved. The case of

adjacent v1 and v2 is a bit more complicated, because the contraction and

extraction operations applied to one vertex affect another.

In order to show that P (G) is still preserved, we’ll observe:

• Two vertex deletion operations are commutative;

• Two vertex contraction operations are commutative;

• Vertex deletion and vertex contraction operations are commutative;
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• Deletion of v1 and then extraction of v2 is equivalent to extraction of

v2;

• Contraction of v1 and then extraction of v2 is equivalent to contraction

of v2 and then extraction of v1.

If we analyze result of the two possible sequences of vertex elimination,

we get exactly the equations (4.5.5) and (4.5.6). Combining those equations

with the conditions ϕ, we get

P |I(G, {1→ 2}) − P |I(G, {2→ 1}) =
wλwµP (G− v1 − v2) + wλyµP (G− v1/v2) + wλzµP (G− v1 † v2) +
yλwµP (G/v1 − v2) + yλyµP (G/v1/v2) + yλzµP (G/v1 † v2) +
zλP (G † v1)−

wµwλP (G− v2 − v1)− wµyλP (G− v2/v1)− wµzλP (G− v2 † v1)−
yµwλP (G/v2 − v1)− yµyλP (G/v2/v1)− yµzλP (G/v2 † v1)−
zµP (G † v2) =

(wλzµ − zµ)P (G † v2) + (zλ − wµzλ)P (G † v1) +
(yλzµ − yµzλ)P (G/v2 † v1) = 0

�

Analyzing the conditions ϕ obtained in the theorem above, we get:

Corollary 4.5.3 Every LV E-polynomial p : LGV → R[X̄] of a graph G =

〈V,E, labV 〉 is either of the form

p(G) =
∏

v∈V

(slabV (v) + ylabV (v)) =
∏

v∈V

xlabV (v), (4.5.9)

or it satisfies the following linear recurrence relation:

p(G) = p(G− v) + y · tlabV (v)p(G/v) + z · tlabV (v)p(G † v) (4.5.10)

where, for every λ ∈ ΛV , in the former case, sλ and yλ are elements of

R[X̄] independent of G, and in the latter case, tλ is an element of R[X̄]

independent of G, and y, z ∈ R[X̄] do not depend on λ either.
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Proof. The conditions ϕ obtained in the Theorem 4.5.2 include two

cases:

(i) zλ = 0 for any λ ∈ ΛV (4.5.11)

(ii) sλ = 1, yλ = y · tλ, and zλ = z · tλ for any λ ∈ ΛV ,

where y, z ∈ R[X̄ ] do not depend on the label λ. (4.5.12)

In the first case, we obtain the exceptional case (4.5.9). The second case

gives a rise to the recurrence relation (4.5.10). �

From Theorem 4.5.2 we conclude:

Corollary 4.5.4 There is a map ULV E : LGV → R[y, z, t̄], which is uniquely

defined by the recurrence relation and initial conditions:

ULV E(G1 ⊔G2) = ULV E(G1) · ULV E(G2);

ULV E(G) = ULV E(G− v) + y · tλULV E(G/v) + z · tλULV E(G † v),
provided labV (v) = λ;

ULV E({v}) = 1 + y · tλ + z · tλ;
provided labV (v) = λ;

ULV E(∅) = 1. (4.5.13)

Corollary 4.5.5 The map ULV E(G) from Corollary 4.5.4 is universal in

the class of LV E-invariants.

Proof. We observe that the exceptional case (4.5.9) is a substitution

instance of ULV E(G):

ULV E(G; 1, 0, w̄ + ȳ − 1̄) =
∏

v∈V

(wlabV (v) + ylabV (v)).

This follows by induction on the depth of graph decomposition tree. The

rest follows directly from the Corollary 4.5.3. �

4.5.2 Subset expansion form of ULV E(G; y, z, t̄)

We are looking for an explicit subset expansion form ULV E(G; y, z, t̄).
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Theorem 4.5.6 The following expression defines the same graph polyno-

mial as the recurrence relation (4.5.13):

ULV E(G; y, z, t̄) =
∑

U⊆V

y|U |−k(G[U ]) · (y + z)k(G[U ]) ·
(
∏

v∈U

tlabV (v)

)
,

where k(G[U ]) denotes the number of connected component in the induced

subgraph of G with vertex set U .

Proof. The proof is similar to the most distinctive EE polynomial. We

need to show that

• The expression (4.5.14) satisfies the initial conditions of (4.5.13);

• The expression (4.5.14) is multiplicative;

• The expression (4.5.14) satisfies the vertex elimination rule of (4.5.14).

Then by induction on the number of vertices in G the theorem holds. The

first statement follows by inspection: indeed, a null graph ∅ = 〈∅,∅〉 has no
vertices and no components, so its only summand is 1, whereas a singleton

has one vertex and just one component, so its contribution is 1 + (y + z)tλ.

The second statement, multiplicativity, can be easily checked too: In-

deed, the summation over subsets of vertices of G = G1⊔G2 can be regarded

as a summation over the subsets of G1, multiplied by an independent sum-

mation over the subsets of G2.

Therefore, we just need to prove the third statement:

Let G = 〈V,E,ΛV 〉 be the labeled (multi)graph of interest. Let N(G) be

defined as in (4.5.14):

N(G; y, z, t̄) =
∑

U⊆V

y|U |−k(G[U ]) · (y + z)k(G[U ]) ·
(
∏

v∈U

tlabV (v)

)
,

Let v be the vertex we have chosen to reduce. There are three disjoint

options to choose U :

• Case 1: v 6∈ U ;

• Case 2: v ∈ U but it is not adjacent to any other vertex in U ;
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• Case 3: v ∈ U and it is adjacent to some other vertex in U .

In case 1, we just sum over subsets of G−v: N1(G) = N(G−v);
In case 2, the neighborhood of v does not participate in any component of

G[U ], so if we analyze N(G†v), we get N2(G) = (y + z) · tlabV (v)N(G†v);
In case 3, the neighborhood of v participates in the components of G[U ] as

if it was a clique. Therefore, we need N(G/v). However, this summation

includes the cases that we have already counted, the subsets U that do not

include any of neighbors of v. Hence, we will reduce those cases by subtract-

ing N(G†v). Finally, we get N3(3) = y · tlabV (v)N(G/v −N(G†v).

The cases above are disjoint and cover all the possibilities, and therefore

N(G) = N1(G) +N2(G) +N3(G). Hence, we have:

N(G; y, z, t̄) = ULV E(G; y, z, t̄),

which completes the proof. �
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Chapter 5

Some remarks on complexity

5.1 MSOL-definability of graph polynomials

Recall that simple graphs have two presentations: as a pair 〈V,E〉, where
V is a set of vertices, and E is a binary relation E ⊆ V × V representing

the edges of graph, or as a two-sorted structure G = 〈V,E,R〉, where V is

a vertex set, E is an edge set, and R is a binary relation R ⊆ V × E that

defines the incidence of vertices and edges.

The two presentations of finite graphs discussed here can be regarded

as relational structures. In the first case G = 〈V,E〉, the universe of the

relational structure is the vertex set V , and its vocabulary, denoted by τ1,

consists of a binary edge relation E and possibly (for vertex-labeled graphs)

unary predicates U1 . . . Uk indicating the available labels ΛV = [k]. For edge-

labeled graphs, several binary relations E1 . . .Eℓ are defined for ΛE = [ℓ]

available labels.

In the second case G = 〈V,E,R〉, the universe of the relational structure
is V ∪E, and its vocabulary denoted by τ2, consists of a binary relation R,

two disjoint unary predicates PV and PE (distinguishing between vertices

and edges), and possibly two sets of unary predicates UV1 . . . UVk for vertex

labeling and UE1 . . . UEℓ for edge labeling respectively.

Monadic Second Order Logic (MSOL) is an extension of FOL, while in

addition to the first-order operators, quantification over sets is allowed. In

the case of τ1, quantification is allowed over sets of vertices (MSOL1), and

in the case of τ2 quantification is allowed over both sets of vertices and sets

of edges (MSOL2). An auxiliary order over the vertices or over the edges
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may expand the expressive power of certain logic. In this work we allow an

auxiliary order if the result is order-invariant.

MSOL-definable graph polynomials.

We say that graph polynomial p isMSOL-definable, if its subset-expansion

presentation can be written as

p(G; X̄) =
∑

(G,A1,...,Am)|=ϕ





∏

a∈A1

f1


 · · ·



∏

a∈AM

fm




 ,

where the summation ranges over tuples A1, . . . , Am of subsets of the uni-

verse (in particular, vertex subsets in case of MSOL1, or vertex and edge

subsets in case of MSOL2), ϕ(G,A1, . . . , Am) is in Monadic Second Order

Logic, and fi(X̄) are polynomials in R[X̄ ] that do not depend on the graph

G.

5.1.1 Examples of MSOL definitions of graph polynomials

The chromatic polynomial is definable in MSOL2 with an auxiliary

order over vertices:

χ(G;x) =
∑

A⊆E

(
∏

e∈A

(−1)
)

∏

v∈FA

x


 ,

where FA denotes the set of minimal (under the used auxiliary order) vertices

of each connected component of 〈V,A〉:

FA = {v ∈ V : ∀u 6=v∈V (conn(u, v)→ v ≺ω u)},

conn(u, v) = ∀U⊆V

[
(u ∈ U ∧ v ∈ V \ U)→ ∃u′∈U,v′∈V \U ({u′, v′} ∈ E)

]

The most distinctive matching polynomial UM (G;x, y) is definable

in MSOL2:

UM (G; X̄) =
∑

M ⊆ E,

matching(M)



(
∏

e∈M

y

)


∏

v∈V \V (M)

x




 ,
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where matching(M) is satisfied if M is a matching:

matching(M) = ∀e1,e2∈M∀v∈V (v 6∈ e1 ∨ v 6∈ e2),

and

V (M) = {v ∈ V : ∃e∈M (v ∈ e)}.

The Tutte polynomial is definable in MSOL2 with an auxiliary order

over vertices and edges:

T (G;x, y) =
∑

A⊆E




∏

e∈FA\FE

(x− 1)






∏

e∈A\SA

(y − 1)


 ,

where FA denotes the set of minimal (under the used auxiliary order) vertices

of each connected component of 〈V,A〉, and SA denotes the minimal (under

the used auxiliary order) spanning forest of 〈V,A〉.

The subgraph component polynomial is definable in MSOL1 with

an auxiliary order over vertices:

Q(G;x, y) =
∑

A⊆V

(
∏

v∈A

x

)

∏

u∈FA

y


 ,

where FA denotes the set of minimal (under the used auxiliary order) vertices

of each connected component of 〈V,A〉.
Note that in all the examples above the result does not depend on the

used auxiliary order.

5.2 Computational complexity of graph polynomi-

als

Generally, most of the known graph polynomials are hard to compute. When

we speak about computing of graph polynomials, it can have different mean-

ings: it can mean computing of the integer coefficients of the polynomial,

or evaluation of the polynomial value in some particular point X0. Note

that considering the second case, Turing computational model is not always
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applicable, since the polynomial can have arbitrary values in the polyno-

mial ring. For complexity issues, in this case, the BSS unit-cost model for

Real computations can be used (cf. L.Blum, F.Cucker, M.Shub and S.Smale

[11]).

We will further denote the first problem by the computation, and the

second - by the evaluation of graph polynomial.

Most graph polynomials have ”easy” points such that it is possible to

efficiently evaluate the graph polynomial in these points for arbitrary input

graph. We say that the polynomial has “Difficult Point Property” if it is

easy (P-time) to evaluate at any point, or it is ♯P-hard at almost all the

points, with possible semi-algebraic exception set of lower dimension.

It is proven that the chromatic polynomial [39], the Tutte polynomial

[37], the interlace polynomial [10], and many others have the DPP. It is

conjectured in [42] that all the MSOL-definable polynomials have DPP.

5.2.1 Parameterized complexity classes

In this section we consider the problem of computation of the integer coef-

ficients of graph polynomial. It happens that for certain classes of graphs,

restricted by some parameter k, the coefficients are computable in polyno-

mial time. Two such parametric classes are widely studied: graph classes of

bounded tree-width and of bounded clique-width. Precise definitions of those

graph classes appear in the appendix.

We distinguish between the following upper bounds for the running time

of algorithms with input graphs of size n, restricted by some parameter k:

• Fixed parameter exponential time (FPEXP). Runtime less than

2n
c1(k) with c1(k) ≥ 1;

• Fixed parameter sub-exponential time (FPSUBEXP). Run-

time less than 2c2(k)·n
1−ǫ(k)

;

• Fixed parameter polynomial time (FPPT). Runtime less than

nc3(k);

• Fixed parameter tractable (FPT). Runtime less than c4(k) · nd;

• Polynomial time (P). Runtime less than O(nd).

Here d is independent of k, whereas the other constants may depend on k.
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General theorems.

We cite here several general theorems regarding complexity of computa-

tion of graph properties and graph parameters on graph classes of bounded

tree with or bounded clique width:

Theorem 5.2.1 Courcelle, 1990, [19]

Let G be a graph of tree-width k. Then anyMSOL2-definable graph property

can be tested efficiently on G.

Theorem 5.2.2 Bodlaender, 1996, [12]

For any graph G and constant k, it is possible to efficiently find k-tree-

decomposition of G, if it exists, or provide a negative answer if it does not

exist.

Theorem 5.2.3 Courcelle-Makowsky-Rotics, 2000, [41, 17]

Let G be a graph and let t be the corresponding parse term of constant clique-

width k, determining G. Then any MSOL1-definable graph property can be

tested efficiently on G.

Theorem 5.2.4 Oum, 2005, [45]

For any graph G and constant k, it is possible to efficiently distinguish be-

tween graphs of clique-width at most k and graphs of clique width > 2k.

Moreover, if the graph has clique-width at most k, a clique parse term of

width 2k can be efficiently found.

5.3 Complexity aspects of the new graph polyno-

mials

We discuss here complexity aspects of three graph polynomials: The most

distinctive matching polynomial UM (G;x, y), the most distinctive edge elim-

ination polynomial ξ(G;x, y, z), and the subgraph component polynomial

Q(G;x, y).

For each of these graph polynomials we discuss the following questions:

1. Can we use the parameterized complexity results of the general theo-

rems [19, 12, 41, 16, 45], based on MSOL definability of certain graph

polynomial?
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2. The algorithms provided by the general theorems suffer from huge

hidden constants. Is there an explicit algorithm for computing the

graph polynomial of interest that improves the constants?

3. And finally, does the graph polynomial have Difficult Point Property?

The following table presents the results in short. The DPP-related result

are taken from C.Hoffmann’s thesis [35]. The preciseMSOL definitions and

the explicit algorithms appear in Appendix A.

Complexity UM (G;x, y) ξ(G;x, y, z) Q(G;x, y)
aspect

MSOL definable MSOL2 MSOL2 MSOL1

(with order) (with order)

Bounded tree-
width (General FPT FPT FPT
theorems)

Bounded clique-
width (General No promise W [1]-hard FPT
theorems)

Explicit algorithm
for bounded Exists Exists Exists
tree-width

Explicit algorithm
for bounded Exists (FPPT) No still open
clique-width

DPP
(results by Yes, if multiple Yes Yes, by reduction
C. Hoffmann) edges allowed to ξ(G;x, y, z)

Table 5.1: Complexity aspects of the new graph polynomials.
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Chapter 6

Conclusions and open

questions

6.1 Conclusions

Inspired by the work of Brylawski [15], Oxley and Welsh [46], Bollobas

and Riordan [14], on the Tutte polynomial, we studied classes of graph

invariants satisfying linear recurrence relations with respect to edge and

vertex elimination operations. We defined notions of dp-complete (most

distinctive) and universal (most general) graph invariants in the classes

above.

The Tutte polynomial satisfies recurrence relation with respect to edge

deletion and edge contraction. In the case of edge elimination, we added

an operation of edge extraction, which is deletion of an edge together with

its end points. In the case of vertex elimination, we used vertex deletion,

vertex contraction (deletion of a vertex and connecting its neighborhood

to a clique), and vertex extraction (deletion of a vertex together with its

neighborhood). The choice of these three operations was suggested by P.

Tittmann.

We proposed five classes of graph invariants, according to operations

used by the recurrence relations:

• C-invariants: edge deletion and contraction, no case distinction,

• TG-invariants: edge deletion and contraction, with distinction be-

tween loops, bridges and ordinary edges,
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• M -invariants: edge deletion and extraction,

• EE-invariants: edge deletion, contraction and extraction,

• V E-invariants: vertex deletion, contraction and extraction.

For each of these classes, we proved a universality theorem, identifying a dp-

complete, and if possible, universal graph polynomial . We used previous

work related to C and TG graph invariants as a paradigm, and provided

such a graph polynomial for M , EE and V E classes, in both recursive and

explicit subset-expansion forms (Theorems 3.2.2, 3.2.6, 3.3.4, 3.3.8, 3.4.5,

and 3.4.6).

We extended the results above to labeled graphs. Using the approach

of Bollobas and Riordan [14], we identified dp-complete and, if possibly,

universal graph polynomials for the following classes

• LM -invariants: edge deletion and extraction, edge- and vertex-labeled

graphs,

• LEE-invariants: edge deletion, contraction and extraction, edge-labeled

graphs,

• LV E-invariants: vertex deletion, contraction and extraction, vertex-

labeled graphs,

and provided such graph polynomials in both recursive and subset-expansion

forms.

The explicit subset expansion form of the new graph polynomials (from

Theorems 3.2.6, 3.3.8 and 3.4.6) shows that they the most distinctiveM , EE

and V E-invariants, respectively UM (G;x, y), ξ(G;x, y, z), and Q(G;x, y),

are definable in MSOL. In case of UM (G;x, y) and ξ(G;x, y, z), allowing

quantification over sets of edges, and in case of Q(G;x, y), quantification is

over sets of vertices. Based on fundamental theorems of [19, 12, 41, 16, 45],

this allows us to conclude that UM (G;x, y) and ξ(G;x, y, z) are fixed- pa-

rameter tractable on graph classes of bounded tree-width, and Q(G;x, y)

is fixed-parameter tractable on graph classes of bounded clique-width. In

Appendix A we provide explicit algorithms for computing UM (G;x, y) and

ξ(G;x, y, z) on graphs of tree-width at most k, and a fixed-parameter P -time

algorithm for computing UM (G;x, y) on graphs of clique-width at most k.
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The results that appear in this thesis have been presented in the follow-

ing publications:

EE graph invariants:

[3] I. Averbouch, B. Godlin, and J.A. Makowsky.

An extension of the bivariate chromatic polynomial.

European Journal of Combinatorics, 31.1:1–17, 2010.

[4] Ilya Averbouch, Benny Godlin, and Johann A. Makowsky.

A most general edge elimination polynomial.

In Hajo Broersma, Thomas Erlebach, Tom Friedetzky, and Daniël

Paulusma, editors, WG, volume 5344 of

Lecture Notes in Computer Science, pages 31–42, 2008.

V E graph invariants:

[51] P. Tittmann, I. Averbouch, and J.A. Makowsky.

The enumeration of vertex induced subgraphs with respect to

number of components.

European Journal of Combinatorics, 3x.x:xx–yy, 2010.

[5] Ilya Averbouch, Johann A. Makowsky, and Peter Tittmann.

A graph polynomial arising from community structure (extended abstract).

In Christophe Paul and Michel Habib, editors, WG, volume 5911 of

Lecture Notes in Computer Science, pages 33–43, 2009.

Complexity of Matching polynomial:

[43] Johann A. Makowsky, Udi Rotics, Ilya Averbouch, and Benny Godlin.

Computing graph polynomials on graphs of bounded clique-width.

In Fedor V. Fomin, editor, WG, volume 4271 of

Lecture Notes in Computer Science, pages 191–204. Springer, 2006.

6.2 Further research

B. Godlin, E. Katz and J. A. Makowsky introduce in [28] a general frame-

work of recurrence relations of graph polynomials, which generalizes edge

elimination and vertex elimination to other graph deconstructions. They

show that, under suitable conditions, each graph polynomial which is well-

defined using a recurrence over such deconstruction, has a SOL subset ex-

pansion.
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The classes of graph invariants C, M , TG, EE, and V E, introduced

in this thesis, as well as their labeled counterparts, fit into this framework.

It is natural to ask, what conditions are required to prove in the general

framework the following properties of a graph polynomial:

(i) Universality property;

(ii) dp-completeness property;

(iii) MSOL definability of the subset expansion.
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Appendix A

Explicit efficient algorithms

In this chapter we provide explicit algorithms developed for computing graph

polynomials on graphs of tree-width or clique-width at most k. Although the

existence of such algorithms is promised by general theorems, the algorithms

provided by the general methods suffer from huge hidden constants.

The appendix is organized as follows: We first provide the definitions

of tree-width and clique-width. Then, for each particular case, we show

the partitioning of specific graph polynomial to auxiliary polynomials, de-

scribe the dynamic algorithm and provide a brief proof of correctness and

complexity analysis.

A.1 Tree-width and Clique-width of graphs

A.1.1 Tree-width

A tree of decomposition of the graph G = 〈V,E〉 is defined as a pair (S, T ),

where T = 〈W,F 〉 is a rooted tree and S = {Sw | w ∈W} is a collection of

subsets of V such that

• ⋃w∈W Sw = V

• For all e = (u, v) ∈ E, there exists w ∈W with u, v ∈ Sw.

• For every v ∈ V , Wv = {w ∈W | v ∈ Sw} induces a connected subtree

of T .
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The width of a tree decomposition (S = {Sw | w ∈W}, T = 〈W,F 〉) is
maxw∈W |Sw| − 1. The tree-width of a graph G, denoted as tw(G) is the

minimum width over all the tree decompositions of G.

Proposition A.1.1 For every graph G = 〈V,E〉 with |V | = n vertices and

tw(G) = k, there exists a tree of decomposition (S, T ) of width k with |W | ≤
n.

Proof. Let (S, T ) be any tree of decomposition of G of width k. Every

child subset Sw includes at least one vertex v ∈ V that does not belong

to its father subset (otherwise it could be unified with its father subset

without increasing of the decomposition width). Let us call such a vertex

”exclusive”. According to the decomposition rules, it cannot happen that

two subsets Sw1 and Sw2, have the same ”exclusive” vertex. �

Proposition A.1.2 For every tree of decomposition (S = {Sw | w ∈W}, T =

〈W,F 〉) of width k, such that |W | = M , there exists tree of decomposi-

tion (S′ = {S′
w | w ∈ W ′}, T ′ = 〈W ′, F ′〉) of the same width k, such that

|W | ≤ 2M and T ′ is binary.

Proof. It can be obtained, for example, by replacing each node with

m > 2 children by a path of m nodes, each one with one additional child.

The number of added nodes is not more than the number of edges in the

original tree of decomposition. �

The above propositions allow us to assume in our algorithms that for an

input graph G〈V,E〉 with n vertices and tree-width at most k we are given

a binary tree of decomposition (S, T ) defining it, where T = 〈W,F 〉 has at

most |W | ≤ 2|V | nodes.

Subgraph defined by subtree of T .

Let w ∈ W be a tree node with children l and r, and father f . We

denote by T |w = 〈W ′, F ′〉 the induced subtree of T with root w, including

all the descendants of w. The subgraph defined by T |w, is denoted by

G|w = 〈V |w, E|w〉 and defined inductively:

• if w is a leaf:

V |w = Sw, and

E|w = Ew = {{u, v} ∈ E : ((u, v ∈ Sw) ∧ ¬(u, v ∈ Sf ))}
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• if w is an internal vertex:

V |w = V |l ∪ V |r ∪ Sw, and
E|w = E|l ∪ E|r ∪ Ew, where
Ew = {{u, v} ∈ E : ((u, v ∈ Sw) ∧ ¬(u, v ∈ Sf ))}

By definition of tree decomposition, we have

Proposition A.1.3 if w is a root of T , then G|w = 〈V |w, E|w〉 is isomor-

phic to G = 〈V,E〉.

A.1.2 Clique-width

For a vertex labeled graph H = 〈V,E, c〉 with label set Λ = {1, 2, . . . , k} we
denote by Pα the set of vertices labeled by α, when 1 ≤ α ≤ k.

Pα = {v ∈ V : c(v) = α}

The clique-width of a graph G, denoted by cw(G), is defined as the minimum

number of labels needed to construct G, using the four graph operations:

1. i(v) – creation of a new vertex v with label i;

H = 〈V,E〉 = i(v) means V = {v}, E = ∅ and v is labeled by i;

2. ⊔ – disjoint union of graphs;

H = 〈V,E〉 = H1 ⊔H2 = 〈V1, E1〉 ⊔ 〈V2, E2〉 means

V = V1 ⊔ V2, E = E1 ⊔ E2, and labels on the vertices are preserved;

3. ηi,j – only for i 6= j, connecting all vertices with label i to all vertices

with label j;

H = 〈V,E〉 = ηi,j(H1) = ηi,j(〈V1, E1〉) means

V = V1, E = E1 ∪ {{u, v}|u, v ∈ V, u ∈ Pi, v ∈ Pj}, labels are pre-

served;

4. ρi→j – only for i 6= j, renaming labels i as j.

H = 〈V,E〉 = ρi→j(H1) = ρi→j(〈V1, E1〉)means

V = V1, E = E1, Pj = Pj ∪ Pi, Pi = ∅.

A parse term built from the above four operations using k labels is

called k-construction. For the set of labels C we denote by T (C) all the

possible constructions over this set of labels. In our notation the labels
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(colors) are integers 1, . . . , k. Each k-construction t ∈ T (C) uniquely defines

a labeled graph val(t) where the labels are integers 1, . . . , k associated with

the vertices and each vertex has exactly one label. We say that k-expression t

defines a graph G if G is isomorphic to the graph obtained from the labeled

graph val(t) after removing the labels. The clique-width of a graph G is

equal to the minimum k such that there exists a k-construction defining G.

Irredundant k-construction: We say that k-construction t ∈ T (C) is

irredundant if and only if for every sub-expression ηi,j(t
′) of t no vertex

labeled i in val(t′) is adjacent to a vertex labeled j in val(t′) (i.e. all the

edges that could be added by ηi,j(t
′) are actually added by this operation).

Courcelle and Olariu have introduced this definition in [18]. They also have

proven that if there exists a k-construction t ∈ T (C) defining the graph G,

then there is also t′ ∈ T (C) equivalent to t, which is irredundant.

In our algorithms we will assume that for input graph G = 〈V,E〉 of
clique-width at most k we are given an irredundant k-construction.

A.1.3 General remarks

The algorithms presented in this chapter elaborate the ideas of L. Traldi [52],

that work for both graphs of bounded tree-width and bounded clique-width:

• The input graph is presented by a tree of construction, which is a tree

of decomposition for graph classes of bounded tree-width, or a parse-

tree of a k-construction for graph classes of bounded clique-width.

• The graph polynomial in question is presented as a sum of auxiliary

polynomials that carry all the information needed for further graph

construction.

• A dynamic algorithm traverses the tree of construction of the input

graph bottom-up, computing at every node the set of auxiliary poly-

nomials based on those of its children nodes.

• The final result is obtained by summation of the auxiliary polynomials

at the root.
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A.2 Computing of the most distinctive matching

polynomial UM on graph classes of bounded

tree-width

We introduce an explicit algorithm for computation of the most distinctive

matching polynomial UM (G;x, y) on graph classes of bounded tree-width.

Although the general theorem of [19] provides an FPT algorithm for this

class of graphs with runtime c(k) · nd, our algorithm significantly improves

the parameter c(k) compared to the general one.

Compared to the Transfer Matrix method, introduced by D. Babic at al.

for polygraphs in [6], our method seems to be more powerful, since it works

on bigger class of graphs.

A.2.1 The algorithm

The graphs we consider in this section are simple, undirected and loop-free.

We assume in our algorithm that we are given an input graph G = 〈V,E〉
together with a binary tree of decomposition (S, T ) of width k defining it,

where T = 〈W,F 〉 has at most |W | ≤ 2|V | nodes.
The algorithm traverses the tree of decomposition (S, T ) bottom-up,

while constructing the subgraphs G|w defined by subtrees T |w, and keeping

the auxiliary polynomials corresponding to G|w denoted by R(G|w). When

the scan of (S, T ) is finished, we will obtain the graph G, and the corre-

sponding set of auxiliary polynomials R(G). The final graph polynomial is

obtained from R(G).

The set of auxiliary polynomials.

Given a graph G = 〈V,E〉, A ⊆ V and B ⊆ V , such that A∩B = ∅. Let

M ⊆ E be a matching in G and let V (M) denote the set of vertices covered

by this matching. We say that M is a fit for A and B on G if the following

predicate is satisfied:

ψA,B(M) = (A ⊆ V (M)) ∧ (B ∩ V (M) = ∅) .

In the other words, we enforce the matchings to use vertices of A, and not

to use the vertices of B.
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Recall that we aim to compute the most distinctive matching polynomial

UM (G;x, y), which is defined as

UM (G;x, y) =
∑

M ⊆ E

M is a matching

x|V |−|V (M)|y|M |

We define the following constrained polynomials:

UM |A,B(G;x, y) =
∑

M ⊆ E

M is a matching

M |= ψF

x|V |−|V (M)|y|M |.

We observe that UM (G;x, y) is a special case of such constrained polynomial:

UM (G;x, y) = UM |∅,∅(G;x, y)

Let G|w be a subgraph defined by subtree T |w = 〈W ′, F ′〉, when w is

not the root of T . Let f be the father of w in the tree of decomposition. We

denote by Sfw the vertices shared by Sf and Sw: Sfw = Sf ∩ Sw
Let Afw run over all the subsets of Sfw. We define the set of auxiliary

polynomials as follows:

R(G|w) = {QwAfw = UM |Afw,Sfw\Afw(G|w;x, y) : Afw ⊆ Sfw}

If w is a root, we will compute only one auxiliary polynomial:

R(G|w) = {Qw∅ = UM |∅,∅(G|w;x, y)},

which equals to UM (G;x, y).

Note that at every node of T we need at most 2k+1 auxiliary polynomials.

Base: auxiliary polynomials of leaves Let w be a leaf of T , and f be

its father. Let G|w be a subgraph defined by w. This graph has at most

k+1 vertices. Let Mw be the set of all the matchings of this subgraph. For

every Afw ⊆ Sfw,

QwAfw = UM |Afw,Sfw\Afw(G|w;x, y) =
∑

p ∈ Mw,

V (p) ∩ Sfw = Afw

x|Vw|−|V (p)|y|p|
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Step: auxiliary polynomials of an internal node Let w be an internal

node of T , l and r - its children, and f – its father. We need to compute

the auxiliary polynomials

R(G|w) = {QwAfw : Afw ⊆ Sfw}

given the auxiliary polynomials of the subgraphs defined by w’s children:

R(G|l) = {QlAwl : Awl ⊆ Swl}

R(G|r) = {QrAwr : Awr ⊆ Swr}

Let Mw denote the set of all the matchings, including only edges added by

w, i.e. Mw = {p ⊆ Ew : p is a matching}.

Proposition A.2.1 Auxiliary polynomials for subgraph G|w can be com-

puted as follows:

QwAfw = x|Sw\(Sl∪Sr)|−|Sl∩Sr |
∑

(Awl,Awr ,p∈Mw)|=ϕ

QlAwl ·Q
r
Awr
·
( y
x2

)|p|
(A.2.1)

where

ϕ =





Awl ∩Awr = ∅∧
V (p) ⊆ (Sw \ (Awl ∪Awr))∧
Afw = (Awl ∪Awr ∪ V (p)) ∩ Sf

A.2.2 Proof of correctness

We use induction on the structure of the tree decomposition. Since the

base equations are computed by definition, we should only prove that the

proposition A.2.1 is correct.

First, we observe that the degree of x in every auxiliary polynomial QwAfw
equals to the number of vertices that are not covered by matchings. This

holds in the leaves; if we assume that it holds in the auxiliary polynomials

produced by the children nodes, QlAwl and QrAwr , then the equation A.2.1

just adds an x for every new vertex, and reduces an x for every vertex that

appears in both Sl and Sr, and therefore, added twice by QlAwl and Q
r
Awr

.

Therefore, it is enough to prove that the number of matchings is reflected

correctly in the degree of y. We shall find 1− 1 and onto mapping between
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the matchings of G|w and the summands at the right side of the equation

A.2.1, i.e. for every matching of G|w, we should find the corresponding

summand, and show that for every two different matchings there are different

summands. The second direction is the opposite: for every summand on

the right side of the equation, we should find the corresponding matching

on the left side, and show that different summands correspond to different

matchings.

Let M |w be set of all the matchings of G|w, M |l be the set of all the

matchings of G|l and M |r be the set of all the matchings of G|r.
Direction 1

Let p|w be a matching of G|w, which is counted by QwAfw . Every matching

of G|w consists of disjoint parts: a matching of G|l, p|l ∈ M |l, a matching

of G|r, p|r ∈ M |r, and a matching pw ∈ Mw that consists only of the

edges from Ew. The matching p|l uses certain subset Awl of Swl, and it

is counted in QlAwl . The matching p|r uses certain subset Awr of Swr, and

it is counted in QrAwr . The matching pw uses only the vertices of Sw and

adds the y|pw|. Moreover, since p|l, p|r and pw are disjoint, and p|w uses

exactly the subset Afw of Sfw, the components Awl, Awr and pw satisfy the

formula ϕ. If two matchings p|w and p′|w of G|w are different, without loss

of generality, p|w includes some edge p′|w doesn’t include. Since every edge

is added only once during the graph construction, it can belong to exactly

one of the components: G|l, G|r or Ew, so the corresponding components of

the summand of the right side of equation are different too.

Direction 2

For every triple of matchings p|l ∈M |l, p|r ∈M |r and pw ∈Mw, if they are

disjoint, and include together some subset Afw of Sfw, they can be combined

into a matching of G|w, which would be counted by QxAfw . Otherwise, if they

are not disjoint, the only vertices that can be common are the vertices of

w. In that case, the formula ϕ will not be satisfied. Since E|l, E|r and Ew
are disjoint, two combinations, in which at least one component is different,

will correspond to different matchings of G|w. �

A.2.3 Complexity analysis

In our algorithm we need calculate the number of matchings of small graphs

(with up to k + 1 vertices). This procedure requires generally the time of
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O(2k
2
). But we can instead pre-calculate the number of matchings for every

graph with up to k+1 vertices, and the algorithm will only find in the table

the required number, which takes only O(k2) (searching in the table of 2k
2

entries).

In the most näıve way, the operation on the polynomials of degree up to
n
2 have the time cost O(n2).

The tree of decomposition includes up to 2n = O(n) vertices.

Each step of algorithm requires:

• Compute up to 2k+1 = O(2k) auxiliary polynomials

• For each polynomial, run over all the partitions of Sw to four parts

(Awl, Awr, V (p) and the rest of Sw). This takes up to 4k+1 = O(22k).

• Find the number of possible matchings V (p) provides, and check that

the combination of Awl, Awr and V (p) satisfies the formula ϕ. This

takes up to (O(k2)).

Total time complexity: O(n3) ·O(k2 · 23k)

A.3 Computing of the most distinctive matching

polynomial UM on graph classes of bounded

clique-width

We introduce an explicit algorithm for computation of the most distinctive

matching polynomial UM (G;x, y) on graph classes of bounded clique-width.

This result is new, since the theorems of [41, 17] do not hold for the case

of MSOL2-definable polynomials, such as the matching polynomial. This

algorithm was developed in joint work with B.Godlin. It develops further

an idea of B.Godlin for computing the permanent of adjacency matrices of

graphs of fixed clique-width, cf. [29].

A.3.1 The algorithm

The graphs we consider in this section are simple, undirected and loop-free.

For a vertex-labeled graph H = 〈V,E, c〉 with labels {1, 2, . . . , k} we denote

by Pα the set of vertices labeled by α, when 1 ≤ α ≤ k.
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We assume in our algorithm that we are given an input graph G = 〈V,E〉
together with an irredundant k-construction t defining it. We denote by

tree(t) the parse tree of t. The leaves of this tree are the vertices of G with

their initial labels, and the internal nodes correspond to the operations of t,

which can be either binary (corresponding to ⊔), or unary (corresponding

to η or ρ).

The algorithm traverses tree(t) from bottom to top while constructing

at each step the labeled graph H corresponding to a subtree of tree(t),

scanned so far, and keeping the set of auxiliary polynomials corresponding

to H denoted by R(H). When the scan of tree(t) is finished, we will ob-

tain a labeled copy of the graph G, and the corresponding set of auxiliary

polynomials R(G). The final graph polynomial is obtained by summation

of R(G).

The set of auxiliary polynomials Let H〈V,E, c〉 be a labeled graph

with labels 1, . . . , k. Let F = (f1, f2, . . . , fk) be a vector of k integers. Let

|F | denote the sum of fields of F .

Let M ⊆ E be a matching in H and let V (M) denote the set of vertices

covered by this matching. We say that M is a fit for F on H if the following

predicate is satisfied:

ψF (M) = ∀α ∈ [k] (|Pα \ V (M)| = fα) .

We observe that the set of vectors F such that ψF can be satisfied is

F = {F = (f1, f2, . . . , fk) : ∀α : 1 ≤ α ≤ k(0 ≤ fα ≤ n)} .

Recall that we aim to compute the most distinctive matching polynomial

UM (G;x, y), which is defined as

UM (H;x, y) =
∑

M ⊆ E

M is a matching

x|V |−|V (M)|y|M |

Every matching leaves certain number of vertices of each color unused.
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Therefore, we define the following set of auxiliary polynomials

R(H) =





UM |F (H;x, y) =
∑

M ⊆ E

M is a matching

M |= ψF

x|V |−|V (M)|y|M |





,

such that UM (H;x, y) =
∑

F∈F UM |F (H;x, y). Note that it has total of nk

auxiliary polynomials to keep.

Additionally, we observe that

UM |F (H;x, y) = x|F |y|V |−|F |
∣∣∣
{
M ⊆ E : M is a matching and

M |= ψF

}∣∣∣ . (A.3.1)

Base: auxiliary polynomials of leaves.

Every leaf of tree(t) is of type ”i(v)” and corresponds to a single vertex

v colored by i. This single vertex has only one matching (empty), leaving

exactly one vertex of color i unused. So, for the leaf H = i(v) we have:

UM |F (H;x, y) =

{
x when F = (0, . . . , 0, 1, 0, . . . , 0) with 1 at i-th position

0 otherwise.

Handling of the ⊔ operator: H = H1 ⊔H2.

We need to compute R(H) given R(H1) and R(H2). Since the graphs H1

and H2 are disjoint, the number of free vertices of each color in H is a sum

of those of H1 and H2:

UM |F (H;x, y) =
∑

F1≤F

UM |F1(H1;x, y) · UM |(F−F1)(H2;x, y) (A.3.2)

Handling of the ρ operator: H = ρi,j(H1),i 6= j.

We need to compute R(H) given R(H1). The ρ operator only changes the

labels of the vertices previously labeled by i to j. Therefore,

UM |F (H;x, y) =

{
0 if fi 6= 0∑

F ′|=ϕ UM |F ′(H1;x, y) otherwise
(A.3.3)
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where

ϕ =


∀ℓ:1≤ℓ≤k : fℓ =





f ′i + f ′j if ℓ = j

0 if ℓ = i

f ′ℓ otherwise


 (A.3.4)

Handling of the η operator: H = ηi,j(H1),i 6= j.

We need to compute R(H) given R(H1). The η operator adds edges

between all the vertices labeled i to all the vertices labeled j. Moreover

since t is an irredundant k-construction, all these edges are new, they did

not appear in H1. Any matching of H consists of a matching of H1 and

some new edges. If there are f ′i free vertices labeled i and f ′j free vertices

labeled j, and the matching includes q new edges, it chooses:

1. q of fi free vertices colored i

2. q of fj free vertices colored j

3. 1-1 mapping between two previous sets of vertices

Figure A.1: Possible matching after ηi,j operation

According to the mentioned above,

UM |F (H;x, y) =
∑

q,F ′|=ϕ

( y
x2

)q
·UM |F ′(H1;x, y)·

(
f ′i
q

)
·
(
f ′j
q

)
·q! (A.3.5)
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where

ϕ =


∀ℓ:1≤ℓ≤k : fℓ =





f ′i − q if ℓ = i

f ′j − q if ℓ = j

f ′ℓ otherwise


 (A.3.6)

Computation of UM (G;x, y) out of R(val(t)):

When the scan of tree(t) is finished, we obtain the set of auxiliary poly-

nomials R(H), where H = val(t) is a colored copy of G. We need now to

derive the matching polynomial of the graph G. As we already observed,

UM (H;x, y) =
∑

F∈F

UM |F (H;x, y) (A.3.7)

A.3.2 Proof of correctness

We use induction on the structure of the clique-width k-construction. We

should prove that the equations A.3.2, A.3.3, A.3.5 and A.3.7 are correct.

For every equation we will show that the set of summands on both sides is

equal.

Given a matching w of size k, we will say that its weight is ( y
x2
)k.

Equation A.3.2 - handling of ⊔ operation Each matching w on the

left side of the equation corresponds to union of two matchings w1 in H1

and w2 in H2. The sum of the numbers of unused vertices of each color by

w1 (which is F1) and w2 (which is F − F1) is F . Hence, w1 is counted by

UM |F1(H1;x, y), and w2 is counted by UM |F−F1(H2;x, y). The product of

their weights appears as a summand on the right side of the equation.

In the other direction, any two matchings w1 (in UM |F1(H1;x, y)) and w2

(in UM |F−F1(H2;x, y)) can be combined to a matching w in UM |F (H;x, y).

Equation A.3.3 - handling of ρ operation Any matching of the right

side is also the matching of the left side, with F and F ′ count the same

unused vertices under the colorings of H and H1.
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Equation A.3.5 - handling of η operation We can rewrite the equation

A.3.5 to the following form:

UM |F (H;x, y) =

=
∑

q,F ′|=ϕ

( y
x2

)q
· UM |F ′(H1;x, y) ·

(
f ′i
q

)
·
(
f ′j
q

)
· q!

=
∑

q,F ′|=ϕ

(

f ′i
q

)

·

(

f ′j
q

)

·q!
∑

1

( y
x2

)q
· UM |F ′(H1;x, y)

=
∑

q,F ′|=ϕ

∑

S ⊆ Pi × Pj ,

S is q −matching

( y
x2

)|S|
· UM |F ′(H1;x, y)

Any matching w on the left side contains some q edges between Pi and Pj .

The rest of the edges of w form a matching in H1 when the numbers of

unused vertices of each color are F ′, which satisfies A.3.6.

In the other direction, if F ′ and q satisfy A.3.6, any matching w1 in

UM |F ′(H1;x, y) can be extended by any combination of q edges between the

f ′i free vertices labeled i and f ′j free vertices labeled j to form matching w

with unused vertices as in F .

A.3.3 Complexity analysis

First of all, we will evaluate the complexity of every step of our algorithm.

As we have already shown in A.3.1, every auxiliary polynomial we keep is

actually monomial. Thus, we can consider every operation on those mono-

mials as cost of 1.

1. Creation of the vertex.

We should initialize up to (nk) auxiliary monomials by 0 or 1. Time

complexity is O(nk)

2. ⊔ operation.

The calculation of single monomial UM |F (H;x, y) requires summation

over all possible F1, which is O(nk). This calculation should be done

for all the (nk) auxiliary monomials. Total complexity is O(n2k).
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3. ρ operation.

Although the summation is over F1, there are only up to n vectors

which can fit the formula ϕ. The only free value is the j’th field of the

vector. Thus, the calculation of a single monomial UM |F (H;x, y) has

the time cost of O(n). Total complexity is O(nk+1)

4. η operation.

The summation is over q, which uniquely defines F ′. All the arith-

metical operations, such as

(
f ′i
q

)
,

(
f ′j
q

)
and q!, are considered as

time cost of 1. The calculation of a single monomial UM |F (H;x, y)

has the time cost of O(n). Total complexity is O(nk+1)

5. Summation of all the auxiliary monomials. Time cost of O(nk).

The number of times each operation can be applied depends on the term

t. But we can see, that the most expensive operation (⊔) can appear at most

n times in t, because every time the number of vertices in val(t) grows at

least by 1. Also, η operation cannot be applied more than n2 times, because

it adds edges every time. ρ operation can appear at most n·k times. Finally,

the summation of all the monomials is performed once.

Total time complexity of the algorithm (for k > 1):

O(n · (nk) + n · (n2k) + n2 · (nk+1) + n · k · (nk+1) + (nk)) = O(n2k+1)

A.4 Computing of the most distinctive edge elimi-

nation polynomial ξ(G; x, y, z) on graph classes

of bounded tree-width

In this section we provide an explicit algorithm which computes the edge

elimination polynomial on graphs of tree-width at most k in polynomial

time. The graphs we consider in this section are unlabeled and undirected.

Self-loops and multiple edges are allowed.

Constrained edge elimination polynomial

Recall that the edge elimination polynomial of the graph G = 〈V,E〉 is
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defined by

ξ(G;x, y, z) =
∑

A⊔B

xk(A⊔B)−kcov(B)y|A|+|B|−kcov(B)zkcov(B),

where A and B are subsets of edges, such that VA = {v : ∃u|(u, v) ∈ A} and
VB = {v : ∃u|(u, v) ∈ B} are disjoint, and kcov(A) denotes the number of

connected components in (VA, A).

We use variable substitution p = z/y. Additionally, we denote by I(A∪
B) = V \ (VA ∪ VB) is the set of vertices that are not adjacent to any of

edges of A or B. We get after the substitution:

ξ(G;x, y, p) =
∑

A⊔B

xkcov(A)+|I(A∪B)|y|A|+|B|pkcov(B). (A.4.1)

Let CA ⊆ V , CB ⊆ V and C0 ⊆ V be disjoint subsets of vertices, and

M ⊆ (CA ∪CB)2 be some subset of pairs of vertices among CA and CB . We

denote by ϕ(A,B,CA, CB , C0,M) the following predicate:

ϕ(A,B,CA, CB , C0,M) = (CA ⊆ VA) ∧
(CB ⊆ VB) ∧
(C0 ⊆ I) ∧
(M = TCl(A ∪B) ∩ (CA ∪ CB)2)

(A.4.2)

Informally, ϕ(A,B,CA, CB , C0,M) is satisfied if all the vertices of CA are

incident to one of the edges of A, all the vertices of CB are incident to one of

the edges of B, all the vertices of C0 are not incident to any of the edges of

A or B, and a pair of vertices (u, v) ∈M if and only if u and v are connected

through the edges of A or B. Using this notation, we define the constrained

edge elimination polynomial:

ξCA,CB,C0,M(G;x, y, p) =
∑

(A ⊔B) ⊆ E,

ϕ(A,B, CA, CB , C0,M)

xkcov(A)+|I(A∪B)|y|A|+|B|pkcov(B)

(A.4.3)

Note that the edge elimination polynomial is a special case of the constrained
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edge elimination polynomial:

ξ∅,∅,∅,∅(G;x, y, p) = ξ(G;x, y, p) (A.4.4)

A.4.1 The algorithm

The algorithm traverses the tree of decomposition T from bottom to top,

while constructing the subgraphs G|w defined by subtrees T |w, and keeping

the auxiliary polynomials R(G|w).The final polynomial is derived from the

set R(G).

Let G = 〈V,E〉 be a graph with |V | = n vertices and bounded tree-

width. We suppose we are given a binary tree decomposition T = 〈W,F 〉,
defining the graph G. We need to compute its edge elimination polynomial

ξ(G,x, y, p).

The input graph can have multiple edges. Therefore, the edge set |E|
can be larger than |V |2, which makes the time complexity of counting edge

subsets unclear. To prevent this, we will use a notion of ”thickness” of an

edge, i.e. for the edge e = (u, v), te denotes the number of edges connecting

the vertices u and v. In other words, we will compute the polynomial over

a simple graph G̃ = (V, Ẽ), where Ẽ =
{
(u, v) ∈ V 2 : (u, v) ∈ E

}
. In the

sequel of this section, G̃ and Ẽ denote correspondingly such a simplified

graph and a simplified edge set.

Set of auxiliary polynomials to keep.

Let G|w be a subgraph defined by subtree T |w = 〈W ′, F ′〉, when w is not

the root of T . Let f be the father of w in the tree decomposition. We denote

by Sfw the vertices shared between Sf and Sw: Sfw = Sf ∩ Sw
Let CAfw , CBfw and C0fw run over all the tri-partitions of Sfw, and Mfw

run over all the subsets of (Sfw)
2. We define the set of auxiliary polynomials

as follows:
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R(G|w) = {
QwCAfw ,CBfw ,C0fw

,Mfw
= ξCAfw ,CBfw ,C0fw

,Mfw
(G|w;x, y, p) :

CAfw ⊔ CBfw ⊔ C0fw = Sfw,

Mfw ⊆ (Sfw)
2

} (A.4.5)

If w is a root, we will compute only one auxiliary polynomial:

R(G|w) = {Qw∅,∅,∅,∅ = ξ∅,∅,∅,∅(G;x, y, p)},

which equals to the edge elimination polynomial. Note that there are at

most 3k+1 × 2(k+1)2 auxiliary polynomials. For sake of compactness, we

shall use the index Ifw instead of {CAfw , CBfw , C0fw ,Mfw}.

Base: auxiliary polynomials of leaves

Let w be a leaf of T , and f be its father. Let G|w be a subgraph defined

by w. This graph has at most k + 1 vertices. For every tripartition CAfw ⊔
CBfw ⊔ C0fw = Sfw, and every subset Mfw ⊆ (Sfw)

2, by the definition of

constrained edge elimination polynomial:

QwIfw = ξIfw(G|w;x, y, p) =

=
∑

(A ⊔ B) ⊆ E|w,

(A,B, Ifw) |= ϕ

xkcov(A)+|I(A∪B)| ·
(
∏

e∈A∪B

y

)
· pkcov(B) =

=
∑

(A ⊔ B) ⊆ Ẽ|w,

(A,B, Ifw) |= ϕ

xkcov(A)+|I(A∪B)| ·
(
∏

e∈A∪B

((y + 1)te − 1)

)
· pkcov(B)

Step: auxiliary polynomials of an internal node

Let w be an internal node of T , l and r - its children nodes, and f – its

father. We need to compute the auxiliary polynomials

R(G|w) = { QwIfw : CAfw ⊔ CBfw ⊔ C0fw = Sfw , Mfw ⊆ (Sfw)
2}
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given the auxiliary polynomials of the subgraphs defined by w’s children:

R(G|l) = { QlIwl : CAwl ⊔CBwl ⊔ C0wl = Swl , Mwl ⊆ (Swl)
2}

R(G|r) = { QrIwr : CAwr ⊔CBwr ⊔ C0wr = Swr , Mwr ⊆ (Swr)
2}

Recall that Ew is a set of edges added by w, and Ẽw is its simplified copy.

Let Aw ⊆ Ẽw and Bw ⊆ Ẽw be vertex-disjoint subsets of Ẽw, covering cor-

respondingly vertex sets VAw and VBw. We define auxiliary graphs over the

vertex set Sw with edge sets defined as follows:

HAwl = (Sw, FAwl), where FAwl =Mwl ∩ C2
Awl

,

HAwr = (Sw, FAwr), where FAwr =Mwr ∩ C2
Awr

,

HBwl = (Sw, FBwl), where FBwl =Mwl ∩ C2
Bwl

,

HBwr = (Sw, FBwr), where FBwr =Mwr ∩ C2
Bwr

,

HAw = (Sw, FAw), where FAw = FAwl ∪ FAwr,
HBw = (Sw, FBw), where FBw = FBwl ∪ FBwr,
H ′
Aw = (Sw, F

′
Aw), where F

′
Aw = FAw ∪Aw,

H ′
Bw = (Sw, F

′
Bw), whereF

′
Bw = FBw ∪Bw,

H ′
w = (Sw, F

′
w), where F

′
w = F ′

Aw ∪ F ′
Bw.

Finally, the contribution function of Aw and Bw with child indexes Iwr
and Iwl is defined as follows:

C(Aw, Bw,Iwr,Iwl) =

= x(kcov(H
′
Aw)+|I(H′

w)|)−(kcov(HAwl)+|C0wl |+kcov(HAwr)+|C0wr |)

·
(

∏

e∈Aw∪Bw

(y + 1)te − 1

)

(A.4.6)

·pkcov(H′
Bw)−(kcov(HBwl)+kcov(HBwr))

Here kcov(H) and I(H) denotes correspondingly the number of covered con-

nected components and the number of isolated nodes in certain auxiliary

graph.
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Proposition A.4.1 Auxiliary polynomials for subgraph G|w can be com-

puted by the following formula:

QwIfw =
∑

(Ifw,Iwl,Iwr ,AwBw)|=ψ

QlIwl ·Q
r
Iwr · C(Aw, Bw,Iwr,Iwl), (A.4.7)

where

ψ =





(CAwl ∪ CAwr ∪ VAw) ∩ (CBwl ∪ CBwr ∪ VBw) = ∅,

CAfw = (CAwl ∪ CAwr ∪ VAw) ∩ Sfw
CBfw = (CBwl ∪ CBwr ∪ VBw) ∩ Sfw
C0fw = Sfw \ (CAfw ∪ CBfw)
Mfw = (C2

Afw
∪ C2

Bfw
) ∩ TCl [Mwl ∪Mwr ∪Aw ∪Bw]

A.4.2 Proof of correctness

We use induction on the structure of the tree decomposition. Since the

base equations are computed by definition, we should only prove that the

proposition A.4.1 is correct.

We shall find 1 − 1 and onto mapping between the consistent choices

of A and B in G|w and the summands at the right side of the equation

A.4.7, i.e. for every consistent choice of A and B in G|w, we should find

the corresponding summand, and show that for every two different choices

there are different summands. The second direction is the opposite: for every

summand on the right side of the equation, we should find the corresponding

choice of A and B in G|w on the left side, and show that different summands

correspond to different choices.

Let Ch|w be set of all the consistent choices of A and B in G|w, Ch|l be
the same in G|l, and Ch|r be the same in G|r.

Direction 1

Let ch|w be a particular choice of A and B in G|w, which is counted by

QwIfw .

Every choice of A and B in G|w consists of six disjoint parts:

Subset A consists of disjoint subset Al of G|l, subset Ar of G|r and a subset

of Ẽw, which we call Aw;

Subset B consists of disjoint subset Bl of G|l, subset Br of G|r and a subset

of Ẽw, which we call Bw;

The choices Al and Bl are determined by ch|l, and Ar and Br are determined
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by ch|r.
The choice ch|l uses some subsets CAwl and CBwl of Swl, and it is counted

by QlIwl (induction hypothesis). Moreover, under this choice, the vertices of

CAwl and CBwl are connected or not connected (via chosen edges) according

to the matrix Mwl. The same holds for ch|r.
The contribution of the node w to QwIfw is counted as follows:

• The degree of x is affected by the number of covered connected com-

ponents marked A, and number of unmarked vertices. The previ-

ously counted contributions of QlIwl and Q
r
Iwr

, which are respectively

xkcov(HAwl)+|C0wl| and xkcov(HAwr)+|C0wr |, are subtracted from the cur-

rent contribution xkcov(H
′
Aw)+|I(H′

w)|.

• The degree of y is affected by the number of edges added by the node

w.

• The degree of p is affected by the number of covered connected com-

ponents marked B. The previously counted contributions of QlIwl
and QrIwr , which are respectively xkcov(HBwl) and xkcov(HBwr), are sub-

tracted from the current contribution xkcov(H
′
Bw).

Moreover, if ch|l, ch|r, Aw and Bw are consistent, and ch|w fits the index

Ifw, the predicate ψ is satisfied.

If two choices ch|w and ch′|w of A and B in G|w are different, without loss

of generality, A or B under ch|w includes some edge ch′|w doesn’t include.

Since every edge is added only once during the graph construction, it can

belong to exactly one of the components: ch|l, ch|r, Aw or Bw, so the

corresponding components of the summand of the right side of equation are

different too.

Direction 2

For every set of choices ch|l ∈ Ch|l, ch|r ∈ Ch|r, and Aw, Bw ⊆ Ẽw, if they

are consistent and fit together some index Ifw, they can be combined into

a choice of A and B in G|w, which would be counted by QxIfw . Otherwise, if

they are not consistent, the formula ψ will not be satisfied. Since ch|l ∈ Ch|l,
ch|r ∈ Ch|r, and Aw, Bw ⊆ Ẽw are disjoint, two combinations, in which at

least one component is different, will correspond to different choices of A

and B in G|w. �
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A.4.3 Complexity analysis

Each step of algorithm requires:

• Compute up to 3k+1 × 2(k+1)2 = O(2(1+o(1))k
2
) auxiliary polynomials

• For each polynomial, run over all the pairs of possible child indexes.

This takes up to = O(22k
2
).

• Check that ψ is satisfied. This takes up to (O(k2)).

Total time complexity: O(n3) · O(k2 · 2(3+o(1))k2)

A.5 Computing of the subgraph component poly-

nomial Q(G; x, y) on graph classes of bounded

tree-width

In this section we provide an explicit algorithm which computes the subgraph

component polynomial on graphs of tree-width at most k in polynomial time.

The graphs we consider in this section are unlabeled and undirected, without

multiple edges and self-loops.

Constrained subgraph component polynomial

Recall that the subgraph component polynomial of the graph G = 〈V,E〉
is defined by

Q(G;x, y) =
∑

U⊆V

x|U |yk(G[U ]),

where U runs over the subsets of vertices of G, and k(G[U ]) denotes the

number of connected components in the subgraph of G induced by U .

Let A,B ⊆ V be subsets of vertices of G and letM ⊆ A2 be a symmetric

binary relation on A. We denote by ϕ(U,A,B,M) the following predicate:

ϕ(U,A,B,M) =
(
M = (TCl(E ∩ U2)) ∩A2

)
∧

(A ⊆ U) ∧ (B ∩ U = ∅) (A.5.1)

Informally, ϕ(U,A,B,M) is satisfied if all the vertices of A are in U , none of

the vertices of B are in U , and a pair {u, v} ∈M iff u and v are connected in
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G[U ]. Using this notation, we define the constrained subgraph component

polynomial:

QA,B,M(G;x, y) =
∑

U ⊆ V,

ϕ(U,A,B,M)

x|U |yk(G[U ]). (A.5.2)

Note that the subgraph component polynomial is a special case of the con-

strained polynomial:

Q∅,∅,∅(G;x, y) = Q(G;x, y) (A.5.3)

A.5.1 The algorithm

The algorithm traverses the tree of decomposition T from bottom to top,

while constructing the subgraphs G|w defined by subtrees T |w, and keeping

the auxiliary polynomials R(G|w).The final polynomial is derived from the

set R(G).

Let G = 〈V,E〉 be a graph with |V | = n vertices and bounded tree-width.

We suppose we are given a binary tree decomposition T = 〈W,F 〉, defining
the graph G. We need to compute its subgraph component polynomial

Q(G;x, y).

Set of auxiliary polynomials to keep.

Let G|w be a subgraph defined by subtree T |w = 〈W ′, F ′〉, when w is not

the root of T . Let f be the father of w in the tree decomposition. We denote

by Sfw the vertices shared between Sf and Sw: Sfw = Sf ∩ Sw
Let Afw run over all subsets of Sfw, and Mfw run over all the subsets of

(Sfw)
2. We define the set of auxiliary polynomials as follows:

R(G|w) = {QwAfw,Mfw
= QAfw,Sfw\Afw,Mfw

(G|w;x, y) :
Afw ⊆ Sfw , Mfw ⊆ (Sfw)

2}

If w is a root, we will compute only one auxiliary polynomial:

R(G|w) = {Qw∅,∅,∅ = Q∅,∅,∅(G;x, y)},

which equals to the subgraph component polynomial. Note that there are

at most 2k+1 × 2(k+1)2 auxiliary polynomials.
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Base: auxiliary polynomials of leaves

Let w be a leaf of T , and f be its father. Let G|w be a subgraph defined

by w. This graph has at most k + 1 vertices. For every subset Afw ⊆ Sfw,

and every subset Mfw ⊆ (Sfw)
2, by the definition of constrained subgraph

component polynomial:

QwAfw,Mfw
= QAfw,Mfw

(G|w;x, y) =

=
∑

U ⊆ V |w,

(U,Afw, Sfw \ Afw ,Mfw) |= ϕ

x|U |yk(G[U ]).

Step: auxiliary polynomials of an internal node

Let w be an internal node of T , l and r - its children nodes, and f – its

father. We need to compute the auxiliary polynomials

R(G|w) = { QwAfw,Mfw
: Afw ⊆ Sfw , Mfw ⊆ (Sfw)

2}

given the auxiliary polynomials of the subgraphs defined by w’s children:

R(G|l) = { QlAwl,Mwl
: Awl ⊆ Swl , Mwl ⊆ (Swl)

2}

R(G|r) = { QwAwr ,Mwr
: Awr ⊆ Swr , Mwr ⊆ (Swr)

2}

Recall that Ew is a set of edges added by w. Let Aw ⊆ Sw be a subset of

Sw. We denote by EAw the edges between vertices of Aw: EAw = Ew ∩A2
w.

We define auxiliary graphs over the vertex sets and edge sets defined as

follows:

Hwl = (Swl, Fwl), where Fwl =Mwl,

Hwr = (Swr, Fwr), where Fwr =Mwr,

Hw = (Sw, Fw), where Fw = TCl(Fwl ∪ Fwr ∪ EAw).

The contribution function of Aw ⊆ Sw with children indexes Awl,Mwl and
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Awr,Mwr is defined as follows:

C(Aw, Awl,Mwl, Awr,Mwr) = x|Aw|−(|Awl|+|Awr|)yk(Hw)−(k(Hwl)+k(Hwr))

(A.5.4)

Proposition A.5.1 Auxiliary polynomials for subgraph G|w can be com-

puted as follows:

QwAfw,Mfw
=

∑




Afw ,Mfw, Sfw

Awl,Mwl, Swl

Awr ,Mwr, Swr

Aw



|=ψ

QlAwl,Mwl
·QrAwr ,Mwr

·C(Aw, Awl,Mwl, Awr,Mwr),

(A.5.5)

where

ψ =





Aw ∩ Swl = Awl,

Aw ∩ Swr = Awr,

Afw = Aw ∩ Sfw,
Mfw = A2

fw ∩ TCl(Mwl ∪Mwr ∪ EAw)

A.5.2 Proof of correctness

We use induction on the structure of the tree decomposition. Since the

base equations are computed by definition, we should only prove that the

proposition A.5.1 is correct.

We shall find 1 − 1 and onto mapping between the consistent choices

of U in G|w and the summands at the right side of the equation A.5.5, i.e.

for every consistent choice of U in G|w, we should find the corresponding

summand, and show that for every two different choices there are different

summands. The second direction is the opposite: for every summand on

the right side of the equation, we should find the corresponding choice of

U in G|w on the left side, and show that different summands correspond to

different choices.

Let Ch|w be set of all the consistent choices of U in G|w, Ch|l be the

same in G|l, and Ch|r be the same in G|r.
Direction 1

Let U |w be a particular choice of U in G|w, which is counted by QwAfw,Mfw
.

Every choice of U in G|w consists of three parts that coincide on the shared

vertices:
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subset U |l of G|l, subset U |r of G|r and Aw that consists of vertices of Sw.

By the induction hypothesis, QlAwl,Mwl
and QrAwr ,Mwr

count the choices of

U |l, and U |r. Moreover, connectedness of vertices of Awl and Awr are ac-

cording to the matrices Mwl and Mwr.

The contribution of the node w to QwAfw,Mfw
is counted as follows:

• The degree of x is affected by the number of vertices added by Aw. The

previously counted contributions of QlAwl,Mwl
and QrAwr ,Mwr

, which are

respectively |Awl| and |Awr|, are subtracted from the current contri-

bution |Aw|.

• The degree of y is affected by the number of connected components

added by Aw. The previously counted contributions of QlAwl,Mwl
and

QrAwr ,Mwr
, which are respectively k(Hwl) and k(Hwr) are subtracted

from the current contribution k(Hw).

Moreover, if U |l, U |r, and Aw are consistent, and U |w is a fit for the index

Afw,Mfw, the predicate ψ is satisfied.

If two choices U |w and U ′|w of U in G|w are different, without loss of

generality, U under U |w includes some vertex U ′|w doesn’t include. Since

all the components U |l, U |r, and Aw coincide on the shared vertices, the

corresponding components of the summand of the right side of equation are

different too.

Direction 2

For every set of choices U |l ∈ Ch|l, U |r ∈ Ch|r, and Aw ⊆ Sw, if they are

consistent, they can be combined into a choice of U in G|w, which would be

counted by QwAfw,Mfw
. Otherwise, if they are not consistent, the predicate ψ

will not be satisfied. Since U |l ∈ Ch|l, U |r ∈ Ch|r, and Aw ⊆ Sw must coin-

cide on shared vertices, two combinations, in which at least one component

is different, will correspond to different choices of U in G|w. �

A.5.3 Complexity analysis

Each step of algorithm requires:

• Compute up to 2k+1 × 2(k+1)2 = O(2(1+o(1))k
2
) auxiliary polynomials

• For each polynomial, run over all the pairs of possible child indexes.

This takes up to = O(22k
2
).
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• Check that ψ is satisfied. This takes up to (O(k2)).

Total time complexity: O(n3) ·O(k2 · 2(3+o(1))k2).
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k dl`d.mihxetn minzixebl` miwtqne ,mieqn xhnxta`ean-ny f : G → R divwpet `id mitxb-zxeny .mitxbd lk ly dwlgnd G idz-petd G1 ≃ G2 miitxenefi` mitxb xeary jkR edylk geeh l` mitxb dtn.mipey migeeh mitxb-zexenyl .f(G1) = f(G2) : jxr eze` zlawn f divw,xiyw ezeid lynl ,sxbd zpekza xae
n ,{0, 1} ixpia d
y `ed R geehd m`-xtqnd e` Z minlyd mixtqnd `ed R xy`k .'eke ,ipehlind ,ixlie` ,ixeyin`



.zixtqn mitxb-zxeny e` ,sxbd xhnxt z`xwp efk mitxb-zxeny ,R miiynnd mixtqn ,zezywd xtqn ,miznvd xtqn :zeixtqn mitxb-zexeny ly ze`nbe
e` Z[X̄ ] ,minepiletd beg `ed R xy`k .'eke ,zeriav-3 xtqn ,mixiywd miaikxd.mitxb-mepilet z`xwp efk mitxb-zxeny ,idylkX̄ mipzyn zveaw lrn ,R[X̄],min
wnd ,mikexryd jeza ,mitxb-zexeny seqpi` mi

ewn mitxb-inepiletmi

ewn zeidl mileki mb mitxb-inepilet ,xzid oia .mdly miyxeyde zebx
d-nxetqpxh i
i-lr e` ,mipzyn zavd i
i-lr lynl ,mixg` mitxb-inepilet jezalilkny mitxb-mepilet lr mixa
n ep` dl`k mixwna .min
wnd zeveaw lr zeiv.xg` mitxb-mepilet,zeiphxt zehiya ipyl 
g` eeyed ,
g`-
g` erited mitxb-inepilet ,zixehqidmitxb-mepileta ,llken e` ,lilkn y
gd mitxbd-mepilet m`d ,xxal i
k xwira.zextqa okl m
ew x
bedy edylk xg`-xwegd ,q xg` mitxb-mepilet lilkn epi` p mieqn mitxb-mepilet ik ze`xdl i
k
q(G1) 6= la` ,p(G1) = p(G2)-y jk ,G2 -e G1 mitxb ipy ,llk jx
a ,ebivd mi:dpey dwipkha llk jx
a eynzyd ,q z` lilkn ok` p ik ze`xdl i
k .q(G2)-xh .d
ig` dxeva p-n q dxviiy ,i
nl dheyt divnxetqpxh e`xd mixwegd,mipzyn zavda wx eynzyd wlg ,mipey mixn`na erited zepey zeivnxetqplrn zeheyt zeivnxetqpxh e` ,zeheyt zeixabl` zelert exyt` xg` wlga.mitxbqgia ,miix`pil diqxewx-iqgi miwtqn zextqa eritedy miax mitxb-inepiletmipe
ipd mitxbd-inepilet ly belhw .zepey znev-z
xede zyw-z
xed zelertl.2 wxta riten `yepa zextq xwqe df xeaigam`d .mieqn beqn iaiqxewx qgi zewtqny mitxb-zexeny ly dwlgn S idzep` ,ef dl`yl zeprl zpn-lr ?mixg`d lk z` lilkny mitxb-mepilet S-a yi-x`zny ,mitxb-inepilet oia �subst -e �dp ly iwlg x
q iqgia miynzynely zlekid z`e ,mitxbd oia 
ixtdl mepiletd ly zlekid z` ,dn`zda ,miep` ,dl`d miqgid lr qqazda .mipzyn zavda zexg` mitxb-zexeny 

ewlzwlgnl qgia mitxb-inepilet ly zenly-dp-e zeilqxaipe` ly migpen mixi
bn-iqgi lr qqazda ,dl`k zewlgn xtqn mixi
bn ep` .znieqn mitxb-zexenyxear zenly-dp-e zeilqxaipe` ze
e` ze`vez miraewe ,miwteqnd diqxewxd.dl` zewlgn-eeqn ep` .efd zipand dixe`izl y
wen xeaigd ly (2 - 4 miwxt) ixwird wlgd-ipe`d zepekz z` miraewe zepey zewlgnl mire
i mitxb-inepilet xtqn miba



-inepilet mixi
bn ep` 3 wxta ,if` .zeniiw m` mdly zenly-dpde zeilqxa,zeilqxaipe`d z` mb ,ozip m`e ,mdly zenly-dp-d z` mi`xne ,miy
g mitxb-xbl m
ew epx
bdy zxbqnd z` miaigxn ep` 4 wxta .mdly zewlgnl qgialy dl`l zene
 ze`vez migikene ,miznvd e` zezywd lr mipeniq mr mit.3 wxtzepekza miynzyn ep` .5 wxta zriten zeikeaiqd zixe`iza eply ze`vezdik ze`xdl zpn-lr ,min
ewd miwxta epx
bdy mitxb-inepilet ly zexi
bd.eply dxwnl mb zeni`zn [54 ,61 ,14 ,21 ,91℄ ly miillkd mihtynd ze`vezinepilet ly aeyigl miliri mihxetn minzixebl` miwtqn ep` ` gtqpa ,sqepa-nyn dxeva mixtyny ,laben ur-agex mr mitxb zewlgn lr miy
gd mitxbdmiwtqn ep` ,jkn dxzi .miillkd mihtynd i
i-lr ghaend dvixd onf z` zizermitxb zewlgn lr mipzyn ipya zen`zdd-mepilet aeyigl hxetn mzixebl`mihtyndn zraep `l `id ik dy
g `id efd d`vezd .laben wilw-agex mr.miillkdmitxb-zexeny ly d`eeyd-zexeny izy q : G → R -e p : G → R eidi :mitxb-zexeny ly d
xtd geklkl m"n` p �dp q aezkpe ,q ly df lr dler `l p ly d
xtdd geky 
ibp .mitxb
G2 -e G1 mitxb bef

q(G1) = q(G2)→ p(G1) = p(G2)-zexeny izy ly d
xtdd geky 
ibp if` q �dp p mbe p �dp q miiwzn m`ly d
xtdd geky 
ibp ,q �dp p `le p �dp q `l miiwzn `l m` .ddf mitxbd.d`eeydl ozip epi` mitxbd-zexeny izylrn mitxb-inepilet izy q : G → R[Ȳ ] -e p : G → R[X̄ ] eidi :mipzyn zavdaezkpe ,q ly mipzyn zavd `ed p -y 
ibp .dn`zda Ȳ eX̄ mipzynd zeveaw
G sxb lkly jk σ : Ȳ → X̄ mipzyn zavd dpyi m"n` p �subst q

p(G; X̄) = σ(q(G; Ȳ ))

b



:zenly-dpxear dnly-dp `id q mitxbd-zxeny ik 
ibp .mitxb-zexeny ly dwlgn S idz.p �dp q miiwzn p ∈ S lkl oke q ∈ S m"n` S:zeilqxaipe`xear ilqxaipe` `ed q mitxbd-mepilet ik 
ibp .mitxb-zexeny ly dwlgn S idz.p �subst q miiwzn p ∈ S lkl oke q ∈ S m"n` Sdiqxewx-qgi lr zeqqean mitxb-zexeny ly zewlgnxf 
egi`l qgia (zeiltk) zeiaihwiltihlen ody mitxbd zexenya mipiipern ep`:mitxb lr ze`ad zelert mr ix`pil diqxewx-qgi zewtqne ,mitxb ly:zyw z
xed zelert
e zyw zwign i
i-lr G sxbn lawznd sxbd z` onqn G− e •ly 
egi`e e zyw mevnv i
i-lr G sxbn lawznd sxbd z` onqn G/e •
igi znevl dly zeevwdzwigne e zyw zxiwr i
i-lr G sxbn lawznd sxbd z` onqn G † e •dly zeevwd:znev z
xed zelert
v znev zwign i
i-lr G sxbn lawznd sxbd z` onqn G− v •

v zwign :v znev "mevnv" i
i-lr G sxbn lawznd sxbd z` onqn G/v •wilwl ely mipkyd lk ly xeaige
v zwign :v znev zxiwr i
i-lr G sxbn lawznd sxbd z` onqn G † v •ely mipkyd lk mr 
gi:diqxewx-qgi lr zeqqean mitxb-zexeny ly zewlgn mixi
bn ep` d`ad dlaha




diqxewx-qgi dwlgnd my
p(G) = αp(G− e) + βp(G/e) (driav) C zexeny

p(G) =

xp(G− e) (xyb `id e)
yp(G− e) (d`lel `id e)

σp(G− e) + τp(G/e) (zxg` zyw) TG zexeny(Tutte−Grothendieck)
p(G) = αp(G − e) + βp(G † e) (zen`zd) M zexeny

p(G) = αp(G− e) + βp(G/e) + γp(G † e) (zyw z
xed) EE zexeny
p(G) = αp(G − v) + βp(G/v) + γp(G † v) (znev z
xed) V E zexenymitxbd-zxeny zx
ben eilrn bega mixai` mdα, β, γ, σ, τ, x, y min
wnd o`k).G sxba miielz mpi`yp(G),sEE-e sM ,sC zelnxepn zewlgn-zz epx
bd EE-e M ,C zewlgnl ,sqepa.α = 1 zavd i"r zeixewnd zewlgndn zelawznd ,dn`zdamixweg ep`y zeixwird zel`yd.(X ∈ C, TG,M,EE, V E) mitxbd-zexeny zwlgn X idz?X xear mly-dp mitxb-mepilet UX ∈ X miiw m`d .1

S ⊆ X dwlgn-zz efi` xear ,`l m` ?X xear ilqxaipe` UX m`d .2?X \ S z` x`zl ozip m`d ?ilqxaipe` UX mepiletd?X-a �subst -e �dp oia qgid edn ,illk ote`a .3ozip 
vike m`d ?eze` x`zl dyw dnk ,X xear mly-dp `ed UX m` .4?diqxewxa yeniy `ll exi
bdl?UX ly aeyigd zeikeaiq lr 
ibdl ozip dn .5ze`vezly ezey`xa "mitxbd-inepilet" hwiextd zxbqna rvazd o`k bvend xwgnd-inepilet ly 
eqid agx iz`eeyd xwgn rval 
rep hwiext .iwqaewn.i 'text.hwiextd zxbqna ebyedy ze`vezdn wlg riten ef dfza .mitxbdd



-inepilete llka mitxb-zexeny zeeydl zxyt`nd zillk dyib mirivn ep` •.hxta mitxbmitxb-inepilet ly zenly-dp-e zeilqxaipe` ly mibyend z` mixi
bn ep` •.znieqn mitxb-zexeny zwlgnl qgia-zexeny zwlgne Tutte ly zilqxaipe`d mepileta miynzyn ep` ,dnbi
xtk •epgp` . Tutte − Grothendieck invariants-k zextqa dritend mitxbdmitxb-inepilet zelleky mitxbd-zexeny ly zewlgn yely 
er mixi
bn`edy y
g mitxb-mepilet z` mibivn epgp` efk dwlgn lkl .miniiw miax-nepiletd ly zeilqxaipe`d zpekz migiken mb epgp` .ef dwlgna mly-dpdfi` dwlgndn zigtdl mikixv epgp` zxg` .ixyt` df m` miy
gd miohw wlgmitxbd-inepilet dnk ly aeyig xear miyxetn minzixebl` epgzit ,sqepa •dwilwd-agex e` ,k xzeid lkl (Tree−width) ur-agex hlwd sxbl xy`k.k xzeid lkl (Clique− width):zenly-dp-d ihtyn-na mly-dp mitxbd-mepilet miiw .xzeia illkd zen`zdd mepilet :1.3.1 htynezx
bde ,M zexeny zwlg
UM (G;x, y) =

∑

M ⊆ E

M is amatching

y|M |x|V |−2|M |

-i`vei lk xy`k ,sM zexeny zwlgnl ilqxaipe` `ed UM (G;x, y) :1.3.2 htyn.p(G) = x|V (G)|y|E(G)| beqn md M \ sM ote
dmly-dp mitxbd-mepilet miiw .xzeia illkd zywd-z
xed mepilet :1.3.3 htynezx
bde ,EE zexeny zwlgna
ξ(G;x, y, z) =

∑

(A⊔B)⊆E

xk(A⊔B)−kcov(B)y|A|+|B|−kcov(B)zkcov(B),e



mr yxet sxb-zz ly mixiywd miaikxd xtqn ,m`zda ,mieedn kcov-e k o`k.dni`zn zezyw zveaw i"r dxyen sxb-zz lye ,dni`zn zezyw zveaw-i`vei lk xy`k ,sEE zexeny zwlgnl ilqxaipe` `ed ξ(G;x, y, z) :1.3.4 htyn.EE \ sEE = C \ sC :zelnxepn `l C zexeny md ote
dmly-dp mitxbd-mepilet miiw .xzeia illkd znevd-z
xed mepilet :1.3.5 htynezx
bde ,V E zexeny zwlgna
UV E(G;x, y) =

∑

U⊆V

x|U |−k(G[U ])(x+ y)k(G[U ]),`ed k(G[U ])-e ,U miznvd zveaw i"r dxyend G ly sxb-zz `ed G[U ] o`k.G[U ] ly mixiywd miaikxd xtqn.V E zexeny zwlgnl ilqxaipe` `ed UV E(G;x, y) :1.3.6 htyn:zeikeaiqd zxeza ze`vez-y
gd mitxbd-inepilet dyely ly ziaeyigd zeikeaiqd zepekza mip
 ep`illkd zywd-z
xed mepilet ,UM(G;x, y) xzeia illkd zen`zdd mepilet :milk lr .UV E(G;x, y) xzeia illkd znevd-z
xed mepilete ,ξ(G;x, y, z) xzeia:miraew ep` minepiletdn 
g`mepiletd lr milg [54 ,61 ,14 ,21 ,91℄ ly miillkd mihtynd ze`vez m`d •?ezexi
b jnq-lr oe
ipd-pr mieeqen mireawn milaeq miillkd mihtyndn miraepd minzixebl`d •?itivtqd mepiletd xear xzei liri mzixebl` `evnl ozip m`d .miiw.5.1 dlaha zehxetn eply ze`vezd
f


