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Abstract—The step complexity of fully adaptive (FA) for [4], the local step complexity of these algorithms is
algorithms depends only on the contention during an not a function of the point contention. A typical situation
operation, when counting both local computation and  happens, for example, when operations store their values
accesses to shared registers. This paper contributes to thej, some data structure, requiring a later computation of
design of efficient fully adaptive algorithms by Specifying o ayimum value to access the whole data structure. In
and implementing two generic objects, Gather&f and S . . )
Collect&f. _thls S|tuat|_on, the local step comp_lexﬂy of an operation

A Gather& f object returns the value of applying a 'S proportional to thetotal contentior—the number of
function f on the information previously stored in the Processes that ever participated in the algorithm—even
object. In order to reduce the local step complexity, our if itS point contention is one, i.e., the operation executes
implementation of a Gather& f calculates f incrementally, in isolation.
as values are stored in the object. This implementation uses  This paper is devoted to the design of efficiduity
only read and write operations on the shared memory. It adaptive (FA) algorithms, whose local and shared step
has O(k) 'g’cal and shared step complexity for calculating oo mpjexity depends only on the point contention. We
f and O(k#) for storing information, where & is the point specify and implement two generic objec@ather&.

contention during the operation’s execution interval. d Collect& dul hani for desiani
A Collect& f further guarantees that the value of f and Collect&f, as modular mechanisms for designing

returned by a later collect& f operation does not reflect fully adaptive algorithms; the Collect& object is then
fewer store operations than a (strictly) earlier collect&f Optimized for repeated invocations. These objects are
operation. A simple implementation hasO(k?) local and employed to significantly reduce the local and shared
shared step complexity for calculating f and for storing step complexity of atomic and immediate snapshots.
information. For common applications where collect&f is A Gather&f object allows processes storeinforma-
repeatedly invoked, the paper presents an efficient object tjo, and toretrievethe result of applying the functiofi
called ECollect&. In this object, storing information takes — , 1he information stored in the object, before or possibly
a single step and calculatingf has O(k) local and shared during the calculation of . (A precise definition appears

step complexity. . . .
To demonstrate the applicability of Gather&f and " Section Il.) For example, the Gather&:x object

ECollect& f, we use them to improve the local and shared returns the largest value stored, and is equivalent to the
step complexity of atomic snapshot and immediate snap- pile object [4]. Another example is the Gathetister
shot to O(k?) and O(k?), respectively. object, which maintains the set of currently active pro-
cesses; it implements active setobject [4].

The key for reducing local computation costs is¢e
useprevious calculations, by storing their result instead

Distributed algorithms are designed to accommodatgfithe raw data they are based on. We present (in Sec-
large number of potential participants; yet, the step coffion 111) an implementation of a Gathergobject, with
plexity of an operation should depend only on the nung () local and shared step complexity for calculatifig
ber of participating processes. Ideally, the step complexnd O(%2) local and shared step complexity for storing
ity should be a function only of theoint contentior-the information, wherek is the point contention during
maximum number of processes executing concurrentlytaé operation’s execution interval. The implementation
some point—during the operation. extends the idea of incremental calculation from the

There are algorithms whosharedstep complexity— pile object of Afek et al. [4] and fits it into the collect
the number of accesses to shared registers—is adapifgorithm of Attiya and Fouren [8]. As a special case,
to point contention [2], [3], [4], [8]. However, exceptour implementation improves the local and shared step
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complexity of the pile object fronD(k3) to O(k?). An executioris a (finite or infinite) sequence of events
A simple extension of the Gathey&implementa- ¢q, ¢1,¢o,.... For everyr = 0,1,..., the process per-
tion yields a Collect& object, where the value offorming the event, applies a read or a write operation
f returned by a collect§& operation is more up-to-to a single register and changes its state according to
date than (strictly) earlier collect& operations. Un- its algorithm. There are no constraints on the interleav-
fortunately, the (local and shared) step complexity dafig of events by different processes. This reflects the
calculating f is O(k?), which can be quite prohibitive assumption that processes asynchronousnd there is
when f is repeatedly calculated. For such applicationsp bound on their relative speeds.
we present (Section 1V) an efficient ECollect&bject in An invocation of a high-level operation by a process
which storing information takes only a single step, whileauses the execution of the appropriate algorithm. The
collect&f has O(k) local and shared step complexityexecution intervabf an operatiorop; by process; is
The implementation uses the Gathet&r and active the subsequence of the execution between the first event
set objects. of p; in op; and the last event gf; in op;. Assume that
To demonstrate the applicability of the Gathgr& the execution interval of an operatiop; by proces;
and ECollect&f objects, we use them to improve theprecedes the execution interval of an operatipn of
(local and shared) step complexity of atomic snapshqigocessp;; namely, the last event qf; in op;, appears
and immediate snapsho#tomic snapshotgl], [5], [6] before the first event op; in op;. In this caseop;
return “instantaneous” views of the shared memory apiecedesp; andop; follows op;, denotedop, — op;.
are an important tool in the design of shared-memoryWhen objects are implemented in a hierarchical man-
algorithms.Immediate snapshofd1] guarantee, in ad- ner, executions may contain sevelalelsof operations.
dition, that returned views are not much later than the high-leveloperationhop consists of a sequence lofv-
previous update by the same process; they play a key rigeeloperationsiops, . . ., lop,, where the first ondpp,
in the study of asynchronous computability [10], [13]. starts whemop starts and the last onégp,,, completes
In Section V, we improve the (local and sharedyhenhop completes.
step complexity of the atomic snapshot algorithm [4] to Procesg; is activeat the end ofy/, a finite prefix of
O(k?) and of the immediate snapshot algorithm [4] tan execution, if o’ includes an invocation of a high-
O(Kk3). (The relationships between algorithms presentélel operatiorvp by p; without the matching return. The
in this paper are summarized in Figure 1.) point contentiorat the end ofY’, denotedPntCont (),
Table | compares the step complexity bounds of oig the number of active processes at the end’of
atomic and immediate snapshots algorithms with pre-Consider a finite interval3 of an executiona; we
vious adaptive algorithms. Attiya, Fouren and Gafni [Qan write« = a;3a2. The point contention during,
present atomic and immediate snapshot algorithms; hasenoted PntCont(3), is the maximum contention in
ever, their step complexity adapts only to the total coprefixesa; 5’ of a3, namely
tention. Afek et al. [4] present fully adaptive atomic and
immediate snapshot algorithms with(k*) and O(k®)
local and share_d step comple>_<|ty, respectively. ?tnyg Gather&f and Collect&f: Definitions
and Fouren [8] implement atomic snapshots witfk>) _ . _
step complexity; however, the step complexity accounts!n this section, we define the Gathef&and Collect&f
only for shared memory accesses and their local Sl@l@ects. Consider aassociativecommutativeandidem-

complexity is not adaptive to point contention. poteni fu_nction f. In both objects, a process can store
its value in a shared memory, and retrieve the result of

Il. THE GATHER& f AND COLLECT& f OBJECTS applying functionf to the values stored in the shared
A. Preliminaries memory. Instances of the object are differentiated by the
tion f that they support, e.gmaxor union
We assume a standard asynchronous shared-menfY o :
model of computation, following, e.g., [12]. A system Fl}g Thehgﬂther&ftObje(;t. The (_)bjectdhandle_:?ggt:d
consists ofn Processesp:, ....pn. A process can read VAIUEs which are(tag, value) pairs and provides two

from and write to registers that are either local to itseﬂp(_aratlons:put&f stores its parameter n the object,
or shared by all processes. while gather&f returns the result of applying to all

An eventis a computation step by a single process: ﬁl?e_tagged values_, stored in the object before or possibly
an event, a process determines the operation to perfqu{'ng the operation.

according to_its local state, and determines its next !ocahA function is idempotent if applying it multiple times on same
state according to the value returned by the operationalue is equal to a single application on the same value.

max{|Cont(c13')| : a1 3’ is a prefix ofa13 } .
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Fig. 1. Relationships between algorithms presented in this paper.

Problem Reference | Operations Counted Step Complexity

[8] shared only O(k?)
atomic snapshot [4] shared+local O(k™)

(this paper)| shared+local O(k?)

[9] shared only O(K?) (K = total contention)
immediate snapshot [4] shared+local O(k®)

(this paper)| shared+local O(k?)

TABLE |

COMPARISON OF ATOMIC AND IMMEDIATE SNAPSHOTS ALGORITHMS

A set W of put&f operations can be identified withof a set of values, while these values are dynamically
their parametersf(17') denotes the result of applyinf updated by processes. Each of these problems trivially
on the parameters of the operationsiin This is well- reduces to a Gather&object, wheref is the appropriate
defined sincef is associative and commutative. aggregation function.

A gather&f operation op returns a tagged value 2) Example 2:The simplecollectobject supports two
(tag,res) such that the following condition holds: Thereoperations: atore(v) operation ofp; declaresv as the
exists a setV of put&f operations that includes all op-latest value fop;, and acollect operation returns a vieiv
erations precedingp and does not include any operatiorontaining the latest values stored by active processes.
following op, such that'tag, res) = f(WW). For aput&f A collect operationcop returns a viewl” satisfying the
operationop € W, we denoteop > f(W). following condition, for every process;:

2) The Collect& Object: Like the Gatherg&f object, Validity: If V(p;) = L, then nostore operation ofp;
this object provides two operationput&f stores its precedesop if V(p;) = v # L thenv is the value of a
parameter in the object, whileollect&f returns the store operationsopof p; that does not followcop, and
result of applyingf to all the values stored in the objecthere is no othestore operationsog of p; that follows
before or possibly during the operation. In this objecsopand precedesop.
later collect&f operations are at least as updated asThis means thatop should not read from the future
previous ones. or miss a precedingtore operation. Moreover, itop

Formally, consider twaollect& f operationsop, and follows anothercollect operationcog, thencop returns
op, such thatop; — opo; if op; andop, return f(1¥/;) a view that is more up-to-date. To capture this notion

and f(W>), respectively, theiV; C WWs. formally, we define a partial order on viewg; < V5
if for every procesg; such that(p;,v}) € V4, we have
C. Examples (pi,v7) € Vo, andvi > v}.

gularity: Assume aollect operationcopby p; returns
and acollect operationcog by p; returnsVa. If cop
precedesogd, thenV; < V5.

It is simple to see that the collect problem reduces to

We present several examples of important objects tl‘%?
reduce to Gather& Thus, a fully adaptive algorithm _’
for a generic Gather& object allows to efficiently
implement several other objects, provided we have a
locally efficient algorithm for computing. 2A wiew is a set of process-value pair¥, = {(pi,vi),...},

1) Example 1:Consider the problem of atomicallywithout repetitions of processe¥.(p;) is v; if (p;,v;) € V and
computing an aggregate function, such as max or mify, ©therwise.



a Collect&union object. In our Gather& implementation, the processes in

3) Example 3: An active setobject [4] allows to the group applyf to the view containing the values of
obtain the set of currently active processes, by providiitg members and to partially computed results. Interim
three operationgninSet signs a process into the activeresults are saved in a shared memory location associated
set; leaveSet signs a process out of the active setyith the group. Later operations do not recalculate the
getSet returns the set of processes signed in the actiresult, but only combine the previously-calculated value
set. The setP returned bygetSet operationgop; of with new information that was added since the last
processp; must satisfy the following conditions: calculation.

1) If joinSet operation by process; precedesyop To restrict the effects of high point contention during
and noleaveSet operation byp; starts beforgop, a@put&f operation, processes propagdial{ble up new
ends,p; € P. results to the top of the array. Otherwipeit& f encoun-

2) If leaveSet operation by process; precedegop tering high contention may store a new value in an entry

and there is no followingoinSet operations by With large indexso, and a subsequemather&f will
p;, or there are ngoinSet operations byp;, then have to access many entries, even if its point contention
pi ¢ P. is low. Bubble-up, presented in [3] and used also in [4],

The active set object can be reduced to (8], allows gather& f to find the new values close to the
Gather&luster object, wherecluster is an extension [OP Of the array, when contention is low.
of the union function, so that a process changing its
value in the view tol is removed from the view. Thus,B. The Algorithm

joinSet is mapped tqut&cluster((0, p;)), leaveSet s The algorithm uses the following data structures:
mapped tqut&cluster({0, L) andgetSet is mapped to . A column of sieves, numberet].2n — 1:

gather&cluster. « An array Re$l..2n — 1], 2n — 1 atomic registers

of type (tag, result); The s'* entry of this array

Il. I MPLEMENTATIONS FORGATHER& f AND contains the result of applying on the values of

COLLECT& f OBJECTS all past and current candidates in sieve
A. Informal Description « An arraylast{1..2n — 1], 2n — 1 atomic registers of
A simple implementation of a Gathey&object is to type pid, each initialized ta + 1;

use an ordinary Gather object [8], satisfying tradidity « An arrayCl[l..n+1][1..2n—1], 2n? atomic registers

property (defined for the collect object in Section 1I-  Of type (tag, result), each initialized to{0, 0);

C.2). A gather&f operation simply invokes gather The functionf also calculates tag value, which may
operation and applieg on the view it returns. The mainused by the application as meta-data. In Gathen&,
difficulty is to calculate the new result with adaptivdor example, theag is a sequence number which is used
local step complexity. If the result is calculated fronfior comparison between values. The initial values of both
scratch each time, all stored values should be read. Thigg, andresultshould be values that do not affect on the
the local step complexity is not bounded by the poig@alculation. That is, for any set of values (including the
contention, but by the total contention (at best). empty set), )V, initial valueswf(W).

In order to bound the number of local steps, we Algorithm 1 presents the pseudo-code of the
incrementally calculate the result and save it for latérather&f object; lines changed from [8] are numbered
use, as in the pile algorithm [4]. We take a gathén bold. The interface to the sieve is with procedures
algorithm [8] and change its behavior so that insteagpen, enter andexit [8]. Informally, open tells whether
of storing the data itself, it calculates the partial resule sieve is busy, that is, other processes are inside the
incrementally and saves it for later use. current copy of this sieventer tries to store information

In the gather algorithm we use [8], a process trig8 a non-busy sieve, whilexit releases the sieve. The
to join one of 2k — 1 groups ordered in a column;sieve’s properties guarantee that if some processes access
each group maintains a view containing all the valu€opy c of sieves, then at least one of them is a winner
of its members. A group is dynamically managed with ee the appendix).
sieve a data structure that allows processes to exchangé\ put&f operation storevalue as part of the result
information; a sieve captures the information of at leasf all candidates in sieve in an entrys of array Res

one of the processes accessing it concurrently (see @l bubbles the result of previous values up to the top
appendix). of the array. The first part gbut&f has similar outline

as previous applications of the sieve [7], [8]. A process



Algorithm 1 Gather&f: code for procesg;. In choose&f(s), processp; readsq from lasts]

Shared: (Line 15) and then readstag, tmp from Clg|[s]. If
Resl..2n — 1] : array of pairs, initially(0, L) tmp # 1, then p; returnstmp otherwise, p; calls
last[1..2n — 1] : array of process id’s, initially: + 1 choose&f(s+ 1), and calculates the result of the return
C[l..n+ 1][1..2n — 1] : array of pairs, initially(0, ®) value and the value iRegs].

\1/0id progedureput&J; /((ttagi[valge))_ S C. Proof of Correctness
DS = ry to win sieve ey 2k — .
5 fepeat y T We adjust the correctness proof for the collect ob-
3 St 4 ject [8] to consider the aggregate valuefobn the stored
4' it opén(s) then values, instead of the values themselves. This shows that
5 if p; € W — enter(s, (tag, value) then the incremental calculation in our algorithm correctly

(2 - Y Y

appliesf to the information stored in the object.

We say that put& f operationcrossessievex’ when it
writes tolast[z’] (Line 12). The proof of the next lemma
follows the arguments of [8, Lemma 6.2].

Lemma 3.1:If a put&f operationpop,. of processp,
with input (tag,,value.) crosses entry > 1 before a
choose& f(s) operationgop, of processp, returning
pair (tag,, result;) starts, thernvalue. > result,.

As in [8, Lemma 6.3], we can use Lemma 3.1 to prove
that Algorithm 1 satisfies the properties of the Gathgr&
object.

The next lemma bounds the number of entrigs
accesses duringather& f and it follows [8, Lemma 6.5].

Lemma 3.2:The maximal entry accessed by process
p; performing achoose& f operationgop; is 3k, where
k is the point contention duringop;'s execution interval.

By Lemma 3.2choose& f operation accesses at most
3k entries, and its step complexity ©(k) (see the
appendix).

In Lines 1-9 ofput& f, a process accessgs< 2k—1
sieves, implying that the step complexity of this stage is
O(Kk?). In the bubbling up stage gbut&f, a process
performschoose& f(s) for s = sp — 1,. .., 1; thus, the
step complexity of this stage is algd(k?).

Sincegather&f calls choose&f, its step complexity
is O(k).

Theorem 3.3:Algorithm 1 implements a Gather&
object with O(k?) local and shared step complexity for
put&f and O(k) local and shared step complexity for
p; goes through the column of sieves, starting from ttgather&f, wherek is the point contention during the
top, until it wins one of them. Ifp; wins sieves, it Operation’s execution interval.
writes the result of the current value Ble$s] and the
values currently stored in sieveinto Regs]. The sieve D. Algorithm for Collect& Object
properties guarantee thReg$s] is the result of all values

pr?w%usbl)t;lstored In Sieve. ‘ . gather&f and then callsput&f to store the result it
0 bubble up, a process goes from entyp to entryl 1, obtained, in order to guarantee the collect property.

- . .
and fpr eachentry’ =s,..., 1, it recurswely calculates Algorithm 2 presents the additional pseudo-code for the
function f on the values stored in the part of the arra@follect&f object

below entrys, and stores the result in its private register The proof of the next lemma follows [8, Lemma 6.4]
associated with entry. , A4].

Il p; wins sieves
6: for every(id;, (tag;, v;)) € W
Regs| = f(Ress, (tag;. v;))
/I applying f on the previous result and the neslue
8: exit(s)
9: untilp, e W

I~

10: while (s > 1) // bubble up the new value
11:  CJid;][s] = (0, 1)
/l announce you are accessing erdry
12: lasts] =id;
13:  Cid;][s] = choose&f(s)
/I get the calculated value below sieve
14: s— —;

(tag, resuly procedurechoose&f(s: int)
15: ¢ = lasfg]
16: (tag, tmp) = C[q][s]
17: if (tmp# L) then return (tag, tmp))
/I another process accesses entigoncurrently
18: (tag’,v') = Regs]
19: (tag,v) = choose&f(s+ 1) Il recursive call
20: return (f((tag,v), (tag’,v")))

(tag, resulty proceduregather&f()
21: return ¢hoose&f(1))

As in [8], the collect&f procedure first calls



Algorithm 2 Collect&f: additional code for process. Algorithm 3 Gather&nion: additional code for process

(tag, resulty procedurecollect&f() Di-

1: (tag result = gather&f() (tag, view) procedureunion((tag;, new\},(tag,, srcv))

2: put&f((tag, result) /I For every process, take latest entry frenaV , newV.
3: return (tag, result) /I Size ofnewVis bounded by the contention.

1: for every(pidy, v, seq;) € newV
2: if 3(pidy,va, seqa) € SrcV then
if seq > seq, then
srcV = srcVU (pidy, v1, seqq) \ (pidi, v, seqa)
tage = tags + seq1 — seqs
else /l no tuple fopid; in srcV
srcView= srcVU (pidy, v, seqp)
tags = tags + seq
return (tag,, srcV))

Lemma 3.4:Algorithm 2 satisfies the properties of thei;
Collect&f object. 5
Sincecollect& f callsput& f, its local and shared step
complexity isO(k?). 6:

Theorem 3.5:Algorithm 2 implements a Collectg .
object with O(k?) local and shared step complexityg.
for both put&f and collect&f operations, where: is
the point contention during the operation’s execution
interval.

3) Active set: An active set object, which returns
E. Applications a set of active processes can be supported by a
Gather&luster object, defined in Section 1I-C.3. Care
is required to maintain the set of active processes for
computingcluster, in order to reduce the local step com-
lexity we need to explicitly remove the identifiers of
rocesses that are not active (foleaveSet operation),
without missing any information. The implementation of
the cluster function is similar to the implementation of
%Re union function, but we manage a clustered set of

This section presents applications of Gathémdbject,
which differ in the functionf that they calculate.

1) Gather&naz: A Gather&nax object returns the
maximum value previously stored in the object, that i
the pair(tag, value with the maximumtag. In this case,
f is amax function that compares two scalars (ttay
values), and it can be implemented in a single local st

Thus, the implementation Sf this object requir@¢k) the identifiers, for processes with ndn-value in the
steps forgather&f and O(k") steps forput&f, where full view. Once the original view is updated the process

s the point coqtenhon and local sf[eps are also counte entifier is added or removed from the clustered set,
2) Gather8union: A Gather&union object returns accordingly

a (tag, view), whereview contains 3-tuples of the form

id, value seq. wherepid is a process’s identifievalue
|<sI,3 the value i?self an&%qis ar;equence number (every IV. THE ECOLLECT& f OBJECT
value is tagged with a sequentially increasing label, Several algorithms repeatedly involgit and/or a
called sequence number), which is used to pick the laté8flect operations within a single high-level operation.
value for each process. Thag contains the sum of all The repetitions of expensiveut and collect operations
the sequence numbers iew, and it is used later to @re the major factor in the step complexity of those
make the efficient comparisons between views. algorithms.

The implementation of thainion function requires [N this section, we introduce a new efficient Colle¢t&
some care since a view might include many values, HRRiect, ECollect&, which is optimized for performing
we still want to achieve low local step complexity. To dénany put&f and collect&f operations within a single
so, Algorithm 3 merges the values of the active procesdéigh-level operation. Aput&f operation requires only a
with the last view stored in the object, by scanning on§ingle step and eollect& f operation hag)(k) local and
the new values (the values of the active processes). T@red step complexity, whekeis the point contention
local computation in thenion function is dominated by during the high-level operation’s execution interval.

a loop over the new values. We reduce the cost of storing and collecting infor-

Collect&union, namely, an ordinary collect objectmation by requiring costly coordination only when a
can be easily implemented by a Collegtébject, in Process starts or completes a high-level operation. After

the same manner that Gathergion is implemented by @nnouncing their participation at the beginning of the
Gather&f. operation, active processes update their information in a

simple shared register; before completing their operation,
processes record their latest information at a readily



available shared location. To collect current informatio/lgorithm 4 ECollect&f: code for process;.
a process obtains the set of active processes and redlared:

from their registers, then applying functignon the val- Gm: Gather&nax object
ues of the active processes and the latest result previously AS: active set object /I set of active processes
calculated and stored. R[1..n] : array of pairs, initially(0, L)

The ECollect& object is similar to the Collect&
object, except it providesour operations:start, end, void procedurestart()
put&f andcollect&f. The put&f andcollect&f oper- 1: ASjoinSet() /I sign-in
ations are the same as in the Colle¢t&bject, but it is
assumed thattart is called beforgut& f andcollect&f void proceduresnd()
are called, and thaend is called before the process2: Gmput&maz(collect&f()) /I store current view
completes the high-level operation. 3: ASleaveSet() Il sign-out

start put collect put collect end
Pi 77— |

void procedureput& f(value
4: R[p;) = (R[pi].seq + 1,value

start put collect put collect end
pj — |

(tag, resulty procedurecollect&f()

L 5: actV = ASgetSet()
The start operation indicates that the process startsgg pewy/— {(p;, Rlp;]-value, R[p;).seq) |

high-level operation, which should be coordinated with p; € actV'}
other concurrent processes. Téred operation indicates 7- (tag, result = Gmgather&mazx()
that the process has just completed the high-level opgr- yeturn(f(newV, (tag, result))
ation, and its current result should be saved.

A. Implementation L .
. _ o lemma implies thattag, result includes the latest value
The implementation of ECollectgobject is based on stored by each procegs beforecop.

two instances of the GathefRobject: Gatherdnaz and | emma 4.1:Assume acollect&f operationcop, by
active set. The Gather&ax is maintains views of high- ), returns (tag, result). If a put&f((tag,, value;)) op-
Ie\{el operations that have completed, while the active Khtion pop, by p, precedescop, then (tag;, value) &
object captures concurrent processes. (tag, result).
The start operation signs a process into the active set. _ ) _ _

In a put&f operation a process only writes its currerft™00f: Consider the finaput&maz (Line 2) operation
values to an atomic registeR[p;]; write operations are Of 1. If it completes beforecop, starts gather&mazx
tagged with a sequence number, in order to observe N 7) operation, thercop; includes (tagi, valuey),
tween new and old values. @llect& f operation obtains Py the properties of the Gathey&object. Otherwise,
the active set of processes and reads from their registéh§, correspondingut&maz (Line 2) operation ofp;
R[p;]. Then it applies the functioff to the values of the COMPpletes after thgather&maz (Line 7) operation in
active processes and the values of non-active process@3 starts. Note thap, calls leaveSet (Line 3) after it
it gets from the Gather&ax object. Theend operation COmpletesput&maz (Line 2); it follows that thegetSet

writes its information to the Gather&az object, and (Line 5) operation ofcop, completes beforéeaveSet

then signs out of the active set. (Line 3) byp; starts, since thgetSet operation precedes
Algorithm 4 presents the pseudo-code of thige gather&maz operation. Thusp; is in the active set
ECollect&f object. observed bycop,, which reads(tag;, value;), or a later
value, fromR|[p;]. n
B. Proof of correctness Lemma 4.2:Assume &ollect& f operationcop, by p;

We prove that ECollect§ provides the properties €tUMS (tagi, result;) and acollect&f operationcop
of a Collect&f object, assuming thastart and end DY Pj returns(tags, resulty). If cop, precedesop;, then
encapsulate the calls to collect&and put&f. resulty > resulty.

It is obvious that the paiftag, resulf) returned by a Proof: For an arbitrary paittag;, value;)>result,, we
collect& f operationcop, of processgp; does not contain consider two cases:

values written byput& f operations folloncop,. The next  Case 1:(tag;, value;) is read from the Gather&ax



object. Consider the correspondipgt&maz (Line 2) Algorithm 5 Atomic snapshot [4]: code for proceps
operation ofp;. If it completes beforecop; starts the Shared:

gather&max (Line 7) operation, thercop; includes EC : ECollect&union object
(tag;,value;), or a later value. Otherwise, the corre-  B[l..n] : registers with(view, view), initially (0, 0)
spondingput&mazx (Line 2) operation ofp; completes AS: active set object Il set of active processes

after thegather&max (Line 7) operation incop; starts. Local:
Note thatp; calls leaveSet (Line 3) after it completes seq: integer, initially O
put&max; it follows that thegetSet (Line 5) operation
of cop; completes beforéeaveSet (Line 3) byp; starts, (tag, view) procedurescan()
since thegetSet operation precedes thgather&max 1: seq=seq+ 1
operation. Thusp; is in the active set observed lepp;, 2: ASjoinSet() Il sign-in
which readsvalue; from R[p]. 3: while (rue) do
Case 2:(tag;, value;) is read fromR][p;|. This means 4 (tag;,v1) = EC.collect&union()
thatp; writes to R[p;], after completing its recefpinSet 5: (tag,, o) = EC.collect&union()
(Line 1), beforecop, completes. Thereforg, completes 6: if (tag, = tag, and v; = Vo) then
its joinSet (Line 1) beforecop; starts, sinceop; follows 7 ASleaveSet() I sign-out
cop. If p; is in the active set obtained byop;, then 8 return (tag,, vo))
9

p; reads(tag;, value;) or a later value fromR[p;] and if Ipid’ s.t., (pid,*) € v1 Uvg and

the claim follows. Otherwise, it must be that starts (pid, seq) € B[pid'].s then
leaveSet (Line 3) before the end of thgetSet (Line 5) 10: ASleaveSet() /I sign-out
operation ofcop;. Then,p, completeput&max (Line 2) 11: return B[pid'].sc)

beforecop; startsgather&maz (Line 7), which implies

that resulte includes(tag;, value;), or a later value.m void procedureupdate(valug

EC.start() /I start a high-level operation
(t,s) = ASgetSet()

(t,so = scan()

Finally, we compute the step complexity of this aIQ:_
gorithm. A start operation callsjoinSet, therefore its
local and shared step complexity @(k?), wherek is

the point contention during the high-level operation’ﬁf E%Zditzqfi;z(value
execution interval. Acollect&f operation callggetSet, . ECIEnd() /l"end the high-level operation

reads the registers of the active processes and then calls
gather&maz. Thus, its local and shared step complex-
ity is O(k). The step complexity oput&f operation
is clearly constant. Arend operation callsput&maz  Comparability: If V; and V5 are the views returned by
and thenleaveSet, therefore its local and shared stepyo scan operations, then eithdr; < V5 or V5 < V4.
complexity isO(k?). We can improve theshared step complexity of
Theorem 4.3:The ECollect&f object ha)(k?) local the snapshot algorithm [4] toO(k?), by using
and shared step complexity fstart andend operations, ECollect8&union. In this algorithm, a process repeat-
O(k) for collect&f operation andO(1) for put&f edly double collects until either two collects are identical
operation, where: is the point contention during theor some process; was observed to change its value and

high-level operation’s execution interval. its scan has started aftgr started. Pseudo-code, using
ECollect&union, appears in algorithm 5.
V. IMPROVING THE STEP COMPLEXITY OF ATOMIC The correctness of the algorithm follows as in [4], [8],
SNAPSHOTS ANDIMMEDIATE SNAPSHOTS since the only change is using the efficient collect object,
A. Atomic Snapshots ECollecté&union, instead of an ordinary collect object.

A scan operation makes at modt iterations, each

The atomic snapshaproblem[1], [5], [6] extends the o )
collect problem by requiring views to look instantaneoug?qu'rmgo(k) steps (the ECollect@nion hasO (k) step

it supports two operationsipdate, which updates a new complexity), th? step2compIeX|ty aican and therefore
. : ) . also ofupdate is O(k*).
value, andscan which atomically obtains a view. In

addition to the validity and regularity properties (defined Theorem 5.1:Algorithm 5 implements the atomic

: ) 9 :
in Section II-C.2), the returned views should satisfy thsnapshot object withO(k") shared steps, where is

foIIowing condition: itilteersgllnt contention durlng the operation’s execution



Algorithm 6 Fully adaptive atomic snapshot [4]: codgyroblem, returned views should satisfy the next condi-

for process;. tion:
Shared: Immediacy: If the view returned by somém-upscan
S atomic snapshot object /l from Algorithm 5operation, V7, includes the value written in théth
Gm: Gather&nax object im-upscan of p; that returns the views, thenl, < ;.
The local and shared step complexity of the immediate
(tag, view) procedurescan() snapshot algorithm of [4] is improved t@(k3), by
1. (tag,,v1) = S.scan() employing our fully adaptive algorithms for collect and
/I Size ofv; is bounded by point contentionatomic snapshot. The pseudo-code appears in Algo-
2:  (tag,, Vo) = Gmgather&maz() rithm 7.
3: return@nion((tag;, v1), (tag,, v2))) The correctness of the algorithm follows as in [4].

/[ union from Algorithm 3 As was shown in previous immediate snapshot algo-
rithms [4], [9], a process can descend at mbdtoors

void procedureupdate(valug if it starts from the floor corresponding tmallestview

4: Supdate(value // register to the current snapshotontaining its previous value.

5: (tag,v) = scan() The local and shared step complexity of accessing
6: Gmput&max({tag,v)) the active set object i®)(k?), where k is the point

7. Supdate(l) /l sign-out  contention. Since each process signs out of the active set

object (Line 23),|T'| < k and there at most iterations

of the loop in Lines 5-7. The snapshot operations during
, op take O(k?) local and shared steps.

Unfortunately, the local step complexity of Algo- ' gince a process descends through at rug) floor,

rithm 5 is not adaptive to point contention, since the, aach one callingLs-immss once with O(k?) step
algorithm manipulates views containing values of CUEomplexity, we get the next result.

rently non-participating processes, €.g., in & component-rpesrem 5.3:Algorithm 7 implements the immediate

wise comparison (Line 6). By plugging our snapshot angh,nshot object witt (k) local and shared steps, where

Gather&nax objects into the fully adaptive snapshoy, js the point contention during the operation’s execution
algorithm of [4], we achieve a fully adaptive snapshqfiapal.

algorithm with O(k?) local and shared step complexity.
Algorithm 6 presents the pseudo-code of the fully adap-
tive snapshot algorithm. _ _ _ _
In the scan operation, a process first accesses the 1NiS paper presents long-lived algorithms, which adapt
snapshot object, which take®(k2) steps, and then to point contention using only read and write operations,
accesses the Gatheréaz, which takesO(k) steps. for Gather&f, ECollect&f, atomic snapshot and imme-
Finally, it merges the two views in the same mann_&‘ate sn_apshot. The step complexity of the algorithms
as in Algorithm 3. Therefore, the local and shared stép @daptive even when local steps are counted and the
complexity of scan operation isO(k2). The update Pounds are very close to the best known (not necessarily
operation callscan, and accesses the Gatheng&s and 2daptive) algorithms for these important problems.

snapshot objects, therefore its step complexity is also . i
O(krz)) : P prextty Acknowledgements:We would like to thank Vita Bort-

nikov for helpful comments.

VI. DISCUSSION

The correctness of the algorithm follows as in [4].

Theorem 5.2:Algorithm 6 implements the atomic
snapshot object witth(k?) local and shared steps, where
k is the point contention during the operation’s execution
interval.

B. Immediate Snapshots

Thelmmediate snapshatroblem [11] provides a com-
bined im-upscan operation, updating a new value and
returning a view. In addition to the validity, regularity
and comparability properties of the atomic snhapshot



(1]

(2]
Algorithm 7 Fully adaptive immediate snapshot [4]:
code for procesgp;.

Shared:
AS: active set object
Suggedtl ... n][oo] : Array of Collect&union objects
S: FA snaphot /I from Algorithm 6
view(0, ...] : a view for each floor
flaglo,...][0,...,n — 1] : a flag for each process
and each floor

(3]

(4]

(5]

(3, view) procedurepx-upscan(count integer) [6]

2: Supdate(coun) I/ store the new value
3: (%,V) = Sscan() [71
4:  (tmp, T) = ASgetSet()

denotec,, = Suggesp'|[V'[p'].seq]

/Il current collect object fop’

5: for every procesg’ € T do [9]
6: T" = ¢y .collect&union() (10]
7 vV (X, V) e T, X > 3 thenc, .put&union((X, V))
8. T = ¢,.collect&union()
9: (%,V) = element inT with minimal £ part

10: return (X,V)) (L1

view procedurem-upscan(count integer) [12]

11 ASjoinSet() /I sign-in

12: <f, V') = px-upscan(coun) [13]
13: viewf] =

14: (tmp U) = ASgetSet()

15: startlevel= [VUU| + 1 [14]

/I estimate the number of participants in lower floors
16: while true) do
/I descend through floors — 1, f —2,...

17. f=f-1

18: update;(p;)

19:  curr_level= |collecty()|

20:  flagf][pi] = (view(f] # L)

21: W= 1s-immss(count startlevel+ curr_level)

22: if (count> viewf][p;]) and for somep; € W,
flag[ f][p;] = true then

23 ASleaveSet() /Il sign-out

24: return (nion(W,view[f]))

10
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APPENDIX Algorithm 8 The sieve: code for procegs.

Remark: This appendix reviews material from [g],data types:
[14] to help in the verification of our algorithms; it can ~ ProcessiDint 1..n /I process’s id
be ignored. view : vector of (ID, INFO)
Our Gather& algorithm uses the sieve object ofocal variables:
Attiya and Fouren [8]. For completeness, we present the V: W': view
pseudo-code of the sieve object (Algorithm 8) and the
main lemmas required for our algorithm. view procedureenter(s, ¢, info) // enter 6, c) with info
Lemma 1.1 ( [8, Lemma 3.2))if processp; is inside 1: sinsidef] = true
copyc of sieves then all the candidates leave the smallgd V = s.latticeAgreement](info)

copies,1,...,c— 1, of sieves. 3: s.R[c]id;] =V /I save the obtained view
Lemma 1.2 ( [8, Lemma 3.8])lf some processes ac-4: W = candidates(s, ¢) // get the set of candidates
cess copyc of sieves, then at least one of them is &: returnfV) /' return the set of candidates
winner.
Corollary 1.3 ( [8, Corollary 3.11]): The step com- Void procedureexit(s, c)  // leave copyc of the sieve
plexity of accessing the sieve @&(k - logk). 1: W = candidates(s, c) // get the set of candidates
Lemma 1.4 ( [8, Lemma 4.2])Assume that process2: if ({id;,*) € W) thens.count = c+ 1
p; with interval 3; accesses sieve and does not win. Il p; finds it is the winner ing, c)
Then there is a prefiyd’ of 3i|18i]2. .. 3is, such that 3: s.done[c]fid;] = true I p; is done
[W4(8")] + |As(B)] > s+ 1. 4: w = candidates(s, ¢)
The step complexity of the sieve object of [8] iD: if (W# 0 and ¥(id;,*) € W,
dominated by thdatticeAgreement procedure. Inoue S.donelc|[id;] == true) then

et al. [14] reduced both the step complexity and tHg s.allDonef] = true  // all candidates are done

space complexity of the sieve object, by replacing the

latticeAgreement and candidates procedures. Their boolean procedurepen(s, ¢c)  // is copy§, c) open ?

improved sieve object had(k) step complexity. 1: return §.allDongc — 1] and not s.insidef])
Processes which concurrently enter the same copy

obtain the identical seW if they obtain non-empty view procedurecandidates(s, c)

set. To achieve this, procedurksticeAgreement and 1. V = s.R[c][id;]

candidates are used. Each process entering a coy W= min{s.R[c][id;] | (id;,*) € V and

invokeslatticeAgreement to capture a snapshot of pro- S.R[c|[id;] # 0} /I min by containment

cesses which have entered the same copy in the saneif V(id;, *) € W, s.R[c|[id;] D W then return{V)

round. Then the process invokesndidates to find 4: else returrif)

the minimum snapshot among the snapshots obtained

by latticeAgreement. Then procedureandidates can

return the minimum snapshot only when the minimum

snapshot can be identified, where "minimum” means tié!l b€ registered. This allows to simplify thesgister
minimum one among snapshots obtained in the saﬂ@‘?e‘?“re_o“ Attiya, Fquren and Gafni [9]. They use only
copy in the same round including snapshots obtain8H€ direction of a splltter,_ gnd use a collect list instead
by other processes later. Since the minimum snapsl‘? o collec_t tree. The modified spllt‘Fer retursisp, r_1ext

is unique, some processes can obtain the identical ngh-20rt instead ofstop, left or right, respectively.
empty setW. This can be achieved by invokirgpllect The propert!es of the splitter |mply that (1) at 'Ieast one
twice. Then, processes find the minimum snapshot p{ocess registers at som_e node in the coII_ect list, and (2)
invoking candidates if the minimum snapshot can be2! MOSt one process registers at each splittecolfect,
identified. Though their algorithm is simple, it guarantee® Process just searches the list from its root until it
that at least one processes obtain the non-empty ideffacnes an unmarked splitter. Téeilect returns a view
cal set. Moreover, their improved procedures (&) consisting of all process identifiers which are registered

registers ifk: processes enter the same copy in the safigfore invoking thecollect and some process identifiers
round. Therefore((k) steps are sufficient to initialize Which register concurrently with the executionoafilect.

the copy.
Since it suffices to get non-empty set of process
identifiers, there is no needed that all the processes




