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Abstract

In this paper we consider the problem of scheduling a
set of tasks on a parallel machine of identical processors.
The tasks are parallelizable and can be run simultane-
ously on several processors, in which case the runtime
is decreased. Our goal is to minimize the finish time (or
Makespan) of the entire schedule. This problem is known
to be NP-Hard.

We propose a new approach to scheduling, based on
partitioning the available processors into a fixed number
of computation channels. We assign tasks to channels
based on their execution times, and their speed-up func-
tion, assuming that these parameters are available prior
to the execution of the task sequence.

The channel approach is shown to be advantageous
whenever the overall work needed to execute tasks does
not decrease as a function of the number of processors
assigned to it, i.e. in most common scenarios. For
cases in which this function is a constant (and, there-
fore, the overall runtime per task decreases linearly with
the number of processors executing it), we present a new
scheduling heuristic called the Partition and Assignment
(PA) algorithm. PA is shown to achieve a worst case
bound of 2 to the optimal schedule. It runs in linear time,O(n+m), wherem is the number of processors, and n is
the number of tasks. For the case of non-linear speedup,
we introduce a generalized version of PA (GPA), which
achieves a bound of 2 to the optimum, and runs in timeO(m log a+ n), where a = min(n;m).
1. Introduction

1.1. Model Formulation

The problem of scheduling tasks on machines is a clas-
sic resource allocation problem. Scheduling algorithms
take as an input an arbitrary number of tasks, each with�Part of this research was done while the author was at the Depart-
ment of Electrical Engineering, The Technion, Haifa, Israel.

an execution time, and produce as output a mapping from
tasks to processors and start times so as to minimize either
the average waiting time, or the finish time of the entire
schedule.

In a well studied version of this problem, each task
runs on a single processor, until it completes execution.
In this work we consider a recent trend in multiprocessors
scheduling, where tasks may be scheduled to run on more
than one processor, thus decreasing their runtime.
We distinguish between two cases:� Linear speedup – In some applications the runtime

of a task decreases linearly with the number of pro-
cessors assigned to it.� In other scenarios, when the overhead inherent in
splitting the task among several processors becomes
a significant factor, the decrease in runtime is only
sub-linear.

Each of these cases corresponds to a class of problems
solved on parallel computers. Linear speedup models the
many applications that can be trivially parallelized, such
as database searches, where the interprocess communi-
cation involved is negligible. Circuit simulation using
waveform relaxation is another example which obtains
linear speedup as long as the circuit can be partitioned
into as many pieces as there are processors. Thus we
expect a speedup function that decreases linearly until a
certain point, and then levels off.

In analyzing the non-linear case, we refer to the notion
of work, defined as the sum of the running times of the
processors allocated to a specific task. The work function
describes the dependence of the work needed to execute
a task upon the number of processors allocated to it. This
dependence upon the number of processors stems from
the communication overhead of the processors engaged
in the execution of a split task. In most common scenarios
this communication increases with the number of involved
processors. We, therefore, focus on work functions that
are non-decreasing in the number of processors. (e.g., see
[2]).



Our performance measure is the makespan of the
schedule, i.e., we seek a schedule that minimizes the over-
all completion time of the tasks. Indeed, minimizing the
makespan corresponds to maximizing the throughput of
the system. In [4] it is shown that the problem of find-
ing an optimal schedule with respect to the makespan,
for parallel task systems, is strongly NP-hard already for
five processors. This motivates our search for an efficient
algorithm that will guarantee a reasonable approximation
to the optimum.

Assuming a set of identical processors, on which the
tasks are to be scheduled, we develop algorithms which
are non-preemptive, meaning that once the execution of a
task begins, the processor allocation to this task cannot be
changed, and the task cannot be interrupted and resumed
at a later time. Just the same, the performance guaranteed
is within a factor of 2 from the optimum, within the set of
all possible schedules (including preemptive schedules,
and schedules that allow reconfigurations).

1.2 The Channel approach

A typical question in the design of the operating system
for a multiprocessor is whether to maintain a central queue
for all the processors, or a local queue for each individual
processor. We propose an intermediate solution, that is
efficient in maintaining a small number of queues. Each
of the queues is served by a subset of the processors.
By maintaining these local queues (in shared memory
multiprocessors and similar architectures), we reduce the
contention for global locks, which in turn decreases the
overhead of scheduling.

We propose a new approach to scheduling paralleliz-
able tasks, which we call the channel approach. The
channel approach is based on the idea of partitioning the
available processors into computation channels. Each
channel is composed of a subset of processors, and tasks
are assigned to channels based on their degree of paral-
lelism, which is determined upon the arrival of the tasks
to the system. Thus, a main advantage of the channel
approach is in reducing the algorithmic complexity of the
scheduler. It also enables a fixed allocation of resources
to subsets of the tasks.

By using computation channels, we reduce the prob-
lem of scheduling parallelizable tasks on a set of identical
processors, to the problem of finding an optimal sched-
ule for non-parallelizable tasks running on a system of
unrelated machines [6]. Channel based algorithms may
be viewed as involving two stages: First determining a
partition of the processors to channels (that is, the set
of ‘unrelated machines’), and then assigning tasks to the
channels. For the second stage, we present assignment
algorithms, which run in time linear in the number of
tasks, and thus suggest simpler scheduling heuristics for
the unrelated machines problem.

1.3 Related Work and Outline of Results

Scheduling to minimize the makespan for non-
parallelizable tasks (i.e. each task running on a single
processor) has been extensively studied. Recent works
consider the problem of minimizing the makespan for par-
allelizable tasks. Wang and Cheng present in [9] the Ear-
liest Completion Time (ECT) algorithm, for which they
prove a worst case bound of 3 � 2=m on the makespan
generated relative to the optimum, with m the number
of processors. [3] describes two heuristic algorithms
for scheduling tasks assuming non-decreasing work func-
tions. Their worst case bound with respect to the optimum
is 2=(1 + 1=m) with complexity of O((n+m) logm).
In the papers [7, 8] heuristic algorithms are presented,
that solve the problem of minimizing the makespan given
a set of independent tasks, and any speedup function.
The algorithm of [7] works by applying a non-malleable
scheduling (NMS) algorithm to a family of processor al-
locations, and obtains a bound on the worst case behavior
of 2:5 if processor addresses need to be contiguous (non-
fragmentable), and a bound of 2 for fragmentable systems.
The complexity of these algorithms is O(mn) times the
complexity of a NMS scheduling algorithm. Typically,
this results in complexity O(mn2 logn).

The algorithms presented in this paper improve the
worst case bound achieved for the ECT, and for linear
speedup tasks yield the same bound as in [3] with lower
computational complexity. Our results are valid for both
fragmentable and nonfragmentable systems.

The rest of the paper is organized as follows. In Sec-
tion 2 we present an O(m+ n) algorithm, which we call
the Partitionand Assignment (PA) algorithm, for schedul-
ing a set of n tasks on m processors, with linear speedup.
We prove a bound of 2 on its worst case makespan rela-
tive to the optimal schedule. In Section 3 we modify the
algorithm and proofs in order to show similar results for
tasks with non-decreasing work loads. The Generalized
Partition and Assignment (GPA) algorithm is shown to
achieve a worst case bound of 2 to the optimal makespan,
in complexity O(m log a + n), where a = min(n;m).
We conclude in Section 4 with experimental results that
characterize the behavior of the channel algorithms for
various distributions on task sizes and levels of paral-
lelism, subject to nondecreasing work functions.

2. Tasks with Linear Speedup

Under the constraint that all tasks have a linear speedup
function, i.e. the runtime for task Ti when schedule onp processors is ti=p, the problem of finding the optimal
makespan has a trivial solution. Assigning m processors
to each task, and arbitrarily ordering the tasks, will yield
an optimal schedule. However a more realistic model is



obtained if we assume that each task has a maximum level
of parallelism defined by �i; 1 � �i � m. Scheduling Ti
on more than �i processors will not result in runtime less
than ti=�i.

First let us define a lower bound on the optimal sched-
ule. The finish time, w�, of the the optimal schedule is
greater than both the total amount of work divided by the
number of available processors and the maximum com-
pletion time for any task when the task is allocated as
many processors as it can use.w� � max�Pi tim ;maxi ti�i� (1)

We denote the average finish time for the processors by�w = Pi tim : (2)

In most cases our bounds will relate to �w and not to w�
(the actual optimum) since evaluating w� from the input
set is not possible in polynomial time.

We describe a partition of the m processors into com-
putation channels byC, the number of computation chan-
nels, and the sequence Sk; 1 � k � C, the number
of processors in the k-th channel. In order to assure
that all processors belong to a channel we require thatPCi=1 Sk = m.

Given the set of tasks fT1; T2; � � � ; Tng, let USk =fi j �i � Skg be the set of indexes of tasks that can
exploit a channel of width Sk without idling any of the
processors. Denote byS0k = XSj�Sk Sj
the total channel capacity of channels of size Sk or larger,
and let Wk = Xi2USk ti:Wk is the sum of work available for a channel of sizeSk, such that the channel will be used at full efficiency
(no idle processors). It should be noted that Ti 2 USk
does not imply that Ti is scheduled on channel k. It could
possibly be scheduled on a channel k0, Sk0 � Sk.

We present below the Partition and Assignment (PA)
Algorithm which creates a partition of the processors into
computation channels and assigns the tasks to channels.
Our first definition describes constraints on the partition
that will allow the scheduling algorithm to guarantee a
bound of 2 on the makespan.

Definition 1 (Proper Channel Capacity) We have
proper channel capacity, ifXi2USj tiS0j + Sj � �w � Xi2USj tiS0j (3)

for all channels j, 1 � j � C where �w is given in equation
(2).

The constraint in (3) ensures that there is at least enough
work on the average to keep each channel busy until after�w, and that if for any j we added another channel of sizeSj we would not have enough work.

Algorithm 1 (Partition) Given a set of tasks, Ti, the fol-
lowing algorithm will create a partition of the processors
into computation channels.j  1S  0C  1
for(k = m downto 1)

while
� WkS+k � �w� do

beginSj = kS  S + kC  C + 1j  j + 1
end

endfor

Claim 1 The Partition algorithm creates a partition.
That is S =PSj = m.

The inequality, S =PSj � m follows directly from
the fact that for the last channel created by the algorithm
(of width l; 1 � l � m)WlS � �w ) WlS � P tim ) WlP tim � S
and Wl �P ti.

In order to show equality, we look at the last step of the
algorithm, k = 1. As long as Wk=(S + k) � �w we will
create another channel of size 1, and thus increment S.
This continues until Wk=(S + k) < �w. (The algorithm
may stop earlier.) Thus S and m being integers, S must
equal m after the last step.

Claim 2 The partition created by algorithm 1 satisfies
the proper channel capacity constraint.

The proof is immediate from the algorithm, and is thus
omitted.

Algorithm 2 (Task Assignment Algorithm) Place the
task Ti on the largest channel Sk such that Sk � �i. If
all the channel capacities are unique integers, then the
mapping from tasks to channels is well defined. If there is
more than one channel of a given size then assign tasks to
each channel (among the set of identical width channels)
until the channel completion time exceeds �w.



Theorem 1 Given a set of tasks, and a partition that sat-
isfies the proper channel capacity constraint, Algorithm 2
achieves a makespan w satisfying w � 2w�.

The proof uses backward induction. We give it in the full
version of the paper.

Recall that the Partition and Assignment (PA) algo-
rithm is the combination of algorithm 1 and 2. It is
easy to verify that the complexity of the Algorithm PA is
O(n+m).

Corollary 1 For any set of tasks, T1; : : : ; Tn, the Algo-
rithm PA achieves a makespan w � 2w�. Moreover, if
there is at least one task, Ti, such that ti=�i � 2 �w then
PA achieves the optimal makespan, i.e. w = w�.

Corollary 2 The bounds presented in corollary 1 apply
also to the preemtible and reconfigurable versions of the
makespan problem.

The generalization in corollary 2 follows immediately
from the fact that the bounds are based on comparisons
with the minimal amount of work done under an optimal
schedule, which would not decrease if preemptions and
reconfigurations were allowed.

3. Minimizing Makespan for Tasks with Non-
Linear Speedup

When we generalize the problem of minimizing the
makespan to include tasks that have non-linear speedup
functions, we have to modify our scheduling algorithm.
The required changes increase the computational com-
plexity of the algorithms, but still maintain a worst case
bound on the makespan of less than two times the optimal.
We now restate the problem:

Given a set of n tasks and n functionsf1(p); : : : ; fn(p); 1 � p � n which specify the run-
time of the i-th task when scheduled on p processors, find
a mapping of tasks to processors that will minimize the
finish time of the schedule. A reasonable assumption
is that ti(�) � ti(� + 1), i.e. the runtimes are non-
increasing. The results below apply to any model where
the amount of work done, ti(�) � � is non-decreasing, that
is, ti(�) � � � ti(� + 1) � (� + 1), for 1 � � � m. We
assume that each task can be allocated any number of
processors in the range [1,m].

First we design an algorithm that will allocate a set
number of processors to each task. Denote by �i the
number of processors allocated to task Ti, and let ~� =(�1; : : : ; �n) be the current allocation. Then the makespan
of the optimal schedule for this fixed allocation denoted
by w�(~�) satisfiesw�(~�) � max�Pi ti(�i)�im ;maxi ti(�i)� (4)

w�(~�) is the lower bound for the non-malleable mul-
tiprocessor scheduling problem (NMS). Non-malleable
scheduling is a term coined by [8] to describe the prob-
lem of scheduling n tasks on m processors when each
task must be assigned to a predetermined number of pro-
cessors. In contrast, malleable scheduling refers to the
problem we discuss, in which tasks can be assigned to a
variable number of processors. From the above equation
we can form a lower bound on the malleable scheduling
problem by taking the minimum over all allocations ~�.w� � min~� w�(~�)

We base our tentative allocation of processors to tasks
on equation (4). We initially allocate �i = 1 processors to
each task. We compute the average processor completion
time, �w(~�) = P ti(�i)�im : (5)

Then we compare �w(~�) with the execution time of the
longest task. As long as �w(~�) is less than the execution
time of the longest task, we increase �i for that task.
Clearly that task previously defined the lower bound on
the makespan. We update �w(~�) and repeat the previous
step until we can no longer decrease the lower bound
on the makespan. After we have determined a tentative
allocation of processors to tasks, ~�, we can computeWk =XTi:�i�kti and �w = �w(~�). Using these values we apply the

algorithm PA to partition the processors into channels and
to assign the tasks to channels. We call the combination
of algorithm 3 with the PA algorithm the Generalized
Partition and Assignment (GPA) algorithm.

Algorithm 3 (Generate �i) Given a set of tasks,T1; : : : ; Tn, the followingalgorithm will compute a tenta-
tive maximum allocation of processors, �i, for each taskTi; 1 � i � n.

for i :=1 to n do �i  1�w nXi=1 ti(�i)�i=mA fTijti > �wgB  fTijti � �wg
while(A 6= ;)i = arg maxi:Ti2A ti(�i)

if (ti(�i) > �w) then
begin�w  �w � ti(�i)�i=m+ ti(�i + 1)(�i + 1)/m�i  �i + 1j  i

if (ti(�i) � �w) then B  B [ Ti; A A� Ti
end

else



begin
(*) if ( �w > tj(�j � 1)) then �j  �j � 1

STOP
end

end

Theorem 2 For the vector, ~� = (�1; : : : ; �n) defined by
algorithm 3, �w(~�) � w�
Proof: The lower bound on the makespan is defined as
either the average processor completion time caused by
the workload, or the longest task. Since we increase the
workload only when it will decrease the lower bound, it
should be clear that the average processor load, �w will be
less than, or equal to, the makespan generated by the opti-
mal algorithm. Step (*) of the algorithm checks to makes
sure that the last task to receive an increased allocation
did not cause the lower bound to increase. If it did cause
the lower bound to increase, then this last allocation is
reversed.

Lemma 1 Let jAj denote the initial number of tasks
whose run time is greater than �w = �w(~�) where ~� =(1; : : : ; 1), then jAj � min(n;m).
Proof: Clearly there cannot be more tasks with runtimes
greater than �w than there are tasks. Thus jAj � n. Ifn > m, let Tm be the m-th largest task. Looking atT1; : : : ; Tm it is clear that �w � tm, and thus there are at
mostm�1 tasks that have running times greater than �w.

Theorem 3 The complexity of algorithm 3 isO(m loga+n), where a = min (n;m).
In order to prove a worst case bound on the makespan

produced by the algorithm GPA, we must reformulate the
definition of the proper channel capacity.

Definition 2 (Proper Channel Capacity II) Let C be
the number of unique sized channels, Sk be the k-th chan-
nel width, and Nk the number of channels of size Sk. LetS0k =Xj�kNj � Sj be the capacity of all channels larger or

equal to Sk. Given a set of tasks with non-linear speedup
functions, and processor allocations �1; : : : ; �n, we have
proper channel capacity if 8k; 1 � k � C:X�i�Sk ti(�i) � �iS0k + Sk � �w � X�i�Sk ti(�i) � �iS0k
Generalized Partition and Assignment Algorithm
(GPA)
Input: a set of n tasks, T1; : : : ; Tn, n speedup functions,t1(�); : : : ; tn(�), and m processors.

Output: a partition of the processors into C channels of
size S1; : : : ; SC , and a mapping of the tasks to channels.

1. Generate a tentative allocation, ~�, of processors to
tasks using Algorithm 3.

2. Compute �w = �w(~�) and Wk; 1 � k � m.

3. Apply algorithm 1 in order to partition the processors
into channels using �w and Wk; 1 � k � m.

4. Assign the tasks to channels with algorithm 2.

Theorem 4 Given a set of tasks T1; : : : ; Tn, the algo-
rithm GPA achieves a makespan which is less than 2
times the optimal.

We give the proof in the full version of the paper.

4. Experimental Results

In the previous sections we focused on analyzing the
worst case performance of channel based scheduling al-
gorithms. In this section we present the average case
behavior of these algorithms obtained by simulations.

We simulated tasks with two different types of speedup
functions and where m = 32. We compiled results from
runs with various numbers of tasks n between 10 and 120.
In all cases the execution time of the tasks was chosen
to be an exponentially distributed random variable with
mean 1.

For linear speedup tasks, we chose the maximum level
of parallelism to be a uniformly distributed random vari-
able between 1 and 32 (the number of processors). For
each given number of tasks, we ran the PA algorithm on
200 different input sets. For each input set (trial) we
computed the ratio of the resultant makespan to the lower
bound of the optimal. The average ratio over the 200
trials is plotted in figure 1 versus the number of tasks.

We also ran simulations for a non-linear speedup func-
tion based on Amdahl’s law[1] which is a typical instance
of a non-decreasing work function. Let Ci = C0i=ti be
the ratio of sequential to parallel code for task Ti. Am-
dahl’s law asserts that the execution time on of the task
on p processors will be ti(p) = ti 1+pCip . In the simula-
tions, a value of C was chosen for each task distributed
uniformly on the interval [0:05; 0:1]. This allows each
task to have slightly different behavior when parallelized.
The choice of Ci represents tasks that contain less than
10% non-parallelizable code.

Figure 2 shows the results of two versions of GPA
for the tasks with Amdahl speedup functions. List Av-
erage is the average ratio of the GPA makespan to the
optimum when tasks are scheduled on identically sized
channels using the PA Algorithm. If though, the tasks
are sorted and scheduled on identical channels based on
Longest Processing Time (LPT) [5], we see a significant
improvement in the average case behavior. These results



are labeled LPT Average. Both versions of the algorithm
maintain the same worst case bound.

Similar results were obtained when the GPA Algorithm
was applied tasks with the non-linear speedup functionti(p) = tip�i where �i is a uniformly distributed random
variable in the interval [0:8; 0:9]. This is another typical
non-linear speedup function, but in contrast to Amdahl’s
law the runtime of a task decreases without approaching
an asymptotic minimum. Figure 3 shows the ratio of the
average makespan to the lower bound of the optimal for
tasks that have a speedup function using both the stan-
dard list scheduling version of GPA and the improved
LPT based version.
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Figure 1. Average ratio of PA makespan to
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Figure 3. Average ratio of GPA makespan to
optimum for Non-linear speedup tasks


