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Abstract

We motivate and describe a new parameterized approximation paradigm which studies
the interaction between approximation ratio and running time for any parametrization
of a given optimization problem. As a key tool, we introduce the concept of an α-
shrinking transformation, for α ≥ 1. Applying such transformation to a parameterized
problem instance decreases the parameter value, while preserving the approximation
ratio of α (or α-fidelity). Our algorithms define a continuous tradeoff between running
times and approximation ratios, allowing practitioners to appropriately allocate compu-
tational resources.

Moving even beyond the approximation ratio, we call for a new type of approximative
kernelization race. Our α-shrinking transformations can be used to obtain approximative
kernels which are smaller than the best known for a given problem. The smaller “α-
fidelity” kernels allow us to obtain an exact solution for the reduced instance more
efficiently, while obtaining an approximate solution for the original instance. We show
that such fidelity preserving transformations exist for several fundamental problems,
including Vertex Cover, d-Hitting Set, Connected Vertex Cover and Steiner Tree.

Keywords: Fidelity preserving transformation, fixed parameter tractability,
kernelization, parameterized complexity, approximation algorithms.

1. Introduction

Given the common belief that most NP-hard problems cannot be solved, or even
well-approximated, in polynomial time, it is natural for us to turn to a generalization
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of polynomial time, fixed-parameter tractability, to develop a paradigm of parameterized
approximation.

Parameterized complexity approaches hard computational problems through a mul-
tivariate analysis of the running time. Instead of expressing the running time as a
function of the input size n only, the running time is expressed as a function of n and
k, where k is a well-defined parameter of the input instance (that can be an aggregate
of several measurements). We say that a problem (with a particular parameter k) is
fixed-parameter tractable (FPT) if it can be solved in time f(k) · poly(n), where f is an
arbitrary function depending only on k. Thus we relax polynomial time by committing
the exponential explosion to the parameter k. For further background on parameterized
complexity we refer the reader to the textbooks [29, 41, 20], and the surveys in [21, 23].

Extensive research since the beginning of the 70’s has led to results exhibiting lim-
its to the approximability of NP-hard problems. Comprehensive surveys of works on
classical approximation algorithms can be found, e.g., in [32, 45, 47]. Formally, given
a maximization (minimization) problem Π, we say that A is an r-approximation al-
gorithm for some r ≥ 1, if for any instance I of Π A yields a solution that satisfies
OPT (I)/A(I) ≤ r (A(I)/OPT (I) ≤ r), where OPT (I) is the value of an optimal solu-
tion for I. Thus, for instance, Maximum Independent Set on a graph G = (V, E), with
|V | = n, is inapproximable within a ratio better than n1−ε, for some ε > 0, unless P =
NP [48]. Assuming the Unique Games Conjecture (UGC), the Vertex Cover problem
cannot be approximated in polynomial time to within any constant factor better than
2, and the best constant-factor approximation for d-Hitting Set is d [35]. These results
lead to the question that is at the heart of our study.

“Given an optimization problem, Π, that is hard to approximate within factor
ρ, for some ρ > 1: can we devise a family of α-approximation algorithms,
Aα, such that Aρ is polynomial, A1 has the running time of the best FPT
algorithm for Π, and Aα defines a continuous tradeoff between approximation
ratios and running times?”

We show below that our parameterized approximation algorithms have approxima-
tion ratios better than the best possible polynomial-time approximation algorithms (un-
der the common assumption that P 6= NP , and assuming that UGC holds). Our
technique enables us to obtain any ratio α ∈ [1, ρ(Π)] for a given problem Π, where ρ(Π)
is the best known polynomial-time approximation ratio for the problem, and α is the
approximation ratio achieved, depending on the desired running-time of the algorithm.
In developing a general paradigm for parameterized approximation, we combine tools
used in approximation algorithms with the framework of parameterized complexity. We
move now to an overview of our results, after which will follow an in-depth presentation
of α-shrinking transformations.

1.1. Our Results

In this paper, we describe a new parameterized approximation paradigm which re-
lates parameterized complexity and polynomial-time approximation. While many earlier
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studies refer to parametrization by solution size, or, more generally, by the value of the
objective function, our approximation approach can be applied for any parametrization
of a given problem. We demonstrate our techniques with several fundamental problems,
including Vertex Cover, d-Hitting Set, Connected Vertex Cover, and Steiner Tree.

We summarize our results in Table 1. For each of the studied problems, we specify
the kernel size obtained by our algorithms (when applicable), as well as the running
time of the algorithm as function of the approximation ratio, α ≥ 1, and the best known
running time of an exact FPT algorithm for the problem.

Problem Parameter Kernel size Running time Best FPT
algorithm

Vertex cover solution size 2(2− α)k O∗(1.273(2−α)k) O∗(1.273k)
[13]

Connected solution size No kO(1) O∗(2k(2−α)) O∗(2k)
vertex cover [17]

3-Hitting solution size 5(3−α)2
4

k2 + 3−α
2
k O∗(2.076k(3−α)/2) O∗(2.076k)

set [46]

Steiner tree size of terminal set No kO(1) O∗(2(3−α)k/2) O∗(2k)
[6]

Table 1: Approximations via α-fidelity Shrinking: Four Examples

One of the most important practical techniques in parameterized complexity is ker-
nelization. Here one takes a problem instance specified by (x, k) ∈ Σ∗×N and produces,
typically in polynomial time, a small instance of the problem: (x′, k′) such that (x, k) is
a ‘yes’ instance iff (x′, k′) is a ‘yes’ instance; moreover, |x′| ≤ g(k) and usually k′ ≤ k.
This technique is widely used in practice, as it usually relies on a number of easily
implementable reduction rules.

There are two types of races in parameterized complexity research: the race for the
smallest possible function f(k) in the running time of an exact algorithm, and the race
for the smallest possible function g(k) to bound the size of a kernel. These races are
well-established, and the current leader boards are exhibited on the FPT community
wiki [42]. Our parameterized approximation paradigm gives rise to a new kind of race,
approximative kernelization.

As a key tool in our study, we introduce (in Section 2) the concept of α-shrinking trans-
formation, for α ≥ 1. We shall see that applying such transformation to a parameterized
problem instance decreases the parameter value, while preserving α-fidelity in the ap-
proximation ratio. We show that α-shrinking transformations can be used also as a tool
for approximative kernelization, to obtain kernels which are smaller than the best known
for a given problem. Thus, we define the notion of α-fidelity kernel, for α ≥ 1, where
the special case of α = 1 is a standard kernel. Such smaller α-fidelity kernels will allow
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us to solve exactly problem instances more efficiently, while obtaining an α-approximate
solution for the original instance.

Our technique yields a continuous tradeoff between the approximation ratios achieved
by an algorithm and the running times. This positive feature will allow practitioners to
obtain as much accuracy as they can computationally afford. We note that most of our
algorithms are easy to implement, and could therefore be practical in use.

In Section 5 we show lower bounds which suggest that the α-shrinking transforma-
tions used in solving Vertex Cover, Connected Vertex Cover, and d-Hitting Set cannot
be improved. Specifically, polynomial time transformations achieving the same approx-
imation ratios and better running times are unlikely to exist (assuming P 6= NP ).

In developing our approximation algorithm for Steiner Tree (in Section 4), we make
non-standard use of a result of Björklund et al. [6] for solving efficiently the Steiner Tree
problem for a subset of the terminals in a given instance.

1.2. Related Work

Recently, it has been proposed that the notion of approximability can be investigated
in the framework of fixed-parameter tractability, and various models have been suggested
(see, e.g., [11, 14, 22]. These models seek, for example, an FPT-algorithm which on
input k either delivers “a no size k dominating set is possible” or produces one of size
2k. Marx and Razgon [39] follow this approach and present an algorithm with running
time f(k)nO(1) that, given an instance of the Edge Multicut problem and an integer
k ≥ 1, either finds a solution of size 2k or correctly concludes that no solution of size k
exists. This approach was adopted also in developing parameterized approximations for
the treewidth of an input graph (see [7] and the references therein). The general subject
of parameterized complexity and approximation is well-surveyed by Marx in [38].

A different but very interesting kind of trade-off between exact computation and
polynomial approximation has been studied by [44], which proposes to cope with hard-
ness through the usage of hybrid algorithms.

Other research has studied the FPT approximability of W -hard problems. The
algorithms developed for such problems yield a solution of value g(k) for a problem
parameterized by k, where k is the solution size (see, e.g., [31, 22, 24]).

Parameterized approximations for NP-hard problems by “moderately exponential
time” algorithms have been studied with the goal of devising algorithms with exponen-
tial running time O(2n/r) and r large enough. For Vertex Coloring the first O∗(2n/0.77)-
time3 algorithm by Lawler was then improved in a series of papers culminating in a
breakthrough O∗(2n) bound by Björklund et al. [5]. Bourgeois et al. [8] used such
algorithms to improve the best known approximation ratios for subgraph maximization
and minimum covering problems. The paper [8] also gives results similar to ours for
Vertex Cover, however, the technique used seems to be specialized for Vertex Cover and
cannot be applied to other problems. A similar approach was developed by Cygan et

3O∗ hides factors polynomial in the input size.
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al. [16] (see also [18]). Fernau [28] applied a related approach in deriving parameter-
ized approximation schemes for a class of graph minimization problems. Moderately
exponential approximation has been investigated by [11, 14, 22], though with objectives
oriented towards development of fixed-parameter algorithms.

Recent works by Brankovic and Fernau [9, 10] present algorithms that achieve ap-
proximation ratios of the form 2`+1

`+1
, where ` ≥ 1 is an integer, for Vertex Cover and for

3-Hitting Set. The choice of the value of ` defines an interesting tradeoff between per-
formance guarantee and the running time of the algorithm. The main technique used
is accelerated branching, applied also in [27], to obtain parameterized approximation
algorithms for Total Vertex Cover. The algorithms in [9, 10] outperform our algorithms
for Vertex Cover and 3-Hitting Set in terms of running times, however, they can be
used to obtain only a restricted set of approximation ratios and are significantly more
complicated. We note that our approach for obtaining parameterized α-approximations
for these problems can be combined with the techniques used in [9] and [10] to obtain
improved running times for some values of α > 1. Indeed, let A be a β-approximation
algorithm for Π, as given in [9], or [10], for some β > 1. Then for α′ = α/β, applying
α′-shrinking on the instance, followed by A, we obtain an α-approximation algorithm
for Π with better running time than the algorithms presented in this paper.

A notable study in approximation has been polynomial time approximation schemes
(PTAS). These provide solutions with cost within (1+ε) of optimal, where the error ε > 0
can be chosen arbitrarily close to 0. The running time for these algorithms is typically of
the form nO(1/ε). Many problems do not admit a PTAS unless P = NP . Many that do
admit a PTAS have impractically high running times because of the 1/ε in the exponent.
This motivates the search for efficient polynomial-time approximation schemes (EPTAS)
in the parameterized framework, where the 1/ε is considered a parameter. Early work
was done by Bazgan [3]. The connection between EPTAS and the M-hierarchy was first
explained by Cai and Juedes [12]. For recent results relating to the existence of EPTASs
for some classical problems, see, e.g., [33, 34, 36].

To our knowledge, there have been few studies that link approximation and kernel-
ization. One of these studies is the work of van Bevern et al. [43]. In a method for
kernelizing vertex deletion problems whose goal graphs can be characterized by forbid-
den induced subgraphs, the paper shows how polynomial time approximation results can
be exploited in kernelization.

Recently, our paradigm, as described in an earlier version of this paper [26], in-
spired the development of a general framework that yields parameterized approximation
algorithms also for problems that are known to be W -hard [37].

2. Main Technique: Fidelity Preserving Transformations

We consider languages that consist of words in U = {0, 1}∗ × N. Define a language
to be L ⊆ U , such that (x, k) ∈ L implies that (x, k + 1) ∈ L. Such a language can
represent any minimization problem in which k ≥ 0 is the objective value.
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For some α ≥ 1, we say that an algorithm A is α-approximation for a language L if
the following conditions hold. For any (x, k) ∈ U : (i) if (x, k) ∈ L then A(x, k) returns
true, and (ii) if A(x, k) returns true then (x, αk) ∈ L.

While commonly, an approximation algorithm is expected to output an explicit so-
lution, our definition fits well for decision problems. Moreover, it coincides with the
standard definition of FPT algorithms, in the special case where α = 1. Thus, our
theorems do not yield approximation algorithms in the classical meaning of the term.
Nevertheless, we note that the resulting algorithms can be easily modified to output
solutions.

We consider problems that also have a parametrization, that is a function κ : U → N .
Often, the parametrization of the problem is κ(x, k) = k. For α > 1, our objective is
to find an α-approximation algorithm (or, a family of algorithms with varying α values)
for a given problem L, whose running time is of the form f(κ(x, k)) · |(x, k)|O(1). Such
an algorithm is called fixed parameter α-approximation. We may view a family of such
algorithms, which yield α-approximation for any α > 1, as the parameterized analog of
an efficient polynomial time approximation scheme (EPTAS), since the running times
are polynomial in |x|, but may depend arbitrarily on κ(x, k). When α = 1, we get
a fixed-parameter algorithm for the problem. If there exists such an algorithm for a
language L, we say that L is fixed-parameter tractable (L ∈ FPT ).

To obtain such an algorithm, we first define the notion of fidelity preserving trans-
formations.

Definition 1. Given a language L, a transformation t : U → U is α-fidelity preserving,
for a given α ≥ 1, if the following hold: For any (x, k) ∈ U , (i) if (x, k) ∈ L then
t(x, k) ∈ L, and (ii) if t(x, k) ∈ L then (x, αk) ∈ L.

Indeed, a kernelization of a problem is a 1-fidelity preserving transformation which
guarantees that, for any (x′, k′) = t(x, k), |x′| ≤ f(κ(x, k)) for some function f , and
κ(x′, k′) ≤ κ(x, k).

We now introduce the notion of α-shrinking transformation, an α-fidelity transfor-
mation which reduces the magnitude of the parameter κ.

Definition 2. Given a language L with parametrization κ, a transformation t : U → U
is α-shrinking of order f if

(i) t is α-fidelity preserving transformation with respect to L.

(ii) For any (x, k) ∈ U and (x′, k′) = t(x, k), it holds that κ(x′, k′) ≤ f(κ(x, k)).

If the transformation t can also be evaluated in polynomial time in |(x, k)|, we refer
to t as a polynomial α-shrinking of order f .

2.1. Approximation via Shrinking

We now show that with α-shrinking transformations, we can significantly improve
the running time, if we are willing to settle for an approximation. Given an α-shrinking
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transformation t of order f , and a parameterized algorithm A for a problem L, a param-
eterized approximation algorithm for L can be obtained as follows. For any (x, k) ∈ U
we simply run A(t(x, k)). If the output of the algorithm is true then t(x, k) ∈ L, and
since t is α-fidelity preserving, we have that (x, αk) ∈ L. Also, if (x, k) ∈ L we get
that t(x, k) ∈ L, therefore A(t(x, k)) returns true. It follows, that A(t(x, k)) is an α-
approximation algorithm for L. The running time ofA is of the form g(κ(x, k))·poly(|x|),
and therefore the running time of A(t(x, k)) is g(f(κ(x, k))) · poly(|x|) plus the time for
applying the transformation. When the transformation is polynomial, we get a parame-
terized α-approximation algorithm. We note that the function g is commonly exponen-
tial in κ, thus any reduction of the value of f(κ(x, k)) yields a significant improvement
in the running time of the algorithm.

For example, in Section 3.2, we present an α-shrinking transformation for Vertex
Cover (VC) of order (2 − α)k, for any 1 ≤ α ≤ 2. The best known running time of
an FPT algorithm for VC is O∗(1.273k), due to [13]. By combining the two, we obtain
a parameterized α-approximation for VC, whose running time is O∗(1.273(2−α)k). For
k = 160, if we are willing to settle for a 1.25-approximation, we reduce the running time
by a factor of 214! Recall that the klam value of a parameterized algorithm is a number
that bounds the parameter values for which the algorithm might reasonably be expected
to be practical [19]. Using the common bound of 1020 steps on the running time (see,
e.g., [40, 19]), we have that by allowing to obtain a 1.25-approximation, the clam value
increases by factor of 1.33, to 254.

2.2. α-Fidelity Kernels

We can also use α-shrinking to generate α-fidelity kernels, defined as follows.

Definition 3. Given a language L with parametrization κ, a transformation t : U → U
is an α-fidelity kernel of size f if

(i) t is an α-fidelity preserving transformation with respect to L.

(ii) There is a function f such that, for any (x, k) ∈ U and (x′, k′) = t(x, k), it holds
that κ(x′, k′) ≤ κ(x, k), and |(x′, k′)| ≤ f(κ(x, k)).

(iii) t can be evaluated in polynomial time in |(x, k)|.

We see that α-fidelity kernels generalize the standard notion of kernels. We note that,
often, algorithms that apply kernelization on a given input, followed by enumeration over
the kernel, are faster than algorithms that use branch and bound on the original input.
Thus, it makes sense to find an α-fidelity kernel for a problem (whose size is smaller
than the 1-fidelity kernel) and then use enumeration to find an approximate solution.
Throughout the paper we measure the size of a kernel by the number of vertices in the
corresponding graph.

Given a kernelization algorithm that yields a kernel of size g(k) for a problem L,
and a polynomial α-shrinking t of order f for the problem, we can generate an α-fidelity
kernel similar to the way we used shrinking to obtain an approximation algorithm. For
any (x, k) ∈ U , we run the kernelization algorithm over t(x, k). We see that the resulting
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transformation is an α-fidelity kernel of size g(f(k)). For Vertex Cover, using the α-
shrinking of Section 3.2, this leads to an α-fidelity kernel with at most 2(2−α)k vertices,
for any 1 ≤ α ≤ 2.

3. Parametrization by Problem Objective

The reduction steps we use to obtain the α-shrinking are quite simple. We describe
them here, and in the following section show how they are applied. Throughout this sec-
tion, we consider problems for which the parametrization is κ(x, k) = k. For simplicity,
we ignore the κ notation and simply use k.

3.1. Obtaining α-Shrinking by Simple Reduction Steps

To efficiently obtain polynomial α-shrinking, we use as a key building block the
following reduction step.

Definition 4. Given a language L, a transformation r : U → U is an (a, b)-reduction
step if, for any (x, k) ∈ U and (x′, k′) = r(x, k),

(i) k′ = k − a
(ii) If (x, k) ∈ L then (x′, k′) ∈ L.

(iii) For any integer n ≥ 0, if (x′, k′ + n) ∈ L then (x, k + b+ n) ∈ L.

The above reduction step can be applied on the following class of languages. We say
that L is a polynomial objective language if there is a polynomial p such that, for any
(x, k) ∈ U with k ≥ p(|x|), it holds that (x, k) ∈ L, and there is an instance (x, 0) ∈ L.
Intuitively, this captures all languages for which, when k is large relative to |x|, the
problem becomes easy to solve. For example, in the case of Vertex Cover, for any graph
G = (V,E), if k ≥ |V | then the pair (G, k) is in the language, as the set of all vertices
V is a cover. Also, the empty set is a cover for a singleton graph (i.e., a single vertex
with no edges). Thus, Vertex Cover is a polynomial objective language.

The reduction step in Definition 4 is useful due to the next lemma.

Lemma 5. Given a polynomial objective language L, an (a, b)-reduction step r and
α ≤ a+b

a
such that r can be evaluated in polynomial time, there is polynomial α-shrinking

of order
(
k · b+a−αa

b

)
for L.4

Proof: Let p be a polynomial such that if (x, k) ∈ U with k ≥ p(|x|) then (x, k) ∈ L.
We note that if r is an (a, b)-reduction step, then r` is (a`, b`)-reduction step. We use

this property as follows. Given (x, k) ∈ U , if k < p(|x|) we select ` = k · (α−1)
b

and
apply r` on (x, k), otherwise we select a fixed instance (x′, 0) ∈ L. Let t denote the
resulting transformation. Now notice, if t(x, k) ∈ L then (x, k+ b`) = (x, αk) ∈ L. Also,

4For α > a+b
a an α-approximation for the problem can be obtained by iteratively applying the

reduction step.
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if (x, k) ∈ L then t(x, k) ∈ L, and as r can be evaluated in polynomial time, t can be
evaluated in polynomial time as well. This means that t is α-shrinking, and its order is
k′ = k − a` = k · (b+a−αa)

b
.

For many problems, finding such a reduction step is easy, as described in Section
3.2. In all cases, we rely heavily on ideas used in local-ratio algorithms for the problems.
While these algorithms inspired the reduction steps used within our framework for the
studied problems, we could not establish a general scheme for applying the local-ratio
technique to obtain fidelity preserving transformations. For more details on the local
ratio technique, see, e.g., [2].

3.2. Applications of the Technique

In this section we apply our α-shrinking technique to obtain parameterized approxi-
mations for Vertex Cover, d-Hitting Set and Connected Vertex Cover.

3.2.1. Vertex Cover

The Vertex Cover (VC) problem is defined as follows. Given a graph G = (V,E),
a subset of vertices S ⊆ V is a cover of G if, for any edge (v, u) ∈ E, either v ∈ S or
u ∈ S. The VC problem is to find a cover of G of minimum cardinality. As a language,
Vertex Cover can be defined by

V C = {(G, k) | there is a cover of G of size at most k} .
Given an instance (G, k), we use the following reduction step. For an arbitrarily

selected edge (u, v), let G′ = G \ {u, v} (G′ is derived from G by removing the vertices
u and v along with all adjacent edges). We take r(G, k) = (G′, k − 1). Let (G, k) ∈ U ,
denote (G′, k′) = r(G, k), and let (u, v) be the edge selected by the transformation r.
Then, if (G, k) ∈ L, there is a vertex cover C of G with |C| ≤ k; either u ∈ C or v ∈ C.
Therefore, C ′ = C \ {v, u} is of size at most k − 1, and C ′ is a cover of G′. Hence,
(G′, k′) ∈ L. We also note that if (G′, k′ + n) ∈ L, then there is a cover C ′ of G′ of size
at most k′+ n = k− 1 + n. Let C = C ′ ∪ {u, v}, then we see that C is a vertex cover of
G of size at most k′ + n+ 2 ≤ k + 1 + n.

This implies that r is a (1, 1)-reduction for VC. The reduction r can be evaluated
in polynomial time and Vertex Cover is a polynomial objective language.Therefore, by
Lemma 5, there is a polynomial α-shrinking for VC of order k · (2 − α), for any 1 ≤
α ≤ 2. As mentioned above, such shrinking can be used to obtain a parameterized
α-approximation algorithm for VC, with running time O∗(1.273(2−α)k) and an α-fidelity
kernel of size 2(2− α)k, for any 1 ≤ α ≤ 2.

3.2.2. d Hitting-Set

The d-Hitting Set (d-HS) problem is the following extension of Vertex Cover to
hypergraphs. Given a hypergraph G = (V,E) with edge sizes bounded by d, a set
S ⊆ V is a cover of G if, for any e ∈ E, it holds that e∩ S 6= ∅. The d-HS problem is to
find a cover of G of minimum cardinality. As a language, d-Hitting-Set can be defined
by d-HS = {(G, k) | there is a cover of G of size k} .
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For any fixed d ≥ 2, we show a (1, d − 1)-reduction step for d-HS, which extends
the reduction used for VC. Given an instance (G, k), arbitrarily select an edge e ∈ E
and let G′ = (V ′, E ′), where V ′ = V \ e and E ′ = {e′ ∈ E | e′ ∩ V ′ = e′}. Consider
r(G, k) = (G′, k − 1). It can be easily shown that r is indeed a (1, d− 1)-reduction step
for d-HS, which can be evaluated in polynomial time. Also, it can be easily verified
that Hitting Set is a polynomial objective language. By Lemma 5, there is a polynomial
α-shrinking for d-HS of order k · d−α

d−1 , for any 1 ≤ α ≤ d.
The best known parameterized algorithm for 3-HS, due to Wahlström [46], has run-

ning time O∗(2.076k). Combining α-shrinking with this algorithm, we obtain a parame-

terized α-approximation algorithm with running time O∗(2.076k·
3−α
2 ), for any 1 ≤ α ≤ 3.

Abu-Khzam showed a kernelization for d-HS of size (2d − 1)kd−1 + k [1]. Combining
this kernelization with our α-shrinking, we have an α-fidelity kernel for d-HS of size

(2d− 1)
(
k · d−α

d−1

)d−1
+ k · d−α

d−1 , for any 1 ≤ α ≤ d.

3.2.3. Connected Vertex Cover

The Connected Vertex Cover (CVC) problem is a variant of VC in which the cover
S must be a set of connected vertices in the input graph G. Formally,

CV C = {(G, k) | there is a connected cover of G of size at most k} .

In order to define α-shrinking for CVC, we use an ad-hoc variant of the problem to
which we refer as Blue Vertices Connected Vertex Cover (BCVC). The input for BCVC
is a graph G = (V,E), a set of vertices B ⊆ V which are connected in G (B is the
set of blue vertices), and a parameter k. The problem is to determine if there is a set
of vertices S ⊆ V of size k or less, such that S ∪ B is a connected vertex cover for G.
Formally,

BCVC = {(G,B, k) | S ∪B is a connected vertex cover of G for some S, |S| ≤ k } .

There is a strong connection between the two problems. Clearly, (G, k) ∈ CV C
iff (G, ∅, k) ∈ BCV C. Also, consider the following transformation. Given the graph
G = (V,E) and the set B 6= ∅, we define a new graph G′ = (V ′, E ′) by V ′ = {s, s′}∪V \B
(s and s′ are new vertices), and

E ′ = (E ∩ (V ′ × V ′)) ∪ {(s, s′)} ∪ E∗,

where
E∗ = {(s, v) | there is u ∈ B such that (u, v) ∈ E}.

Intuitively, we map all the vertices in B into a single vertex s and add a new vertex s′

that is connected to s. We denote this transformation by h(G,B) = G′. Then, we have
the following.

Lemma 6. Given a graph G = (V,E) and a connected set of vertices ∅ ⊂ B ⊆ V , for
any k ≥ 1, it holds that (G,B, k) ∈ BCVC iff (h(G,B), k + 1) ∈ CV C.
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Proof: Let G′ = h(G,B). We show the two directions.

(i) If (G,B, k) ∈ BCVC then there is a set S, |S| ≤ k, such that B ∪S is a connected
vertex cover of G. Consider the set S ′ = S ∪ {s} ⊆ V ′. All the edges in E∗ are
covered by S ′, as well as the edge (s, s′), and also all the edges in E ∩ (V ′ × V ′)
as they were covered by vertices in S. We note that the set S ′ is also connected
in G′, since for any v ∈ S ′, v 6= s, there is a path in G from v to a vertex in B,
which contains only vertices in S. This path can be easily converted to a path in
G′ connecting v to s, which contains only vertices in S. Hence, we have that S ′ is
a connected vertex cover for G′ of size (k + 1), and (G′, k + 1) ∈ CV C.

(ii) In the other direction, suppose that (G′, k + 1) ∈ CV C, then there is a connected
cover S ′ of G′ of size k + 1 or less. Note that if B is a cover of G then (G,B, `) ∈
BCVC for any ` ≥ 0, and in particular for ` = k. If B is not a cover of G then
s ∈ S ′ (otherwise the edge (s, s′) cannot be covered while keeping S ′ connected).
Consider the set S = S ′∩V . The size of S is at most k, as s ∈ S ′ and s /∈ V . Also,
S ∪ B is a cover of G. Indeed, if e ∈ E is an edge not covered by B then e ∈ E ′;
therefore, e is covered by some vertex v ∈ S. Finally, it can be easily shown that
S ∪B is connected. Hence, we get that (G,B, k) ∈ CV C as desired.

We now show a (1, 1)-reduction step for BCVC. Given (G,B, k), if B 6= ∅ we select

e = (v, u) | v /∈ B, u /∈ B, and there is b ∈ B such that (b, v) ∈ E. (1)

If B = ∅ we select an arbitrary edge in G. First, we show that if B is not a cover of G
then such an edge exists. For the caes in which B = ∅ this is trivial. Otherwise, since
B is not a cover, there is an edge e′ = (u′, v′) that is not covered by B, and since G is
connected (otherwise, there is no connected cover for G), there is a path in G from u′

to some vertex b′ ∈ B. Let e1, e2, . . . , em denote the edges on this path. Let e0 = e′, and
denote by e0, e1, . . . , em a path from v′ to b′. Let ei be the first edge on the path having
an endpoint in B; clearly, i ≥ 1. Let ei = (y, z), and ei−1 = (x, y). We note that x /∈ B
and y /∈ B, due to the minimality of i, and since z ∈ B, the edge ei−1 can be selected.
Now, given the selection of an edge (e = (u, v) satisfying (1), or arbitrary if B = ∅),
define the transformation t by t(G,B, k) = (G,B ∪ {u, v}, k − 1).

Lemma 7. The transformation t is a (1, 1)-reduction step for BCVC.

Proof: For any (G,B, k), let t(G,B, k) = (G,B′, k′), and let e = (v, u) be the edge
selected by t. Clearly, k′ = k − 1, and the first condition in Definition 4 is satisfied.
If (G,B, k) ∈ BCVC then there is a vertex set S ⊆ V such that B ∪ S is a connected
vertex cover and |S| ≤ k. Since e is not covered by B, either u ∈ S or v ∈ S. Let
S ′ = S \ {u, v}, then |S ′| ≤ k − 1 and S ′ ∪ B′ is a connected cover of G (note that
S ∪B ⊆ S ′ ∪B′), therefore (G,B′, k′) ∈ BCVC.

If (G,B′, k′ + n) ∈ BCVC then there is a vertex set S ′ ⊆ V of size (k′ + n) or
less such that B′ ∪ S ′ is a connected vertex cover of G′. Let S = S ′ ∪ {u, v}, then
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|S| ≤ k′ + n+ 2 = k + n+ 1, and S ∪B = B′ ∪ S ′ is a connected cover of G; therefore,
(G,B, k + n+ 1) ∈ BCVC. Hence, t is a (1, 1)-reduction step as desired.

By Lemma 5, for any α ∈ [1, 2], there is a polynomial α-shrinking of order k(2− α)
for BCVC (we note that BCVC is also a polynomial objective language). Denote this
transformation by tα. Given (G, k), consider rα(G, k) = h(tα(G, ∅, k)), where h is the
transformation defined above. The transformation rα converts an instance of CVC to
another instance of CV C. Let (G′, k′) = rα(G, k). If (G, k) ∈ CV C then (G, ∅, k) ∈
BCVC, therefore tα(G, ∅, k) ∈ BCVC and (G′, k′) = h(tα(G, ∅, k)) ∈ CV C. Also, if
(G′, k′) ∈ CV C then, by Lemma 6, tα(G, ∅, k) ∈ BCVC, therefore (G, ∅, αk) ∈ BCVC
and, finally, (G,αk) ∈ CV C. Also, k′ = k(2−α)+1, and we get that rα is a polynomial
α-fidelity shrinking of order k(2− α) + 1. We summarize in the next result.

Theorem 8. For any α ∈ [1, 2], there is a polynomial α-fidelity shrinking of order
k(2− α) + 1 for Connected Vertex Cover.

The best known (deterministic) parameterized algorithm for CVC, due to [4], has
running time 2.488k (ignoring polynomial factors). Combining this algorithm with the
above α-fidelity shrinking for CVC leads to a parameterized α-approximation algorithm
for CVC with running time of O∗(2.488k(2−α)). Cygan et al. [17] proposed a Monte-Carlo
algorithm whose running time is O∗(2k). The algorithm of Cygan et al. never gives
false positive and gives a false negative with probability at most 1/2. Combining this
algorithm with the above α-fidelity shrinking gives an approximation algorithm A which
satisfies the following. If (G, k) ∈ CV C then A(G, k) returns true with probability at
least 1/2, and wheneverA(G, k) returns true, it holds that (G,αk) ∈ CV C. The running
time of the algorithm is O∗(2k(2−α)).

4. The Parametrized Steiner Tree Problem

The Steiner Tree (ST) problem is defined as follows. We are given an undirected
graph G = (V,E), a set of terminals T ⊆ V , and a value k ≥ 1. We say that a
subset of edges E ′ is a Steiner tree, if E ′ forms a tree, and for any v ∈ T there is
(u, v) ∈ E ′. Our objective is to determine if T has a Steiner tree in G of size k or
less. Formally, denote by STG(T ) a Steiner tree of T of minimum size in G, and let
ST = {(G, T, k) | |STG(T )| ≤ k}.

We consider ST with its standard parametrization, by the number of terminals,
that is, κ(G, T, k) = |T |. We define below an α-shrinking transformation. While the
running time of our shrinking procedure is non-polynomial, it still yields a significant
improvement over the running time of the best known exact algorithm.

4.1. The Shrinking Technique for Parameterized Steiner Tree

4.1.1. Overview

Our shrinking technique is based on the following observations, whose proofs are
given below.
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(1) Given a subset S ⊆ T , the graph G and the set of terminals T can be reduced to
G′ and T ′, respectively, such that (i) |T ′| = |T | − |S| + 1, (ii) if (G′, T ′, k) ∈ ST
then (G, T, k + |STG(S)|) ∈ ST, and (iii) if (G, T, k) ∈ ST then (G′, T ′, k) ∈ ST.

(2) For any ` ≥ 1, there is S ⊆ T of size `, such that |STG(S)| ≤ |STG(T )| · 2·`|T | .
(3) For any ` ≥ 1, a subset S ⊆ T of size ` for which |STG(S)| is minimal can be found

in O∗(h(|T |, `))-time, where h(|T |, `) is the number of subsets of T of size at most
`.

Using the above observations, we define our shrinking procedure as follows. Given a
value of α ≥ 1, we select ` = (α−1)

2
|T | and find a subset S ⊆ T of size ` for which

|STG(S)| is minimal. By (2) we have that |STG(S)| ≤ (α − 1)|STG(T )|; therefore, by
Definition 2 and (1), we have that the graph G′ and the set T ′ are α-shrinking of (G, T, k)
of order f(|T |) = 3−α

2
|T |+ 1.

4.1.2. Reducing the graph

For any S ⊆ T , we define GS = (VS, ES), which is basically the graph G after merging
all vertices in S into a single vertex, as follows. The set of vertices is VS = V ∪ {s} \ S,
where s is a new vertex. The set of edges is

ES = (E ∩ (VS × VS)) ∪ {(v, s)|there is u ∈ S such that (v, u) ∈ E} .

The set of terminals is TS = T ∪ {s} \ S. Notice, |TS| = |T | − |S| + 1. Given a Steiner
tree H of T in G, let its projection on GS be HS = (H ∩ES)∪{(u, s)|(u, v) ∈ H, v ∈ S}.
We note that HS is a connected component in GS, which spans the vertices in TS. Thus,
|STGS(TS)| ≤ |HS| ≤ |H|.

Now, given a Steiner tree HS of TS in G, let H consist of all edges of HS which are
in G, an edge (u, v) for each (u, s) ∈ H, where v ∈ S is arbitrarily chosen, and also
STG(S). It is not difficult to see that H is a connected component in G which spans
T ; therefore, we have that |STG(T )| ≤ |HS| + |STG(S)|. The next lemma shows the
existence of a good subset of size `.

Lemma 9. For any ` ≥ 1 satisfying (|T | mod `) = 0, there is S ⊆ T of size `, such
that |STG(S)| ≤ |STG(T )| · 2`

|T | .

Proof: Let H be a Steiner Tree for G, T of minimal size. Consider a Depth-First-Search
(DFS) on the tree H (see, e.g., [15]). Starting with i = 1 and T1 = ∅, whenever we reach
a vertex v ∈ T for the first time we add it to the set Ti. When we get |Ti| = ` we increase
i by one and set Ti = ∅. Since ` divides |T |, at the end of the process we get exactly
m = |T |/` sets Ti, each of size `.

For all 1 ≤ i ≤ m let Hi be the set of edges DFS traversed between the discovery
of the first vertex in Ti and the discovery of the last vertex in Ti. The set Hi forms
a connected component which spans all the vertices in Ti, therefore |STG(Ti)| ≤ |Hi|.
Algorithm DFS crosses each edge at most twice, and therefore

∑m
i=1 |Hi| ≤ 2|H|, and

by the pigeon hole principle, we get that there is i such that |Hi| ≤ 2|H|/m
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4.1.3. Finding a good subset

To find a subset S ⊆ T of size `, such that |STG(S)| is minimal, we use a slight
adaptation of the algorithm of [6] for the (parametrized) Steiner Tree problem. The
algorithm uses the recursive formula of Dreyfus and Wagner [25] . For any q ∈ V and
X ⊆ T \ {q},

|STG({q} ∪X)| = min
p∈V
{|STG({p, q})|+ gp(X)} ,

where

gp(X) = min
∅⊂D⊂X

{|STG({p} ∪D)|+ |STG({p} ∪ (X \D)|} .

While a simple bottom up evaluation of the formula has running time 3|T |, the algorithm
of [6] is based on evaluating gp(X), |STG({q} ∪ X)| for sets X ⊆ T of increasing size,
by using a subset convolution algorithm, with running time 2|T |. This results in a total
running time of O∗(2|T |)5

To find the desired set S, we need to evaluate gp(X), |STG({q} ∪ X)| for all sets
X ⊆ T satisfying |X| ≤ `. While not explicitly mentioned in [6], we note that, given
the values of |STG({q} ∪X)| for any X ⊆ T of size at most r, we can evaluate gp(X),
for any X ⊆ T of size at most r+ 1, in time O∗(h(|T |, r+ 1)). This is done by using the
convolution algorithm only over sets of size at most r + 1. Therefore, we can evaluate
|STG({q} ∪ X)|, for all sets X ⊆ T such that |X| ≤ `, in time O∗(h(|T |, `)). Now, we
can find the set S for which |STG(S)| is minimal, by going over all subsets. Thus, we
have

Lemma 10. For any ` ≥ 1, a subset S ⊆ T of size ` for which |STG(S)| is minimized
can be found in time O∗(h(|T |, `)), where h(|T |, `) is the number of subsets of T of size
at most `.

Combining the previous results, and using Stirling’s approximation to evaluate the
running time, we summarize in the following theorem.

Theorem 11. For any α ∈ [1, 3/2], there is an α-shrinking of order fα(|T |) = 3−α
2
|T |+1

for parameterized Steiner Tree, which can be evaluated in time O∗((( 1
β
)β · ( 1

1−β )1−β)|T |),

where β = (α− 1)/2.

4.2. Applicability

Define g(β) =
(

1
β

) β
1−β · 1

1−β , and note that the running time of the shrinking procedure

can be written as g(β)fα(|T |)−1 = g
(
α−1
2

)fα(|T |)−1
(fα and β are defined as in Theorem 11).

Apply the α-shrinking for the given input, and run the algorithm of [6] on the reduced

5For a comprehensive exposition of the subset convolution tool and known techniques we refer the
reader to [30].
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instance. We obtain an α-approximation algorithm for the Steiner Tree problem. The

running time of the algorithm is g
(
3−α
2

)fα(|T |)−1
+ 2fα(|T |) (ignoring polynomial factors).

For any 1 ≤ α ≤ 1.4, we have g
(
3−α
2

)
≤ 2; therefore, the running time of the algorithm

is 2fα(|T |) = 2
(3−α)

2
|T | (ignoring polynomial factors).

Theorem 12. There is a parametrized α-approximation algorithm for the Steiner Tree

problem parametrized by the number of terminals, whose running time is O∗(2
(3−α)κ

2 ), for
any α ∈ [1, 1.4].

5. Lower Bounds for Linear Shrinking

In this section we show a lower bound for the order of a linear polynomial α-shrinking
transformation. We say the an α-shrinking transformation t is linear if (x′, k′) = t(x, k),
and (x′, k′ + n) ∈ L implies (x, αk + n) ∈ L. Note that this property holds for each of
the transformations in Section 3.2. The assumption for the lower bound is that t is not
expected to yield an approximation ratio better than the best known for the problem at
hand (else, it is the best approximation no more).

For a given language L, assume that the best polynomial-time approximation algo-
rithm, A, has approximation ratio of β > 1. Now, let t be a linear polynomial α-shrinking
transformation of order f .

Let B be the algorithm A(t(x, k)). If (x, k) ∈ L then t(x, k) ∈ L, therefore B(x, k) =
A(t(x, k)) = true. If B(x, k) = A(t(x, k)) = true, then let (x′, k′) = t(x, k). Since A
yields a β-approximation, we have that (x′, βk′) ∈ L. By the linearity of t, we have

(x, αk + (β − 1)k′) ∈ L. This implies that B is a polynomial time
(
α + (β − 1)f(k)

k

)
-

approximation algorithm for L. Unless we improve the ratio of the best known algorithm

for L, this implies that
(
α + (β − 1)f(k)

k

)
≥ β. Consequently, f(k) ≥ β−α

β−1k.

Thus, assuming there is no polynomial-time ρ-approximation algorithm for VC and
CVC, for any ρ < 2, the above implies that a linear α-shrinking for these problems
cannot have order smaller than f(k) = (2−α)k. And, assuming there is no polynomial-
time ρ-approximation algorithm for d-HS, for ρ < d, a linear α-shrinking for d-HS cannot
have order smaller than f(k) = d−α

d−1k.
We remark that the above results do not rule out the existence of non-linear trans-

formations having better running times, or the existence of better approximation ratios
for VC, CVC and d-HS. Thus, in attempting to improve the order of any of the trans-
formations presented in Section 3.2, one should either seek non-linear transformations,
or expect the task to be at least as hard as improving the best known approximation
ratios for these problems.

6. Discussion

We introduced a new parameterized approximation paradigm with important and
general features. Our algorithms, which obtain any approximation ratio between 1 and
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the best known P-time ratio for a given problem, yield a continuous trade-off between
approximation and running times.

We showed how our key tool of α-shrinking transformations can be applied to obtain
parameterized approximation algorithms for several fundamental problems. We further
showed that, even when the running time of our shrinking procedure is non-polynomial
(as in the Steiner Tree problem), it can still yield significant improvement over the
running time of an exact algorithm. Finally, we note that in applying our technique, the
problem parameter is not restricted to be the solution size.

We point to a few of the many avenues for future work.

• Further explore the generic approach of approximations based on α-fidelity shrink-
ing and seek efficient application to other problems, such as Feedback Vertex Set,
Edge Dominating Set, and others.

• As noted above, our approximation algorithms rely heavily on ideas used in local-
ratio algorithms for the studied problems. It would be interesting to study the
applicability of other approximation techniques, such as the primal-dual schema,
in which our α-fidelity shrinking will be used, e.g., to reduce the size of the linear
programming formulation for the problem.

• Further explore approximative kernelization. For example, can non-linear reduc-
tion (kernelization) rules be used to obtain decreased running times?

• Extend the approach to maximization problems (parameterized by a value other
than the solution size, k).
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