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Abstract— The step complexity of fully adaptive (FA)
algorithms depends only on the contention during an
operation, when counting both local computation and
accesses to shared registers. This paper contributes to the
design of efficient fully adaptive algorithms by specifying
and implementing two generic objects, Gather&f and
Collect&f .

A Gather& f object returns the value of applying a
function f on the information previously stored in the
object. In order to reduce the local step complexity, our
implementation of a Gather&f calculatesf incrementally,
as values are stored in the object. This implementation uses
only read and write operations on the shared memory. It
has O(k) local and shared step complexity for calculating
f and O(k2) for storing information, where k is the point
contention during the operation’s execution interval.

A Collect& f further guarantees that the value of f
returned by a later collect&f operation does not reflect
fewer store operations than a (strictly) earlier collect&f
operation. A simple implementation hasO(k2) local and
shared step complexity for calculatingf and for storing
information. For common applications where collect&f is
repeatedly invoked, the paper presents an efficient object
called ECollect&f . In this object, storing information takes
a single step and calculatingf has O(k) local and shared
step complexity.

To demonstrate the applicability of Gather&f and
ECollect&f , we use them to improve the local and shared
step complexity of atomic snapshot and immediate snap-
shot to O(k2) and O(k3), respectively.

I. I NTRODUCTION

Distributed algorithms are designed to accommodate a
large number of potential participants; yet, the step com-
plexity of an operation should depend only on the num-
ber of participating processes. Ideally, the step complex-
ity should be a function only of thepoint contention—the
maximum number of processes executing concurrently at
some point—during the operation.

There are algorithms whosesharedstep complexity—
the number of accesses to shared registers—is adaptive
to point contention [2], [3], [4], [8]. However, except

for [4], the local step complexity of these algorithms is
not a function of the point contention. A typical situation
happens, for example, when operations store their values
in some data structure, requiring a later computation of
the maximum value to access the whole data structure. In
this situation, the local step complexity of an operation
is proportional to thetotal contention—the number of
processes that ever participated in the algorithm—even
if its point contention is one, i.e., the operation executes
in isolation.

This paper is devoted to the design of efficientfully
adaptive(FA) algorithms, whose local and shared step
complexity depends only on the point contention. We
specify and implement two generic objects,Gather&f
and Collect&f , as modular mechanisms for designing
fully adaptive algorithms; the Collect&f object is then
optimized for repeated invocations. These objects are
employed to significantly reduce the local and shared
step complexity of atomic and immediate snapshots.

A Gather&f object allows processes tostoreinforma-
tion and toretrieve the result of applying the functionf
to the information stored in the object, before or possibly
during the calculation off . (A precise definition appears
in Section II.) For example, the Gather&max object
returns the largest value stored, and is equivalent to the
pile object [4]. Another example is the Gather&cluster
object, which maintains the set of currently active pro-
cesses; it implements anactive setobject [4].

The key for reducing local computation costs is tore-
useprevious calculations, by storing their result instead
of the raw data they are based on. We present (in Sec-
tion III) an implementation of a Gather&f object, with
O(k) local and shared step complexity for calculatingf
andO(k2) local and shared step complexity for storing
information, wherek is the point contention during
the operation’s execution interval. The implementation
extends the idea of incremental calculation from the
pile object of Afek et al. [4] and fits it into the collect
algorithm of Attiya and Fouren [8]. As a special case,
our implementation improves the local and shared step
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complexity of the pile object fromO(k3) to O(k2).
A simple extension of the Gather&f implementa-

tion yields a Collect&f object, where the value of
f returned by a collect&f operation is more up-to-
date than (strictly) earlier collect&f operations. Un-
fortunately, the (local and shared) step complexity of
calculatingf is O(k2), which can be quite prohibitive
when f is repeatedly calculated. For such applications,
we present (Section IV) an efficient ECollect&f object in
which storing information takes only a single step, while
collect&f has O(k) local and shared step complexity.
The implementation uses the Gather&max and active
set objects.

To demonstrate the applicability of the Gather&f
and ECollect&f objects, we use them to improve the
(local and shared) step complexity of atomic snapshots
and immediate snapshots.Atomic snapshots[1], [5], [6]
return “instantaneous” views of the shared memory and
are an important tool in the design of shared-memory
algorithms.Immediate snapshots[11] guarantee, in ad-
dition, that returned views are not much later than the
previous update by the same process; they play a key role
in the study of asynchronous computability [10], [13].

In Section V, we improve the (local and shared)
step complexity of the atomic snapshot algorithm [4] to
O(k2) and of the immediate snapshot algorithm [4] to
O(k3). (The relationships between algorithms presented
in this paper are summarized in Figure 1.)

Table I compares the step complexity bounds of our
atomic and immediate snapshots algorithms with pre-
vious adaptive algorithms. Attiya, Fouren and Gafni [9]
present atomic and immediate snapshot algorithms; how-
ever, their step complexity adapts only to the total con-
tention. Afek et al. [4] present fully adaptive atomic and
immediate snapshot algorithms withO(k4) and O(k5)
local and shared step complexity, respectively. Attiya
and Fouren [8] implement atomic snapshots withO(k3)
step complexity; however, the step complexity accounts
only for shared memory accesses and their local step
complexity is not adaptive to point contention.

II. T HE GATHER&f AND COLLECT&f OBJECTS

A. Preliminaries

We assume a standard asynchronous shared-memory
model of computation, following, e.g., [12]. A system
consists ofn processes,p1, . . . , pn. A process can read
from and write to registers that are either local to itself
or shared by all processes.

An eventis a computation step by a single process; in
an event, a process determines the operation to perform
according to its local state, and determines its next local
state according to the value returned by the operation.

An executionis a (finite or infinite) sequence of events
φ0, φ1, φ2, . . .. For everyr = 0, 1, . . ., the process per-
forming the eventφr applies a read or a write operation
to a single register and changes its state according to
its algorithm. There are no constraints on the interleav-
ing of events by different processes. This reflects the
assumption that processes areasynchronousand there is
no bound on their relative speeds.

An invocation of a high-level operation by a process
causes the execution of the appropriate algorithm. The
execution intervalof an operationopi by processpi is
the subsequence of the execution between the first event
of pi in opi and the last event ofpi in opi. Assume that
the execution interval of an operationopi by processpi

precedes the execution interval of an operationopj of
processpj ; namely, the last event ofpi in opi appears
before the first event ofpj in opj . In this caseopi

precedesopj andopj follows opi, denotedopi → opj .
When objects are implemented in a hierarchical man-

ner, executions may contain severallevelsof operations.
A high-leveloperationhop consists of a sequence oflow-
leveloperations:lop1, . . . , lopn, where the first one,lop1,
starts whenhop starts and the last one,lopn, completes
whenhop completes.

Processpi is activeat the end ofα′, a finite prefix of
an executionα, if α′ includes an invocation of a high-
level operationop by pi without the matching return. The
point contentionat the end ofα′, denotedPntCont(α′),
is the number of active processes at the end ofα′.

Consider a finite intervalβ of an executionα; we
can writeα = α1βα2. The point contention duringβ,
denotedPntCont(β), is the maximum contention in
prefixesα1β

′ of α1β, namely

max{|Cont(α1β
′)| : α1β

′ is a prefix ofα1β } .

B. Gather&f and Collect&f : Definitions

In this section, we define the Gather&f and Collect&f
objects. Consider anassociative, commutativeandidem-
potent1 function f . In both objects, a process can store
its value in a shared memory, and retrieve the result of
applying functionf to the values stored in the shared
memory. Instances of the object are differentiated by the
function f that they support, e.g.,maxor union.

1) The Gather&f Object: The object handlestagged
values, which are〈tag, value〉 pairs and provides two
operations:put&f stores its parameter in the object,
while gather&f returns the result of applyingf to all
the tagged values stored in the object before or possibly
during the operation.

1A function is idempotent if applying it multiple times on same
value is equal to a single application on the same value.
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Fig. 1. Relationships between algorithms presented in this paper.

Problem Reference Operations Counted Step Complexity
[8] shared only O(k3)

atomic snapshot [4] shared+local O(k4)
(this paper) shared+local O(k2)

[9] shared only O(K3) (K = total contention)
immediate snapshot [4] shared+local O(k5)

(this paper) shared+local O(k3)

TABLE I

COMPARISON OF ATOMIC AND IMMEDIATE SNAPSHOTS ALGORITHMS.

A set W of put&f operations can be identified with
their parameters;f(W ) denotes the result of applyingf
on the parameters of the operations inW . This is well-
defined sincef is associative and commutative.

A gather&f operation op returns a tagged value
〈tag, res〉 such that the following condition holds: There
exists a setW of put&f operations that includes all op-
erations precedingop and does not include any operation
following op, such that〈tag, res〉 = f(W ). For aput&f
operationop′ ∈ W , we denoteop′ . f(W ).

2) The Collect&f Object: Like the Gather&f object,
this object provides two operations:put&f stores its
parameter in the object, whilecollect&f returns the
result of applyingf to all the values stored in the object
before or possibly during the operation. In this object,
later collect&f operations are at least as updated as
previous ones.

Formally, consider twocollect&f operationsop1 and
op2 such thatop1 → op2; if op1 and op2 return f(W1)
andf(W2), respectively, thenW1 ⊆ W2.

C. Examples

We present several examples of important objects that
reduce to Gather&f . Thus, a fully adaptive algorithm
for a generic Gather&f object allows to efficiently
implement several other objects, provided we have a
locally efficient algorithm for computingf .

1) Example 1: Consider the problem of atomically
computing an aggregate function, such as max or min,

of a set of values, while these values are dynamically
updated by processes. Each of these problems trivially
reduces to a Gather&f object, wheref is the appropriate
aggregation function.

2) Example 2:The simplecollectobject supports two
operations: astore(v) operation ofpi declaresv as the
latest value forpi, and acollect operation returns a view2

containing the latest values stored by active processes.
A collect operationcop returns a viewV satisfying the
following condition, for every processpj :
Validity: If V (pj) = ⊥, then nostore operation ofpj

precedescop; if V (pj) = v 6= ⊥ thenv is the value of a
store operationsopof pj that does not followcop, and
there is no otherstore operationsop′ of pj that follows
sopand precedescop.

This means thatcop should not read from the future
or miss a precedingstore operation. Moreover, ifcop
follows anothercollect operationcop′, thencop returns
a view that is more up-to-date. To capture this notion
formally, we define a partial order on views:V1 ¹ V2

if for every processpi such that〈pi, v
1
i 〉 ∈ V1, we have

〈pi, v
2
i 〉 ∈ V2, andv2

i ≥ v1
i .

Regularity:Assume acollect operationcopby pi returns
V1, and acollect operationcop′ by pj returnsV2. If cop
precedescop′, thenV1 ¹ V2.

It is simple to see that the collect problem reduces to

2A view is a set of process-value pairs,V = {〈pi, vi〉, . . .},
without repetitions of processes.V (pj) is vj if 〈pj , vj〉 ∈ V and
⊥, otherwise.
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a Collect&union object.
3) Example 3: An active setobject [4] allows to

obtain the set of currently active processes, by providing
three operations:joinSet signs a process into the active
set; leaveSet signs a process out of the active set;
getSet returns the set of processes signed in the active
set. The setP returned bygetSet operationgopj of
processpj must satisfy the following conditions:

1) If joinSet operation by processpi precedesgopj

and noleaveSet operation bypi starts beforegopj

ends,pi ∈ P .
2) If leaveSet operation by processpi precedesgopj

and there is no followingjoinSet operations by
pi, or there are nojoinSet operations bypi, then
pi /∈ P .

The active set object can be reduced to a
Gather&cluster object, wherecluster is an extension
of the union function, so that a process changing its
value in the view to⊥ is removed from the view. Thus,
joinSet is mapped toput&cluster(〈0, pi〉), leaveSet is
mapped toput&cluster(〈0,⊥〉 andgetSet is mapped to
gather&cluster.

III. I MPLEMENTATIONS FORGATHER&f AND

COLLECT&f OBJECTS

A. Informal Description

A simple implementation of a Gather&f object is to
use an ordinary Gather object [8], satisfying thevalidity
property (defined for the collect object in Section II-
C.2). A gather&f operation simply invokes agather
operation and appliesf on the view it returns. The main
difficulty is to calculate the new result with adaptive
local step complexity. If the result is calculated from
scratch each time, all stored values should be read. Thus,
the local step complexity is not bounded by the point
contention, but by the total contention (at best).

In order to bound the number of local steps, we
incrementally calculate the result and save it for later
use, as in the pile algorithm [4]. We take a gather
algorithm [8] and change its behavior so that instead
of storing the data itself, it calculates the partial result
incrementally and saves it for later use.

In the gather algorithm we use [8], a process tries
to join one of 2k − 1 groups ordered in a column;
each group maintains a view containing all the values
of its members. A group is dynamically managed with a
sieve, a data structure that allows processes to exchange
information; a sieve captures the information of at least
one of the processes accessing it concurrently (see the
appendix).

In our Gather&f implementation, the processes in
the group applyf to the view containing the values of
its members and to partially computed results. Interim
results are saved in a shared memory location associated
with the group. Later operations do not recalculate the
result, but only combine the previously-calculated value
with new information that was added since the last
calculation.

To restrict the effects of high point contention during
a put&f operation, processes propagate (bubble up) new
results to the top of the array. Otherwise,put&f encoun-
tering high contention may store a new value in an entry
with large indexs0, and a subsequentgather&f will
have to access many entries, even if its point contention
is low. Bubble-up, presented in [3] and used also in [4],
[8], allows gather&f to find the new values close to the
top of the array, when contention is low.

B. The Algorithm

The algorithm uses the following data structures:

• A column of sieves, numbered1..2n− 1;
• An array Res[1..2n − 1], 2n − 1 atomic registers

of type 〈tag, result〉; The sth entry of this array
contains the result of applyingf on the values of
all past and current candidates in sieves.

• An array last[1..2n− 1], 2n− 1 atomic registers of
type pid, each initialized ton + 1;

• An arrayC[1..n+1][1..2n−1], 2n2 atomic registers
of type 〈tag, result〉, each initialized to〈0, ∅〉;

The functionf also calculates atag value, which may
used by the application as meta-data. In Gather&max,
for example, thetag is a sequence number which is used
for comparison between values. The initial values of both
tag andresult should be values that do not affect on the
calculation. That is, for any set of values (including the
empty set),W , initial values.f(W ).

Algorithm 1 presents the pseudo-code of the
Gather&f object; lines changed from [8] are numbered
in bold. The interface to the sieve is with procedures
open, enter andexit [8]. Informally, open tells whether
the sieve is busy, that is, other processes are inside the
current copy of this sieve,enter tries to store information
in a non-busy sieve, whileexit releases the sieve. The
sieve’s properties guarantee that if some processes access
copy c of sieves, then at least one of them is a winner
(see the appendix).

A put&f operation storesvalue as part of the result
of all candidates in sieves in an entrys of array Res
and bubbles the result of previous values up to the top
of the array. The first part ofput&f has similar outline
as previous applications of the sieve [7], [8]. A process
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Algorithm 1 Gather&f : code for processpi.

Shared:
Res[1..2n− 1] : array of pairs, initially〈0,⊥〉
last[1..2n− 1] : array of process id’s, initiallyn + 1
C[1..n + 1][1..2n− 1] : array of pairs, initially〈0, ∅〉

void procedureput&f (〈tag, value〉)
1: s = 0 // try to win sieve1, 2, . . . , 2k − 1
2: repeat
3: s+ +;
4: if open(s) then
5: if pi ∈ W = enter(s, 〈tag, value〉) then

// pi wins sieves
6: for every〈idj , 〈tagj , vj〉〉 ∈ W

7: Res[s] = f(Res[s], 〈tagj , vj〉)
// applyingf on the previous result and the newvalue

8: exit(s)
9: until pi ∈ W

10: while (s ≥ 1) // bubble up the new value
11: C[idi][s] = 〈0,⊥〉

// announce you are accessing entrys
12: last[s] = idi

13: C[idi][s] = choose&f(s)
// get the calculated value below sieves

14: s−−;

〈tag, result〉 procedurechoose&f (s: int)
15: q = last[s]
16: 〈tag, tmp〉 = C[q][s]
17: if (tmp 6= ⊥) then return (〈tag, tmp〉)

// another process accesses entrys concurrently
18: 〈tag’, v’〉 = Res[s]
19: 〈tag, v〉 = choose&f(s + 1) // recursive call
20: return (f(〈tag, v〉, 〈tag’, v’〉))

〈tag, result〉 proceduregather&f ()
21: return (choose&f (1))

pi goes through the column of sieves, starting from the
top, until it wins one of them. Ifpi wins sieves, it
writes the result of the current value ofRes[s] and the
values currently stored in sieves into Res[s]. The sieve
properties guarantee thatRes[s] is the result of all values
previously stored in sieves.

To bubble up, a process goes from entrys up to entry1
and for each entrys′ = s, . . . , 1, it recursively calculates
function f on the values stored in the part of the array
below entrys, and stores the result in its private register
associated with entrys.

In choose&f (s), processpi reads q from last[s]
(Line 15) and then reads〈tag, tmp〉 from C[q][s]. If
tmp 6= ⊥, then pi returns tmp; otherwise, pi calls
choose&f (s+1), and calculates the result of the return
value and the value inRes[s].

C. Proof of Correctness

We adjust the correctness proof for the collect ob-
ject [8] to consider the aggregate value off on the stored
values, instead of the values themselves. This shows that
the incremental calculation in our algorithm correctly
appliesf to the information stored in the object.

We say that aput&f operationcrossessievex′ when it
writes to last[x′] (Line 12). The proof of the next lemma
follows the arguments of [8, Lemma 6.2].

Lemma 3.1:If a put&f operationpopr of processpr

with input 〈tagr, valuer〉 crosses entrys ≥ 1 before a
choose&f (s) operationgopg of processpg returning
pair 〈tagg, resultg〉 starts, thenvaluer . resultg.

As in [8, Lemma 6.3], we can use Lemma 3.1 to prove
that Algorithm 1 satisfies the properties of the Gather&f
object.

The next lemma bounds the number of entriespi

accesses duringgather&f and it follows [8, Lemma 6.5].
Lemma 3.2:The maximal entry accessed by process

pi performing achoose&f operationgopi is 3k, where
k is the point contention duringgopi’s execution interval.

By Lemma 3.2,choose&f operation accesses at most
3k entries, and its step complexity isO(k) (see the
appendix).

In Lines 1-9 ofput&f , a process accessess0 ≤ 2k−1
sieves, implying that the step complexity of this stage is
O(k2). In the bubbling up stage ofput&f , a process
performschoose&f (s) for s = s0 − 1, . . . , 1; thus, the
step complexity of this stage is alsoO(k2).

Sincegather&f calls choose&f , its step complexity
is O(k).

Theorem 3.3:Algorithm 1 implements a Gather&f
object withO(k2) local and shared step complexity for
put&f and O(k) local and shared step complexity for
gather&f , wherek is the point contention during the
operation’s execution interval.

D. Algorithm for Collect&f Object

As in [8], the collect&f procedure first calls
gather&f and then callsput&f to store the result it
has obtained, in order to guarantee the collect property.
Algorithm 2 presents the additional pseudo-code for the
Collect&f object.

The proof of the next lemma follows [8, Lemma 6.4].
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Algorithm 2 Collect&f : additional code for processpi.

〈tag, result〉 procedurecollect&f ()
1: 〈tag, result〉 = gather&f ()
2: put&f (〈tag, result〉)
3: return (〈tag, result〉)

Lemma 3.4:Algorithm 2 satisfies the properties of the
Collect&f object.

Sincecollect&f callsput&f , its local and shared step
complexity isO(k2).

Theorem 3.5:Algorithm 2 implements a Collect&f
object with O(k2) local and shared step complexity
for both put&f and collect&f operations, wherek is
the point contention during the operation’s execution
interval.

E. Applications

This section presents applications of Gather&f object,
which differ in the functionf that they calculate.

1) Gather&max: A Gather&max object returns the
maximum value previously stored in the object, that is,
the pair〈tag, value〉 with the maximumtag. In this case,
f is a max function that compares two scalars (twotag
values), and it can be implemented in a single local step.
Thus, the implementation of this object requiresO(k)
steps forgather&f and O(k2) steps forput&f , where
k is the point contention and local steps are also counted.

2) Gather&union: A Gather&union object returns
a 〈tag, view〉, whereview contains 3-tuples of the form
〈pid, value, seq〉. wherepid is a process’s identifier,value
is the value itself andseq is a sequence number (every
value is tagged with a sequentially increasing label,
called sequence number), which is used to pick the latest
value for each process. Thetag contains the sum of all
the sequence numbers inview, and it is used later to
make the efficient comparisons between views.

The implementation of theunion function requires
some care since a view might include many values, but
we still want to achieve low local step complexity. To do
so, Algorithm 3 merges the values of the active processes
with the last view stored in the object, by scanning only
the new values (the values of the active processes). The
local computation in theunion function is dominated by
a loop over the new values.

Collect&union, namely, an ordinary collect object,
can be easily implemented by a Collect&f object, in
the same manner that Gather&union is implemented by
Gather&f .

Algorithm 3 Gather&union: additional code for process
pi.

〈tag, view〉 procedureunion(〈tag1, newV〉,〈tag2, srcV〉)
// For every process, take latest entry fromsrcV , newV.

// Size ofnewV is bounded by the contention.
1: for every〈pid1, v1, seq1〉 ∈ newV
2: if ∃〈pid1, v2, seq2〉 ∈ srcV then
3: if seq1 > seq2 then
4: srcV= srcV∪ 〈pid1, v1, seq1〉 \ 〈pid1, v2, seq2〉
5: tag2 = tag2 + seq1 − seq2

else // no tuple forpid1 in srcV
6: srcView= srcV∪ 〈pid1, v1, seq1〉
7: tag2 = tag2 + seq1

8: return (〈tag2, srcV〉)

3) Active set: An active set object, which returns
a set of active processes can be supported by a
Gather&cluster object, defined in Section II-C.3. Care
is required to maintain the set of active processes for
computingcluster; in order to reduce the local step com-
plexity we need to explicitly remove the identifiers of
processes that are not active (for aleaveSet operation),
without missing any information. The implementation of
the cluster function is similar to the implementation of
the union function, but we manage a clustered set of
the identifiers, for processes with non-⊥ value in the
full view. Once the original view is updated the process
identifier is added or removed from the clustered set,
accordingly.

IV. T HE ECOLLECT&f OBJECT

Several algorithms repeatedly invokeput and/or a
collect operations within a single high-level operation.
The repetitions of expensiveput andcollect operations
are the major factor in the step complexity of those
algorithms.

In this section, we introduce a new efficient Collect&f
object, ECollect&f , which is optimized for performing
many put&f and collect&f operations within a single
high-level operation. Aput&f operation requires only a
single step and acollect&f operation hasO(k) local and
shared step complexity, wherek is the point contention
during the high-level operation’s execution interval.

We reduce the cost of storing and collecting infor-
mation by requiring costly coordination only when a
process starts or completes a high-level operation. After
announcing their participation at the beginning of the
operation, active processes update their information in a
simple shared register; before completing their operation,
processes record their latest information at a readily
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available shared location. To collect current information,
a process obtains the set of active processes and reads
from their registers, then applying functionf on the val-
ues of the active processes and the latest result previously
calculated and stored.

The ECollect&f object is similar to the Collect&f
object, except it providesfour operations:start, end,
put&f and collect&f . The put&f and collect&f oper-
ations are the same as in the Collect&f object, but it is
assumed thatstart is called beforeput&f andcollect&f
are called, and thatend is called before the process
completes the high-level operation.

put collect collectputstart

start put endcollect collectput

end
pi

pj

The start operation indicates that the process starts a
high-level operation, which should be coordinated with
other concurrent processes. Theend operation indicates
that the process has just completed the high-level oper-
ation, and its current result should be saved.

A. Implementation

The implementation of ECollect&f object is based on
two instances of the Gather&f object: Gather&max and
active set. The Gather&max is maintains views of high-
level operations that have completed, while the active set
object captures concurrent processes.

Thestart operation signs a process into the active set.
In a put&f operation a process only writes its current
values to an atomic register,R[pi]; write operations are
tagged with a sequence number, in order to observe be-
tween new and old values. Acollect&f operation obtains
the active set of processes and reads from their registers,
R[pj ]. Then it applies the functionf to the values of the
active processes and the values of non-active processes
it gets from the Gather&max object. Theend operation
writes its information to the Gather&max object, and
then signs out of the active set.

Algorithm 4 presents the pseudo-code of the
ECollect&f object.

B. Proof of correctness

We prove that ECollect&f provides the properties
of a Collect&f object, assuming thatstart and end
encapsulate the calls to collect&f and put&f .

It is obvious that the pair〈tag, result〉 returned by a
collect&f operationcopi of processpi does not contain
values written byput&f operations followcopi. The next

Algorithm 4 ECollect&f : code for processpi.

Shared:
Gm : Gather&max object
AS : active set object // set of active processes
R[1..n] : array of pairs, initially〈0,⊥〉

void procedurestart()
1: AS.joinSet() // sign-in

void procedureend()
2: Gm.put&max(collect&f ()) // store current view
3: AS.leaveSet() // sign-out

void procedureput&f (value)
4: R[pi] = 〈R[pi].seq + 1, value〉

〈tag, result〉 procedurecollect&f ()
5: actV = AS.getSet()
6: newV= {〈pj , R[pj ].value, R[pj ].seq〉 |

pj ∈ actV }
7: 〈tag, result〉 = Gm.gather&max()
8: return(f (newV, 〈tag, result〉))

lemma implies that〈tag, result〉 includes the latest value
stored by each processpl beforecopi.

Lemma 4.1:Assume acollect&f operationcopi by
pi returns〈tag, result〉. If a put&f (〈tagl, valuel〉) op-
eration popl by pl precedescopi, then 〈tagl, valuel〉 .
〈tag, result〉.
Proof: Consider the finalput&max (Line 2) operation
of pl. If it completes beforecopi starts gather&max
(Line 7) operation, thencopi includes 〈tagl, valuel〉,
by the properties of the Gather&f object. Otherwise,
the correspondingput&max (Line 2) operation ofpl

completes after thegather&max (Line 7) operation in
copi starts. Note thatpl calls leaveSet (Line 3) after it
completesput&max (Line 2); it follows that thegetSet
(Line 5) operation ofcopi completes beforeleaveSet
(Line 3) bypl starts, since thegetSet operation precedes
the gather&max operation. Thus,pl is in the active set
observed bycopi, which reads〈tagl, valuel〉, or a later
value, fromR[pl].

Lemma 4.2:Assume acollect&f operationcopi by pi

returns〈tag1, result1〉 and acollect&f operationcopj

by pj returns〈tag2, result2〉. If copi precedescopj , then
result2 . result1.

Proof: For an arbitrary pair〈tagl, valuel〉.result1, we
consider two cases:

Case 1:〈tagl, valuel〉 is read from the Gather&max
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object. Consider the correspondingput&max (Line 2)
operation ofpl. If it completes beforecopj starts the
gather&max (Line 7) operation, thencopj includes
〈tagl, valuel〉, or a later value. Otherwise, the corre-
spondingput&max (Line 2) operation ofpl completes
after thegather&max (Line 7) operation incopj starts.
Note thatpl calls leaveSet (Line 3) after it completes
put&max; it follows that thegetSet (Line 5) operation
of copj completes beforeleaveSet (Line 3) bypl starts,
since thegetSet operation precedes thegather&max
operation. Thus,pl is in the active set observed bycopj ,
which readsvaluel from R[pl].

Case 2:〈tagl, valuel〉 is read fromR[pl]. This means
thatpl writes toR[pl], after completing its recentjoinSet
(Line 1), beforecopi completes. Therefore,pl completes
its joinSet (Line 1) beforecopj starts, sincecopj follows
copi. If pl is in the active set obtained bycopj , then
pj reads〈tagl, valuel〉 or a later value fromR[pl] and
the claim follows. Otherwise, it must be thatpl starts
leaveSet (Line 3) before the end of thegetSet (Line 5)
operation ofcopj . Then,pl completesput&max (Line 2)
beforecopj startsgather&max (Line 7), which implies
that result2 includes〈tagl, valuel〉, or a later value.

Finally, we compute the step complexity of this al-
gorithm. A start operation callsjoinSet, therefore its
local and shared step complexity isO(k2), wherek is
the point contention during the high-level operation’s
execution interval. Acollect&f operation callsgetSet,
reads the registers of the active processes and then calls
gather&max. Thus, its local and shared step complex-
ity is O(k). The step complexity ofput&f operation
is clearly constant. Anend operation callsput&max
and thenleaveSet, therefore its local and shared step
complexity isO(k2).

Theorem 4.3:The ECollect&f object hasO(k2) local
and shared step complexity forstart andend operations,
O(k) for collect&f operation andO(1) for put&f
operation, wherek is the point contention during the
high-level operation’s execution interval.

V. I MPROVING THE STEP COMPLEXITY OF ATOMIC

SNAPSHOTS ANDIMMEDIATE SNAPSHOTS

A. Atomic Snapshots

The atomic snapshotproblem[1], [5], [6] extends the
collect problem by requiring views to look instantaneous;
it supports two operations,update, which updates a new
value, andscan which atomically obtains a view. In
addition to the validity and regularity properties (defined
in Section II-C.2), the returned views should satisfy the
following condition:

Algorithm 5 Atomic snapshot [4]: code for processpi.

Shared:
EC : ECollect&union object
B[1..n] : registers with〈view, view〉, initially 〈∅, ∅〉
AS : active set object // set of active processes

Local:
seq: integer, initially 0

〈tag, view〉 procedurescan()
1: seq= seq+ 1
2: AS.joinSet() // sign-in
3: while (true) do
4: 〈tag1, v1〉 = EC.collect&union()
5: 〈tag2, v2〉 = EC.collect&union()
6: if (tag1 = tag2 and v1 = v2) then
7: AS.leaveSet() // sign-out
8: return (〈tag2, v2〉)
9: if ∃pid′ s.t., 〈pid′, ∗〉 ∈ v1 ∪ v2 and

〈pid, seq〉 ∈ B[pid′].s then
10: AS.leaveSet() // sign-out
11: return (B[pid′].sc)

void procedureupdate(value)
0: EC.start() // start a high-level operation
1: 〈t, s〉 = AS.getSet()
2: 〈t, sc〉 = scan()
3: B[pid] = 〈s, sc〉
4: EC.put&union(value)
5: EC.end() // end the high-level operation

Comparability: If V1 and V2 are the views returned by
two scan operations, then eitherV1 ¹ V2 or V2 ¹ V1.

We can improve theshared step complexity of
the snapshot algorithm [4] toO(k2), by using
ECollect&union. In this algorithm, a processpi repeat-
edly double collects until either two collects are identical
or some processpj was observed to change its value and
its scan has started afterpi started. Pseudo-code, using
ECollect&union, appears in algorithm 5.

The correctness of the algorithm follows as in [4], [8],
since the only change is using the efficient collect object,
ECollect&union, instead of an ordinary collect object.

A scan operation makes at mostk iterations, each
requiringO(k) steps (the ECollect&union hasO(k) step
complexity), the step complexity ofscan and therefore
also ofupdate is O(k2).

Theorem 5.1:Algorithm 5 implements the atomic
snapshot object withO(k2) shared steps, wherek is
the point contention during the operation’s execution
interval.
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Algorithm 6 Fully adaptive atomic snapshot [4]: code
for processpi.

Shared:
S : atomic snapshot object // from Algorithm 5
Gm : Gather&max object

〈tag, view〉 procedurescan()
1: 〈tag1, v1〉 = S.scan()

// Size ofv1 is bounded by point contention
2: 〈tag2, v2〉 = Gm.gather&max()
3: return(union(〈tag1, v1〉, 〈tag2, v2)〉)

// union from Algorithm 3

void procedureupdate(value)
4: S.update(value) // register to the current snapshot
5: 〈tag, v〉 = scan()
6: Gm.put&max(〈tag, v〉)
7: S.update(⊥) // sign-out

Unfortunately, the local step complexity of Algo-
rithm 5 is not adaptive to point contention, since the
algorithm manipulates views containing values of cur-
rently non-participating processes, e.g., in a component-
wise comparison (Line 6). By plugging our snapshot and
Gather&max objects into the fully adaptive snapshot
algorithm of [4], we achieve a fully adaptive snapshot
algorithm withO(k2) local and shared step complexity.
Algorithm 6 presents the pseudo-code of the fully adap-
tive snapshot algorithm.

In the scan operation, a process first accesses the
snapshot object, which takesO(k2) steps, and then
accesses the Gather&max, which takesO(k) steps.
Finally, it merges the two views in the same manner
as in Algorithm 3. Therefore, the local and shared step
complexity of scan operation isO(k2). The update
operation callsscan, and accesses the Gather&max and
snapshot objects, therefore its step complexity is also
O(k2).

The correctness of the algorithm follows as in [4].
Theorem 5.2:Algorithm 6 implements the atomic

snapshot object withO(k2) local and shared steps, where
k is the point contention during the operation’s execution
interval.

B. Immediate Snapshots

TheImmediate snapshotproblem [11] provides a com-
bined im-upscan operation, updating a new value and
returning a view. In addition to the validity, regularity
and comparability properties of the atomic snapshot

problem, returned views should satisfy the next condi-
tion:
Immediacy: If the view returned by someim-upscan
operation, V1, includes the value written in thelth
im-upscan of pj that returns the viewV2, thenV2 ¹ V1.

The local and shared step complexity of the immediate
snapshot algorithm of [4] is improved toO(k3), by
employing our fully adaptive algorithms for collect and
atomic snapshot. The pseudo-code appears in Algo-
rithm 7.

The correctness of the algorithm follows as in [4].
As was shown in previous immediate snapshot algo-

rithms [4], [9], a process can descend at mostk floors
if it starts from the floor corresponding tosmallestview
containing its previous value.

The local and shared step complexity of accessing
the active set object isO(k2), where k is the point
contention. Since each process signs out of the active set
object (Line 23),|T | ≤ k and there at mostk iterations
of the loop in Lines 5-7. The snapshot operations during
op takeO(k2) local and shared steps.

Since a process descends through at mostO(k) floor,
in each one calling1s-immss once with O(k2) step
complexity, we get the next result.

Theorem 5.3:Algorithm 7 implements the immediate
snapshot object withO(k3) local and shared steps, where
k is the point contention during the operation’s execution
interval.

VI. D ISCUSSION

This paper presents long-lived algorithms, which adapt
to point contention using only read and write operations,
for Gather&f , ECollect&f , atomic snapshot and imme-
diate snapshot. The step complexity of the algorithms
is adaptive even when local steps are counted and the
bounds are very close to the best known (not necessarily
adaptive) algorithms for these important problems.

Acknowledgements:We would like to thank Vita Bort-
nikov for helpful comments.
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Algorithm 7 Fully adaptive immediate snapshot [4]:
code for processpi.

Shared:
AS : active set object
Suggest[1 . . . n][∞] : Array of Collect&union objects
S : FA snaphot // from Algorithm 6
view[0, . . .] : a view for each floor
flag[0, . . .][0, . . . , n− 1] : a flag for each process

and each floor

〈Σ, view〉 procedurepx-upscan(count: integer)
2: S.update(count) // store the new value
3: 〈Σ, V〉 = S.scan()
4: 〈tmp, T〉 = AS.getSet()

denotecp′ = Suggest[p′][V [p′].seq]
// current collect object forp′

5: for every processp′ ∈ T do
6: T ′ = cp′ .collect&union()
7: ∀ 〈Σ′, V′〉 ∈ T′, Σ′ > Σ thencp′ .put&union(〈Σ, V〉)
8: T = cp.collect&union()
9: 〈Σ, V〉 = element inT with minimal Σ part
10: return (〈Σ, V〉)

view procedureim-upscan(count: integer)
11: AS.joinSet() // sign-in
12: 〈f, V 〉 = px-upscan(count)
13: view[f ] = V
14: 〈tmp, U〉 = AS.getSet()
15: start level= |V∪ U|+ 1

// estimate the number of participants in lower floors
16: while (true) do

// descend through floorsf − 1, f − 2, . . .
17: f = f − 1
18: updatef (pi)
19: curr level= |collectf ()|
20: flag[f ][pi] = (view[f ] 6= ⊥)
21: W= 1s-immssf (count, start level+ curr level)
22: if (count> view[f ][pi]) and for somepj ∈ W ,

flag[f ][pj ] = true then
23: AS.leaveSet() // sign-out
24: return (union(W,view[f]))
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APPENDIX

Remark: This appendix reviews material from [8],
[14] to help in the verification of our algorithms; it can
be ignored.

Our Gather&f algorithm uses the sieve object of
Attiya and Fouren [8]. For completeness, we present the
pseudo-code of the sieve object (Algorithm 8) and the
main lemmas required for our algorithm.

Lemma 1.1 ( [8, Lemma 3.2]):If processpi is inside
copyc of sieves then all the candidates leave the smaller
copies,1, . . . , c− 1, of sieves.

Lemma 1.2 ( [8, Lemma 3.8]):If some processes ac-
cess copyc of sieve s, then at least one of them is a
winner.

Corollary 1.3 ( [8, Corollary 3.11]): The step com-
plexity of accessing the sieve isO(k · logk).

Lemma 1.4 ( [8, Lemma 4.2]):Assume that process
pi with interval βi accesses sieves and does not win.
Then there is a prefixβ′ of βi|1βi|2 . . . βi|s, such that
|Ws(β′)|+ |As(β′)| ≥ s + 1.

The step complexity of the sieve object of [8] is
dominated by thelatticeAgreement procedure. Inoue
et al. [14] reduced both the step complexity and the
space complexity of the sieve object, by replacing the
latticeAgreement and candidates procedures. Their
improved sieve object hasO(k) step complexity.

Processes which concurrently enter the same copy
obtain the identical setW if they obtain non-empty
set. To achieve this, procedureslatticeAgreement and
candidates are used. Each process entering a copy
invokeslatticeAgreement to capture a snapshot of pro-
cesses which have entered the same copy in the same
round. Then the process invokescandidates to find
the minimum snapshot among the snapshots obtained
by latticeAgreement. Then procedurecandidates can
return the minimum snapshot only when the minimum
snapshot can be identified, where ”minimum” means the
minimum one among snapshots obtained in the same
copy in the same round including snapshots obtained
by other processes later. Since the minimum snapshot
is unique, some processes can obtain the identical non-
empty setW. This can be achieved by invokingcollect
twice. Then, processes find the minimum snapshot by
invoking candidates if the minimum snapshot can be
identified. Though their algorithm is simple, it guarantees
that at least one processes obtain the non-empty identi-
cal set. Moreover, their improved procedures useO(k)
registers ifk processes enter the same copy in the same
round. Therefore,O(k) steps are sufficient to initialize
the copy.

Since it suffices to get non-empty set of process
identifiers, there is no needed that all the processes

Algorithm 8 The sieve: code for processpi.

data types:
processID: int 1..n // process’s id
view : vector of 〈ID, INFO〉

local variables:
V, W : view

view procedureenter(s, c, info) // enter (s, c) with info
1: s.inside[c] = true
2: V = s.latticeAgreement[c](info)
3: s.R[c][idi] = V // save the obtained view
4: W = candidates(s, c) // get the set of candidates
5: return(W) // return the set of candidates

void procedureexit(s, c) // leave copyc of the sieve
1: W = candidates(s, c) // get the set of candidates
2: if (〈idi, ∗〉 ∈ W) thens.count = c + 1

// pi finds it is the winner in (s, c)
3: s.done[c][idi] = true // pi is done
4: w = candidates(s, c)
5: if (W 6= ∅ and ∀〈idj , ∗〉 ∈ W,

s.done[c][idi] == true) then
6: s.allDone[c] = true // all candidates are done

boolean procedureopen(s, c) // is copy(s, c) open ?
1: return (s.allDone[c− 1] and not s.inside[c])

view procedurecandidates(s, c)
1: V = s.R[c][idi]
2: W = min{s.R[c][idj ] | 〈idj , ∗〉 ∈ V and

s.R[c][idj ] 6= ∅} // min by containment
3: if ∀〈idj , ∗〉 ∈ W, s.R[c][idj ] ⊃ W then return(W)
4: else return(∅)

will be registered. This allows to simplify theregister
procedure of Attiya, Fouren and Gafni [9]. They use only
one direction of a splitter, and use a collect list instead
of a collect tree. The modified splitter returnsstop, next
or abort instead of stop, left or right , respectively.
The properties of the splitter imply that (1) at least one
process registers at some node in the collect list, and (2)
at most one process registers at each splitter. Incollect,
a process just searches the list from its root until it
reaches an unmarked splitter. Thecollect returns a view
consisting of all process identifiers which are registered
before invoking thecollect and some process identifiers
which register concurrently with the execution ofcollect.


