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Abstract. We follow the travails of Enzo the baker, Orsino the oven
man, and Beppe the planner. Their situation have a common theme:
They know the input, in the form of a sequence of items, and they are
not computationally constrained. Their issue is that they don’t know in
advance the time of reckoning, i.e. when their boss might show up, when
they will be measured in terms of their progress on the prefix of the
input sequence seen so far. Their goal is therefore to find a particular
solution whose size on any prefix of the known input sequence is within
best possible performance guarantees.

1 Doing OK When the Boss Shows up : Prefix
Optimization

1.1 Enzo’s Order Signups: Prefix Interval Selection

Enzo groaned with his arms curled over his head: “T'm in a fix - big—time. He’s
going to catch me at the worst possible moment.

“Who is?”, [ inquire.

“My boss could show up at any moment, and if [ haven't s1gned up for my
share [ can kiss my confetteria dream goodbye

“So, Why don’t you? You can do it. You've got the brawn to handle any set
of orders, and youyve got the brains to ﬁgure out what is the maximum set that
can be handled by a single person. What's holcling you back?”

He slumps still lower in the seat. “It’s not a matter of processing or compu-
tational power. Yes [ can ﬁgure it all out. I even know all the orders in advance
we always get the same set of orders on Frldays So of course, [ could just ﬁnd
an optlmal solution. But that’s of no use.

“Now you reaHy got me. You know everything and you can do anything, what
could possil)ly be the problem?n

“Yeah, it’s kind of funny. Look, let me explain the whole setup. Orders to
the ]oakery arrive in a sequence. Each order has a given plckup time, and since
people expect it to stralght from the oven when they plCl( it up, it really means
that the time for malﬂng it is fixed.



Instance spec: Given is a sequence Z,, = (I, I2, ..., I,), where each I;
is an interval in .

“As soon as an order arrives, [ have to either sign up for it or assign it to

some]oody else. | can’t work on two orders at the same time; they need my total

congentration. We've got plenty of other guys that can handle those that [ don’t
o.

Solution spec: Produce a subsequence Z’ of intervals from Z,, such that
no pair of intervals I, I, in 7’ overlap, i.e. I, N I, = ().

More generally, we seek an independent set in a given graph Gj in the
above situation G is an interval graph.

“Actually, [ can decide the whole thing in aclvance, because I do know all the
orders that arrive — we always get the same set of orders on that day of the
Week But that stupld boss doesn’t know it, and he won't believe it.”

“He insists on checlﬂng on me at any time to size me up for the l)lg _]OIZ) as
he calls it. And the frustratmg thlng is that When he does all that matters to
him is how many orders ['ve then mgned up for.”

This sort of makes sense to me. 0, you want to maintain always a good
efﬁmency index. | mean, that what you ve gotten, when the boss shows up,
should be a 1arge fractlon of what could possﬁsly be gotten if you,d knew when
he shows up. nght."

“Yeah, that’s it. Or, maylae it’s more of a sloth index.”

“There’s a catch here though you can't ever hope to get a good ratio! You
see, suppose the ﬁrst orcler ,was so long that it took all %your available time.
Well if you take it, you can 't take anyt %nng el se, and you re doomed. But if you
don’t take it, then if the boss shows up then, you ve got an 1nﬁn1te1y poor sloth
1ndex’”

‘T knew it, I'm doomed” he whined.

“No, relax. You just need to mochfy your expectations a bit. You do try to
minimize the ratio, but you count an empty solution as of size one. Which is
falr what diff does a smgle order make?

Performance evaluation: For each prefix Z, = (1, Is,...,Ip), the
performance on the prefix is the quantity

a(Zy)
— o (T) = )
or = @) = AT

where a(Z,) is the maximum set of disjoint intervals in Z,,. The objective
Is to minimize p = max;_; pp, the worst performance on any prefix.

“Yeah, ok. But it’s still a Catch-22 situation: no matter what I do, I'm
doomed. If T start gra]o]oing orders as soon as they arrive, [ won't be able to
take on so many of the later orders and he'll take me to task at the end of the
day But if I try to wait untll the ]oest set of orders starts showmg up, he'll think
I'm a lazy SOB that can’t get started in the morning. There’s no point even



trying to explam to him how thinking ahead could help It’s so Kaﬂmesque it's
not even unny, " he grumb es and sh ies his head.

nght WeH let’s think constructlvely, and at least try to do the best we can.
There i 18, ]oy the way, a possﬁnhty that you can do Iaetter if you Hlp coins.

“T'm not interested in some kind of average case.

“This is different. [t means that no matter what how trlcky your boss may
be and even if he knows your so lution strate y, you will a Ways achieve some
performance guarantee at the time he stops i However the guarantee is in
expectation over the random coin ﬂlps and not worst case..

Randomized performance: In the randomized case, a solution is a
probability distribution 7 over the independent sets of the input graph
G. The expected solution size Er[Z,] on prefix Z, is the weighted sum
Er[Z,] =, Pr[I']-|I'"NZ,|, where I’ ranges over all independent sets

in G. The performance ratio is then p = max}_; g =25 ([II”p)]

1.2 Other prefix problems

“Right. BTW some of the other guys are in similar situations, although they all
have clilc[erent types o { tasks. For instance, Orsino the oven guy has to 1ay out the
goods to be baﬁed onto the balﬂng plates Not everythmg can go onto the same
plate it's not just the temperature, l)ut for instance, the slushy items can't go
with the dry ones, square items WIH mess up the round ones, and the fragrance
of certain items WIH affect other items, and so on. So he needs to lay out all the
goocls onto the plates, and to do so as soon as they ve been prepared.

“The problem is that if he uses more plates than necessary for the items ready
at that time, the boss will get angry.”

Prefix Coloring: Given an ordered graph G, i.e. with an ordered ver-
tex set V. = (v1,v2,...,0,), find a coloring C of G such that p =
max,_; g((g:)) is minimized, where G, is the graph induced by (v, vs, ..., vp),
C(G,) is the number of colors that C' uses on G, and x(G)) is the chro-

matic number of G,.

Something about this rang a bell with me. “Actually, this really reminds me
of this chap Beppe clomg urban planmng for the city. They had these new servers
bemg set up all the time, each having links to some of the earlier ones. They had
to have guards on one sule of each %ml{ to protect against unauthorized entry.
As soon as a server was set up, they had to decide there and then whether to
make it a guard because the cost of converting an older server into a guarcl was
prohlbltlve Of course, they could have made every server a guard but that not
only was time consuming but looked spectacularly stupld

Every now and then, some wise-crack newspaper reporter would look at the
guard installations in the city and try to score point Iay discovering ‘waste in the
S stem’, that much fewer were needed for the situation at that time. Of course,
tﬁere never was any point in try to counteract l)y showing that this would be



needed in the future l)y the tlme such corrections came to hght nobody was
interested in the story any more.

Prefix Vertex Cover: Given an ordered graph G, find a vertex cover
C of G such that p = max)_, vcc(%)) is minimized, C(Gp,) = C NV,
is the number of nodes from C' in the prefix set V,, and VC(G)) is the

vertex cover number of Gp.

1.3 Related work

Enzo now stands up and looks me stralght in the eye: “What should [ do? You're
the math guy, can you solve this?”

| 1nst1nct1vely curl my shoulders T'm more of a CS guy, actually In any case,
your problem doesn’t reall fall into any of our usua categorles | mean, it's not
really onllne since you l{HOW the whole input in advance. It’s also not ofﬂme
since we clon t know the length of the preﬁx where we will be measured. It’s also
not really a computatlonal issue, since you re not computatlonall bounded. It
is a question about robustness: performlng well on all of a set of sub instances;
here the sub-instances are the preﬁxes

Hassin and Rubinstein [12] gave a weighted matching algorithm that
gave a \/2-performance guarantee for the total weight of the p-heaviest
edges, for all p.

There are various works where robustness is with respect to a class of
objective function. One prominent examples are those of scheduling un-
der any Ly-norm [3, 2]. Goel and Meyerson [11] gave a general scheme for
minimizing convex cost functions, such as in load balancing problems.
Robust colorings of intervals were considered in [9], where throughput
in any prefix of the coloring classes went into the objective function.
Prefix optimization can be viewed as online algorithm with complete
knowledge of the future, or competing against a non-adaptive adversary.
Several lower bound constructions for online computation are actually
lower bounds on prefix computation; most prominent cases are for the
classical machine scheduling problems [8,4, 1]. Prefix optimization cor-
responds to the extreme case of lookahead, and thus can perhaps shed
some light on properties of online computation.

As of yet, only few papers have explicitly addressed prefix optimiza-
tion. Faigle, Kern and Turan [8] considered online algorithms and lower
bounds for various online problems, giving a number of lower bounds in
the prefix style. They posed the question of a constant factor approxima-
tion for the Prefix Coloring problem. Dani and Hayes [6] considered on-
line algorithms for a geometric optimization problem and explicitly com-
pared the competitive ratios possible against adaptive and non-adaptive
adversaries.

So it relates to this online algorlthms racl{et but ]oaswally no]aocly has done
exactly this. [ sure hope you can at least come up with some ideas, man.



1.4 Our Results

We give nearly tight results for the best possible performance ratios for prefix
versions of several fundamental optimization problems (in particular, those of
Enzo, Beppe and Orsino).

We first consider the PREFIX IS problem and give an algorithm whose perfor-
mance ratio on interval graphs is O(log a), where o = «(G) is the independence
number of the graph. We derive a matching lower bound for any (randomized or
deterministic) algorithm for the problem on interval graphs. We further give a
randomized algorithm that achieves this ratio on general graphs. The algorithm
is shown to achieve a logarithmic performance ratio for a wide class of maxi-
mum subset selection problems in the prefix model, including maximum clique,
0/1-knapsack, maximum coverage, and maximum k-colorable subgraph. For all
of these problems the performance ratio is O(log(a(I)), where «(I) is the value
of an optimal solution for the complete input sequence I.

For the PREFIX VERTEX COVER problem we show that any algorithm has a
performance ratio of 2(y/n), where n is the size of G. We give a deterministic
algorithm that achieves this bound.

Finally, for PREFIX COLORING we give an algorithm whose performance ratio
is 4. We further show that no algorithm achieves a ratio better than 2.

2 Enzo’s Effectiveness Issue: Prefix Independent Set

“So, my friencl, here’s what I can tell you about your pro]olem.”

Let @ = a(G) be the independence number of the given graph G. We first present
an approximation algorithm for PREFIX IS in interval graphs and then give a
simple algorithm for general graphs.

Suppose that G is an interval graph. Consider the following algorithm, A;,,
which uses as additional input parameter some ¢ > 1. For the ordered sequence of
intervals in G, let G; be the shortest prefix satisfying a(G;) > ¥/, for 1 <i <t
Algorithm A;,; proceeds in the following steps.

1. Find in Gy an IS of size a(G1).

2. For 2 < i <t in sequence, find for G; an IS, I;, of size at least a(G;)/t,
such that I; conflicts with at most a fraction of 1/t of the vertices in each
I., 1 <r <i—1, and delete from I, the vertices conflicting with I;.

3. Output the solution I = Uf_, I;.

“Was there a message to this? [ thought you’cl come up with something
simpler. Why this sequence of solutions that you lieep chipping off?”
Enzo quizze(i,.

When you put it formally it starts to look more complicated than it
really is. The point is that we have to come up with some solution early
on, even if it would be better for the 10ng haul to just wait. This early
piece of the input is Gy. We try to ﬁnd a small part of the solutlon that
doesn’t mess up the rest of the input sequence by too muc



“We then need to repeat this on several preﬁxes plclﬂn some portion
of the available solutlon if it requlres smashing some of i famil y trea-
sures, SO l)e it, but malie sure it's onl ya smal l%raction, minor collateral
damage

In analyzing A;,:, we first need to show that a ‘good’ independent set can
be found in each iteration, as specified in Step 2.

Lemma 1. Let t and the interval graph G; be defined as above, and let k be a
number between 1 and t. Let I be an independent set of Gr—_1, partitioned into
sets Iy, I, ..., I—1 where I, CV(G,), for 1 <r <k — 1. Then, there exists an
IS I, in Gy, of size at least (a(Gr) — 20(Gr—1))/t which conflicts with at most
1/t-fraction of the intervals in each I, 1 <r < k.

Proof. We say that an interval a flanks an interval b if a overlaps one of the
endpoints of b, i.e., a and b overlap but a is not contained in b. Let J be a
maximum IS of Gy, and let J’ be the set of intervals in J that do not flank any
interval in I. Observe that |J/| > |J|—2|I| > a(Gk) — 2a(Gk—1). Note that each
interval in J’ intersects at most one interval in I.

For sets A and B of intervals, let Ng[A] = {b € B|3a € A,anb # 0}
be the set of intervals in A that overlap some interval in B. For each interval
a in I let the weight of a be the number of intervals in J’ intersecting a, or
wt(a) ={be J :anb+#0} =|Ny[{a}]]- For each j =1,...,k — 1 in parallel,
find a maximum weight subset Q; in I; of size |I;|/t, and let Q = U?;lle.
Finally, let I, = Ny [Q] be the claimed set of intervals from Gy.

By construction, I, is an IS and is of size at least ), wt(a)/t = |[J'|/t >
(a(Gk) — 2a(Gg—1))/t. Also, by definition, Ij conflicts with a set of size |I,.|/t
from each set I.,, r =1,...,k — 1. Hence, the claim. [ |

Theorem 1. A;,; yields a performance ratio of O(loga) for PREFIX IS on
interval graphs.

Proof. Let t = logg a. Then, a(Gr) = 3a(Gi_1), for each 1 < k < t. We
distinguish between two cases.

(i) Suppose that the prefix G presented to A;,: is shorter than Gq, then A;,;
outputs an empty set, while OPT has an IS of size at most a'/*. We get that
OPT(G)

T <att<3.
Aint(G) + 1

(ii) Otherwise, let k be the maximum value such that Gy, C G. By the construc-
tion in Step 2, each IS reduces the size of any preceding IS at most by factor
1/t. Hence, by Lemma 1 we get that

_ i—k k/t i—k k/t
L] > a(Gg) — 2a(Gr—_1) (1 B 1) > o (1 3 1) > o

4 t 3t t 3t

Since OPT(G) < a(Gry1) = aF+D/t and Amf(é) > |I|, we get a ratio of
O(ta*/*) = O(log a). n



“This may not, be exactly what you were 1ool<ing for, Enzo, but it is quite
interesting to some of us. Partlcularly the fact that the ratio is in terms
of the optlmal solution size, a, rather than some general property of the
input, like the number of items, n.

2.1 Matching Lower Bound

“You l{now what y0u7ve come up with is alrlght But may]oe if we think
a bit harder we could get solutions that are always just a few percent off
the best possJal e. Can't you get one of those real y smart guys, like Luca
or PIHO to help you out! Or better yet, one of those hot- shot Women,”
Enzo grinned.

asy, easy. There re limits to everythlng In fact what we outlined above
is essentlall the best possﬂole.

Theorem 2. Any algorithm (even randomized) for PREFIX IS in interval graphs
has performance ratio of £2(log ).

Proof. Let « be a number, and let k¥ = loga+ 1. Consider the graph G = (V, E)
which consists of k subsets of vertices, Vi,...,Vs. The subset V; consists of
201 vertices numbered {v;1,...,v;9i-1}. The set of edges in G is given by
E = {(vin,vje)|l <i<j<k1<h<20712070(h—1)41< (<207},
In the ordered sequence representing G, all the vertices in V; precede those in
Vig1, fori=1,2,... k—1. The graph G can be represented as an interval graph
where a vertex v; j, corresponds to the interval [(h — 1)25=% h2*=%); see Fig. 1.

Vo | ——
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Fig. 1. Interval graph that gives a £2(log «) lower bound.

In view of Yao’s lemma we give a probability distribution over the prefixes
of G and upper bound the expected performance of any deterministic algorithm
over this distribution. Let U; = U;- Vi. With probability 1/(2(1 — 27%)) the
prefix is G = G[U;l, for i =1,2,... k.

First observe that

k
1 I
E[OPT(G ZPrG QU Ui =Y -2t > B

21 2
=1



We now show that E[A(G)] < 1, which yields the theorem.

Consider any given deterministic algorithm A that produces an independent
set Iy on G. For any v € V;, let Nyg(v) be the set of neighbors of v in V'\ U;
that are selected by A into I4, and let Nyg(v) = Nig(v) U {v}. We denote by
A(v) = [Nrs(v)| the increase in [I4] due to the selection of vertices in Nyg(v).
We say that vertex v € V; is possible for A if there are no edges between v and
any of the vertices selected by A in U;_;.

Claim 1. Let v € V; be a possible vertex for A, 1 < i < k. Then, if v is not
selected for 14, we have that E[A(v)|v not selected] < E[A(v)|v is selected] = 1.

Proof. The proof is by backward induction. For the base case we take i = k.
Clearly, if A does not select the vertex v then A(v) = 0, since Vj is the last
subset of vertices, and the claim holds. Now, assume that the claim holds for all
vertices v in V;, then we show that it holds also for the vertices in V;_1. It is easy
to show (details omitted) that Pr[Viy; € G|V; €G] =1/2,fori=1,2,...,k—1.
Observe that G is constructed so that if a vertex u € V; is adjacent to a vertex
v € V; and v is adjacent to vertex w € V4, for i < j < k, then u is also adjacent
to vg; namely, the presentation ordering of the graph is transitive. If a vertex
vi—1,h is not selected, then A can select its neighbors in V;: v; op—1, vi 21, and we
get that

A(vie1p) < =(E[A(vi,2h — 1)] + E[A(vs, 2R)]) .

N =

From the induction hypothesis we have E[A(v;,2h — 1)] = E[A(v;,2h)] <1. ®

To complete the proof of the theorem we note that, if A selects for the solution

the single vertex in V7 then A(G) = 1; else, by Claim 1, we get that A(G) < 1.1

2.2 Prefix IS in General graphs

“Allow me to entertain ourselves Iay generalizing the pro]olem you posed
to independent sets in general graphs.

For general graphs, we can argue tight bounds on performance guarantees.
Let G; be the shortest prefix of the input graph G for which a(G1) = a1 where
a1 = [y/a]. The algorithm Ag.,, finds an independent set of size o in Gy and
simply outputs this set.

Theorem 3. Algorithm Age,, yields a performance ratio of at most \/a for PRE-
FIx IS.

Proof. We distinguish between two types of prefixes given to the algorithm.
Suppose the prefix is strictly shorter than G;. Then an optimal algorithm yields
an IS of size at most a; — 1, for a performance ratio of at most a; — 1 < y/a.
On the other hand, if Gy is contained in the prefix G then the approximation
ratio is at most a/a; < Va. [ ]

We can easily argue a matching lower bound.



Theorem 4. The performance ratio of any deterministic algorithm for PREFIX

IS is at least |/a. It is also £2(\/n).

Proof. Let N = |/n]. Consider the following complete bipartite graph G =
(U,V,E). The vertices U are 1,2,..., N, while V has N+1,...,n. The ordering
of the graph is by vertex number.

A deterministic algorithm A run on G can pick either vertices from U or from
V. If it picks vertices from U, then on the prefix B = G the optimal solution is
of size n — N, while the algorithm solution is of size at most N, giving a ratio
of at least n/N — 1 > /n — 1. The ratio is also at least a/N > a/|/a] > /«a.
On the other hand, if it picks vertices from V, then on the prefix B’ = G[U],
the subgraph of G induced by U, A(B’) = 0 while «(G’) = N, for a ratio
of N = [/n] > |Va]. Hence, the performance ratio of A on G is at least
N=yi>a .

“You haven’t said anything here about coin ﬂips. Can they help?”, Enzo
1nqu1recl

“For your problem of 1ntervals they don’t. But for the general problem
on general graphs a 51mple randomlzed approach does i improve the situ-
ation dramatlcally In fact it’s kind of neat to phrase it in terms of still
more general pro]alem framework.

In the following we consider a wide class of maximization subset selection
problems in the prefix model.

Definition 1. A problem II is hereditary if for any input I of I, if I' C I is a
feasible solution for II, then any subset I" C I’ is also a feasible solution.

Note that many subset selection problems are hereditary. This includes max-
imum independent set, maximum clique, 0/1-knapsack, maximum coverage, and
maximum k-colorable subgraph, among others.

Given an input I for a subset selection problem I7, let o = a(I) be the size
of an optimal solution for I.

Theorem 5. Let II be a hereditary maximum subset selection problem. Then,
there is an algorithm for IT with a performance ratio of O(log(«)) for the PREFIX—IT
problem.

Proof. Consider the following algorithm. Let P be an input for IT with optimal
value « and let k = [lg «]. Define prefixes P, ..., P, of P where P, = P and for
i=1,...,k—1, P; is the shortest prefix with a( ;) > 2071, The algorithm now
selects one of the prefixes P; uniformly at random, each with probability 1 /k.
Let j be such that the prefix P presented satisfies P; C PC Pj11. Since P
is non-empty, it must contain the unit prefix P;. Then, the value of the optimal
solution is at most twice the value of the solution for P;. With probability 1/k
our algorithm obtains an optimal solution on P;. Hence, the expected size of the
solution found by the algorithm is at least 1/(2k) fraction of optimal. |

Corollary 1. There is a randomized O(log «))-approzimation algorithm for PRE-
FIX IS.



3 Beppe’s Guarding Business: Prefix Vertex Cover

“Beppe situation must be easwr ['ve heard this vertex cover pro]olem, as
you call it, is much easier” Enzo remarked phllosophlcaﬂy

Tt is in many respects easier. For instance, it's easy when the optlmal
solution is small (or Fixed Parameter Tractal)le, as we say), which the

general inclepenclent set problem is not. And it’s easily approximable
in polynomial time within factor 2, while the IS problem is notoriously
7
hard,
Yeah you should know. You're the one who keeps clom IS in one way
g

or another in spite of these Ilaathetlc aggrommatlons

Hey no need to get persona here, bu We all do what we can. But
g

back to Beppe s probl em, it turns out to be actually harcler than your
ol

preﬁx IS prob em Randomlzatlon won't hel him at all.”

Theorem 6. Any algorithm for PREFIX VERTEX COVER has performance ratio

of at least \/n.

Proof. We use the complete bipartite graph G = (U,V, E) from Theorem 4,
where U has nodes 1,2,...N = |y/n] and V nodes N +1,N +2,...,n

If any vertex in U is missing in a cover, then we need to select all the vertices
in V. Thus, the only minimal vertex covers for B are U and V. Any randomized
algorithm R,. selects one of these solutions with probability at least 1 /2. If

C = U with probability at least 1 /2, then for a prefix B that consists of all the
vertices in U we get that % = 2(y/n), since E = (). On the other hand,
if V' is selected for the solution with probability at least 1 /2, then for the prefix
B = B, we have that Og;?gll > 2(n\;ﬁﬁ) = (y/n), since an optimal solution
isC=U. ]

We now show that a matching upper bound is obtained by a deterministic
algorithm. Let G; = (V1, E1) be the prefix graph for which the minimum vertex
cover is of size at least /n for the first time. A,. finds a minimum vertex cover
S C V; for Gy and outputs S U (V' \ V).

Theorem 7. Algorithm A,. yields a ratio of \/n to the optimal for PREFIX
VERTEX COVER.

Proof. We note that if G C Gy then A, outputs S’ C S where |S"| < \/n, while
an optimal algorithm may output an empty set. If G1 C G then [SU(V\ V)| <n,
while OPT(G) > OPT(G1) > +/n. The claim follows. |

4 Orsino’s Oven Schedule: Prefix Graph Coloring

“What’s your take then on Orso’s 51tuat10n7 Enzo asked me the followmg
evening. Is he clug as deep as Beppe



“Actually, this looks much more promlslng” | replled “We can use a
standard trick of the trade called doubllng to come out pretty well.”
Play double-or- nothlng until we ﬁnally win_ he suggestecl hopefully
“If you like. We use the nice property of geometric sums, i.e. 1 +244+
8+ ... —|— 2k that they add up to not too much, or only twice the last
term.
“Ah so we first handle the first node then the next two, then the next
four and so on’
You re catchin on, Enzo laut we actually need to use it sllghtl differ-
ently. We first End the initial set of order that can be laid on a smgle
1ate Then the next preﬁx that can be laid onto two plates Thlrd the
sequence of the followmg orders for which four plates suffice. And so on,
cloulallng the number of plates in each step
0 we use new set of plates or each of these uh groups.

Exactly And why is that ok?”

“Because they add up to not too much! Mayl)e [ should try this CS
lausmess, you think [ mlght have a shot at a Godel award?”

”

For k = 1,2,..., let t; be the largest value such that a(Gy,) < 2%, and let
to = 0 for convenience. The algorithm A simply colors each set V4, \ V4, _, with
2F fresh colors.

Theorem 8. The algorithm A yields a performance guarantee of J for PREFIX
COLORING.

Proof. Let p be a number, 1 < p < n, and let k be the smallest number such
that 2% > a(G,). So, a(G,) > 2~ + 1. Observe that

k
A(Gp) < 2t =2k — 1< 4. 2M1 < 4a(Gy) .
=0

Since this holds for all p simultaneously, the theorem follows. [ |

:Can we also do ]oette’r’ here in the randomized case!”
Actually, yes, a little.

Let 3 be a uniformly random value from [0,1], and let ag,aq,as,... be the
sequence given by a; = [3e"]. Let ¢ be the largest value such that a(Gy,) < ay.
Modify the algorithm A to use ay colors on each set Vi, \ V4, _,.

Theorem 9. The modified algorithm A has randomized performance guarantee
of e for Prefiz Graph Coloring.

The proof is similar to the arguments used for certain coloring problems with
demands [7,10].

:SQ, is that the best we can do.” ,
It’s the best ’t’hat [ can come up With, but it’s also prova]oly close to the
best possil)le.



Proposition 1. There is no algorithm with performance guarantee less than 2
for Prefix Graph Coloring.

“But, I'll leave that for you to ﬁgure out, hot shot :—)”
5 Epilogue

“This is all cute'n stug, but it ain’t mean nothin out there in the ﬁeld, does it?”

“Tt’s always hard to say where theoretical results kick in. It does though tell us
something about how robust we can make computation. It doesn’t have to involve
your ]ooss, of course; it could be any unpredicta]ole event like the electricity going
off. You could think of this as a sort of defensive problem—solving. In these days
of global security threats ain’t that what we all have to concern ourselves with!”

“Yeah or you mlght have your little island economy suddenly going off the

llg” Enzo chuckles. “Good luck in cashlng in on these ideas...
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