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Abstract

This paper presents a novel approach for lock-free implementations of concurrent data structures,
based on dynamically maintaining acoloring of the data structure’s items. Roughly speaking, the data
structure’s operations are implemented by acquiring virtual locks on several items of the data structure
and then making the changes atomically; this simplifies the design and provides clean functionality. The
virtual locks are managed withCAS or DCAS primitives, and helping is used to guarantee progress;
virtual locks are acquired according to a coloring order that decreases the length of waiting chains and
increases concurrency. Coming back full circle, the legality of the coloring is preserved by having
operations correctly update the colors of the items they modify.

The benefits of the scheme are demonstrated with new nonblocking implementations of doubly-
linked list data structures: ADCAS-based implementation of a doubly-linked list allowing insertions and
removals anywhere, andCAS-based implementations in which removals are allowed only at the ends of
the list (insertions can occur anywhere).

The implementations possess several attractive features:they do not bound the list size, they do not
leave accessible chains of garbage nodes, and they allow operations to proceed concurrently, without
interfering with each other, if they are applied to non-adjacent nodes in the list.

Keywords: local step complexity, local contention, nonblocking implementations,CAS, DCAS, doubly-
linked list, double-ended queue, priority queue.
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1 Introduction

Many core problems in asynchronous multiprocessing systems revolve around the coordination of access
to shared resources and can be captured asconcurrent data structures—abstract data structures that are
concurrently accessed by asynchronous processes. A prominent example is provided by list-based data
structures: Adouble-ended queue(deque) supports operations that insert and remove items at the twoends
of the queue; it can be used as a producer-consumer job queue [3]. A priority queuecan be implemented as a
doubly-linked list where removals are allowed only at the ends, while items can be inserted anywhere at the
queue; it can be used to queue process identifiers for scheduling purposes. Finally, a genericdoubly-linked
list (hereafter, often called simply alinked list) allows insertions and removals anywhere in the linked list.

Concurrent data structures are implemented by applyingprimitives—provided by the hardware or the op-
erating system—to memory locations.Lock-free implementationsdo not rely on mutual exclusion, thereby
avoiding the inherent problems associated with locking—deadlock, convoying, and priority-inversion. Lock-
free implementations must rely on strong primitives [14], e.g., CAS (compare and swap) and its multi-
location variant,kCAS.

Lock-free implementations are often complex and hard to getright; even for relatively simple, key data
structures, like deques, they suffer from significant drawbacks: Some implementations may contain garbage
nodes [13], others statically limit the data structure’s size [15] or do not allow concurrent operations on both
ends of the queue [19]. Even whenDCAS (i.e., 2CAS) is used, existing implementations either are inherently
sequential [10,11] or allow to access chains of garbage nodes [8].

Implementing concurrent data structures is fairly simple if an arbitrary number of locations can be
accessed atomically. For example, removing an item from a doubly-linked list is easy if one can atomically
access three items—the item to be removed and the two items before and after it (cf. [8]).

Since no multiprocessor supports primitives that access more than two locations atomically, it is neces-
sary to simulate them in software usingCAS or DCAS. This can be done using methods such assoftware
transactional memory[21] or the so-calledlocking without blockingtechniques [6, 24]. The basic idea of
these methods is to useCAS in order to acquirevirtual locks on the items—one item at a time, andhelp
processes that hold virtual locks on desired items until they are released. This guarantees that the simu-
lation is nonblocking[14], namely, in any infinite execution, some pending operation completes within a
finite number of steps. Unfortunately, the resulting implementations may have long waiting chains, creating
interference among operations and reducing the implementation’s throughput.

Attiya and Dagan [4] suggest an alternative implementationof binary operations that reduces interfer-
ence by usingcolors (from a small set). Thiscolor-based virtual lockingscheme starts by legally coloring
the items it is going to access, so that neighboring items have distinct colors. Then, the algorithm acquires
the virtual locks in increasing order of colors, thereby avoiding long waiting chains. Afek et al. [1] extended
this implementation to arbitraryk-ary operations.

Afek et al. [1] define two measures to evaluate whether operations that access disjoint parts of the data
structure, or are widely separated in time, do not interferewith each other. These definitions rely on the
notion of aconflict graph, whose nodes are the data items and there is an edge between two items if they are
accessed by the same operation. Roughly speaking, thedistancebetween operations in the conflict graph is
the length of the shortest path between their data items. An implementation hasd-local step complexityif
only operations in distance less than or equal tod in the conflict graph can delay each other; it hasd-local
contentionif only operations in distance less than or equal tod in the conflict graph can access the same
locations simultaneously.1 In particular, when there is no path in the conflict graph between the data items

1Attiya and Dagan [4] used a more complicated measure calledsensitivity, which is not discussed in this extended abstract.

1



accessed by two operations, they do not delay each other or access the same memory locations; thus,d-local
step complexity and contention extend and generalizedisjoint-access parallelism[18].

The implementations [1, 4] haveO(log∗ n)-local step complexity and contention, and they are rather
complicated, making them infeasible for fundamental linked list-based data structures. The major reason for
the cost and complication of these implementations is the need to color memory locations at the beginning
of each operation, since operations access arbitrary and unpredictable sets of memory locations.

When operations are applied on a specific data structure, however, they access its constituent items in
a predictable, well-organized manner; e.g., linked list operations access two or three consecutive items. In
this case, why color the accessed items from scratch, each time an operation is invoked? After all, the im-
plementation initializes the data structure and provides operations that are the only means for manipulating
it. If the colors are built into the items, then an operation can rely on them to guide its locking order, without
coloring them first. In return, the operation needs to guarantee that the modifications it applies to the data
structure preserve the legality of the items’ coloring.

We demonstrate this approach with two new doubly-linked list algorithms: ACAS-based implementa-
tion in which removals are allowed only at the ends of the list(and insertions can occur anywhere), and a
DCAS-based implementation of a doubly-linked list allowing insertions and removals anywhere.

TheCAS-based implementation, allowing insertions anywhere and removals at the ends, is based on a 3-
coloring of the linked list items. It has4-local contention and4-local step complexity.; namely, an operation
only contends with operations on items close to its own itemson the linked list, and it is delayed only due to
such operations. When insertions are also limited to occur at the ends, the analysis can be further refined to
show2-local contention and2-local step complexity; this means that operations at the two ends of a deque
containing three data items (or more) never interfere with each other.

Handling removals from the middle of the linked list is more difficult: removing an item might entail
recoloring one of its neighbors, requiring to make sure its neighbor’s color is not changed concurrently.
Thus, a remove operation has to lockthreeconsecutive items; under a legal coloring it is possible that two
of these items (necessarily non-consecutive) have the samecolor. We employ aDCAS operation to lock
these two nodes atomically, thereby avoiding hold-and-wait chains. This algorithm has6-local contention
and2-local step complexity. To the best of our knowledge, this isthe first nonblocking implementation of a
doubly-linked list from realistic primitives, which allows insertions and removals anywhere in the list, and
has low interference.

In our algorithms, an operation has constantobstruction-free step complexity[9]; namely, an operation
completes withinO(1) steps in an execution suffix in which it is running solo. Another attractive feature of
our implementations is that it does not leave accessible chains of stale “garbage” nodes.

In recent years, a flurry of papers proposed implementationsof dynamic linked list data structures,
yet none of them provided all the features of our algorithms.(See Table 1.) Some of these algorithms have
significant drawbacks, e.g., they are incompatible with garbage collectors, or inherently sequential, or bound
the linked list’s size.

Harris [13] usedCAS to implement a singly-linked list, with insertions and removals anywhere; however,
in this algorithm, a process can access a node previously removed from the linked list, possibly yielding an
unbounded chain of uncollected garbage nodes. Michael [20]handled these memory management issues.
Elsewhere [19], Michael proposed an implementation of a deque; in his algorithm, a single word (called
anchor) holds the head and tail pointers, causing all operations tointerfere with each other, thereby making
the implementation inherently sequential. Sundell and Tsigas [23] avoid the use of a single anchor, allowing
operations on the two ends to proceed concurrently. They extend the algorithm to allow insertions and
removals in the middle of the list [22]; in the latter algorithm, a long path of overlapping removals may
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algorithm insertions deletions primitive interference comments
Greenwald List [10] anywhere anywhere DCAS any pair
Harris [13] anywhere anywhere CAS any pair singly-linked list

chains of garbage nodes
Michael Set [20] anywhere anywhere CAS any pair singly-linked list
Sundell and Tsigas [23] anywhere anywhere CAS any pair
Alg. DCAS-CHROMO anywhere anywhere DCAS distance≤ 2

Michael Deque [19] ends ends CAS opposite ends doubly-linked list
Herlihy et al. Deque [15] ends ends CAS distance≤ 1 obstruction free

size is bounded
Greenwald Deque [11] ends ends DCAS opposite ends
Agesen et al. Deque [2] ends ends DCAS distance≤ 1 doubly-linked list
Sundell and Tsigas [23] ends ends CAS distance≤ 1
Alg. CAS-CHROMO anywhere ends CAS distance≤ 4
Alg. CAS-CHROMO ends ends CAS distance≤ 2

Table 1: Linked list algorithms;interferenceindicates which operations may delay other operations.

cause interference among distant operations; moreover, during intermediate states, there can be a consecutive
sequence of inconsistent backward links, causing part of the list to behave as singly-linked. Anobstruction-
free deque, providing a liveness property weaker than nonblocking, was proposed by Herlihy et al. [15];
besides blocking when there is even a little contention, this array-based implementation bounds the deque’s
size.

Greenwald [10,11] suggests to useDCAS to simplify the design of implementations of many data struc-
tures. His implementations of deques, singly-linked and doubly-linked lists synchronize via a single desig-
nated memory location, resulting in a strictly sequential execution of operations. Agesen et al. [2] present
the first DCAS-based nonblocking, dynamically-sized deque implementation that supports concurrent ac-
cess to both ends of the deque, and has 1-local step complexity; this algorithm does not allow insertions or
removals in the middle of the linked list. The SNARK algorithm [7] is an attempt for further improvement
that uses only a singleDCAS primitive per operation in the best case, instead of two. Unfortunately, SNARK

is incorrect [8]; the corrected version allows removed nodes to be accessed from within the deque, thus
preventing the garbage collector from reclaiming long chains of unused nodes. Doherty et al. [8] even argue
that primitives more powerful thanDCAS, e.g.,3CAS, are needed in order to obtain simple and efficient
nonblocking implementations of concurrent data structures.

The rest of this paper is organized as follows. Section 2 presents the model of a asynchronous shared-
memory system, while Section 3 defines local contention and local step complexity in a dynamic setting.
Most of the paper describes theDCAS-based implementation of a doubly-linked list allowing insertions
and removals anywhere (Section 4). Section 6 outlines the modifications needed to obtain theCAS-based
implementation that does not allow removals from the middle.

2 Preliminaries

We consider a standard model for a shared memory system [5] inwhich a finite set ofasynchronous pro-
cessesp1, . . . , pn communicate by applyingprimitive operations tom sharedmemory locations, l1, . . . , lm.

A configurationis a vectorC = (q1, . . . , qn, v1, . . . , vm), whereqi is the local state ofpi andvj is the
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value of memory locationlj .
An eventis a computation step by a process,pi, consisting of some local computation and the application

of a primitive to the memory. We employ the following primitives:READ(lj) returns the valuevj in location
lj ; WRITE(lj , v) sets the value of locationlj to v; CAS(lj , exp, new) writes the valuenew to locationlj if
its value is equal toexp, and returns a success or failure flag;DCAS is similar toCAS, but operates on two
independent memory locations.

An execution intervalα is a (finite or infinite) alternating sequenceC0, φ0, C1, φ1, C2, . . ., whereCk is
a configuration,φk is an event and the application ofφk to Ck results inCk+1, for everyk = 0, 1, . . .. An
executionis an execution interval in whichC0 is the unique initial configuration.

A data structureof type T supports a set of operations that provide the only means to manipulate it.
Each data structure has asequential specification, which indicates how it is modified when operations are
applied in a serial manner (in isolation).

An implementationof a data structureT provides a specific data-representation forT ’s instances as a set
of memory locations, and protocols that processes must follow to carry outT ’s operations, defined in terms
of primitives applied to memory locations. We require the implementation to belinearizable[16].

This paper considers adoubly-linked listdata structure, composed ofnodes, each with link pointers to its
left and right neighboring nodes. Two specialanchornodes serve as the first (leftmost) and last (rightmost)
nodes in the doubly-linked list; they cannot be removed fromit, and hold no left link or no right link,
respectively. A node isvalid in configurationC if it is either an anchor, or both its left link and right link
pointers are not null.

We concentrate on theInsertRight, InsertLeftandRemoveoperations applied to somesource node in
the linked list. Our description of their effects resemblesthe description of the deque operations in [2]:

insertRight(nd) If source is a valid node other than the right anchor, then insertnd to the right ofsource
and returnSUCCESS; otherwise, returnINVALID and the linked list is unchanged.

insertLeft(nd) If source is a valid node other than the left anchor, then insertnd to the left ofsource and
returnSUCCESS; otherwise, returnINVALID and the linked list is unchanged.

remove() If source is a valid node other than an anchor, then removesource from the linked list and return
SUCCESS; otherwise, returnINVALID and the linked list is unchanged.

In order to apply an operation to the data structure, processpi executes the associated protocol. We
denote an operation of processpi by opi; thej-th operation ofpi is denotedopj

i .
The interval of an operationop, denotedIop, is the execution interval between the first and last events

of the process executingop’s protocol; if the operation does not terminate, its interval is infinite. Two
operationsoverlap if their intervals overlap. Theinterval of a set of operationsOP , denotedIOP , is the
minimal execution interval that contains all intervals,{Iop}op∈OP .

3 Locality Properties

The reference lock-based implementationof a data structureT atomically locks all the memory locations
that it accesses; these are called thelock setof the operation. Different lock-based implementations may
have different lock sets. Since we aim for highly concurrentimplementations, we choose a reference imple-
mentation that locks as few data items as possible; for a linked list data structure this number is a constant.

When operations are applied sequentially the state of the data structure is well defined at the end of each
operation. The lock set of an operationopi applied when the data structure is in states is denotedLSs(opi).
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When operations are concurrent, the state of the data structure at a configurationC is not necessarily
unique. A states of the data structure ispossiblein configurationC, if it is the result of some linearization
that includes all operations that complete beforeC and a subset of the operations that are pending inC. The
set of all possible states inC is denotedstates(C).

Intuitively, the data set of an operation includes all the data items the operation accesses. When the
data structure is dynamic, however, the data set changes over time and it is unknown when the operation
is invoked. For this reason, we consult the reference implementation regarding the data items it locks
with respect to all the states of the data structure during the operation’s interval. Formally, thedata setof
an operationopi in configurationC is defined asDSC(opi) =

⋃

s∈states(C) LSs(opi); i.e., the union of
all the sets of data items the operation locks (under the reference implementation) when the state of the
data structure is instates(C). DS(opi) =

⋃

C∈Iopi
DSC(opi); namely, the union ofDSC(opi) over all

configurations duringopi’s execution interval.
For example, Figure 1(a) depicts several overlapping operations; op1, op3, andop5 insert a new node

to the right ofm2, m4, andm8, respectively, whileop2 andop4 removem3 andm6 respectively. The new
node, omitted from the figure, is also in the operation’s dataset. Consider the following execution: in the
first execution intervalC0, . . . , C1 every operation takes one step, and assume for simplicity itis a read step;
then, in the execution intervalC1, . . . , C2 only op2 takes steps until it completes successfully to removem3;
finally, in the execution intervalC2, . . . , C3 only op1 takes steps until it completes successfully. Figure 1(a)
depicts the data set of the operations at configurationC1. Note that the data set ofop1 changes over time:
DSC1

(op1) = {m2,m3} while DSC2
(op1) = {m2,m4}, and altogether the data set of the operation is

DS(op1) = {m2,m3,m4}.
Theconflict graphof a configurationC, denotedG(C), is an undirected graph that captures the distance

between overlapping operations. IfC is in the execution interval of an operationopi, andmv andmu are
data items inDSC(opi), then the conflict graph includes an edge between the respective verticesv andu,
labeledopi. Figures 1(b) and 1(c) depict the conflict graph of configurations C1 andC2, respectively. The
conflict graph of an execution intervalα is the graph

⋃

C∈α G(C). Figure 1(d) depicts the conflict graph of
op1’s execution interval.

Theconflict distance(in shortdistance) between two operations,opi andopj , in a conflict graph is the
length (in edges) of the shortest path between some vertex inDS(opi) and some (possibly the same) vertex
inDS(opj). In particular, ifDS(opi) intersectsDS(opj), then the distance betweenopi andopj is zero. The
distance is∞, if there is no such path. In the conflict graph of configuration C1 (Figure 1(b)), the distance
betweenop1 andop2 is zero, the distance betweenop1 andop3 is one, the distance betweenop1 andop4 is
two, and the distance betweenop1 andop5 is∞. After op2 completes in configurationC2 (Figure 1(c)), the
distance betweenop1 and other operations is decreased by one, since at this configuration the data set ofop1

includesm4. In the conflict graph ofop1’s execution interval (Figure 1(d)), the distance betweenop1 and
op3 is zero, the distance betweenop1 andop4 is one, and the distance betweenop1 andop5 remains∞.

We use this dynamic version of a conflict graph in the definitions of locality measures suggested by Afek
et al. [1]:

Definition 1 An algorithm hasd-local step complexityif the number of steps performed by processp during
the operation intervalIop is bounded by a function of the number of operations at distance smaller than or
equal tod from op in the conflict graph of its operation intervalIop.

Definition 2 An algorithm hasd-local contentionif in every execution interval for any two operations,
I{op1,op2}, op1 and op2 access the same memory location only if their distance in theconflict graph of
I{op1,op2} is smaller than or equal tod.
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(a) Example of overlapping operations on a linked list.
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(b) The conflict graphG(C1).

m7

m8 m9m1 m2 m4

op3

m5

m6op4

op4

op4

op5

op1

(c) The conflict graphG(C2).
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op5

op1
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(d) The conflict graphG(Iop1
).

Figure 1: Simple examples of conflict graph.

4 DCAS-Based Doubly-Linked List Algorithm

We demonstrate our approach with a nonblocking implementation, DCAS-CHROMO, of a doubly-linked list
with insertions and removals anywhere. At the heart of our methodology is an enhancement of the colored-
based virtual locking scheme. We first review this scheme, and then describe our algorithm.

4.1 The Color-Based Virtual Locking Scheme

Data structures can be implemented by the nonblockingvirtual locking scheme [6, 21, 24]. A concurrent
implementation is systematically derived from any lock-based algorithm: an operation starts by acquiring
virtual lockson the data items in its data set (LOCK phase); then, the appropriate changes are applied on
these data items (APPLY phase); finally, the operation releases the virtual locks (UNLOCK phase). Similar
to a lock-based solution, while a data item is locked by an operation, other operations can neither lock nor
modify it. This means the algorithm is relieved of handling inconsistent states due to contention.
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op1 op5
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op3
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m1 m2 m3 m4 m5 m6 m7 m8 m9

g r b

Figure 2:3-Coloring of the linked list in Figure 1(a).

An operation isblockedif a data item in its data set is locked by another,blockingoperation. In order to
make the scheme nonblocking, the process executing the blocked operationop helps the blocking operation
op′ to complete and release its data set. Several processes may execute an operation; the process that invokes
the operation is itsinitiator, while theexecuting processesare processes helping the initiator to complete or
the initiator itself. CAS primitives are used to guarantee that only one of the executing processes performs
each step of the operation, and others have no effect.

This scheme inducesrecursivehelping, in which one process helps another process to help athird
process and so on, possibly causing long helping chains. Forexample, assume the nodes in Figure 1(a) are
locked in ascending order. Consider an executionα in which op2, op3 andop4 concurrently lock their left-
most data items successfully, and thenop1 tries to lock its data items while the other operations are delayed.
Sincem2 is locked byop2, op1 has to helpop2; sincem4 is locked byop3, op1 has to helpop3; and since
m5 is locked byop4, op1 has to helpop4. Thusop1 is delayed by operations on a path inα’s conflict graph,
from some vertex inDS(op1). In general,op1 can be delayed by any operation within finite distance from
it, implying that the locality is high.

Shavit and Touitou [21] overcome this problem by helping only an immediate neighbor in the conflict
graph. Nevertheless, the number of steps a process performsdepends on the length of the longest path from
its data set in the conflict graph. Consider again an execution that starts withop2, op3 andop4 locking their
low-address data items successfully, thenop1 fails to lock m2, op2 fails to lock m4, andop3 fails to lock
m5; each operation then helps its (immediate) neighbor. Priorto helping,op2 andop3 relinquish their locks
and fail, thusop1 andop2 discover their help is unnecessary. Assume thatop4 completes, and againop1, op2

andop3 try to lock their data sets. It is possible thatop2 andop3 lock their low-address data items, andop1

tries, in vain, to helpop2, which releases its locks due toop3, etc. As the length of the path of overlapping
operations increases, the number of timesop1 futilely helpsop2 increases as well.

A color-basedvirtual locking scheme [4] bounds the length of helping chains byM -coloring the data
items with an ordered set of colors,c1 < c2 < . . . < cM . An operation acquires locks on data items in an
increasing order of colors; after it locks allci-colored data items, we say the operationlocked colorci. In
this scheme,op helpsop′ only if op′ already locked a higher color.

Figure 2 presents a3-coloring of the linked list in Figure 1(a) using the colorsr(red) < g(green) <
b(blue). Assumeop3 locks m4 and then tries to lockm5, with color b. If the lock onm5 is already held
by op4, thenop3 has to helpop4. Note however, thatb is the largest color, which means thatop4 already
locked all the nodes in its data set. This means thatop3 will only have to applyop4’s changes, andop3 is not
required to recursively help additional operations. Alongthese lines, it is possible to prove that the length
of helping chains is bounded by the number of colors,M , and the number of times an operation helps other
operations is bounded by a function of the number of operations within distanceM [4].
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Originally [1, 4], colors were assigned to nodes from scratch each time an operation starts. This is
done in aDECISION phase, which obtains information about operations (and their data sets) at non-constant
distance; thus, theDECISION phase has non-constant locality properties.

4.2 Our Approach

We achieve constant locality properties by employing two complementary algorithmic ideas. The first is to
maintain the data structure legally colored at all times, and the second is to atomically lock all data items
with the same color.

The key idea of our approach is to keep the coloring legal while the operation is in itsAPPLY phase,
rendering theDECISION phase obsolete. That is, the colors are built into the nodes,and the operation
updates the colors so that nodes remain legally colored. These changes are limited to the nodes in the
operation’s data set, and bypass the need to re-compute a legal coloring from scratch each time an operation
is invoked.

The second idea avoids long helping chains due to symmetric color assignments. For example, consider a
long legally colored linked list of nodes with alternating colors: b, r, b, r, b, r, . . .. Assume a set of concurrent
operations, each of which is trying to remove a differentr-colored node, by first locking the node and its
two b-colored neighbors. An implementation that locks these twob-colored nodes one at a time, e.g., first
the left neighbor, can lead to a configuration in which an operation holds its left lock, and needs to help all
operations to its right.

It is tempting to extend the notion of a legal coloring and require that any triple of neighboring nodes
is assigned distinct colors. This certainly will allow to follow the color-based virtual locking scheme, but
how can we preserve this extended coloring property? In particular, when a node is removed, it is necessary
to lock four nodes in order to legally re-color the remaining three nodes; this requires to further extend the
coloring property to any four consecutive nodes, which in turn requires to lockfivenodes and so on.

Locking equally-colored nodes atomically provides an escape from this vicious circle, by avoiding this
situation altogether. An operation accesses at most three consecutive nodes, which are legally colored, thus
at most two of these nodes have the same color, and aDCAS suffices for locking them. For example, in the
scenario described above, locking the twob-colored nodes atomically breaks the symmetry. This guarantees
that theLOCK phase hasO(1)-local step complexity.

Another aspect of our algorithm is in handling the complications due to dynamically-changing data
structures. Previous implementations of the virtual locking scheme handle static transactions [21] and multi-
location operations [1,4]; in both cases, an operation accesses a pre-determined static data set.

Our algorithm addresses this problem in a manner similar to [12]. A data set memento, which holds a
view of the data set when the operation starts, traces inconsistencies in the data set due to changes applied
by concurrent operations. If, while locking, the operationdetects such inconsistency, the operation skips
the APPLY phase to theUNLOCK phase where it releases all the locks it holds. If, on the other hand, the
operation completes itsLOCK phase, then the locked data set memento is consistent with the operation data
set and the operation can continue with theAPPLY phase as in a static virtual locking scheme.

4.3 Detailed Description of Algorithm DCAS-CHROMO

First, we describe how operations apply their changes to thedata structure, and give some intuition of
how the legal coloring is preserved; then we describe the helping mechanism that is responsible for the
nonblocking and locality properties.
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Figure 3: An example of anInsertRightoperation -op1 in Figure 2

The lock-based implementation we use as a reference has the following lock sets: AnInsertRightop-
eration locks the new node to be inserted, thesource node (to which the operation is applied) and its right
neighbor; anInsertLeftoperation is symmetric. ARemoveoperation locks thesource node and both its left
and right neighbors. After locking, the operations apply changes to the respective set of left and right links
as described by the following code:

InsertRight::applyChanges() {
newNode.right← source.right
newNode.left← source
source.right.left← newNode
source.right← newNode

}

Remove::applyChanges() {
source.left.right← source.right
source.right.left← source.left
source.right←⊥
source.left←⊥

}

Since our algorithm employs a virtual locking scheme, each operation proceeds in exclusion in a manner
similar to the lock-based one. Our implementation, however, also needs to maintain the nodes legally
colored. This requires adding one step to theInsertRightoperation (see Figure 3), and two steps to the
Removeoperation (see Figure 4). To ensure that the coloring is legal at all times, we use a temporary color
c0 < c1 during the algorithm, as described bellow. In the example figures,c0 is w(white).

InsertRight operation. Figure 3(a) presents the nodesm1,m2,m3,m4 from Figure 2, and the new
node,m, thatop1 inserts to the right ofm2. Beforem is inserted to the linked list, it is colored with the
temporary color,w. op1 locks the nodes in its data set,m2 andm3 (and effectively, alsom), and then
applies its changes as follows: update right and left links of m to point tom3 andm2—now, m is legally
colored, since its neighbors have colors different thanw (Figures 3(b),3(c));m is assigned with a non-
temporary color different than its neighborsm2 andm3 (Figure 3(d)); update left and right links ofm3 and
m2 respectively to point tom (Figures 3(e),3(f)).

Remove operation. Figure 4(a) presents the nodesm1,m2,m3,m4,m5 from Figure 2,op2 removes
the nodem3. op2 locks the nodes in its data set,m2,m3 andm4, before it applies its changes as follows:
m4 is assigned with the temporary color,w—now, m4 is legally colored, since its neighborsm3 andm5

have colors different thanw (Figure 4(b)); update right and left links ofm2 andm4 respectively to point
to each other (Figures 4(c),4(d)); set right and left links of m3 to null (Figure 4(e));m4 is assigned with a
non-temporary color different than its neighborsm2 andm5 so it is legally colored (Figure 4(f)).

9
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Figure 4: An example of aremoveoperation -op2 in Figure 2

Both anInsertRightoperation and aRemoveoperation access three consecutive nodes in the data set,
however, each operation only changes the color of a single node. AnInsertRightoperation changes the color
of the new node, and aRemoveoperation changes the color of the right node. The color of the left node in
the data set of any operation is not modified. This ensures that no two adjacent nodes change their color
concurrently even if they belong to the data sets of two adjacent concurrent operations.

We now detail the color-based locking and helping mechanisms. An operation is partitioned intoinvo-
cations, each invocation has a unique sequence number. Figure 5 shows the state transition diagram of an
operation’s invocation. The dashed line indicates re-invocation, increasing the sequence number. The state
transitions of an invocation in a best-case execution, encountering no contention, appear at the top. In such
case the invocationcompletes successfullyand the operation will not be re-invoked. If an operation discov-
ers, while initiating an invocation, that another operation removed the source node, meaning the source is
no longer a valid list node, then it need not apply its changes, and it will not be re-invoked. Alternatively,
if, while locking the data set, an operation discovers that anode in its data set memento is invalid or if the
operation detects inconsistency with the data set memento,then the operation needs to re-evaluate its data
set. In such a case, the invocationfails, the operation releases the locks it already acquired and restarts a
new invocation.

The state of an operation is a tuple〈seq,phase,result〉 (see Algorithm 1):seqis an integer, initially 0,
incremented every time the operation fails and the initiator process reinvokes it;phaseindicates the locking
scheme phase within the invocation, set toINIT at the beginning of every invocation;resultholds the result
of the current invocation execution, set toNULL at the beginning of every invocation.

Algorithm 2 lists the locking methods. Their core is thelockColor method in which an operationop
repeatedly tries to atomically lock all nodes with colorc in its current data set memento (lines lc4-lc15);
after verifying the mementos are valid and the nodes are consistent with their mementos (line lc6),op tries
to lock them atomically (line lc9). If when an operationop fails to lock the nodes it discovers that none of
them is locked by another operation, it simply retries to acquire their locks. Alternatively,op may discover
that a node in its data set is locked by another, blocking operationop′ (line hb2). In such a case, we follow
the standard recursive helping mechanism, i.e.,op helpsop′ (line hb4). Before helpingop′, the executing
process ofop verifies (again) that the nodes are consistent with their mementos (line lc12). This is crucial
for maintaining the locality properties of the algorithm (see Lemma 10 in the next section).

If, when initiating an invocation, an operation discovers that its source node is invalid (line t2), it helps
the operation that removes this node (line t4), in order to preserve the correct order in which the operations
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Figure 5: Diagram of an operation state transitions model; the lower part of the state is the value ofresult.

complete (see Lemma 3 in the next section).
Since an operation may be invoked more than once, its execution is composed of an alternating sequence

of acquiring and releasing locks. Hence, having more than one process execute the operation requires
special care. Specifically, a process may acquire locks of previous invocations or release locks acquired in
a later invocation. Together with theCAS primitives, the state is used to synchronize between the executing
processes of an operation. An executing processes helps to execute some invocation of an operation (line t9).
Before acquiring a lock on behalf of the operation, the process verifies that the current sequence number is
equal to the invocation it is executing (line lc8). Furthermore, to prevent a process from releasing locks
acquired in a later invocation, the operation stamps any lock it acquires with its sequence number (line ln9
or ln13). Before a process releases a lock, it verifies that the sequence number stamped on the lock is equal
to the invocation it is executing (line ul8).

4.4 Implementation Details

We use object-oriented terminology and define operations asobjects, whose structure and behavior are
defined in theOperationhierarchy.

A process initializes an operation object with all the data required for its execution, specifically the
source node from the linked list on which the operation is applied. Algorithm 1 presents the generic protocol
for an operation execution. The execution starts with theexecute method (line ex1) and as long as it suffers
from contention and is unable to complete, the process repeatedly tries to clear the operation’s attributes and
re-invoke it (lines ex3-ex5): First it generates the new data set memento (line t6); then it “helps” itself to
follow the locking scheme (line t9); locks nodes in its data set (line h2), applies its changes (line h5), and
releases the data set (line h7). Specific operations, such asInsertRightandRemove, extend theOperation
structure and refine its protocols for cloning and manipulating the data set with respect to their specifications
(Algorithm 3).

Algorithm 1 also lists the main data structures, representing nodes and operations. Each node has a
dataattribute, containing its information. A node also contains two link referencesleft andright, with the
obvious meaning, as well ascolor and lock attributes. A node memento contains a reference to the node
itself, owner, and a copy of the node’s attributes except for the data and the lock.

It is well-known thatCAS primitives suffer from the ABA problem [17]: a processp may read a value
A from some memory locationl, then other processes changel to B and then back to A, laterp applies
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Algorithm 1 Algorithm DCAS-CHROMO: Definitions and execution scheme
// Types and structures and classes definition

define Oid = int// operation id (operation address)
define Phase ={INIT , LOCK, APPLY, UNLOCK, FINAL}
define Result ={NULL , SUCCESS, CONTENTION, INVALID , EMPTY}
structureState{seq : int, phase : Phase, result : Result} // seq - for repeated invocations
structureNodeABA {node : Node,aba : int}
structureColorABA {color : Color, aba : int}
structureLockABA {lock : Oid, seq : int,aba : int} // seq - operation’s invocation number

structureNode{
data : Data
left : NodeABA
right : NodeABA
color : ColorABA
lock : LockABA

}

classOperation{
oid : Oid
state : State// initially 〈0,INIT ,NULL〉
source : Node
datasetSize : int// for a doubly-linked list, this is 3
datasetMemento : NodeMemento[datasetSize]
colorSet : Color[datasetSize]

}

structureNodeMemento{
owner : Node
left : NodeABA
right : NodeABA
color : ColorABA

}

ex1: ResultOperation::execute() {
ex2: do
ex3: clear data set memento and color set
ex4: toInitState()
ex5: try()
ex6: while state.result =CONTENTION

ex7: return state.result
ex8: }

t1: Operation::try() {
t2: if source is invalidthen
t3: lock← GetLock(source)
t4: helpBlocking(lock)
t5: toFinalInvalidState()
t6: cloneDataset()
t7: seq← state.seq
t8: toLockState()
t9: help(seq)
t10: toFinalState()
t11: }

h1: Operation::help(int seq){
h2: lockDataset(seq)// by ascending colors
h3: s← state
h4: if s.phase =APPLY then
h5: applyChanges()
h6: toUnlockState()
h7: unlockDataset(seq)
h8: }

hb1: Operation::helpBlocking(Lock lock){
hb2: if lock !=⊥ then// locked by blocking operation
hb3: op, opseq← get blocking info from lock
hb4: op.help(opseq)
hb5: }

CAS on l and the comparison succeeds whereas it should have failed. We use the simplest way to avoid this
problem: associate each attribute with a monotonically increasing counter. The attribute and the counter
fit into a single memory location and are manipulated atomically; the counter is incremented whenever the
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Algorithm 2 Algorithm DCAS-CHROMO: Locking methods
l1: Operation::lockDataset(int seq){
l2: if state !=〈seq,LOCK,NULL〉 then return
l3: for eachcolor c not yet locked by the operation, by ascending orderdo
l4: lockColor(c,seq)
l5: toApplyState(seq)
l6: }

lc1: Operation::lockColor(Color c, int seq){
lc2: nm1, nm2← getseq node mementos with colorc
lc3: nd1, nd2← nm1.owner, nm2.owner
lc4: while truedo
lc5: lock1, lock2← nd1.lock, nd2.lock
lc6: if nm1, nm2 are invalid or nd1, nd2 are not consistent with nm1, nm2 then
lc7: toUnlockContentionState(seq)
lc8: if state !=〈seq,LOCK,NULL〉 then return
lc9: lockNodes(nd1, nd2,lock1, lock2, seq)// nd1 is to the left of nd2
lc10: lock← GetLock(nd1,nd2)// Check whether succeeded or blocked
lc11: if lock.oid = oidthen return
lc12: if nd1, nd2 are not consistent with nm1, nm2then
lc13: toUnlockContentionState(seq)
lc14: if state !=〈seq,LOCK,NULL〉 then return
lc15: helpBlocking(lock)
lc16: }

ln1: Operation::lockNodes(Node nd1,Node nd2,LockABA lock1,LockABA lock2, int seq){
ln2: if nd2 =⊥ then
ln3: lockOneNode(nd1,lock1,seq)
ln4: else
ln5: lockTwoNodes(nd1,nd2,lock1,lock2,seq)
ln6: }

ln7: Operation::lockOneNode(Node nd, LockABA lock, int seq){
ln8: if lock = 〈⊥,⊥,t〉 then
ln9: CAS(nd.lock, lock,〈oid,seq,t+1〉)
ln10: }

ln11: Operation::lockTwoNodes(Node nd1,Node nd2,LockABA lock1,LockABA lock2,int seq){
ln12: if lock1 = 〈⊥,⊥,t1〉 and lock2 = 〈⊥,⊥,t2〉 then
ln13: DCAS(nd1.lock,nd2.lock,lock1,lock2,〈oid,seq,t1+1〉,〈oid,seq,t2+1〉)
ln14: }

attribute is updated. Assuming that the counter has enough bits, theCAS succeeds only if the counter has
not changed since the process read the attribute. Other methods prevent the ABA problem without the use
of a per-attribute counter, and may be applied also to our algorithm.

It is assumed that an automatic garbage collection reclaimsunreferenced objects such as nodes and
operation objects. Long chains of garbage and garbage cycles are not formed since the links of removed
nodes are nullified. The ABA prevention counter allows a removed node to be inserted into a linked list
immediately (after setting its color toc0) without harming the correctness of the algorithm. However, this
would violate the local contention property of the algorithm. Instead it is assumed that once a node is
removed from one linked list it is not reused until reclaimedby the garbage collector.
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Algorithm 3 Algorithm DCAS-CHROMO: Clone, Apply and Unlocking methods
classInsertRight: Operation{

newNode : Node
}

classRemove: Operation{
// no extension is required

}

ci1: InsertRight::cloneDataset() {
ci2: cloneNode(source, 0)
ci3: cloneNode(newNode, 1)
ci4: right← datasetMemento[0].right.node
ci5: cloneNode(right, 2)
ci6: }

cr1: Remove::cloneDataset() {
cr2: cloneNode(source, 1)
cr3: left← datasetMemento[1].left.node
cr4: cloneNode(left, 0)
cr5: right← datasetMemento[1].right.node
cr6: cloneNode(right, 2)
cr7: }

c1: Operation::cloneNode(Node nd, int i){
c2: if nd =⊥ then return

// Assume atomic assignment
c3: datasetMemento[i]← 〈nd,nd.left,nd.right,nd.data,nd.color〉
c4: addnd’s memento color to the color collection
c5: }

ai1: InsertRight::applyChanges() {
ai2: updateRight(1,2)
ai3: updateLeft(1,0)// newNode is valid
ai4: updateColor(1)
ai5: updateLeft(2,1)
ai6: updateRight(0,1)
ai7: }

ar1: Remove::applyChanges() {
ar2: setTempColor(2)
ar3: updateRight(0,2)
ar4: updateLeft(2,0)
ar5: updateRight(1,⊥) // source is invalid
ar6: updateLeft(1,⊥)
ar7: updateColor(2)
ar8: }

ur1: Operation::updateRight(int i, int j) {
// ⊥ node memento contains⊥ attributes

ur2: nmi, nmj← get i-th, j-th node mementos
ur3: nd← nmi.owner
ur4: newr← nmj.owner
ur5: r← nmi.right
ur6: CAS(nd.right, r,〈newr,r.aba+1〉)
ur7: }

uc1: Operation::updateColor(int i) {
uc2: nm← get i-th node memento
uc3: nd← nm.owner
uc4: lc← nd.left.node.color
uc5: rc← nd.right.node.color
uc6: newc← ChooseColor(lc,rc)
uc7: c← nm.color
uc8: CAS(nd.color, c,〈newc,c.aba+1〉)
uc9: }

sc1: Operation::setTempColor(int i) {
sc2: nm← get i-th node memento
sc3: nd← nm.owner
sc4: c← nm.color
sc5: CAS(nd.color, c,〈c0,c.aba+1〉)
sc6: }

ul1: Operation::unlockDataset(int seq){
ul2: for eachnodend in seq mementodo
ul3: unlockNode(nd,seq)
ul4: }

ul5: Operation::unlockNode(Node nd, int seq){
ul6: lock← nd.lock
ul7: s← state
ul8: if lock = 〈oid,seq,t〉 and s.phase =UNLOCK then
ul9: CAS(nd.lock, lock,〈⊥,⊥,t+1〉)
ul10: }
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Algorithm 4 Algorithm DCAS-CHROMO: State transition methods
s1: Operation::toInitState() {
s2: s← state
s3: CAS(state, s,〈s.seq+1,INIT ,NULL〉)
s4: }

s5: Operation::toFinalInvalidState() {
s6: s← state
s7: if s.phase !=INIT then return
s8: CAS(state, s,〈s.seq,FINAL ,INVALID 〉) // LP1
s9: }

s10: Operation::toLockState() {
s11: s← state
s12: if s.phase !=INIT then return
s13: CAS(state, s,〈s.seq,LOCK,NULL〉)
s14: }

s15: Operation::toUnlockContentionState(int seq){
s16: s← state
s17: if s != 〈seq,LOCK,NULL〉 then return
s18: CAS(state, s,〈seq,UNLOCK,CONTENTION〉)
s19: }

s20: Operation::toApplyState(int seq){
s21: s← state
s22: if s != 〈seq,LOCK,NULL〉 then return
s23: CAS(state, s,〈seq,APPLY,SUCCESS〉)
s24: }

s25: Operation::toUnlockState() {
s26: s← state
s27: if s.phase !=APPLY then return
s28: CAS(state, s,〈s.seq,UNLOCK,s.result〉) // LP2
s29: }

s30: Operation::toFinalState() {
s31: s← state
s32: if s.phase !=UNLOCK then return
s33: CAS(state, s,〈s.seq,FINAL ,s.result〉)
s34: }

5 Correctness Proof

We prove that AlgorithmDCAS-CHROMO is a nonblocking implementation of a doubly-linked list (Lem-
mas 6 and 9), allowing insertions and removals anywhere, with 2-local step complexity (Lemma 11) and
6-local contention complexity (Lemma 12).

5.1 Safety

The safety properties of the implementation, and in particular, its linearizability, hinge on showing that the
implementation follows the virtual locking scheme. Namely, the executing processes preserve the correct
transition of the operation between phases—locking, changing and releasing nodes in accordance with the
operations’ phases. Most importantly, items in the data setare changed only while all of them are locked.
As mentioned before, this is somewhat more complicated thanin previous work [1, 4, 6, 21, 24], since the
data set is dynamic.

It can be inferred directly from the state transition methods that appear in Algorithm 4, and the fact
that they are the only way to make state transition, that an operation follows the state transition diagram in
Figure 5. Moreover, prior to each invocation the sequence number, which is a component of the operation’s
state, is increased. Hence, no operation makes a transitionto the same state more than once.

TheLOCK phase of ther-th invocation is called ther-th LOCK phase, and similarly for the other phases.
The code implies that an operation is inAPPLY phase at most once (since all feasible transitions from it are
to a final state), in which case it completes successfully andwill not be re-invoked again. We call this unique
invocation thelast invocation. The initiating process generates the data set memento onceper invocation
(line t6); the data set memento written in ther-th invocation is called ther-th data set memento; the data set
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memento of the last invocation is called thelast data set memento.
Several executing processes can make the transitions toAPPLY andUNLOCK phases concurrently, but

other transitions are only made by the initiating process. Atransition to theAPPLY phase only occurs once,
in the last invocation; the method for issuing a transition to UNLOCK phase takes as argument the sequence
number of the invocation, to ensure the transition occurs only if it is of the correct invocation.

In a manner that reflects the alleged circularity of our scheme, we prove four lemmas as if there is
access to arbitrarykCAS primitive that can atomically lock all nodes with the same color, regardless of their
number. These lemmas are used to prove that the coloring is always legal (Lemma 4), which implies that
there are at most two nodes with the same color in the operation data set, andDCAS suffices.

The next two lemmas state the main invariants of the algorithm, indicating that the locking scheme is
followed; they are proved by induction on the execution order.

Lemma 1 An operationop successfully applies changes only when it is inAPPLY phase, and only to nodes
in op’s last data set memento.

Proof: An executing process,pi, of operationop that executesapplyChanges, first verifies that the oper-
ation is in theAPPLY phase (line h4). In such case this is the last invocation of the operation, and it holds the
last data set memento. Since an operation changes only nodesin its data set memento, executing processes
apply the changes on the same nodes (from the last data set memento) and in the same order.

A processp that executesapplyChanges first verifies the attribute to be changed is consistent with its
memento, and then it appliesCAS primitive to it. Since at least the ABA-prevention counter has changed,
either byp’s successfulCAS or another successfulCAS, all the attributes to be changed byapplyChanges
are inconsistent with their mementos oncep completes to execute the method.

Let pj be the process that shiftsop from APPLY phase toUNLOCK phase (line h6). Before changing the
state,pj executesapplyChanges (line h5). If pi appliesCAS to nodend while executingapplyChanges
after the transition toUNLOCK phase occurs,pi’s CAS fails since when the transition occursnd’s attribute
is inconsistent with its memento.

Lemma 2 Given an operationop the following claims are satisfied:

1. op locks nodes only when it is inLOCK phase, and during itsr-th LOCK phase it only locks nodes that
are in itsr-th data set memento.

2. When an executing process returns from the methodlockColor(c,r) either all nodes with colorc in
ther-th data set memento are locked byop, or op is not in ther-th LOCK phase.

3. If ther-th memento of a nodend in op’s data set is invalid ornd is changed after it is cloned byop in
ther-th invocation, thenop does not locknd in ther-th invocation.

4. op shifts from ther-th LOCK phase to ther-th APPLY phase only if all the nodes in its data set are
consistent with ther-th data set memento, and are locked byop.

5. op only applies changes to nodes that are locked by it.
6. op releases locks only when it is inUNLOCK phase, and during itsr-th UNLOCK phase it only releases

locks from nodes it has locked in ther-th invocation.

Proof: We prove all claims simultaneously by induction on the execution order. The base case is an empty
execution; in this case all the claims are vacuously satisfied. Next we prove the induction step for each
claim:
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1. A processpi executes ther-th invocation ofop. Assume by contradiction it successfully locksnd
althoughop is not in ther-th LOCK phase. Firstpi readnd from op’s r-th data set memento (lines lc2-
lc3). Before executinglockNodes (line lc9),pi verifies thatnd’s memento is valid (line lc6), and that
op is in ther-th LOCK phase (line lc8). Letpj be the executing process that shiftsop from ther-th
LOCK phase either to ther-th APPLY phase or to ther-th UNLOCK phase. The transition occurs after
pi verifies the phase (line lc8), and specifically after it readsnd’s lock (line lc5), but beforepi applies
the lockingCAS (line ln9 or ln13). Ifpj shiftsop to ther-th APPLY phase, by (4) all nodes in ther-th
data set memento, includingnd, are locked byop whenpj makes the transition. This contradicts the
assumption thatpi successfully appliedCAS onnd’s lock, since at least the ABA-prevention counter
has changed.

Otherwise,pj shifts to ther-th UNLOCK phase since it discovers that some nodend′ in ther-th data
set memento is inconsistent with its memento (lines lc6-lc7or lines lc12-lc13). There are three cases
depending on the order between the color of the nodes:

(i) nd′ andnd have the same color, and by our assumption,pi locks them atomically (using the
appropriatekCAS). By (3), the fact thatnd′ changed whileop is in ther-th LOCK phase implies
thatpi cannot successfully locknd andnd′ in this invocation, a contradiction to the assumption
thatpi successfully locksnd.

(ii) nd′ has lower color thannd. Thus,pi executeslockColor(c′,r), wherec′ is the color ofnd′,
before trying to locknd. By (2), nd′ was locked byop and by (3), it has not changed whileop
is in ther-th LOCK phase, which contradicts the assumption thatpj discovers it is inconsistent
with its memento.

(iii) nd′ has higher color thannd. Thus,pj executeslockColor(c,r), wherec is the color ofnd, before
discovering the change innd′. By (2),nd was locked byop and, by (6), it was not released while
op is in ther-th LOCK phase, which contradicts the assumption thatpi successfully locksnd.

2. An executing process ofop that executeslockColor(c,r) first verifies thatop is in ther-th LOCK phase
(line l2). It returns from the method in one of three cases: Two cases are when it recognizes a change
in the state (line lc8 or line lc14), and it is evident by the state diagram that when returning from the
method,op is no longer in ther-th LOCK phase. The third case is after verifying all the nodes with
color c in ther-th data set memento are locked byop (lines lc10-lc11). Now, if when returning from
the method some of the nodes are not locked byop, then, by (6), they are released by the operation
that locked them, while it is inUNLOCK phase, so this case also satisfies the condition.

3. If the r-th memento of a nodend in op’s data set is invalid no executing process tries to locknd
(lines lc6-lc7). Now, assume by contradiction thatpi, an executing process ofop, successfully locks
nd although it has changed afterop cloned it in ther-th invocation. The change occurs afterpi verifies
nd is consistent with its memento (line lc6), otherwisepi does not try to locknd. By (1), the change
occurs whileop is in ther-th LOCK phase. By Lemma 1, the change is applied by another operation
op′ in APPLY phase. By (5)nd was locked byop′ while applying the change.op′ could not have
lockednd after it was locked byop, since by (6)op does not release its lock while inLOCK phase.
Now, if op′ lockednd beforepi read the content ofnd’s lock, thenpi does not try to locknd and does
not apply theCAS. Otherwise,op′ lockednd afterpi read its lock, andpi’s CAS fails, since at least the
lock ABA-prevention counter has changed. Both cases contradict the assumption thatpi successfully
applies theCAS and locksnd.
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4. An executing process shiftsop from ther-th LOCK phase to ther-th APPLY phase only after it invokes
lockColor(c,r) with all colors from ther-th color set whileop is in ther-th LOCK phase. By (2), when
returning from each such invocation, all relevant nodes arelocked byop, and by (6), they were not
released since. As the set of colors covers all nodes in ther-th data set memento, they are all locked by
op while the transition occurs. Now, by (3), no node in ther-th data set memento is changed beforeop
shifts toAPPLY phase, or elseop would have failed locking it. So, when the transition occursall nodes
in ther-th data set memento are locked byop, and their content is consistent with their mementos.

5. By Lemma 1,op applies changes while it is inAPPLY phase and only to nodes that are in the last data
set memento. By (4), when the transition toAPPLY phase occurs all nodes in ther-th (last) data set
memento are locked by it. Finally by (6),op does not release the nodes while it is in theAPPLY phase,
which means thatop changes a node only when it holds its lock.

6. A processpi executes ther-th invocation ofop. If pi reads the lock of a nodend (line ul6), and
discovers it is not locked byop, then it does not try to release it. Otherwise,pi tries to releasend
(line ul9) after it verifiesop is in UNLOCK phase and the node is locked byop in its r-th invocation
(line ul8). Before the initiating process,p, shiftsop from ther-th UNLOCK phase to ther-th FINAL

phase (line t10), it invokesunlockDataset method (line h7), in whichp tries to unlock all nodes in
ther-th data set memento (lines ul2-ul3). All processes executing ther-th invocation try to release the
same nodes from ther-th data set memento since by (1),op only locks nodes from ther-th data set
memento in ther-th invocation. Whenp tries to releasend it either finds thatnd is already not locked
by op, or nd is still locked byop. In the latter case,nd is released afterp applies itsCAS (either byp’s
successfulCAS or another successfulCAS). In both cases at least the lock ABA-prevention counter
has changed, thuspi cannot releasend successfully.

The proof that the algorithm is linearizable follows directly from these properties.

Lemma 3 (Linearizability) AlgorithmDCAS-CHROMO is linearizable.

Proof: We linearize an operationopi either when the transition to the state〈last,FINAL ,INVALID 〉 occurs
(line s8), or when the transition to the state〈last,UNLOCK,SUCCESS〉 occurs (line s28). Since only one of
these occurs during the execution of an operation the linearization points are well defined.

In the first case,opi discovers that thesourcenode is invalid, thus another operationopj removes it.
Before the transition to theFINAL phase occursopi helpsopj. Lemma 1 implies thatopj already reached its
APPLY phase andopi helps it to complete successfully in case it has not completed yet. Thus,opi need not
apply its changes, and it appears afteropj in the linearization.

In the second case, Lemma 2(3) and Lemma 2(4) imply that when the transition to the lastAPPLY phase
occurs in configurationC, all the nodes inopi’s last data set memento are valid, have not changed since they
were cloned, and are locked byopi. By inspection of thecloneDataset method it is easy to verify that in
such case the nodes in the memento, i.e., the nodesopi locked are the data setDSC(opi). By Lemma 2(6),
the last data set remains locked whileopi is in APPLY phase, which means, by Lemma 2(5), that no other
operation applies changes to these nodes and the data set ofopi is DSC(opi) during the execution of the
APPLY phase. Inspection of theapplyChanges method shows that the changes applied byopi preserve the
sequential specification of the corresponding doubly-linked list operations.
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Hereafter we regard the last data set memento, on which the changes are applied, as the operation’s
data set. The linearization property allows us to refer to these changes as occurring atomically, without
interference with other operations. We complete the safetyproofs by proving that the coloring of the linked
list is always legal.

The algorithm uses three colors, i.e.,M = 3; a node islegally coloredif its color is not equal to the
colors of its left and right neighbors. The left and right anchors are legally colored if their color is different
from their right or left neighbor, respectively.

Recall that we use a temporary colorc0 < c1 in two cases during the algorithm (see Algorithm 3):
first, a newly inserted node is colored withc0 until it is assigned its regular color (line ai4); second, prior
to removing a node, its right neighbor is colored withc0 (line ar2), afterwards this neighbor is assigned a
regular color (line ar7).

Recall that a node is valid if both its left and right link pointers are not null or it is an anchor. The
coloring property of the algorithm is stated in the next lemma:

Lemma 4 All valid nodes are legally colored.

Proof: The proof is by induction on the execution order. The base case is when the linked list is empty; in
this case the left anchor hasc1 color and the right anchor hascM color and hence, they are legally colored.

Induction step: a node can become illegally colored only when some operation applies its changes to
the node or one of its neighbors. By Lemma 2(5), an operation changes a node only if it holds a lock on
it. This implies that no node is inserted or removed immediately to the left or to the right of an operation
data set while the operation applies its changes. Moreover,it is easy to verify by inspecting the code for
changing the operation’s data set that a remove operation only changes the color of the right node in the data
set and that an insert operation only changes the color of thenew, i.e. middle, node in the data set. Thus, the
following claim can be deduced:

Claim 5 An operation changes a node’s color only if it holds locks on the node and its left neighbor.

We analyze every step in theAPPLY phase of an operation, and we show that after each such step the
node that was changed is still legally colored. Consider first the InsertRightoperation presented earlier in
Figure 3. The data set of the operation,op1, is the new node, the source node (m2), and its right neighbor
(m3). While op1 is applying its changes, other operations neither remove nor insert nodes to the left of the
source node and to the right of the right neighbor node, and also do not change the colors of the nodes in the
data set. Claim 5 imply that other operations do not change the color of an additional consecutive right node
(m4). Moreover, by the induction hypothesis, an additional consecutive left node (m1) is legally colored
even if its color is changed by another operation, whileop1 is applying its changes. It is left to show that the
changes applied by the operation itself leave the nodes legally colored:

Line ai2, update right link of the new node: the new node is notyet valid (Figure 3(b));

Line ai3, update left link of the new node: the new node is valid and it is legally colored (Figure 3(c));

Line ai4, the new node is assigned with a non-temporary colordifferent than its neighbors (line uc6): the
new node is legally colored (Figure 3(d));

Line ai5, update left link of the right neighbor (m3): the right neighbor has color different than the colors
of the new node and the right consecutive node (m4), and thus it is legally colored (Figure 3(e)).

Line ai6, update right link of the source node (m2): the source node has color different than the colors of
the left consecutive node (m1) and the new node, and thus it is legally colored (Figure 3(f));
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We next analyze theRemoveoperation presented earlier in Figure 4. The data set of the operation ,op2,
is the source node (m3) and its neighbors (m2 andm4). While op2 is applying its changes, other operations
neither remove nor insert nodes to the left of the left neighbor and to the right of the right neighbor, and also
do not change the colors of the nodes in the data set. Claim 5 implies that other operations do not change
the color of an additional consecutive right node (m5). Moreover, by the induction hypothesis, an additional
consecutive left node (m1) is legally colored even if its color is changed by another operation, whileop1 is
applying its changes. We show again that the operation’s changes leave the nodes legally colored:

Line ar2, the right neighbor (m4) is assigned with the temporary color: the right neighbor islegally col-
ored, since the source node (m3) and the right consecutive node (m5) have colors different than the
temporary color (c0) (Figure 4(b));

Line ar3, update right link of the left neighbor (m2): the left neighbor has a non-temporary color, different
than the color of the consecutive left node (m1), and the temporary color of the right neighbor, and
thus it is legally colored (Figure 4(c));

Line ar4, update left link of the right neighbor: the right neighbor is legally colored, since the left neighbor
and the right consecutive node have colors different than the temporary color (Figure 4(d));

Line ar5, set right link of the source node to null: the sourcenode is now invalid (Figure 4(e));

Line ar6, set left link of the source node to null: the source node is invalid (Figure 4(e));

Line ar7, the right neighbor is assigned with a non-temporary color different than its neighbors (line uc6):
the right neighbor is legally colored (Figure 4(f)).

At this point we can get rid of the assumption that arbitrarykCAS primitives are available. AnInser-
tRight operation locks two consecutive nodes, which must have different colors; aremoveoperation locks
three consecutive nodes, at most two of which have the same color. Therefore,DCAS suffices for locking all
nodes with the same color in an operation’s data set, implying the next lemma:

Lemma 6 (Safety) Algorithm DCAS-CHROMO satisfies the sequential specification of doubly-linked list
operations.

5.2 Liveness

Once an operation is in itsAPPLY phase, it is straightforward that if one of its executing processes takes
an infinite number of steps the operation completes successfully. It is left to prove that if the operation is
blocked in theLOCK phase then other operations complete successfully. We callan iteration of the loop
(lines lc4-lc15) within alockColor(c,r) method, wherec is the color the operation tries to lock andr is
the invocation the process is executing, ac-locking iteration. We argue that in every locking iteration of an
executing process, whether successful or not, some operation makes progress, ensuring that the algorithm
is nonblocking. To prove the locality properties we later argue that in fact, some “nearby” operation makes
progress.

Recall that if an operationop discovers that a node in its data set is inconsistent with itsmemento due
to changes applied by another operation then it fails, and releases all the locks it holds. Thus, an operation
releases locks only after it completes successfully or whenit fails.
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Lemma 7 Consider an execution intervalα, in which a processp executes thelockColor(c,r) method of
an operationopi. Between every two consecutivec-locking iterations applied byp within α, some operation
either completes successfully or fails.

Proof: The firstc-locking iteration ofp in α fails since another operationopj is blockingopi, i.e.,opj holds
the lock of a nodend with color c that opi is trying to lock. While executing thelockColor(c,r) method
p applies another locking iteration, which meansopi did not fail, andp invokes thehelpBlocking method
(line lc15) in the first locking iteration. Ifp discovers thatopj still holds the lock (line hb2) then it helpsopj

(line hb4) before it starts the second iteration. Otherwise, opj no longer holds the lock ofnd. In both cases
opj releases its locks, which means it either completes successfully or it fails.

In order to prove the algorithm is nonblocking we define several counters whose increase imply some
progress in the execution:

• A completed operations counterdenotedco, a nondecreasing counter, that is initially set to 0; in-
creases each time an operation completes successfully.

• A set ofn failure countersdenotedf1, . . . , fn, one nondecreasing counter per process, that are initially
set to 0; failure counterfi increases whenever the operation of processpi fails.

• A set ofn color countersdenotedcl1, . . . , cln, one counter per process,cli holds the color of the last
locking iteration that processpi executed; this counter is initially set whenpi executes the first locking
iteration of its first operationop1

i . Note that the color counters are not necessarily monotone.

The value of a counter in a specific configurationC is denoted asco(C), fi(C), etc.
If a processp takes an infinite number of steps, it executes infinitely manylocking iterations. In such an

execution, the initial configurations of all the locking iterationsp executes are denotedC0, C1, . . . , Ct, . . .,
in their order of appearance; clearly, these configurationsare not consecutive in the execution.

The following lemma argues that each such configuration is a milestone in the progress of the algorithm:

Lemma 8 Given an execution of a processpk, for every t > 0, at least one of the countersco(Ct),
f1(Ct), . . . , fn(Ct) or clk(Ct) is (strictly) greater than the corresponding counter in configurationCt−1.

Proof: Assume that atCt−1 pk starts ac-locking iteration while executing alockColor(c,r) method of the
operationopj

i , and that atCt pk starts ac′-locking iteration while executing alockColor(c′,r′) method of

the operationopj′

i′ . The proof is by a case analysis.
First assume thati = i′, i.e., both operations are of the same processpi. If j < j′, opj

i completed
successfully and the completed operations counter is incremented, showing thatco(Ct−1) < co(Ct). Oth-
erwise,j = j′, i.e., both locking iterations are of the same operation. Ifr < r′, thenopj

i failed at the
first iteration and thusfi(Ct−1) < fi(Ct). Otherwise,r = r′ i.e., both locking iterations are of the same
invocation. In this case the colorspi is locking are nondecreasing: Ifc < c′ thenclk(Ct−1) < clk(Ct);
otherwise,c = c′ and by Lemma 7 some operationopi′′ either completed successfully or failed, hence
co(Ct−1) < co(Ct) or fi′′(Ct−1) < fi′′(Ct).

Alternatively i 6= i′, and there are two possible scenarios. In the first scenario,opi succeeded locking
c in the first iteration. Since the next locking iteration is ofanother operation,opi locked all the nodes in
its data set andpk helps it to complete successfully, thusco(Ct−1) < co(Ct). In the second scenario,opi

failed lockingc sinceopi′ blocked it and whenpk executes the second locking iteration it helpsopi′ to lock
a higher color, thusclk(Ct−1) < clk(Ct).
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An operationop fails only due to a change applied by anotherfailing operation that holds a lock on a
node inop’s data set.

Lemma 9 AlgorithmDCAS-CHROMO is nonblocking.

Proof: We need to prove that some pending operation completes aftera finite number ofpi’s steps. By
Lemma 8, at least one counter increases at each locking iteration pi executes. The color counter,cli, is
bounded byM , the number of colors. Hence, after at mostMconsecutive locking iteration, some counter
other than the color counter must increase. If the completedoperations counter increases, then some pending
operation completes. Otherwise some failure counter increases.

We now show that the number of iterations in which a failure counterfk increases before some operation
completes is bounded by a finite number. As long as a failing operation is not completed, it holds the lock on
a node inopk ’s data set. Thus, the number of concurrent failing operations that are pending can be at most
as the size of the operation’s data set, in our case, 3. Since once an operation is applying its changes it can
not fail, and the number of changes each operation applies before it completes successfully is constant, after
an executing process ofopk executes a finite number of locking iterations, one ofopk’s failing operations
completes.

5.3 Locality Properties

The locality properties of the algorithm depend on an orientation of the conflict graph that is induced by the
order in which nodes in the data set are locked. This capturesthe locking order of the recursive helping.

The wait-for graph of a reachable configurationC is a directed graph denotedH(C). H(C) is an
orientation ofG(C), including only edges connecting a locked and an unlocked vertices in the data set.
Formally,H(C) contains an edgemv

opi,r
−→ mu if and only if mv is locked by an operationopi in its r-th

LOCK phase, whilemu is not yet locked by the operation in configurationC. We denote an edge labeled
op, r by er

op, or eop if the sequence number of the invocation is of no importance.For example, consider the
following execution of the operations in Figure 1(a): In configurationC1, op2 locksm3 (coloredred); later
in configurationC2 op4 locks m6 (coloredred); op3 locks m4 (coloredgreen) in configurationC3; and
op4 locks m7 andm5 (coloredgreen andblue respectively) in configurationC4. Figures 6(a), 6(b), 6(c)
depict the respective wait-for graphs of configurationsC2, C3 andC4. Figure 6(d) presents another possible
execution in whichop2 succeeds to acquire the lock ofm4 prior toop3, in some configurationC

′

2 following
configurationC1.

A wait-for path from opi to opj is a directed path from a vertex inDS(opi) to a vertex inDS(opj),
where each edge in the path is in some wait-for graphH(C), C ∈ I{opi,opj}. It is possible that the path does
not appear in the wait-for graph of a single configurationC. A path with one vertex is anempty wait-for
path.

An operationop traverses a wait-for pathof lengthl, if its initiator processp recursively invokesl + 1
help methods, within the context of itshelp method (denoted the0-th recursive call): the firstl recursive
calls correspond to the edges of the path. That is, if thei-th edge,1 ≤ i ≤ l, is eri

opγi
= 〈mi−1,mi〉 then the

i-th recursive call is thehelp(ri) method of operationopγi
, and it is invoked after failing to lockmi−1 in the

i− 1-th recursive call; the last recursive call is of the operation owning the lock on the last vertex in the path
ml, as was read byp in the penultimatehelp method.

The next lemma argues that every edge traversed by a process in a wait-for path increases the color of
the locking iteration that the process executes.
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Figure 6: Simple wait-for graphs.

Lemma 10 If the initiator of operationopi invokes thehelp(rj) method of an operationopj after traversing
some wait-for path fromopi to opj of lengthk ≥ 0, thenopj owns the lock of a node with colorcl ≥ ck+1

in its rj-th invocation.

Proof: The proof is by induction on the length of the wait-for path. The base case is whenk = 0; in this
case,opi fails to lock some nodend and discoversnd is locked byopj in the rj-th invocation. Whenopj

locksnd, it is a valid node with a non-temporary colorcl, thusopj already locked colorcl ≥ c1 in its rj-th
invocation.

For the induction step, consider a wait-for path of lengthk > 0; pi traverses a wait-for path of length
k − 1, in the last step while executing thehelp(rk) method ofopk it tries to lock some nodet. By the
induction assumption,opk already locked a color greater or equal tock in therk-th invocation, which means
t has colorcl > ck.

We reviewpi’s steps while traversing the last wait-for edgeerk
opk

= 〈s, t〉: pi readst’s lock (line lc10),
and discoversopk failed to lockt (otherwise it returns in line lc11) and thatt is consistent with its memento
(line lc12), i.e., its color is stillcl. Thenpi retrieves the information about the blocking operation,opj and
its invocation numberrj from t’s lock (line hb3), and helpsopj ; i.e., invokes itshelp(rj) method (line hb4).
Thus, the blocking operation,opj, owns the lock of a node with colorcl ≥ ck+1 in its rj-th invocation.

Thed-neighborhoodof an operation intervalIop, denotedNd(Iop), is the set of operations within dis-
tanced from op in the conflict graph ofIop. We complete by proving that two operations at constant distance
from each other do not interfere with each other’s executions:

Lemma 11 (Local step complexity)AlgorithmDCAS-CHROMO has 2-local step complexity.

Proof: The step complexity of an operationop is linear in the number of locking iterations executed by its
initiator duringIop. We associate every such locking iteration with some operation. A successful locking
iterations is is associated with the operation that requested the lock, and to which the process is helping.
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Futile locking iterations, however, are associated with the operation that (implicitly) caused the locking to
fail, as explained below.

First we prove that a processp only helps operation inN2(Iop), this implies that all operations associated
with successful locking iterations are inN2(Iop). Since the algorithm uses only3-coloring, Lemma 10
implies that ifp invokes thehelp(ri) method of operationopi then it traversed some wait-for path fromop
to opi of length at mostM − 1 = 2. Since all edges traversed byop are in the conflict graph ofIop, opi is
in N2(Iop).

Next we prove that an operation that is associated with an unsuccessful locking iteration is inN2(Iop).
The proof depends on the length of the wait-for path traversed byp. Assumep helps an operationopi0 after
traversing a wait-for path of length 0, i.e.,opi0 ∈ N0(Iop). p fails to lock a nodend in a c-locking iteration
since another operationopi1 ∈ N0(Iopi0

) lockednd. If this invocation ofopi0 fails thenopi1 changednd
since it was cloned and thusopi1 is responsible for the failure of the locking iteration.opi1 ∈ N1(Iop) and
N1(Iop) ⊆ N2(Iop) soopi1 ∈ N2(Iop). Otherwise, the invocation does not fail, this meansopi1 released the
node without applying further changes to it. Ifopi1 released the node after it completed successfully then it
is the responsible,opi1 ∈ N1(Iop) ⊆ N2(Iop). If opi1 released the node after it fails, then another operation
opi2 ∈ N0(Iopi1

) changed a node inopi1 ’s data set andopi2 is the responsible for the failure of the locking
iteration,opi2 ∈ N2(Iop).

Now, assumep helps an operationopi1 after traversing a wait-for path of length 1, i.e.,opi1 ∈ N1(Iop).
By Lemma 10,opi1 holds the lock of a node with colorcl ≥ c2. This meansp fails to lock a nodend in a
c3-locking iteration since another operationopi2 ∈ N0(Iopi1

) lockednd. Sinceopi2 already locked colorc3

it completed locking all nodes in its data set and it cannot fail. Thus,opi2 is responsible for the failure of the
locking iteration, and hereopi2 ∈ N2(Iop).

Finally, assumep helps an operationopi2 after traversing a wait-for path of length 2, i.e.,opi2 ∈ N2(Iop).
By Lemma 10,opi2 already locked colorc3; hence, it completed locking all nodes in its data set andp does
not execute any locking iterations while helping it.

Lemma 12 (Local contention) Algorithm DCAS-CHROMO has 6-local contention complexity.

Proof: When an operationopi helps another operationopk, it accessesopk’s nodes and operation object.
We consider the general case in which two operationsopi 6= opj help a third operationopk (which may
be eitheropi or opj themselves), and access the same object simultaneously. Bysimilar arguments to
those applied in the previous proof,opi (respectively,opj), only helps operations inN2(Iopi

) (respectively,
N2(Iopj

)). opi andopj access the same object, while helpingopk. So, in the conflict graph of{opi, opj}
there are edges of wait-for paths, at most of length2, from opi andopj to opk, these paths end in two nodes
in DS(opk), which are either the same or are both connected with a singleedge to thesourcenode ofopk.
Thus, the distance betweenopi andopj in the conflict graph of{opi, opj} is at most 6.

6 CAS-Based Priority List and Deque Algorithms

When removals occur only at the ends of the linked list, Algorithm DCAS-CHROMO can be further adapted
to use onlyCAS.

Without DCAS, we can no longer atomically lock all nodes with the same color. This is not a problem
for insertions—locking only two consecutive nodes on the list, which must have distinct colors. A remove
operation still needs to lock three items, two of which may have the same color, but one of the items is
always an anchor of the linked list. This inherent asymmetryof the data set is exploited in order to avoid
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Algorithm 5 Algorithm CAS-CHROMO: Modification forCAS-based operations
classInsertFirst: Operation{

// source : Node = left anchor
newNode : Node

}

classRemoveFirst: Operation{
// source : Node = left anchor
popped : Node

}

lnf1: Operation::lockTwoNodes(. . .) {
// same arguments as in Algorithm 2
// nd1 is to the left of nd2

lnf2: lockOneNode(nd1,lock1,seq)
lnf3: lockOneNode(nd2,lock2,seq)
lnf4: }

tl1: Operation::touchLocks(Node nd1,Node nd2){
tl2: l1, l2← nd1.lock, nd2.lock
tl3: CAS(nd1.lock, l1,〈l1.lock,l1.seq,l1.aba1+1〉)
tl4: CAS(nd1.lock, l2,〈l2.lock,l2.seq,l2.aba1+1〉)
tl5: }

RemoveFirst::cloneDataset() {
cloneNode(source, 0)
first← datasetMemento[0].right.node
cloneNode(first, 1)
second← datasetMemento[1].right.node
cloneNode(second, 2)

}

RemoveFirst::applyChanges() {
if datasetMemento[2] is⊥ then

toUnlockEmptyState() // Empty linked list
return

nd← datasetMemento[1].node
CAS(popped, null, nd)
setTempColor(2)
updateRight(0,2)
updateLeft(2,0)
updateRight(1,⊥)
updateLeft(1,⊥)
updateColor(2)

}

Operation::toUnlockEmptyState() {
s← state
if s != 〈seq,APPLY,SUCCESS〉 then return
CAS(state, s,〈seq,UNLOCK,EMPTY〉)

}

waiting circles in the conflict graph, i.e., by locking nodeswith the same color in the same direction, from
left to right.

We reuse the core implementation of operations from Algorithm DCAS-CHROMO and add the operations
InsertFirst, InsertLast, RemoveFirst, andRemoveLastfor manipulating the ends of the linked list, with the
obvious functionality. We discuss the operations applied on the left end of the linked list; the two operations
on the right end are symmetric.

Algorithm 5 presents the main changes in the pseudo code.InsertFirst andRemoveFirstoperations are
closely related to theInsertRightandRemoveoperations, except that they implicitly take the left anchor
as their source node. Moreover, theRemoveFirstoperation refines the methods for cloning and changing
the data set. If the list is empty, no changes are applied and the result of the operation is set toEMPTY.
Otherwise, the first node is removed from the list after its reference is assigned to thepoppednode attribute.

The most crucial modification is in the locking protocol, which no longer uses aDCAS primitive when
locking its data set (line lnf1). A direct consequence is that the process no longer atomically locks nodes
with the same color. This requires further adjustments to the proofs, which we describe next.

First we review safety. The fact that equally colored nodes are locked atomically is referenced only in
the proof of Lemma 2. Lemma 2(1) claims that a nodend cannot be locked by operationop after a transition
to UNLOCK phase due to a change in nodend′ in op’s data set memento. The original proof first handles
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the case wherend andnd′ have the same color. We slightly modify thelockColor method: after a change
in some node is detected (line lc6 or line lc12) and before a transition to theUNLOCK phase occurs (line lc7
or line lc13), the executing process calls thetouchLocks method (line tl1), which essentially violates the
locks by “touching” their ABA-prevention counter.2

Given this change, the proof can be fixed. An executing process of op, pi, verifies thatnd andnd′ are
valid and has not changed. Ifnd′ changed, it must be that another executing process,pj, “touched” the
locks of nd andnd′, and thenop shifts toUNLOCK phase. Since at least the ABA-prevention counter of
nd’s lock is changed before the transition, any attempt ofpi to locknd after the transition, fails. The proofs
of the other cases, where the colors ofnd andnd′ are different, do not rely on the atomicity of locking
equally-colored nodes, and they remain the same. Likewise,the proofs of Lemma 2(2)-(6) and other safety
lemmas are the same as for AlgorithmDCAS-CHROMO.

Next we discuss liveness. Lemma 8 claims that the value of at least one counter increases at every
locking iteration. The last claim in the proof is based on thefact the an operationopi helps another oper-
ation opj only if it already locked a higher color. In AlgorithmCAS-CHROMO the color counter may not
increase if the process helps a remove operation. Nevertheless, there can be at most two remove operations
concurrently, which lock nodes with the same color according to their order in the list, from left to right.
Thus, after at most three locking iterations in which the counters remain the same, the value of one counter
increases. So, the proof claiming that after a finite number of locking iterations some operation completes
is still valid, and the algorithm is nonblocking.

Finally, to discuss the locality properties of the algorithm, we revisit Lemma 10. This lemma states
that if a process helps an operationop after traversing a wait-for path of lengthk, thenop already locked
color cl ≥ ck+1. The proof is based on the fact that the color increases with each step on the path. In
Algorithm CAS-CHROMO the color may not increase when traversing one edge of a remove operation in
the path, but then again there can be at most two remove operations concurrently. So, the lemma now
claims thatop already locked colorcl ≥ max{ck−1, c1} since the colors in the path increase at each step,
excluding at most two non-decreasing edges. The revised lemma, and restrictions induced by the structure
of a doubly-linked list, imply the following theorem:

Theorem 13 Algorithm CAS-CHROMO is a nonblocking implementation of a priority queue with 4-local
step complexity and 4-local contention complexity.

Sketch of proof: The proof of the local step complexity property closely follows the arguments in the
proof of Lemma 11. Due to the modification in Lemma 10, we replace the 2-neighborhood of an operation
intervalIop in 4-neighborhood,N4(Iop), and prove the algorithm has 4-local step complexity.

For the proof of the local contention property it can be shownthat the worst-case scenario is the one
presented in Figure 7. Assumeop0, op2, op3 and op5 are InsertRightoperations,op1 is a RemoveFirst
operation andop4 is aRemoveLastoperation. Consider an execution in whichop1 locks the left anchor,op2

locksm2, op3 locksm3, op4 locksm4, andop5 locksm5 and the right anchor.op0 andop5 are at distance
four from each other, and they contend while accessing the right anchor:op0 tries to lock the left anchor and
thus it helpsop1; op1 tries to lockm2 and thus it helpsop2; op2 tries to lockm3 and thus it helpsop3; op3

tries to lockm4 and thus it helpsop4; op4 tries to lock the right anchor and thus it helpsop5.

An implementation of the deque data structure requires operations only at the ends. In this case the
analysis can be further tightened to show:

2This is similar to the way an operation is invalidated beforereleasing its nodes in [4].
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Figure 7: AlgorithmCAS-CHROMO worst case scenario.

Theorem 14 Algorithm CAS-CHROMO is a nonblocking implementation of a deque with 2-local stepcom-
plexity and 2-local contention complexity.

Sketch of proof: We prove that two operations are either at distance smaller than or equal to 2, or their
distance is infinite. For any operationop in a given conflict graph, we can compute the distance to any other
operation in the graph by applying a breadth first order fromop’s data set vertices, denoted the zero layer.
We say a layer in the searchcoversan operation if the operation’s data set is covered by the layer. Assume
without loss of generality thatop is an operation on the first end of the linked list. The first layer of the
search covers all the operations on the first end of the list. If there is an operation on the last end of the
linked list, which includes data items from the first layer inits data set then it is covered in the second layer,
and the third layer covers all operation on the last end whichare not covered by the second layer. Operation
covered by the first, second and third layers are at distance zero, one and two respectively fromop. Thus,
either the distance between two operation is∞, in which case they do not contend or affect each others step
complexity, or they are at distance smaller or equal to two.

7 Discussion

This paper presents a new approach for designing nonblocking and high-throughput implementations of
linked list data structures; our scheme may have other applications, e.g., for tree-based data structures.

We show aDCAS-based implementation of insertions and removals in a doubly-linked list; for a deque
and priority queues, where nodes are removed only from the ends, the implementation is modified to use
only CAS. These implementations are intended as a proof-of-conceptand leave open further optimizations
that will make them more practical. It is also necessary to implement asearchoperation in order to support
the full functionality of priority queues and lists.

Acknowledgments: We thank David Hay, Danny Hendler, Gadi Taubenfeld and the referees for helpful
comments.
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