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Abstract. This paper proves £2(m) lower bounds on the step complexity
of UPDATE operations for partitioned implementations of m-component
multi-writer snapshot objects from base objects of any type. These are
implementations in which each base object is only modifed by processes
performing UPDATE operations to one specific component. In particular,
we show that any space-optimal implementation of a multi-writer snap-
shot object from historyless objects is partitioned. This work extends
a similar lower bound by Israeli and Shirazi for implementations of m-
component single-writer snapshot objects from single-writer registers.

1 Introduction

An important problem in shared memory distributed systems is to obtain a
consistent view of the contents of the memory while updates to the memory are
happening concurrently. This problem can be formalized as the implementation
of a snapshot object that can be accessed concurrently by different processes.
A snapshot object [1] consists of a set of m > 1 components, each capable of
storing a value. Processes can perform two different types of operations: UPDATE
any individual component to have a specific value or atomically SCAN to obtain
the values of all the components. A single-writer snapshot object is a restricted
version in which there are the same number of updaters as components and only
process p; can UPDATE the ¢’th component. In a multi-writer snapshot object,
there is no restriction on which processes may UPDATE a component.

It is often much easier to design fault-tolerant algorithms for asynchronous
systems and prove them correct if one can think of the shared memory as a
snapshot object, rather than as a collection of individual objects. This is why
researchers have spent a great deal of effort on finding efficient implementations
of snapshot objects from base objects that are provided in real systems, like
registers or swap objects.

Many implementations of snapshot objects are known, most of them from reg-
isters [TI2IB49IT3IT4], and several from stronger base objects [I6J/17]. However,
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only a few lower bounds on the complexity of implementing snapshot objects
are known.

Jayanti, Tan, and Toueg [I8 proved that any implementation of an m-
component single-writer snapshot object from historyless and resettable con-
sensus objects requires at least m — 1 objects and SCANS take at least m — 1
steps. For multi-writer snapshot objects implemented from historyless objects,
Fatourou, Fich and Ruppert [7] improved the space lower bound to m, which
is optimal, since there are implementations from m registers. More importantly,
they proved that in any space-optimal implementation of a binary snapshot ob-
ject from historyless objects shared by n > m + 1 processes, the worst case step
complexity of SCAN is in £2(mn), which is asymptotically tight. This proof relies
on a number of structural lemmas which show that any space-optimal snapshot
implementation from historyless objects has a special form.

Israeli and Shirazi [I5] proved a tight (2(m) lower bound on the step com-
plexity of UPDATE, for implementations of m-component single-writer snapshot
objects, under the assumption that only single-writer registers are used. No lower
bounds were known for the step complexity of an UPDATE operation when other
base objects, in particular, multi-writer registers, can be used.

In this paper, we prove that the worst case step complexity of UPDATE in
any implementation of an n-process m-component multi-writer snapshot object
from m < n registers or m < n — 1 historyless objects is in {2(m). We begin
by extending Fatourou, Fich, and Ruppert’s structural lemmas [6/7] for space-
optimal implementations to show that any such implementation is partitioned.
Partitioned implementations can use any number of base objects, but each base
object can only be modified by processes performing UPDATES to one specific
component. Then we prove that, for any partitioned implementation of a multi-
writer snapshot object implemented from base objects of any type, the worst
case complexity of UPDATE is in 2(m). We do this in two ways.

First, we observe that, if n > 2m, then any n-process partitioned implemen-
tation of an m-component multi-writer snapshot also gives an implementation
of an m-component single-writer snapshot object, shared by m updaters and m
scanners, from single-writer registers. Then the result follows from Israeli and
Shirazi’s lower bound [15]. Their proof and, hence, this result, requires that the
number of possible values for each component is infinite.

Secondly, we give a direct proof of the lower bound for partitioned imple-
mentations. This proof even applies to binary snapshot objects (i.e. when each
component is only a single bit). Moreover, it does not rely on the existence of a
large number of processes: it suffices that there are three processes, two which
can perform UPDATES and one which can perform SCAN. This shows that it is the
number of components in a snapshot object, not the number of processes, that
is responsible for UPDATES taking a long time in partitioned implementations.

The best known multi-writer snapshot implementation is partitioned [I] and
has O(mn) step complexity for both UPDATE and SCAN. There are also a number
of implementations which are not partitioned and have o(m) step complexity
for UPDATE. They show that the lower bounds do not hold if the restriction to
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partitioned implementations is removed. For example, there is a trivial imple-
mentation of a multi-writer snapshot object with O(1) steps for UPDATE and
SCAN. The implementation uses a single object that contains a view of the snap-
shot object: a SCAN simply reads this view; an UPDATE of component ¢ atomically
reads the view and modifies component i of the view.

Jayanti [16] uses an f-array to implement a multi-writer snapshot object with
O(logm) steps for an UPDATE and one step for a SCAN. It uses m — 1 LL/SC
objects, each containing a view, arranged in a binary tree. This implementation
is not partitioned, since a process doing an UPDATE follows a path to the root
from the leaf corresponding to the component, performing SC operations as it
goes. The root contains the current values of all m components, so a SCAN can
simply read the root.

Another implementation of a snapshot object has O(1) steps for an UPDATE
and an unbounded (but finite) number of steps for a SCAN. The implementation
follows Kirousis, Spirakis, and Tsigas [19], and uses an m X oo array of registers.
Each row contains values written to a specific component of the snapshot object.
The scanners also maintain a pointer, telling the updaters the column in which
to put their value. An UPDATE to component i reads the pointer and writes its
value in the corresponding place in row 4 of the array. A SCAN does fetch&inc on
the pointer and then, for each component ¢, reads backwards in row ¢ from the
current value of the pointer (towards the beginning of the array) until it finds
a non-empty entry. This implementation says that an 2(m) lower bound does
not exist if scanners can write to the same register or there is only one scanner,
which can write to a single-writer register.

Fatourou and Kallimanis [8] recently presented two implementations of m-
component multi-writer snapshot objects that support a single scanner and any
number of updaters. One of these uses m + 1 registers and has O(m?) step
complexity for both SCAN and UPDATE. Except for a single-writer register used
by the scanner, this implementation is partitioned. The other implementation
uses an unbounded number of registers, but has O(m) step complexity for both
SCAN and UPDATE. It is not partitioned. They also prove that any implementation
from registers which supports a single-scanner must use at least m registers and
the step complexity of SCAN is in £2(m) if the implementation is space-optimal.

Riany, Shavit and Touitou [2I] implement an m-component single-writer snap-
shot object, from O(m?) LL/SC objects. In their implementation, UPDATE has
constant step complexity and SCAN has O(m) step complexity. Their algorithm
is based on a single-scanner snapshot object, which is a simplification of the
algorithm by Kirousis, Spirakis, and Tsigas [19]. In their multi-scanner algo-
rithm, scanners collaborate in collecting a view in order to reduce work and to
guarantee that returned views are consistent. This algorithm is not partitioned:
Although the updaters write only to a single object associated with their com-
ponent, scanners write to multiple shared objects.

Jayanti [17] implements an m-component multi-writer snapshot object, with
the same step complexity, from O(mn?) CAS objects. This algorithm also starts
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with a single-writer single-scanner snapshot object, and extends it in two steps.
The algorithm is not partitioned.

2 The Model

We use a standard model of asynchronous shared-memory systems [5I20]. In
this model, a set of n deterministic processes P = {p1,...,p,} communicate by
accessing shared base objects. The system is totally asynchronous, so the order
in which operations are performed by processes is assumed to be controlled by an
adversarial scheduler. Algorithms must work correctly regardless of the schedule
the adversary chooses.

A configuration is a complete description of the system at some point in time.
It is comprised of the internal state of each process and the state of each shared
object. A step of a process consists of a single operation accessing a shared
object, the response to that operation, and some local computation that may
cause the internal state of the process to change.

An ezecution starting from a configuration C' is a sequence of steps, in which
the steps performed by each process follow the algorithm for that process (start-
ing from its state in C') and the responses to the operations performed on each
object are in accordance with its specification (and the value stored in the object
at configuration C'). A configuration C' is reachable if there is a finite execution
that results in C starting from some initial configuration. An execution is solo
if every step is performed by the same process.

An object is historyless [10] if all its non-trivial operations (i.e. operations
which might change the value of the object) overwrite one another. The most
familiar historyless object is a register, which is accessed either by a trivial read
operation, which returns the value of the register without changing it, or by
a non-trivial write operation with one parameter, which changes the register’s
value to the value of its parameter, overwriting its previous value. A single-
writer register is restricted so that only one particular process can perform write
operations; a multi-writer register can be written to by any process. Another
type of historyless base object is a swap object, which supports read and swap
operations. A process covers a historyless object in a configuration if the process
will perform a non-trivial operation on that object, when it takes its next step.
A set of processes P’ C P covers a set of objects O in a configuration if each
process in P’ covers an object in @ and each object in O is covered by some
process in P’.

A (multi-writer) snapshot object is an object with m components 1,...,m,
each of which stores a value from a specified set. When this set is {0, 1}, it is
called a binary snapshot object. A snapshot object supports two operations. The
operation UPDATE(%,v) sets the value of component ¢ to v. The SCAN operation
returns a vector consisting of the values of the m components.

A (wait-free) implementation provides, for each process, an algorithm for per-
forming UPDATE and an algorithm for performing SCAN. Every process executes
only a finite number of steps to perform these operations, even if other processes
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run at arbitrary speeds or may crash. An UPDATE or SCAN operation by a process
is pending after an execution prefix if the process has already executed the first
step of this invocation of its algorithm, but has not yet finished performing the
algorithm. A serial-update execution of a snapshot implementation is an execu-
tion in which UPDATE operations do not overlap; that is, in any configuration,
there is at most one pending UPDATE operation.

We restrict attention to linearizable implementations [12]. This means that,
in each execution, each simulated UPDATE or SCAN operation appears to take
effect at some instant during the period of time it is pending. Thus, there is
a linearization of the implemented operations which would produce the same
responses for each operation as in the execution. Furthermore, if one simulated
operation finishes before another simulated operation begins, the latter operation
comes later in the linearization.

Consider any execution of a snapshot implementation that reaches a config-
uration C in which no process has a pending UPDATE to component i. Then
there is a value v; such that, for any SCAN starting at or after C' and finishing
before any subsequent UPDATE to component ¢ begins, the value of component
i returned by this SCAN is v;. This is because all such SCAN operations must
be linearized after all the UPDATES to component i that complete before C' and
before all the UPDATES to component ¢ that start after C. We call v; the value of
component i at configuration C. If there are no processes with pending UPDATES
to any component in configuration C', then the value of the snapshot object at
configuration Cis (v1,...,vn), where v; is the value of component ¢ at C.

3 Partitioned and Space-Optimal Snapshot
Implementations

In this section, partitioned implementations of snapshot objects are defined and
we prove that space-optimal implementations of multi-writer snapshot objects
from historyless objects are partitioned.

Definition 1. A snapshot implementation is partitioned if all of the objects can
be partitioned into m disjoint sets Oy, ...,O,, such that, in any serial-update
execution from an initial configuration Cy, only processes performing UPDATES
to component i can change the value of objects in O;.

In particular, in any serial-update execution of a partitioned implementation,
SCAN operations cannot change the value of any object. Any implementation
of a single-writer snapshot object from single-writer registers in which SCAN
operations do not write is partitioned.

Consider any n-process implementation of an m-component snapshot object
from a set ‘H of m < n registers or m < n — 1 historyless objects. In the full
version of the paper, we prove that this implementation is partitioned. The proof
relies on structural lemmas from Fatourou, Fich, and Ruppert [6/7], which hold
for such implementations.
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Lemma 1. Let C be a configuration with no pending UPDATES. Suppose that x
is not the value of component i at C'. Then the solo execution by any process,
starting from C, in which it performs UPDATE(i, z) (after completing its pending
SCAN, if necessary), must change the value of at least one shared object.

Lemma 2. SCAN operations do not perform non-trivial operations.

For any configuration, C, without pending UPDATES, let H(C,i,j,2) denote
the first object that process p; covers when performing a solo execution of
UPDATE(:, z) starting from C' (after completing its pending SCAN, if necessary).
By Lemma/[I] if = is not the value of component i at C, then this object exists.

Let Cy denote the initial configuration in which the initial value of every
component is 0. Let H; = H(Cy,1,i,1) be the first object that process p; covers
when performing a solo execution of UPDATE(i,1) starting from configuration Cp.

Lemma 3. H; # H; for distinct i,j € {1,...,m}.

Consider any serial-update execution « of the implementation starting from Cj.
Let Cy,Ci,... denote the sequence of configurations without pending
UPDATES that occur in a. We state two additional structural properties about
this restricted execution. The proofs appear in the full version of the paper.

Lemma 4. If x is not the value of component i at configuration Cy, then, for
every process p;, H(Cy,1,j,x) = H;.

Lemma 5. In any serial-update execution starting from Coy, the only shared
object to which non-trivial operations are performed during an UPDATE to com-
ponent © is H;.

Together with Lemmas 2] and [B] Lemma [B] shows that space-optimal implemen-
tations of multi-writer snapshot objects from historyless objects are partitioned.

Corollary 1. Any implementation of an m-component multi-writer snapshot
object shared by n > 3 processes from m < n registers or from m < n — 1
historyless objects is partitioned.

4 A Simple Reduction

Israeli and Shirazi [I5] proved the following lower bound for single-writer snap-
shot objects implemented from single-writer registers. Then a simple reduction
extends this result to a lower bound for partitioned implementations of multi-
writer snapshot objects from any base objects. With Corollary [l this gives a
lower bound on the step complexity of UPDATE operations for space-optimal im-
plementations of multi-writer snapshot objects.

Theorem 1. In any implementation of a single-writer snapshot object, over
an infinite domain, shared by m updaters and m scanners, from single-writer
registers, there is a serial-update execution in which some UPDATE operation takes
2(m) steps.
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This lower bound can be extended to partitioned implementations of multi-
writer snapshot objects from any base objects by observing that a partitioned
implementation of a multi-writer snapshot object can be used to implement a
single-writer snapshot object using only single-writer registers. Specifically, the
objects that can be changed by processes performing UPDATES to component &
are represented by different fields of the single-writer register of process p;.

Theorem 2. In any partitioned implementation of an m-component
multi-writer snapshot object, over an infinite domain, shared by m updaters and
m scanners, there is a serial-update execution in which some UPDATE operation
takes 2(m) steps.

Note that the same reduction also works for implementations in which each
process also has a single-writer register to which it can write at any time.

Combining Corollary [[l and Theorem [2 yields our first lower bound for space-
optimal implementations.

Theorem 3. Any implementation of an m-component multi-writer snapshot ob-
ject, over an infinite domain, shared by n > 2m processes, from m historyless
objects, requires £2(m) steps for an UPDATE, in the worst case.

This theorem is true even if the implementation only works for serial-update
executions. For this special case, there is a space-optimal implementation with
O(m) step complexity for both SCAN and UPDATE. The algorithm uses m registers,
each containing a view plus a sequence number. A SCAN simply collects all m
registers, picks one with the maximal sequence number, and returns its view. To
perform UPDATE(4, x), a process collects all registers, picks one with the maximal
sequence number, changes component i of its view to x, and writes this new
view, together with a bigger sequence number, to the i’th register.

5 Partitioned Binary Snapshot Implementations

In this section, we give a direct proof of an £2(m) lower bound on the number of
steps to perform UPDATE in any partitioned implementation of an m-component
snapshot object (from any base objects). Unlike the lower bounds in the pre-
ceding section, it does not require the set of possible values of the components
to be infinite. In fact, this proof even applies to binary snapshot objects. Fur-
thermore, the lower bounds in the preceding section required 2m processes: m
scanners and m updaters. Here, the lower bound for partitioned implementa-
tions applies even when there are only two updaters and one scanner. We also
get a lower bound for space-optimal implementations that applies when the total
number of processes is greater than m (for implementations from registers) or
m + 1 (for implementations from historyless objects).

The proof of our lower bound for partitioned implementations is similar in
structure to the proof of Theorem [ by Israeli and Shirazi [15]. Specifically, we
prove that if all UPDATES take at most m /6 steps, then it is possible to construct
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an infinite serial-update execution consisting of a single SCAN operation with one
complete UPDATE operation immediately before each step of the SCAN. This will
contradict the assumption that the implementation is wait-free. To do this, we
build successively longer executions of this form.

A flippable execution of length k is a finite execution UysiUs - - - sxUy per-
formed by two updaters, pg and p;, and one scanner, ¢, starting from an initial
configuration Cy, such that:

— Uj is a solo execution of a complete UPDATE operation performed by pp,
where h = j mod 2, in which it complements the value of one component,
for j=0,...,k,

— consecutive UPDATE operations are to different components,

— s; is a single step of a SCAN operation performed by ¢, for j =1,...,k, and

— for any f > 1 and for any sequence j; < --- < jf, where 1 < jy+1 < jo41 < k
for 1 < ¢ < f, the execution Ups Uy - - - 55,-1U;,-155,U;,85,+1 - - - sk Uy, start-
ing from Cj is indistinguishable (to all processes) from the flipped execution
Uos1Ur -+ 85,-1U;,Uj,15¢,55,+1 - - sUy, starting from Cp in which UPDATE
U;, is performed before U;,_15;, instead of after U;,_1s;,, for £ =1,..., f.

When we say that an instance of an UPDATE operation complements the value of
component ¢, we mean that it is an instance of UPDATE(, T;), where v; € {0,1} is
the value of component ¢ of the snapshot object just before the operation begins.

Next, we show that a flippable execution cannot contain a completed SCAN
operation, by showing that there is no place a SCAN operation can be linearized.
This will allow us to extend the flippable execution to a longer one.

Lemma 6. No SCAN operation in a flippable execution has terminated.

Proof. Let E = Uys1U; --- s;pUg be a flippable execution starting from config-
uration Cy. To obtain a contradiction, suppose that process g has completed a
SCAN by the end of E. Let v = (v1,...,0m) be the result of this SCAN. There
might be many configurations during this execution at which there are no pend-
ing UPDATES and the value of the snapshot object is v. (If the domain of the
snapshot object were infinite, this difficulty could be avoided by requiring ev-
ery UPDATE to use a different value.) Let j1 < --- < j; be a list of all indices
Je € {1,...,k} such that v is the value of the snapshot object between Uj,_4
and Uj,, for £ = 1,..., f. Note that, since U;, complements the value of some
component, v is not the value of the snapshot object between U;, and Uj, 4.
Hence jo+ 1 < joy1.

Consider the flipped execution F' = Uys Uy - -~ 55,-1U;,U;j,—154,55,41 - - - 58Uk
starting from Cy in which UPDATE Uj, is performed before Uj,_15;, instead of
after Uj,_1s;,, for £ =1,..., f. The executions E' and F' are indistinguishable
to process ¢, so q returns the same result for its SCAN in both executions. Thus,
in F', the SCAN by ¢ must be linearized at some point where the value of the
snapshot object is v.

Since the UPDATES do not overlap, they are linearized in the order Uy, Uy, .. .,
Uk in E and in the same order in F’, except that the order of U;, 1 and Uy, are



The Complexity of Updating Multi-writer Snapshot Objects 327

flipped, for £ = 1,..., f. Consecutive UPDATES are to different components, so the
value of the snapshot object is same after both have been performed, no matter
which of the two is performed first. Hence, at all points in the linearization of
F', except between Uj;, and Uj,_q, for £ = 1,..., f, the value of the snapshot
object is the same as its value at the corresponding point in the linearization of
E. Recall that, in E, the value of the snapshot object is not v between U;_; and
Uj, fOI“j #jl,...,jf.

Now consider the situation between U;,_1 and Uj;, for any £ € {1,...,f}. In
E, the snapshot object has value v and Uj, is an instance of UPDATE(Z, T;), where
v; is the value of component 7 of v. This implies that, between Uj;, and Uj,_; in
F, the value of component 7 of the snapshot object is v; and, hence, the value
of the snapshot object is not v.

Since the SCAN by ¢ begins after Uy in F, it must be linearized after Uy. If
Jjf <k, then the SCAN by ¢ finishes before Uy in both E and F' and, hence, must
be linearized before Uy. If j; = k, then the value of the snapshot object is v
between Ug_1 and Uy in E. This implies that the value of the snapshot object
is not v either after Uy in F or after Ui_1 in F'. In this case, the SCAN by ¢ must
be linearized before Up_; in F.

The value of the snapshot object is not v between Uy and the last UPDATE
performed in F'. This contradicts the fact that the SCAN by ¢ must be linearized
at some point where the value of the snapshot object is v. ]

Consider any partitioned implementation of an m-component binary snapshot
object, shared by two updaters, po and p;, and a scanner ¢, in which serial
UPDATES take at most m/6 steps. Suppose that UPDATES to component ¢ only
change the value of objects in O;. We show how to construct a flippable execution
so that it can be repeatedly extended. The key idea is to choose the successive
components to update so that the objects each UPDATE operation might change
are not accessed during the previous or the next UPDATE operation nor during
the step of the SCAN that precedes it. A counting argument shows that this is
possible in each extension of the construction.

It is helpful to use a matrix to keep track of which objects a process ac-
cesses when it performs an UPDATE. For each h € {0,1} and each configuration
C without pending UPDATES in an update-serial execution, let Bg denote the
m x m Boolean matrix where B&[i,j] = 1 if and only if the solo execution
of UPDATE(Z, T;) by process pp, starting from configuration C' accesses an object
in O;, where v; is the value of component ¢ of the snapshot object in config-
uration C. In particular, BA[i,i] = 1, since a process performing UPDATE(i, 7;)
must access an object in O;. (Otherwise, it changes the value of no objects
and, hence, cannot affect the outcome of a SCAN that follows immediately af-
terwords.) We say that a column j of Bg is light if more than half of its
entries are 0.

Lemma 7. If process pp takes at most m/6 steps to perform a solo UPDATE
starting from configuration C, then there are at least 2m/3 light columns in BL.
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Proof. Process py, performs at most m /6 steps in its solo execution of UPDATE(%, b)
starting from configuration C', where b is the value of component i of the snapshot
object in configuration C'. Hence, at most m /6 entries in row ¢ of Bg are 1 and at
most m?2/6 entries in BY are 1. Let £ denote the number of light columns in B2.
Then, in each of the other m — ¢ columns, at least m/2 of the entries are 1. Thus
at least (m — £)m/2 entries in B are 1. This implies that m?/6 > (m — £)m/2
or, equivalently, £ > 2m/3. O

We now prove the main technical lemma, which shows the existence of a flippable
execution, but with one additional property that makes the construction proceed
more easily.

Lemma 8. If every updater takes at most m/6 steps to perform a solo UPDATE,
then, for all k > 0, there is a flippable execution, Uys Uy - - - spUy, such that Uy
is an UPDATE to some component iy by a process p; starting from configuration
Cl, where h = (k+ 1) mod 2 and column iy of B, is light.

Proof. By induction on k.

First consider the base case, k = 0. By Lemma[7] B(lJO has at least 2m/3 light
columns. Let Uy be a solo execution of UPDATE(ig,U;,) by process po starting
from configuration Cj, where 4¢ is the index of a light column in Béo and v;, is
the value of component iy in Cy. Then the claim holds for £ = 0.

For the induction step, suppose E = Uys1Uj - - - s Uy is a flippable execution
such that column 7, of ng is light, where Uy, is a solo execution of UPDATE (ix, Ug, )
by process p;- starting from configuration Cy and v;,, is the value of component
i in C. By Lemmal@l process ¢ has not completed its SCAN at the end of E. Let
sk+1 denote the next step by process ¢ and let Cj1 denote the configuration at
the end of Espt1.

The component ixq for Ui41 to update will be chosen so that the resulting
execution is flippable. But we must also choose it with some concern for the
future, so that there is enough flexibility to choose the component to update in
the following step of the induction.

To prepare for the future, we restrict ix11 to be the index of a light column
in ngﬂ. Let I C {1,...,m} be this set of indices. By Lemmald |I| > 2m/3.

Next, we ensure that it is possible to interchange Ugsk41 and Ug4i. To do
this, we first restrict our choices for i;41 so that process p; will not access any
object during Uy that might have changed value during Ug. Let I' = {i € I |
B [i,ix] = 0} consist of all indices i € I such that process pj, does not access
any object in O;, when performing a solo execution of UPDATE(4,T;) starting
from configuration Cj, where v; is the value of component ¢ in C. This ensures
that U1 behaves exactly the same when performed starting from Cj as from
Ci+1- By the induction hypothesis, column 4, of ng is light, so there are less
than m/2 indices ¢ € I such that B¢, [i,ix] = 1. Hence, |I'| > |I| — m/2 > m/6.

We further restrict our choices for i1 so that the other updater, p;, does
not access any object during Uy, whose value might be changed during U4 ;. Let

I" = {i € I'| BY, li, i] = 0} consist of all indices i € I" such that process py; does
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not access any object in O; during Uy, the solo execution of UPDATE (i, Tz, ) start-
ing from configuration C%. Then Uy behaves exactly the same when performed
starting from Cy1 as from Cg. Row ¢y, of ng contains at most m/6 entries with
value 1. Since By, [ix,ir] = 1 = B, [ir,ix], at least one i with B, [ir,i] = 0 is
not in I’. Thus [I”| > |I'| = m/6+1 > 1. Let ix4+1 € I" be such that ¢ does not
access an object in Oy, , during its single step siy1. Note that i1 # iy, since
B, lix,ir] = 1. Let Ugq1 be a solo execution of UPDATE(ix41,vs,,,) starting
from Ci41, where v;, , is the value of component 451 of the snapshot object in
configuration Cq.

It remains to prove that the execution E’ = UysiU;y - - skp11Uky1 starting
from Cj is flippable. Consider any sequence j; < --- < jy where 1 < j, +1 <
Jey1 < k for 1 < ¢ < f. By the induction hypothesis, the execution £ =
UosiUi -+ s;,-1Uj,-15;5,U;,85,41 - - - 55Uy, starting from Cy is indistinguishable
(to all processes) from the flipped execution F =Uys1Us - - - 55,-1U;,8;,Uj,—15j,+1
-+ - sUy starting from Cy. In particular, the configurations at the end of these
two executions are the same. Hence, executions B/ = Esy11Ugr1 and Fsg1Ugy1
starting from Cj are indistinguishable to all processes.

If j +1 < k + 1, we must also consider the sequence j; < --- < jr < jr41,
where jr11 = k + 1. In this case, the flipped execution F” differs from F'sj41Ug+1
in that Ugyq precedes Ugsgy1 instead of following it.

F’ is indistinguishable from Fspi1Uki1 to pp because igy 1 € I’ implies that
pr does not access any objects in O;, during Uy starting from configuration
Ck. Since the implementation is partitioned, these are the only objects whose
values can change during Ugsg11. F” is indistinguishable from F'sg1Uk11 to Dy
because i1 € I” implies that py does not access any objects in O;, ,, during
Uy and these are the only objects whose values can change during Ugyi. F’
is indistinguishable from F's;;1Uky1 to ¢ because g does not access an object
in O;,,, during its single step sp1. F’ is indistinguishable from Fsgi1Ugt1
to all other processes, since they take no steps during Ugsgi1Uk+1. By tran-
sitivity, F’ is indistinguishable from E’ to all processes and the claim holds
for k + 1. O

Our lower bounds follow from Lemmas [G and [§ and Corollary [Il These lower
bounds apply even if the implementation only works for serial-update
executions.

Theorem 4. In any partitioned implementation of an m-component multi-writer
binary snapshot object, shared by at least two updaters and one scanner, there is
a serial-update execution in which some UPDATE operation takes more than m/6
steps.

Theorem 5. Any implementation of an m-component multi-writer binary snap-
shot object, shared by n > 3 processes, from m < n registers or m < n — 1
historyless objects, requires £2(m) steps for an UPDATE, in the worst case.
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