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Abstract

This paper presents a novel approach for lock-free impléations of concurrent data structures,
based on dynamically maintainingcaloring of the data structure’s items. Roughly speaking, the data
structure’s operations are implemented by acquiring alrtocks on several items of the data structure
and then making the changes atomically; this simplifies #sgh and provides clean functionality. The
virtual locks are managed withAS or DCAS primitives, and helping is used to guarantee progress;
virtual locks are acquired according to a coloring ordet texreases the length of waiting chains and
increases concurrency. Coming back full circle, the legaif the coloring is preserved by having
operations correctly update the colors of the items theyifyod

The benefits of the scheme are demonstrated with new nonbtpakplementations of doubly-
linked list data structures: AcAs-based implementation of a doubly-linked list allowingersons and
removals anywhere, anths-based implementations in which removals are allowed onflge@ends of
the list (insertions can occur anywhere).

The implementations possess several attractive feattiveg:do not bound the list size, they do not
leave accessible chains of garbage nodes, and they allomatapes to proceed concurrently, without
interfering with each other, if they are applied to non-adjat nodes in the list.

Keywords: local step complexity, local contention, nonblocking iemplentations;As, DCAS, doubly-
linked list, double-ended queue, priority queue.
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1 Introduction

Many core problems in asynchronous multiprocessing systewvolve around the coordination of access
to shared resources and can be capturedoasurrent data structuresabstract data structures that are
concurrently accessed by asynchronous processes. A motexample is provided by list-based data
structures: Adouble-ended queuedequé supports operations that insert and remove items at thehas

of the queue; it can be used as a producer-consumer job gBledegriority queuecan be implemented as a
doubly-linked list where removals are allowed only at thdsmwhile items can be inserted anywhere at the
gueue; it can be used to queue process identifiers for sehgguirposes. Finally, a generioubly-linked

list (hereafter, often called simplylimked list) allows insertions and removals anywhere in the linked list

Concurrent data structures are implemented by applyimgitives—provided by the hardware or the op-
erating system—to memory locationsock-free implementatiordo not rely on mutual exclusion, thereby
avoiding the inherent problems associated with lockingaédteck, convoying, and priority-inversion. Lock-
free implementations must rely on strong primitives [14f.eCAs (compare and swgpand its multi-
location variantkCAS.

Lock-free implementations are often complex and hard taight; even for relatively simple, key data
structures, like deques, they suffer from significant draeis: Some implementations may contain garbage
nodes [13], others statically limit the data structurezegil5] or do not allow concurrent operations on both
ends of the queue [19]. Even wherAs (i.e., ZAS) is used, existing implementations either are inherently
sequential [10, 11] or allow to access chains of garbagesn@]e

Implementing concurrent data structures is fairly simgplar arbitrary number of locations can be
accessed atomically. For example, removing an item fromudlgldinked list is easy if one can atomically
access three items—the item to be removed and the two itefoietand after it (cf. [8]).

Since no multiprocessor supports primitives that accese ian two locations atomically, it is neces-
sary to simulate them in software usings or bCAS. This can be done using methods suclseiware
transactional memory21] or the so-calledocking without blockingechniques [6, 24]. The basic idea of
these methods is to uses in order to acquiresirtual locks on the items—one item at a time, amelp
processes that hold virtual locks on desired items unty #re released. This guarantees that the simu-
lation is nonblocking[14], namely, in any infinite execution, some pending operatompletes within a
finite number of steps. Unfortunately, the resulting impdenations may have long waiting chains, creating
interference among operations and reducing the implermentathroughput.

Attiya and Dagan [4] suggest an alternative implementatibhinary operations that reduces interfer-
ence by usingolors (from a small set). Thisolor-based virtual lockinggcheme starts by legally coloring
the items it is going to access, so that neighboring items kistinct colors. Then, the algorithm acquires
the virtual locks in increasing order of colors, therebyiding long waiting chains. Afek et al. [1] extended
this implementation to arbitrari-ary operations.

Afek et al. [1] define two measures to evaluate whether ojpersthat access disjoint parts of the data
structure, or are widely separated in time, do not interfeite each other. These definitions rely on the
notion of aconflict graph whose nodes are the data items and there is an edge betweikans if they are
accessed by the same operation. Roughly speakinglistencebetween operations in the conflict graph is
the length of the shortest path between their data items.nfatleimentation hag-local step complexitif
only operations in distance less than or equal to the conflict graph can delay each other; it dascal
contentionif only operations in distance less than or equaf/tm the conflict graph can access the same
locations simultaneously.In particular, when there is no path in the conflict graph leetwthe data items

Attiya and Dagan [4] used a more complicated measure caéladitivity which is not discussed in this extended abstract.



accessed by two operations, they do not delay each othecessathe same memory locations; thi#gcal
step complexity and contention extend and generaig@int-access parallelisii8].

The implementations [1, 4] hawe(log* n)-local step complexity and contention, and they are rather
complicated, making them infeasible for fundamental lshkst-based data structures. The major reason for
the cost and complication of these implementations is tleel h@ color memory locations at the beginning
of each operation, since operations access arbitrary goedictable sets of memory locations.

When operations are applied on a specific data structureg\rewthey access its constituent items in
a predictable, well-organized manner; e.g., linked listrafions access two or three consecutive items. In
this case, why color the accessed items from scratch, emehatin operation is invoked? After all, the im-
plementation initializes the data structure and providesrations that are the only means for manipulating
it. If the colors are built into the items, then an operatian cely on them to guide its locking order, without
coloring them first. In return, the operation needs to guasathat the modifications it applies to the data
structure preserve the legality of the items’ coloring.

We demonstrate this approach with two new doubly-linkeddigorithms: AcAs-based implementa-
tion in which removals are allowed only at the ends of the(bsid insertions can occur anywhere), and a
DCAS-based implementation of a doubly-linked list allowingdrt#ons and removals anywhere.

ThecAs-based implementation, allowing insertions anywhere antbvals at the ends, is based on a 3-
coloring of the linked list items. It haslocal contention and-local step complexity.; namely, an operation
only contends with operations on items close to its own itemthe linked list, and it is delayed only due to
such operations. When insertions are also limited to occilmeaends, the analysis can be further refined to
show2-local contention an@-local step complexity; this means that operations at tleeends of a deque
containing three data items (or more) never interfere waitheother.

Handling removals from the middle of the linked list is moi#ficult: removing an item might entail
recoloring one of its neighbors, requiring to make sure @ggnbor’s color is not changed concurrently.
Thus, a remove operation has to Idtkeeconsecutive items; under a legal coloring it is possiblé tiva
of these items (necessarily non-consecutive) have the satoe We employ eDCAS operation to lock
these two nodes atomically, thereby avoiding hold-and-el#ins. This algorithm haslocal contention
and2-local step complexity. To the best of our knowledge, thigesfirst nonblocking implementation of a
doubly-linked list from realistic primitives, which allaninsertions and removals anywhere in the list, and
has low interference.

In our algorithms, an operation has constabstruction-free step complexit9]; namely, an operation
completes withirO(1) steps in an execution suffix in which it is running solo. Aresthttractive feature of
our implementations is that it does not leave accessiblmslud stale “garbage” nodes.

In recent years, a flurry of papers proposed implementatidrdynamic linked list data structures,
yet none of them provided all the features of our algorith(@&e Table 1.) Some of these algorithms have
significant drawbacks, e.qg., they are incompatible wittbgge collectors, or inherently sequential, or bound
the linked list’s size.

Harris [13] usedcAs to implement a singly-linked list, with insertions and rerats anywhere; however,
in this algorithm, a process can access a node previouslgveaiifrom the linked list, possibly yielding an
unbounded chain of uncollected garbage nodes. MichaelHaflled these memory management issues.
Elsewhere [19], Michael proposed an implementation of audgn his algorithm, a single word (called
anchoi) holds the head and tail pointers, causing all operatiofrst¢ofere with each other, thereby making
the implementation inherently sequential. Sundell andds[23] avoid the use of a single anchor, allowing
operations on the two ends to proceed concurrently. Thegndxthe algorithm to allow insertions and
removals in the middle of the list [22]; in the latter alghbrit, a long path of overlapping removals may



algorithm insertions | deletions | primitive | interference | comments

Greenwald List [10] anywhere | anywhere| DCAS any pair

Harris [13] anywhere | anywhere| CAS any pair singly-linked list
chains of garbage nodes

Michael Set [20] anywhere | anywhere| CAS any pair singly-linked list

Sundell and Tsigas [23] | anywhere | anywhere| CAS any pair

Alg. bcAsS-CHROMO anywhere | anywhere| DCAS distance< 2

Michael Deque [19] ends ends CAS opposite ends doubly-linked list

Herlihy et al. Deque [15] ends ends CAS distance< 1 | obstruction free
size is bounded

Greenwald Deque [11] | ends ends DCAS opposite ends

Agesen et al. Deque [2]| ends ends DCAS distance< 1 | doubly-linked list

Sundell and Tsigas [23] | ends ends CAS distance< 1

Alg. cAs-CHROMO anywhere | ends CAS distance< 4

Alg. cAs-CHROMO ends ends CAS distance< 2

Table 1: Linked list algorithmsnterferenceindicates which operations may delay other operations.

cause interference among distant operations; moreovémgdantermediate states, there can be a consecutive
sequence of inconsistent backward links, causing partedighto behave as singly-linked. Aybstruction-

free deque, providing a liveness property weaker than nonbhggkivas proposed by Herlihy et al. [15];
besides blocking when there is even a little contentiors, dhiay-based implementation bounds the deque’s
size.

Greenwald [10, 11] suggests to useAs to simplify the design of implementations of many data struc
tures. His implementations of deques, singly-linked andbtielinked lists synchronize via a single desig-
nated memory location, resulting in a strictly sequenti@caition of operations. Agesen et al. [2] present
the firstbcas-based nonblocking, dynamically-sized deque implemamtghat supports concurrent ac-
cess to both ends of the deque, and has 1-local step comyplignst algorithm does not allow insertions or
removals in the middle of the linked list. TheuSRK algorithm [7] is an attempt for further improvement
that uses only a singlecAs primitive per operation in the best case, instead of two.odohately, SIARK
is incorrect [8]; the corrected version allows removed ottebe accessed from within the deque, thus
preventing the garbage collector from reclaiming long ehaif unused nodes. Doherty et al. [8] even argue
that primitives more powerful thancas, e.g.,3CAs, are needed in order to obtain simple and efficient
nonblocking implementations of concurrent data structure

The rest of this paper is organized as follows. Section 2gmtssthe model of a asynchronous shared-
memory system, while Section 3 defines local contention andllstep complexity in a dynamic setting.
Most of the paper describes tlmeeAs-based implementation of a doubly-linked list allowing eritons
and removals anywhere (Section 4). Section 6 outlines thdifroations needed to obtain tlens-based
implementation that does not allow removals from the middle

2 Preliminaries

We consider a standard model for a shared memory system {@hich a finite set ofasynchronous pro-
cesseyy, ..., p, COMmMunicate by applyingrimitive operations ton sharedmemory locationgd, . . ., l,,.
A configurationis a vectorC' = (qi,...,qn,v1,--.,Um), Whereg; is the local state of; andv; is the



value of memory locatio.

An eventis a computation step by a procegs,consisting of some local computation and the application
of a primitive to the memory. We employ the following primigis: READ(/;) returns the value; in location
l;; WRITE(l;,v) sets the value of locatiof} to v; CAS(l;, exp new) writes the valuenewto location/; if
its value is equal t@xp and returns a success or failure flag;As is similar tocAs, but operates on two
independent memory locations.

An execution intervaky is a (finite or infinite) alternating sequenc®, ¢g, C1, ¢1, Co, . .., whereCy, is
a configurationgy, is an event and the application of to Cj, results inCy 1, for everyk = 0,1,.... An
executionis an execution interval in whic, is the unique initial configuration.

A data structureof type T' supports a set of operations that provide the only means topulate it.
Each data structure hassaquential specificatigrwhich indicates how it is modified when operations are
applied in a serial manner (in isolation).

An implementatiorof a data structur&’ provides a specific data-representationfitg instances as a set
of memory locations, and protocols that processes musifdlh carry outls operations, defined in terms
of primitives applied to memory locations. We require theliementation to bénearizable[16].

This paper considersdoubly-linked lisdata structure, composedmddes each with link pointers to its
left and right neighboring nodes. Two speaaichornodes serve as the first (leftmost) and last (rightmost)
nodes in the doubly-linked list; they cannot be removed fignand hold no left link or no right link,
respectively. A node isalid in configurationC' if it is either an anchor, or both its left link and right link
pointers are not null.

We concentrate on thiesertRight InsertLeftand Removeoperations applied to sons@urce node in
the linked list. Our description of their effects resemlites description of the deque operations in [2]:

insertRight(nd) If source is a valid node other than the right anchor, then inadrto the right ofsource
and returnsuccEss$ otherwise, returnNvALID and the linked list is unchanged.

insertLeft(nd) If source is a valid node other than the left anchor, then ingerto the left ofsource and
returnsUCCESS otherwise, returnNVvALID and the linked list is unchanged.

remove() If source is a valid node other than an anchor, then remaxe-ce from the linked list and return
SUCCESS otherwise, returnNVALID and the linked list is unchanged.

In order to apply an operation to the data structure, propggxecutes the associated protocol. We
denote an operation of processby op;; the j-th operation ofy; is denotedp? .

Theinterval of an operatiorvp, denoted!,,, is the execution interval between the first and last events
of the process executingp’s protocol; if the operation does not terminate, its ingrig infinite. Two
operationsoverlapif their intervals overlap. Thénterval of a set of operation® P, denoted/pp, is the
minimal execution interval that contains all intervalg,,, } opcop-

3 Locality Properties

Thereference lock-based implementatioha data structur&” atomically locks all the memory locations
that it accesses; these are called lthek setof the operation. Different lock-based implementationgyma
have different lock sets. Since we aim for highly concurierglementations, we choose a reference imple-
mentation that locks as few data items as possible; for adinist data structure this number is a constant.
When operations are applied sequentially the state of tteestlaicture is well defined at the end of each
operation. The lock set of an operatiop; applied when the data structure is in state denotedCS; (op;).

4



When operations are concurrent, the state of the data wteuat a configuratiol' is not necessarily
unique. A states of the data structure isossiblein configurationC, if it is the result of some linearization
that includes all operations that complete befGrand a subset of the operations that are pendirg. ihe
set of all possible states i is denotedstate$C).

Intuitively, the data set of an operation includes all théadéems the operation accesses. When the
data structure is dynamic, however, the data set changedioeeand it is unknown when the operation
is invoked. For this reason, we consult the reference imetdation regarding the data items it locks
with respect to all the states of the data structure duriegofberation’s interval. Formally, theata setof
an operatiorop; in configurationC' is defined aDSc(opi) = Usestates(cy £Ss(op:); i.e., the union of
all the sets of data items the operation locks (under theawrée implementation) when the state of the
data structure is istates(C). DS(op;) = UCGIOPZ_ DS ¢ (op;); namely, the union oDS¢(op;) over all
configurations duringp;’s execution interval.

For example, Figure 1(a) depicts several overlapping opess op1, ops, andops insert a new node
to the right ofms, my4, andmsg, respectively, whilep, andop, removems andmg respectively. The new
node, omitted from the figure, is also in the operation’s d&ta Consider the following execution: in the

first execution interval’y, . . . , Cq every operation takes one step, and assume for simpli¢gwitead step;
then, in the execution intervély, . .., Cs only op, takes steps until it completes successfully to remaye
finally, in the execution intervals, ..., Cs only op; takes steps until it completes successfully. Figure 1(a)

depicts the data set of the operations at configurafipnNote that the data set op; changes over time:
DSc, (op1) = {me,ms} while DS¢, (op1) = {m2,m4}, and altogether the data set of the operation is
DS(op1) = {ma, m3, ma}.

Theconflict graphof a configuration”', denoted=(C'), is an undirected graph that captures the distance
between overlapping operations. dfis in the execution interval of an operatiop;, andm, andm,, are
data items ifDS¢(op;), then the conflict graph includes an edge between the réspeetrticesv andwu,
labeledop;. Figures 1(b) and 1(c) depict the conflict graph of configaretC, andC, respectively. The
conflict graph of an execution intervalis the graph J.., G(C). Figure 1(d) depicts the conflict graph of
op1's execution interval.

The conflict distancegin shortdistance between two operationsp; andop;, in a conflict graph is the
length (in edges) of the shortest path between some ver®$iop;) and some (possibly the same) vertex
in DS(op;). In particular, ifDS (op;) intersectsDS (op; ), then the distance betweep; andop; is zero. The
distance isx, if there is no such path. In the conflict graph of configurati§ (Figure 1(b)), the distance
betweervp; andops is zero, the distance betweep, andops is one, the distance betweem, andop, is
two, and the distance betweem andops is co. After op, completes in configuratios (Figure 1(c)), the
distance betweetp,; and other operations is decreased by one, since at this oatfan the data set @,
includesm,. In the conflict graph obp,’s execution interval (Figure 1(d)), the distance betwegnand
ops is zero, the distance between, andop, is one, and the distance betwegn andops remainsoo.

We use this dynamic version of a conflict graph in the defingiof locality measures suggested by Afek
et al. [1]:

Definition 1 An algorithm hagi-local step complexitjf the number of steps performed by proceskiring
the operation interval,, is bounded by a function of the number of operations at disisamaller than or
equal tod from op in the conflict graph of its operation intervl,,.

Definition 2 An algorithm hasd-local contentionif in every execution interval for any two operations,
Ltop, op2}s 0p1 @nd opo access the same memory location only if their distance incthdlict graph of
Itop, opoy IS sSmaller than or equal td.
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Figure 1: Simple examples of conflict graph.

4 DcAs-Based Doubly-Linked List Algorithm

We demonstrate our approach with a nonblocking implemiemtebCAS-CHROMO, of a doubly-linked list
with insertions and removals anywhere. At the heart of ouhoaplogy is an enhancement of the colored-

based virtual locking scheme. We first review this scheme tla@en describe our algorithm.

4.1 The Color-Based Virtual Locking Scheme

Data structures can be implemented by the nonblockirtgal locking scheme [6, 21, 24]. A concurrent
implementation is systematically derived from any loclsdsh algorithm: an operation starts by acquiring
virtual lockson the data items in its data setCK phase); then, the appropriate changes are applied on
these data itemsapPLY phase); finally, the operation releases the virtual locksLOCK phase). Similar

to a lock-based solution, while a data item is locked by anatjfmn, other operations can neither lock nor

modify it. This means the algorithm is relieved of handlingansistent states due to contention.
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Figure 2:3-Coloring of the linked list in Figure 1(a).

An operation isblockedif a data item in its data set is locked by anothmockingoperation. In order to
make the scheme nonblocking, the process executing thkddaperatiorvp helps the blocking operation
op’ to complete and release its data set. Several processexatayean operation; the process that invokes
the operation is itsitiator, while theexecuting processese processes helping the initiator to complete or
the initiator itself. cAs primitives are used to guarantee that only one of the exagytiocesses performs
each step of the operation, and others have no effect.

This scheme inducesecursive helping, in which one process helps another process to héhirda
process and so on, possibly causing long helping chainsex@mple, assume the nodes in Figure 1(a) are
locked in ascending order. Consider an executidn which ops, ops andop, concurrently lock their left-
most data items successfully, and then tries to lock its data items while the other operations ataydsl.
Sincems is locked byops, op1 has to helpps; sincemy is locked byops, op; has to helppps; and since
mg is locked byops, op; has to helpp,. Thusop, is delayed by operations on a pathils conflict graph,
from some vertex iDS(op;). In generalpp; can be delayed by any operation within finite distance from
it, implying that the locality is high.

Shavit and Touitou [21] overcome this problem by helpingycarh immediate neighbor in the conflict
graph. Nevertheless, the number of steps a process perfipends on the length of the longest path from
its data set in the conflict graph. Consider again an exactitiat starts witlops, ops andop, locking their
low-address data items successfully, tlgn fails to lock ms, ops fails to lock m,4, andops fails to lock
ms; each operation then helps its (immediate) neighbor. Reibelping,op. andops relinquish their locks
and fail, thusop; andop discover their help is unnecessary. Assume épatcompletes, and agaup, ops
andops try to lock their data sets. It is possible that andops lock their low-address data items, ayeh
tries, in vain, to helpp2, which releases its locks due &ps, etc. As the length of the path of overlapping
operations increases, the number of timgsfutilely helpsops increases as well.

A color-basedvirtual locking scheme [4] bounds the length of helping akddy M -coloring the data
items with an ordered set of colors, < c3 < ... < ¢pr. An operation acquires locks on data items in an
increasing order of colors; after it locks allcolored data items, we say the operatiocked colore;. In
this schemegp helpsop’ only if op’ already locked a higher color.

Figure 2 presents 3coloring of the linked list in Figure 1(a) using the colotged) < g(green) <
b(blue). Assumeops locks m4 and then tries to lockns, with color b. If the lock onm; is already held
by op4, thenops has to helpop,s. Note however, that is the largest color, which means that, already
locked all the nodes in its data set. This meansdhaiwvill only have to applyop4’s changes, andps is not
required to recursively help additional operations. Aldhgse lines, it is possible to prove that the length
of helping chains is bounded by the number of coldis,and the number of times an operation helps other
operations is bounded by a function of the number of operatiithin distancel! [4].



Originally [1, 4], colors were assigned to nodes from sdragach time an operation starts. This is
done in aDECISION phase, which obtains information about operations (and daga sets) at non-constant
distance; thus, theecisiON phase has non-constant locality properties.

4.2 Our Approach

We achieve constant locality properties by employing twmplementary algorithmic ideas. The first is to
maintain the data structure legally colored at all timesl #re second is to atomically lock all data items
with the same color.

The key idea of our approach is to keep the coloring legalewthie operation is in itaPPLY phase,
rendering theDECISION phase obsolete. That is, the colors are built into the noaled,the operation
updates the colors so that nodes remain legally colored.selbbanges are limited to the nodes in the
operation’s data set, and bypass the need to re-computalatdgring from scratch each time an operation
is invoked.

The second idea avoids long helping chains due to symmeiloc assignments. For example, consider a
long legally colored linked list of nodes with alternatingars: b, r, b, r, b, r, . . .. Assume a set of concurrent
operations, each of which is trying to remove a differerolored node, by first locking the node and its
two b-colored neighbors. An implementation that locks these #wolored nodes one at a time, e.g., first
the left neighbor, can lead to a configuration in which an apen holds its left lock, and needs to help all
operations to its right.

It is tempting to extend the notion of a legal coloring anduieg)that any triple of neighboring nodes
is assigned distinct colors. This certainly will allow tdléw the color-based virtual locking scheme, but
how can we preserve this extended coloring property? Inqodat, when a node is removed, it is necessary
to lock four nodes in order to legally re-color the remaining three nptiés requires to further extend the
coloring property to any four consecutive nodes, which i tequires to lockKive nodes and so on.

Locking equally-colored nodes atomically provides an pedaom this vicious circle, by avoiding this
situation altogether. An operation accesses at most tlaegecutive nodes, which are legally colored, thus
at most two of these nodes have the same color, antiaes suffices for locking them. For example, in the
scenario described above, locking the twoolored nodes atomically breaks the symmetry. This gueaesn
that theLock phase haé)(1)-local step complexity.

Another aspect of our algorithm is in handling the complara due to dynamically-changing data
structures. Previous implementations of the virtual logkécheme handle static transactions [21] and multi-
location operations [1,4]; in both cases, an operationssasa pre-determined static data set.

Our algorithm addresses this problem in a manner similat2f [A data set mementavhich holds a
view of the data set when the operation starts, traces imgtensies in the data set due to changes applied
by concurrent operations. If, while locking, the operati@tects such inconsistency, the operation skips
the APPLY phase to thesNLOCK phase where it releases all the locks it holds. If, on therdthed, the
operation completes itsock phase, then the locked data set memento is consistent \eithpération data
set and the operation can continue with tmPLY phase as in a static virtual locking scheme.

4.3 Detailed Description of Algorithm bCAS-CHROMO

First, we describe how operations apply their changes tad#ta structure, and give some intuition of
how the legal coloring is preserved; then we describe thpitglmechanism that is responsible for the
nonblocking and locality properties.
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Figure 3: An example of amsertRightoperation -op; in Figure 2

The lock-based implementation we use as a reference haslibwihg lock sets: AninsertRightop-
eration locks the new node to be inserted, ¢herce node (to which the operation is applied) and its right
neighbor; arinsertLeftoperation is symmetric. Removeperation locks theource node and both its left
and right neighbors. After locking, the operations applgraies to the respective set of left and right links
as described by the following code:

InsertRight::applyChanges() { Remove::applyChanges() {
newN ode.right < source.right source.left.right«— source.right
newN ode.left < source source.right.left— source.left
source.right.left<— newNode source.right« L
source.right < newNode source.left — L

} }

Since our algorithm employs a virtual locking scheme, eguration proceeds in exclusion in a manner
similar to the lock-based one. Our implementation, howestso needs to maintain the nodes legally
colored. This requires adding one step to thgertRightoperation (see Figure 3), and two steps to the
Removeperation (see Figure 4). To ensure that the coloring id Egal times, we use a temporary color
¢p < c1 during the algorithm, as described bellow. In the exampleréig,cy is w(white).

InsertRight operation. Figure 3(a) presents the nodes, ms, ms3, my4 from Figure 2, and the new
node,m, thatop; inserts to the right ofn,. Beforem is inserted to the linked list, it is colored with the
temporary coloruw. op; locks the nodes in its data set, andms (and effectively, alson), and then
applies its changes as follows: update right and left links:do point toms andmyo—now, m is legally
colored, since its neighbors have colors different thafFigures 3(b),3(c));n is assigned with a non-
temporary color different than its neighbors, andms (Figure 3(d)); update left and right links ef3 and
my respectively to point ten (Figures 3(e),3(f)).

Remove operation. Figure 4(a) presents the nodes, ms, ms, mg, ms from Figure 2,0ps removes
the nodemgs. opy locks the nodes in its data set,, m3 andmy, before it applies its changes as follows:
my is assigned with the temporary coles—now, my4 is legally colored, since its neighbors; andms
have colors different thaw (Figure 4(b)); update right and left links af, andm4 respectively to point
to each other (Figures 4(c),4(d)); set right and left linksrg to null (Figure 4(e));m, is assigned with a
non-temporary color different than its neighbats andms so it is legally colored (Figure 4(f)).
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Figure 4: An example of emoveoperation -ops in Figure 2

Both anlnsertRightoperation and &emoveoperation access three consecutive nodes in the data set,
however, each operation only changes the color of a single.néninsertRightoperation changes the color
of the new node, and Bemoveperation changes the color of the right node. The color ®i¢ft node in
the data set of any operation is not modified. This ensuréasnthéwo adjacent nodes change their color
concurrently even if they belong to the data sets of two &tjaconcurrent operations.

We now detail the color-based locking and helping mechasisim operation is partitioned intovo-
cations each invocation has a unique sequence number. Figure Sghevstate transition diagram of an
operation’s invocation. The dashed line indicates re<dation, increasing the sequence number. The state
transitions of an invocation in a best-case execution, @mening no contention, appear at the top. In such
case the invocationompletes successfubiynd the operation will not be re-invoked. If an operatiorcdis
ers, while initiating an invocation, that another openatiemoved the source node, meaning the source is
no longer a valid list node, then it need not apply its changed it will not be re-invoked. Alternatively,
if, while locking the data set, an operation discovers thab@e in its data set memento is invalid or if the
operation detects inconsistency with the data set mem#rdn,the operation needs to re-evaluate its data
set. In such a case, the invocatitails, the operation releases the locks it already acquired asidrte a
new invocation.

The state of an operation is a tupgleeq,phase,resyl{see Algorithm 1):seqis an integer, initially O,
incremented every time the operation fails and the initiptocess reinvokes ighaseindicates the locking
scheme phase within the invocation, setNor at the beginning of every invocatiorgsultholds the result
of the current invocation execution, setNOLL at the beginning of every invocation.

Algorithm 2 lists the locking methods. Their core is tlsekColor method in which an operatioop
repeatedly tries to atomically lock all nodes with cotoin its current data set memento (lines Ic4-Ic15);
after verifying the mementos are valid and the nodes areisiens with their mementos (line Ic6)p tries
to lock them atomically (line Ic9). If when an operatiop fails to lock the nodes it discovers that none of
them is locked by another operation, it simply retries touaretheir locks. Alternativelypp may discover
that a node in its data set is locked by another, blockingaifmerop’ (line hb2). In such a case, we follow
the standard recursive helping mechanism, g helpsop’ (line hb4). Before helpingyp’, the executing
process obp verifies (again) that the nodes are consistent with their emos (line Ic12). This is crucial
for maintaining the locality properties of the algorithne¢d_emma 10 in the next section).

If, when initiating an invocation, an operation discoverattits source node is invalid (line t2), it helps
the operation that removes this node (line t4), in order é&s@rve the correct order in which the operations
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Figure 5: Diagram of an operation state transitions modeljawer part of the state is the valuereult

complete (see Lemma 3 in the next section).

Since an operation may be invoked more than once, its execstcomposed of an alternating sequence
of acquiring and releasing locks. Hence, having more thas pocess execute the operation requires
special care. Specifically, a process may acquire locksasfigus invocations or release locks acquired in
a later invocation. Together with treas primitives, the state is used to synchronize between theutixe
processes of an operation. An executing processes helpsdote some invocation of an operation (line t9).
Before acquiring a lock on behalf of the operation, the pseceerifies that the current sequence number is
equal to the invocation it is executing (line 1c8). Furtherm to prevent a process from releasing locks
acquired in a later invocation, the operation stamps arly ikcgcquires with its sequence number (line In9

or In13). Before a process releases a lock, it verifies tlas#guence number stamped on the lock is equal
to the invocation it is executing (line ul8).

4.4 Implementation Details

We use object-oriented terminology and define operationsbgcts, whose structure and behavior are
defined in theDperationhierarchy.

A process initializes an operation object with all the daquired for its execution, specifically the
source node from the linked list on which the operation idiadp Algorithm 1 presents the generic protocol
for an operation execution. The execution starts withettecute method (line ex1) and as long as it suffers
from contention and is unable to complete, the process teglgdries to clear the operation’s attributes and
re-invoke it (lines ex3-ex5): First it generates the nevadstt memento (line t6); then it “helps” itself to
follow the locking scheme (line t9); locks nodes in its dagt (fine h2), applies its changes (line h5), and
releases the data set (line h7). Specific operations, subts@tRightand Removgextend theDperation
structure and refine its protocols for cloning and manifngdethe data set with respect to their specifications
(Algorithm 3).

Algorithm 1 also lists the main data structures, represgntiodes and operations. Each node has a
data attribute, containing its information. A node also consaiwo link referenceseft andright, with the
obvious meaning, as well a®lor andlock attributes. A node memento contains a reference to the node
itself, owner, and a copy of the node’s attributes except for the data antbik.

It is well-known thatcAs primitives suffer from the ABA problem [17]: a procegsnay read a value
A from some memory locatiof, then other processes chang®m B and then back to A, later applies

11



Algorithm 1 Algorithm bcAs-CHROMO: Definitions and execution scheme

// Types and structures and classes definition
define Oid = int// operation id (operation address)
define Phase #INIT, LOCK, APPLY, UNLOCK, FINAL }
define Result {NULL, SUCCESS CONTENTION, INVALID , EMPTY}
structureState{seq : int, phase : Phase, result : Result seq - for repeated invocations
structureNodeABA {node : Node,aba: int}
structureColorABA {color : Color, aba: int}
structureLockABA {lock : Oid, seq: intaba : int} // seq - operation’s invocation number

structureNode{ structureNodeMementd
data : Data owner : Node
left : NodeABA left : NodeABA
right : NodeABA right : NodeABA
color : ColorABA color : ColorABA
lock : LockABA }
}
classOperation{
oid : Oid
state : State/ initially (0,INIT,NULL)
source : Node
datasetSize : int/ for a doubly-linked list, this is 3
datasetMemento : NodeMemento[datasetSize]
colorSet . Color[datasetSize]
}
ex1: ResultOperation::execute() { t1: Operation::try() {
ex2: do t2: if source is invalidthen
ex3: clear data set memento and color set t3: lock — GetLock(source)
ex4: tolnitState() t4: helpBlocking(lock)
ex5: try() t5: toFinallnvalidState()
exe: while state.result TONTENTION t6: cloneDataset()
exv: return state.result t7: seq« state.seq
exs: } t8: toLockState()

t9: help(seq)
t10: toFinalState()

t11: }
hl: Operation::help(int seq){ hbl: Operation::helpBlocking(Lock lock){
h2: lockDataset(seq)// by ascending colors hb2: if lock I= 1 then // locked by blocking operation
h3: s« state hb3: op, opseqg— get blocking info from lock
h4: if s.phase APPLY then hb4: ophelp(opseq)
h5: applyChanges() hbs: }
hé: toUnlockState()
h7: unlockDataset(seq)
h8: }

CAS on! and the comparison succeeds whereas it should have failedsgthe simplest way to avoid this
problem: associate each attribute with a monotonicallyeasing counter. The attribute and the counter
fit into a single memory location and are manipulated atoltyicthe counter is incremented whenever the

12



Algorithm 2 Algorithm bcAs-CHROMO: Locking methods
I1: Operation::lockDataset(int seq){

12: if state !=(seqLoCK,NULL) then return

13: for each color ¢ not yet locked by the operation, by ascending outter
14: lockColor(c,seq)

I5: toApplyState(seq)

I6: }

Ic1: Operation::lockColor(Color c, int seq)

Ic2: nml, nm2— getseq node mementos with coler

Ic3: nd1, nd2— nml.owner, nm2.owner

Ic4: while truedo

Ic5: lockl, lock2— nd1.lock, nd2.lock

Ic6: if nm1, nm2 are invalid or nd1, nd2 are not consistent with nmi2 then
Ic7: toUnlockContentionState(seq)

Ic8: if state !=(seqLOCK,NULL) then return

Ic9: lockNodes(nd1, nd2,lockl, lock2, seq)/ ndlis to the left of nd2
Ic10: lock — GetlLock(nd1,nd2)// Check whether succeeded or blocked
Ic11: if lock.oid = oidthen return

Ic12: if nd1, nd2 are not consistent with nm1, nth2n

Ic13: toUnlockContentionState(seq)

Ic14: if state I=(seqLOCK,NULL ) then return

Ic15: helpBlocking(lock)

Ic16: }

In1: Operation::lockNodes(Node nd1,Node nd2,LockABA lock1,LockABA lock2, int sefy)
In2: if nd2 =1 then

In3: lockOneNode(nd1,lockl,seq)

In4: else

In5: lockTwoNodes(nd1,nd2,lockl,lock2,seq)
In6: }

In7: Operation::lockOneNode(Node nd, LockABA lock, int seqj
In8: if lock = (L, L,t) then

In9: cAs(nd.lock, lock,(oid,seq,t+})

In10: }

In11: Operation::lockTwoNodes(Node nd1,Node nd2,LockABA lock1,LockABA lock2,int sefy)
In12: if lockl=(1,1,t1) andlock2 =(L,L,t2) then

In13: DcAs(ndl.lock,nd2.lock,lockl,lock®id,seq,t1+1(oid,seq,t2+])

In14: }

attribute is updated. Assuming that the counter has enoiightlve CAs succeeds only if the counter has
not changed since the process read the attribute. Othepdsefitevent the ABA problem without the use
of a per-attribute counter, and may be applied also to owriifgn.

It is assumed that an automatic garbage collection reclainneferenced objects such as nodes and
operation objects. Long chains of garbage and garbagescgcéenot formed since the links of removed
nodes are nullified. The ABA prevention counter allows a reggonode to be inserted into a linked list
immediately (after setting its color @) without harming the correctness of the algorithm. Howgtrds
would violate the local contention property of the algamth Instead it is assumed that once a node is
removed from one linked list it is not reused until reclaingtthe garbage collector.
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Algorithm 3 Algorithm bcas-CHRoMO: Clone, Apply and Unlocking methods

classinsertRight Operation{

}

newNode : Node

cil: InsertRight::cloneDataset() {

ci2:
ci3:
ci4:
ci5:
ci6: }

cloneNode(source, 0)
cloneNode(newNode, 1)

right — datasetMemento[0].right.node

cloneNode(right, 2)

cl: Operation::cloneNode(Node nd, int i){

c2:

c3:
c4.
c5: }

if nd =_L then return
// Assume atomic assignment

classRemove Operation{

}

// no extension is required

crl: Remove::cloneDataset() {

cr2:
cr3:
cré.
crs:
cré:
o7 }

cloneNode(source, 1)

left — datasetMemento[1].left.node
cloneNode(left, 0)

right «— datasetMemento[1].right.node
cloneNode(right, 2)

datasetMemento[#— (nd,nd.left,nd.right,nd.data,nd.cojor
addnd’s memento color to the color collection

ail: InsertRight::applyChanges() {

ai2:
ai3:
ai4:
ais:
ai6:
ai7: }

url:

ur2:
ur3:
ur4:
urs:
ur6:
ur7: }

updateRight(1,2)

updateLeft(1,0) // newNode is valid
updateColor(1)

updatelLeft(2,1)

updateRight(0,1)

Operation::updateRight(int i, int j) {
// L node memento contains attributes
nmi, nmj« get i-th, j-th node mementos

nd — nmi.owner

newr«— nmj.owner

r — nmi.right

cAs(nd.right, r,(newr,r.aba+})

scl: Operation::setTempColor(int i) {

sc2:
sc3:
sc4:
SC5:
scé: }

ull:
ul2:
ul3:
ul4: }

nm < get i-th node memento
nd — nm.owner

¢ < nm.color

cAs(nd.color, ¢,{cg,c.aba+})

Operation::unlockDataset(int seq){

for eachnodend in seq mementalo
unlockNode(nd,seq)

ul5:
ulé:
ul7:
ul8:
ul9:

arl: Remove::applyChanges() {

ar2:
ar3:
ar4.
ars:
ar6:
ar7.
arg: }

ucl:
uc2:
uc3:
ucé:
ucs:
uc6:
ucv:
ucs8:
uc9: }

setTempColor(2)

updateRight(0,2)

updateLeft(2,0)

updateRight(1,L1) // source is invalid
updatelLeft(1,1)

updateColor(2)

Operation::updateColor(int i) {

nm < get i-th node memento
nd«— nm.owner

Ic — nd.left.node.color

rc — nd.right.node.color
newc«+— ChooseColor(lc,rc)

¢ < nm.color

cAs(nd.color, c,(newc,c.aba+})

Operation::unlockNode(Node nd, int seq}
lock < nd.lock
S« state

if lock = (oid,seq,t and s.phase ®UNLOCK then
cAs(nd.lock, lock,(L, L t+1))

ul10: }
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Algorithm 4 Algorithm bcAs-CHROMO: State transition methods

s1: Operation::tolnitState() { s5: Operation::toFinallnvalidState() {

s2: S state s6: S« state

s3: CAS(state, s{s.seq+INIT,NULL)) s7: if s.phase !aNIT then return

s4: } s8: CAS(state, s{S.SeCFINAL,INVALID )) // LP1
s9: }

s10: Operation::toLockState() { s15: Operation::toUnlockContentionState(int seq){

s11: S state s16: S« state

s12: if s.phase !=NIT then return s17: if s!=(seqLOCK,NULL) then return

s13: CAS(state, s{s.seq,OCK,NULL)) sl8: CAS(state, S{SeqUNLOCK,CONTENTION))

sl4: } s19: }

s20: Operation::toApplyState(int seq){ s25: Operation::toUnlockState() {

s21: S« state S26: S« state

s22: if s!=(seqLOCK,NULL) then return S27: if s.phase !=PPLY then return

s23: CAS(state, s{seqAPPLY,SUCCESS) s28: CAS(state, s{s.seqNLOCK,s.resul}) // LP2

s24: } s29: }

s30: Operation::toFinalState() {

s31: S« state

s32: if s.phase !'=uNLOCK then return

s33: CAS(state, s{s.segFINAL,s.resulf)

s34: }

5 Correctness Proof

We prove that AlgorithmrbcAas-CHROMO is a nonblocking implementation of a doubly-linked list the
mas 6 and 9), allowing insertions and removals anywherdy ##bcal step complexity (Lemma 11) and
6-local contention complexity (Lemma 12).

5.1 Safety

The safety properties of the implementation, and in padicuts linearizability, hinge on showing that the
implementation follows the virtual locking scheme. Naméhe executing processes preserve the correct
transition of the operation between phases—Ilocking, cingnand releasing nodes in accordance with the
operations’ phases. Most importantly, items in the datasethanged only while all of them are locked.
As mentioned before, this is somewhat more complicated ithamnevious work [1, 4, 6, 21, 24], since the
data set is dynamic.

It can be inferred directly from the state transition methdigat appear in Algorithm 4, and the fact
that they are the only way to make state transition, that @matipn follows the state transition diagram in
Figure 5. Moreover, prior to each invocation the sequeneelmn, which is a component of the operation’s
state, is increased. Hence, no operation makes a transitibe same state more than once.

TheLock phase of the-th invocation is called theth Lock phase and similarly for the other phases.
The code implies that an operation isARPLY phase at most once (since all feasible transitions frorreit ar
to a final state), in which case it completes successfullywétdot be re-invoked again. We call this unique
invocation thelast invocation The initiating process generates the data set mementopmrdavocation
(line t6); the data set memento written in théh invocation is called theth data set mementthe data set
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memento of the last invocation is called thst data set memento

Several executing processes can make the transitionBADY and UNLOCK phases concurrently, but
other transitions are only made by the initiating proces#raAsition to theappLY phase only occurs once,
in the last invocation; the method for issuing a transitowkLOCK phase takes as argument the sequence
number of the invocation, to ensure the transition occulg ibit is of the correct invocation.

In a manner that reflects the alleged circularity of our sahewe prove four lemmas as if there is
access to arbitrargcas primitive that can atomically lock all nodes with the samécaegardless of their
number. These lemmas are used to prove that the coloringvég/sllegal (Lemma 4), which implies that
there are at most two nodes with the same color in the opardéta set, andcAs suffices.

The next two lemmas state the main invariants of the alguoritimdicating that the locking scheme is
followed; they are proved by induction on the execution arde

Lemma 1 An operationop successfully applies changes only when it ismPLY phase, and only to nodes
in op’s last data set memento.

Proof: An executing procesg;, of operationop that executeapplyChanges, first verifies that the oper-
ation is in theappLY phase (line h4). In such case this is the last invocationebtteration, and it holds the
last data set memento. Since an operation changes only moideslata set memento, executing processes
apply the changes on the same nodes (from the last data setmrand in the same order.

A processp that executeapplyChanges first verifies the attribute to be changed is consistent wath i
memento, and then it appli€as primitive to it. Since at least the ABA-prevention countastthanged,
either byp’s successfutAs or another successfalas, all the attributes to be changed agplyChanges
are inconsistent with their mementos omceompletes to execute the method.

Let p; be the process that shiftg from APPLY phase taUNLOCK phase (line h6). Before changing the
state,p; executesapplyChanges (line h5). If p; appliesCAs to nodend while executingapplyChanges
after the transition t&/yNLOCK phase occurgy;’s CAS fails since when the transition occutg’s attribute
is inconsistent with its memento. [

Lemma 2 Given an operatiomp the following claims are satisfied:

1. op locks nodes only when it is irock phase, and during its-th LOCK phase it only locks nodes that
are in itsr-th data set memento.

2. When an executing process returns from the mekhddColor(c,r) either all nodes with color: in
ther-th data set memento are lockeddy or op is not in ther-th Lock phase.

3. If ther-th memento of a noded in op’s data set is invalid ond is changed after it is cloned yp in
the r-th invocation, therp does not lockud in the r-th invocation.

4. op shifts from ther-th Lock phase to the-th APPLY phase only if all the nodes in its data set are

consistent with the-th data set memento, and are lockedoby

. op only applies changes to nodes that are locked by it.

6. op releases locks only when itisimnLOCK phase, and during its-th uNLOCK phase it only releases
locks from nodes it has locked in theh invocation.

(21

Proof: We prove all claims simultaneously by induction on the exieourder. The base case is an empty
execution; in this case all the claims are vacuously satisfidext we prove the induction step for each
claim:
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1. A process; executes the-th invocation ofop. Assume by contradiction it successfully locks
althoughop is not in ther-th Lock phase. Firsp; readnd from op’s r-th data set memento (lines Ic2-
Ic3). Before executingpckNodes (line 1c9), p; verifies thathd's memento is valid (line Ic6), and that
op is in ther-th LOCK phase (line Ic8). Lep; be the executing process that shifjsfrom ther-th
LOCK phase either to the-th APPLY phase or to the-th uNLOCK phase. The transition occurs after
p; verifies the phase (line Ic8), and specifically after it read's lock (line Ic5), but beforey; applies
the lockingcAs (line In9 or In13). Ifp; shiftsop to ther-th APPLY phase, by (4) all nodes in theth
data set memento, includingl, are locked byp whenp; makes the transition. This contradicts the
assumption thgt; successfully appliedAs onnd’s lock, since at least the ABA-prevention counter
has changed.

Otherwise p; shifts to ther-th unLOCK phase since it discovers that some nedgin the r-th data
set memento is inconsistent with its memento (lines Ic6elclines Ic12-lc13). There are three cases
depending on the order between the color of the nodes:

() nd’ andnd have the same color, and by our assumptjgnipcks them atomically (using the
appropriatekCAS). By (3), the fact thatd’ changed whilep is in ther-th LOCK phase implies
thatp; cannot successfully lockd andnd’ in this invocation, a contradiction to the assumption
thatp; successfully locks.d.

(i) nd’ has lower color thamd. Thus,p; executedockColor(c/,r), wherec is the color ofnd’,
before trying to locknd. By (2), nd’ was locked byp and by (3), it has not changed whilg
is in ther-th LOCK phase, which contradicts the assumption fhjadiscovers it is inconsistent
with its memento.

(iii) nd’ has higher color thand. Thus,p; executesockColor(c,r), wherec s the color ofnd, before
discovering the change ind’. By (2), nd was locked byp and, by (6), it was not released while
op is in ther-th Lock phase, which contradicts the assumption thatuccessfully locks.d.

2. An executing process op that executetockColor(c,r) first verifies thabp is in ther-th LOCK phase
(line 12). It returns from the method in one of three caseso Tases are when it recognizes a change
in the state (line 1c8 or line Ic14), and it is evident by thatstdiagram that when returning from the
method,op is no longer in the--th LOCK phase. The third case is after verifying all the nodes with
color ¢ in ther-th data set memento are locked dgy(lines Ic10-lc11). Now, if when returning from
the method some of the nodes are not lockedythen, by (6), they are released by the operation
that locked them, while it is iwNLOCK phase, so this case also satisfies the condition.

3. If the r-th memento of a noded in op's data set is invalid no executing process tries to ladk
(lines Ic6-Ic7). Now, assume by contradiction thatan executing process op, successfully locks
nd although it has changed aftgs cloned it in ther-th invocation. The change occurs aftewerifies
nd is consistent with its memento (line 1c6), otherwigedoes not try to lockid. By (1), the change
occurs whileop is in ther-th LOCK phase. By Lemma 1, the change is applied by another operation
op’ in APPLY phase. By (5)d was locked byop’ while applying the changeop’ could not have
locked nd after it was locked byp, since by (6)op does not release its lock while irock phase.
Now, if op’ lockednd beforep; read the content ofd’s lock, thenp; does not try to locked and does
not apply thecAs. Otherwisepp’ lockednd afterp; read its lock, angh;’s CAs fails, since at least the
lock ABA-prevention counter has changed. Both cases cdictrthe assumption that successfully
applies thecas and locksnd.
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4. An executing process shiftg from ther-th Lock phase to the-th ApPLY phase only after it invokes
lockColor(c,r) with all colors from the--th color set whilevp is in ther-th LOCK phase. By (2), when
returning from each such invocation, all relevant noded@rked byop, and by (6), they were not
released since. As the set of colors covers all nodes inthelata set memento, they are all locked by
op while the transition occurs. Now, by (3), no node in thth data set memento is changed befgre
shifts toAPPLY phase, or elsep would have failed locking it. So, when the transition ocaitsiodes
in ther-th data set memento are lockeddgy and their content is consistent with their mementos.

5. By Lemma 1pp applies changes while it is lsPPLY phase and only to nodes that are in the last data
set memento. By (4), when the transitionappPLY phase occurs all nodes in theh (last) data set
memento are locked by it. Finally by (&) does not release the nodes while it is in AreLY phase,
which means thatp changes a node only when it holds its lock.

6. A process; executes the-th invocation ofop. If p; reads the lock of a noded (line ul6), and
discovers it is not locked byp, then it does not try to release it. Otherwige tries to releaseid
(line ul9) after it verifiesop is in UNLOCK phase and the node is locked &y in its r-th invocation
(line ul8). Before the initiating process, shiftsop from ther-th UNLOCK phase to the-th FINAL
phase (line t10), it invokeanlockDataset method (line h7), in whiclp tries to unlock all nodes in
ther-th data set memento (lines ul2-ul3). All processes exagutier-th invocation try to release the
same nodes from theth data set memento since by (&), only locks nodes from the-th data set
memento in the-th invocation. Wherp tries to released it either finds thatd is already not locked
by op, ornd is still locked byop. In the latter caseyd is released aftey applies itscAs (either byp's
successfutAs or another successfaAas). In both cases at least the lock ABA-prevention counter
has changed, thys cannot released successfully.

The proof that the algorithm is linearizable follows ditgdtom these properties.
Lemma 3 (Linearizability) Algorithmbcas-CHROMO is linearizable.

Proof: We linearize an operatioop; either when the transition to the stgtastFINAL,INVALID ) occurs
(line s8), or when the transition to the stdtastunLocCK,succESS occurs (line s28). Since only one of
these occurs during the execution of an operation the liretdon points are well defined.

In the first casepp; discovers that theourcenode is invalid, thus another operatiop; removes it.
Before the transition to theiNAL phase occursp; helpsop;. Lemma 1 implies thatp; already reached its
APPLY phase andp; helps it to complete successfully in case it has not comghhede. Thuspp; need not
apply its changes, and it appears afigy in the linearization.

In the second case, Lemma 2(3) and Lemma 2(4) imply that wieetransition to the lagtPpPLY phase
occurs in configuratiod’, all the nodes ip;’'s last data set memento are valid, have not changed singe the
were cloned, and are locked by;. By inspection of theloneDataset method it is easy to verify that in
such case the nodes in the memento, i.e., the nagddecked are the data s&S¢(op;). By Lemma 2(6),
the last data set remains locked while is in APPLY phase, which means, by Lemma 2(5), that no other
operation applies changes to these nodes and the data@gtisfDS(op;) during the execution of the
APPLY phase. Inspection of trepplyChanges method shows that the changes appliedpypreserve the
sequential specification of the corresponding doublydahkst operations. [
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Hereafter we regard the last data set memento, on which tegels are applied, as the operation’s
data set. The linearization property allows us to refer gs¢hchanges as occurring atomically, without
interference with other operations. We complete the safieigfs by proving that the coloring of the linked
list is always legal.

The algorithm uses three colors, i.8/, = 3; a node idegally coloredif its color is not equal to the
colors of its left and right neighbors. The left and right lamis are legally colored if their color is different
from their right or left neighbor, respectively.

Recall that we use a temporary coley < ¢; in two cases during the algorithm (see Algorithm 3):
first, a newly inserted node is colored with until it is assigned its regular color (line ai4); secondppr
to removing a node, its right neighbor is colored with(line ar2), afterwards this neighbor is assigned a
regular color (line ar7).

Recall that a node is valid if both its left and right link ptdrs are not null or it is an anchor. The
coloring property of the algorithm is stated in the next lemm

Lemma 4 All valid nodes are legally colored.

Proof: The proof is by induction on the execution order. The base sawhen the linked list is empty; in
this case the left anchor hascolor and the right anchor hag; color and hence, they are legally colored.

Induction step: a node can become illegally colored onlymws@me operation applies its changes to
the node or one of its neighbors. By Lemma 2(5), an operatimmges a node only if it holds a lock on
it. This implies that no node is inserted or removed immediyato the left or to the right of an operation
data set while the operation applies its changes. Moredvisrgasy to verify by inspecting the code for
changing the operation’s data set that a remove operatigrchanges the color of the right node in the data
set and that an insert operation only changes the color afdiwei.e. middle, node in the data set. Thus, the
following claim can be deduced:

Claim 5 An operation changes a node’s color only if it holds lockslmnode and its left neighbor.

We analyze every step in thePPLY phase of an operation, and we show that after each such sgep th
node that was changed is still legally colored. Consideft tlirsInsertRightoperation presented earlier in
Figure 3. The data set of the operatiop; , is the new node, the source node,), and its right neighbor
(m3). While op, is applying its changes, other operations neither removénsert nodes to the left of the
source node and to the right of the right neighbor node, aswldd not change the colors of the nodes in the
data set. Claim 5 imply that other operations do not changedlor of an additional consecutive right node
(m4). Moreover, by the induction hypothesis, an additionalssmutive left noder(,) is legally colored
even if its color is changed by another operation, whileis applying its changes. Itis left to show that the
changes applied by the operation itself leave the node#iyiempdored:

Line ai2, update right link of the new node: the new node isyebtvalid (Figure 3(b));

Line ai3, update left link of the new node: the new node isdvalhid it is legally colored (Figure 3(c));

Line ai4, the new node is assigned with a non-temporary aifterent than its neighbors (line uc6): the
new node is legally colored (Figure 3(d));

Line ai5, update left link of the right neighbomg): the right neighbor has color different than the colors
of the new node and the right consecutive naag)( and thus it is legally colored (Figure 3(e)).

Line ai6, update right link of the source node): the source node has color different than the colors of
the left consecutive noder(;) and the new node, and thus it is legally colored (Figure3(f)
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We next analyze thRemoveperation presented earlier in Figure 4. The data set offbeation ¢p-,
is the source noder{s) and its neighborsit, andm,). While ops is applying its changes, other operations
neither remove nor insert nodes to the left of the left neigtand to the right of the right neighbor, and also
do not change the colors of the nodes in the data set. Clainpbesrnthat other operations do not change
the color of an additional consecutive right node;§. Moreover, by the induction hypothesis, an additional
consecutive left noden{;) is legally colored even if its color is changed by anothegragion, whileop, is
applying its changes. We show again that the operation'sgdsleave the nodes legally colored:

Line ar2, the right neighbom{,) is assigned with the temporary color: the right neighbdegally col-
ored, since the source node) and the right consecutive node:{) have colors different than the
temporary colordp) (Figure 4(b));

Line ar3, update right link of the left neighbamng): the left neighbor has a non-temporary color, different
than the color of the consecutive left node;(), and the temporary color of the right neighbor, and
thus it is legally colored (Figure 4(c));

Line ar4, update left link of the right neighbor: the righigtgoor is legally colored, since the left neighbor
and the right consecutive node have colors different thaneimporary color (Figure 4(d));

Line ar5, set right link of the source node to null: the sourcde is now invalid (Figure 4(e));
Line ar6, set left link of the source node to null: the souradeis invalid (Figure 4(e));

Line ar7, the right neighbor is assigned with a non-tempocafor different than its neighbors (line uc6):
the right neighbor is legally colored (Figure 4(f)).

At this point we can get rid of the assumption that arbitraoas primitives are available. Ainser-
tRight operation locks two consecutive nodes, which must haveréift colors; aemoveoperation locks
three consecutive nodes, at most two of which have the saloe Thereforepcas suffices for locking all
nodes with the same color in an operation’s data set, imglihie next lemma:

Lemma 6 (Safety) Algorithm bcAs-CHROMO satisfies the sequential specification of doubly-linked lis
operations.

5.2 Liveness

Once an operation is in itsPPLY phase, it is straightforward that if one of its executingogesses takes
an infinite number of steps the operation completes suadbssk is left to prove that if the operation is
blocked in theLock phase then other operations complete successfully. Wegdtkeration of the loop
(lines Ic4-Ic15) within alockColor(c,r) method, where: is the color the operation tries to lock ands
the invocation the process is executing;lacking iteration We argue that in every locking iteration of an
executing process, whether successful or not, some openaiikes progress, ensuring that the algorithm
is nonblocking. To prove the locality properties we lateguer that in fact, some “nearby” operation makes
progress.

Recall that if an operationp discovers that a node in its data set is inconsistent witmémento due
to changes applied by another operation then it fails, aledses all the locks it holds. Thus, an operation
releases locks only after it completes successfully or whiails.
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Lemma 7 Consider an execution interval, in which a proces® executes théockColor(c,r) method of
an operationop;. Between every two consecutiuocking iterations applied by within o, some operation
either completes successfully or fails.

Proof: The firstc-locking iteration ofp in « fails since another operatiem; is blockingop;, i.e.,op; holds
the lock of a nodewd with color ¢ that op; is trying to lock. While executing theackColor(c,r) method
p applies another locking iteration, which means did not fail, andp invokes thehelpBlocking method
(line Ic15) in the first locking iteration. I discovers thabp; still holds the lock (line hb2) then it help;
(line hb4) before it starts the second iteration. Otherwige no longer holds the lock afd. In both cases
op; releases its locks, which means it either completes suftitlgssr it fails. [

In order to prove the algorithm is nonblocking we define salveounters whose increase imply some
progress in the execution:

e A completed operations countéenotedco, a nondecreasing counter, that is initially set to O; in-
creases each time an operation completes successfully.

e Asetofn failure countersdenotedfy, . . ., f,, one nondecreasing counter per process, that are initially
set to O; failure countef; increases whenever the operation of proggdails.

e A set ofn color countersdenoted:iy, .. ., cl,,, one counter per process; holds the color of the last
locking iteration that procegs executed; this counter is initially set whgnexecutes the first locking
iteration of its first operatiomp}. Note that the color counters are not necessarily monotone.

The value of a counter in a specific configuratiGns denoted aso(C), f;(C), etc.

If a process takes an infinite number of steps, it executes infinitely nmaaoking iterations. In such an
execution, the initial configurations of all the lockingraéonsp executes are denotédy, C,...,Cy,. . .,
in their order of appearance; clearly, these configuratiamasot consecutive in the execution.

The following lemma argues that each such configuration igestone in the progress of the algorithm:

Lemma 8 Given an execution of a procegg, for everyt > 0, at least one of the counters(C}),
f1(Cy), ..., fu(Cy) or el (Cy) is (strictly) greater than the corresponding counter in figaration C;_ .

Proof: Assume that a€’;_; p; starts ac-locking iteration while executing lckColor(c,r) method of the
operationop], and that atC; pj, starts a’-locking iteration while executing BckColor(¢,r’) method of

. j’ . .
the operatiorop;, . The proof is by a case analysis.

First assume that = ¢, i.e., both operations are of the same proggsslf ; < j, op{ completed
successfully and the completed operations counter isrimanéed, showing thab(C;_1) < co(C}). Oth-
erwise,j = j/, i.e., both locking iterations are of the same operationr ¥ 7/, thenop! failed at the
first iteration and thug;(C;—1) < f;(C;). Otherwise, = r’ i.e., both locking iterations are of the same
invocation. In this case the cologs is locking are nondecreasing: d¢f < ¢ thencl,(Cy_1) < clp(Cy);
otherwise,c = ¢ and by Lemma 7 some operatiop;. either completed successfully or failed, hence
CO(Ct_l) < CO(Ct) or fi”(Ct—l) < fi”(Ct)-

Alternatively : # ¢/, and there are two possible scenarios. In the first scenarigucceeded locking
¢ in the first iteration. Since the next locking iteration isavfother operatioryp; locked all the nodes in
its data set angy. helps it to complete successfully, thas(C;—1) < co(Cy). In the second scenariop;
failed lockingc sinceop, blocked it and whem, executes the second locking iteration it hedpg to lock
a higher color, thusi; (C;—1) < cli(Cy). |
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An operationop fails only due to a change applied by anotlfeting operation that holds a lock on a
node inop’s data set.

Lemma 9 Algorithmbcas-CHROMO is nonblocking.

Proof: We need to prove that some pending operation completesaafteite number of;’s steps. By
Lemma 8, at least one counter increases at each lockindiotenga executes. The color counteti;, is
bounded byM, the number of colors. Hence, after at mastonsecutive locking iteration, some counter
other than the color counter mustincrease. If the complgpedations counter increases, then some pending
operation completes. Otherwise some failure counter irsa®e

We now show that the number of iterations in which a failurerder f;, increases before some operation
completes is bounded by a finite number. As long as a failirgatjon is not completed, it holds the lock on
a node inop’s data set. Thus, the number of concurrent failing opematibat are pending can be at most
as the size of the operation’s data set, in our case, 3. Simzan operation is applying its changes it can
not fail, and the number of changes each operation applieseie completes successfully is constant, after
an executing process op;. executes a finite number of locking iterations, oneof’s failing operations
completes. [

5.3 Locality Properties

The locality properties of the algorithm depend on an oatonh of the conflict graph that is induced by the
order in which nodes in the data set are locked. This captheslocking order of the recursive helping.

The wait-for graph of a reachable configuratio@' is a directed graph denoteld (C'). H(C) is an
orientation of G(C), including only edges connecting a locked and an unlocketices in the data set.
Formally, H(C') contains an edgsez, Lot m,, if and only if m, is locked by an operationp; in its r-th
LOCK phase, whilen,, is not yet locked by the operation in configuratioh We denote an edge labeled
op,r by e, ore,, if the sequence number of the invocation is of no importafce.example, consider the
following execution of the operations in Figure 1(a): In figarationC4, ops locks mg (coloredred); later
in configurationCy opy locks mg (coloredred); ops locks m, (coloredgreen) in configurationCs; and
op4 locks m7 andms (coloredgreen andblue respectively) in configuratiod’y. Figures 6(a), 6(b), 6(c)
depict the respective wait-for graphs of configuratiéhs Cs andC. Figure 6(d) presents another possible
execution in whiclvp, succeeds to acquire the locksaf; prior to ops, in some configuratiomé following
configurationC?.

A wait-for pathfrom op; to op; is a directed path from a vertex RS (op;) to a vertex inDS(op;),
where each edge in the path is in some wait-for gragh’), C' € Itop; op;3- Itis possible that the path does
not appear in the wait-for graph of a single configuration A path with one vertex is ammpty wait-for
path

An operationop traverses a wait-for patlof lengthl, if its initiator proces recursively invokes + 1
help methods, within the context of itselp method (denoted th@th recursive call): the first recursive
calls correspond to the edges of the path. That is, ifitheedge,l < <1, is eg;,%_: (m;—1,m;) then the
i-th recursive call is theelp(r;) method of operationp,,, and it is invoked after failing to lock:;_; in the
i — 1-th recursive call; the last recursive call is of the op@mbwning the lock on the last vertex in the path
my, as was read by in the penultimatdnelp method.

The next lemma argues that every edge traversed by a procassait-for path increases the color of
the locking iteration that the process executes.

22



(a) ConfiguratiorCs.

(b) ConfigurationCs.

(c) ConfigurationCl.

op2
(d) Alternative configuratiom’]é.

Figure 6: Simple wait-for graphs.

Lemma 10 If the initiator of operationop; invokes théielp(r;) method of an operatioop; after traversing
some wait-for path fromap; to op; of lengthk > 0, thenop; owns the lock of a node with coloy > ¢4
in its r;-th invocation.

Proof: The proof is by induction on the length of the wait-for patthelbase case is whén= 0; in this
case,op; fails to lock some noded and discoversid is locked byop; in the r;-th invocation. Wherop;
locksnd, it is a valid node with a non-temporary colat thusop; already locked coloe; > ¢ in its r;-th
invocation.

For the induction step, consider a wait-for path of lengtl 0; p; traverses a wait-for path of length
k — 1, in the last step while executing thelp(r;) method ofop; it tries to lock some nodé. By the
induction assumptioryp;, already locked a color greater or equattan ther,-th invocation, which means
t has colore; > ¢;.

We reviewp;’s steps while traversing the last wait-for edgg, = (s, t): p; readst’s lock (line Ic10),
and discoversp;, failed to lockt (otherwise it returns in line Ic11) and thails consistent with its memento
(line Ic12), i.e., its color is stilk;. Thenp; retrieves the information about the blocking operatigmy, and
its invocation number; from¢'s lock (line hb3), and helpsp;; i.e., invokes ithelp(r;) method (line hb4).
Thus, the blocking operationp;, owns the lock of a node with colej > ¢4 in its r;-th invocation. =

The d-neighborhoodof an operation interval,,, denoted\;(1,,), is the set of operations within dis-
tanced from op in the conflict graph of,,,. We complete by proving that two operations at constanauest
from each other do not interfere with each other’s execstion

Lemma 11 (Local step complexity) AlgorithmbcAs-CHROMO has 2-local step complexity.

Proof: The step complexity of an operatiop is linear in the number of locking iterations executed by its
initiator during 1,,. We associate every such locking iteration with some ojmratA successful locking
iterations is is associated with the operation that regaeste lock, and to which the process is helping.
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Futile locking iterations, however, are associated withdperation that (implicitly) caused the locking to
fail, as explained below.

First we prove that a procep®nly helps operation iz (1,,), this implies that all operations associated
with successful locking iterations are ixz(I,,). Since the algorithm uses onB¢coloring, Lemma 10
implies that ifp invokes thehelp(r;) method of operatiomp; then it traversed some wait-for path fram
to op; of length at mostV/ — 1 = 2. Since all edges traversed by are in the conflict graph af,,, op; is
in Ng([op).

Next we prove that an operation that is associated with anasessful locking iteration is iW5(Z,p).
The proof depends on the length of the wait-for path travkbse. Assumep helps an operationp;, after
traversing a wait-for path of length 0, i.ep;, € Ny(1,p). p fails to lock a nodeud in a c-locking iteration
since another operatiarp;, € No(IopZ.O) lockednd. If this invocation ofop;, fails thenop;, changedd
since it was cloned and thug;, is responsible for the failure of the locking iteratiorp;, € N;(I,,) and
Ni(Lop) € Na(1,,) soopi, € Na(1,,). Otherwise, the invocation does not fail, this meaps released the
node without applying further changes to itof;, released the node after it completed successfully then it
is the responsibleyp;, € N1(1,,) C Nao(1,p). If op;, released the node after it fails, then another operation
opi, € NO(Iopil) changed a node inp;,'s data set andp;, is the responsible for the failure of the locking
iteration,op;, € Na(Iop).

Now, assume helps an operationp;, after traversing a wait-for path of length 1, i.ep;, € Ni(Iop).

By Lemma 10,0p;, holds the lock of a node with colej > c,. This mean fails to lock a node:d in a
cs-locking iteration since another operatiop;, € No(lopil) lockednd. Sinceop;, already locked colot;

it completed locking all nodes in its data set and it cannidt Tdus, op;, is responsible for the failure of the
locking iteration, and herep;, € N>(I,p).

Finally, assume helps an operatioop;, after traversing a wait-for path of length 2, i.ep,, € Na(Iop).

By Lemma 10pp;, already locked colots; hence, it completed locking all nodes in its data setaddes
not execute any locking iterations while helping it. [

Lemma 12 (Local contention) Algorithm bcAs-CHROMO has 6-local contention complexity.

Proof: When an operationp; helps another operatiap;, it accessesp,’s nodes and operation object.
We consider the general case in which two operatigns# op; help a third operatiomp;, (which may
be eitherop; or op; themselves), and access the same object simultaneouslysiniiar arguments to
those applied in the previous proof; (respectivelypp;), only helps operations V> (1,,,) (respectively,
Na(Iop,)). op; andop; access the same object, while helping.. So, in the conflict graph ofop;, op; }
there are edges of wait-for paths, at most of lerigtiiom op; andop; to opy,, these paths end in two nodes
in DS (opy), Which are either the same or are both connected with a sauge to thesourcenode ofopy,.
Thus, the distance betweep; andop; in the conflict graph ofop;, op;} is at most 6. [

6 CAs-Based Priority List and Deque Algorithms

When removals occur only at the ends of the linked list, Allpon bcAS-CHROMO can be further adapted
to use onlycAs.

Without DCAS, we can no longer atomically lock all nodes with the samercdlbis is not a problem
for insertions—Ilocking only two consecutive nodes on tg kivhich must have distinct colors. A remove
operation still needs to lock three items, two of which mayehthe same color, but one of the items is
always an anchor of the linked list. This inherent asymmefrihe data set is exploited in order to avoid
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Algorithm 5 Algorithm cas-CHRomMO: Modification for cAs-based operations

classinsertFirst Operation{ classRemoveFirst Operation{
I/ source : Node = left anchor I/ source : Node = left anchor
newNode : Node popped : Node
} ¥
Infl: Operation::lockTwoNodes(...) { tl1: Operation::touchLocks(Node nd1,Node nd2)
// same arguments as in Algorithm 2 tl2: 11,12 — nd1.lock, nd2.lock
// ndlis to the left of nd2 t13: cAs(ndl.lock, 11,(11.lock,l1.seq,l1.abal$}
Inf2: lockOneNode(nd1,lockl,seq) tl4: cAas(ndl.lock, 12,(I2.lock,I2.seq,l2.abalH}L
Inf3: lockOneNode(nd2,lock2,seq) 5 }
Inf4: }
RemoveFirst::cloneDataset() { RemoveFirst::applyChanges() {
cloneNode(source, 0) if datasetMemento[2] i4 then
first — datasetMemento[0].right.node toUnlockEmptyState() // Empty linked list
cloneNode(first, 1) return
second— datasetMemento[1].right.node nd «— datasetMemento[1].node
cloneNode(second, 2) CAs(popped, null, nd)
} setTempColor(2)

updateRight(0,2)
updateLeft(2,0)
updateRight(1,L1)
updateLeft(1,1)
updateColor(2)

Operation::toUnlockEmptyState() {
s« state
if s!=(seqAPPLY,SUCCESS then return
CAS(state, s{SeqUNLOCK,EMPTY))

}

waiting circles in the conflict graph, i.e., by locking nodeish the same color in the same direction, from
left to right.

We reuse the core implementation of operations from AlgaribcAs-CHROMO and add the operations
InsertFirst InsertLast RemoveFirstandRemoveLastor manipulating the ends of the linked list, with the
obvious functionality. We discuss the operations appliethe left end of the linked list; the two operations
on the right end are symmetric.

Algorithm 5 presents the main changes in the pseudo dogertFirstandRemoveFirsbperations are
closely related to thénsertRightand Removeoperations, except that they implicitly take the left ancho
as their source node. Moreover, tRemoveFirspperation refines the methods for cloning and changing
the data set. If the list is empty, no changes are applied lamdesult of the operation is set BMPTY.
Otherwise, the first node is removed from the list after ifsnence is assigned to tippppednode attribute.

The most crucial modification is in the locking protocol, winino longer uses aCAS primitive when
locking its data set (line Infl). A direct consequence id tha process no longer atomically locks nodes
with the same color. This requires further adjustments eéqttoofs, which we describe next.

First we review safety. The fact that equally colored nodeda@cked atomically is referenced only in
the proof of Lemma 2. Lemma 2(1) claims that a nedecannot be locked by operatiap after a transition
to UNLOCK phase due to a change in nodé in op’s data set memento. The original proof first handles
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the case whered andnd’ have the same color. We slightly modify theekColor method: after a change

in some node is detected (line Ic6 or line Ic12) and beforamsition to theuNLOCK phase occurs (line Ic7

or line Ic13), the executing process calls thachLocks method (line tl1), which essentially violates the
locks by “touching” their ABA-prevention countér.

Given this change, the proof can be fixed. An executing pgoésp, p;, verifies thatnd andnd’ are
valid and has not changed. #4i’ changed, it must be that another executing progess;touched” the
locks of nd andnd’, and thenop shifts touNLOCK phase. Since at least the ABA-prevention counter of
nd’'s lock is changed before the transition, any attempt;db lock nd after the transition, fails. The proofs
of the other cases, where the colorsmaf andnd’ are different, do not rely on the atomicity of locking
equally-colored nodes, and they remain the same. Likewhseproofs of Lemma 2(2)-(6) and other safety
lemmas are the same as for AlgoritmgAs-CHROMO.

Next we discuss liveness. Lemma 8 claims that the value céastlone counter increases at every
locking iteration. The last claim in the proof is based onfdme the an operationp; helps another oper-
ation op; only if it already locked a higher color. In AlgorithmAs-CHROMO the color counter may not
increase if the process helps a remove operation. Nevesthehere can be at most two remove operations
concurrently, which lock nodes with the same color accardmtheir order in the list, from left to right.
Thus, after at most three locking iterations in which thentets remain the same, the value of one counter
increases. So, the proof claiming that after a finite numibésaking iterations some operation completes
is still valid, and the algorithm is nonblocking.

Finally, to discuss the locality properties of the algarthwe revisit Lemma 10. This lemma states
that if a process helps an operatign after traversing a wait-for path of length) thenop already locked
color ¢; > c¢r1q1. The proof is based on the fact that the color increases veith step on the path. In
Algorithm cas-CHROMO the color may not increase when traversing one edge of a remperation in
the path, but then again there can be at most two remove aperatoncurrently. So, the lemma now
claims thatop already locked color; > max{c;_1,c1} since the colors in the path increase at each step,
excluding at most two non-decreasing edges. The revisexshéerand restrictions induced by the structure
of a doubly-linked list, imply the following theorem:

Theorem 13 Algorithm cAs-CHROMO is a nonblocking implementation of a priority queue withogdl
step complexity and 4-local contention complexity.

Sketch of proof: The proof of the local step complexity property closely dals the arguments in the
proof of Lemma 11. Due to the modification in Lemma 10, we repldne 2-neighborhood of an operation
interval I,,,, in 4-neighborhood\,(1,,), and prove the algorithm has 4-local step complexity.

For the proof of the local contention property it can be shdlat the worst-case scenario is the one
presented in Figure 7. Assunagg, ops, ops and ops are InsertRightoperations,op; is a RemoveFirst
operation an@dp, is aRemovelLasbperation. Consider an execution in whigh locks the left anchomp,
locksmo, ops locksmg, op4 locks my, andops locks ms and the right anchowpy andops are at distance
four from each other, and they contend while accessing ¢ ainchor:op, tries to lock the left anchor and
thus it helpsop;; op; tries to lockms and thus it helpsps; op, tries to lockmg and thus it helpsps; ops
tries to lockm, and thus it helpsp,; op4 tries to lock the right anchor and thus it helgs;. [

An implementation of the deque data structure requiresabjpeis only at the ends. In this case the
analysis can be further tightened to show:

’This is similar to the way an operation is invalidated bef@ieasing its nodes in [4].
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Figure 7: AlgorithmcAs-CHROMO worst case scenario.

Theorem 14 Algorithm cas-CHROMO is a nonblocking implementation of a deque with 2-local stem-
plexity and 2-local contention complexity.

Sketch of proof: We prove that two operations are either at distance smélér or equal to 2, or their
distance is infinite. For any operatiop in a given conflict graph, we can compute the distance to amsrot
operation in the graph by applying a breadth first order fegra data set vertices, denoted the zero layer.
We say a layer in the searcloversan operation if the operation’s data set is covered by therlayssume
without loss of generality thatp is an operation on the first end of the linked list. The firselagf the
search covers all the operations on the first end of the Ilfsthekre is an operation on the last end of the
linked list, which includes data items from the first layertgidata set then it is covered in the second layer,
and the third layer covers all operation on the last end warelnot covered by the second layer. Operation
covered by the first, second and third layers are at distagiee @ane and two respectively froop. Thus,
either the distance between two operationdsin which case they do not contend or affect each others step
complexity, or they are at distance smaller or equal to two. [

7 Discussion

This paper presents a new approach for designing nonblpcki high-throughput implementations of
linked list data structures; our scheme may have otheregifns, e.g., for tree-based data structures.

We show abCAs-based implementation of insertions and removals in a gelirited list; for a deque
and priority queues, where nodes are removed only from tds,ahe implementation is modified to use
only cAs. These implementations are intended as a proof-of-corangpteave open further optimizations
that will make them more practical. It is also necessary tolément esearchoperation in order to support
the full functionality of priority queues and lists.

Acknowledgments: We thank David Hay, Danny Hendler, Gadi Taubenfeld and therees for helpful
comments.
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