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Summary . 3D meshesare widely usedin graphic and simulation applications for
approximating 3D objects. When representing complex shapesin a raw data for-
mat, meshesconsume a large amount of space. Applications calling for compact
storage and fast transmission of 3D mesheshave motivated the multitude of al-
gorithms developed to e cien tly compressthese datasets. In this paper we survey
recert developments in compressionof 3D surface meshes.We survey the main ideas
and intuition behind techniques for single-rate and progressive mesh coding. Where
possible, we discussthe theoretical results obtained for asymptotic behavior or op-
timalit y of the approach. We also list some open questions and directions for future
researd.

1 Intro duction

The emerging demand for visualizing and simulating 3D geometric data in
networked ervironments has motivated researd on represertations for suc
data. Slow networks require data compressionto reducethe latency, and pro-
gressie represertations to transform 3D objects into streams manageableby
the networks. We distinguish between single-rate and progressive compres-
sion techniques depending on whether the model is decaded during, or only
after, the transmission. In the caseof single-rate losslesscoding, the goal is
to remove the redundancy presert in the original description of the data. In
the caseof progressive compressionthe problem is more challenging, aiming
for the besttrade-o betweendata size and approximation accuracy (the so-
called rate-distortion tradeo ). Lossysingle-rate coding may also be achieved
by modifying the data set, making it more amenableto coding, without losing
too much information. Thesetechniques are called remeshing

Section2 givessomebasicde nitions for surfacemeshes.Section3 surveys
recen algorithms for single-rate compression,and Section 4 surveys recen
techniquesfor progressive compression.
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2 Basic De nitions

The speci cation of a polygon surfacemeshconsistsof conbinatorial ertities:
vertices, edges,and faces,and numerical quartities: attributes suc as vertex
positions, normals, texture coordinates, colors, etc. The connectivity describes
the incidencesbetweenelemens and is implied by the topology of the mesh.
For example, two vertices or two facesare adjacert if there exists an edge
incident to both. The valene of a vertex is the number of edgesincident to it,
and the degree of a faceis the number of edgesincident to it (seeFig. 1). The
ring of avertex is the orderedlist of all its incident faces.The total number of
vertices, edges,and facesof a meshwill be denotedV, E, and F respectively.
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Fig. 1. Examples of polygon meshes:(left) Beethoven mesh (2812 polygons, 2655
vertices) - (right) Galleon mesh (2384 polygons, 2372vertices). Close-up of a polygon
mesh: the valence of a vertex is the number of edgesincident to this vertex, while
the degree of a face is the number of edgesenclosing it.

3 Single-rate  Compression

We classify the techniquesinto two classes:

Tedhniques aiming at coding the original mesh without making any as-
sumption about its complexity, regularity or uniformity. This alsoincludes
techniques specializedfor massiwe datasets, which cannot t ertirely into
main memory. Here we aim at restoring the original model after decading
(for carefully designedmodels or applications where lossy compressionis
intolerable).

Tedniqueswhich remeshthe model beforecompression.The original mesh
is consideredas just one instance of the shape geometry.
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3.1 Triangle Meshes

The triangle is the basic geometric primitiv e for standard graphics render-
ing hardware and for many simulation algorithms. This partially explains
why much of the work in the area of mesh compressionprior to 2000 has
beenconcernedwith triangle meshesonly. The Edgebeaker coder [52] givesa
worst-casebound on the connectivity compressionbit rate of 4 bits per ver-

tex. Besidesthe popular Edgebeaker and its derivatives[39, 17, 59, 3(], two

technigues transform the connectivity of a triangle meshinto a sequenceof

valencecodes[62, 28], hencecan automatically bene t from the low statistical

dispersionaround the averagevalency of 6 when using entropy encading. This

is achieved either through a deterministic conquest[62] or by a sequenceof

half edgecollapses[2§]. In [62], Touma and Gotsman proposedthe conquest
approach and compressthe connectivity down to lessthan 0.2 bit per ver-

tex (b/v) for very regular meshes,and between2 and 3.5 b/v otherwise, in

practice. The so-called conquest consistsof conquering the edgesof succes-
sive pivot verticesin an orientation-consistent manner and generating valence
codesfor traversedvertices. Three additional codes:dummy, merge and split

are required in order to encade boundaries, handles and conquestincidents

respectively. The dummy code occurs eacd time a boundary is encourtered

during the conquest; the number of merge codes is equal to the gerus of
the mesh being encaded. The split code frequency is linked mainly to the

meshirregularity. Intuitiv ely, if onelooks at the coding processas a conquest
along a spiraling vertex tree, the split codesthus indicate the presenceof its

branching nodes. The Mesh Collapse Compression scheme by Isenburg and

Snceyink [28] performs a sequenceof edgecontractions until a single vertex

remains in order to obtain bit rates of 1 to 4 b/v. For a complete survey of
these approades, we refer the readerto [14].

One interesting variant on the Edgebrealer technique is the Cut-Border
Machine (CBM) of Gumhold and Strasser[18]. The main di erence is that the
CBM encalesthe split valuesas a parameter like the valencebasedscemes.
This makesan upper bound on the resulting code more di cult to establish
(although there is a bound of 5 b/v in [17]), but on the other hand allows
for single passcoding and decading. This di erence is signi cant for coding
massiwe data sets.

3.2 Non-triangle Meshes

Compared with triangle mesheslittle work has beendedicatedto the harder
problem of connectivity coding of 2-manifold graphs with arbitrary face de-
greesand vertex valences.There are a signi cant number of non-triangular
meshesn use,in particular those carefully designed,e.g.,the high-quality 3D
models of the Viewpoint library [65] contain a surprisingly small proportion
of triangles. Likewise,few triangles are generatedby tessellation routines in
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existing modeling softwares. The dominant elemer in these meshesis the
quadrilateral, but perntagons, hexagonsand higher degreefacesare also com-
mon.

The performance of compressionalgorithms is traditionally measuredin
bits per vertex (b/v) or bits per edge (b/e). Some early attempts to code
generalgraphs [63, 34], which are the connectivity componert of a geometric
mesh,led to rates of around 9 b/v. Thesemethods are basedon building inter-
locking spanningtreesfor vertices and faces.Chuang et al. [7] later described
a more compact code using canonicalordering and multiple parentheses.They
state that any simple 3-connectedplanar graph can be encaled using at most
1:5l0g,(3)E + 3' 2:377 bits per edge.Li and Kuo [48] proposeda so-called
\dual" approac that traversesthe edgesof the dual mesk® and outputs a
variable length sequenceof symbols basedon the type of a visited edge.The
nal sequences then coded using a corntext basedertropy coder. Iserburg and
Snceyink coded the connectivity of polygon meshesalong with their proper-
ties in a method called Face Fixer [29]. This algorithm is gate-based,the
gate designating an oriented edgeincident to a facet that is about to be tra-
versed.A complete traversal of the meshis organizedthrough successie gate
labeling along an active boundary loop. As in [62, 52], both the encader and
decaler needa stadk of boundary loops. Sewen distinct labelsF,, R, L, S, E,
H, and M;y , are usedin order to describe the way to x facesor holesto-
gether while traversingthe current active gate. King et al. [40], Kronrod and
Gotsman [42] and Leeet al. [46] alsogeneralizedexisting methods to quad, ar-
bitrary polygon and hybrid triangle-quad meshesrespectively. However, none
of these polygon mesh coders come closeto the bit rates of any of the best,
specializedcoders [62, 3] when applied to the special caseof a triangle mesh.
At the intuitiv e level, given that a polygon mesh with the same number of
vertices contains fewer edgesthan a triangle mesh, it should be possibleto
encade it with fewer bits. Theseobsenations motivated the designof a better
approadc to code the connectivity of polygonal meshes.

The Degree/V alence Approac h

Sincethe Touma-Gotsman(TG) valencecoder [62] is generally consideredto
have the best performance,it seemsnatural to try to generalizeit to arbitrary
polygon meshesThis wasdoneindependertly by Khodakovsky et al. [35] and
Iserburg [23]. The generalizationrelieson the key conceptof duality. Consider
an arbitrary 2-manifold triangle graph M . Its dual graph M, in which faces
are represerted as dual vertices and vertices becomedual faces(seeFig. 2),
should have the sameconnectivity information sincedualization neither adds
nor removesinformation. The valencesof M™ are now all equalto 3, while the
face degreestake on the samevalues as the vertex valencesof M . Since a

3 SeeFig. 2 for an illustration of a dual mesh.
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list of all 3shaszeroertropy, coding just the list of degreesof M~ would lead
to the samebit rate as found for the valencesof M . Conversely if a poly-
gon meshhasonly valence-3vertices, then its dual would be a triangle mesh.
Hence, its erntropy should be equal to the erntropy of the list of its degrees.
This obsenation leadsto the key idea of the degree/valenceapproad : the
compressionalgorithm should be self-dual in the sensethat both a meshand
its dual are coded with the samenumber of bits. A direct consequencef this
is that the coding processshould be symmetric in the coding of valencesand
degrees A seconddirect consequences that the bit rate of a meshshould be
measuredin bits per edge (b/e), sincethe number of edgesis the only vari-
able not changing during a graph dualization. This contrasts with the former
practice of measuringthe coding e ciency for triangle meshesin bits/v ertex.

Primal mesh Dualization Dual mesh

Fig. 2. Left: a polygon meshwith highlighted facesof degree3 and 5. Middle: the
dual meshis built by placing one node in ead original face and connecting them
through eadc edgeincident to two original faces.Right: the dual mesh now contains
corresponding vertices of valence 3 and 5.

The coretechnique underlying the algorithm describedin [23, 35] is similar
to most connectivity compressionmethods: a seedelemern is chosenand all
its neighbors are traversedrecursively until all elemens of the corresponding
connectedcomponent are \conquered”. A new seedelemen of the next con-
nected componert is then chosenand the processcortinues. Every time the
encader conquersthe next elemert of the mesh,it outputs somesymbol which
uniquely identi es a new state. From this stream of symbols, the decader can
reconstruct the mesh. Various coding algorithms di er in the way they tra-
versethe mesh and in the sets of symbols used for identifying the encader
state. During the meshtraversal of [23, 35], two setsof symbols are generated
to code vertex valencesand face degreesusing an erntropy encaler. At any
given momert in time, both encader and decader know with which type of
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symbol (face or vertex) they are dealing.

While the valence and degree sequencesof a mesh dominate the mesh
code, they are not su cien t to uniquely characterizeit. As in [62], someextra
\split", and possiblyother symbols may berequired during the meshconquest.
To minimize the occurrence of such symbols { henceimprove the compres-
sion ratios { both techniques[23, 35| drive the traversal by various heuristics
inspired from the valence-driven approad [3]. To better exploit correlation
between streams and between symbols within ead stream, it is possibleto
usea context-basal arithmetic coder.

3.3 Connectivit y: Entrop y and Optimalit y

The entropy is a measure of the information content of a set of symbols,
equipped with a probability distribution. It is thus the minimal averagenum-
ber of bits per symtol required for losslessencading of a sequenceof symbols
from the set, eadh appearing with frequency given by its probability:

X 1
ertropy = pi log, —: 1)
i=1 Pi
When the probability is not speci ed, this meansthat all symbols are equi-
probable. When coding the connectivity of a meshusing entropy coding of its
valencesasintroduced by Touma and Gotsman [62] for the caseof triangular
meshes.the bit-rates obtained are mostly dictated by the distribution of the
valences.This automatically bene ts from the regularity in the mesh.A trian-
gle meshis perfectly regular when the valenceof all verticesis 6. The vertex
valence distribution then has an entropy of zero. Later works, mainly gen-
eralizations of the Edgebrealer technique, were dewveloped to explicitly take
advantage of meshregularity, and their performancehas beenshown to scale
with this measure[39, 16, 59]. In [35], Khodakovsky et al. discussthe opti-
mality of their valence/degreeapproach and show that the entropy of both
the valenceand degreesequencess no more than the ertropy of the classof
planar graphs as establishedby Tutte in the sixties [64]. Gotsman [13] later
showed that the preciseentropy of the valenceand degreesequencess actu-
ally strictly less,but not by much, than the Tutte entropy, and the di erence
is made up by the split commands. Hence the number of split commands,
albeit very small, is not negligible.

Entropy and constructive enumeiation. Given a nite class of discrete ele-
merts, all equally probable, the entropy e of the classis the logarithm of the
number of elemerts in the class.Obviously, the best possible performance of
any algorithm coding this classof elemers is to useat most e bits to encade
onearbitrary elemer in the class.Hence,the issueof optimal coding of a class
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is equivalert to the one of constructive enumeration [41]. Poulalhon and Scha-

e er [5]1] have described a provably optimal coder for connectivity of meshes
homeomorphicto a sphere, using a bijection between a triangulation and a

Sdcnyder tree decomposition (i.e. a constructive enumeration of the connec-
tivit y graph). Although e ectiv e boundsare obtained, the code lengths do not

adapt to the meshregularity (every meshconsumesthe samenumber of bits,

whatever the distribution of valences).An objective of theoretical interest is

to add exibilit y to these methods in order to benet from mesh regular-

ity. Another obvious extensionis to obtain similar results for high gerus and

non-triangular graphs.

3.4 Geometry Compression

Although the geometry data is often given in precise oating point represen-
tation for represeining vertex positions, some applications may tolerate the
reduction of this precisionin order to achieve higher compressionrates. The
reduction of the precisioninvolvesquantization. The resulting valuesare then
typically compressecby entropy coding after prediction relying on somedata
smoothnessassumptions.

Quantization. The early works usually quartize uniformly the vertex positions
for eadh coordinate separatelyin Cartesian space[10, 61, 62], and a more so-
phisticated vector quartization has also been proposedby Lee and Ko [45].

Karni and Gotsman [33] have also demonstrated the relevance of applying

quartization in the spaceof spectral coe cien ts (see[14] for more details on
this approad). In their elegart work, Sorkine et al. [57] addressthe issue of
reducing the visual e ect of quantization errors. Building on the fact that the
human visual systemis more sensitive to normal than to geometric distortion,

they proposeto apply quantization not in the coordinate spaceas usual, but

rather in a transformed coordinate spaceobtained by applying a so-called
\k-anchor invertible Laplacian transformation" over the original vertex coor-
dinates. This concertrates the quarntization error at the low-frequency end of
the spectrum, thus preservingthe ne normal variations over the surface,even
after aggressie quartization (seeFig. 3). To avoid signi cant low-frequency
errors, a set of anchor vertex positions are also selectedto \nail down" the
geometry at a selectnumber of vertex locations.

Prediction. The early work emplayed simple delta coding [10] or linear predic-
tion alonga vertex ordering dictated by the coding of the connectivity [61, 62)].
The approad proposedby Lee et al. [46] consistsof quantizing in the angle
space after prediction. By applying dierent levels of precision while quan-
tizing the dihedral or the internal anglesbetween or inside ead facet, this
method achieves better visual appearance by allocating more precision to
the dihedral angles since they are more related to the geometry and nor-
mals. Inspired by the TG parallelogram prediction stcheme[62], Iserburg and
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Fig. 3. The delta-coordinates quantization to 5 bits/co ordinate (left) introduces
low-frequency errors to the geometry, whereas Cartesian coordinates quantization
to 11 bits/co ordinate (right) intro duces noticeable high-frequency errors. The up-
per rows shows the quantized model and the bottom gures use color to visualize
corresponding quantization errors. Data courtesy O.Sorkine.

Alliez [25 complete the techniques described in [23, 35] by generalizing it
to polygon mesh geometry compression.The polygon information dictates
where to apply the parallelogram rule usedto predict the vertex positions.
Sincepolygonstend to be fairly planar and fairly corvex, it is more appropri-
ate to predict within polygonsrather than acrossthem. Intuitiv ely, this idea
avoids poor predictions resulting from a creaseangle between polygons.

Despite the e ectiv enessof the published predictive geometry schemes,
they are not optimal becausethe meshtraversal is dictated by the connec-
tivit y scheme. Sincethis traversal order is independert of the geometry, and
prediction from one polygon to the next is performed along this, it cannot
be expectedto do the best job possible.A rst approad to improve the pre-
diction wasthe prediction trees[43], where the geometry drivesthe traversal
instead of the connectivity asbefore. This is basedon the solution of an opti-
mization problem. In somecaseit results in an decreaseof up to 50%in the
geometry code ertropy, in particular in mesheswith signi cant creasesand
corners,such as CAD models. Cohen-Or et al. [9] suggesta multi-w ay predic-
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tion technique, whereead vertex position is predicted from all its neighboring
vertices, as opposedto the one-way parallelogram prediction. An extreme ap-
proach to prediction is the feature discovery approac by Shikhare et al. [56],
which removesthe redundancy by detecting similar geometric patterns. How-
ever, this technique works well only for a certain classof models and involves
expensive matching computations.

3.5 Optimalit y of Spectral Coding

Karni and Gotsman [33] showed that the eigernvectors of the Laplacian ma-
trix derived from the meshconnectivity graph may be usedto transform code
the three Cartesian geometry n-vectors (X; y; z). The eigervectors are ranked
according to their respective eigervalues, which are analogousto the notion
of frequencyin Fourier analysis. Smaller eigervaluescorrespond to lower fre-
gquencies.Karni and Gotsman shoved empirically that when projected on
these basis vectors, the resulting projection coe cien ts decreaserapidly as
the frequency increases.Hence, similarly to traditional transform coding, a
good approximation to the geometry vectors may be obtained by using just a
linear combination of a small number of basisvectors. The code for the geom-
etry is then just this small number of coe cien ts (quantized appropriately).
While this method seemsto work quite well, and intuitiv ely it seemsthat
the Laplacian is a linear operator which captures well the smoothnessof the
mesh geometry relative to the mesh neighbor structure, there was no proof
that this is the optimal basisfor this purpose.The only indication that this
might be the caseis that in the caseof a regular mesh,the eigervectors of the
Laplacian are the well-known 2D Fourier basis,which is known to be optimal
for common classesof signals[20].

Ben-Chen and Gotsman [5] have imposeda very natural probability dis-
tribution on the class of mesheswith a given connectivity, and then used
principal componert analysis (also known asthe Karhunen-Loeve transform)
to derivethe optimal basisfor that class.A seriesof statistical derivations then
shaws that this basisis identical to the eigervectors of the symmetric Lapla-
cian of the given connectivity (the sparsematrix whosediagonalis the vertex
valencesequencea negative unit entry for an edge,and zerootherwise). While
this is a very interesting result, it remains theoretical, since computation of
the Laplacian eigervectorsis still consideredtoo expensiwe to be practical.

3.6 Coding Massiv e Data Sets

Due to their sizeand complexity, massi\e datasets[47] require dedicated algo-
rithms sinceexisting meshcompressionare e ectiv e only if the represertation
of the mesh connectivity and geometry is small enoughto t \in-core". For
large polygonal models that do not t into main memory, Ho et al. [21] pro-
pose cutting meshesinto smaller piecesthat can be encaled in-core. They
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processeadt piece separately coding the connectivity using the Edgebrealer
coder, and the vertex positions using the TG parallelogram linear predictor.
Additional information requiredto stitch the piecesback together after decad-
ing is also recorded, leading to bit-rates 25% higher than the in-core version
of the samecompressionalgorithm. A recert out-of-core technique intro duced
by Iserburg and Gumhold [27] makes seweral improvemerts upon [21] by (i)
avoiding the needto explicitly break the model into se\eral pieces,(ii) decad-
ing the entire model in a single passwithout any restarts, and (iii) streaming
the entire meshthrough main memory with a small memory foot-print. The
coretechnique underlying this compressionmethod consistsof building a new
external memory data structure { the out-of-core mesh{ in sewral stages,all
of them beingrestricted to clustersand active traversalfronts which t in-core.
The latter traversalorder, consisting of a reordering of the meshprimitiv es,is
computed in order to minimize the number of memory cache misses,similar
in spirit to the notion of a \rendering sequence"[6] developed for improving
performance of modern graphics cards, but at a much larger scale. The re-
sulting compressedmesh format can stream very large meshesthrough the
main memory by providing the compressortransparent accessto a so-called
processingsajuene that represens a meshasa xed, yet seamlessnterleaved
ordering of indexedtriangles and vertices. At any point in time, the remaining
part of the meshdata is kept on disk.

3.7 Remeshing for Single-rate Geometry Compression

The majority of mesh coders adapt to the regularity and the uniformity of
the meshes(with the noticeable exception of [12] that adapts to the non-
uniformity). Therefore, if the application allows lossy compression,it is pru-
dert to exploit the existing degreesof freedom in the meshing processto
transform the input into a meshwith high regularity and uniformity. Recert
work produceseither (i) piecewiseregular meshesby using the subdivision
paradigm, or (ii) highly regular remeshingby local mesh adaptation, or (iii)
perfectly regular remeshingby surfacecutting and global parameterization.

Szymczaket al. [60] rst split the meshinto relatively at patches with
smooth boundaries. Six axis-aligned vectors (so-called de ning vectors) rst
determine some referencedirections. From these vectors a partition of the
meshis built with a set of patcheswhosenormals do not deviate more than
a prescribed threshold. An approximation of the geadesic distance using Di-
jkstra's algorithm is then usedin combination with a variant of the farthest
point Voronoi diagram to smooth the patch boundaries. Each patch is then
resampledby mutual tessellation over a regular hexagonalgrid, and all the
original vertices, but the boundary ones,are removed by half edgecollapses
(seeFig. 4). The connectivity of the resulting meshis encaded using a ver-
sion of Edgebrealer optimized for regular meshes,and vertex positions are
compressedusing di erential coding and separation of tangertial and normal
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componerts.

Fig. 4. Piecewiseregular remeshing (data courtesy A.Szymczak).

Attene et al. [4] tile the input mesh using isosceles\triangloids". From
ead boundary edgeof the tiling process,they compute a circle certered on
the edge mid-point and lying on the bisecting plane between the two edge
vertices. The location where the circle piercesthe original mesh designates
the tip vertex of the newly created triangloid tile. The original meshis this
way wrapped, the regionsalready discovered being identi ed asthe triangles
lying inside the regionsbounded by geadesicpaths betweenthe three vertices
of the new tile. Connectivity of the new meshis compressedby Edgebrealer,
while geometry is compressedby entropy coding one dihedral angle per ver-
tex, after quantization.

Surazhskyand Gotsman [58] generatea triangle meshwith user-corirolled
sampledistribution and high regularity through a seriesof atomic Euler oper-
ators and vertex relocations applied locally. A density function is rst speci ed
by the userasa function of the curvature onto the original mesh.This meshis
kept for later referenceto the original surfacegeometry; and the meshadapta-
tion processstarts on a secondmesh,initialized to a copy of the original mesh.
The vertex density approacesthe prescribed ideal density by local decima-
tion or re nement. A new area-basedsmoothing technique is then performed
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to isotropically repartition the density function among the mesh vertices. A
novel componert of the remeshingschemeis a surprisingly e cien t algorithm
to improve the mesh regularity. The high level of regularity is obtained by
performing a seriesof local edge- ip operations aswell as someedge-collapses
and edge-splits. The vertices are rst classi ed as black, regular or white ac-
cording to their valence de cit or excess(respectively < 6, = 6 and > 6).
The edgesare then classi ed as regular, long, short, or drifting according to
their vertex colors (regular if both verticesare regular, long if both are white,
short if both are black and drifting if bi-colored). Long edgesare re ned by
edge-split, and short edgesare removed by edge-collapseuntil only drifting
edgesremain. The drifting edgeshave the nice property that they can migrate
through regular regionsof the meshby edge- ips without changing the repar-
tition of the vertex valences.Improving the meshregularity thus amouns to
applying a sequenceof drifting-edge migrations until they meetirregular ver-
tices, and then have a chanceto generateshort or long edgeswhoseremoval
becomestrivial. As a result the models are better compressedusing the TG
coder which bene ts from the regularity in mesh connectivity and geometry,

Fig. 5. Highly regular remeshing (data courtesy V.Surazhsky and C.Gotsman).

Gu et al. [15] proposeda technique for completely regular remeshingof sur-
face meshesusing a rectangular grid. Surfacesof arbitrary gerus must be cut
to reducethem to a surfacewhich is homeomorphicto a disc, then parameter-
ized by minimizing a geometric-stretch measure[53], and nally represened
as a so-calledgeometry image that storesthe geometry, the normals and any
attributes required for visualization purposes.Sud a regular grid structure
is compact and drastically simplies the rendering pipeline since all cace
indirections found in usual irregular mesh rendering are eliminated. Besides
its appealing properties for e cien t rendering, the regular structure allows
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direct application of \pixel-based" image-compressiommethods. The authors
apply wavelet-basedcoding techniques and compressseparately the topolog-
ical sidebanddue to the cutting. After decaling, the topological sidebandis
usedto fusethe cut and ensurea proper welding of the surface throughout
the cuts. Despite its obvious importance for e cien t rendering, this technique
revealsa few drawbadks due to the inevitable surfacecutting: ead geometry
image hasto be homeomorphicto a disk, therefore closedor gerus> 0 models
have to be cut along a cut graph to extract either a polygonal schema[15] or
an atlas [54]. Finding a \smart" cut graph (i.e. minimizing a notion of dis-
tortion) is a delicate issueand introducesa set of arti cial boundary curves,
assaiated pairwise. Theseboundariesare later sampledasa set of curves(i.e.
1-manifolds) and therefore generatea visually displeasingseamtree. Another
drawbadk comesfrom the fact that the triangle or the quad primitiv esof the
newly generated mesheshave neither orientation nor shape consistert with

approximation theory, which makes this represenation not fully optimized
for e cien t geometry compressionasre ected in the rate-distortion tradeo .

Fig. 6. Geometry image (data courtesy D.X.Gu).

3.8 Comparison and Discussion

A recert trend in meshconnectivity compressionis generalization from trian-

gle meshesto general polygon meshes,with arbitrary gerus and boundaries.
Adapting to the regularity of the mesh,i.e. the dispersionin the distribution

of valencesor degrees,usually re ects in the coding schemes.Semi-regularity
being a common property of \real-world" meshes,this is a very conveniert
feature.

On the theoretical side, the bit-rates achievable by degree/valenceconnec-
tivit y coders have been showvn to approach the Tutte entropy lower bound.
Because of some remaining \split" symbols, whose number has not been
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bounded, someadditional work hasto be donein order to designtruly optimal
polygon mesh coders which also adapt to regularity. In particular, the con-
nectivity coder of Poulalhon and Schae er [51] for triangle mesheso ers some
promise for extensionto polygonal models. As for volume meshes,although
somerecert work has demonstrated a generalization of the valence coder to
hexahedralmesheq24], nothing hasbeenproven concerningthe optimalit y of
this approad.

Most of the previous work has studied the coding of geometry as dictated
by the connectivity code, the vertex positions being predicted in an order
dictated by the connectivity coder. This happens even though the geometry
componert dominates the code sizes,so the result will tend to be subopti-
mal. One attempt to change this was to make the coding of the geometry
cooperate with the coding of the connectivity, using prediction trees [43] or
multi-w ay prediction techniques[9]. Other work [57] compresseshe geometry
globally, shawing that applying quartization in the spaceof Laplacian trans-
formed coe cien ts, instead of in the usual spaceof Cartesian coordinates, is
very useful. In a way, the latter is an extension of the multi-w ay approac
sinceit amounts to predicting ead vertex asthe barycerter of its neighbors.
More recert work [5] aimsto nd an optimal basisbest suited to decorrelate
the geometric signal.

Iserburg et al. provide an on-line implementation of the degree/valence
coder for bench marking purposes[26]. Iserburg alsodemonstratesan ASCII-
basedcompressionformat for web applications able to achieve bit-rates within
1 to 2 percert of those of the binary benchmark code [31].

In order to bene t most from the adaptation of a coding schemeto regu-
larity or uniformity in the input mesh,recent work advocateshighly (or even
completely) regular remeshingwithout distorting the geometry too much. In
particular, the geometry images|[15] technique demonstratesthe e ciency of
modern image compressiontechniques when applied to geometry which has
beenremeshedin a completely regular manner.

A morerecen trend takesthe remeshingparadigm further, with the design
of e cien t meshesfor approximation of surfaces[1]. This leadsto anisotropic
polygon meshes,that \lo ok like" carefully designed meshes.The e ciency
of such a stheme is expressedin terms of error per number of geometric
primitiv es. The question that now naturally arisesis whether the remeshing
processshould be in uenced by the mesh compressionscheme used, namely,
should it remeshin a manner that suits the coder best. Sincerapid progress
in the direction of e cien t surface meshingis emerging,it seemsthat it will
certainly motivate new approacesfor dedicatedsingle-rate meshcompression
schemes.
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4 Progressiv e Compression

Progressive compressionof 3D meshesusesthe notion of re nement: the origi-
nal meshis transformed into a sequencdor a hierarchy) of re nements applied
to a simple, coarsemesh. During decading the connectivity and the geome-
try are reconstructed incremertally from this stream. The main advantage of
progressive compressionis that it provides accesgo intermediate statesof the
object during its transmissionthrough the network (seeFig. 7). The challenge
then consistsof rebuilding a least distorted object at all points in time during
the transmission (i.e. optimization of rate-distortion tradeo ).

Fig. 7. Intermediate stagesduring the decading of a mesh using a single-rate (top)
or a progressive technique (bottom).

4.1 General Techniques

We call losslessthe methods that restore the original mesh connectivity and
geometry oncethe transmissionis complete. This is eventhough intermediate
stagesare obviously lossy These techniques mostly proceedby decimating
the meshwhile recording the (minimally redundarnt) information required to
reversethis process.The basic ingredients behind most of progressive mesh
compressiontechniquesare (i) the choice of an atomic meshdecimation oper-
ator, (ii) the choice of a geometric distance metric to determine the elemeris
to be decimated, and (iii) an e cien t coding of the information required to
reversethe decimation process(i.e. to re ne the mesh). At the intuitiv e level,
onehasto encade for the decader both the location of the re nement (\where"
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to re ne) and the parametersto perform the re nement itself \how" to re-
ne).

The progressive mesh technique introduced by Hoppe [22] transforms a
triangle surfacemeshinto a stream of re nements. During encading the input
mesh undergoes a sequenceof edge collapses reversedduring decading as a
sequenceof vertex splits. The symbols generatedprovide the explicit location
of eath vertex being split and a designation of two edgesincident to this ver-
tex. This is a very exible, but rather expensive code. In order to reducethe
bit consumption due to the explicit vertex location, seeral researters have
proposedto specify theselocations implicitly , using independent sets de ned
on the mesh. This approad improves the compressionratios, at the price
of additional constraints during decimation (the decimation sequencecannot
be arbitrary). Pajarola and Rossignac[49] group someedge collapsesinto a
seriesof independert sets, eah of them corresponding to a level of detail.
The location of ead vertex to decimate is done by a 2-coloring of the mesh
vertices, leading to 1 bit per vertex, for ead set. Experimental results show
an amortized cost of 3 bits per vertex for vertex location for all sets, plus the
cost of local re nements inverting the edgecollapses,leading to 7.2 bits per
vertex. Cohen-oret al. [8] de ne an alternation of 4- and 2-coloring over the
triangles in order to locate an independert set of verticesto decimate. A local,
deterministic retriangulation then lls the holesgeneratedby vertex removal
at no cost, leading to 6 bits per vertex.

Observingthe local changeof repartition of valenceswhenremoving a ver-
tex, Alliez and Desbrun [2] improved the previous approacesby generating
an alternation of independen setscomposedof patchescertered onto the ver-
ticesto beremoved. Each independert setthus correspondsto onedecimation
pass.The even decimation passesemaove valence 6 vertices, while the odd
onesremove only valence3 vertices. Sud a selection of valencesreducesthe
dispersion of valencesduring decimation, the latter dispersion being further
reducedby a deterministic patch retriangulation designedto generatevalence-
3 vertices, later removed by odd decimation passesThis way the decimation is
coordinated with the coding, and forp\grogressively regular® meshesthe dec-
imation generatesa regular inverse 3-subdivision, and coding one valence
per vertex is su cien t to rebuild the connectivity. For more general meshes
someadditional symbols are necessary The latter approach can be seenasa
progressie version of the TG coder [62].

Using the edgecollapseasthe atomic meshdecimation operator, Karni et
al. [32] build a sequenceof edgecollapsesarranged along a so called \v ertex
sequence'that traversesall the meshvertices. The meshtraversalis optimized
sothat the number of jumps betweentwo non-incidert verticesis minimized.
The decaling processis this way provided with an accesgo the meshtriangles
optimized for e cien t rendering using the modern vertex bu ers. Compression
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rates are similar to the progressiwe valenceapproacd [2], with the additional
benet of fast rendering.

4.2 Geometry-driv. en Coding

For progressive compressionof a discrete point set in arbitrary dimension,
Devillers and Gandoin [11] decomposethe spacein a kD -tree and transmit
only a setof point occurrences,i.e. the number of points located in ead cell of
the kD-tree hierarchy (seeFig. 8). They demonstrate that transmitting only
occurrencesof points during successie spacesubdivision is enoughto recon-
struct in a progressive manner{ and losslessn the end{ a discrete point set.
The compressionachieved by this is due to bit sharing intrinsic to the no-
tion of transmission of occurrences,rather than transmission of explicit point
locations. For example, transmitting the information \300 points" located in
one cell at the beginning of the transmission processis equivalent to shar-
ing the rst high-level bits of 300 points, simultaneously. Some compression
gain due to the sharing is thus obtainable for all cells cortaining more than
one point. More precisely the more populated the cell, the higher the com-
pressiongain due to the bit-sharing principle. When all points are semrated
{ ead cell containing only one point { the bits subsequetly usedare equiv-
alent to bit-plane coding for progressiwly re ning the point locationsin space.

7 13 140 |© I
1| el 0121

Fig. 8. The geometry coder on a two-dimensional example. The number of points lo-
cated in ead cell of the 2D-tree hierarchy is encoded (data courtesy P.-M.Gandoin).

During the decaling process,the only available information corresponds
to the number of occurrencesin ead cell, i.e. a progressiely re ned location
of the positions. At the end of the transmission, and if one does not care
about any particular ordering of the original points, the original information
has beenrestored in a losslessmanner since every point is correctly located
in a cell that corresponds to the initial precision over the points. Compared
to a plain erumeration of the point coordinates, the information of the order
over the points is lost. This is preciselywhat savessomebits for compression.
It is proventhat thesesavings are never lessthan logn  2:402bits per point.
Moreover, in this case{ and contrary to other prediction-basedmethods that
benet from a uniform sampling { the uniform distribution corresponds to
the worst-casescenariofor compressionsince it minimizes the possibility of
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bit-sharing.

The approadc describedin [11] codesonly a set of discrete points. The au-
thors have shavn how a geometrictriangulation (e.g., Delaunay) of the points
allow to progressiwely transmit a meshedsurface.More recertly, Devillers and
Gandoin [12] have adapted this technique for progressive coding of simplicial
complexes (possibly non-manifold) by using the edge collapse operator for
coding the connectivity. Contrary to other methods, the connectivity coding
processis driven by the geometry alone.

4.3 Remeshing for Progressiv e Geometry Compression

When the original meshis consideredas oneinstance of the surfacegeometry
that is to be compressed,geometry compression has to be consideredrather
than mesh compression.To this end, geometry compressiontechniques pro-
ceedingby semi-regular remeshingare among the best reported to date.

The main idea behind semi-regular remeshingtechniques[38, 19, 36, 50]
is to consider a mesh represertation to have three componerts: geometry,
connectivity and parameterization, and assumethat the last two componerts
(i.e. connectivity and parameterization) are not important for the represen-
tation of the geometry The common goal of these approadesis therefore to
reduce these two componerts as much as possible. This is achieved through
semi-regularremeshingof an input irregular mesh,and e cien t compression
of the newly generated model. The remesherproceedsby building a semi-
regular mesh hierarchy designedto best approximate the original geometry.
An irregular base mesh, homeomorphic (i.e. topologically equivalert) to the
original mesh,is rst built by meshsimpli cation. This basemeshconstitutes
the coarsestlevel in the semi-regular hierarchy. The hierarchy is then built
by regular or adaptive subdivision (typically by edgebisection) of the base
mesh. In the caseof regular subdivision by edgebisection of a triangle base
mesh, all new vertices have valence6. The nest level of the mesh hierarchy
is therefore built from patches of regular vertices, separatedby (possibly ir-
regular) verticesfrom the basemesh.In the caseof adaptal subdivision, some
irregular vertices may be generatedby adding a few conforming edges(note
that this choice can be decided on the decaler side, depending if it cares
about reconstructing the adaptivity pattern or not). We now describe how
the connectivity and the parametric componerts are reduced:

Reducing the connectivity component. The regularity intrinsic to the sub-
division processdeliberately removesalmost all of the connectivity infor-
mation from the meshsince much of the resulting vertices have valence6
for triangle meshes,and valence4 for quad meshes.

Reducing the parametric component. In a semi-regularmeshhierarchy gen-
erated by subdivision for purposeof geometric approximation, we usethe
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term detail to describe the di erential vector componert stored at eath
newly inserted vertex during the construction of the mesh hierarchy. The
normal componert of the detail coe cien ts storesthe geometric informa-
tion, whereasthe tangertial componert carriesthe parametric information.
Experiments show that by doing things right almost all of the paramet-
ric componerts can be \predicted", i.e. removed from the represenation.
Intuitiv ely, this meansthat sliding a vertex in the tangent plane doesnot
modify the local geometry;

The way the parametric componert is reduced is the main distinction
between the two compressionmethods described in this section. The rst
method [38] useslocal framesand di erent quartization of normal/tangential
componerts, whereasthe secondnormal mesh compressionmethod [36] is
speci cally designedto produce detail coe cien ts with no tangertial compo-
nents. Normal mesheswere introduced by Guskov et al. [19] as a new way to
represen geometry A normal meshis a multiresolution represertation where
almost all the details lie in the local normal direction and hencethe meshge-
ometry is described by a single scalar per vertex instead of three asusual (see
Fig. 9). Beyond the remeshingalgorithm, both progressive geometry coding
methods proposedby Khodakovsky et al. [38, 36] require a wavelet transform
and a zerotree coder that we now briey describe.
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Fig. 9. Adaptiv e normal meshfor the skull model (data courtesy A.Kho dakovsky).
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Wavelet transform. A semi-regularsurfacerepresenation is a sequenceof ap-
proximations at di erent levels of resolution. The corresponding sequenceof
nestedre nements is transformed by the wavelettransform into a represerta-
tion that consistsof a basemeshand a sequenceof wavelet coe cien ts that
expressdi erences between successie levels of the mesh hierarchy. The art
of compressionthen consistsof choosing appropriate wavelets to best model
the statistical distribution of the wavelet coe cien ts. \Best" means decor-
relating the geometry so as to obtain a distribution of wavelet coe cien ts
favorable to e cien t compression.For subdivision schemesdesignedto pro-
duce C2-di erentiable surfacesalmost everywhere (e.g., Loop), it produces
excellert results for smooth surfacessince the geometric correlation can be
exploited through the prediction of ner level geometry basedon the coarser
level geometry (by low-pass ltering intrinsic to the subdivision scheme). The
reconstruction artifacts at low bit-rates depend mainly on the shape of subdi-
vision basis functions. Hencea surfacereconstructed from Loop wavelets has
a visually more pleasing shape comparedto Buttery whosebasis functions
exhibit some\spik es" which look unnatural on a smooth surface.

The zerotreecoder (a popular method for wavelet-basedimagecoding [55])
extendsalsoto geometricwavelets. It is shavn in [38] that a semi-regularmesh
can be represenied as a hierarchy over the edgessincethe wavelet coe cien ts
are attached to the edges(and not the faces). The wavelet coe cien ts are
therefore naturally encaded in a forest of trees, where ead wavelet coe cien t
at the rst level is the root of a tree. The branches of this tree may have
variable depth sinceall regionsneednot be subdivided to the nest level. For
the latter casethe edgesof the basemeshare subdivided in the tree until an
approximation quality is met during coding, and until an adaptive atness
threshold is met during decaling (the subdivision sdhemeis prolongated to
produce a smooth surface even with null wavelet coe cien ts). Note that an
approximating wavelet scheme such as Loop requires uniform mesh subdivi-
sion. A zerotreecoder is therefore usedas a separateprocedureto re ect this
adaptivity, a \zerotree" symbol coding at a given branching node in the tree
represening a sub-tree lled entirely with coe cien ts below the signi cance
threshold. It then remainsto compressthe zerotreesymbols (signi cance bits,
sign bits and re nement bits), which is done using an arithmetic coder.

When using losslesscompression, performance is measured by plotting
the rate-distortion curve. Measuring bits per vertex here would be irrelevant
since the initial mesh is not consideredas optimal for approximation, and
the remeshing stage changesthe number of vertices. The main obsenation
of [39] is that in many casessurfacerepresenation doesnot really matter for
geometry(i.e. there are many degreesof freedomin the meshing), but canlead
to high penalty for compression.Therefore, seweral degreesof sophistication
in the remeshingprocesscan lead to signi cant gains for compression:
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semi-regularremeshingreducesthe connectivity penalty.

uniform remeshingreducesthe parameterization penalty comparedto non-
uniform meshes.

uniform remeshingwhile consideringlocal frameswith di erent quantiza-
tion for di erent componerts reducesthe in uence of the parameterization
even further.

normal remeshing, explicitly eliminating the tangertial componert by
building a normal meshrepresetation makesa signi cant improvemert [36]
for certain classesf wavelets (e.g., normal Butter y is better than normal
Loop).

Another obsenation of [36] is that normal Loop behavesbetter than [38]
becausehe normal parameterization is smoother than MAPS [44], which leads
to faster decaying wavelet coe cien ts and therefore more e cien t compres-
sion. Moreover, recert experiments con rm the importance of the smoothness
of the parameterization for semi-regular remeshing and hence for geometry
compression[37]. Finally, a model-based bit-allo cation technique has been
proposed by Payan and Antonini [50] to e cien tly allocate the bits across
wavelet subbandsaccording to their variance.

4.4 Comparison and Discussion

Most of the recert techniques for \lossless" progressive coding of carefully
designed meshesuse the independent set concept to drive the mesh re ne-
ment operations, be they organizedinto a set of patchesor along a chain of
edgesoptimized for e cien t rendering. Vertex positions are coded using vari-
ous prediction schemes(barycertric, etc.) after uniform quantization applied
in vertex coordinate space.As already obsened in Section 3, lesswork has
been done for geometry coding than for connectivity coding. There is even
lesswork on progressive coding techniques, sincethey are obviously lossy (at
least at intermediate stages),and the di cult y to objectively quartify the loss
makesit dicult to analyzetheir performance.

Although the successfukingle-rate valence-basedapproac generalizesto
progressiwe coding of triangle meshed?2], nothing hasbeendonefor progressiwe
coding of polygonal meshes.The key problem hereis to nd a meshdecima-
tion scheme capable of transforming an arbitrary meshinto a polygon mesh
during decimation sothat the so-calledrate-distortion tradeo is optimized.
At the intuitiv e level, ead bit transmitted during decading should lead to the
largest decreasein geometric error. Although this problem is similar to that
encourtered when designinga decimation scheme,the amount of information
represerted by a given re nement operation hasyet to be quanti ed.

Wavelet coding schemes, coupled with an initial semi-regular remeshing
stage to generatea good base mesh, have proven to be very successfulfor
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shape compression[38]. One important question there is how to generate
the \b est" basemesh, in the sensethat it best re ects the mesh geometry
and, mainly, features. Another question is the choice of a wavelet scheme
suited to best decorrelate the geometric \signal" present in the mesh. Is it
a subdivision-related scheme or something more elaborate? The choice of an
error metric for driving both the approximation and the measuremen of the
rate-distortion tradeo also plays a key role. The latter point has already
proven to be of crucial importance for applications related to visualization
(seethe concept of visual metric in [33, 57]). In fact, the optimization of the
rate-distortion tradeo involves many challenging issueslinked to sampling
and approximation theory, dierential geometry, wavelets and information
theory.
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