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Abstract

This paper addresses partial information spreading among n nodes of a network. As opposed to
traditional information spreading, where each node has a message that must be received by all nodes,
we propose a relaxed requirement, where only n/c nodes need to receive each message, and every node
should receive n/c messages, for some ¢ > 1.

As a key tool in our study we introduce the novel concept of weak conductance, a generalization of
classic graph conductance which allows to analyze the time required for partial information spreading.
We show the power of weak conductance as a measure of how well-knit the components of a graph
are, by giving an example of a graph family for which the conductance is O(n~2), while the weak
conductance is as large as 1/2. For such graphs, weak conductance can be used to show that partial
information spreading requires time complexity of O(logn).

Finally, we demonstrate the usefulness of partial information spreading in solving the maximum
coverage problem, which naturally arises in circuit layout, job scheduling and facility location, as well
as in distributed resource allocation with a global budget constraint. Our algorithm yields a constant
approximation factor and a constant deviation from the given budget. For graphs with a constant weak
conductance, this implies a scalable time complexity for solving a problem with a global constraint.
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1 Introduction

Many distributed applications require the nodes in a network to spread information throughout the network
in order to perform a global task. The problem of information spreading is to distribute the messages sent by
each of the nodes in a network to all other nodes. Information spreading algorithms have been extensively
studied (see, e.g. [7, 10, 16, 17]). We consider the synchronous push/pull model of communication, where
each node chooses in each round a random neighbor to exchange information with.

The time required for achieving information spreading depends on the structure of the communication
graph, or more precisely, on how well-connected it is. The notion of graph conductance, defined by Sin-
clair [24], gives a measure of the connectivity of a graph. Roughly speaking, the conductance of a graph G,
denoted by (@), is a value in [0, 1]: This value is large for graphs that are well-connected (e.g., cliques),
and small for graphs that are not (i.e., graphs which have many communication bottlenecks). Graph con-
ductance plays a pivotal role in analyzing algorithms for such NP-hard optimization problems as clustering
and graph partitioning, as well as in recent studies of social networks (e.g. [10]). In distributed computing,
it has been shown that the time required for information spreading crucially depends on the conductance of
the underlying communication graph [4,9,10,20]. In particular, Mosk-Aoyama and Shah [20] show that, for
any § € (0,1), information spreading can be achieved in O(%) rounds with probability at least
1 — 4. This implies that information spreading is faster on graphs with large conductance.

Some graphs have a small conductance, implying that they are not well-connected and therefore require
many rounds of communication for information spreading. Nevertheless, for some of these graphs we can
do better if we do not require the information of every node to reach every other node in the network. This
is the focus of our paper.

We define partial information spreading, where the condition that each node receives the information of
all other nodes (to which we refer as full information spreading) is relaxed to smaller amounts of informa-
tion. Formally, for some values ¢ > 1 and 6 € (0, 1), we require that with probability at least 1 — § every
message reaches at least n/c nodes, and every node receives at least n/c messages.! We call an algorithm
that fulfills this requirement (0, c)-spreading. Indeed, the special case where ¢ = 1 corresponds to full
information spreading.

As a key tool in our study we introduce the novel concept of weak conductance, a generalization of
graph conductance which allows to analyze the time required for partial information spreading. We show
the power of weak conductance as a measure of how well-knit the components of a graph are, by giving an
example of a graph family for which the conductance is O(n~2), while the weak conductance is as large
as 1/2. For such graphs, weak conductance can be used to show that partial information spreading requires
time complexity of O(logn).

We demonstrate the usefulness of partial information spreading in solving the classic maximum coverage
problem defined as follows. Given is a universe of m elements, each having some nonnegative weight, and
n subsets of the elements; also, given is an integer K > 1. We need to select a collection of K subsets so
as to maximize the total weight of the covered elements. Coverage problems are at the heart of resource
allocation problems in communication networks and information systems (see, e.g., [25,26]). In particular,
the maximum coverage problem and its variants naturally arise in circuit layout, job scheduling and facility
location (see, e.g., [2, 18] and a comprehensive survey in [13]). We give an algorithm for the special case
of the problem where each element belongs to exactly two subsets. In a distributed network, this is the
problem of selecting K nodes with the goal of maximizing the total number of covered edges. Consider, for
example, a monitoring system for the traffic flow on the links of the network. The system can handle in each

"For simplicity of the presentation, we assume throughout the paper that ¢ and n/c are integers; however, all the results hold for
any ¢,n/c > 1.



phase the data collected from at most K nodes on the status of their neighboring links, for some K > 1.
Then the objective is to select in each phase a subset of K nodes which cover the maximum number of
(unmonitored) links.? Our algorithm yields a constant approximation factor and a constant deviation from
the given budget. For graphs with a constant weak conductance, this implies a scalable time complexity for
solving a problem with a global constraint. The same algorithm can be applied to more general instances
of maximum coverage, where each element has a weight and can appear in arbitrary number of subsets, as
well as for approximating the budgeted maximum coverage problem (see in Section 3).

Main Contributions: Our first main contribution is in generalizing the definition of conductance to weak
conductance. Roughly speaking, rather than measuring connectivity of the whole graph, weak conductance
is the minimal conductance among subsets of n/c nodes that are induced by the best partition of the graph
into c subgraphs (we give the precise definition in Section 2).

We prove that partial information spreading is fast on graphs which have a large weak conductance, al-

though they may have small conductance and therefore do not enable fast full information spreading. Specif-
log n+log§—! )

To.(G)

rounds, where ®.(G) is the weak conductance of the graph. Moreover, we give examples of families of

graphs for which partial information spreading is significantly faster than full information spreading.

Our second main contribution is in showing that for solving maximum coverage, we can do well enough
with only partial information spreading. In Section 3 we show how to solve the maximum coverage prob-
lem in a distributed manner with a constant approximation factor, given a partial information spreading
algorithm. Our result implies that for graphs with a large weak conductance (of €2(1/logn)) our algorithm
has a scalable time complexity, in spite of the need to address a global constraint.

Finally, in Section 4 we extend our results to networks without node identities. This model captures
well ad-hoc and mobile networks, which lack infrastructure such as IP addresses, limiting the knowledge a
node can gain on the structure of the network. We borrow the technique of [20], which allows the nodes to
estimate sums of values of other nodes despite the possibility of duplicated messages, and show how it can
be embedded in our algorithm for maximum coverage, in order to obtain a constant approximation, while
using only partial information spreading.

ically, we prove that for any § € (0, 1), partial information spreading can be achieved in O(

Related Work: Communication models vary in different studies. For example, Karp et al. [16] consider
the random phone-call model, where in each round very node chooses a random node to communicate with,
assuming that the communication graph is complete. Our results hold for arbitrary communication graphs.

Previously, Avin and Brito [3] and Avin and Ercal [4] analyzed the partial cover time of a random walk.
This notion measures the time required for a random walk to visit a large fraction of the nodes, but not
all nodes (as measured by the cover time). A random walk is related to our model, since the process of
relaying a message in the graph corresponds to a random walk, however, as opposed to the single random
walk considered in [3, 4], our model consists of many parallel random walks for every message, as a new
random walk begins in each round.

Dolev et al. [23] considered gossip in multi-channel radio networks, where in each round a node chooses
a channel on which to participate. The paper introduces the e-gossip problem in which (1 — €)n of the
messages need to be fully spread in the network. This differs from our definition of partial information
spreading, since we require all messages to be partially spread in the network.

Georgiou et al. [12] investigated majority gossip for solving consensus. The requirement of majority
gossip is that each node receives the message of a majority of the nodes, guaranteeing some overlap of

2See also in [25].



received messages. This is strictly stronger than our definition of partial spreading, in which a node may
receive only n/2 messages (or less, for larger values of ¢).

Some modifications to the definition of graph conductance have been proposed in the past (see, e.g.,
[15,19,21]), but all are different in essence from the concept of weak conductance presented in this work.

The maximum coverage problem, which is known to be NP-hard [11], has been widely studied in the
sequential setting. For the case of unit costs, a (1/ay)-approximation algorithm follows from the works
of [6,13,14,22,27], where a; = 1 — (1 — 1/k)*, which decreases as k increases, and tends to 1 — 1/e
as k — oo. Budgeted maximum coverage can be approximated within factor e/(e — 1) (see, e.g., [18]),
and this is the best possible, unless P = NP [8]. In the distributed setting, Subhadrabandhu et al. [25]
developed a constant factor approximation algorithm which uses network-wide broadcasts. In contrast, our
algorithm avoids spreading information network-wide, because of the large number of rounds that may be
required.

2 Partial Information Spreading

The time required for an information spreading algorithm to complete, i.e., for every node to receive every
piece of information, has been previously analyzed using the notion of graph conductance [20]:

Q) = i
(G) s, (S, V),

where
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90(37 V) = |S‘
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and P is the stochastic matrix associated with the communication of the nodes. Notice that the conductance
satisfies 0 < ®(G) < 1, since for every i € S we have ZjeV\S P < Zjev P ;=1
As mentioned in [20], this definition differs from the traditional definition of conductance [24]:

. Q(S,V\S)
[0} = 2\ P ANET
G = o™ (9

)

where m(S) = >, g m(i), 7 is the stationary probability vector of the matrix P, and

Q. V\S) = > Q6= >  a6)Py

1€5,7€V\S 1€5,7€V\S

However, for a symmetric stochastic matrix P the definitions are equivalent.> We can obtain a symmetric
matrix for any graph, by taking

T if (i,7) € E
Pj=q1-7% ifi=j
0 otherwise
where d; is the degree of node ¢, and d,,, = max;cy d; is the maximum degree in the graph. This

matrix is slightly different than our model of communication in which a node ¢ chooses a neighbor j with
probability 1/d;. Furthermore, we avoid the assumption that the nodes have knowledge of the value of

3Recall that if P is symmetric then the stationary distribution is uniform.



dmaz- Nevertheless, for every node ¢ we have % > L which implies that the spreading of information

dma,m ’

in our model can only be faster than by using the above matrix P. Indeed, let é(G) be the conductance as
calculated for the transition matrix P, where

o T if(i,j) e E
7,7 .
0  otherwise

then the conductance ®(G) using the matrix P is at least the conductance ®(G) using P. The following
lemma is proved in Appendix A.

Lemma 1 For every graph G = (V, E) we have ®(G) > ®(G).

The conductance of a graph measures how well it is connected. Consider a clique on all n nodes,
which is a well-connected graph. We associate with the graph a stochastic symmetric matrix P where
Pij =1/(n—1)forevery 1 < i # j < n,and P;; = 0 for every 1 < i < n. This implies that the
conductance is ((%)(n — %)ﬁ) /5 = 3ty Which is ©(1). On the other hand, a path of n nodes is
associated with a matrix P in which P; ; = 1 /2 for every two neighbors ¢ and j, P;; = 1/2 for the two
nodes at the ends of the path, and F; ; = 0 otherwise. A path has conductance (%) /5 = % and indeed,
a path admits many communication bottlenecks. Graphs with small conductance require more rounds of
communication to achieve full information spreading.

Since we only require a relaxed spreading guarantee, we introduce the concept of weak conductance in
order to analyze partial information spreading. While conductance provides a measure of the connectivity of
the whole graph, weak conductance measures the best connectivity among any partition of the graph into ¢
equal-sized components. Formally, for an integer ¢ such that n/c is an integer we define ‘_/ =WV,...,Vo)
to be a partition of V' into ¢ sets of size n/c, i.e., V; C V and |V;| = n/c, for every 1 < i < ¢. The weak

conductance of a graph G = (V, E)) is defined as:

q)c = i i s Ve ’
@) mgx{lrgggc{sgwfslgvn/f(s V)}}

where (S, V) is defined in equation (1). Indeed, in the special case where ¢ = 1, the weak conductance of
G is equal to its conductance, namely, ®1(G) = ®(G).

Before we proceed to use weak conductance to analyze partial information spreading, we show how it
can serve as a refined measure of connectivity, by examining several graph classes. First, consider a clique

2c 2c
conductance, is also ©(1) if ¢ is a constant.* The weak conductance of a path is (%) /35 = =, which, as the
conductance, is also ©(1/n) if ¢ is a constant. For the two examples above, the weak conductance is in the
same order as the conductance for some constant ¢ > 1.

We now give an example of a graph with very small conductance (which is bad for fast information
spreading) but a large weak conductance. Since a clique has a large conductance, and a path has a small
conductance, we introduce the c-barbell graph, which is a generalization of the barbell graph, consisting of
a path of ¢ cliques, where each contains n/c nodes (see Figure 1). The c-barbell graph is associated with the
transition matrix P for which P, ; = 1/ (%) for every two neighbors, P;; = 1/ (%) for every node ¢ that
does not connect two cliques, and F; ; = 0 for every node ¢ connecting two cliques. While the conductance

on all n nodes. The weak conductance of a clique is (2£)(2 — 2)215) /& = %, which, as the

*This implies that using weak conductance we obtain stronger guarantees than (9, c)-spreading.



Figure 1: The c-barbell graph is a path of ¢ equal-sized cliques. It is an example of a graph with small
conductance and large weak conductance.

of this graph is (1/(2)) /% = %, the weak conductance is ((ﬂ)(% - Zﬁ)i) /3L = L. For any constant

2c c’/njc
¢ > 1, this implies a conductance of ©(1/n?) while the weak conductance improves to O(1).

Indeed, the barbell graph has been studied before [1, 5] as a graph for which information spreading
requires a large number of rounds (in [1] the context is random walks, which is closely related, since the
path of a message can be viewed as a random walk on the graph). Our definition of weak conductance and
relaxed requirement of partial information spreading greatly improve the guarantees that can be obtained for
this graph. There are additional families of graphs that have a similar property of small conductance and
large weak conductance. Examples include rings of cliques and other structures with ¢ equal-sized well-
connected components that are connected by only a few edges. Notice that for a graph to have a large weak
conductance, it need not even be connected. For example, a graph consisting of ¢ disconnected cliques has
a large weak conductance, but its conductance is equal to zero.

Next, we proceed to the analysis of the partial information spreading algorithm. Recall that in every
round, each node ¢ randomly chooses a neighbor j with probability 1/d; and exchanges information with it.
Let G = (V, E) be the underlying communication graph, and let 7 be the partition that realizes the weak
conductance of G.

Consider a node i and assume w.l.o.g. that i € Vj, for some 1 < ¢ < ¢. Let S;(1) C V; denote the
set of nodes of V that received the message m (i) of node ¢ by round 7, and let X; be an indicator random
variable for the receipt of the message m (i) from a node in S;(7) at a node j € V4, in round 7 + 1. Then,
for |S;(7)| < n/2c we have:

E[Si(r+ D[] Si(m)] = IS0+ > E[X;]8i(7)] =Si(r) + > Py j
JEV\Si(T) keSi(7),5€Ve\Si(T)

_ s (14 Liesurgevasin Tra | S+ 8.C). @
15i(7)]

From here, the analysis proceeds exactly as the proof of Lemma 4 in [20]. The proof considers two
phases of the algorithm, the first is while less than n/2c of the nodes received m(7), and the second is until
all n/c nodes receive the message. The evolving of S;(¢) in each phase is examined using sub-martingales,
for which inequality (2) suffices to carry out the rest of the analysis. Although the analysis is for the number
of nodes that receive a message m(i), a similar argument addresses the number of messages that node
1 receives. This is because we are using a push/pull model of communication, along with a symmetric
transition matrix P, which implies that the probability of a node i receiving a message m(j) equals the
probability of node j receiving the message m (7). This gives our main result:

Theorem 2 For any 6 € (0, 1), the number of rounds required for (6, c)-spreading is O (%).

Notice that the result of Theorem 2 matches the result of [20] for ¢ = 1.



For a graph with a constant weak conductance, by taking § = O(1/n) we obtain (1/n, ¢)-spreading in
O(log n) rounds.

We note that the above analysis provides a stronger guarantee than (4, c)-spreading, since it implies a
partition into c sets, where in each set every node receives all the messages sent within that set. For our
specific application of an algorithm for maximum coverage, we could obtain an approximation algorithm
that exceeds the budget by a factor of at most ¢, by considering the network as partitioned and solving the
problem separately within each set. However, a graph with a large weak conductance may be very different
from the c-barbell graph, and hence far from providing such a ‘good’ partition. An example is the clique on
all n nodes, which is also a graph with a large weak conductance, but in this case, if each node receives n/c
of the messages there is a very small probability that the messages received admit a partition similar to the
above example. Therefore, in general, for graphs with large weak conductance we can only aim for each
message to be received by n/c nodes (and for each node to receive n/c messages), but not necessarily as a
well-structured partition.

3 Distributed Maximum Coverage

In this section we present a distributed algorithm which uses partial information spreading for approximating
maximum coverage. The problem that we consider is defined as follows.

Definition 1 In the distributed maximum coverage problem, each node is given the number of nodes n and
the budget K and should return a value in {true, false}, such that the number of nodes that return true is
K and the number of edges that are covered by the nodes that return true is maximized.

We are interested in bi-criteria («, 3)-approximation algorithms, which exceed the given budget by a factor
of o, while guaranteeing a cover that is at least a factor § of an optimal cover with the given budget.

We show a randomized algorithm for maximum coverage, which in expectation obtains an («, 3)-
approximation with constant « and 3. Later, we show that for values of K that are not too small, e.g.,
K = Q(logn), these approximation factors are obtained with high probability, and not only in expectation.

We first give some intuition to the difficulty in obtaining an efficient distributed algorithm for maximum
coverage. As discussed above, using an information spreading algorithm allows approximating maximum
coverage within a constant factor. However, as shown in Section 2, some networks require a large number
of rounds to achieve full information spreading, and therefore we wish to avoid it. By allowing only partial
information spreading, we can no longer guarantee that a node knows the degrees in the graph, and certainly
not the structure of the graph. Knowing only half of the degrees is insufficient, since the unknown degrees
may be very large, in which case the node should not choose itself for the cover, or very small, in which case
perhaps it should. Even knowledge of the maximal and/or average degrees does not seem to be sufficient.

Nevertheless, we present a constant-approximation algorithm for maximum coverage that uses only
partial information spreading. Let Spr be a (9, 2)-spreading algorithm with a round complexity of Rg,
(e.g., the partial information spreading algorithm in Section 2). The idea is that the nodes use the algorithm
Spr to construct a distributed algorithm for solving the maximum coverage problem with a given budget
K, by partially spreading their degrees, and at the same time estimating the number of nodes in certain
predetermined ranges of degrees. The latter information is then also spread using the algorithm Spr.

For simplicity, we assume that n = 2 for some integer ¢ > 1, although our results hold for any value
of n. We denote by m(v) the message that node v spreads in algorithm Spr. We assume that every node v
always receives its own message m(v). First, we define below the local variables maintained by each node.

We define ¢ + 1 sets D1, D, ..., Diggpn1, that partition the set of nodes according to their degree:

D; = {’U eV |dw) e (n/2i,n/2i71]}, i=1,...,logn+1.
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For every i, 1 <14 <t + 1, we denote by n; the number of nodes in the set D, i.e., n; = |D;|. The goal of
each node v is to obtain good estimates n;(v) of these sizes, while the initial information a node has is only
the number of nodes 7, and the budget K allowed for covering. Therefore, initially, n;(v) = 1 if v € D,
and n;(v) = 0 otherwise.

For our analysis to go through, the actual information that the nodes spread is about the values 7;(v) =
23:1 n;(v), which are the estimates of 7; = 22:1 nj, rather than the values n;(v) themselves. To this
end, each node v also maintains ¢ + 1 static boolean variables b;(v), for every i, 1 < i < t + 1, such that
bi(v) = Lif and only if v € Jj_; D;.

The estimate of a node is updated according to two types of information it gathers. First, the node
receives messages from a set of nodes U with the information 7;(u), for v € U. In addition, the node
estimates the sum ) ., b;(u). The estimate 72;(v) will then be updated to the maximum of these values.
The pseudocode appears in Algorithm 1.

Algorithm 1 Algorithm for maximum coverage, code for node v

1 repeat 3 times:

2 run Spr with message m(v) with the sequence (< by (v),n1(v) >, ..., < by1(v), yy1(v) >)
3 fori=1tot+1:

4 estimate 7;(v) = >,y bi(u) according to the set of received messages U

5: update 7;(v) = maxy,ey 1;(u) according to the set of received messages U
6 update 72;(v) = max {n;(v),n;(v)}
7 let m = ¢ such that v € D;
8

9

if 7 (v) < K then return true // return true with probability p(v) = 1
else if 7,;,—1(v) < K then return ¢rue with probability p(v) = %(U)
10: else return false /l return true with probability p(v) = 0

The algorithm consists of three iterations, in each of which a node v invokes the information spreading
algorithm Spr and updates the estimates of the values 7;(v). As our proof will show, since the spreading
algorithm promises only that half of the messages are received by each node, we need three iterations of it
in order for our guarantees of the maximum coverage algorithm to hold. We also note that more iterations
cannot improve these guarantees, since it may be the case that the (J, 2)-spreading algorithm induces two
disjoint subsets of 1/2 nodes and each node receives all the messages within its subset.

It is easy to see that the number of rounds of Algorithm 1 is in the same order as the number of rounds
of the spreading algorithm Spr, since we have three iterations of it. In addition, each message contains
O(logn) variables, each of size O(log n) bits. Therefore, we get the following round and bit complexity:

Lemma 3 The round complexity of Algorithm 1 is O(Rsypy). The bit complexity per message m(v) of a
node v is O(log®n).

We now prove the approximation factors of the algorithm. Throughout the rest of the analysis, we
assume that Spr obtained the required spreading in all three iterations. This event happens with probability
at least 1 — 30, since Spr is a (9, 2)-spreading algorithm.

We first bound the expected number of nodes that return true. First, the next lemma bounds the expected
number of nodes that return ¢rue in a given set D;. This bound itself is not enough for guaranteeing a
constant deviation from the budget, since the number of sets is ¢ + 1 = logn + 1. However, we will use it
later for some of the sets, while the others will be bounded more carefully.



fii(v) > 71i/2 (o) > [{u € V | ue AU, Dy}
Figure 2: The partition of nodes into the sets A% and A% in Lemma 4.

We use the following notation, which considers the algorithm after the third iteration. For every ¢,
1 <4 < t+ 1, we partition the set of all nodes V' into two sets A} and A%, such that nodes in Aj received a
message from some node u with 7;(u) > 7n;/2, and nodes in A% did not.

Lemma 4 Foreveryi, 1 < i < t+ 1, the expected number of nodes in D; that return true is at most 3K.

n

Proof: Since Spr is (0, 2)-spreading, the first iteration contains at least 72; - 5 messages by nodes with
bi(u) = 1. A simple pigeon-hole argument implies that there is a node v* that receives at least 72;/2 out of
these messages.

The node v* estimates 7;(v*) = >,y bi(u) according to the set U of received messages. Since v*
receives at least 7; /2 messages with b;(u) = 1, we have that n;(v*) > 7;/2 after line 6.

In the second iteration, at least n/2 nodes receive the message m(v*), and therefore at least n/2 nodes
have 7;(u) > n;/2 after line 6.

Now, consider the partition of all nodes after the third iteration into A% and A}. If v € D; is in A? then
fi(v) > f;/2. Otherwise, let = be the number of nodes in D; that are in A%. These nodes do not receive
in the third iteration any of the messages with n;(u) > n;/2, but each of them still receives at least n/2
messages, since our spreading algorithm is (J, 2)-spreading. This implies that each node v of D; which is in
A? receives all messages from nodes in A%, and hence has 7;(v) > z (see Figure 2).

A node v € D; in A} returns true with probability at most %/2, unless 7;(v) < K, in which case v

returns ¢rue with probability 1. Either all nodes in v € D; N A% have 7;(v) > K and the expected number
of nodes in D; N A that return ¢rue is at most

ng - ~K < 2K,

or thereisanode v € D; N Ai1 for which 7;(v) < K, but then n; < 2K and again the expected number of
nodes in D; N A% that return ¢rue is at most 2K.

A node v € D; in A} returns true with probability at most % unless x < K, in which case v returns
true with probability 1. In the latter case we have at most K nodes in D; N A%, and therefore the expected
number of nodes in D; N A} that return true is at most K. Otherwise, if x > K then the expected number
of nodes in D; N A} that return true is at most - % =K.

Therefore, the expected number of nodes in D; that return true is at most 2K + K = 3K, which
completes the proof. [

We are now ready to prove the upper bound on the expected number of nodes that return true. We
denote by ¢ the minimal index such that n, > 2K. Ideally, we would like to choose the nodes in D); for
1 < £ and perhaps some of the nodes in D, such that their total number is K, in order to exceed the budget
by no more than a constant fraction of it. We define

Bad; = {U eD, ‘ fzi_l(v) <2K andn; 1 > 2K},
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ny_1 < 2K Atmost 3K Atmost K At most 3K No node returns true
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by Lemma4 by }(Lieﬁnition by Lemma 4
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Figure 3: The bounds on the number of nodes that return ¢rue in the sets D;, as proved in Theorem 5.

which is the set of nodes in D; that estimate that they are in Uﬁ; D, but are actually not there. These are
nodes that may be chosen by the algorithm and exceed the budget K. We wish to bound the number of such
nodes to derive a bound on the deviation from the budget K.

Theorem 5 The expected number of nodes that return true in Algorithm 1 is at most 9K.

Proof: From the definition of 4, it is clear that the number of nodes that return ¢rue in U?; Dj is at most
2K (because 2K is a bound on the total number of nodes in these sets).
Applying Lemma 4 for ¢ = ¢ implies that in D, there are at most 3K nodes that return true.

We now define h to be the minimal index such that | U;’: o1 Bad;j| > K. These are nodes that return

true from the sets Dy, 1, ..., Dy. By the definition of &, there are at most K nodes in U?;} 1 Dj thatreturn
true.
Again, applying Lemma 4 for ¢ = h implies that in Dy, there are at most 3K nodes that return true.
Finally, we claim that in D;, for ¢ > h, no node returns ¢rue. This is because either a node v € D; is in
A¥, in which case the node has 72;_1(v) > 7ig(v) > fg/2 > 2K/2 = K and it returns false, or the node
v € D; is in AS. In the latter case, node v receives a message from every node u € AS. Every node u in

U?: ¢+1 Bad; is in A5, otherwise, by the proof of Lemma 4, v has fiy(u) > 2K /2 = K and hence u returns
h
J=t+1
node u in U?:EH Bad;, we have that 72;(v) > 7 (v) > | U?:Hl Badj| > K, where the last inequality
follows from the definition of h. Hence, in this case v also returns false.

Therefore, in total we have at most 2K + 3K + K + 3K = 9K nodes that return ¢rue (see Figure 3). m

false, which contradicts the assumption that u is in | Bad;. Since v receives a message from every

We now bound the number of edges covered by Algorithm 1. Let s be the minimal index such that
| U§:1 D;| > K. We prove the following lemma in Appendix B.

Lemma 6 The expected number of nodes in U;Zl Dj that return true is at least K and every node in

s—1
Uj=1 Dj returns true.

The following theorem gives the expected number of edges covered by our solution, and its proof appears
in Appendix B.

Theorem 7 Let ALG be the expected value of the cover obtained by Algorithm 1. Then, ALG > OPT /4,
where OPT is the value of an optimal solution.

By choosing § = O(1/n) the expected approximation factors remain the same, and the above analysis
gives the following main theorem that summarizes the properties of Algorithm 1.

Theorem 8 Algorithm 1 yields in expectation a (9,4)-approximation to the maximum coverage problem,
with a round complexity of O(Rgsp,), and O(log® n) bits per message m(v) of every node v.



Improvements to the Analysis: The expected approximation factors are proved by analyzing and sum-
ming the probabilities p(v) of every node v to return ¢rue. Since we consider the sum of n independent
Bernoulli random variables, we can use a standard Chernoff bound to obtain constant approximation factors
for the number of covered edges, as well as for the relative deviation from the budget, K, with a probability
of at least 1 — p, where p is exponentially small in the expectation, O(K). Indeed, for values of K that
are not too small, such as K = Q(logn) (which is still scalable), this implies constant approximation fac-
tors with high probability rather than in expectation, where high probability refers to probabilities that are
o1 — m).

In addition, we remark that better approximation factors can be obtained by modifying the partition of
V to the sets D;, i > 1, as follows. For some v € (0, 1),

Di={veV|dw) e (n/A+7)'n/(1+~)""}, i=1,...log,,n+1l

A respective modification of Theorem 7 now gives an approximation factor of 5 = 2(1 + v) = 2 + 2+ for
maximum coverage. This implies that our algorithm exhibits a tradeoff between the approximation factor
and the size of the messages m(v), as summarized in the next result.

Theorem 9 For every v > 0, there is an algorithm that obtains in expectation a (9,2 + 27y)-approximation
to the maximum coverage problem, with a round complexity of O(Rgyp,) and O(logn - logy ., n) bits per
message m(v) of every node v.

When using the partial information spreading algorithm from Section 2 and plugging the round com-
plexity of Theorem 2 along with § = O(1/n) into Theorem 9 we obtain:

Corollary 10 Forevery~y > 0, there is an algorithm that obtains in expectation a (9, 2+ 2+)-approximation

to the maximum coverage problem, with a round complexity of O (%) and O(logn - log; v n) bits per

message m(v) of every node v.

For graphs with a constant weak conductance, such as the barbell graph, this implies a scalable number of
rounds.

Extensions: If each edge e € E has a weight w(e), we modify our algorithm to use w; = 5, . (; ; w(e)
instead of the degree d; (which corresponds to the case of unit weights).

Moreover, for the budgeted maximum coverage problem, where each node v is associated with some
non-negative cost ¢(v), we can obtain similar approximation factors by modifying the algorithm to scale the
probabilities p(v) according to the costs c(v).)

For more general instances of maximum coverage, where each element may belong to at most f sets,
instead of just two (e.g., an f-hypergraph, in our setting), Algorithm 1 yields an approximation factor of
(8 = 2f instead of 3 = 4, and the analysis remains the same.

4 Networks Without Node Identities

In some distributed systems, nodes do not posses unique identities. In this section we consider such a
model, where each node has some local numbering of its neighbors, but the nodes are not equipped with
global identities, and therefore are limited in gaining knowledge about the structure of the network. Thus,
even with a full information spreading algorithm it is not clear how to solve the maximum coverage problem.

SWe give the details in the full version of the paper.
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The main issue that arises in this setting is that nodes cannot distinguish between a duplicated message
and more than one different message with the same content. For our maximum coverage algorithm to go
through, this requires the nodes to use a different method for counting the number of nodes in each category
D;. While updating an estimate 7;(v) to the maximal estimate that node v receives is not affected by the
lack of identities, summing the values ), _;; b;(u), where U is the set of nodes from which v receives a
message, highly depends on having no duplicates.

We use the framework of Mosk-Aoyama and Shah [20] for computing separable functions, and modify
it to fit our partial information spreading rather than the full information spreading assumed there. Instead
of sending the values b;(v), each node v generates exponential random variables W;(v) with rate b;(v) (and
hence mean 1/b;(v)). However, such a value may be equal to 0. To overcome this, if b;(v) = 0 we replace it
by a small but positive value b;(v) = 1/2n. The idea is that the minimum of exponential random variables is
also an exponential random variable, whose rate is the sum of their rates. Each node now takes the minimal
value W = min,eyWi;(u) and takes 1/W as its estimate of ) _;; b;(u). With some probability, this
estimate is close to the correct sum. '

To obtain a close estimate with high probability, each node generates and sends r variables VV{ (v),
where 1 < j < r, with rate b;(v). A node v then calculates for every j, 1 < j < r, the minimum
W3 = minyey W/ (u) according to the set of received messages U, and takes est(v) = r/(Xi<j<r W)
as its estimate of sumy(v) = >, bi(u). The motivation for generating more random variables is to
guarantee better bounds on the probability of an estimate that is close to the correct sum; the chosen value
of r is determined below.

Formally, we say that an estimate est(v) is close to the correct sum sumg(v) if

est(v) € [(1 — €)sumy (v), (1 + €)sumy (v)],

for some parameter 0 < € < 1/2. Provided that the algorithm Spr achieves the required spreading, we have
that for a given node v the probability that the estimate of v is far from the correct sum is:

Pr(est(v) € [(1 — €)sumy(v), (1 + €)sumy(v)]) < O(€_O(EQT))7 3)

which for » = ©(e 2 log §~1) is at most § (see [20, Lemma 2]).

In the analysis of [20], this also implies that the estimates of all nodes are within this range, since
it assumes a full information spreading algorithm and therefore all the nodes have the same minimum
min,ey W) (u). We cannot use the same observation in our case, since different nodes calculate their esti-
mate according to different sets U of received messages. Using the union bound to simply sum these proba-
bilities over all nodes results in a very weak bound on the total probability of good estimates. However, care-
ful inspection of our analysis of Algorithm 1 shows that we need the estimate of sumy (v) = >, oy bi(u)
to be close to the correct value only in a few cases, as described next, since other nodes update their estimate
according to the maximal estimate they receive. We modify Lemma 4 as follows:

Lemma 11 Foreveryi, 1 < i < t+ 1, with probability at least 1 — 20, the expected number of nodes in D;
that return true is at most (3 + 6¢) K.

Proof: We only state the differences from the proof of Lemma 4. With probability at least 1 — ¢, the node
v*, which obtains at least 72;/2 messages from nodes with b;(u) = 1, satisfies inequality (3) and therefore
may now have an estimate as small as (1 — €)n; /2.

In addition, all the nodes in A} receive each other’s messages, and therefore we apply the bound in
inequality (3) only once to get that with probability 1 — & every v € A% has 71;(v) > (1 — €)z.

This implies that the expected number of nodes that return ¢rue in a set D; is at most (2/(1 — €) +
1/(1—€)K < (3+6¢)K,since1/(1 —€) <1+2for0<e<1/2. |

11



Notice that applying Lemma 11 for ¢ = £ and ¢ = h implies that this adds a term of at most 4§ to our
probability of failing to achieve the desired approximation, in addition to the 36 by the guarantees of Spr.
We adjust the definition of ¢ to be the minimal index such that 7y > 2K/(1 — ¢), and the definition of
h to be the minimal index such that | U;‘L:K—i-l Bad;| > K/(1 — €). This induces a bound of (2(3 + 6¢) +
2(1+2¢) + (1 +2¢))K = (9 + 18¢)K in Theorem 5.
For the lower bound on the number of covered edges, we adjust the definition of s to be the minimal
value for which [{J5_, D;| > K/(1 + ¢) (instead of K). Now, in the proof of Lemma 6 we use the sets

A% and A% forbothi = s — 1 and i = s. For i = s — 1 this implies that every node v in Uj;i Dj has
Ns—1(v) < (1 +€)-ns—1 < K, and therefore returns ¢true. There are ;1 such nodes. For i = s this
implies that every node v in D; has ns(v) < (1 + €) - is. Plugging this into the calculation gives that the
number of nodes that return true in (J5_, D is at least K'/(1 + ¢). This implies another factor of (1 + ¢) in
the approximation of Theorem 7.

Notice that this adds another term of 46 to the probability of failing to achieve the desired approximation,
hence we have a probability of at least 1 — 119 for our algorithm to obtain a (9 + 18¢,2(1 + )(1 + €))-

approximation for maximum coverage. As before, we choose 6 = O(1/n), which gives:

Theorem 12 [f the nodes in the network do not have identities, there is an algorithm that yields in expecta-
tion a (9+18e¢, 2(1+7)(1+¢€))-approximation for the maximum coverage problem, with a round complexity
of O(Rsypy), and O(e 72 - log?n - log; ., n) bits per message m(v) of every node v.

The smaller we take ¢, the better the approximation guarantee. However, the cost is in having a large
r, which blows up the size of messages sent. If we take a small constant € we get that the approximation
factors «, (3 are still constants, and the size of a message m(v) remains polylogarithmic in n.

We remark that for simplicity of presentation the above analysis only aims to show a constant approxi-
mation factor, and that the approximation factors may be improved.

5 Discussion

This paper discusses the notion of partial information spreading and defines the weak conductance of a
communication graph as a tool to measure the time needed for partial information spreading. We believe that
weak conductance will turn out to be useful in analyzing other properties of graphs as well. An interesting
line of research is to relate the weak conductance of a graph to its algebraic properties, as an analogue to

the bounds on the conductance, 1 — 2®(G) < A\ < 1 — @(20)2
transition matrix [24].

We showed how partial information spreading can be embedded in an approximation algorithm for
solving the problem of maximum coverage. It is an open question whether better algorithms exist for this
problem.

In addition, as a further research direction we propose the question of achieving other types of partial
information spreading, which can be useful in designing distributed algorithms for solving other problems.

, where ) is the second eigenvalue of the

Acknowledgments: The authors thank Hagit Attiya and Ariel Kulik for helpful suggestions and comments
on an earlier version of this paper.
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A Proof of Lemma 1

Recall that for every graph G, ®(G) is the conductance according to the symmetric transition matrix P
where

T if (i,7) € E
Pj=q1-7% ifi=j
0 otherwise

and ®(G) is the conductance according to the transition matrix P, where
5o T if(i,j)eE
" 0  otherwise

Lemma 1 [restated] For every graph G = (V, E) we have ®(G) > ®(G).

Proof: Recall that the stationary distribution 7p is uniform, hence 7p(i) = 1/n for every node i. This
implies that

I (1) P
3(G) - i >iesjevis T(0) Py
SCV,r(S)<1/2 (S5)
. . ZieS,jeV\S (% ’ ﬁ) . . ]E(S, 14 \ 5)\
= min T = m —_
SCV|S|<n/2 S| scvSi<n/2  |S|dmax

where E(S,V\S)={e€ E|e=(i,7),i € S,j € V'\ S} is the set of edges of the cut (S,V \ 5).
On the other hand, the stationary distribution 7 satisfies w5 (i) = d;/2m for every node i, where
m = |E|. This implies that

= s (i) P
&@) =  min Yiesjevys T(0) i
SCV,m(S)<1/2 7(S)
d;
: Yiesjens (G T) _ E(S,V\ S)|
= min - = min L S A e
SCV3ies di<m ZieS om STV, es di<m ZieS d;

Therefore, to prove that ®(G) > ®(G), we need to prove that

min [EGVAS o[BG VAS)]
SCVYiesdism D iegdi  — Scvsi<n/2 |S|dmar

“)

It is easy to see that for any given set S C V' we have
[ES, VS| [E(S, VS
ZiES dz - |S|dmax ’
but it is not necessarily the case that the minimum in both expressions in inequality (4) is taken over the
same sets S CV. I-[owever, if there is a set S C V for which Zie gd; < m but |S| > n/2, then for
S =V \ S wehave |S| < n/2, and in addition:
ES,VAS)| _ |E(S,VAS)|  [ES,V\S)| _ S,V )|
Diesdi m T Yiesd — |Sldmar

where the first two inequalities follow from the fact that ) . d; < m. This completes our proof since for

every set .S C V taken in the left-hand side of inequality (4) there is a set taken in the right-hand side whose
value is at least as small. [ ]
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B Proofs omitted from Section 3

In this Section we provide the proofs omitted from Section 3. Recall that s is the minimal index such that
|Uj=1 Djl = K.

Lemma 6 [restated] The expected number of nodes in szl Dj that return true is at least K and every

. s—1
node in Uj:1 Dj returns true.

Proof: There are less than K nodes in Uj;} Dj, and therefore less than K nodes u with bs_1(u) = 1.

This implies that every node v has n5_1(v) < ns_1 < K. Therefore, every node in Uj;i D; returns true.
The total number of these nodes is 115_1.

Now consider nodes in Ds. A node v in Dy returns ¢true with probability at least (1f ns(v) < K
then v returns ¢rue with probability 1). Similar to the previous argument, every node v has ns(v) < ng.

The expected number of nodes in D that return true is therefore

K N ~ K Kn._
S o o > (g — fg1)— = K — =1
UeDsnsv Ng Ng

which implies that the expected number of nodes that return true in szl Dj is at least

Y = Y 00+ Y pw) 2 A+ (K- S 2 K,

UGUE:I D; UGUQ 1 D; vEDg

where the last inequality follows from the fact that s > K, by the definition of s. [

We prove the approximation factor of Algorithm 1, as stated in Section 3.

Theorem 7 [restated] Let ALG be the expected value of the cover obtained by Algorithm 1. Then,
ALG > OPT /4, where OPT is the value of an optimal solution.

Proof: We denote by vy, . .., vk the nodes of an optimal solution ordered according to decreasing degrees,
and by u1, . . ., ug the nodes of the solution of Algorithm 1 ordered according to decreasing degrees. Recall
that by Lemma 6 we have that K’ > K. We use the simple observation that the number of edges covered
by a set of nodes is at least half of the sum of their degrees (because we count each edge twice in the worst
case). We therefore have:

K Ns—1 K
ALG > deuZ 72 (u;) 25 Zduz Z d(u;)
=1 i=ns_1+1
s R 1 1
> oD d(w) + 5 > d(w) > 7 (Zd v; ) = OPT,
i=1 i=flg_1+1

where the inequality on the third line is because all the nodes from the first s — 1 sets are selected by our

algorithm and these are the ns_; nodes with the largest degrees, and the other nodes are all from the set D,

and therefore have degree at least nn/2° while the largest degree in the set can be at most twice this value.
This gives the desired approximation ratio. [
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