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Abstract. We motivate and describe a new parameterized approximation paradigm
which studies the interaction between performance ratio and running time for
any parameterization of a given optimization problem. As a key tool, we introduce the concept of α-shrinking transformation, for α ≥ 1. Applying such
transformation to a parameterized problem instance decreases the parameter
value, while preserving approximation ratio of α (or α-ﬁdelity).
For example, it is well-known that Vertex Cover cannot be approximated within
any constant factor better than 2 [22] (under usual assumptions). Our parameterized α-approximation algorithm for k-Vertex Cover, parameterized by the
solution size, has a running time of 1.273(2−α)k , where the running time of the
best FPT algorithm is 1.273k [10]. Our algorithms deﬁne a continuous tradeoﬀ between running times and approximation ratios, allowing practitioners to
appropriately allocate computational resources.
Moving even beyond the performance ratio, we call for a new type of approximative kernelization race. Our α-shrinking transformations can be used to obtain
kernels which are smaller than the best known for a given problem. For the
Vertex Cover problem we obtain a kernel size of 2(2 − α)k. The smaller “αﬁdelity” kernels allow us to solve exactly problem instances more eﬃciently,
while obtaining an approximate solution for the original instance.
We show that such transformations exist for several fundamental problems,
including Vertex Cover, d-Hitting Set, Connected Vertex Cover and Steiner Tree.
We note that most of our algorithms are easy to implement and are therefore
practical in use.
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Introduction

Given the common belief that most NP-hard problems cannot be solved, or even wellapproximated, in polynomial time, it is natural for us to turn to a generalization of
?
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polynomial time, ﬁxed-parameter tractability, to develop a paradigm of parameterized
approximation.
Parameterized complexity approaches hard computational problems through a multivariate analysis of the running time. Instead of expressing the running time as a function of the input size n only, the running time is expressed as a function of n and k,
where k is a well-deﬁned parameter of the input instance. We say that a problem (with
a particular parameter k) is ﬁxed-parameter tractable (FPT) if it can be solved in time
f (k) · p(n), where f is an arbitrary function depending only on k. Thus we relax polynomial time by committing the exponential explosion to the parameter k. For further
background on parameterized complexity we refer the reader to the textbooks [14, 19,
25], and the recent surveys in [15, 17].
Extensive research since the beginning of the 70’s has led to results exhibiting limits to the approximability of NP-hard problems. Comprehensive surveys of works on
classical approximation algorithms can be found, e.g., in [21, 29, 31]. Formally, given
a maximization (minimization) problem Π, we say that A is an r-approximation algorithm for some r ≥ 1, if for any instance I of Π A yields a solution that satisﬁes
OP T (I)/A(I) ≤ r (A(I)/OP T (I) ≤ r), where OP T (I) is the value of an optimal
solution for I. Thus, for instance, Maximum Independent Set on a graph G = (V, E),
with |V | = n, is inapproximable within ratio better than n1−² , for some ² > 0, unless
P = NP [32]. The Vertex Cover problem cannot be approximated within any constant
factor better than 2, and the best constant-factor approximation for d-Hitting Set is d
(both assuming the Unique Games Conjecture (UGC)) [22]. These results lead to the
question that is at the heart of our study.
“Given an optimization problem, Π, that is hard to approximate within factor
ρ, for some ρ > 1: can we devise a family of α-approximation algorithms, Aα ,
such that Aρ is polynomial, A1 has the running time of the best FPT algorithm
for Π, and Aα deﬁnes a continuous tradeoﬀ between approximation ratios and
running times”?
We will see later that our parameterized approximation algorithms have performance
ratios better than the best possible polynomial-time approximation algorithms (under
the common assumptions that P 6= N P and UGC holds). Our technique enables us to
obtain any ratio α ∈ [1, ρ(Π)] for a given problem Π, where ρ(Π) is the best known
polynomial-time approximation ratio for the problem, and α is the approximation ratio achieved, depending on the desired running-time of the algorithm. In developing
a general paradigm for parameterized approximation, we combine tools used in approximation algorithms with the framework of parameterized complexity. We move
now to an overview of our results, after which will follow an in-depth presentation of
α-shrinking transformations.
1.1

Our Results

In this paper, we describe a new parameterized approximation paradigm which relates parameterized complexity and polynomial-time approximation. While many earlier studies refer to parametrization by solution size, or, more generally, by the value of
2

the objective function, our approximation approach can be applied for any parametrization of a given problem. We demonstrate our techniques with several fundamental
problems, including Vertex Cover, d-Hitting Set, Connected Vertex Cover, and Steiner
Tree.
We summarize our results in Table 1. For each of the studied problems, we specify
the kernel size obtained by our algorithms (when applicable), as well as the running
time of the algorithm as function of the approximation ratio, α ≥ 1, and the best
known running time of an exact FPT algorithm for the problem.
Problem

Parameter

Kernel size

Vertex cover

solution size

2(2 − α)k

Connected vertex solution size
cover
3-Hitting
set
Steiner tree

solution size

Running time Best FPT
algorithm
1.273(2−α)k
1.273k
[10]
2k(2−α)
2k
[13]

No kO(1)
5(3−α)2 2
k
4

size of terminal set No kO(1)

+

3−α
k
2

2.076k(3−α)/2
2(3−α)k/2

2.076k
[30]
2k
[5]

Table 1. Approximations via α-ﬁdelity Shrinking: Four Examples

One of the most important practical techniques in parameterized complexity is
kernelization. Here one takes a problem speciﬁed by (x, k) ∈ Σ ∗ × N and produces,
typically in polynomial time, a small version of the problem: (x0 , k 0 ) such that (x, k)
is a yes instance iﬀ (x0 , k 0 ) is a yes instance, and moreover |x0 | ≤ g(k) and usually
k 0 ≤ k. This technique is widely used in practice as it usually relies on a number of
easily implementable reduction rules.
There are two types of races in parameterized complexity research: the race for the
smallest possible function f (k) in the running time of an exact algorithm, and the race
for the smallest possible function g(k) to bound the size of a kernel. These races are
well-established, and the current leader boards are exhibited on the FPT community
wiki [26]. Our parameterized approximation paradigm gives rise to a new kind of race,
approximative kernelization.
As a key tool in our study, we introduce (in Section 2) the concept of α-shrinking transformation, for α ≥ 1. We shall see that applying such transformation to a parameterized
problem instance decreases the parameter value, while preserving α-ﬁdelity in the approximation ratio. We show that α-shrinking transformations can be used also as a
tool for approximative kernelization, to obtain kernels which are smaller than the best
known for a given problem. Thus, we deﬁne the notion of α-ﬁdelity kernel, for α ≥ 1,
where the special case of α = 1 is a standard kernel. Such smaller α-ﬁdelity kernels
will allow us to solve exactly problem instances more eﬃciently, while obtaining an
α-approximate solution for the original instance.
Our technique yields a continuous tradeoﬀ between the approximation ratios achieved
by an algorithm and the running times. This positive feature will allow practitioners
3

to obtain as much accuracy as they can computationally aﬀord. We note that most of
our algorithms are easy to implement and are therefore practical in use.
As shown in Appendix C, our approximation technique utilizes α-shrinking transformations to their full power in solving Vertex Cover, Connected Vertex Cover, and
d-Hitting Set, as long as the transformations are linear. Speciﬁcally, the running times
of our α-approximation algorithms (as well as the sizes of the α-ﬁdelity kernels), are in
fact the smallest possible.
In developing our approximation algorithm for Steiner Tree (in Section 4), we make
a non-standard use of a result of Björklund et al. [5] for solving eﬃciently the Steiner
Tree problem for a subset of the terminals in a given instance.
Due to space constraints some of the proofs are given in the Appendix.
1.2

Related Work

Recently, it has been proposed that the notion of approximability can be investigated in
the framework of ﬁxed-parameter tractability, and various models have been suggested
(see, e.g., [9, 11, 16]. These models seek, for example, an FPT-algorithm which on input
k either delivers “a no size k dominating set” or produces one of size 2k. Marx and
Razgan [24] follow this approach and present an algorithm with running time f (k)nO(1)
that, given an instance of the Edge Multicut problem and an integer k ≥ 1, either ﬁnds
a solution of size 2k or correctly concludes that no solution of size k exists. The general
subject of parameterized complexity and approximation is well-surveyed by Marx in
[23].
A diﬀerent but very interesting kind of trade-oﬀ between exact computation and
polynomial approximation has been studied by [28], which proposes to cope with hardness through the usage of hybrid algorithms.
Other research has studied the FPT approximability of W -hard problems. The
algorithms developed for such problems yield a solution of value g(k) for a problem
parameterized by k, where k is the solution size (see, e.g., [20, 16, 18]).
Parameterized approximations for NP-hard problems by “moderately exponential
time” algorithms has been studied with the goal of devising algorithms with exponential
running time O(2n/r ) and r large enough. For Vertex Coloring the ﬁrst O∗ (2n/0.77 )time algorithm by Lawler was then improved in a series of papers culminating in a
breakthrough O∗ (2n ) bound by Björklund et al. [4]. Bourgeois et al. [6] used such
algorithms to improve the best known approximation ratios for subgraph maximization
and minimum covering problems. The paper [6] also gives results similar to ours for
Vertex Cover, however, the technique used seems to be specialized for Vertex Cover
and cannot be applied to other problems. A similar approach was developed by Cygan
et al. [12]. Moderately exponential approximation has been investigated by [9, 11, 16],
though with objectives oriented towards development of ﬁxed-parameter algorithms.
Recent works by Brankovic and Fernau [7] and by Fernau [8] present parametrized
β-approximation algorithms for Vertex Cover and 3-Hitting Set, for certain values of β,
through accelerated branching. The resulting algorithms outperform our algorithms in
terms of running times, however, they can be used to obtain only a restricted set of approximation ratios and are signiﬁcantly more complicated. We note that our approach
for obtaining parameterized α-approximations for Vertex Cover and 3-Hitting Set can
4

be combined with the techniques used in [7] and [8] to obtain improved running times
for some values of α > 1.
To our knowledge, there have been few studies that link approximation and kernelization. However, in a method for kernelizing vertex deletion problems whose goal
graphs can be characterized by forbidden induced subgraphs, van Bevern et al. [27]
show how polynomial time approximation results can be exploited in kernelization.

2

Main Technique: Fidelity Preserving Transformations
∗

We consider languages that consist of words in U = {0, 1} × N. Deﬁne a language
to be L ⊆ U , such that (x, k) ∈ L implies that (x, k + 1) ∈ L. Such a language can
represent any minimization problem in which k ≥ 0 is the objective value.
For some α ≥ 1, we say that an algorithm A is α-approximation for a language L if
the following conditions hold. For any (x, k) ∈ U : (i) if (x, k) ∈ L then A(x, k) returns
true, and (ii) if A(x, k) returns true then (x, αk) ∈ L.
Note that this is the standard deﬁnition of an approximation algorithm, with the
problem described as a language. We consider problems which also have a parametrization, that is a function κ : U → N . Often, the parametrization of the problem
κ(x, k) = k. Our objective is to ﬁnd an α-approximation algorithm (or, a family of
algorithms with varying α values) for a given problem L, with running time of the
form f (κ(x, k)) · |x|O(1) . Such an algorithm is called ﬁxed parameter α-approximation.
When α = 1, we get a ﬁxed-parameter algorithm for the problem. If there exists such
an algorithm for a language L, we say that L is ﬁxed-parameter tractable (L ∈ F P T ).
To obtain such an algorithm, we ﬁrst deﬁne the notion of ﬁdelity preserving transformations.
Deﬁnition 1. Given a language L, a transformation t : U → U is α-ﬁdelity preserving,
for a given α ≥ 1, if the following hold: For any (x, k) ∈ U , (i) if (x, k) ∈ L then
t(x, k) ∈ L, and (ii) if t(x, k) ∈ L then (x, αk) ∈ L.
Indeed, a kernelization of a problem is a 1-ﬁdelity preserving transformation which
guarantees that, for any (x0 , k0 ) = t(x, k), |x0 | ≤ f (κ(x, k)) for some function f and
κ(x0 , k 0 ) ≤ κ(x, k).
We now introduce the notion of α-shrinking transformation, an α-ﬁdelity transformation which reduces the magnitude of the parameter κ.
Deﬁnition 2. Given a language L with parametrization κ, a transformation t : U → U
is α-shrinking of order f if
(i) t is α-ﬁdelity preserving transformation with respect to L.
(ii) For any (x, k) ∈ U and (x0 , k 0 ) = t(x, k) it holds that κ(x0 , k 0 ) ≤ f (κ(x, k)).
If the transformation t can also be evaluated in polynomial time in |(x, k)|, we refer
to t as a polynomial α-shrinking of order f .
5

2.1

Approximation via Shrinking

We now show that with α-shrinking transformations, we can signiﬁcantly improve the
running time, if we are wiling to settle for an approximation. Given an α-shrinking
transformation t of order f , and a parameterized algorithm A for a problem L, a parameterized approximation algorithm for L can be obtained as follows. For any (x, k) ∈ U
we simply run A(t(x, k)). If the output of the algorithm is true then t(x, k) ∈ L, and
since t is α-ﬁdelity preserving, we have that (x, αk) ∈ L. Also, if (x, k) ∈ L we get that
t(x, k) ∈ L, therefore A(t(x, k)) returns true. It follows, that A is an α-approximation
algorithm for L. The running time of A is of the form g(κ(x, k)) · poly(|x|), and therefore the running time of A(t(x, k)) is g(f (κ(x, k))) · poly(|x|) plus the time for applying
the transformation. When the transformation is polynomial, we get a parameterized
α-approximation algorithm. We note that the function g is often exponential in κ, thus
any reduction of the value of f (κ(x, k)) yields a signiﬁcant improvement in the running
time of the algorithm.
For example, in Section 3.2, we present an α-shrinking transformation for Vertex
Cover (VC) of order (2 − α)k, for any 1 ≤ α ≤ 2. The best known running time
of an FPT algorithm for VC is 1.273k (ignoring polynomial factors), due to [10]. By
combining the two, we obtain a parameterized α-approximation for VC, whose running
time is 1.273(2−α)k . For k = 160, if we are willing to settle for a 1.25-approximation,
we get running time of about 241 as contrasted with 255 for an exact algorithm.
2.2

α-Fidelity Kernels

We can also use α-shrinking to generate α-ﬁdelity kernels, deﬁned as follows.
Deﬁnition 3. Given a language L with parametrization κ, a transformation t : U → U
is an α-ﬁdelity kernel of size f if
(i) t is an α-ﬁdelity preserving transformation with respect to L.
(ii) There is a function f such that, for any (x, k) ∈ U and (x0 , k 0 ) = t(x, k), it holds
that κ(x0 , k 0 ) ≤ κ(x, k), and |(x0 , k0 )| ≤ f (κ(x, k)).
(iii) t can be evaluated in polynomial time in |(x, k)|.
We see that α-ﬁdelity kernels generalize the standard notion of kernels. As often enumeration over a kernel turns out to be faster than branch and bound algorithms (either
in running time, or the time required to implement them), it makes sense to ﬁnd an
α-ﬁdelity kernel for a problem (whose size is smaller than the 1-ﬁdelity kernel) and
then use enumeration to ﬁnd an approximate solution.
Given a kernelization algorithm, which yields a kernel of size g(k) for a problem
L, and a polynomial α-shrinking t of order f for the problem, we can generate an αﬁdelity kernel similar to the way we used shrinking to obtain approximation algorithm.
For any (x, k) ∈ U , we run the kernelization algorithm over t(x, k). We see that the
resulting transformation is an α-ﬁdelity kernel of size g(f (k)). For Vertex Cover, using
the α-shrinking of Section 3.2, this leads to an α-ﬁdelity kernel of size 2(2 − α)k, for
any 1 ≤ α ≤ 2.
6

3

Parametrization by Problem Objective

The reduction steps we use to obtain the α-shrinking are quite simple. We describe them
here, and in the following section show how they are applied. Throughout this section,
we consider problems for which the parametrization is κ(x, k) = k. For simplicity, we
ignore the κ notation and simply use k.
3.1

Obtaining α-Shrinking by Simple Reduction Steps

To eﬃciently obtain polynomial α-shrinking, we use as a key building block the following reduction step.
Deﬁnition 4. Given a language L, a transformation r : U → U is an (a, b)-reduction
step if, for any (x, k) ∈ U and (x0 , k 0 ) = r(x, k),
(i) k 0 = k − a
(ii) If (x, k) ∈ L then (x0 , k 0 ) ∈ L.
(iii) For any integer n ≥ 0, if (x0 , k 0 + n) ∈ L then (x, k + b + n) ∈ L.
This reduction step is useful due to the next lemma.
Lemma 1. Given a language L, an (a, b)-reduction step r and α ≤ a+b
that r can
a such
(
)
be evaluated in polynomial time, there is polynomial α-shrinking of order k · b+a−αa
b
for L.4
Proof. We note that if r is an (a, b)-reduction step, then r` is (a`, b`)-reduction step.
We use this property as follows. Given (x, k) ∈ U , we select ` = k · (α−1)
and apply
b
r` on (x, k). Let t denote the resulting transformation. Now notice, if t(x, k) ∈ L then
(x, k + b`) = (x, αk) ∈ L. Also, if (x, k) ∈ L then t(x, k) ∈ L, and as r can be evaluated
in polynomial time, t can be evaluated in polynomial
time
(
) as well. This means that t
is α-shrinking, and its order is k 0 = k − a` = k · b+a−αa
.
b
For many problems, ﬁnding such a reduction step is easy, as described in Section
3.2. In all cases, we rely heavily on ideas used in local-ratio algorithms for the problems.
For more details on the local ratio technique, see, e.g., [2] .
3.2

Applications of the Technique

In this section we apply our α-shrinking technique to obtain parameterized approximations for Vertex Cover and d-Hitting Set. In Appendix A we apply the technique to
Connected Vertex Cover and Steiner Tree, parameterized by solution size.
Vertex Cover: The Vertex Cover (VC) problem is deﬁned as follows. Given a graph
G = (V, E), a subset of vertices S ⊆ V is a cover of G if, for any edge (v, u) ∈ E, either
v ∈ S or u ∈ S. The VC problem is to ﬁnd a cover of G of minimum cardinality. As a
language, Vertex Cover can be deﬁned by
4

an α-approximation for the problem can be obtained by iteratively applying
For α = a+b
b
the reduction step.
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V C = {(G, k) | there is a cover of G of size at most k} .
Given an instance (G, k), we use the following reduction step. For an arbitrarily selected
edge (u, v), let G0 = G \ {u, v}. We take r(G, k) = (G0 , k − 1). Let (G, k) ∈ U , denote
(G0 , k 0 ) = r(G, k), and let (u, v) be the edge selected by the transformation r. Then,
if (G, k) ∈ L, there is a vertex cover C of G with |C| ≤ k; either u ∈ V or v ∈ V .
Therefore, C 0 = C \ {v, u} is of size at most k − 1, and C 0 is a cover of G0 . Hence,
(G0 , k 0 ) ∈ L. We also note that if (G0 , k 0 + n) ∈ L, then there is a cover C 0 of G0 of size
at most k 0 + n = k − 1 + n. Let C = C 0 ∪ {u, v} then, we see, U is a vertex cover of G
of size at most k 0 + n + 2 ≤ k + 1 + n.
This implies that r is a (1, 1)-reduction for VC. The reduction r can be evaluated
in polynomial time and therefore, by Lemma 1, there is a polynomial α-shrinking for
VC of order k · (2 − α), for any 1 ≤ α ≤ 2. As mentioned above, such shrinking can be
used to obtain a parameterized α-approximation algorithm for VC, with running time
1.273(2−α)k (ignoring polynomial factors) and an α-ﬁdelity kernel of size 2(2 − α)k, for
any 1 ≤ α ≤ 2.
d-Hitting Set: The d-Hitting Set (d-HS) problem is the following extension of Vertex
Cover to hypergraphs. Given a hypergraph G = (V, E) with edge sizes bounded by d, a
set S ⊆ V is a cover of G if, for any e ∈ E, it holds that e ∩ S 6= ∅. The d-HS problem is
to ﬁnd a cover of G of minimum cardinality. As a language, d-hitting-set can be deﬁned
by d-HS = {(G, k) | there is a cover of G of size k} .
For any ﬁxed d ≥ 2, we show a (1, d − 1)-reduction step for d-HS, which extends the
reduction used for VC. Given an instance (G, k), arbitrarily select an edge e ∈ E and
let G0 = (V, E 0 ), where E 0 = E \ {e}. Consider r(G, k) = (G0 , k − 1). It can be easily
shown that r is indeed a (1, d − 1)-reduction step for d-HS, which can be evaluated
in polynomial time. By Lemma 1, there is a polynomial α-shrinking for d-HS of order
k · d−α
d−1 , for any 1 ≤ α ≤ d.
The best known parameterized algorithm for 3-HS, due to Wahlstrom [30], has
running time 2.076k . Combining α-shrinking with this algorithm, we obtain a param3−α
eterized α-approximation algorithm with running time 2.076k· 2 , for any 1 ≤ α ≤ 3.
Abu-Khzam showed a kernelization for d-HS of size (2d − 1)k d−1 + k [1]. Combining
this kernelization with our α-shrinking, we have an α-ﬁdelity kernel for d-HS of size
(
)d−1
(2d − 1) k · d−α
+ k · d−α
d−1
d−1 , for any 1 ≤ α ≤ d.

4

The Parametrized Steiner Tree Problem

The Steiner Tree (ST) problem is deﬁned as follows. Given are an undirected graph G =
(V, E), a set of terminals T ⊆ V , and a value k ≥ 1. We say that a subset of edges E 0 is
a Steiner tree, if E 0 forms a tree, and for any v ∈ T there is (u, v) ∈ E 0 . Our objective is
to determine if T has a Steiner tree in G of size k or less. Formally, denote by STG (T )
a Steiner tree of T of minimum size in G, and let ST = {(G, T, k) | |STG (T )| ≤ k}.
We consider ST with its standard parametrization, by the number of terminals,
that is, κ(G, T, k) = |T |. We deﬁne below an α-shrinking transformation. While the
running time of our shrinking procedure is non-polynomial, it still yields a signiﬁcant
improvement over the running time of the exact algorithm.
8

4.1

The Shrinking Technique for Parameterized Steiner Tree

Overview: Our shrinking technique is based on the following observations.
(1) Given a subset S ⊆ T , the graph G and the set of terminals T can be reduced to
G0 and T 0 , respectively, such that (i) |T 0 | = |T | − |S| + 1, (ii) if (G0 , T 0 , k) ∈ ST
then (G, T, k + |STG (S)|) ∈ ST, and (iii) if (G, T, k) ∈ ST then (G0 , T 0 , k) ∈ ST.
2·`
(2) For any ` ≥ 1, there is S ⊆ T of size `, such that STG (S) ≤ STG (T ) · |T
|.
(3) For any ` ≥ 1, a subset S ⊆ T of size ` for which |STG (S)| is minimal can be
found in time h(|T |, `) (ignoring polynomial factors), where h(|T |, `) is the number
of subsets of T of size at most `.
Using the above observations, we deﬁne our shrinking procedure as follows. We select
` = (α−1)
2 |T | and ﬁnd a subset S ⊆ T of size ` for which |STG (S)| is minimal. By (2)
we have that |STG (S)| ≤ (α − 1)|STG (T )|; therefore, by (1), the graph G0 and the set
T 0 are α-shrinking of (G, T, k) of order f (|T |) = 3−α
2 |T | + 1.
Reducing the graph: For any S ⊆ T , we deﬁne GS = (VS , ES ), TS , which is basically
the graph G after merging all vertices in S to a single vertex, as follows. The set of
vertices is VS = V ∪ {s} \ S, where s is a new vertex. The set of edges is ES =
(E ∩ (VS × VS )) ∪ {(v, s)|there is u ∈ S such that (v, u) ∈ E} , and the set of terminals
is TS = T ∪ {s} \ S. Notice, |TS | = |T | − |S| + 1. Given a Steiner tree H of T in
G, let its projection on GS be HS = (H ∩ ES ) ∪ {(u, s)|(u, v) ∈ H, v ∈ S}. We
note that HS is a connected component in GS , which spans the vertices in TS . Thus,
|STGS (TS )| ≤ |HS | ≤ |H|.
Now, given a Steiner tree HS of TS in G, let H consist of all edges of HS which are
in G, an edge (u, v) for each (u, s) ∈ H, where v ∈ S is arbitrarily chosen, and also
STG (S). It is not diﬃcult to see that H is a connected component in G which spans
T ; therefore, we have that |STG (T )| ≤ |HS | + |STG (S)|. The next lemma shows the
existence of a good subset of size `.
Lemma 2. For any ` ≥ 1 satisfying |T | mod ` = 0, there is S ⊆ T of size `, such that
2`
STG (S) ≤ STG (T ) · |T
|.
Finding a good subset: To ﬁnd a subset S ⊆ T of size `, such that |STG (S)| is
minimal, we use a slight adaptation of the algorithm of [5] for the (parametrized) Steiner
Tree problem. The algorithm uses the following recursive formula. For any q ∈ V and
X ⊆ T \ {q},
|STG ({q} ∪ X)| = min {|STG ({p, q})| + gp (X)} ,
p∈V

where

gp (X) = min {|STG ({p} ∪ D)| + |STG ({p} ∪ (X \ D))} .
∅⊂D⊂X

While a simple bottom up evaluation of the formula has running time 3|T | , the algorithm
of [5] is based on evaluating gp (X), |STG ({q} ∪ X)| for sets X ⊆ T of increasing size,
by using a subset convolution algorithm, with running time 2|T | . This results in a total
running time of 2|T | (ignoring polynomial factors).
To ﬁnd the desired set S, we need to evaluate gp (X), |STG ({q} ∪ X)| for all sets
X ⊆ T satisfying that |X| ≤ `. While not explicitly mentioned in [5], we note that,
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given the values of |STG ({q} ∪ X)| for any X ⊆ T of size at most r, we can evaluate
gp (X), for any X ⊆ T of size at most r + 1, in time h(|T |, r + 1) (ignoring polynomial
factor). This is done by using the convolution algorithm only over sets of size at most
r + 1. Therefore, we can evaluate |STG ({q} ∪ X)|, for all sets X ⊆ T such that |X| ≤ `,
in time h(|T |, `) (ignoring polynomial factors). Now, we can ﬁnd the set S for which
|STG (S)| is minimal, by going over all the subsets. Thus, we have
Lemma 3. For any given `, a subset S ⊆ T of size ` for which |STG (S)| is minimal can
be found in time h(|T |, `) (ignoring polynomial factors), where h(|T |, `) is the number
of subsets of T of size at most `.
Combining the previous results, and using Stirling’s approximation to evaluate the
running time, we summarize in the following theorem.
Theorem 1. For any 1 ≤ α ≤ 3/2, there is an α-shrinking of order fα (|T |) =
3−α
|T | + 1 for parameterized Steiner Tree. The shrinking can be evaluated in time
(2( ) (
)(1−β) )n
β
1
1
·
, where β = (1 − α)/2 (ignoring polynomial factors).
β
1−β
4.2

Applicability
β
( )( 1−β
)
·
Deﬁne g(β) = β1

1
1−β ,

and note that the running time of the shrinking proce(
)fα (|T |)
(fα and β are deﬁned as in Thm 1).
dure can be written as g(β)fα (|T |) = g 3−α
2
Apply the α-shrinking for the given input, and run the algorithm of [5] on the reduced
instance. We obtain an α-approximation algorithm for the Steiner Tree problem. The
(
)fα (|T |)
running time of the algorithm is( g 3−α
+ 2fα (|T |) (ignoring polynomial factors).
2
)
For any 1 ≤ α ≤ 1.4, we have g 3−α
≤ 2; therefore, the running time of the algorithm
2
3−α
is 2fα (|T |) = 2( 2 |T |) .
Theorem 2. There is a parametrized α approximation algorithm for the Steiner Tree
3−α
problem, parametrized by the number of terminals, whose running time is 2( 2 κ) (ignoring polynomial factors), for any 1 ≤ α ≤ 1.4.

5

Discussion

We introduced a new parameterized approximation paradigm with important and general features. Our algorithms, which obtain any approximation ratio between 1 and
the best known P-time ratio for a given problem, yield a continuous trade-oﬀ between
approximation and running times.
We showed how our key tool of α-shrinking transformations can be applied to obtain
parameterized approximation algorithms for several fundamental problems. We further
showed that, even when the running time of our shrinking procedure is non-polynomial
(as in the Steiner Tree problem), it can still yield signiﬁcant improvement over the
running time of an exact algorithm. Finally, we note that in applying our technique,
problem parameter is not restricted to be the solution size.
We point to a few of the many avenues for future work.
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– Further explore the generic approach of approximations based on α-ﬁdelity shrinking and seek eﬃcient application for other problems, such as Feedback Vertex Set,
Edge Dominating Set, and others.
– Further explore approximative kernelization. For example, can non-linear reduction
.(kernelization) rules be used to obtain decreased running time?
– Extend the approach to problems with no FPT algorithm.
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A
A.1

Applications of α-Shrinking
Connected Vertex Cover

The Connected Vertex Cover (CVC) problem is a variant of VC in which the cover S
must be a set of connected vertices in the input graph G. Formally,
CV C = {(G, k) | there is a connected cover of G of size at most k} .
In order to deﬁne α-shrinking for CVC, we use a variant of the problem to which
we refer as Blue Vertices Connected Vertex Cover (BCVC). The input for BCVC is
a graph G = (V, E), a set of vertices B ⊆ V which are connected in G (B is the set
of blue vertices), and a parameter k. The problem is to determine if there is a set of
vertices S ⊆ V of size k or less, such that S ∪ B is a connected vertex cover for G.
Formally,
BCVC = {(G, B, k) | S ∪ B is a connected vertex cover of G for some S, |S| ≤ k } .
There is a strong connection between the two problems. Clearly, (G, k) ∈ CV C
iﬀ (G, ∅, k) ∈ BCV C. Also, consider the following transformation. Given the graph
G = (V, E) and the set B, we deﬁne a new graph G0 = (V 0 , E 0 ) by V 0 = {s, s0 } ∪ V \ B
(s and s0 are new vertices), and
E 0 = (E ∩ (V 0 × V 0 )) ∪ {(s, s0 )} ∪ E ∗ ,
12

where

E ∗ = {(s, v) | there is u ∈ B such that (u, v) ∈ E}.

Intuitively, we map all the vertices in B into a single vertex s and add a new vertex s0
that is connected to s. We denote this transformation by h(G, B) = G0 . Then, we have
the following.
Lemma 4. Given a graph G = (V, E) and a connected set of vertices B ⊆ V , for any
k ≥ 1 it holds that (G, B, k) ∈ BCVC iﬀ (h(G, B), k + 1) ∈ CV C.
Proof. Let G0 = h(G, B). We show the two directions.
(i) If (G, B, k) ∈ BCVC then there is a set S, |S| ≤ k, such that B ∪ S is a connected
vertex cover of G. Consider the set S 0 = S ∪ {s} ⊆ V 0 . All the edges in E ∗ are
covered by S 0 , as well as the edge (s, s0 ), and also all the edges in E ∩ (V 0 × V 0 )
as they were covered by vertices in S. We note that the set S 0 is also connected
in G0 , since for any v ∈ S 0 , v 6= s, there is a path in G from v to a vertex in B,
which contains only vertices in S. This path can be easily converted to a path in
G0 which leads from v to s and contains only vertices in S. Hence, we have that S 0
is a connected vertex cover for G0 of size (k + 1), and (G0 , k + 1) ∈ CV C.
(ii) In the other direction, suppose that (G0 , k + 1) ∈ CV C, then there is a connected
cover S 0 of G0 of size k + 1 or less. Note that if B is a cover of G then (G, B, `) ∈
BCVC for any ` ≥ 0, and in particular for ` = k. If B is not a cover of G then
s ∈ S 0 (otherwise the edge (s, s0 ) cannot be covered while keeping S 0 connected).
Consider the set S = S 0 ∩ V . The size of S is at most k, as s ∈ S 0 and s ∈
/ V . Also,
S ∪ B is a cover of G. Indeed, if e ∈ E is an edge not covered by B then e ∈ E 0 ;
therefore, e is covered by some vertex v ∈ S. Finally, it can be easily shown that
S ∪ B is connected. Hence, we get that (G, B, k) ∈ CV C as desired.
We now show a (1, 1)-reduction step for BCVC. Given (G, B, k), we select
e = (v, u) | v ∈
/ B, u ∈
/ B, and there is b ∈ B such that (b, v) ∈ E.

(1)

First, we show that, as long as B is not a cover of G, such an edge exists. Since B
is not a cover, there is an edge e0 = (u0 , v 0 ) that is not covered by B, and since G is
connected (otherwise, there is no connected cover for the graph), there is a path in G
from u0 to some vertex b0 ∈ B. Let e1 , e2 , . . . , em denote the edges on this path. Let
e0 = e0 , and denote by e0 , e1 , . . . , em a path from v 0 to b0 . Let ei be the ﬁrst edge on
the path such that one of the ends of ei is in B (clearly, i ≥ 1). Let ei = (y, z), and
ei−1 = (x, y). We note that x ∈
/ B and y ∈
/ B, due to the minimality of i, and since
z ∈ B, the edge ei−1 can be selected. Now, given the selection of an edge (e = (u, v)
satisfying (1), deﬁne the transformation t by t(G, B, k) = (G, B ∪ {u, v}, k − 1).
Lemma 5. The transformation t is a (1, 1)-reduction step for BCVC.
Proof. For any (G, B, k), let t(G, B, k) = (G, B 0 , k 0 ), and let e = (v, u) be the edge
selected by t. Clearly, k 0 = k − 1, and the ﬁrst condition in Deﬁnition 4 is satisﬁed. If
(G, B, k) ∈ BCVC then there is a vertex set S ⊆ V such that B ∪ S is a connected
13

vertex cover and |S| ≤ k. Since e is not covered by B, either u ∈ S or v ∈ S. Let
S 0 = S \ {u, v}, then |S 0 | ≤ k − 1 and S 0 ∪ B 0 is a connected cover of G (note that
S ∪ B ⊆ S 0 ∪ B 0 ), therefore (G, B 0 , k 0 ) ∈ BCVC.
If (G, B 0 , k 0 + n) ∈ BCVC then there is a vertex set S 0 ⊆ V of size (k 0 + n) or
less such that B 0 ∪ S 0 is a connected vertex cover of G0 . Let S = S 0 ∪ {u, v} then
|S| ≤ k 0 + n + 2 = k + n + 1, and S ∪ B = B 0 ∪ S 0 is a connected cover of G; therefore,
(G, B, k + n + 1) ∈ BCVC. Hence, t is a (1, 1)-reduction step as desired.
By Lemma 1 we have that, for any 1 ≤ α ≤ 2, there is a polynomial α-shrinking
of order k(2 − α) for BCVC. Denote this transformation by tα . Given (G, k), consider
rα (G, k) = h(tα (G, ∅, k)), where h is the transformation deﬁned above. The transformation rα converts an instance of CVC to another instance of CV C. Let (G0 , k 0 ) =
rα (G, k). If (G, k) ∈ CV C then (G, ∅, k) ∈ BCVC, therefore tα (G, ∅, k) ∈ BCVC
and (G0 , k 0 ) = h(tα (G, ∅, k)) ∈ CV C. Also, if (G0 , k 0 ) ∈ CV C then, by Lemma 4,
tα (G, ∅, k) ∈ BCVC, therefore (G, ∅, αk) ∈ BCVC and, ﬁnally, (G, αk) ∈ CV C. Also,
k 0 = k(2 − α) + 1, and we get that rα is a polynomial α-ﬁdelity shrinking of order
k(2 − α) + 1. We summarize in the next result.
Theorem 3. For any 1 ≤ α ≤ 2, there is a polynomial α-ﬁdelity shrinking of order
k(2 − α) + 1 for Connected Vertex Cover.
The best known (deterministic) parameterized algorithm for CVC, due to [3] has
running time 2.488k (ignoring polynomial factors). Combining this algorithm with the
above α-ﬁdelity shrinking for CVC leads to a parameterized α-approximation algorithm
for CVC with running time of 2.488k(2−α) (ignoring polynomial factors). Recently,
Cygan et al. [13] proposed a Monte-Carlo algorithm whose running time is 2k (ignoring
polynomial factors). The algorithm of Cygan et al. never gives false positive and gives
a false negative with probability at most 1/2. Combining this algorithm with the above
α-ﬁdelity shrinking gives an approximation algorithm A which satisﬁes the following.
If (G, k) ∈ CV C then A(G, k) returns true with probability at least 1/2, and whenever
A(G, k) returns true, it holds that (G, αk) ∈ CV C. The running time of the algorithm
is 2k(2−α) .
A.2

Steiner Tree Parameterized by Solution Size

We now consider the Steiner Tree problem parameterized by the solution size. That is,
given an undirected graph G = (V, E), a set of terminals T ⊆ V and a parameter k
, we want to determine if there is a Steiner Tree for G with respect to T of size k or
smaller. Formally,
ST = {(G, T, k) | there is a Steiner Tree of G for the terminals T of size at most k}
We show an α-shrinking for ST. We could not directly apply an (a, b)-reduction
step for the problem, however, in a way, we use the same concepts and ideas as in
Section 3.1.
We start by a reduction r of an input (G, T, k) (where G = V, E), which is the local
ratio step applied for the generalized Steiner Tree problem in [2]. Let ET be the set of
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edges in G adjacent to vertices in T . Let C = {C1 , C2 , . . . , Cp } be the set of connected
components in the graph (V, ET ). We now deﬁne a graph whose vertices are C, which
is basically the result of shrinking the vertices x and y into a single vertex for every
edge (x, y) ∈ ET . Deﬁne
E 0 = {(Ci , Ck ) | there is v ∈ Ci , u ∈ Ck such that (u, v) ∈ E},
and
T 0 = {Ci ∈ C | there is v ∈ Ci such that v ∈ T }.
Finally, the reduction r is deﬁned by r(G, T, k) = ((C, E 0 ), T 0 , k − (|T | − 1)).
Lemma 6. For any (G, T, k) and (G0 , T 0 , k − s) = r(G, T, k) the following holds:
(i) If (G, T, k) ∈ ST, then r(G, T, k) ∈ ST.
(ii) If (G0 , T 0 , k − s + n) ∈ ST, then (G, T, k + s + n) ∈ ST.
Proof. The proof follows immediately from [2].5
The reduction r may be viewed as a (t, t)-reduction, where t = |T |. However, t is
not a constant, and its value can decrease as we apply r over and over again on its
output. Let (G0 , T 0 , k − s) = r` (G, T, k) be the result of applying the reduction r `
times. By Lemma 6, we have that if (G, T, k) ∈ ST then (G0 , T 0 , k − s) ∈ ST. Also, if
(G0 , T 0 , k − s) ∈ ST then (G, T, k + s) ∈ ST. For any 1 ≤ α ≤ 2, we use r to deﬁne a
transformation hα by repeatedly applying r, until we get (G0 , T 0 , k − s) = r` (G, T, k)
with s ≥ (α − 1)k − t. Let hα (G, T, k) = (G0 , T 0 , k − s) where t = |T |, and let STt be
the language ST with the restriction that |T | ≤ t.
Lemma 7. The transformation hα is a polynomial α-ﬁdelity shrinking of order ft (k) =
(2 − α)k + t for the language STt , for any t.
Proof. Let hα (G, T, k) = (G0 , T 0 , k − s) then, clearly, if (G, T, k) ∈ STt then (G0 , T 0 , k −
s) ∈ STt , since the size of T does not increase as r is repeatedly applied. Also, since we
apply r until s ≥ (α−1)k −t, we get that s ≤ (α−1)k; therefore, if (G0 , T 0 , k −s) ∈ STt
then (G, T, k + s) ∈ STt , and since k + s ≤ k + (α − 1)k = αk, we get (G, T, αk) ∈ STt
as desired. The order of hα follows immediately from the selection of s.
The best parameterized algorithm for Steiner Tree, due to [5], has running time of
2k (ignoring polynomial factors). Combining this algorithm with the shrinking hα we
obtain a parameterized α-approximation algorithm for ST with running time 2(2−α)k+t ,
where t is the number of terminals in the given input.
5

A brief overview can be found at http://www.cs.technion.ac.il/~reuven/LR/GSF

15

B

Proof of Lemma 2

Let H be a Steiner Tree for G, T of minimal size. Consider a DFS walk over the tree
H. Starting with i = 1 and T1 = ∅, whenever we encounter a vertex v ∈ T for the ﬁrst
time we add it to the set Ti . When we get |Ti | = ` we increase i by one and set Ti = ∅.
Since ` divides |T | at the end of the process we get exactly m = |T |/` sets Ti , each of
size `.
For each 1 ≤ i ≤ m consider the Hi to be the set of edges the DFS passed from
the discovery of the ﬁrst vertex in Ti until the discovery of the last vertex in Ti .
The set Hi forms a connected component which spans all the vertices in Ti , therefore
|STG (Ti )|∑
≤ |Hi |. The DFS algorithm moves through each edge up to two times, and
m
therefore i=1 |Hi | ≤ 2|H|, and by the pigeon hole principle we get that there is i such
that |Hi | ≤ 2|H|/m

C

Lower Bounds for Linear Shrinking

For a given language L, assume that the best polynomial-time approximation algorithm has approximation ratio of β > 1. Denote this algorithm by A. Now, let t be a
polynomial α-shrinking transformation of order f . Furthermore, we assume that t is
linear; that is, if (x0 , k 0 ) = t(x, k) and (x0 , k0 + n) ∈ L then (x, αk + n) ∈ L as well. Note
that this property holds for each of the transformations in Section 3.2. Our objective
is to bound the values of f , the order of t.
Let B be the algorithm A(t(x, k)). If (x, k) ∈ L then t(x, k) ∈ L, therefore B(x, k) =
A(t(x, k)) = true. If B(x, k) = A(t(x, k)) = true then let (x0 , k 0 ) = t(x, k). Since A is a
β-approximation, we have that (x0 , βk 0 ) ∈ L. By the linearity
of t, we have
) (x, αk +(β −
(
-approximation
1)k 0 ) ∈ L. This implies that B is a polynomial time α + (β − 1) f (k)
k
algorithm for(L. Unless we improved
the ratio of the best known algorithm for L, this
)
f (k)
implies that α + (β − 1) k
≥ β. Consequently, f (k) ≥ β−α
β−1 k.
Under the assumption that there is no polynomial-time approximation algorithm
with ratio better than 2 for VC and CVC, the above result implies that a linear αshrinking for these problems cannot have order smaller than f (k) = (2 − α)k. Under
the assumption that there is no polynomial-time approximation algorithm with ratio
better than d for d-HS, the above result implies that a linear α-shrinking for d-HS
cannot have order smaller than f (k) = d−α
d−1 k.
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