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Abstract
A technique is presented for line art rendering of scenes composed of freeform surfaces. The line
art that is created for parametric surfaces is practically intrinsic and is globally invariant to changes in
the surface parameterization. This method is equally applicable for line art rendering of implicit forms,
creating a unified line art rendering method for both parametric and implicit forms.
This added flexibility exposes a new horizon of special, parameterization independent, line art effects.
Moreover, the production of the line art illustrations can be combined with traditional rendering techniques such as transparency and texture mapping. Examples that demonstrate the capabilities of the
proposed approach are presented for both the parametric and implicit forms.
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Introduction

Line art rendering of freeform shapes has had significant attention in recent years. The attempt to create
aesthetic and pleasing synthetic line art pen-and-ink illustrations has been surprisingly successful. This non
photo-realistic rendering technique stands in contrast with traditional computer graphics rendering methods
such as ray tracing and Radiosity that strive for a complete photo-realism. The origin of the line art
technique can be found long before the computer graphics era, in wood carving and classical art [Hasl 77,
Ivin 87, Ivin 92]. In [Pnue 94], attempt was made to construct line art illustrations from images, a work that
was inspired from Dürer [Ivin 87, Ivin 92]. Another image based system is Piranesi [Lans 95] that captures
and exploits depth information from the three dimensional model as a z-map, allowing the user to select
certain regions in the scene and paint them with prescribed surface normals and material types. Earlier,
in [Sait 90], derivatives of the depth image of the scene were also exploited in the enhancement of feature
lines such as silhouette and boundary edges. In several locations, for example [Velh 91], space filling curves
are used in the image plane to produce the digital half-toning. The classical space filling curves of Peano,
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Hilbert, and Sierpinsky are considered.
Clearly, synthetic line art construction is not limited to image based input. The additional information in
the three dimensional geometry can improve the final line art result. Shadows can now be computed, texture
maps can be added, and obviously shading can be set for any given light source’s position. In [Dool 90a,
Dool 90b], feature lines, such as silhouettes and discontinuities, play a major role in constructing illustrations
that combine shaded and line drawings. Level of visibility is also conveyed in [Dool 90a, Dool 90b] by using
different line styles such as dashed and dotted line types. In [Leis 94], ray tracing and various texture
mapping based techniques are employed to hatch three dimensional models, hatching that is produced using
thresholding on the result. In [Wink 94], the possibilities of applying strokes, tones and textures, and outlines
or silhouette curves for polygonal models, are considered. In [Elbe 95b, Wink 96], algorithms to construct
line art renderings of freeform parametric surfaces are presented. In [Elbe 95b], a technique called adaptive
isocurve surface coverage is exploited to cover freeform parametric surfaces using isoparametric curves. This
technique is combined with shading computation to yield the line art drawings. In [Wink 96], a similar goal
of line art rendering of freeform parametric surface is presented. The exact directions of the strokes are
prescribed via the parametric domains of the parametric surfaces. The spacing between adjacent strokes is
estimated from the way the surface is seen in the image space, taking into consideration the surface mapping
as well as the surface’s projection to the image space. Many of the illustrations in [Wink 96] also follow
isoparametric directions.
The work of [Elbe 95b] generates a coverage that is based on isoparametric curves, and the work
of [Wink 96] limits the strokes’ directions to a prescription in the parametric domain much like a parametric texture. Moreover, both methods are limited to parametric forms only. In various instances, such
as wood carving, the lines in the drawing follow the main streams of the objects. Given a surface parameterization, these main stream lines in the existing model need not follow the isoparametric directions, and
hence, the independence of the line art drawing from the underneath surface parameterization as well as
the surface representation, is crucial. A famous instance of this pursuit after insightful stream lines is Felix
Klein’s attempt to use parabolic curves [DoCa 76]. He had all the parabolic curves of Apollo Belvidere’s
statue computed and drawn (See [Hilb 90], pp 197, Figure 204). Unfortunately, this specific attempt to
employ parabolic curves as the main stream lines of a model was not proven to be highly successful.
This work attempts to remove the limitation on the use of isoparametric curves or line strokes that are
guided by maps from the (u, v) parametric domain. Moreover, we seek an approach for line art rendering
of freeform surfaces that is not limited to parametric forms. A fundamental concern one should address in
this context is the ability to construct a coverage for the freeform surfaces:

Line Art Illustrations

G. Elber

3

Definition 1 A set G = {Gi } of geometric varieties Gi ⊂ S is called a valid coverage for surface S with
respect to some constant δ if, for any point q = S(uq , vq ), there is a point p ∈ Gi , for some Gi ∈ G, such
that kp − qk2 < δ, where k · k2 denotes the Euclidean distance.
The coverage, G, can be formed out of different geometric varieties, Gi , such as freeform curves or
even points. The need for such a coverage typically emerges due to the high level of algorithmic and/or
computational complexity in directly handling the original freeform surface. Certain tasks can be performed
on an equivalent representation to a freeform surface, in a simpler and/or faster manner. Relaxing the
constraint of G ⊂ S, one can find an example for a surface coverage that serves as such an equivalent
representation, in the computer graphics field, since the early 70’s. Direct image synthesis of freeform
surfaces is difficult and therefore a surface coverage (a surface partitioning actually) using simple piecewise
linear polygonal entities is employed in computer graphics for more than two decades. Interestingly enough,
only the vertices of the generated polygons are usually on S. Nonetheless, we henceforth assume G ⊂ S, as
in Definition 1.
In both [Elbe 95b, Wink 96], univariate entities or curves are employed to form the coverage, thus
coercing one to a-priori prescribe the directions that these curves follow on the surface. In this work, we
propose to cover the freeform surface using points. A uniform distribution of points is simple to construct
in the parametric space of the parametric surface. Unfortunately, the construction of a uniform distribution
in the Euclidean space of a parametric surface is more difficult and one must address the issue. Similarly,
the construction of a uniform point distribution for arbitrary surface forms, such as implicit forms, is also of
interest [Witk 94]. In [Meie 96], the distribution is derived from a polygonal approximation of the surface.
Moreover, the density of this point distribution might also become a function of some shader function or
prescribed texture map. Line and curved strokes will eventually be exploited but one is not required to
a-priori prescribe their direction. The strokes could be developed from each point by traversing the surface
in arbitrary selected direction in the tangent plane of the surface. Clearly, this ability provides one with
the freedom to set the directions of the line strokes according to various constraints such as intrinsic surface
properties, parametric or volumetric texture maps, Euclidean or geometric constraints, etc.
In this work, we propose a unified scheme that can generate line art renderings for both parametric and
implicit surfaces. Given an arbitrary surface form, the ability to perform the following two fundamental
operations on the given geometry is required, in order for one to construct the line art illustration:
1. The construction of a point based coverage, G, to the freeform surface, following Definition 1.
2. The marching on the freeform surface S from point p ∈ G, in some prescribed direction in the tangent
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Figure 1: The area–differential of a freeform parametric surface, in the parametric space (a), and the
Euclidean space (b).
plane of S.
Hence after, we consider both parametric and implicit surfaces. Hereafter, we also denote a surface
of arbitrary form by S, while S(u, v) and S(x, y, z) will be denoting a parametric bivariate surface and
an implicit (iso) surface form, respectively. This paper is organized as follows: in Section 2, a method to
compute the uniform point distribution on a parametric or implicit freeform surface is presented. Being the
first of two operations that are required during the line art construction process, the proper point distribution
of the coverage is essential. This point based coverage is then employed toward the construction of line art
drawings using the surface marching operations that are presented in Section 3 for both the parametric and
implicit forms. In Section 4, line art illustrations are presented that demonstrate the various capabilities
of the introduced extra degrees of freedoms in the selection of the directions of the line stroke. Finally, in
Section 5, we conclude.
All examples in the paper are the result of an implementation of the presented algorithms using the
IRIT [Irit 96] solid modeling environment developed at the Technion.

2

Uniform Point Coverage of Freeform Surfaces

Let S(u, v),

u ∈ [u0 , u1 ],

¯¯
¯¯

v ∈ [v0 , v1 ] be a regular parametric surface. That is ¯¯ ∂S
∂u ×

¯¯

∂S ¯¯
∂v ¯¯

> 0. A

small area–differential of S(u, v) can be approximated using the parallelogram with the four vertices of (See
Figure 1),
S(u, v),
S(u + δu, v) ≈ S(u, v) +

∂S
∂u δu,

S(u, v + δv) ≈ S(u, v) + ∂S
∂v δv,
∂S
S(u + δu, v + δv) ≈ S(u, v) + ∂u δu +

∂S
∂v δv.

(1)

Approximating the area of surface S(u, v) in the sub-domain of [u, u + δu], [v, v + δv], the area of this
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¯¯
¯¯
¯¯ ∂S
∂S ¯¯¯¯
¯¯
¯¯ ∂u × ∂v ¯¯ δuδv.
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(2)

The limit of the summation of Equation (2) over all the parametric surface, as both δu and δv approach
zero, equals,

¯¯
Z Z ¯¯
¯¯ ∂S
∂S ¯¯¯¯
¯
¯
As =
×
dudv,
¯¯
∂v ¯¯
v u ∂u

(3)

which also equals the area of surface S.
If one is provided with a uniform point distribution in the parametric space of S(u, v), one needs to
compensate for the fact that the general parametric surface is not isometric [DoCa 76], or length and area
preserving. A small rectangular area in the parametric domain can be mapped into arbitrary small or
arbitrary large parallelogram (as a first order approximation of the area) in the Euclidean space. Consider
again a small rectangular domain in the parametric surface S(u, v), [u, u + δu], [v, v + δv] with an area of
δuδv in the parametric space of S(u, v). Denote the ratios of the two area–differentials in the Euclidean and
the parametric spaces by,
R=

¯¯
¯¯
¯¯ ∂S
¯¯
¯¯ ∂u × ∂S
∂v ¯¯ δuδv

δuδv

¯¯
¯¯
¯¯ ∂S
∂S ¯¯¯¯
¯
¯
= ¯¯
×
,
∂u
∂v ¯¯

that equals the magnitude of the unnormalized surface normal of S(u, v).

(4)
If the mapping is isomet-

ric [DoCa 76], the ratio of the area–differentials, R, equals one. Otherwise, as R increases (decreases),
more (less) points should be inserted into this surface neighborhood, in order to achieve a uniform distribution of points on the surface S(u, v). In other words, the number of inserted points in the point based
coverage should be linearly proportional to the magnitude of R.
Let Rmin and Rmax be the minimal and maximal values of the ratios of the area–differentials, R, that a
given surface, S(u, v), can assume. One can estimate Rmin and Rmax by sampling a large set of points on
S(u, v) and computing R for all of them. Nevertheless, a real global bound can be computed by symbolically
computing the square of Equation (4),
¯¯
¯¯
À
¿
¯¯ ∂S
∂S ¯¯¯¯2
∂S ∂S ∂S ∂S
¯
¯
R = ¯¯
×
×
,
×
,
=
∂u
∂v ¯¯
∂u
∂v ∂u
∂v
2

(5)

with h·, ·i denoting the inner product. R2 is rational, provided S(u, v) is rational. By representing the
rational form of R2 as a scalar Bézier or NURBs surface, the square roots of the minimal and maximal
coefficients of R2 provide the necessary bounds of Rmin and Rmax , globally. The symbolic computation
involves the (cross) product of partial derivatives and the (inner) product of the resulting normal field. These
product operations are clearly closed under the rationals (See [Elbe 92]).
With all the tools we have just constructed, we are now ready to generate an approximated uniform
point distribution for freeform parametric surfaces. Denote by Random(x, y) a random number generator
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Algorithm 1 Uniform point distribution on a freeform parametric surface.
Input:
S(u, v), u ∈ [u0 , u1 ], v ∈ [v0 , v1 ], a freeform parametric surface;
m, number of points in the distribution;
Output:
P, A set of m points on S(u, v), uniformly distributed;
Algorithm:
UniformPointDistribution( S(u, v), m )
begin
D
E
∂S ∂S
∂S
R2 (u, v) ⇐ ∂S
∂u × ∂v , ∂u × ∂v computed symbolically;
Rmax ⇐ square root of the maximal coefficient of the scalar field of R2 (u, v);
P ⇐ ∅;
i ⇐ 0;
do
u2 ⇐ Random(u0 , u1 );
v2 ³⇐ Random(v0 , v1 );
´
2 ,v2 )
(*)
if R(u
> Random(0, 1) then
Rmax
S
P ⇐P
{(u2 , v2 )};
i ⇐ i + 1;
end;
while (i < m);
end;

with uniform distribution between x and y. Then, Algorithm 1 lays out the entire computation process of
a uniform point distribution for a freeform parametric surface.
Algorithm 1 starts by creating a uniform distribution of points in the parametric space of S with the aid
of the Random function. The uniform distribution is constructed in the rectangular parametric domain of
the surface as a set of (u2 , v2 ) points. Then, for each such (u2 , v2 ) point, in a key component of Algorithm 1
in line (*), a decision is made whether or not the point is to be kept. This decision is based on the ratio
between R at that point and Rmax . If R equals Rmax , the point is always being kept. If R at the randomly
selected location is only one half of Rmax , the probability is 50% that the point will be kept in the output set,
and so on. The probability of keeping a point is controlled via another exploitation of the Random function.
Requiring m points, the number of points one needs to consider can be arbitrary large. Nevertheless, and as
max
m becomes larger, the number of points one must consider is bounded from above by m R
Rmin . In practice,

the real number of points that one needs to consider is much smaller. Moreover, it should be clear that the
constructed coverage is valid in a statistical sense only. No sharp global bound can be easily established for
the probabilistic approach of Algorithm 1 that will satisfy the validity constraint of Definition 1. In certain
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application, the necessity of a sharp global bound cannot be compromised, as is the case in the surface
rendering application where small cracks or gaps between polygons or even isoparametric curves [Elbe 96]
will be highly visible, in the form of missing pixels. Fortunately, such a sharp global bound is unnecessary
for the task of line art drawings we require it for, in this work.
In summary, the process of uniform point distribution computation proposed in this section is equivalent
to the transformation problem in generating random numbers following a non uniform bivariate probability
distribution [Pres 88], considering the mapping in the plane M(x, y) ⊂ IR2 → (Mx , My ) ⊂ IR2 . Then,
Equation (4) is reduced to the evaluation of the determinant of the Jacobian matrix,
¯
¯ ∂Mx
¯ ∂x
¯ ∂Mx
¯
∂y

∂My
∂x
∂My
∂y

¯
¯
¯
¯,
¯

which also measures the ratio of area differentials, as M assumes the form of S(u, v) = (Sx (u, v), Sy (u, v), 0).
Figure 2 shows one example of a surface in the shape of horn with a point distribution that is uniform in
the parametric space (in Figure 2 (a)), and a point distribution that is uniform in the Euclidean space comD

puted with the aid of Algorithm 1 (in Figure 2 (b)). Figure 2 (c) shows the scalar field of

∂S
∂u

×

∂S ∂S
∂v , ∂u

×

∂S
∂v

E

(Equation (5)) of this horn surface. The u parametric direction corresponds to the circular cross section
direction of the parametric surface while the v parametric direction corresponds to the helical direction with
a varying magnitude. This surface assumes its Rmin value near the apex of the horn, for minimum v values.
The other extreme of Rmax is reached at the largest circular cross section at the exterior of the horn, for
a maximal v values and middle u value. Moreover, while the surface in Figure 2 has an extreme Rmax to
Rmin ratio due to the vanishing of the shape near the apex of the horn, the number of points that were
actually considered is less than three times the size of the output set. Algorithm 1 has been employed in
the creation of all the line art drawings of parametric forms that are presented in this work.
A complete alternative solution to the point based coverage problem of an arbitrary surface form, S,
can be obtained provided S has a polygonal coverage, as is done, for example, in [Meie 96]. Algorithms to
construct polygonal approximations of freeform surfaces, both parametric and implicit, are well known in the
computer graphics community as they are frequently used for shaded rendering purposes. For each polygon,
P , in the polygonal coverage, k random points will be selected on P , where k is made proportional to the
area of the polygon. This k may be fractional as this model is probabilistic. The complete set of random
points can then be numerically improved to lay exactly on S. For a parametric surface S(u, v), The U V
locations of the vertices of P can be interpolated using barycentric coordinates, to yield the U V locations of
the random points that can be evaluated into points that are exactly on S(u, v). For an implicit form, the
locations of the random points can be numerically improved along the surface normal or the gradient of S,
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∂S
∂u

×

∂S ∂S
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×

∂S
∂v
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Figure 2: Two examples of uniform distribution of points on a freeform surface in the parametric space in
(a), and in the Euclidean space using Algorithm 1 in (b). 10000 points were computed and presented in both
cases. A candidate set of little over 28000 points was considered in (b) to derive the uniform distribution
in the Euclidean space of 10000 points. The computation of (a) took about 15 seconds on a 150Mhz R5000
SGI Indy system, while the computation of (b) took almost twice that time. The magnitude square of the
normal field of this horn surface is presented in (c). The locations where this surface assumes extreme R
values are also shown in (b) and (c).
³

∇S =

∂S ∂S ∂S
∂x , ∂y , ∂z

´

, until the implicit equation is indeed satisfied. Figure 3 shows examples of uniform point

distributions that were computed using a polygonal approximation of the same horn surface as in Figure 2
and of an implicit surface computed out of medical data. The implicit surface of the MRBrain dataset is
the solution of a constant set of the scalar function defined above IR3 that is also known as an iso-surface
at that constant value. The scalar function is directly derived from the medical scan’s volumetric data.
In the examples of both Figures 3 (a) and (c) and Figure 2, the uniform points distribution in Euclidean
space entails a denser distribution of points in the projection plane along the silhouette area of the surface.
One can clearly compensate for this point concentration along the silhouettes by modifying the distance
norm between two points to take into consideration the cosine of the angle between the surface normal and
the viewing direction, in the probability computation of the decision making in keeping a point or not. In
other words, achieving a uniform point distribution in the two dimensional projection of the freeform surface
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(c)

Figure 3: In (a), a uniform point distribution on the surface was computed for the horn in Figure 2 using a
polygonal approximation. In (b), a point distribution that is uniform from the given view has been derived
for the same model as in (a), again using a polygonal approximation. In (c), a polygonal approximation
of the iso-surface (iso level 500) of the MRBrain from UNC is employed for the construction of a uniform
points distribution on the surface.
is following the exact same footsteps of Algorithm 1, but with the aid of a different distance norm. The
result is shown in Figures 3 (b). In Definition 1’s terms, the L2 norm is employed in the projection plane
and not in the Euclidean space. Line (*) in Algorithm 1 must consider the cosine of this angle, with zero
degrees having a probability of one of keeping the point and 90 degrees having a zero probability of keeping
the point, at the silhouette areas.
In this section, we only considered uniform point distribution. Jitter patterns that are created by random
perturbation of uniform patterns or Poisson-disk sampling that puts a constraint on the minimal distance
between two adjacent points are other valid and possibly better point distributions one should consider.
In [Mitc 87], an efficient approximation to computation of the Poisson-disk distribution is proposed, a
distribution that is more intensive to compute, in general. Nonetheless, one should recall that good point
distribution is insufficient in this context. The behavior of adjacent strokes, that are created from this point
distribution, is at least as important.
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Line Art Illustrations using Point Coverage

This section builds upon the point based coverage of regular freeform surfaces that was presented in Section 2
and shows how one can derive appealing line art illustrations using this coverage. Given a freeform surface
S and a point p ∈ S, we require the ability to locally march on the surface. Denote by Tp the tangent plane
of S at point p ∈ S. The computation of Tp is trivial once ~n, the unit normal of surface S at p, is known.
The surface normal of a regular parametric form equals the cross product of the two partials and is always
defined. The surface normal of an implicit surface, S(x, y, z), equals the gradient of S(x, y, z).
Surface marching on parametric forms requires one to derive the respective marching direction in the
parametric space of S(u, v), a task we will address shortly. In contrast, surface marching on implicit surfaces
is simpler. A small step, ², from point p ∈ S(x, y, z) in the direction of a unit vector w
~ p ∈ Tp can be first
order approximated as q = p + w
~ p ². In general, q 6∈ S(x, y, z) and a second correction stage would move q
along the gradient of S(x, y, z) to lay exactly on the implicit form, S(x, y, z).
Each and every point in the coverage can be assigned a line stroke that follows some texture prescription,
follows intrinsic or parametric surface properties, and/or follows other global considerations such as the
viewing direction. Consider a fixed direction in 3-space, ~v . Then, the vector,
~vp = ~v − h~v , ~ni ~n,

(6)

is the projection of ~v onto the tangent plane of S.
The surface marching process of parametric forms must be conducted in the parametric space of S(u, v),
so that one is able to compute differential properties along the stroke. By definition, if a freeform parametric
surface S(u, v) is regular, the two partial derivatives of S(u, v) spans the tangent plane of S(u, v). Given
a vector in the tangent plane of a freeform parametric surface, ~vp , and in order to find the corresponding
direction in the parametric space of regular surface S(u, v), one can always express ~vp as a linear combination
of the two partial derivatives of S(u, v). In other words, we are required to express a given vector, ~vp , as
a linear combination of two independent vectors, all known to be contained in one (tangent) plane. As a
direct consequence, the following linear combination of
α

∂S(u, v)
∂S(u, v)
+β
= ~vp (u, v),
∂u
∂v

(7)

defines three equations in x, y and z, and two unknowns α and β. Nevertheless, the rank of this seemingly
over–constraint system is only two as ~vp (u, v) is already known to be in the tangent plane, and hence
and

∂S(u,v)
∂v

∂S(u,v)
∂u

must span ~vp (u, v). For numerical stability, the equation of the axis for which the coefficient of

the normal of the surface is the largest, can be purged away.
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(b)

Figure 4: Two radically different parameterizations of planar discs yield a similar stroked line art drawing
using the point based coverage approach. While locally the strokes can be found in different locations, the
over whole global appearance is similar.
The ability to prescribe the direction of each line stroke for every point in the coverage of the surface S is
quite powerful. We are no longer limited to isoparametric directions as in [Elbe 95b]. However, a change in
the parameterization of a parametric surface S(u, v) is likely to create local changes in the resulting stroked
drawing. The point set of the point based coverage of the freeform surface will be found at different locations
for different parameterizations. Nevertheless, the global shape of the two resulting drawings will be highly
similar as the strokes will follow the same direction as before, guided only by the stroke’s prescription of
direction. This behavior makes the point coverage independent of the parameterization, in a global sense.
Figure 4 presents two planar discs, one was constructed with the aid of four 90 degrees arcs as its four
boundary curves, using a Boolean sum operation (Figure 4 (a)), and the other one was constructed as
a ruled parametric surface between two semi-circles (Figure 4 (b)). The line strokes were defined to be
straight horizontal strokes. The general, global, appearance of the strokes on the two discs is similar in spite
of the radically different parameterization and the local differences. Interestingly enough, in both cases of
Figure 4, the strokes are actually curved in the corresponding parametric domains, yielding a straight line
in the Euclidean space.
The variety of line strokes that one can employ using the point based coverage of freeform surfaces is
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(b)

Figure 5: Line strokes that follow a globally prescribed direction along the fuselage in (a) and orthogonal
to the fuselage in (b). The line strokes are independent of the parameterization and for all surfaces, the
strokes are similar. Note the vanishing of the line strokes into points in (b) in the areas where the normal
of the surface becomes collinear with the stroke’s three dimensional direction. This model of the B58 plane
contains 26 Bspline surfaces.
endless. Section 4 demonstrates a whole rainbow of such possibilities, for both parametric and implicit
surfaces.

4

A Variety of Line Strokes

The simplest stroke we start with, is a line stroke that attempts to follows a fixed direction in 3-space, ~v .
In Figure 5, a single line stroke was developed for each point in the coverage so that the stroke follows the
direction in S(u, v) that is the projection, ~vp , of the fixed direction, ~v , onto the tangent plane of S. Following
Equations (6) and (7), one can solve for α and β for each and every location on a parametric surface along
the strokes of the line art that are developed from the point set of coverage of the surface. If the specified
vector, ~v , becomes collinear with the normal of the surface, the stroke’s direction is no longer defined.
Fortunately, the length of the stroke also vanishes to zero at such points and hence this singularity imposes
no real difficulty. Following [Elbe 95c], one can always attempt to compute the Gauss map [DoCa 76] of the
surface(s) and from that select ~v to be a direction that is outside the Gauss map, if one exists. Alternatively,
and in order to avoid very small strokes, one can extend the length of all strokes by some fixed length. In
the latter case, original strokes below a certain length could be eliminated altogether in order to avoid the
problem of ill defined directions of strokes.
Marching along the parametric surface in sufficiently small steps in the parametric domain of S(u, v),
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one can construct a piecewise linear approximation of the stroke. The length and the width of the stroke,
and the step size are parameters that can affect the aesthetic quality of the result and can be placed in the
user’s control. In Figure 4, the width of the line strokes is randomly set. In Figure 5 (b), the length of
the stroke is set to be a function of the angle between the fixed prescribed vector ~v , and the normal of the
surface.
Due to being a piecewise linear approximation, the step sizes of the strokes directly affects the error that
is introduced into the stroke. Methods to bound the error introduced by piecewise linear approximations
of polynomial functions, for example in polyline and polygonal approximation in display applications, have
been investigated in numerous cases and are beyond the scope of this work. Nonetheless, in this framework,
the user must be provided with control on the step size as this has immediate affect on the quality of
the strokes. Errors in the order of the plotting devices’ accuracy, such as Postscript printers, should be
considered, in general.
Given two neighboring points on a freeform surface, it is desired that the strokes developed from these
two points would not interfere. To achieve this goal, we draw upon the continuity of the surfaces. That
is, two adjacent isoparametric curves never cross each other in a regular parametric surface. Similarly,
two adjacent lines of curvature of a free form bivariate function would never intersect and in fact form an
orthogonal network with the lines of curvature of the second principal curvature.
Alternative to a fixed direction that the stroke must follow, is a common practice of line art where the
strokes are set to be vertical in the two dimensional screen space. Here, our quest is for the direction in the
tangent plane of the surface that is seen vertical from a given viewing direction. Let ~x be the horizontal axis
in the screen space. Then,
w
~ = ~x × ~n,

(8)

is a vector that is perpendicular to both the normal of the surface and the horizontal screen axis. In other
words, w
~ must be in the tangent plane of S and w
~ is a vertical direction in the screen. For a parametric
form, S(u, v), one needs to solve the similar over–constrained system of,
α

∂S(u, v)
∂S(u, v)
+β
= w(u,
~
v),
∂u
∂v

(9)

for the proper direction in the parametric space (α, β) to advance in.
Figure 6 (a) shows such a drawing with vertical line strokes for a chess piece of a queen. Having this
direction different than the viewing direction can create textured illustration of wood style due to the layered
effects of parallel planes intersecting the object, also known as contouring. See Figures 6 (b) and 6 (c).
Surface boundaries are obvious limits for the strokes. Nevertheless, in many instances, boundaries are
shared and strokes can continue from one surface to another, once a stroke reaches a boundary. Figure 6 (d)
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(d)

Figure 6: Effect of line strokes along parallel planes. In (a), the planes contain the view direction, constructing vertical line strokes, a common practice in art. In (b) and (c), the planes are set to be in general
position, creating the effect of wood-like texture. In (c), the seam of the surface is clearly visible as the
strokes terminates on the boundary of the surface. In (d), this problem is overcomed by propagating the
strokes across the boundary.
differs from Figure 6 (c) in exactly that respect, eliminating the artifact that is the result of the joint seam
boundary in the surface of Figure 6 (c). Here, the umin and umax boundary curves are identical for this
surface of revolution of the queen. Then, once a stroke reaches the umin boundary, it is wrapped around
and continued at the umax boundary and vice versa.
Constructing the coverage and letting it follow some shader model is a simple extension. In Figure 7,
we adjust the width of the line stroke to become a function of a simple cosine shader, in a similar way
to [Elbe 95b].
Between the generation of the coverage and the resulting line art illustration, there is the implicit process
of hidden surface removal. Here, we are required to eliminate the strokes that are hidden from the viewer.
Any hidden surface removal technique can be employed. Specifically, this work exploited a regular hardware
based Z–buffering tool to create a map of Z depths of the scene. Then, this map of Z depths is used to
examine the visibility of every point in the piecewise linear approximation of the strokes.
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(b)

Figure 7: One can adjust the rendered drawing so it follows some simple shader equation. Herein, the width
of the line stroke is varied according to a simple cosine shader. In (a), line strokes are generated to follow a
fixed direction with their length adjusted according to the normal of the surface (as in Figure 5). In (b), the
strokes are generated as contours or parallel planes’ intersection (as in Figure 6). In both cases, the light
source is above the teapot with wider lines denoting better illumination.
Quite surprisingly, the affect of a transparent object is simple to achieve for these line art illustrations.
All is necessary is to eliminate the transparent surface from the hidden surface removal consideration while
allowing the same transparent surface to generate the line strokes. In Figure 8 (a), line strokes in isoparametric directions were generated for the surface of the electric bulb, while the surface itself was removed
from consideration during the hidden surface removal analysis of the model, exposing the bulb’s interior. In
Figure 8 (b), the main rounded table is made transparent in a similar fashion.
Another common yet pleasing line stroke technique emphasizes the silhouette areas. Herein, the stroke
can either follow and be parallel to the direction of the silhouette edge, be perpendicular to the silhouette
D

E

~ d = 0, with V
~d
edge, or both. Figure 9 presents these three cases. A silhouette point is a point where ~n, V
being the viewing direction. In other words, the normal is perpendicular to the viewing direction. Herein,
we are interested in a consistent definition for the silhouette direction in a neighborhood of the silhouette
edge. Therefore, the silhouette direction is set to be the direction that is perpendicular to both the normal
~ d,
of the surface and the viewing direction, V
~ d.
S = ~n × V

(10)

In the neighborhood of the silhouette edge, the direction that is perpendicular to the silhouette edge is
D

E

~d − V
~ d , ~n ~n.
~ d , onto the tangent plane computed as V
~d = V
also the projection of the viewing direction V
p
For the case of a parametric form, S(u, v), the directions orthogonal to the silhouette edge, S(u, v), can be
derived in the parametric space of S(u, v) by solving equations similar to Equations (7) and (9). A set of
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(b)

Figure 8: Transparency effects can be emulated by simply eliminating the transparent surface(s) from the
computation during the hidden surface removal process. In (a), a transparent electric bulb is presented while
in (b) a scene of a dinner table is presented with a transparent rounded table.

(a)

(b)

(c)

Figure 9: Line strokes along the silhouette edges of the surfaces. In (a), line strokes in both the normal and
the silhouette edge’s directions are plotted. In (b), line strokes in the normal direction are plotted. In (c),
line strokes in the silhouette edge’s direction are plotted.
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three equations and two unknowns must be solved in order to find the proper linear combination of partial
~ pd , respectively. For the case of implicit forms, the step
derivatives that is in the directions of S(u, v) and V
~ pd , with a second numerical correction
in the tangent plane of S is simply taken to be in the direction of V
stage along the gradient of S, ∇S, that brings the new point to satisfy the implicit equation.
The generated strokes must emphasize the silhouette areas. Those areas are the regions that are close
to the horizon of the object, where the z component of ~n vanishes. Herein, for the first time, the point
distribution that is used in the point coverage of the freeform surface is intentionally created non-uniformly.
³

¯D

E¯´c

¯
~ d ¯¯
The probability of drawing a silhouette line stroke can be made proportional to 1.0 − ¯ ~n, V

where c

serves as a decaying factor as we move away from the silhouette areas in a similar way to the power of the
cosine shading equation. The length of the stroke can also be a function of the same expression, creating
longer strokes closer to the silhouette area and shorter ones away from it (See Figure 9).
The use of the point based coverage allows one to set up arbitrary texture strokes. Both parametric
(for parametric forms only) and/or solid texture mapping can be employed. A parametric texture should
prescribe for each location in the parametric space, the direction that the stroke must follow, as a vector field
texture. Alternatively, the texture can also prescribe where the surface should be painted. Figure 10 (a)
shows the Utah teapot with a functional parametric texture of a checker board. The line strokes are drawn
only in the areas where the function assumes positive values.
Consider a gray level raster image, I, that is exploited for the purpose of raster texture mapping. The
³

entire image covers the entire parametric domain of the surface. The gradient of the image ∇I =

∂I ∂I
∂x , ∂y

´

points at each location in the image on the direction with the largest change in gray levels. It is plausible to
try and plot the line strokes along the direction of the minimal change in the texture or the direction with a
constant gray level. The latter direction is orthogonal to the direction of the gradient and is denoted by ∆,
µ

∆I(x, y) =

¶

∂I
∂I
,−
.
∂y
∂x

Therefore, given a (u, v) location on the parametric surface, it is affinely mapped into the proper location
in the image texture as (x, y) coordinates in the image, I. Then, ∆I(x, y) prescribes the direction of the
line stroke in the parametric space of the surface. Filtering and more accurate evaluations of ∆I(x, y)
may obviously be used to alleviate aliasing, but were found unnecessary due to the artistic nature of these
drawings. Figure 10 (b) demonstrates one example that uses this approach. In practice, it was found that
blurring the texture image improves the quality of the resulting drawing because the gradient vanishes in
areas of constant gray level. Locations where the gradient vanishes would be realized as singular dots in
the line art drawing since the line stroke has no direction to advance into. Several such singular locations
are visible in Figure 10 (b). The blurring filter smoothes out the image and reduces or even completely
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(b)

Figure 10: Texture mapping can be incorporated into the line art drawing technique that is based on point
set coverage. In (a), using a functional parametric texture, a texture of a checker board is formed using
strokes along isoparametric directions. In (b), a raster texture has been used to construct the texture with
circular line strokes. The same texture function has been used for the four freeform parametric surfaces
forming the teapot.
eliminates the areas of constant gray level.
Because we are working with a coverage that originated as a point set, one can select an arbitrary pattern
to stroke at each point of the set. Figure 11 shows two examples of this capability, that can be combined
with all the regular rendering techniques such as shading.
Any bivariate vector field can be exploited to prescribe the direction of the line stroke. The work
of [Pnue 94] where images were half-toned using line strokes can also be employed herein to cover a parametric
surface as a raster texture map. In the conclusion of [Wink 96], the use of principal curvatures is proposed.
Clearly, this intrinsic geometry can be computed for both implicit and parametric forms and in Figure 12 (a),
an example is presented of line art drawings of a freeform model where the line strokes follow the principal
directions of the surface, lines that are also known as lines of curvature [DoCa 76]. In the example of
~1 and
Figure 12 (a), for each point, p, in the point set of the coverage, four line strokes are traced along ±V
~2 , where V
~1 and V
~2 are the principal directions of the surface at p. Hence, for each point in the coverage,
±V
a cross is stroked along the two (orthogonal) lines of curvature. The surface in Figure 12 (a) has a clear
six–symmetry, due to its three dimensional star shape. Nevertheless, this symmetry is not well expressed in
Figure 12 (b), where the isoparametric directions are used as stream lines of the strokes. The advantage of
the lines of curvature employed in Figure 12 (a) is clear in this case as this drawing expresses the intrinsic
six–symmetry property of the model and not of its parameterization.
Once a point set coverage on the implicit iso-surface has been computed, tracing strokes along it is a
simple task. Following [Mong 92], the principal directions can efficiently be derived for implicit iso-surfaces.
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(b)

Figure 11: Arbitrary patterns can be placed at every point of the point set of the coverage of the surface.
In (a), the David star pattern is used, and is combined with line width setting that is a function of a cosine
shader. In (b), a forged signature of the author is stroked with randomized width.

(a)

(b)

Figure 12: line art strokes of a three dimensional star–like object that follows the principal directions along
lines of curvature in (a), and that follows isoparametric directions of the freeform surface’s parameterization
in (b). Clearly, (a) better conveys the six–symmetry of the shape.
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(c)

Figure 13: Tracing strokes along principal curvatures of implicit surfaces ((a) and (b)) and parametric
surfaces (c). The result of (a), which was computed from an iso-surface at level 500 of the MRBrain data
set from UNC, is not as appealing as one might desire due to the high frequency noise in medical data. The
joints of tubes in (b) are the result of an iso surface extraction of a trivariate scalar Bspline function and is
clearly more pleasing. (c) is the same horn surface shown in Figure 2.
All iso-surfaces considered in this work, were derived from quadratic and cubic trivariate NURBs volumes
that were fitted to medical (Figure 13 (a)) or synthetic (Figure 13 (b)) volumetric data sets. Therefore,
partial derivatives, necessary for the principal curvatures’ computation, of the trivariate volume were defined
throughout. Figure 13 (a) shows the medical data set of the MRBrain from UNC iso-surfaced at level 500.
The uniform point distribution (Figure 3 (c)) was then used to trace strokes along lines of curvature. The
result is highly sensitive to high frequency noise that is typical to medical data and is not as appealing as
one might expect. It is unfortunate that the attempt to use the principal directions to guide the strokes on
medical data proved to be inadequate for expressing the geometry, while the artistic quality of the result
is also debatable. Nevertheless, for filtered data, the lines of curvature are proven to be highly expressive
as is evident from Figure 13 (b). This figure of several joints of tubes was extracted as an iso-surface of a
trivariate scalar Bspline polynomial function.
While lines of curvature are typically portrayed as a superior tool for conveying the shape of a freeform
surface, they have some major drawbacks. One deficiency that was already introduced, is their sensitivity to
noise. In addition, the principal directions are not defined at areas where both principal curvatures are equal,
points that are known as umbilical. In practice, isolated umbilical points pose no problem. The sphere (and
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(b)

Figure 14: Examples of line art rendering of an implicit iso-surface of three blended orthogonal cylinders,
with strokes along silhouette lines and lines of constant angle between the view direction and surface normal.
A frontal view (a) and a general view (b).
the plane, being a sphere of infinite radius) is the only surface that all its points are umbilical. Fortunately,
perfect spheres are virtually non existing in sampled and/or empirical data. The only case for which one
must refrain from the use of strokes along principal directions is for synthetically created geometric models
that contain sections of perfect spheres.
One can also emphasize the strokes along the silhouette area and set the directions of the strokes to
follow the silhouette lines. Two such results are shown in Figure 14. The interior lines in these figures are
drawn along lines that preserve the angle between the surface normal and the view direction, in a similar
way to isophotes [Hosc 93] that preserve the angle between the surface normal and the light source. This
direction is derived in the tangent plane, T , of the iso-surface by computing the deviation in the normal
direction of the surface in two orthogonal directions in T .
The problem of hidden strokes’ removal is more complicated when one deals with implicit forms. An
explicit representation to the surface does not necessarily exists and the elimination of the hidden strokes of
the implicit form is not a trivial task. In Figures 13 and 14, depth cueing control over the width of the strokes
and halloed lines were exploited, allowing the frontal strokes to override the back, following [Elbe 95a].
Figure 15 presents an illustration of a complete chess set created using the various line art techniques
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Figure 15: A rendering of a chess set using several methods of line art illustrations that exploits a point set
based coverage of freeform surfaces. This scene contains 109 Bspline surfaces and took about eight minutes
to compute on an 150Mhz R5000 SGI Indy system.
just described. The black and white squares of the board were rendered using line strokes of fixed diagonal
direction. The black squares were rendered at a much higher density, causing the squares to appear much
darker. The frame of the board was rendered with isoparametric strokes with width that is a function of
the shading equation and a light source above the board. The black chess pieces were rendered densely
using a fixed general direction that gave the illusion of wood. Finally, the white pieces were rendered using
silhouette enhancement, in the silhouette direction only. The entire construction of the line art illustration
of the scene of the chess set took about eight minutes including the removal of the hidden portions that
consumed less than three minutes, all on an 150Mhz R5000 SGI Indy system. 109 Bspline surfaces have
been processed.

5

Conclusions

We have presented a scheme to render line art illustrations of freeform models using a coverage that is based
on a uniform point set distribution. The use of uniform point distribution allows one to locally prescribe
the direction of the stroke, a degree of freedom that was difficult to exploit before. The coverage is now
independent of the parameterization, in a global sense, and equally important, the proposed line art scheme
can be employed for line art illustrations of other surface representations, most noticeably, for implicit forms.
In Figure 5, the joints between the different surfaces leaves undesired artifacts in the line art drawing.
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In Figure 5 (a), the location where the front and back sections of the fuselage meet, near the cockpit, is
clearly visible. In Figure 5 (b), the tips of the two wings are separated surfaces and the separation line is
also noticeable. A similar effect can be seen in Figure 6 (c), along the common stitched boundary on the
left side of the queen. The artifact in Figure 6 (c) was corrected in Figure 6 (d) with the detection that the
surface is closed. In contrast, in Figure 5, two different surfaces are joint together, making this adjacency
detection more difficult. With the proper topological surface adjacency information, one can clearly develop
the line strokes and march across different surfaces that share a boundary, completely solving this problem.
Such a topological information can be found in models consisting of several, possibly trimmed, surfaces and
are necessary for the computation of point set Boolean operations. This exact same data structure may be
employed herein, for proper line art drawings across shared boundaries of different surfaces.
While the time computation is comparable with software based scan conversion tools, interactive line art
rendering has great potential. In [Mark 97], a real time line art system to extract silhouette strokes from
polygonal models has been developed. Extending these ideas to freeform models is clearly the next step.
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