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With the increasing complexity of photo-realistic scenes, the question of building and placing
objects in three-dimensional scenes is becoming ever more dicult.
While the question of placement of rigid objects has captured the attention of researchers in the
past, this work presents an intuitive and interactive scheme to properly place deformable objects
with the aid of free-form deformation tools. The presented scheme can also be used to animate
the locomotion of non-rigid objects, most noticeably animals, and adapt the motion to arbitrary
terrain.
The automatic construction of our free-form deformation tool is completely hidden from the
end user, and hence, circumvents the diculties typically faced in manipulating these deformation functions. Further, a precise bound on the error that is introduced by applying free-form
deformations to polygonal models is presented, along with an almost-optimal adaptive re nement
algorithm to achieve a certain accuracy in the mapping.
Categories and Subject Descriptors: I.3.5 [Computer Graphics]: Computational Geometry;
Object Modeling |Curve, surface, solid and object representation; I.3.7 [Computer Graphics]:
Three-dimensional Graphics; realism|Animation; I.3.6 [Computer Graphics]: Methodologies
and Techniques|Interaction Techniques
General Terms: Design
Additional Key Words and Phrases: Free-form Deformations, animation, animal locomotion

1. INTRODUCTION

The seemingly simple task of placing three-dimensional objects in a scene is fundamental to the eld of geometric design and computer graphics. During the process
of scene design, a lot of time and e ort is spent on placing models inside the scene,
switching between views and making small adjustments to the relative position of
objects. The problem becomes far more dicult when soft or deformable objects
are involved in this placement process.
Definition 1. A deformable object is made of an elastic material. The shape

of a deformable object is in uenced by the shape of the surrounding objects coming
in contact with it, by internal properties such as elasticity, and by external factors
such as gravity.
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Fig. 1. A variation on the Reptiles picture of M. C. Escher.

The proper placement of a deformable object needs to take into consideration not
only the relative position of other objects inside the scene, but also the deformations
that newly placed non-rigid objects undergo when in contact with other objects in
the scene. Deformable objects are common in everyday life and viewer familiarity
makes the task of simulating the placement of a deformable object much more
challenging.
Definition 2. The placement of a deformable object is a process in which the
deformable object assumes a shape that is in uenced by interaction with other objects in the scene, taking into consideration internal properties and external factors.

Exact placement of deformable objects requires the simulation of the physics of
the interaction and is impractical, unless powerful tools such as nite element analysis are used. Nevertheless, one can go a long way with a far simpler approach,
an approach that will be quite convincing even for the sensitive human eye that
is used to seeing deformable objects, such as animals and plants, cloth and upholstery, rubber and Jell-O-like materials. Speci cally, the placement of animals over
arbitrary terrain typically requires the contact of legs and arms and, sometimes
body and tail, with the environment underneath.
In this work, we will show that Free Form Deformation (FFD) [24] can be employed toward proper and convincing placement of non-rigid objects. FFD is a
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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recognized powerful tool that o ers a global deformation scheme to manipulate
three-dimensional objects. A common metaphor of FFD is that of a cube of JellO. An object is embedded inside the cube, and when the Jell-O cube is deformed
(skewed, bent, twisted), the embedded object undergoes a similar deformation.
Unfortunately, it is dicult to prescribe and construct FFDs, a severe hindering
factor in making FFD of any general use. Nevertheless, in our placement application, not only is the FFD constructed automatically but the construction process
is completely hidden from the end user.
FFD is typically de ned as a mapping, F : v  IR3 ! V  IR3 . A point p 2 v is
mapped into a new location P = F (p) 2 V. In the computer graphics literature,
trivariate Bezier [24] or B-spline [19] functions are the common representations for
FFDs,
F(u; v; w) =

l m n

XXX

i=0 j =0 k=0

Pi;j;kBio (u)Bjo (v)Bko (w);

(1)

(u; v; w) 2 [0; 1]  [0; 1]  [0; 1];
where Bio (u) is the ith Bezier or B-spline basis function of order o, and Pi;j;k 2 IR3
de nes the control lattice of size l+1,m+1,n+1. These basis functions were chosen
as the deformation function for their robustness and eciency as well as simplicity
of use. Hereafter and without loss of generality, the domain v of the function F is
assumed to be the unit cube. In the ensuing discussion, we will use both F(p) and
F(u; v; w) to denote the same mapping of a point in IR3.
Consider a model m  v. F maps m to M = F (m)  V. If m is represented
using Bezier and/or B-spline surfaces, then for each surface s 2 m, F(s) could be
computed exactly by evaluating this composition over (piecewise) polynomials or
rationals. In many other cases, m is a polygonal model. Then, a polygon or a
triangle t 2 m would be mapped to a free-form triangular patch T = F(t). It is
typical for T to be approximated by mapping only the vertices of t through F. The
edges of the deformed polygons remain rigid, resulting in errors being introduced
into the deformed model. Finer tessellation of the polygons in m would result in a
smaller deformation error. An adaptive re nement approach was presented in [10].
Polygons are re ned where the error exceeds a certain threshold. Consider edge
pi pj . The error is estimated at the middle of the edge as


p
+
p
F(pi ) + F(pj ) :
i
j
i;j = F
,
(2)
2
2
A local subdivision algorithm is employed to split edges that introduce errors larger
than an allowed tolerance. This approach is simple but has two major drawbacks.
First, its error estimation scheme does not bound the maximal possible error, a
maximum that can occur at any point along the edge. In addition and for similar
reasons, the middle point is not always the best location at which to split the
edge. The location that exerts the maximal error is probably a better candidate
that would result in fewer polygons for the same level of accuracy. Herein, we will
propose a scheme that does exactly that.
When a designer tries to place a rigid object in a scene, the result needs to be
physically plausible. Objects must never oat in mid air and chairs had better
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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be standing on their four legs. Similar restrictions hold when dealing with the
placement of deformable objects. For example, when a snake is placed on top of a
staircase, its belly must follow the stair tops as would a rug when placed on the same
staircase. Di erent deformable objects present di erent amounts of resistance for
bending or sti ness. There are several constraints that need to be observed when
placing a deformable object over an arbitrary terrain. First, the object needs to rest
upon the upper surfaces of the objects on which it is placed. Then, the bending and
stretching of the object should be limited and controlled. Toward this end, a masssprings system, commonly used for cloth simulation [26], is employed to handle the
complex interaction between the deformation function and the objects underneath.
This interaction or contact layer of the deformation function is treated as a rug or
a sheet of cloth and its behavior is simulated using a mass-springs system.
FFD is an extremely exible and powerful tool, and it stands out in its ability
to continuously manipulate and warp models of arbitrary complexity. Nevertheless
and in spite of its power, it is dicult to exploit. The diculties stem, mainly,
from the fact that designing a trivariate FFD that performs a speci c deformation
function is complex, counter-intuitive, and necessitates the manipulation of a volumetric control lattice in IR3. It is non trivial to achieve a desirable deformation
out of an FFD volume and it is a challenging task to predict the exact deformation
that the FFD function would induce on an embedded model. The use of FFD as a
manipulation tool for free-form surfaces supplants the dicult problem of dealing
with control meshes of surfaces with the even more intricate problem of handling
control lattices of trivariate functions.
Recognizing all these diculties, this work o ers a completely automatic construction scheme for the trivariate FFD functions. The designer is only required
to sketch a 2D path that is projected on the scene and set a few parameters, such
as the width and height of the mapping function, in order to fully prescribe the
shape of the FFD volume. Moreover, the user does not even have to be aware of
the existence of this FFD function unless he/she wishes to modify it.
The contributions of this work, in short, are
|Its proposal of a set of simple, interactive and intuitive tools to properly place
deformable objects over arbitrary complex terrain, and animate their locomotion.
|Its demonstration of the usage of a mass-springs system to place a deformable
object, while controlling its bending and stretching sti ness properties, in a physically plausible manner.
|Its development of precise bounds on the error introduced during the mapping
of a polygonal model through an FFD function.
In Section 2, we refer to related work and research that developed some of the
tools that are about to be used here. In Section 3, we de ne the tools and algorithms toward FFD based placement. In Section 4, we describe a few extensions
to the basic algorithm. We de ne and present a more accurate adaptive re nement
algorithm and also consider a few extensions that include giving more control over
the construction stage of the trivariate and animation of deformable objects. A few
more examples are presented in Section 5, and nally, we conclude in Section 6 and
discuss possible future directions.
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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2. RELATED WORK

The problem of object placement stems mainly from the need to use 2D input and
output devices when trying to manipulate objects in 3D. During the manipulation
process depth perception is typically lost, and hence, even the simplest of tasks, such
as placing a vase on a table, become painstaking tasks. The question of automatic
placement of rigid objects inside a scene was investigated, for example, in [29]. [29]
tries to minimize the amount of user intervention during the process of placing
multiple rigid objects inside a scene. Their system uses a combination of physical
and semantical constraints to enable the user to drop objects into the scene. The
system then nds the most suitable placement, physically and semantically, for the
objects. The proposed system only handled the placement of rigid objects.
Automatic placement of rigid objects was also tackled in the context of augmented
reality (AR). [6] proposed a system that places virtual objects into a scene of real
objects. The two main issues on which the system focused were occlusion of real
objects by virtual objects and vice versa, and the placement of the virtual objects
on top of real objects in the scene. The proposed system also dealt solely with rigid
object placement.
Some similarity exists between the placement of deformable objects and the problem of adding ne detail to a smooth surface. There is work on cut and paste
operations on free-form surfaces. For example, [4] concentrated on adding highly
detailed spline surfaces to a base surface while retaining continuity constraint. Another recent example, [5] in the context of subdivision surfaces extends this notion
to multi-resolution cutting and pasting operations.
The most common technique for deforming an object is Free-Form Deformation
(FFD). The idea was rst introduced in [24] who proposed the use of trivariate tensor product Bezier functions as the deformation functions. [19] introduced
trivariate B-spline functions as the deformation function for FFD. Later work tried
to elevate FFD into a design tool and remove some of its restrictions. [11] proposed the use of prismatic and cylindrical control lattices to de ne the deformation
map. [11] also used the metaphor of sculpting with FFD by welding several lattices
together. [22] used a volume subdivision scheme to generate a control lattice of
arbitrary topology. Other results in this area were more interested in nding new
applications for FFD. [12] used FFD to animate objects inside the deformation
function. [13] proposed the usage of Deformation Displacement Maps (DDM) to
generate three-dimensional textures and place them on top of curved surfaces. A
good survey on the topic of deformable object modeling and FFD can be found
in [18].
FFD is not the only available global deformation method. [28] de nes a physically based global deformation technique. A global deformation function is used to
deformed the vertices of a model. The vertices are then treated as masses and a
simulation of the object's dynamics is applied to the deformed points. [2] uses the
physical framework that was described in [28] to simulate non-penetrable exible
objects. The result might be more physically accurate then the approach describe
herein at the expense of a higher conceptual complexity and running time. Thus,
these methods seems more suitable for animation and high-quality image rendering
then for interactive object design. Both [28] and [2] do not address deformable
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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object placement as a stand-alone problem although the proposed methods could
be adapted for this problem.
FFDs are dicult to construct. Direct editing of points in the control lattice of
the trivariate is seen as one simple yet counter-intuitive and tedious manipulation
scheme. A di erent way that was proposed to circumvent the diculties in constructing FFDs was to employ direct manipulation of FFD volumes [20]. The idea
is to directly interact with the embedded model, and by solving a least squares
problem, nd an admissible con guration of the control lattice that would result
in the desired deformation of the model. While feasible, this approach can be unstable at times and/or result in undesired side e ects and global in uence. In [25],
the same problem is solved by means of constrained optimization that enables the
derivation of an explicit solution when considering a single point constraint as well
as methods to compose a complex manipulation from single point constraints.
Using FFD for the task of placement of deformable objects must be done with care
so that the deformed object retains its original topology. Inept handling may result
in an unnatural deformed object with self intersections. In [17], a scheme to test the
injectivity of the FFD volume is proposed, by analyzing det(J), the determinant
of the Jacobian matrix of the FFD trivariate function F. In that paper, they also
claim that an exact computation of det(J) is too costly for interactive use.
The problem of simulating the complex interaction between rigid bodies and
deformable surfaces, mainly in the area of cloth simulation, has been in the center
of many recent results such as [8; 26; 3; 7; 9], to name just a few. These results
sought to animate the creases and folds that are created when cloth interacts with
a rigid object. For the most part, some form of a physically based simulation that
solves the motion ODE and a collision detection system were used. The results vary
in their details of how the motion ODE is solved and how collisions are handled.
3. THE PLACEMENT ALGORITHM

The placement algorithm we are about to present is heavily dependent on the
constructed FFD function. In fact, the function F is the FFD that will map the
geometry of a deformable object m residing on a planar terrain to a new object
M = F(m) over arbitrary terrain. In Section 3.1, we present an automatic scheme
to construct the FFD function from the terrain underneath it and represent the
FFD as a trivariate B-spline function. In Section 3.2, a mass-springs simulation
is employed, augmenting the quality of the contact layer or the surface that is in
contact with the terrain.
3.1 The Deformation Function

Consider F , a trivariate B-spline function of order o, de ned over a uniform knot
sequence with open end conditions , in all three axes:
F(u; v; w) =

l m n

XXX

i=0 j =0 k=0

o (u)B o (v)B o (w);
Pi;j;kBi;
j;v
k;w
u

(3)

(u; v; w) 2 [0; 1]  [0; 1]  [0; 1];
where Pi;j;k 2 IR3 are the lattice of control points of the trivariate B-spline function
o (u) are the ith B-spline basis function. See Figure 2.
and Bi;
u
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Pi;j;k

w

u

v

Fig. 2. FFD's control lattice.

One of the boundary surfaces of F plays a major role in the placement process:
Definition 3. The contact surface of F is the surface de ned by F(u; v; 0).
The contact surface as the bottom layer of F serves as the contact layer with
the scene underneath. The selection of open end condition for the FFD function
in Equation (3) is crucial in the context of this placement application. It coerces
the FFD function to interpolate the envelope of the control lattice, and speci cally,
the contact surface. Therefore, points p 2 m of the form p = (u; v; 0) 2 v are
guaranteed to be mapped to the contact surface F(u; v; 0) and hence, be in contact
with the terrain underneath.
In order to fully prescribe the shape of F, one needs to specify its control lattice
along the u, v and w directions. Let us describe this construction process from the
user's perspective. The process starts by selecting a viewing direction for the scene
and sketching a planar curve, C(u), on the image plane of the rendered scene along
which the deformable shape is to be placed. Two planar o set curves of distances
d are then constructed from C(u), in the image plane,
~
Co+ (u) = C(u) + dN(u);
~
Co, (u) = C(u) , dN(u);
(4)
~ is the unit normal eld of C(u); see Figure 3. Construct a planar ruled
where N(u)
surface, R(u; v), between Co+ (u) and Co,(u),
R(u; v) = vCo+ (u) + (1 , v)Co, (u); 0  v  1:
R(u; v) is in the image plane. In order to place R(u; v) on top of the objects
in the scene, or on the underneath terrain, rays originating from points sampled
in R are red into the scene in the viewing direction, and the rst hits, if any,
are recorded. Toward this end, the parametric domain of R is point-sampled in a
rectangular grid, at a density that is controllable by the user. The denser this grid,
the ner the terrain details that can be sensed.
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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C (u)

C ,(u)

u

o

Fig. 3. Constructing two o set curves, o ( ), from a designer's sketch, ( ), only to rule a
surface ( ), between these two o set curves.
C

u

C u

R u; v

The grid of projected points in the u and v directions is used to de ne the contact
surface, S(u; v) = F(u; v; 0). A B-spline surface, F(u; v; 0), is re- tted through this
new grid with a parameterization that is arc-length in the v direction and chordlength in the u direction. The chord-length is estimated by the length of the middle
column of control points, at (ui; 1=2). As a result, S(u; v) has a uniform, constant
@S
speed in the v direction or @S
@v is xed for all (u; v). Further, @u is also
approximately constant along S(u; 1=2), and varies away from v = 1=2 only if C(u)
presents curved regions.
To complete this automatic derivation of the deformation function F, we need
to de ne the rest of the control points along the w direction, above the contact
surface. We explored two alternatives. In the rst, we constructed an extruded
volume by extruding the contact surface along a prescribed unit direction V . V is
typically the viewing direction and h is the extrusion's amount:
F1(u; v; w) = F(u; v; 0) + whV ;

0  w  1:

(5)

Figure 4 presents an extrusion volume constructed for the the contact surface of
Figure 3. The resulting deformed volume F1 may be later viewed from an arbitrary
direction.
As an alternative, a ruled volume is built between the contact surface and its
o set surface, by amount h,
F2(u; v; w) = F(u; v; 0) + wh~n(u; v);

(6)

where ~n(u; v) is the unit normal eld of the contact surface F(u; v; 0). Due to the
square root normalization in ~n(u; v) the resulting ruled volume is not rational, thus,
we only approximate the ruled volume by o setting the control mesh of the contact
surface by k ohw where ow is the order of Bk (w) and k is the kth layer of control
mesh in the w direction s.t. Pi;j;k = k ohw ~n(u; v) + Pi;j;0.
These two approaches are exempli ed in Figure 5. In (a), the extrusion scheme
of F1 is presented and compared to the o set approach in (b).
The approach creating F1(u; v; w) will never result in a self intersecting trivariate
function, provided S(u; v) is self intersection-free and V is a direction from which
S is completely visible. Nevertheless, the result is skewed toward V and can be less
natural than the second alternative. In contrast, F2(u; v; w) might generate self
intersections in the volume where the contact surface has highly curved concave
regions, which present a radius of (principal) curvature smaller than h. However,
its intrinsic construction scheme has no biased direction V , and therefore can be
used to place objects on surfaces with an angular span of more than 180o .
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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w
v

u

Fig. 4. Generated extrusion volume along a prescribed viewing direction for the contact surface
presented in Figure 3.

a

b

( )

( )

Fig. 5. An extrusion volume of the contact surface in (a), using the 1 scheme is compared to the
normal o set in (b), using the 2 scheme in constructing the FFD.
F

F

3.2 The Mass-Springs System

Once the ray-shooting stage is complete, as described in Section 3.1, all the control points of the contact surface S(u; v) = F(u; v; 0) are in full contact with the
scene underneath. The resulting contact surface emulates a very light fabric material with little bending and stretching resistance. One can employ a mass-springs
(MS) simulation system, drawing on ideas presented in [26] or [9], to better control
and mimic the behavior of more resistive material in the constructed deformation
volume.
Using an MS simulation, the stretching and bending sti ness of the contact
surface can be governed. Consider the control points of S(u; v), Pi;j;0; (i; j) 2
[0; l]  [0; m], where l and m are the maximal indices of the control points in the u
and v directions of the control lattice, respectively.
Each control point, Pi;j;0, assumes a mass of M, and is connected to four of
its neighbors, Pi1;j 1;0, with four springs, of equal spring coecient, k. Unlike
traditional MS simulations, Pi;j;0 here has a single, directional degree of freedom
along which to move, V~Pi;j , a directional constraint that is in either the V direction
(for F1) or the direction of ~n(ui; vj ) (for F2). V~Pi;j is assumed to be a unit vector.
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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The simulation is applied until the system reaches an equilibrium state. Collision
detection is used to prevent the masses from penetrating the scene underneath.
For every mass, M, positioned at Pi;j;0, Hooke's law is used to calculate the
k;l the Euclidean distance vector
mass' acceleration at time t + t. Denote by D~ i;j
from Pi;j;0 to Pk;l;0 and let  be a velocity damping factor. Then, the acceleration
~ai;j of mass Pi;j;0 equals
k
~ai;j = M

X

k= i1
l = j1

k;l + ~v ;
D~ i;j
i;j

with ~vi;j denoting the velocity of Pi;j;0. Point Pi;j;0 is restricted to move in the
positive or negative direction of V~Pi;j . Hence, only ~ai;j =< ~ai;j ; V~Pi;j > V~Pi;j is
considered. From ~ai;j , the new positions and velocities are calculated using an
explicit Euler integration scheme, following [9],
~vi;j (t + t) = ~vi;j (t) + ~ai;j (t)t;
~pi;j (t + t) = p~i;j (t) + ~vi;j (t)t:
The velocity damping term, ~vi;j (t), is needed to stabilize the simulation process
and can be thought of as the external friction of the system.  is typically negative.
We also need to de ne the termination conditions for the simulation. Toward this
end, we identify masses that need further simulation steps. The candidates for
further simulations are selected using the following method. For each mass, M,
at position Pi;j;0, we consider the four neighboring masses, and calculate the four
cross products of vectors toward every consecutive clockwise neighboring pair. If
the angles between these four vectors exceed a user de ned threshold, we consider
that mass as a candidate for further optimization. Once no masses are found to be
candidates for further optimization, we declare convergence.
Assume point Pi;j;0 needs to undergo an MS simulation. We select a neighborhood of points around it, and consider only these points in the process of the springs
simulation. The neighborhood size enables the designer to in uence the nal shape
of the contact surface, with larger neighborhoods resulting in a less tight contact
(see Figure 6).
When the contact surface assumes its nal shape, the rest of the FFD volume is
calculated as before, either as an extrusion volume along a prescribed direction or
a ruled volume along the o set, as was described in Section 3.1.
4. SOME EXTENSIONS

In Section 3, the FFD was constructed automatically from a sketched curve and a
few parameters such as sampling density and the deformation volume width and
height. Yet, we also provide several additional degrees of freedom that are described
in Section 4.1. The question of proper re nement of polygonal models embedded
in the FFD is discussed in Section 4.2. In Sections 4.3, we explore the animation
possibilities into which the proposed approach can be extended.
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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Fig. 6. MS optimization of FFD volumes. The left volume was generated without any springs
optimization, the middle volume employed an optimization using a small neighborhood and the
right one used a large neighborhood. The resulting positioned snakes are presented before the
trivariate volumes.

4.1 Further Manipulating the Trivariate

So far, we have described a basic automatic construction scheme of the control
lattice of the trivariate B-spline function. This basic approach could be extended
in several ways. For example, the designer might wish to stretch the object in some
parts of the deformation volume and squeeze it in others. In order to achieve this
ne and local tuning ability, we generalize the construction scheme of the o set
curves (see Equation (4)),
~
Co(u) = C(u)  d(u)N(u);
(7)
where d(u) is a newly introduced, second scalar curve with the same parametric
domain as C(u). d(u) serves as a scaling function, leading to a variable o set curve
that enables us to locally control the dimensions of the constructed volume in the
v direction.
Similarly, we enable the designer to manipulate the height of a subset of control
points of F(u; v; w). A scalar height function h(u) or even h(u; v) could be directly
prescribed, replacing h in Equations (5) and (6). Alternatively, interactive intuitive
editing tools are provided for minor yet of arbitrary resolution, updates of the lattice
points of the FFD. The local changes of control point Pi;j;k are constrained to the
direction V~Pi;j . The designer navigates a semi-transparent editing sphere of varying
radius and press control points above the contact surface that are found inside the
sphere. Three types of in uence decay were tested: a Gaussian tool where the
in uence of the tool decreases exponentially from the center, a hat type tool, where
the in uence of the tool decreases linearly, and a box-shaped tool that applies the
same pressure on all points in the radius of in uence. The radius of the tool is
a user de ned parameter which enables multi-resolution control over the a ected
area. Figure 7 shows the e ect of tools of di erent resolution when applied to the
FFD volume. Figures 8 shows the e ect of a pressing tool in a real scene. In
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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Fig. 7. The result of applying di erent pressing tools to the FFD volume, from small in uence
(left) to large (right).
(a)

(b)

Fig. 8. (a) shows the result of the pressing spherical tool. In (b), the sphere of in uence of
the tool is shown in magenta whereas the trivariate itself in presented in cyan. Both are drawn
transparently.

addition to these editing capabilities of the lattice above the contact surface, the
control points of the contact surface could be independently pulled and/or pushed
along V~Pi;j , moving the entire column of control points above it the same amount.
That is, the translation of Pi;j;0 coerces all control points Pi;j;k; k > 0 to follow
along.
4.2 Re nement Algorithm

One undesired result of mapping the vertices of a polygonal model through a deformation function, instead of the exact composition evaluation, is the fact that

ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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(
)
F (p1 )=
P1

(

u; v; w

1

p

p

F u; v; w

Pmax

m

= p1 +2 p2

)

Pn= F (p1 )+2 F (p2 )

P2
F p2 )
(a)
(b)
Fig. 9. A deformation of a polygonal edge between 1 and 2 in (a) is approximated by mapping
these two points to the gray line shown in (b). The maximal error of this approximation, at
max , is clearly not at the middle of the domain. max is indeed a better candidate for further
re nement.
2

Pm
F pm )

p

= (

p

P

= (

p

P

neither the edges nor the faces of the model deform. A simple remedy that reduces
these deformation artifacts subdivides the edges and introduces new, ner faces
into the mesh. Consider two vertices, p1 and p2 , of edge p1 p2 in some polygonal
model. If the error in the mapping of p1p2 (see Equation (2)) 1;2, exceeds a certain
distance threshold, the edge is subdivided at the middle point, pm = p1 +2 p2 , and
the polygons on both sides of these edges are divided as well. This algorithm is
described in [10].
As already explained in Section 1, the problem with this simple algorithm is
twofold. In general, the middle point is neither the location with the maximal
error, nor is it the optimal location at which to subdivide. Consider, for example, a
situation where most of the deformation is concentrated in one end of the edge (see
Figure 9). Subdividing at Pm makes little sense since that part of the deformed
edge is almost straight. A superior location for subdivision would be Pmax , where
the error, 1;2, assumes its maximal value. Subdividing at Pmax o ers a more rapid
convergence and minimizes the number of subdivisions and the size of the re ned
model, while achieving the same accuracy.
Parameterize edge p1 p2  v as
ep (t) = tp2 + (1 , t)p1; 0  t  1
= (up (t); vp (t); wp(t));
for some linear functions (up (t); vp (t); wp (t)), and let
Ep (t)
= F (tp2 + (1 , t)p1 )
= F (up(t); vp (t); wp (t))
=

l m n

XXX

i=0 j =0 k=0

o (up (t))B o (vp (t))B o (wp (t));
Pi;j;kBi;
j;v
k;w
u

be the deformed edge in V (see also Equation (3)).
The deformation error function along the mapped edge Ep (t) equals
(t) = dist(Ep (t); P1P2)
where dist() measures the distance from Ep(t) to line P1P2 . The same parameter t
that maximizes (t), at Pmax (see Figure 9), should also be selected as the subdivision location of edge ep (t). Ep (t) is a degree 3(o , 1) piecewise polynomial B-spline
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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curve where the distance square function 2 (t) is a scalar piecewise polynomial Bspline curve of degree 6(o , 1). Finding
the extremum of 2 (t) requires the solution
2
of a degree 6(o , 1) , 1 constraint,  dt(t) = 0. This computation is exact yet it is a
dicult and time consuming task. Instead, one can examine the control polygon of
the scalar polynomial curve of the squared error, 2(t), and select the nodal point
of its maximal coecient. The nodal value is a parameter that is considered a
close parameter value for the free-form shape to the control point with which it is
associated. The nodal points are also known as the Greville abssica [15]. See [15]
for ways to compute these parameters.
Looking for the control point of Ep (t) with the maximal distance from line P1P2
and using its nodal value as the re nement location is signi cantly simpler and more
ecient and would achieve a similar result. Again, Ep (t) is a piecewise polynomial
of degree 3(o , 1) and hence could be represented as a degree 3(o , 1) B-spline curve.
Compute the distance of the control points of this B-spline curve to line P1 P2 and
select the nodal value of the control point with the maximal distance. The rest of
the re nement algorithm follows the same lines as the re nement algorithm of [10].
4.3 Animation

The idea of using FFD for non-linear animations rst appeared in [12]. Combining
the ideas of non-rigid object placement, presented here, with the ability to animate
the deformed object further reveals the capabilities of the proposed method. First,
a FFD volume is constructed along a sketched path following Section 3.1. Once
the FFD volume is in place, the model is translated in the parametric domain of
the FFD along its u axis, the axis that corresponds to the direction of the curve
that the designer sketched. Recall the chord-length parameterization of F(u; v; w)
(Equation (3)) and assume that model m spans a fraction q of the u domain of
[0; 1]. Then, m is animated by placing it from [0; q] and up-to [1 , q; 1]. Thus, the
model is animated along a user de ned route in the scene. Typically, the length
of the embedded object, spanning [0; q], would be much smaller than the length of
the u parametric domain of the FFD. Further, periodic sequences prescribing the
locomotion of objects or animals over planar domain could be used, allowing for
a two level animation - rst, of the locomotion of the object or animal itself, such
as walking or sliding, that is combined with a second warping FFD function that
adapts that locomotion to the local terrain. As a result, a locomotion sequence of
an object, such as a moving animal, which was designed on a planar surface along
a straight trajectory could be used to generate an animation of the same object on
an arbitrary terrain and along an arbitrary path.
5. EXAMPLES

Figure 10 presents one snapshot from a short movie that portrays the locomotion
of several ants in a row. The planar locomotion of the ants along a linear path
was adapted to this complex terrain using an automatically created FFD from a
single sketched curve. See gure 11 shows a sequence of frames from the same ant
animation movie.
Nothing prevents us from using rigid objects in this placement process. While
one could clearly construct a rigid, trilinear FFD that preserves the rigidity of the
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.

14



S.Schein and G.Elber

Fig. 10. A snapshot from a moving line of ants over this complex terrain. The locomotion of the
ants over planar terrain is adapted to an animation over this complex terrain with the aid of FFD
based placement.

object, aiding in the placement, animation, and locomotion of rigid objects, we
could also allow the bending of rigid objects as if they were soft. Figure 12 contains
snapshots from an animated Porsche warped to overcome the obstacle in this scene,
again using an automatically created FFD. Figure 13 shows a series of frames from
a moving tractor animation. The highly sti and massive tractor is deformed to
create a cartoon-like e ect.
The use of MS simulation greatly increases the level of realism that can be expected in the placement process. In Figure 14, a snake is placed over a complex
terrain. Only with the aid of MS simulation, we were able to bridge the deep gap
between the di erent objects in the scene underneath. A careful examination of
Figure 12 will also reveal a snake in the background, placed with the help of a
MS simulation. An animation sequence in which the snake is climbing in the same
scene is showed in 15. A spring simulation is used to elevate the body of the snake
from the oor of the scene when it moves from the dodecahedron to the orange box
in the bucket on the right hand side of the image.
Fonts and text are typically formed out of Bezier curves. Herein, we show how
three-dimensional models of strings of characters could be placed on top of curved
objects and in arbitrary directions. The width and height of the text can easily be
controlled by the same methods that were described in Section 3. The resulting
string of deformed characters can also be animated as proposed in Section 4.3.
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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Fig. 11. A line of ants climbing in a reconstruction of Escher's reptiles scene. The image is
composed of frames from an animation sequence.

ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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Fig. 12. A sequence of deformed Porsche cars. The cars' movement is animated over a complex
terrain with the help of the FFD placement tool. Note the placed snake in the background.

Several examples of this application are shown in Figure 16. This speci c example
also demonstrates the ability to employ variable o set curves (see Equation (7)).
6. CONCLUSIONS AND FUTURE WORK

We have shown that FFD can serve as an intuitive and powerful design tool toward the placement of deformable objects. Combined with mass springs simulation, a simple, intuitive and yet e ective tool is o ered to handle the complex and
painstaking process of placing non-rigid objects over arbitrary terrains. The presented placement tool was interactively used to position static deformable objects
in a scene, as well as animate soft objects in highly complex scenes. In addition,
one can clearly employ the presented scheme to place rigid objects with arbitrary
degrees of exibility, bending and stretching, employing a trilinear FFD that is
either skewed, conformal, or isometric to its parametric domain.
The MS simulation presents simple controls over the rigidity of FFD, and hence
over the embedded non-rigid object. These controls directly re ect on the visual
resistance to stretching, and more so, resistance to bending of the non-rigid object.
Further, not only can the MS simulation ease the tension along sharp corners in the
terrain underneath the object, but this same simulation can aid in bridging deep
gaps and hanging non-rigid geometry.
In the presented construction FFD scheme, the v and w directions are always
linear. Clearly a more complex, higher degree, construction schemes could be explored for the v and/or w directions. Such higher order representations could allow,
for example, the representation of wiggles along u and/or w, or represent bending
or tilting toward some prescribed directions. These new degrees of freedom could,
for example, serve as a rst order approximation of wind forces that are applied to
deformed objects.
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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Fig. 13. A series of deformed tractor models taken from an animation sequence that was generated
by the deformation and placement tool.
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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Fig. 14. A snake is placed in the scene. An MS simulation is used to bridge the gap between the
red jar and the yellow dodecahedron.

The control over the rigidity of the placed object is currently only at the global
level of the constructed FFD with or without the MS simulation. Nonetheless, it
might be useful to control this rigidity at the local level of di erent parts of the
placed object. For example, the head of a real snake is far less emendable to bending
than the rest of its body. As the extreme example, a human skeleton should yield
to bending only at the joints. Such an ability would allow the use of FFD to place
skeletal objects over arbitrary terrain as well.
Since the scene underneath is discretely sampled, sharp edges could be missed,
resulting in aliasing and rounding of corners with the possible consequence of the
penetration of the placed object into these corners. Adaptive sampling of the sharp
and/or discontinuous features during the reconstruction of the contact surface could
alleviate this diculty, a diculty that is, in essence, shared by any cloth simulation
scheme.
The current positioning tool can be viewed as a rst order approximation of
placement of deformable objects. It can currently handle only the deformation of
a soft object when it is in contact with rigid objects. We would like to successfully
handle cases where two deformable objects are in contact, and moreover when such
contact leaves marks in the objects. Such an extension will enable us, for example,
to animate the movement of a snake on a grassy surface or sand, and/or simulate
the sinking of a person into a sofa. Such extensions are likely to necessitate the
support of physical simulation of interactions between di erent soft materials.
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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Fig. 15. A moving snake moving inside a scene that reconstructs Escher's Reptiles picture.

Potentially disturbing artifacts that might be created during the placement process are self intersections in the deformed object. A necessary condition for a locally
self intersection-free FFD, and hence, a locally self intersection-free deformed object, is that the Jacobian of the deformation function, J(F) 6= 0, never vanishes,
as was proposed in [17]. The computation of J(F ) can be performed symbolically
using the tools that were developed in [14].
ACM Transactions on Graphics, Vol. TBD, No. TBD, TBD 20TBD.
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Fig. 16. A deformed \CGGC" group logo and three snakes placed over di erent surfaces of the
Utah teapot. The snakes exemplify the ability of placement objects on top of other previously
deformed objects (snakes and text).

Visualization and possibly correction of these singular locations would enable
the designer to further ne tune the construction of the FFD function at these
locations. Yet, the question of detection and elimination of global self intersections
in trivariate functions remains completely open.
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