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DESCRIPTIVE COMPLEXITY OF FINITE STRUCTURES:
SAVING THE QUANTIFIER RANK

OLEG PIKHURKO AND OLEG VERBITSKY

Abstract. We say that a first order formula @ distinguishes a structure M over a vocabulary L from
another structure M’ over the same vocabulary if @ is true on M but false on M’. A formula ® defines
an L-structure M if @ distinguishes M from any other non-isomorphic L-structure M’. A formula ®
identifies an n-element L-structure M if @ distinguishes M from any other non-isomorphic n-element
L-structure M.

We prove that every n-element structure M is identifiable by a formula with quantifier rank less than
(1 — ﬁ)n + k? — k + 4 and at most one quantifier alternation. where & is the maximum relation arity
of M. Moreover. if the automorphism group of M contains no transposition of two elements. the same
result holds for definability rather than identification.

The Bernays-Schénfinkel class consists of prenex formulas in which the existential quantifiers all precede

the universal quantifiers. We prove that every n-element structure M is identifiable by a formula in the

Bernays-Schonfinkel class with less than (1 — 72'-5);7 + k quantifiers. If in this class of identifying

formulas we restrict the number of universal quantifiers to k. then less than n — /z + k* + k quantifiers
suffice to identify M and. as long as we keep the number of universal quantifiers bounded by a constant.
at total n — O(+/n) quantifiers are necessary.

§1. Introduction. Let M be a structure over a vocabulary L. A closed first order
formula @ with relation symbols in L U {=} is either true or false on M. If M’ is
another L-structure isomorphic with M, then @ is equally true or false on M and
M'. On the other hand. if M is finite and M is non-isomorphic to M . then there is
a formula @,y thatis true on M and false on M. As it is well known. for infinite
structures this is not necessary true. In this paper, however, we deal only with finite
structures. We call the number of elements of a structure M its order.

If a first order formula @ is true on M but false on M’ we say that ® distinguishes
M from M'. We say that ® defines an L-structure M if ® distinguishes M from any
other non-isomorphic L-structure M’. Furthermore, a formula ® identifies a finite
L-structure M if @ distinguishes M from any other non-isomorphic L-structure
M’ of the same order.

We address the question of how simple a formula identifying (defining) a finite
structure can be. The complexity measure of a first order formula we use here
is the quantifier rank. that is. the maximum number of nested quantifiers in a
formula. Let 7 (M) (resp. D (M)) denote the minimum quantifier rank of a formula
identifying (resp. defining) a structure M. We will pay a special attention to
formulas of restricted logical structure. The alternation number of a formula ®
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420 OLEG PIKHURKO AND OLEG VERBITSKY

is the maximum number of quantifier alternations over all possible sequences of
nested quantifiers under the assumption that ® is reduced to its negation normal
form. 1.e.. all negations are assumed to occur only in front of atomic subformulas.
By I,(M) and D;(M) we denote the variants of /(M) and D (M) for the class of
formulas with alternation number at most /.

We will estimate I (M) and D (M) as functions of the order of M. The latter is
denoted throughout the paper by n. A simple upper bound for 7 (M) is

Io(M) < n.
Indeed. every structure M is identified by formula
(1) 3.\‘1 . ﬂ\‘,, ( /\ XNy 75 X N \PM (.\‘] ...... X, ,,)),
1<i<j<n

where W, is the conjunction that gives an account of all relations between elements
of M and negations thereof. For example. if M consists of a single binary relation
RY ontheset {I..... n}. then

Yy = /\ R{x:. x;) A /\ “R(x;.x;).

(i.j)eRM (i.j)¢RY

It is an easy exercise to show that. if M has only unary relations. then Iy(M) <
(n + 1)/2. In [15] we prove the following results. If M has only unary and binary
relations. then I} (M) < (n + 3)/2. In the particular case that M is an ordinary
undirected graph. we are able to improve on the alternation number by showing
that then Io(M) < (n + 5)/2. It is not hard to show that these bounds are tight up
to a small additive constant. If M is a k-uniform hypergraph. we have the bound
L(M) <(1—1/k)n+2k—1.

Here we continue the research initiated in [15] and prove a general upper bound

1
(2) Il(M)<<1—ﬁ>n+k2~k+4.

where k. here and throughout. denotes the maximum relation arity of the vocabu-
lary L.
A simple upper bound for D (M) is

Dy(M) <n+1.

An appropriate defining formula is the conjunction of (1) and the formula saying
that there are no n + 1 pairwise distinct elements. The upper bound of n + 1 is
generally best possible. For example. we have D (M,,) = n + 1 if M, consists of
the single totally true unary relation or is a complete graph on n vertices. However.
for a quite representative class of structures we are able to prove a better bound
making use of one quantifier alternation. We call a structure irredundant if its
automorphism group contains no transposition of two elements. Similarly to (2).
for any irredundant structure M we obtain

(3) Dl(M)<<1~7L>n+k3k+4.
2k

This is a qualitative extension of a result in [15]. where the bound D\ (M) < n/2+2
is proved for any irredundant structure M with maximum relation arity 2. On the
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other hand. there are simple examples of irredundant structures with D (M) > n/4
(see Remark 4.4).

In fact. the bound (3) may not hold only for structures with a simple. easily
recognizable property. Namely. given elements u and v of M. let us call them
similar if the transposition of u and v is an automorphism of M. It turns out
that. either we have the upper bound for D;(M) or otherwise M has more than
(1- %)n + (k — 1)? + 3 pairwise similar elements. In the latter case we are able
to easily compute the value of D (M) up to an additive constant of k. For graphs
such a dichotomy result was obtained in [15].

Furthermore. we address the identification of finite structures by formulas of the
simplest logical structure. namely. those in the prenex normal form (or prenex formu-
las). In this case the quantifier rank is just the number of quantifiers occurring in a
formula. Let | (resp. IT;) consist of the existential (resp. universal) prenex formu-
las. Furthermore. let ¥; (resp. I1;) be the extension of X; | U I1;_; with prenex for-
mulas whose quantifier prefix begins with 3 (resp. with V) and has less than i quan-
tifier alternations. In particular. ¥, is the well-known Bernays-Schonfinkel class of
formulas (see [1. 5] for the role of this class in finite model theory). Define P;(M) to
be the minimum number of quantifiers in a X; U I1; formula identifying a structure
M. Similarly. let BS (M) be the minimum number of quantifiers of an identifying
formula in the Bernays-Schonfinkel class ,. We hence have the following hierarchy:

I(M) <L (M) <P(M)<P_(M). i> 1l
P>(M) < BS(M) < P(M) <n.

The upper bound of n is here due to the identifying formula (1). The bound
P(M) < nis generally best possible. It is attained. for example. if M consists of
the single unary relation true on all but one elements of the structure.

Our concern becomes therefore BS (M ). the next member at the top of the
hierarchy (4). We prove that

1
Though the multiplicative constant in (5) is worse than that in the bound (2). the
bound (5) may be regarded as a qualitative strengthening of (2) because the class
of formulas in the former result is much more limited than that in the latter result.

If we restrict the number of universal quantifiers to a constant. Bernays-Schonfin-
kel formulas become much less powerful. Let BS,(M) denote the minimum total
number of quantifiers in a Bernays-Schonfinkel formula identifying M with at most
¢ universal quantifiers. We prove that BS, (M) < n — /n + k> + k and that
BS,(M) > n — O(y/n) as long as ¢ is bounded by a constant.

To prove (2). we use the characterization of the quantifier rank of a formula
distinguishing structures M and M as the length of the Ehrenfeucht game on M and
M’ [4] (an essentially equivalent characterization in terms of partial isomorphisms
between M and M’ and extensions thereof is due to Fraissé [6]). Unlike (2). our
proof of (5) uses a direct approach. Nevertheless. both the results share the same
background which is based on the notion of a base of a structure M.

Given a set X of elements of M and elements v and v of M. we say that X
separates u and v if the extension of the identity map of X onto itself taking u to v is

(4)
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not a partial automorphism of M. Clearly. no X can separate similar ¥ and v. On
the other hand. if X separates every two non-similar elements in the complement
of X. wecall X a hase of M. Every M trivially has (n — 1)-element bases. Our
technical results imply that a considerably smaller base always exists. !

Related work. Our paper is focused on the descriptive complexity of individual
structures as opposed to the descriptive complexity of classes of structures. The lat-
ter is the subject of a large research area. which is emphasized much on the monadic
second order logic (we refer the reader to the survey [5] and textbooks [3. 9]).

The identification of graphs in first order logic is studied in [10. 11, 2. 7. 8] in
aspects relevant to computer science. The main focus of this line of research is on
the minimum number of variables in an identifying formula, where formulas are in
the first order language enriched by counting quantifiers. This complexity measure
of a formula corresponds to the dimension of the Weisfeiler-Lehman algorithm that
succeeds in finding a canonical form of a graph [2].

The present paper studies, in a sense, the worst case descriptive complexity of a
structure. Two other possibilities. the “best” and average structures. are considered
in [14] and [12] in the case of graphs.

Organization of the paper. In Section 2 we explain the notation used throughout
the paper. recall some basic definitions. define the Ehrenfeucht game and state its
connection to distinguishing non-isomorphic structures in first order logic. In Sec-
tion 3 we introduce some relations, partitions. transformations. and constructions
over a finite structure and explore their properties. The main task performed in this
section is construction of a particular base in an arbitrary structure. We will benefit
from these preliminaries while proving both our main results, bounds (2) and (3). in
Sections 4 and 5 respectively. In Section 4 we also prove the bound (3) and the other
definability results. Section 6 is devoted to identification by Bernays-Schonfinkel
formulas with bounded number of universal quantifiers. In Section 7 we focus on

graphs and improve the bound (5) for this class of structures. We conclude with a
list of open problems in Section §.

§2. Background.

2.1. Notation. Writing i € U* for a set U and a positive integer k. we mean that
= (up..... up) with u; € U forevery i < k. If u.v € U, then ") denotes? the
result of substituting v in place of every occurrence of u in # and substituting « in
place of every occurrence of v in @. Here (uv) denotes the transposition of u and
v. that is. the permutation of U interchanging «# and v and leaving the remaining
elements unchanged. Given a function ¢ defined on U. we extend it over UX by
o) = (p(uy)..... é(uy)) forii € UX,

Notation id¢ stands for the identity map of a set U onto itself. The domain and
range of a function f are denoted by dom f and range f respectively.

'n fact. we do not state this explicitly. However. it is easy to derive from the estimate (39) that every
structure has a base with less than (1 — ﬁ)n elements. On the other hand. there are structures
whose all bases have at least |#/2] elements. A simple example is given by the graph with m pairwise
non-adjacent edges.

>The double use of the character u here should not be confusing: We will often use u to denote a
single element of a sequence i.
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2.2. Basic definitions. A k-ary relation R on a set V (or a relation R of arity k)
is a function from V¥ to {0.1}. A vocabulary is a finite sequence R;..... R, of
relation symbols along with a sequence k. ... . k. of positive integers. where each
k; is the arity of the respective R;. If L is a vocabulary. a finite structure A over L
(or an L-structure A) is a finite set V' (A4). called the universe. along with relations
Rit..... R where R has arity k;. The order of A is the number of elements in the
universe V' (A4). If U C V{A). then 4 induces on U the structure A[U] with the
universe ¥ (A[U]) = U and relations R{T"1. .. Rt such that RV = RAG for
every @ € U%. Two L-structures A and B are isomorphic if there is a one-to-one
map ¢: V(A) — V(B). called an isomorphism from A to B. such that R{'a = RZ¢a
foreveryi < mandalla@ € V(A)*. An automorphism of A is an isomorphism from
Atoitself If U C V(A) and W C V(B). we call a one-to-onemap ¢: U — W a
partial isomorphism from A to B if it is an isomorphism from A[U] to B[W].

Without loss of generality we assume first order formulas to be over the set of
connectives {—. A. V}.

DEFINITION 2.1. A sequence of quantifiers is a finite word over the alphabet {3. V}.
If S is a set of such sequences. then 35 (resp. V.S) means the set of concatenations
ds (resp. Vs) forall s € S. If s is a sequence of quantifiers. then § denotes the result
of replacement of all occurrences of 3 to ¥ and vice versa in s. The set S consists of
all 5 fors € S.

Given a first order formula @. its set of sequences of nested quantifiers is denoted
by Nest(®) and defined by induction as follows:

(1) Nest(®) = {4} if @ is atomic. where £ denotes the empty word.
(2) Nest(—®) = Nest(D).
(3) Nest(® AY¥) = Nest(® Vv W) = Nest(D) U Nest(\P).

(4) Nest(Ix®) = I Nest(d) and Nest(VxD) = V Nest(D).

The quantifier rank of a formula ®. denoted by qr(®). is the maximum length of
a string in Nest(®).

Given a sequence of quantifiers s. let alt(s) denote the number of occurrences of

3V and V3 in s. The alternation number of a first order formula @ is the maximum
alt(s) over s € Nest(d).

Given an L-structure 4 and a closed first order formula ® whose relation symbols
are from LU{=}. wewrite 4 = ® if ®is true on 4 and 4 (= @ otherwise. Given A.
aformula W(x;.....: X,, ) with m free variables x. ... .. ;. and a sequence dj. . .. . A
of elements in V' (A4). we write A. ay..... am =YX X)) IEP (X, X)) 18
true on A with each x; assigned the respective «;.

If B is another L-structure, we say that a formula ® distinguishes A from B if
A = ®but B £ ®. We say that @ defines an L-structure A (up to an isomorphism) if
@ distinguishes A from any non-isomorphic L-structure B. We say that @ identifies
an L-structure 4 of order n (up to an isomorphism in the class of L-structures of
the same order) if @ distinguishes 4 from any non-isomorphic L-structure B of
order n.

By D (A. B) (resp. D;(A. B)) we denote the minimum quantifier rank of a for-
mula (resp. with alternation number at most /) distinguishing a structure 4 from
a structure B. By D (A4) (resp. D;(A4)) we denote the minimum quantifier rank of
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a formula defining A (resp. with alternation number at most /). By 1(A4) (resp.
I;(A4)) we denote the minimum quantifier rank of a formula identifying A (resp.
with alternation number at most /).

LemmA 2.2. Let A be a finite structure over vocabulary L. Then the following
equalities hold true:

D(A)=max{D(A4.B):B¥*¥ A}.
Di(A) =max{D;(A.B) :B#* A}.
I(A) =max{D(A.B): B¥ A. |V(B)|=|V(4)]}.
[(A4) =max {D/(4.B): B¥* A. [V(B)| = |V(4)]}.
where = denotes the isomorphism relation between L-structures.

Proor. We prove the first equality: The proof of the others is similar. Given an
L-structure B non-isomorphic to 4. let ®p be a formula of minimum quantifier
rank distinguishing 4 from B. thatis. qr(®g) = D (4. B). Let R = maxp qr(®p).
We have D (4) > R because D (4) > D (A. B) for every B. To prove the reverse
inequality D (4) < R. notice that A4 is defined by the formula ® = A, ®z whose
quantifier rank is R. The only problem is that ® is an infinite conjunction (a FO,-
formula). However. as it is well known. over a fixed finite vocabulary there are only
finitely many inequivalent first order formulas of bounded quantifier rank (see. e.g..
[2.3.9]). We therefore can reduce ® to a finite conjunction. -

2.3. The Ehrenfeucht game. Let 4 and B be structures over the same vocabulary
with disjoint universes. The r-round Ehrenfeucht game on 4 and B. denoted
by EHR, (4. B). is played by two players. Spoiler and Duplicator. with r pairwise
distinct pebbles p;. .. .. p,. each given in duplicate. Spoiler starts the game. A round
consists of a move of Spoiler followed by a move of Duplicator. In the s-th round
Spoiler selects one of the structures 4 or B and places p, on an element of this
structure. In response Duplicator should place the other copy of p, on an element
of the other structure. It is allowed to place more than one pebble on the same
element. We will use a, (resp. b,) to denote the element of A4 (resp. B) occupied by
ps. irrespectively of who of the players places the pebble on this element. If

a;=a; ifandonlyif b; =b;foralli. j <r.

and the component-wise correspondence between (aj. ... . a,) and (by..... b,)isa
partial isomorphism from 4 to B. this is a win for Duplicator: Otherwise the winner
is Spoiler.

The /-alternation Ehrenfeucht game on 4 and B is a variant of the game in which
Spoiler is allowed to switch from one structure to another at most / times during
the game. i.e.. in at most / rounds he can choose the structure other than that in the
preceding round.

The following statement provides us with a robust technical tool.

LemMA 2.3. Let A and B be non-isomorphic structures over the same vocabulary.

(1) D(A.B) equals the minimum r such that Spoiler has a winning strategy in
EHR,(A4. B).

(2) D;(A.B) equals the mininm r such that Spoiler has a winning strategy in the
[-alternation Eur,(A. B).
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We refer the reader to [3, Theorem 1.2.8], [9, Theorem 6.10}, or [17, Theorem 2.3.1]
for the proof of the first claim and to [13] for the second claim.

§3. Exploring structural properties of finite structures.

3.1. A few useful relations. Throughout this section we are given an arbitrary
finite structure M over vocabulary L. We abbreviate V' = V (M).

DEerINITION 3.1. For a. b € V we write a ~ b if the transposition (ab) is an
automorphism of M. In other words, a ~ b if, for every /-ary relation R of M, we
have Ra = Ra'“®) foralla € V.

LeMMA 3.2. ~ is an equivalence relation on V.

ProOF. The relation is obviously reflexive and symmetric. The transitivity follows
from the facts that the composition of automorphisms is an automorphism and that
the transposition (ac) is decomposed into a composition of (ab) and (bc). -

Given X C V, we will denote its complement by X = V' \ X.

DErFINITION 3.3. Let X € V and a,b € X. We write a =y b if idy extends to
an isomorphism from M[X U {a}]to M[X U {b}]. In other words, for every /-ary
relation R of M, we have R@ = Ra'® forall a € (X U {a})’.

Furthermore, we write a ~x b if the transposition (a, ») is an automorphism of
M[XU{a,b}]. Inother words, for every /-ary relation R of M, we have Ra = Ra'“?)
foralla € (X U{a,b}).

Clearly, a =~y b implies a =y b. It is also clear that =y is an equivalence relation
on X. In contrast to this, simple examples show that a ~y b is generally not an
equivalence relation.

DEFINITION 3.4. Let @(X) denote the partition of X into = y-equivalence classes.
Furthermore, " (X) = {C € #(X) : |C| <m }.

The following lemma points some trivial but important properties of the partition
Z(X).
LeEmMA 3.5.
(1) If X1 C Xa. then @ (X2) is a refinement of € (X,) on X,.
(2) Forany X, the ~-equivalence classes restricted to X refine the partition € (X).
In the sequel M’ denotes another L-structure.

DEFINITION 3.6. Let ¢: X' — X' be a partial isomorphism from M to M’. Let

a € X and a' € X'. We write a =4 a’ if ¢ extends to an isomorphism from
M[X U{a}]to M'[X" U {a’}].

Lemma 3.7. Let ¢: X — X' be a partial isomorphism from M to M'. Then the
Sfollowing claims are true.

(1) Assume that a =y b and a’ =x, b'. Then a =4 a’ if and only if b =4 b'.

(2) Assume thata =4 a’ andb =4 b'. Thena =x b if and only ifa’ =y b'.

(3) Let ¢ be a partial isomorphism from M to M’ which is an extension of ¢. If
a edom¢\X then a =4 ¢(a).

(4) Let ¢ be a partial isomorphism from M to M’ which is an extension of ¢. Let
a.b cdom¢\ X. Thena =y b if and only if $(a) =y, $(b).
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The proof is easy. Item 1 of the lemma makes the following definition correct.

DErFINITION 3.8. Let ¢: X — X' be a partial isomorphism from M to M’. Let
C e?(X)and C’' € (X’). We write C =, C’' if a =, a’ for some (equivalently.
forall) a € Canda’ € C’.

3.2. A couple of useful transformations. Let M be a finite structure of order n
with the maximum relation arity k. Let X C V(M ). We define two transformations
that, if applicable to X . extend it to a larger set.

Transformation T: If there exists a set S C X with at most k — 1 elements such that
(X US)| > |Z€(X)!, take the lexicographically first such S and set 7(X) =
X US. Otherwise T is not applicable to X

Transformation E: Apply T iteratively as long as it is applicable (note that this is
possible less than n times). The result is denoted by E(X ). If T is not applicable
atall, set E(X) = X.

LemMa 3.9. Assume that T is not applicable to X. If C € €(X) \ €%(X), then
a=~ybforeverya,beC.

Proor. Let C € €(X) and |C| > 3. Given ¢ and b in C, we have to show
that ¢ =~y b. In other words, our task is, given an /-ary relation R of M and
a € (X U{a.b}) . toshow that Ra = Ra@"“"). If @ contains no occurrence of a or
no occurrence of b. this equality is true because ¢ =y b. It remains to consider the
case that @ contains occurrences of both ¢ and b.

Cram A. Let u, v, and w be pairwise distinct elements in C. Let R be an /-ary
relation of M and 7 € (X U {u,v})’ with occurrences of both u and v. Then
Rii = R,

PrOOF OF CLamM. If Rii # Rii®™), then removal of u from C to X splits C into
at least two =y, -subclasses. containing v and w respectively. This contradicts
the assumption that T is not applicable to X. !

Let ¢ be an arbitrary element in C \ {a.b}. Applying Claim A repeatedly three
times, we obtain

RG = Rd(b(} _ R(g(bc))(ab) _ R((d(b('))(ab))(ac) _ Rd(b()(ab)(a(‘) _ R&(ub),
as required. =
LemmMa 3.10. [E(X)\ X| < (k — 1) (|Z(E(X))| - |[€(X)]).
3.3. The many-layered base of a finite structure.

DEerINITION 3.11. Suppose that a finite structure M with maximum relation arity

kis given. Aset X' C V(M) is called a base of M if the relations =y and ~ coincide
on X.

For X C V(M).let Y(X) = Uccgrr(x) C. Weset

Xo=Yo=0.

X;=E(X;_,UYi_)) forl <i <k,

Y = Y(X)) forl <i <k,
X1 = Xi U Y,

Z = V(M)\ Xis.
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We will call X,y the canonical base of M .

The terminology introduced by the definition is coherent due to the following
fact.

LemMA 3.12. On Z the relations =y, . =x,,,. and ~ coincide. Thus. the canonical
base of any structure M is a base of M .

PrROOF. We start with relations =y, and ~. Assume on the contrary thata =y, b
but a # b for some a, b € Z. The latter means that. for some /-ary relation R of
M and @ € V' with at least one occurrence of a,

(6) Ra' + Ra.

Denote 4 = {aj.....a;} \ {a.b}. Since |4| < k — 1 and the Y;’s are pairwise
disjoint, there is j < k such that

Our goal is now to show that the transformation T is applicable to X;. making a
contradiction to the construction of X;. For this purpose, we will “modify” X; by
setting X} = X; U 4 and show that |i;”( D> |1Z(X;)|. By (6), we have

(8) ay b

No class in #(X;) can disappear completely after extending X to X ! The classes
in %+1(X;) can only split up because of (7). the classes in & (X) \%’k“( ;) can
lose up to k — 1 elements and/or split up.

Since a =y, b and a,b € Z, both a and b belong to the same =y, -class C*
containing at least k + 2 elements. Let C be the = x,-class such that C* C C.
We now show that C is split up after modifying X; thereby obtaining the desired
inequality |&(X})| > |£(X;)].

Indeed, if a §é X! b, we have two subclasses containing respectively ¢ and b. If

a =y; b. it follows by Lemma 3.9 from (8) that the class in (X ) containing ¢ and
b is exactly {a,b}. After removing at most k — 1 elements, in C there remain at
least 3 elements and therefore C must have at least one more = X//-subclass besides
{a,b}.

Thus, on Z the relations =y, and ~ are identical. By Item 1 of Lemma 3.5. on
Z the relation =y, , refines =y,. By Item 2 of the same lemma the converse is also
true. It follows that on Z the relations =y, ., and =y, also coincide. —

LemMA 3.13. Let n be the order of M and k be the maximum relation arity of M .
We have

k
w1y 4 121 Lo s
©) S X+ G > gy - gy K22
and
(10)

szW“ D+ (k+ DE X)) + (k= DX +1Z] > n+k - 1.
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PrOOE. By Lemma 3.10 we have
(11) X < (k= D(gXx)] - 1).
(12) X\ (XU Y )] < (k= D(12(X0)] — € (X1 U Yi)])
for2 <i < k. Note that
B (X;)] = [ (X0)] + 8 (X) \ & (X))

and

& (X)) \ & (X)) < [&(X; U V)|
for 1 <i < k. The latter inequality is true because, according to Item 1 of Lemma
3.5. the partition Z(X; U Y;) is a refinement of #(X;) \ €¥*!1(X;). Combining it
with (11) and (12), we obtain
(13) X1 < (k= D" (X)) + [g (X U |7 - 1)
(14)
X\ (X U Yi)] < (k= D (X)) + [ (X U V)| = [Z (X Ul Yim)D).

Summing up (13) and (14) over all 2 < i < k. we have

(15)
X+ 3 0 (K UV < (- 1) (Z\%"*‘ )|+ E (XU )| 1)),
i=2
According to Lemma 3.12,
(16) T (X U Yi) =8 (X0) \ & (Xp)
and, as a consequence,
(17) & (X, U Yi)| < |Z]/(k +2).

From (15) we conclude, using (16), that

k—1

08) 1+ 3010 (K U Fe) < - D3 4 0+ )] —1)
i=2

i=1
and, using (17), that

k

k
(19) 131+ 30X (X U v < k- (e )+ 125 1),

i=2 i1
Notice also a trivial inequality

(20) Vil < (k + DE* (X)),
It is easy to see that

k

(1) n—|X1|+Z|X\ L UYi) 4 | Y 42

i=2 i=1
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Using (18) and (20), we derive from (21) that
k—1
n <2k Y @)+ (k + DI (X + (k= D[Z(X)| +1Z] - (k 1),
i=1

which implies (10). Using (19) and (20), we derive from (21) that

a 3
@) n2 2 Y @00 (2o g ) 121 k-

i=l1

which implies (9) (the inequality in (9) is strict due to the condition thatk > 2).

84. Identifying finite structures with smaller quantifier rank.

THEOREM 4.1. Let L be a vocabulary with maximum relation arity k. For every
L-structure M of order n we have

(M) < <1 - 51/;>n+k2—k+4.

The proof takes the next two subsections. The case of & = 1 is an easy exercise
and we will assume that k > 2. According to Lemma 2.2, it suffices to consider
an arbitrary L-structure M’ non-isomorphic with M and of the same order n, and
estimate the value of D; (M, M'). We will design a strategy enabling Spoiler to win
the Ehrenfeucht game on M and M’ in less than (1 — 57-)n + k* — k + 4 moves with
at most one alternation between the structures. This will give us the desired bound
by Lemma 2.3.

4.1. Spoiler’s strategy. The strategy splits play into k + 2 phases. Spoiler will
play almost all the time in M, possibly with one alternation from M to M’ at the
end of the game. For each vertex v € V(M) selected by Spoiler up to Phase i.
let ¢/ (v) denote the vertex in ¥ (M’) selected in response by Duplicator. Thus,
each subsequent ¢/, extends ¢;. Provided Phase i has been already finished but
the game not yet. ¢ is a partial isomorphism from M to M’. Under the same
condition, it will be always the case that dom¢ C X;. We will use notation
Y,_, = dom ¢ N Y;_;. Recall that the sets X; and Y; are defined by Definition
3.11 so that Y; | C X;.

PHaSE 1. Spoiler selects all vertices in X;. Let X| = ¢ (X)).
END OF PHASE DESCRIPTION.

PHASE j+1,1 < j < k. Ourdescription of Phase j+1 is based on the assumption
that Phase ;j is completed but the game is not finished yet and that the following
conditions are true for every 1 <i < j.

Condition 1: ¢} has a unique extension ¢; over the whole X; that is a partial iso-
morphism from M to M'. Let X/ = ¢:(X;).

Condition 2: There is a one-to-one correspondence between the partitions
& 1(X;_y) and #5T1(X/_,) such that, if C’ € #**1(X/_|) corresponds to
C € €1 (X;_1), then C =4_, C'and |C| = |C'|.

Condition 3: For every C € €*1(X;_;), #7 is defined on all but one elements of
C. Denote C = dom¢; N C. Then ¢;(C) C C’, where C’ corresponds to C
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according to Condition 2. Furthermore. ¢; takes the single element in C \ C to
the single element in C’ \ ¢ (C). Thus, ¢;(C) = C".

For the further references we denote the set ¢;( Y;—1) = Y (X/_,) by ¥/_, and
its subset ¢7 (¥, _;) by ¥/ ,.

Condition 1 is true for i = 1 because ¢} is defined on the whole X;. For the sake
of technical convenience. we set X = Xo = (. We suppose thatn > k+1 (otherwise
Theorem 4.1 is trivially true). This implies that #71(X;) = #<*1(X}) = 0 and
makes Conditions 2 and 3 for i = 1 trivially true. For i > 1 Conditions 1-3 follow
by induction from Claim C below.

In the sequel we will intensively exploit the following notion. We say that a pair
(a.a') € V(M) x V(M')is i-threatening (for Duplicator) if @ and a’ are selected
by the players in the same round after Phase i and

ead¢ X;ora ¢ X/,
e a#y a
We now start description of the phase. It consists of two parts.

Part 1. As long as no i-threatening pair arises for 1 < i < j, Spoiler selects all
but one elements in each class C € #%1(X;). The set of the vertices selected in C
will be denoted by C. Furthermore, Spoiler selects all vertices in X1 \ (X; U Y;).
As soon as an i-threatening pair for some 1 < i < j arises, Spoiler switches to the
strategy given by Claim B below and wins in at most (i — 1)(k — 1) moves.

Part 2. Assume that Part 1 finishes and Duplicator still does not lose. Then, if
Spoiler is able to win in at most k next moves irrespective of Duplicator’s strategy,
he does so and the game finishes. If he is not able to win but able in at most k + 2
moves to enforce creating an i-threatening pair for some i < j, he does so and wins
in at most (i — 1)(k — 1) subsequent moves using the strategy of Claim B. Otherwise
Phase j 4+ 1 is complete and the next Phase j + 2 starts.

END OF PHASE DESCRIPTION.

CramM A. Let i < k + 1. Suppose that Phase i is finished and Conditions 1-3 are
met for i and all its preceding values. Assume thata € V(M )anda’ € V(M') are
selected by the players in the same round after Phase i and neither of them has been
selected before. If

e a € X;buta' # ¢;(a) or
e a € X/buta # ¢ '(a').

then the pair (a, a@’) is m-threatening for some m < i.

ProoOF OF CLAIM. Let m, 1 < m < i, be the largest index such that neither
a € Xynora' €X,. Thena € X,y ora’ € X, . We consider the former case
(the analysis of the latter case is symmetric). By Condition 3, a € Y,, \ Y,, and
the relation a =4, x with x ¢ dom¢; holds for the only x = @,,.1(a). We have
a' # ¢i(a) = ¢mi1(a) (thelatter equality is due to the uniqueness of the ¢;’s ensured
by Condition 1). Therefore a #, a’. which means that (a, a’) is m-threatening.

Cram B. Assume that Phase j, j < k + 1, finishes, Conditions 1-3 forall i < j
are met, and the game is going on. Let 1 < i < j. Assoon as after Phase j an
i-threatening pair (a. a’) arises. Spoiler is able to win in at most (i — 1)(k — 1) moves
playing all the time, at his own choice, either in M orin M.
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CONVENTION. Given a relation R = RM of M, we will denote the respective
relation RM by R’.

Proor or CLamm. We proceed by induction on i. For i = [ the claim easily
follows from Item 3 of Lemma 3.7. Let i > 2 and assume that the claim is true for
all preceding values 1,2,....7 — 1.

We focus on the case that @ ¢ X; (in the case that a’ ¢ X/ the proofis given by the
symmetric argument). The non-equivalence a #,, @’ can happen in two situations.

Cast 1. a' € X/. Clearly. a # ¢, '(a’) and therefore. by Claim A. the pair (a, a’)
is m-threatening for some m < i. By the induction hypothesis. Spoiler is able to
win in at most (m — 1)(k — 1) moves.

Case 2. a' ¢ X/. Then the non-equivalence a #,, ¢’ means that there is an /-ary
relation of M and @ € (X; U {a})! with at least one occurrence of a such that

(23) Ra + R'ya.

where y is the map defined by w(x) = ¢;(x) forall x in 4 = {a,..., ar} \ {a}
and by w(a) = a’. Thus, y is not a partial isomorphism from M to M'. Hence. if
A C dom ¢, then Spoiler wins immediately.

Assume that 4 = A \ dom ¢} is nonempty. Spoiler selects all unselected elements
in A, if he wants to play in M. or in ¢;(A). if he prefers to play in M’. This takes
at most k — 1 moves. Suppose that Spoiler plays in M (for M’ the argument is
symmetric). If forevery b € A itscounterpartin V(M’)is ¢; (b). thisis Spoiler’s win
by (23). If some b € A has the counterpart 5’ such that b’ # ¢;(b). by Claim A there
arises an m-threatening pair for some m < i. Applying the induction hypothesis
for the index m. we conclude that Spoiler is able to win in at most (m — 1)(k — 1)
moves, having made altogether at most (k — 1)+ (m — 1)(k — 1) < (i = 1)(k — 1)
moves. -

Cram C. Assume that Phase j, j < k, has been finished and Conditions 1-3 for
all i < j are met. Assume furthermore that Part 1 of Phase j + 1 finishes and the
game is still going on. Then either Conditions 1-3 hold true for i = j + 1 as well
or Spoiler is able to win or to create an i-threatening pair for some i < j in at most
k + 2 moves with at most one alternation from M to M’ (and hence he is able to
win in Part 2 of Phase j + 1).

Proor oF CLamM. Assuming that Spoiler is unable to win or to create an i-
threatening pair, we check Conditions 1--3.

Condition 2. The following two facts take place, for else Spoiler would be able to
enforce creating a j-threatening pair in at most k£ + 2 moves:

e Forevery C’ € #+!(X]) thereis C € €' (X)) such that C =4, C’. (Other-
wise. if some C’ € #*1(X]) has no =, -counterpart in # (X;). then Spoiler
selects an element in the C’. If C’ has a counterpart C in #(X;) but not in

#*1(X;). then Spoiler selects k + 2 elements in the C. A j-threatening pair
arises whatever Duplicator’s response is.)

o For every C € &*7!(X;) there is C' € **!(X/) such that C =, C’ and

(
|C’| >|C]|— 1. (Otherwise, for some C, ¢7 4 (C) cannot be included into the
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respective C’. Therefore ¢ Zs, 97 1 (c) for at least one ¢ € C. providing us
with a j-threatening pair already in Part | of Phase j + 1.)
Thus, there is a one-to-one correspondence between ZX*1(X;) and “+!(X") such
that, for C and C’ corresponding to one another, C =, C'. [C'| > |C| -1,
and ¢;+1(C~‘) C C’. Moreover, it actually holds |C’| = |C| because, if |C’| >
|C| + 1, Spoiler could select 2 vertices in C'\ ¢7 .1(C) obtaining a j-threatening
pair whatever Duplicator’s response.

Conditions 1 and 3. By Condition 1 for i = j, the partial isomorphism $j.) can
be extended on X; only to ¢; and then it remains undefined within X/, only on
Y\ Yj. Define an extension ¢ ;4 of #7, on the whole X, so that ¢

e agrees with ¢; on X,
e agrees with ¢7; on Y;, and
e foreach C € #*1(X;), takes the single element in C \ C to the single element
in C"\ ¢7 +1(C~‘ ), where C’ corresponds to C according to Condition 2 that
we have already proved.
We have to show that ¢, is a partial isomorphism from M to M’ and no other
extension of ¢7; is such.

Assume that ¢, is not a partial isomorphism and get a contradiction to the
assumption that Spoiler can in the nearest k moves neither win nor create an i-
threatening pair. For some /-ary relation of M and g € X ]’ .1» we should have

(24) Ra # R'¢;1a.

As a consequence, 4 = {a,...,a;} is not included into dom @7, for else ¢7,,
would not be a partial isomorphism, contradicting the assumption that the game is
still going on. Let Spoiler select all elements in 4 = 4 \ dom ¢7,. Ifforb € A
Duplicator always responds with ¢;1(b), he loses by (24). Otherwise, let b be
an element in 4 to which Duplicator responds with b’ # ¢;,1(b). If b € X; or
b’ € X, then we have b’ # ¢;(b) because ¢, extends ¢;. By Claim A, (b.b’) is
an i-threatening pair for some i < j. If b € X; 1\ X; and b’ € V(M') \ X/, then
b #4, b’ by Condition 2 proved above and the definition of ¢;1. Thus, (b,b’) is
j-threatening. We have a contradiction in any case and therefore ¢, is a partial
isomorphism from M to M’ indeed.

To prove the uniqueness of the extension ¢, (i.e., Condition 1), assume that
@;+1 1s another extension of ¢7 , over X, which is a partial isomorphism and

differs from ¢, ath € Y;\ ¥;. Letd’ = ¢;,,(b) and b” = ¢A‘,-+1(b). By Condition
2 proved above,

(25) b Fx b,

By Condition 1 for i = j, q§ j+1 on X coincides with ¢;. Thus, the composition
1) j+1¢j‘+11 takes b’ to b”, extends id x;- and is a partial isomorphism from M’ to
itself. This makes a contradiction to (25). -

Claim Cimplies by an easy induction on j from 1 to k+1 that, foreach 1 < j < k,
unless Spoiler wins in Phase j or earlier, Conditions 1-3 assumed in our description



DESCRIPTIVE COMPLEXITY OF FINITE STRUCTURES 433

of Phase j + 1 are indeed true. For analysis of the concluding phase, we state simple
consequences of Claims A-C.

Cram D. Suppose that Spoiler follows the strategy designed above (Duplicator’s
strategy does not matter). Assume that Duplicator survives up to Phase k + 1.
Then the following claims are true.

(1) Conditions 1-3 hold true foralli < k + 1.
(2) When in further play Spoiler selects v € V(M) U V' (M), we denote Dupli-

cator’s response by w(v). As long as there arises no i-threatening pair for any
i < k., it holds

(26) w(v) =4, vifv ¢ X U X,

(27) w(v) = grq1(v) ifv € Xppy.

(28) w(v) = ¢! (v)ifv e X/,
(The relations in (26) and (27)-(28) are equivalent on (Xj; U X/ )\ (X, U
X0).)

Proor oF CLamM. Item 1 follows from Claim C by an easy inductive argument.
Regarding Item 2, note that, if (26) were false, (v, y(v)) would be a k-threatening
pair. If (27) or (28) were false, (v, w(v)) would be an i-threatening pair for some
i < k on the account of Claim A. .

CONCLUDING PHASE (PHASE k + 2). We here assume that Phases from 1 up to
k + 1 have been finished without Spoiler’s win and therefore Items 1 and 2 of Claim
D hold true. As soon as there arises an i-threatening pair for some i < k, Spoiler
switches to the strategy given by Claim B and wins in at most (k — 1) moves. As
long as there occurs no such pair, Spoiler follows the strategy described below. The
strategy depends on which of the following three cases takes place.

Cask 1. There is a one-to-one correspondence between € (X)) and % (X)) such that,
if C and C' correspond to one another, then C =4, C' and, moreover, |C| = |C'|.
By Item 1 of Claim D. such correspondence does exist between €1 (X;) and
#*+1(X/) in any case.

Let Y be the set of maps ¢: V(M') — V(M) such that

e ¢ is one-to-one,
e ¢ extends gbkjrll,
e forevery C’ € (X)), we have ¢(C’) € (X ) and ¢(C') =4, C'.

Cram E. Assume that ¢ and y are in Y. Let R be an /-ary relation of M. Then
Réa’ = Rya' foralla’ e V(M').

ProoF OF CLaM. The product w¢ ! is a permutation of V(M) that moves only
elements in Z. Moreover, w¢~! preserves the partition #(X;) \ &%*1(X}) of
Z and therefore w¢~! is decomposed into the product of permutations 7¢ over
C € #(X;) \ &1(Xy), where each nc acts on the respective C. Since every
nc is decomposable into a product of transpositions, we have y¢~! = 7175... 1,
with 7; being a transposition of two elements both in some C. It is easy to see
that wa’ = (... ((¢a’)™)...)". By Lemma 3.12, each application of 7; does not
change the initial value of R¢a’. Therewith we arrive at the desired equality
Roa’ = Rya’'. =
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To specify Spoiler’s strategy, we fix ¢ € T arbitrarily. Since M and M’ are
non-isomorphic, ¢ is not an isomorphism from M’ to M, that is,

(29) Roa' + R'a'

for some /-ary relation R’ of M’ and @ € V(M')". This inequality implies that
the set 4" = {aj..... a;} is not included into X/ . Spoiler selects. one by one.
elements of 4 = A'\ range ¢/ +1- For Spoiler’s move v. let y(v) denote Duplicator’s
response.

Assume first that

w(v) =4, v whenever v ¢ X}
(30) and

w(v) = ¢k_+11(v) whenever v € X}, .

Due to (30), we are able to extend . initially defined on A ,toamapin Y. Fix
a such extension. By Claim E, R¢a’ = Rwa’ and, by (29), Spoiler wins. If (30)
is violated for some v € A4, by Item 2 of Claim D this produces an i-threatening
pair for i < k and therefore Spoiler wins in at most (k — 1) moves. having made
altogether at most k + (k — 1) moves.

CAaSE 2. There is no one-to-one correspondence between € (X.) and €(X]) such
that, if C and C’' correspond to one another. then C =, C'. Spoiler selects an
element in C or C’ that has no counterpart. Whatever Duplicator’s response,
there arises a k-threatening pair. This allows Spoiler to win altogether in at most
1 + (k — 1)? moves.

Cask 3. There is a one-to-one correspondence between € (X.) and € (X)) such that.
if C and C' correspond to one another, then C =4, C'. However, there are C € € (Xy)
and C' € €(X]) such that C =4, C' but |C| # |C'].

Callaclass C € &(Xy) useful if C =4, C’ but|C| # |C’|. The description of Case
3 tells us that there is at least one useful class. Actually. since |V (M)| = |V (M')],
there are at least two useful classes, C; and C;. Note that |C;|+|C,| < |Z|. Without
loss of generality, assume that |C,| < |Z]/2. Let C/ be the counterpart of C; in
#(X]), ie.. Ci =4, C|. Inthe larger of C| and C/ Spoiler selects min{|Cy|,|C{|} +1
elements. Duplicator is enforced to at least once reply not in the smaller class. This
produces an i-threatening pair and Spoiler, according to Claim B, wins in at most
(k — 1)? subsequent moves, having made altogether at most | Z|/2 4+ 1 + (k — 1)?
moves.

END OF DESCRIPTION OF THE CONLUDING PHASE.

4.2. Estimation of the length of the game. If Spoiler follows the above strategy
and Duplicator delays his loss as long as possible, the end of the game is always this:
Spoiler enforces creating a threatening pair in at most & + 2 moves and then wins
in at most (k — 1) next moves using the strategy of Claim B. Let us calculate the
smallest possible (optimal for Duplicator) number of elements in M unoccupied
till such final stage of the game. The minimum is attained if all Phases from 1 up to
k + 2 are played and Case 3 occurs in Phase k + 2. Then the number of elements
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unoccupied in Xy, is equal to

ZIY \ il = Z!‘gk“(i’iﬂ-
i=1

The number of elements unoccupied in Z is at least |Z| — (| Z|/2+ 1) = |Z|/2 — 1.
By Lemma 3.13, the total number of unoccupied elements is at least

k
1y |Z| no 11
Z'g Xl +5 = 1> 5 -3 5

Thus, the maximum possible number of occupied elements is less than

- 1 +1+1
2k 2k’

Summing up, we conclude that our strategy allows Spoiler to win in less that

1 2
<1 2k>n+k —k+4

moves. Theorem 4.1 is proved.

4.3. Definability results. A natural question is if our approach applies to defining
rather than identifying formulas. In fact, the proof of Theorem 4.1 implies the
definability with small quantifier rank for a quite representative class of structures.

4.3.1. Definability of irredundant structures.

DEerINITION 4.2, If M is a finite structure, let
o(M)=max{|A|: 4 C V(M) suchthata; ~ a; foreverya;, ay € 4}

be the maximum cardinality of a ~-equivalence class in V (M).

If (M) = 1, i.e.,, no transposition of two elements is an automorphism of M,
we call M irredundant.

THEOREM 4.3. Let M be an irredundant structure of order n with maximum relation
arity k. Then

Di(M) < (1 1>n+k2 k + 3.

2k

Proor. Itisnothard to see that the claim is true for k = 1;in fact, an irredundant
structure all whose relations are unary is definable by a formula with quantifier rank
2. Notice that Spoiler’s strategy described in Section 4.1 applies for any pair of L-
structures M and M’ of arbitrary orders with the only exception of Case 3 in
the concluding Phase k + 2, where the equality |V (M)| = |V (M’)] is supposed.
Since the set Z is partitioned into ~-equivalence classes each consisting of at least
k + 2 elements, for an irredundant structure M we have Z = (. Consequently,
V(M) = X;y1. It follows that either Spoiler wins at latest in Phase k + 1 or,
according to Item 1 of Claim D, there is a partial isomorphism ¢ | from M to M’
with dom ¢y = V(M).

In the latter case, since M and M’ are non-isomorphic, there is at least one
element v € V(M’) \ range ¢r+1. In the concluding phase of the game Spoiler
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selects v and, according to Claim D, there arises a k-threatening pair. Spoiler
switches to the strategy given by Claim B and wins in at most (k — 1)? moves.

It remains to estimate the length of the game. Similarly to Section 4.2, we conclude
that Spoiler needs at most n — >+, |€%+1(X,)| + k +2+ (k — 1)? moves to win. By
estimate (22), where |Z| = 0, this number is less than (1 — 2ik)n +k2—k+3 A

REMARK 4.4. There are simple examples of irredundant structures M showing a
lower bound D (M) > n/4. For example, let F be a directed graph on two vertices
u and v consisting of a single (directed) edge (uv). Let G be another directed
graph on u and v consisting of two edges, (uv) and the loop (uu). Denote the
disjoint union of a copies of F and b copies of G by aF + bG. It is easy to see
that aF + bG is irredundant for any @ and b. Directed graphs M = mF + mG
and M’ = (m — 1)F + (m + 1)G are non-isomorphic and both have order 4m. An

obvious strategy for Duplicator in the Ehrenfeucht game on M and M’ shows that
D(M.M') > m.

Theorem 4.3 will be considerably strengthened in the next subsections. In partic-
ular, it will be surpassed by Theorem 4.11.

4.3.2. A furtherrefinement. Aswe observed in the proof of Theorem 4.3, Spoiler’s
strategy designed in Section 4.1 ensures the bound

(1) DI(M,M’)<<1—-)n+k2—k+4

for M’ of any order under an additional condition imposed on M. We are able to
describe exceptional pairs of non-isomorphic M and M’ for which (31) may not hold
much more precisely. Assume that M’ has order n’ > n. As was already mentioned.,
the assumption that n’ = n is used only in Case 3 of the concluding Phase £ + 2.
Turning back to this case, we see that what is actually used is the existence of at least
two useful classes in (X} ). Thus, (31) may not hold in the only case that there
is a unique useful class Cy € #(X;). Since actually Cy € F(X;) \ €5 1(Xy), we
have |Cy| > k 4+ 2. By Lemma 3.12, the class Cy consists of pairwise ~-equivalent
elements.

Let CJ be the counterpart of Cy in (X)), ie. Cj =4 Co. Given B C C}
with [B| = |Col, let M = M'[V(M’)\ (C] \ B)]. Consider an arbitrary map
¢: V(Mp) — V(M) extending ¢k'+11, mapping each C" € Z(X])\ {Cg} onto its
=4, -counterpart in & (X ), and mapping B onto Cyp. Asin Case 1 of Phase k +2, we
see that Spoiler is able to win within the bound of (31) unless ¢ is an isomorphism
from M} to M. From here we easily arrive at the following conclusion.

LemMa 4.5. Let L be a vocabulary with maximum relation arity k. Let M and M’

be non-isomorphic L-structures of orders n and n' respectively and n < n’. Then the
bound

1
Di(M.M') < (1 - ﬁ>n+k2—k+4
may be false only if there is a set Co C V(M ) with |Cy| > k + 2 consisting of pairwise
~-equivalent vertices and there is a partial isomorphism y from M to M’ defined on
V(M) \ Cy whose any injective extension is a partial isomorphism from M 1o M.
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In the next subsection we make a constructive interpretation of the condition
appearing in the lemma.

4.3.3. Cloning an element of a structure.

NortatioN. Recall that, given a set 7 and a function n defined on V', we extend
mover V! where l > 1. by nii = (n(uy)....,n(w)) for any & = (uy.....u;) with
all u; in V. In particular, this concerns the case that 7 is a permutation of elements

of V. Recall also that, if 7 = (vjv,) is a transposition, then we may write i) in
place of nii.

DEFINITION 4.6. Given v € V(M), let [v]lyy = {u € V(M) :u ~ v} be the ~-
equivalence class of the element v.

We now introduce an operation of expanding a class [v]y, 1.e.. adding to M new
elements ~-equivalent to v. This operation was considered in [15] in the particular
case of uniform hypergraphs.

Let L be a vocabulary with maximum relation arity k. Below K and M are
L-structures, v is an element of M, and ¢ is a non-negative integer.

DerFINITION A. The notation K = M & tv means that the following conditions
are fulfilled.

(A1) V( )C V(K)and |V(K)| = |V(M)| +t.
(A2) K[V(M)] =
(Ad) [ v]K Tolw UV (K)\ ¥ (M),

DerINITION B. The notation K = M & rv means that the following conditions are

fulfilled.

(B1) V(M) CV(K)and |V (K)| = |V(M)|+t.

(B2) There is C C [v]y with [C| > k such that every injective extension of
idy (yyc to amap y: V(M) — V(K) is a partial isomorphism from M
to K.

DeriniTION C. The notation K = M @ tv means that the following conditions are
fulfilled.
(Cl) V(M) CV(K)and |V (K)| = |V(M)| +1t.
(C2) [[v]m] = k.
(C3) Let R be an [-ary relationin L. If 7 € V' (M)'. then RXi7 = R™ .
(C4) Let R be an [-ary relation in L. Assume that 7 € V(K)' and the set
{ur,...,u} \ V(M) = {wi....,w,} is nonempty. Then RX7 = 1 if and
only if there are pairwise distinct elements vi,...,v, € [0y \ {u1,.... 1}
such that RMzi = 1 for n = (wivy) - - - (wpv,).
LeMMA 4.7. Definitions A, B, and C are equivalent.

PrOOF. Conditions A1-A4 imply Conditions BI-B2. Since Bl coincides with A1,
we only have to derive B2. We are actually able to prove B2 for an arbitrary
C C [v]y with |C| > k (there is at least one such C by A3). Let y be as specified
in B2. For any /-ary relation R in L and i € V(M)'. we have to check that
RMi = RXyii. Assume that in {w(u;)....,w(w)} there are p elements from
V(K)\ V(M) and denote them by wy,...,w,. Take arbitrary pairwise distinct
Vie.evp € C\ {yplu), . ... w(w)}. Letd = nya with 7 = (wiv) -+ (wpv,).
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By A4, we have v; ~ w; in K for all i < p. It follows that R€yii = RXii. Since
i e V(M) by A2 we have RXii = RM . Notice now that i and # coincide at the
positions occupied by elements in V(M) \ C, while elements in C are permuted
according to some permutation t, i.e. # = ti. Since 7 is decomposable in a
product of transpositions and elements of C are pairwise ~-equivalent in M, we
have RM i = RMii, completing derivation of B2.

Conditions Bl-B2 imply Conditions CI-C4. For C1 and C2 this is trivial. C3
immediately follows from B2 if we take y = idy (). Let us focus on C4. Let
and wi, ..., w, be as specified in this condition. Assume first that RX7 = 1. Take
v, ...,vp € C\ {uy,...,u} being pairwise distinct and define y by y(v;) = w;
fori < pand w(x) = x for all other x € V(M). Notice that w ' = ni for
n = (wyv1) - (wpvp). As y is a partial isomorphism by B2, we conclude that
RMnii = RXi = 1. This proves C4 in one direction. Such a way of proving
RM i = RX7 will be referred to as y-argument.

For the other direction, assume that RM it = 1 for 7 = (wyvy) - -+ (w,v,) with

some vy, ...,v, € [y \{ur.....uw}. Ifallv; arein C, theequality RX i = 1 follows
from the w-argument with the same y as above. Otherwise, we can replace each v;
with some v; € C, where vy, ..., v, are pairwise distinct elements of C\ {u1, ..., u}

and v/ = v; whenever v; € C. For no i this replacement changes the initial
value of RMnii and. after all replacements are done, we have RMz'ii = 1 with
7’ = (wyvy) - - (w,vy,). Defining y’ by w'(v]) = w; and y'(x) = x elsewhere on
V' (M), we obtain RXii = RM'ij = 1 by the y'-argument.

Conditions C1-C4 imply Conditions A1-A4. Since A1-A3 are virtually the same
as C1-C3, our concern is A4. It is easy to see that [v]xg N V(M) cannot be
larger than [v]y,. Therefore, it suffices to show that in K we have v ~ v’ for any
v’ € [vly U(V(K)\ V(M)). Given an [-ary relation Rin L and iz € V(K)', we
have to check that

R¥i = RKat™"),

We do it by routine examination of several cases. Note that, if neither v nor v’
occurs in #, then there is nothing to prove.
To simplify notation, denote

Furthermore, let U = {uy,....uw;} and U\ V(M) = {wy,..., w,}. Denote the set
of elements in 4 by U.

Casel. v/ € V(K)\ V(M).

SuBcase 1.1. v e U, v € U.

Assuming R = 1, we will infer R4 = 1. This will give also the converse
implication because # is supposed arbitrary with occurrences of both v and v’
and we hence can take # instead of @#. Without loss of generality, assume that
v’ = w,. By C4, there are vi,...,v, € [v]y \ U such that RMzi = 1 with
n = (wivy) - (wp_1v,-1)(v'v,). As easily seen, nii = (zit)”). Since v, ~ v in
M. we have RM7ii = 1. Note that U = U and hence VL., € [l \ U. By
C4, we conclude that RX# = 1, as desired.
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SuBcase 1.2. ve U, v ¢ U.

Note that U\ V(M) = {wy....,w,.v'} and [v]y \ U = ([v]a \ U) U {v}. We
first assume that RX7 = 1 and infer from here that R€4 = 1. Let v;,...,v, be as
ensured by Condition C4 for #. thatis, RMzii = 1 with 7 = (wjvy) - - - (w,v,). Let
n’ = n(v'v). Aseasily seen, 7't = nit. Thus, RM 7' = RMrii = 1 and. by C4, we
conclude that RX7 = 1.

We now assume that RX# = 1 and have to infer RXi7 = 1. According to C4,
there are pairwise distinct vy, ..., v}, € [v]ar \ U such that RM7'1; = 1 with 7/ =
(wivg) -~ (wyvy) (v, ;). Choose pairwise distinct vi,....v, in {vf,..., v} \
{v} and apply to @ the substitution 7 = (w;v1) - - - (w,v,). It is not hard to see that
nii = tr'dl for T being a permutation of the set V' = {v,v{..... vy, v} taking v/
tov; fori < pand v, to v. A such 7 exists because elements in {vj...., v}
and in {vy....,v,.v} are pairwise distinct (the fact that the two sets may intersect
does not matter). Since 7 is decomposable in a product of transpositions of two
elements from V' and elements in V' are pairwise ~-equivalent in M, we have
RMnii = RM7'ii = 1. By C4, we conclude that RXi = 1. as desired.

Suscase 1.3. v ¢ U, v’ € U. This subcase reduces to Subcase 1.2 by considering
u in place of i.

Case2. v' € [v]m.
Since in this case v and v’ are interchangeable, it suﬁices to assume that v € U
and prove that RXi = 1 implies R*% = 1. Note that U \ V(M) = {wi,....w,}.

SuBcase 2.1. v' € U.

Note that [v]y \ U = [v]y \ U. Let vy..... v, € [v]a \ U be as ensured by
Condition C4 for . i.e.. RMzii = 1 withw = (wvy) - - - (wpv,). Applying the same
7 to i, we see that 7i = (721)™"). Asv ~ v’ in M, we have RM i = RMziz = 1
and hence, by C4, we obtain RX# = 1.

SuBcasg2.2. v/ ¢ U.

Note that [v]y \ U = (([v]x \ U) \ {v'}) U{v}. Letvy....,v, and 7 be as
in Subcase 2.1. The difference is that now the containment v’ € {vy,..., v} s
possible. Fori < p. set

v’—{ v, ifv; #,
Pl v ifu =0
and apply to 4 the substitution 7’ = (wyov]) - - (w,vy). It is not hard to see that
n'li = i for T being a permutation of the set {v.vj... ., v,.v'} taking v; to v/ for
alli < p and v to v’. Similarly to the second part of Subcase 1.2, we conclude that
RM7'i = RMnii = 1 and. by C4. we obtain RX7 = 1. &

LEmMA 4.8. Let L be a vocabulary with maximum relation arity k. Let M be an
L-structure.v € V(M) with |{[v]ly| > k.andt > 0. Then an L-structure K such that
K = M & tv exists and is unique up to an isomorphism.

Proor. The existence follows from Definition C. To obtain K, we add ¢ new
elements to V(M). keep all relations of M on V (M), and add new relations
involving at least one new element, being guided by Condition C4.
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To prove the uniqueness. we use Definition B. Assume that K; = M @ tv and
K> = M ® tv according to this definition. Let ¢: V(K;) — V (K;) be an arbitrary
one-to-one map whose restriction on V(M) is idy (). We claim that ¢ is an
isomorphism from K, to K,. Given an [-ary relation R in L and @ € V (K;)', we
have to check that RX1ii = R¥2¢ii. The casethatii € V(M) is trivial. Suppose that
{ur,....u}\ V(M) = {w.....w,} is nonempty. Note that {¢(u;),....d(us)} \
VM) = ($wn).....o(w,)} and {ur.....} 0 V(M) = {$m)..... o)} 0
V(M). Let vy, ....v, be pairwise distinct elements in C that do not occur in 7 and
hence in ¢i. Define w; by w(v;) = w; fori < p and w(x) = x for all other x
in V' (M). Define y, similarly with the difference that wy(v;) = ¢(w;) for i < p.
Obviously, w5 i = v . By B2, w, and vy, are partial isomorphisms from M
to Ky and K, respectively. Therefore

The proof is complete. -

Using Definition B, the following lemma is a direct consequence of Lemma 4.5.

Lemma 4.9. Let L be a vocabulary with maximum relation arity k. Let M and M’

be non-isomorphic L-structures of orders n and n' respectively andn < n'. Then the
bound

2k

may be false only if M' = M* & (n’ — n)v for some structure M* isomorphic with
M andv € V(M*).

4.3.4. An upper bound for D (M). The following result was obtained in [15] for
graphs with the proof easily adaptable for any structures (see Lemma 4.2 and
Remark 4.9 in [15]).

LEMMA 4.10. [15] Let M be a structure of order n with maximum relation arity k,
v be an element of M with |[vly| = s > k.and M' = M @ tv witht > 1. Then
n+1
s+ 17

Putting Lemmas 4.9 and 4.10 together, we immediately obtain an upper bound
for D (M). Recall that (M) = max, ¢ pa) [[v]a]-

THEOREM 4.11. For a structure M of order n with maximum relation arity k, we
have

1
Di(M, M') < (1——>n+k2—k+4

s+H1<DMM)<DI(MM)<s+k—-1+

D1(M)_<_max{(l—i)n+k2—k+4, a(M)+k}.

Proor. Given M. let us summarize upper bounds we have for D;(M, M) for
various M’ non-isomorphic with M. Denote

MkAn:<1—%>n+k2—k+4 and f(S):[s+k—1+n+lJ,

s+ 1
If M = M* @ tv for M* an isomorphic copy of M, then

(32) Di(M.M')< max f(s)
1<s<a(M)
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by Lemma 4.10. Similarly, if M = M* @ rv for M* an isomorphic copy of M’.
then

Di(M.M') < max f(s),
1<s<ag(M’)

which is within the bound (32) because in this case (M’) < ¢(M). For all other
M’ we have

D\(M. M) < upp
by Lemma 4.9.
Notice now that

max £ (s) = max{f(1). f(c(M))}.

1<s<a(M)

Furthermore,

FASY) if o(M)<(n-1)/2,
fla(M) < { SOM) + ki o (M) > nia.

and /(1) < uy,,. Summing up, we conclude that
rr]}?/xDl(M, M') < max{uy,. o(M)+k}.

By Lemma 2.2, the proof is complete. -

Note that, given M, the number (M) is efficiently computable in the sense that
computing o (M) reduces to verification if a transposition is an automorphism of
the structure. Thus, Theorem 4.11 provides an efficiently computable non-trivial
upper bound for D (M). This is of particular interest in view of a conjecture that the
exact value of D (M) is uncomputable. Some evidences in favour of this conjecture
stem from the classical research on the Hilbert Entscheidungsproblem [1] where, as
a common technical tool, a computation of a Turing machine is simulated by a
first order sentence about a finite structure. Note on the other hand that Dy(M) is
computable (the reader is referred to [14] for this and related facts).

We also can restate the obtained bounds as a dichotomy result telling us that
either we have the bound D (M, M’) < (1 — ﬁ)n +k*—k +4orelse M has a
simple, easily recognizable property and, moreover, for all such exceptional M we
are able to easily compute D (M) within an additive constant. Results of this sort
are obtained in [15] for structures with maximum relation arity 2 and k-uniform
hypergraphs.

THEOREM 4.12. Let M be a structure of order n with maximum relation arity k. If

(33) o (M) < (1—%>n+(k_1>2+3.
we have
(34) DI(M)S<1—%>n+k2—k+4.

Otherwise we have

(35) o(M)+1<D(M)<D|(M)<o(M)+k.
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ProOF. If the condition (33) is met, the bound (34) follows directly from The-
orem 4.11. If (33) does not hold. the upper bound in (35) again follows from
Theorem 4.11. The lower bound in (35) follows from Lemma 4.10 as D (M) >
D(M.M & lv) > o(M)+ 1. where v € V(M) is such that |[v]y| = ¢(M) and
hence |[v]a| > k. -

85. Identifying finite structures by Bernays-Schonfinkel formulas.

THEOREM 5.1. Let L be a vocabulary with maximum relation arity k. If M is an
L-structure of order n. then

(36) BS (M) < <1 - ﬁ) 0tk

If k = 1. a stronger bound BS (M) < n/2 + 1 holds true.

The case of k = 1 is easy and included for the sake of completeness. The upper
bound of n/2 + 1 matches, up to an additive constant of 1, a simple lower bound
of n/2 attainable by structures with a single unary relation. The proof of Theorem
5.1 takes the rest of this section.

5.1. Notation. In addition to the notation introduced in Section 2.1. we will
denote [k] = {1,2,...,k}. If 2 = (z},.... z;) and 7 is a map from [k] to [/], then
It = ( (L)oo o(k )

Recall( that, glve1>1 a partial isomorphism ¢: X — X' from an L-structure M to
another L-structure M’, we have defined a relation =4 between elements in X and
elements in X (see Definition 3.6). Definition 3.8 extends this relation over classes
in #(X) and Z(X’). We will need yet another extension of =4 over subsets of X
and X’. Let U C X and U’ C X’. We will write U =, U’ if ¢ extends to an
isomorphism from M[X U U] to M'[X’ U U'].

We define BS, (M) similarly to BS (M) with the only additional requirement that
an identifying Bernays-Schonfinkel formula has at most ¢ universal quantifiers. It
is clear that BS (M) < BS,.1(M) < BS,(M).

3.2. A couple of useful formulas. If ¥ = (x....,x;)is a sequence of variables, let

DiSt()?) = /\ x; # X

1<i<j<lI

Let M be a finite structure over vocabulary L and @ be a sequence of / pairwise
distinct elements of ¥ (M). Then it is easy to construct a first order formula
Isopa(xy..... x;) such that, for every L-structure M’ and @’ € V(M')'. we have
M. a i: Isoyz(x) if and only if the component-wise correspondence between
a and a’ is a partial isomorphism between M and M’. Specifically. assume that
L=(Ry.....R,). where R; has arity k;. Then

m

Isopa (%) = Dist(x /\/\(/\{R xY)
AN ~RA(E)

[ki] — (/1. RMa") =1}

rMJaU}R%MU:OD.
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5.3. The first way of identification. In this section we will exploit the relation ~ on
V(M) defined in Section 3.1 and the invariant ¢ (M) introduced in Definition 4.2.

PROPOSITION 5.2. Let L be a vocabulary with maximum relation arity k. For every
L-structure M of order n, we have

BSi (M) <n+k—0o(M).

PrOOF. Suppose thato (M) =k +d withd > 1 (if 6(M) < k. the proposition is
trivial). Let 4 be a ~-equivalence class of elements of ¥ (M) such that [4| = ¢ (M).
Denote B = A and fix orderings 4 = {a1.....axq} and B = {by,..., by—k—d}-
Seta = (ay.....ax). We suggest the following formula @, to identify M:

(DM = E|y1 e Hy,,;k,d Vxl .. .ka \PM<)_/, )2)
where
W (7, 5) = 150,,5(7) A (Dist(7. X) — Iso,,; (7. %)) .

Note that M’ = @, if and only if there is a partial isomorphism ¢: B — B’ from
M to M’ such that every injective extension of ¢ over B U {ay,...,a;} is a partial
isomorphism from M to M’. By Definition B in Section 4.3.3 this means that M’ =
@,y ifand only if M isisomorphicto M" suchthat M = M[BU{a,....a; Sta
for some ¢ > 0. Using Definition A, we see that M satisfies the latter condition
and hence M k= ®j. By Lemma 4.8, an M" as above is, for each 7, unique up
to isomorphism. It follows that M’ of order n satisfies @, if and only if M is
isomorphic to M. -

5.4. The second way of identification. Recall that the notion of a base is intro-
duced in Definition 3.11.

DEFINITION 5.3. Let B C V(M) be a base of a structure M. The fineness of
B is defined by f(B) = max {|C|: C € €(B)}. Furthermore, let p(B) = |B| +
max{f(B) + 1.k}.

We define p(M) to be the minimum p(B) over all bases B of M.

PROPOSITION 5.4. BS (M) < p(M).

Proor. Given a base B of M, we construct a Bernays-Schonfinkel formula @,
with p(B) quantifiers that identifies M. Let p = |B| and ¢ = max{f(B) + 1,k}.
Assume that p 4+ ¢ < n for otherwise we are done. Denote 4 = B and fix orderings
A={ay.....an_ptand B = {b;,....b,}. Weset

(DM = 3}71 ...Syp VX[ .. .qu \PM(fi)
where
W (5.5) = Iso,5(7) A (Dist(5. ) =\ Tsoy5, (7.5)).
t: [q]—=[n—p]

7 is injective

CLamM A. Let M’ be another L-structure, b’ = ( s .,b;,) be a sequence of

elements of V'(M'). and 4" = V(M') \ {b{.....b}. Then

M' b EVx . x5, %)
holds if and only if
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e the component-wise correspondence ¢ between b and ' is a partial isomor-
phism from M to M’ and

e forevery U’ C A’ with at most g elements thereisa U C A4 such that U2, U’.
The proofis fairly obvious. The claim immediately implies that M = ®,,.
Cram B. If M’ = @, and M’ has order n. then M and M’ are isomorphic.
PROOF OF CLamM. Let ' = (b]..... by,) be such that

M' b V. Yx, P (5. 5).

Set B' = {bj.....b,}. By the definition of ¥y, . there is a partial isomorphism
¢: B — B’ from M to M’. By Claim A. for every a’ € A’ there is a € A4 such
that @ =, a’. Hence for every C’ € #(B’) there is C € €(B) such that C =, C’.
Moreover. for every C’ € €(B’) and the respective C € €(B) it holds |C| > |C’|
(if |C’| > |C]. then for any (|C| + 1)-element set U’ C C’ the second condition in
Claim A fails). Since [4] = [A4'| or. in other terms. >~ o5 [Cl = > gz [C'].
for every C” it actually holds the equality |C| = |C’|. Thus. we have a one-to-one
correspondence between #(B) and #(B’) such that. if C € #(B) and C’' € #(B’)
correspond to one another. then C =, C’ and |C| = |C’|.

We are now prepared to exhibit an isomorphism from M’ to M. Fix an arbitrary
extension y of ¢~ to a one-to-one map from V' (M’) to V(M) taking each C’
to the respective C. We will show that y is an isomorphism. Let R’ be an /-ary
relation of M’ and R be the respective relation of M. Given an arbitrary /-tuple
i’ € V(M')'. we have to prove that

(37) Ryi' = R'ii'.
Denote U’ = {uj..... uj}. Let wy be the extension of ¢! to a partial isomor-

phism from M’ to M with U’ C dom y - whose existence is guaranteed by Claim
A. We have

Ryu.ii' = R'it'.
To prove (37). it suffices to prove that
(38) RI/IU/IZ/ = Rz//zi’.

We proceed similarly to the proof of Claim E in Section 4.1. By Item 3 of
Lemma 3.7. the partial map w - takes an element in a class C’ to an element in the
respective class C. Suppose that wy- is extended over the whole V' (M’) with the
latter condition obeyed. Since both w . and w extend ¢~!. the product w .y !
moves only elements in A. Since both w and y/ take an element in a class C’
to an element in the respective class C. the map y .y ~' preserves the partition
& (B) of A. It follows that w .~ is decomposed into the product of permutations
nc over C € Z(B). where each nc acts on the respective C. Since every n¢c is
decomposable into a product of transpositions. we have yy y = = 1175 ... 7, with
7; being a transposition of two elements both in some C. It is easy to see that
woi! = (.. ((wa')")...)". By Lemma 3.12. each application of 7; does not
change the initial value of Rwa’. Therewith (38) is proved. =

REMARK 5.5. One can show that p(M) provides us with an upper bound not only
for BS (M) but also for D (M).
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5.5. The third way of identification. Yet another way of identification that we

suggest here is actually not new. being a specification of Proposition 5.4 in the
preceding section.

DEFINITION 5.6. If M is a finite structure, let
(M) =max{|A4|: 4 C V(M) such that ay # a> forevery aj. ar € A }.

It is not hard to see that. in other terms. 6 (M) = maxycy () |€(X)].

PROPOSITION 5.7. Let L be a vocabulary with maximum relation arity k > 2. For
every L-structure M of order n, we have

BSi (M) <n+k—-06(M).

PROOF. As easily seen. if A C V(M) is such that a; #5 a, for every aj.a; € A,
then A = V(M) \ A is a base of M with fineness f(A4) = 1. Since k > 2. we have
max{ f(A4) + 1.k} = k and therefore p(M) < n+k —&(M). Thus. the proposition
directly follows from Proposition 5.4. We only have to note that the identifying

formula constructed in the proof of Proposition 5.4 has max{f(4) + 1.k} = k
universal quantifiers. -

5.6. Putting it together. We now complete the proof of Theorem 5.1. Assume that
k > 2. We will employ all three possibilities of identifying M given by Propositions
5.7,5.2. and 5.4. Using the last possibility. we will use the canonical base of M that
was constructed in Definition 3.11 and denoted by X, ;.

By the bound (10) of Lemma 3.13 and the fact that | (X)| < §(M) for every
X C V (M), we have

(39) Xiai| =n —|Z| <2k%0(M) — (k - 1).
We now consider two cases.
Casel. Z = 1.

By (39) we have 6(M) > 2551, By Proposition 5.7. this implies that

1

CASE2. Z # 0.
In this case for the fineness of the canonical base X, we have f (X;.1) > k +2.
Using (39). we obtain

p(Xii1) <2620(M) — (k — 1) +max {|C|: C € &(Xs1)} + 1
<2k*(M) +a(M)+2— k.
Let A(M) = max{6(M).a(M)}. By Propositions 5.7. 5.2. and 5.4. we have
BS(M) <min{n+k —5(M).n+k —a(M).2k>6(M) + (M) +2 -k}
<min{n +k — A(M).2k*> + DA(M) +2 — k}
< max min{n+k — A QK>+ 1)i+2—k}

T 1<i<n

1 k-1 I
S LI P Sk N (R .
—(1 :zkz+z>’”r k2+1<< 2k2+2>”+k
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Since the latter bound holds in both the cases, the proof of Theorem 5.11is fork > 2
complete.

In the case of k = 1 we use Propositions 5.2 and 5.4. We use the fact that, for a
structure M with all relations unary, the empty set is a base and p(0) = o(M) + 1.
We therefore have BS (M) < min{n+ 1 —-a(M),c(M) + 1} <n/2+1.

§6. Identifying finite structures by Bernays-Schonfinkel formulas with bounded
number of universal quantifiers. Recall that BS,(M) denotes the minimum total
number of quantifiers in a Bernays-Schonfinkel formula identifying M with at most
g universal quantifiers. We now address the asymptotics of the maximum value
of BS,(M) over structures of order n under the condition that ¢ is bounded by a
constant. We first observe that less than k universal quantifiers are rather useless
for identification of a structure with maximum relation arity ..

PROPOSITION 6.1. If' M is a structure of order n with maximum relation arity k and
n >k, then BS,_ (M) = n.

PrOOF. We have to show thatno formula ® = Jy; ... 3y,Vx; ... Vx,¥(, X) with
Y quantifier-free, ¢ < k — 1, and p + ¢ < n — 1 can identify M. Suppose that

(40) Mb.a =Y, %)

forsome b € V(M)? andallad € V(M)?. Let 4 = V(M) \ {by,....b,}. Since
g+1<k,q+1<n-p<|A|,and n >k, there is a k-element U C V(M) such
that [U N A| > ¢+ 1. Let uy,....ux be an arbitrary ordering of U. Let R be a
k-ary relation of M. Define a relation R’ so that R’ # Ri and R’ coincides with
R elsewhere. Let M’ be the modification of M with R’ instead of R. Clearly, M’
and M are non-isomorphic. It is easy to see that M’.b.a = (7, %) for the same
basin (40)and all@ € V' (M')4. Therefore M’ |= ® and ® fails to identify M. -

If at least k universal quantifiers are available, some saving on the number of
quantifiers is possible: It turns out that BS; (M) < n — /n+ k> +k and this bound
cannot be improved much if we keep the number of universal quantifiers constant.

THEOREM 6.2. Let BS,(n. k) denote the maximum BS,(M) over structures M of
order n and maximum relation arity k. Then

BSc(nk) <n—~n+k*+k.

On the other hand. if n is a square. then

BS,(n.k) > n — (g~ DV +q
forevery q >2andk > 2.

The upper bound of Theorem 6.2 is provable by the techniques from Section 5.

Let M be a structure of order n with maximum relation arity k. By Propositions
5.7and 5.2,

BS;, (M) <n+k —max{6(M),c(M)}.
It remains to prove the following bound.
Lemma 6.3. max{6(M),a(M)} > /n — k.



DESCRIPTIVE COMPLEXITY OF FINITE STRUCTURES 447

Proor. By the bound (10) of Lemma 3.13,
k-1
nk =1 <26 @)+ (k+ DIEHH X))+ (k= DI (X)) + 2]
i=l
We bound each term |# (X )| from above by (M ). Furthermore. we bound |Z|
from above by the number of =y, ,-equivalence classes inside Z multiplied by the

maximum number of elements in such a class. By Lemma 3.12 it follows that
|Z| <6(M)a(M). We therefore conclude that

n+k—1<8M)2k?*+o(M)).
This implies

max{6(M),s(M)} > min max{ ,M:;l}>\/_—k2,

1<o<n 2k? +
as required. 4

REMARK 6.4. The bound of Lemma 6.3 is essentially optimal because, for any
graph G of order m? whose vertex set is partitioned into m ~-equivalence classes of
m element each, it holds 6 (G) = mand§(G) < m. Such G can be constructed from
any graph H of order m whose automorphism group contains no transposition by

replacing each vertex v € V (H ) with m pairwise (non-)adjacent vertices ~-related
tovin H.

We now prove the lower bound of Theorem 6.2. It suffices to do it for graphs.
The example of G with large BS,(G) will be the same as in Remark 6.4. This
example can be lifted to a higher arity k by adding k¥ — 2 dummy coordinates to the
adjacency relation with no affect to its truth value.

PROPOSITION 6.5. Let G,, be a graph of order m*> whose vertex set is partitioned
into m ~-equivalence classes of m elements each. Let ¢ > 2. Then BS,(G,) >
m? —(qg—1)m+q.

ProOF. It is enough to show that, if G,, is identified by a Bernays-Schonfinkel
formula @ with ¢ universal quantifiers. then ® contains at least m> — (¢ — 1)m
existential quantifiers. If ¢ > m + 1, this is trivial. Assume that ¢ < m.

Suppose on the contrary that G, is identified by a Bernays-Schonfinkel formula
® =3y, ... 3y, ¥x;...¥x, P(7.5) with p < m?> — (¢ — D)m. Leth € V(G,)” be
such that G,,. b = Vxi ... Vx,¥(j. x). Equivalently,

(41) Gp.b.a =¥(3.%) foralla € V(G,).

Let A = V(Gn) \ {b1.....b,}. We have |[4| > (¢ — 1)m + 1. The condition
imposed on G,, implies that there are two ~-equivalence classes. C; and C;, such
that [ANC,| > g and |4 N C,| > 1. Let us modify G,, by removing one vertex from
AN C, and adding a new vertex v’ to C| so that v’ ~ v forall v € C;. The modified
graph. G'. is clearly non-isomorphic to G,,. We show that. nevertheless. G’ = @.
It suffices to show that G'.b.a’ = W(7.%) for every @’ € V(G')4. In view of
(41). we are done if for every @' € V(G')9 we are able to find an @ € V(G,,)?
such that the component-wise correspondence between b.a and b.a’ is a partral
isomorphism between G,, and G'. If &’ does not contain any occurrence of v, we
obviously can take @ = a’. If @’ contains an occurrence of v’. let v be a vertex in
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AN C; that does not occur in @’ and let @ be the result of substituting v in place of
v’ everywhere in @’. Tt is not hard to see that the obtained 4 is as required. -

§7. The case of graphs. For a binary structure M. Theorem 4.1 implies I (M) <
0.75n + 4 and Theorem 5.1 implies BS (M) < 0.9n + 2. In the case of graphs,
both these bounds can be improved. In [15] we obtain an almost optimal bound
I1(G) < (n+ 3)/2 (there are simple examples of graphs with I (G) > (n + 1)/2).
Combining the approach from [15] and the techniques from Section 5, we are able
to prove a better bound for BS (G) as well. We are also interested in knowing
the smallest n starting from which for G of order n we have the bound at least
BS (G) < n — 1, an improvement on the trivial bound of n.

THEOREM 7.1. Let G be a graph of order n.
(1) We have BS(G) < 3n/4+3/2.

(2) If n > 5, we have BS;(G) < n — 1 with the only exception of the graph H on 5
vertices with 2 adjacent edges for which, nevertheless, we have BS;(H) < 4.

Proofr. Givena graph G, let X = E((), where the transformation E is introduced
in Section 3.2. We state two properties of the X established in [15]:

Property 1: |€(X)| > |X] + 1.
Property2: Let Y = Y(X), asin Definition 3.11,and Z = V(G)\ (X U Y). Every
class in (X U Y) consists of pairwise ~-equivalent vertices.

Note that |£(X)| <6(G). By Property 1 we conclude that
(42) X+ Y| < X[+ (X)) <2(8(X)] -1 <20(G) ~ 1.
Property 2 means that X U Y is a base of G.

We now consider two cases.

Casel. Z = 0.

In this case n = |X| + |Y|. By (42),6(G) > (n + 1)/2. Using Proposition 5.7,
we obtain BS,(G) < n/2+3/2.

Case2. Z #0.

In this case p(X U Y) < |X|+|Y| +0(G) + 1. By (42) we have p(X U Y)
26(G) + o(G). Denote A(G) = max{d(G).o(G)}. By Propositions 5.7, 5.
and 5.4, we have

BS(G) <min{n+2-456(G).n+2—-05(G),26(G) +a(G)}
<min{n +2 - i(G).3.(G)}
< [max min{n +2 — 1,34} = 3n/4 + 3/2.

<
2,

Since this bound holds true in both the cases, Item 1 of the theorem is proved.

To prove Item 2, we estimate max{6(G).a(G)}. Since n = | X| + |Y| +|Z| <
20(G) — 1 +36(G)a(G), we have

(43) n+1<6(G)2+0(G)).
It follows that

max{d(G).a(G)} > min max{c, %} =vn+2-1

1<c<n
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and hence
(44) max{6(G).c(G)} >3
whenever n > 7.

CrLamM A. The bound (44) holds for all G of order 6 or 7.

Proor or CramM. This claim is proved by the direct brute force analysis. We have
6(G) =6(G) and 6(G) = o(G). where G denotes the complement of a graph G.
Hence. for order 6. it suffices to consider graphs with at most 7 edges. For order 7
the number of cases is much larger: the complete analysis can be found in [16].

Thus, if G has order at least 6, we have the bound (44) and the theorem follows
from Propositions 5.7 and 5.2. For graphs of order 5 the estimate (44) holds with
the only exception for the specified graph H. This graph is identified by formula

3 3
Ay VX1V Vs (DiSt(M, X1.x2,X3) — E(x1.x2) A \/ E(y1.xi) A \/ _‘E(J’laxi))*
i=1 i=1

where E is the adjacency relation. =

ReEMark 7.2. Item 2 of Theorem 7.1 does not hold true for graphs of order n = 4:
It is not hard to prove that BS (F) = 4 for the graph F on 4 vertices with 1 edge.

REemARK 7.3. In [12] we address the first order definability of a random graph G
on n vertices. It is proved that, with probability 1 — o(1),

logy n — 2log, log, n < I(G) < log, n — log, log, n + O(log, log, log, n).

One of the ingredients of the proof is that. with high probability, 6(G) > n — (2 +
o(1))log, n. Since I1(G) < BS»(G) < n +2 — J(G). we conclude that. with high
probability,

log, n — 2log, log, n < BS>(G) < (2+0o(1)) log, n.

88. Open problems.

1. Let I(n, k) (resp. I;(n,k): BS(n,k)) be the maximum (M) (resp. I;(M);
BS (M)) over structures of order n with maximum relation arity k. We now know
that
8 <I(nk)< Link) <BS(nk)<(l-spzn+k

and Li(n.k) <(1—4)n+k*—k+4.

Note that I (n.k) < I(n.k + 1) and that the lower bound of n/2 is actually for
1(n.1). Make the gap between the lower and upper bounds in (45) closer.

The case of k = 2 is essentially solved in [15]. where the bounds

n+1 n+3

2
are proved. If k = 3. we are able to improve on (45) by showing that I;(n.3) <
21+ O(1) (in [15] this bound was obtained for 3-uniform hypergraphs).

2. Can one improve on the trivial upper bound Iy(n. k) < n? It is easy to show

that Io(n. 1) < (n + 1)/2. In [15] we prove that I)(G) < (n + 5)/2 for graphs of
order n.

(45)

<I(n.2) <L(n.2) <
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3. What happens if we restrict the number of existential rather than universal
quantifiers in an identifying Bernays-Schonfinkel formula?

Acknowledgement. We thank an anonymous referee for comments improving the
exposition.
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